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5d and 4d SCFTs: canonical singularities, trinions and
S-dualities
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ABSTRACT: Canonical threefold singularities in M-theory and Type IIB string theory give
rise to superconformal field theories (SCFTS) in 5d and 4d, respectively. In this paper,
we study canonical hypersurface singularities whose resolutions contain residual terminal
singularities and/or 3-cycles. We focus on a certain class of ‘trinion’ singularities which
exhibit these properties. In Type IIB, they give rise to 4d N' = 2 SCFTs that we call
DZ(G)—trinions, which are marginal gaugings of three SCFTs with G flavor symmetry. In
order to understand the 5d physics of these trinion singularities in M-theory, we reduce
these 4d and 5d SCFTs to 3d N = 4 theories, thus determining the electric and magnetic
quivers (or, more generally, quiverines). In M-theory, residual terminal singularities give
rise to free sectors of massless hypermultiplets, which often are discretely gauged. These
free sectors appear as ‘ugly’ components of the magnetic quiver of the 5d SCFT. The
3-cycles in the crepant resolution also give rise to free hypermultiplets, but their physics
is more subtle, and their presence renders the magnetic quiver ‘bad’. We propose a way
to redeem the badness of these quivers using a class S realization. We also discover new
S-dualities between different Df,(G)—trinions. For instance, a certain Fg gauging of the Eg
Minahan-Nemeschansky theory is S-dual to an Eg-shaped Lagrangian quiver SCF'T.

KEYwORDS: Field Theories in Higher Dimensions, String Duality, Supersymmetric Gauge
Theory, Differential and Algebraic Geometry
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1 Introduction and overview

Five-dimensional superconformal field theories (5d SCFTs) are intrinsically strongly-cou-
pled. Upon mass deformations, they are often related to 5d A/ = 1 gauge theories, that
arise as IR-free low-energy effective descriptions. In this work, we consider 5d SCFTs 7;<5d
constructed as the low-energy description of M-theory on R1* x X, where X is a canonical
threefold singularity. This approach was initiated in [1-4] and further studied e.g. in [5—
35], revealing a rich landscape of 5d SCFTs. One of the challenges, in this approach, is to
identify the precise map between the canonical threefold singularities and the 5d physics.
This is best understood, when the geometry allows a complete Calabi-Yau resolution (i.e.
a crepant resolution, which leaves the canonical class invariant). However, this vanilla
situation is far from generic. In many instances, the canonical singularity after resolution
still has remnant singularities, so-called terminal singularities, which cannot be crepantly
resolved. It is the physics of such canonical singularities, and the study of their Higgs and
extended Coulomb branches, that are the subject of this paper.



The 5d N/ = 1 gauge-theory description, when it exists, corresponds to a (partial)
crepant resolution of the singularity [2, 4]

T X=X, (1.1)

By definition, a crepant resolution satisfies Kp = 7 Kx . Following [36, 37], we choose X
to be a quasi-homogeneous hypersurface singularity in C*

X= (3}'1,1’2,3}3,.%'4) - C4 F($1,$2,$3,1‘4) =0 5 (12)

with an isolated singularity at the origin. A crepant resolution (1.1) corresponds to probing
the extended Coulomb branch (ECB) of 729, while a generic deformation of the singularity,
denoted by k, corresponds to probing the quantum Higgs branch (HB).

The classical geometry of the crepant resolution (1.1) has a rich and interesting struc-
ture. It is partially characterized by three integers r, f and b3, which correspond to the
number of compact cycles within the (partially) resolved threefold

dim Hy(X,R) =7 + f, dim H3(X,R) = b3, dim Hy(X,R) =r. (1.3)

In particular, r is the number of exceptional divisors (i.e. compact 4-cycles), which encode
the rank of the 5d SCFT T4 — by definition, the real dimension of its Coulomb branch.
In addition, f is the number of curves (2-cycles calibrated by the Kéhler form) dual to
non-compact divisors, giving rise to a distinguished abelian symmetry U(l)f of 7;(5‘1 that
survives on its CB. The dimension of the ECB is r 4 f, including f real mass parameters.
Furthermore, in the presence of non-trivial 3-cycles (that is, for b3 > 0) in the resolution,
we have additional free hypermultiplets (in their Higgsed phase) at the point of the CB
corresponding to X. The integers r, f and bs are the same for any crepant resolution
of X that results in a smooth geometry (see e.g. the general CB analysis in [6] and the
mathematical analysis of [38]), and are therefore intrinsic to the canonical singularity.

The literature on the M-theory engineering of 5d SCFTs has mostly focussed on canon-
ical singularities X for which the resolved singularity X is completely smooth, with its
exceptional locus m !(0) consisting of a union of smooth surfaces, and with b3 = 0. In
this case, f gives the rank of the flavor symmetry G2 of 704, Interestingly, this is not
the generic situation, since a maximal crepant resolution is generally not entirely smooth.!
Various interesting phenomena can occur, including the following two:

The threefold X has b3 > 0. This happens in the presence of exceptional divisors
that are ruled surfaces over curves of genus greater than 1 [36, 38].

The threefold X is not fully resolvable, i.e. it contains residual isolated terminal
singularities.

These two phenomena can co-exist and are logically independent. In this work, we explore
them in a number of examples, which are under particularly good control, following the

1In 6d SCFTs engineered from elliptic threefolds in F-theory, these effects have been studied in [39, 40],
while in 5d and 4d SCFTs this was discussed in [36].



general logic advocated in [36, 37]. This allows us to bypass the difficulties in interpreting
terminal singularities directly in M-theory. We find that these terminal singularities are
associated to free sectors in 729, modulo some discrete gauging. Along the way, we also
obtain various new results about certain 4d N'= 2 SCFTs and their 3d reductions, as we
will explain momentarily.

1.1 Terminal singularities, hypermultiplets and discrete gauging

By definition, a terminal singularity is a canonical singularity that admits a resolution with
exceptional divisors S; such that

X
Keg=m Kx + a;S;, with a; >0, for all 7, (1.4)

as opposed to a; = 0 for all ¢ in the case of a crepant resolution. It thus correspond to
r = 0, giving us a ‘rank-zero’ 5d theory ’7}5‘1. If, in addition, we have f = 0, the singularity
does not admit any small resolution. More generally, terminal singularities sometimes
admit (partial) small resolutions, in which case the exceptional locus of X is a union of f
curves. For r > 0, the singularity allows for » many crepant blowups, however there can
be a remnant terminal singularity, i.e. (1.4) holds true for a; = 0 for ¢ = 1,--- ,r, and
the remaining a; > 0. In either case, we would like to understand these 5d theories more
systematically.

The simplest example of a terminal singularity with f > 0 is the conifold, X = {22 +
23 + 2% + 23 = 0}, which has f = 1. The corresponding 5d theory is the free massless
hypermultiplet. Since the resolved conifold is smooth, the usual tools are applicable. The
theory is gapped, corresponding to a massive hypermultiplet, with the massive BPS particle
realized by the M2-brane wrapped on the exceptional curve.

A simple example of a terminal singularity with f = 0 is the so-called As singularity
X 22 {22+ 23+ 23 + 23 = 0}. It was recently argued that this singularity engineers a single
hypermultiplet as well [36]. In this case, however, we do not know how to see this directly
in M-theory. Instead, the conclusion follows from a chain of string theory and field theory
dualities, from which we deduce that the Higgs branch of 7;<5d is H, the same as for a single
hypermultiplet.

It is tempting to conjecture that terminal singularities, however complicated, always
correspond to 5d hypermultiplets, perhaps up to a decoupled topological sector, or discrete
gauging. One of our aims, in this paper, is to substantiate that expectation. For the
theories and geometries studied in this paper, we make the following

Observation 1: for X a terminal singularity, the Higgs branch of the rank-zero theory
7;(5d is always given by H or a discrete gauging thereof, where H = C2 denotes the
quaternionic plane

HB[TRd = H o H/f, (1.5)

For hypersurface singularities, the number of hypermultiplets is given by

_ktf

dH 2 )

(1.6)



where 4 is the Milnor number of X. The discrete gauge group f is determined by the
singularity itself [36]. Depending on a choice of global structure, we can either have the
free theory with a distinguished O-form symmetry f, or we can gauge that symmetry to
obtain the quotient H% /f. We will determine this quotient in a number of examples.

We would naturally like to conjecture that the same is true for any terminal singularity,
but we leave a more detailed analysis for future work.

More generally, we would like to understand the situation wherein we have residual
terminal singularities upon resolving a larger canonical singularity. We will see that, in a
number of examples, the terminal singularities simply contribute additional free sectors,
up to some discrete gauge group that now acts on the interacting sector as well. This leads
us to the second observation, which we expect to be true more generally:

Observation 2: for X a canonical singularity with remnant terminal singularities once
it is resolved, the associated rank 0 sector of the theory is a free sector, modulo discrete
gauging, i.e. the 5d theory is of the form (7 ® H¥)/T', with I' a discrete group (which
depends on the singularity and on a choice of global structure).

Before discussing the specific class of examples that we will study, let us first explain

our general strategy [36]. In particular, let us explain how we determine the quantum
Higgs branch of 7;(5d.

1.2 Higgs branches for 5d SCFTs from quiver(ine)s

As alluded to above, deforming the singularity X into a smooth threefold X corresponds
to probing the quantum HB of the 5d SCFT 7;(5‘1. The precise algebraic structure of the
5d Higgs branch, let alone its hyperkédhler metric, is hard to determine in the M-theory
engineering, however, due in part to the presence of M2-brane instantons wrapping the
compact 3-cycles of the smooth threefold X (the deformed singularity). As emphasized
in [41, 42], a fruitful avenue to study this system is to compactify the 5d theory on a torus,
in which case the 5d HB can be recovered as the 3d N/ = 4 Coulomb branch of a so-called
magnetic quiver(ine), denoted by MQ®), so that

HB([74] = CB]MQ®)]. (1.7)

These theories MQ(5) can sometimes be described as quiver gauge theories in 3d, but
they are generally non-Lagrangian in our geometric setup, in which case we call them
‘quiverines’ [36]. The 3d N = 4 theory MQ® is closely related to the circle reduction of a
4d N = 2 SCFT, denoted by Tx4d, which arises in Type IIB string theory compactified on
the same canonical singularity. The electric quiverine EQ(4) is the 3d N’ = 4 SCFT defined
as the infrared (IR) limit of T4 compactified on a circle, and the magnetic quiverine of
724 is obtained by gauging a distinguished abelian flavor symmetry of EQ® [36]

3d
EQW 2 Do T, MQ® =~ EQW u)’. (1.8)

This 3d gauging is an ‘S-operation’ in the sense of [43]. Essentially by construction, MQ®)
is the 3d N = 4 mirror of the ‘electric quiverine’ EQ(5) defined as the IR limit of 7;<5d
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Figure 1. Summary of the relations between the supersymmetric QFTs in 5d, 4d and 3d associated
to a conical threefold singularity X in M-theory and type II string theory. The downward arrows
denote dimensional reduction on circles. The 3d N = 4 theories are the ‘quiverines’, which are all
related by 3d mirror symmetry and by S-type gauging of U(1)f flavor symmetries.

compactified on T2 = St x Sé, where the first circle is the ‘M-theory circle’ that controls
the Type-ITA string coupling. The general setup is summarized in figure 1. The relations
between the 3d N' = 4 quiverines essentially follows from T-duality of Type II string
theory [44].

We use the neologism quiverine for an abstract 3d NV = 4 (superconformal) field
theory obtained from some higher-dimensional field theory upon circle compactification
to 3d and after flowing to the IR. In general, the quiverines have no known Lagrangian
description, which limits the usefulness of the above framework. In the following, we study
a small but rich class of examples, where we understand very well both the 4d SCFT
Tx‘m1 in IIB and its 3d reduction, therefore allowing us to determine the Higgs branch of
7}5‘1. Moreover, the 3d theories EQ(4) and MQ(s), in that case, can be described by 3d
quiver gauge theories with (special) unitary gauge groups. We can then fruitfully compare
our results to complementary approaches that use magnetic quivers derived from brane
webs [41, 42, 45-52] or from the dual generalized toric polygons [30, 35]. Note that our
setup implicitly assumes that we obtain a well-defined 4d SCFT in the IR of Dg1 7;5‘1, at the
origin of the 4d CB; in particular, we assume the 5d Higgs branch consists of a single cone.?

The relation (1.7) is realized in this setup because the deformed singularity in IIB
now probes the Coulomb branch of Tx4d. Conversely, the crepant resolution (1.1) probes

2This need not be the case for generic canonical singularities. If the 5d Higgs branch consists of several
cones, they can intersect the 4d CB at distinct points due to instanton corrections (see e.g. [53]), but we
should still be able to work locally near each point from which a quantum HB emanates. We thank the
JHEP referee for pointing it out.



the Higgs branch of the 4d SCFT. In that context, the additional features of the reso-
lution mentioned above — b3 > 0 and residual terminal singularities — are completely
understood [36]. They correspond to additional low-energy degrees of freedom (free vector
multiplets and residual SCFTs, respectively) on the quantum Higgs branch of Tx4d. By
reducing to 3d, this gives us some additional evidence for their 5d interpretation.

1.3 Trinion singularities and DB(SU(N)) SCFTs

We will study in detail the following families of canonical singularities, which we dub
‘trinion singularities’

X i F(x,21,20,23) = 4N 0Pt g oN b2ph2 N bspbs 4o — ) (1.9)
where p, (o = 1,2,3) are positive integers and b, € {N, N — 1}, satisfying the condition
—+ =+ —==N. (1.10)

The ellipsis in (1.9) stands for additional terms that are necessary in order to fully specify
the isolated singularity whenever at least two of the b,’s are equal to N — 1 [37, 54, 55].
In the case when b; = by = b3 = N, the singularity

V4B =0 (1.11)

was studied in [56] from the IIB engineering point of view. More generally, for any allowed
choice of the b,’s, the 4d SCFT Ty associated to (1.9) takes the form

DE(SU(N))

2

T3 = Db (SU(N SU|N Db (SU(N

This theory consists of three Df)(SU(N )) theories coupled together by gauging their com-
mon SU(N) global symmetry. The 4d SCFTs Dg(G), for G an ADFE gauge group, were
introduced in [57], generalizing the D,(G) theories studied in [58, 59]. By construction,
their flavor symmetry group is (at least) G. For G = SU(N), the 4d SCFT Dg(SU(N))

corresponds to a Seiberg-Witten (SW) curve®

N 42N PP =0, (1.13)

One can then gauge the SU(N) flavor symmetries of three distinct DS(SU(N )) theories,
with the condition (1.10) ensuring the vanishing of the beta function, thus preserving
conformal invariance and introducing a marginal gauge coupling.

We will argue that the 3d reduction of the Dg(SU(N )) theory always admits a La-
grangian description as a linear quiver with unitary and special unitary gauge groups.

®More precisely, we may formulate the SW geometry in terms of a 2d A = (2 ; 2) Landau-Ginzburg (LG)
superpotential W = xN + xN PzP with (x;z) e C x C .



Upon gauging the central SU(N) as in (1.12), this gives us a useful description of the
electric quiverine EQ(4) as a star-shaped quiver with three legs, with SU(N) gauge groups
at the central node. We can then obtain the magnetic quiver MQ®) by gauging a U/
flavor symmetry. In general, one needs to carefully pick the global structure of the gauge
group of the quiver EQ® (and MQ(5)) to match the non-trivial one-form symmetries of
Tx4d [36, 60]. Correspondingly, in 5d, this is related to a choice of discrete O-form or 3-form
symmetry of 7;(5‘1.

In the process of deriving the 3d Lagrangians for D;’,(SU(N )) theories, we also introduce
a new family of 4d N =2 SCFTs with SU(N) x SU(K) x U(1) global symmetry which we
call D%(N, K) with s = p/gcd(p,b). These emerge at cusps on the conformal manifold of
Df,(SU(N )) theories and play a crucial role in deriving the linear quivers in 3d.

1.4 Trinions, class S theories and generalized toric polygons

The trinions we introduce to describe the dimensional reduction of Ty¢9 result in Lagrangian
3d N = 4 theories which are not always ‘good theories’ in the Gaiotto-Witten sense [61].
The 3d quivers have (S)U(N) gauge nodes. In particular, for ‘ugly’ quivers or for ‘bad’
quivers (whose nodes are underbalanced), the resulting CB will not be conical, and thus
will not correspond immediately to a 3d SCFT. For ugly quivers, where the underbalance
is —1, we can apply an infrared duality to rebalance the nodes, thus ‘factoring out’ a free
sector [61]. If the quiver is bad, on the other hand, the theory needs some additional
interpretation.

Given the EQ(4) so obtained, we find the magnetic quiver MQ(5) for the 5d theory by
gauging the U(1)f symmetry. This essentially turns the SU(n) factors in the legs to U(n)
factors, which can at most introduce additional ugly nodes.

For our class of trinion singularities, we can connect the properties of the magnetic
quivers MQ(5) to the features of the crepant resolution X. We make the following:

Observation 3: if b3 > 0, then the resulting MQ(5) is bad. If b3 = 0 and the geometry is
fully resolvable, then the quiver is good. Finally, in the case with b3 = 0 and with residual
terminal singularities, the quiver is ugly.

We will argue that, given a bad magnetic quivers (corresponding to a singularity with
bs > 0), the 5d physics can be extracted by considering the most singular locus on the
Coulomb branch, using the CB moduli space analysis of [62]. We will also give a comple-
mentary perspective on these 3d quivers by interpreting them as 3d mirror duals of 4d class
S theories that are trinions (spheres with three regular punctures). The class S theories
themselves are the 4d reduction of 5d SCFTs engineered from trinion-shaped (p, g)-brane
webs, which can be efficiently described by generalized toric polygons (GTP). The specific
GTPs are obtained by taking the toric diagram for T and including a suitable number of
white dots [26, 63]. These class-S/GTP trinions are fully characterized by three partition
of N: in the GTP, the partitions encode the separation between black dots along the edges
of the polygon, which equivalently encodes the distribution of 5-/7-branes in the brane-web
realization. The partitions also determine the class S punctures and the ranks of the U(n;)
gauge nodes in the 3d quiver [64, 65].



The bad quivers in 3d can be ‘redeemed’ in the following way: they have an alternative
interpretation as the higgsing of a theory that is a good, by a process discussed in [66].
The ‘unhiggsing’ of the bad quivers will be described both in the 4d class S setting and
in the 5d GTP formalism. Starting from the unhiggsed theory, there are alternative ways
to higgs back to the theory of interest, and this produces several good daughter (higgsed)
theories. The badness of the original quiver reflects this fact, and in this sense a bad theory
can be thought of as a collection of good theories. We give a prescription to identify the
good theory in the family with the correct 3d magnetic quiver whose CB corresponds to
the HB of the 5d theory Ty

1.5 Trinions of type G = D, E and new S-dualities

In section 7 and 8, we discuss trinions in 4d built by gauging together three Df,(G) theories
as in as in (1.12), but with the central node G a special orthogonal or exceptional gauge
group. We consider SCFTs for which the G beta-function vanishes. In general, these
theories can only be described by a Landau-Ginzburg (LG) model with five fields, which
does not correspond to a threefold singularity [56, 67]. If however the superpotential is
such that at least one of the five fields is massive, we can integrate it out and obtain a
threefold hypersurface singularity in C*, in which case the corresponding 4d SCFT can be
engineered by compactifying Type IIB on that singularity.

In this work, we also observe that the Type IIB geometric engineering of 4d SCFTs
can be used to discover new S-dualities. This can be understood as follows. From our
database, we find that, in several cases, two trinions with different G, which a prior:
are distinct SCFTs, are actually described by the same hypersurface singularity (or LG
model). In such a situation, the two theories are exactly equivalent — they correspond to
two different-looking descriptions of the same SCF'T. Since the gauge groups are different in
the two descriptions, we interpret these as nontrivial examples of S-dualities, with the gauge
groups in each description becoming weakly coupled at different corners of the conformal
manifold as in [64, 68].

We should stress that the dualities we find are extremely nontrivial from a field-
theoretic perspective. The most popular tool we have to understand S-dualities is the
pair-of-pants decomposition of a Riemann surface in the class S description [64]. This
however cannot be used to study the examples we will discuss in this paper since the
relevant trinion SCFTs, which include special unitary quivers with exceptional shape, are
not class S theories in general. The only other known method to probe S-dualities is the
study of the degeneration limits of the Seiberg-Witten (SW) curve as in [68] (see also [69-
71]). This route is not viable here since the curve for quivers with exceptional shape is
extremely involved [72]. Incidentally, we will also find dualities for orthosymplectic quivers
with trivalent nodes, for which the curve is not known at all. Nevertheless, the Type 1IB
(or, equivalently LG) framework renders the S-dualities obvious. We leave a more detailed
study of these D}(G) trinions and of their dualities for future work.

The plan of this paper is as follows: in section 2 we discuss the 4d SCFTs of type DZ(G)
and their description in terms of trinion singularities as well. We discuss in detail their 3d
reduction. This general analysis is then applied to a large class of examples: in section 3, we



first discuss a class of rank 0 theories. In section 4, we study their generalization to higher-
rank theories which are close relatives to the higher-rank E-strings. We discuss in detail the
interpretation of the terminal singularities in this class of models. In section 5, we provide
an alternative point of view on the ugly/bad quivers that arise from these trinions in 3d,
and propose a way to redeem these theories. A full classification of D;’)(SU(N )) trinions
is provided in section 6. For other groups G = D, E, we discuss numerous examples of
trinions in section 7. Finally, in section 8, we discuss non-trivial S-dualities for these
Dg(G) trinions. The appendices contain details on the geometric resolutions of canonical
singularities, a proof of the D%(SU(N))-classification, as well as a list of D}(G)-trinions
for G=D,F.

2 4d N =2 SCFTs Dg(G), trinion singularities, and 3d reduction

The main protagonists of this section are the 4d N' = 2 SCFTs Dg(G) [57], their gauging
with N' = 2 vector multiplets for the ADE group G, the associated canonical singularities
in IIB, and the reduction of these theories to 3d. It is this class of theories that will play
a key role in the following sections, where we will determine the 5d SCFTs obtained from
M-theory on the same singularities.

We will use the following abbreviation in writing the quivers, in 4d and 3d, where the
round nodes are gauge nodes while the square node corresponds to flavor nodes:

n (2.1)
o SU(n) O Flavor SU(n)

2.1 Canonical singularities and 4d SCFTs

Consider an isolated canonical singularity X defined by a quasi-homogeneous polynomial
equation
F(JJ, 21,22,23) =0. (2.2)

The family of smooth local Calabi-Yau threefolds {p = 0} obtained by deforming the
singularity gives us the Seiberg-Witten geometry of the 4d A = 2 SCFT T4, as engineered
in Type IIB string theory (see e.g. [56, 67, 73, 74]). We have

X
P_Fy ™ =0, ngdl‘/\dzl/\dZQ/\dZ:l,’ (2.3)
-1 dp

where the deformation monomials ™ are generators of the Milnor ring of the singularity,
i.e. M = Clz, 21, 20, 23] /(dF), and Q3 is the holomorphic 3-form. The condition that Q3
have scaling dimension 1 fixes the scaling dimensions of the variables x, z;, and therefore
of the parameters ¢; in (2.3). In particular, the deformation parameters with scaling di-
mensions Alt;] > 1 correspond to the Coulomb branch parameters of the 4d N' =2 SCFT,
while the ones with A[t;] = 1 correspond to mass terms (coupling to the moment map
operators in conserved-current multiplets). We denote by b the rank of Tx4d and by f the



rank of its flavor symmetry group. Note that u = 2b+ f. Much of what is summarized
here was described in more detail in [36] and will receive an in depth treatment in [37].

For the most parts of this paper, we are chiefly interested in singularities (2.2) with
scaling dimensions

b
Alz] =1, Alzg) ==, a=1,2,3, A[F] =N, (2.4)
(0%
with b, € {N,N — 1}, Vo, and for some positive integers p, and N. This spectrum is
realized by the singularities (1.9), namely

aN N bigP g gN bagbe y o N bsps ) (2.5)

with the condition (1.10) being equivalent to A[Q23] = 1. Note that the “--” terms contain
necessary marginal deformations to make the singularity isolated. The Milnor ring of this
singularity always includes the terms zV 2,z 3 ... 1, and the CB spectrum {A} of Ty
thus contains the dimensions

(2,3, N} C {A}. (2.6)

We then have at least one marginal coupling, and the spectrum is consistent with TX4d
having a weakly-coupled SU(N) on its conformal manifold. Indeed, we can give such a
description as a marginal gauging of three DY(SU(N)) theories by this SU(N) [57-59].
In the following, we review these Df)(SU(N )) theories and we study their circle reduction
to 3d.

2.2 DE(G): the executive summary

One can engineer an infinite family of 4d N' = 2 SCFTs with an ADE global symmetry by
compactifying Type IIB string theory on threefold hypersurface singularities in C* x C

F(z1,2z9,23,2) =0, (2.7)

with (21,22, 23) € C®and z € C . The relevant singularities, describing an ADE singularity
fibered over C , are shown in table 1. We will be mainly interested in the case Ay 1 =
SU(N) in the following, but we shall also use the other cases in section 7.

These models are indexed by the ADE group G (which is, in general, a subgroup of
the full flavor symmetry group), a positive integer p, and the parameter b, which must take
one of the values shown in table 1.

Upon deforming the singularity, similarly to (2.3), we have a smooth threefold with
the holomorphic 3-form (note that this is different from 2.3)

_dzry Ndrg ANdrs ANdz

2dP

By construction, the deformation ring of the singularity F© = 0 contains a G = ADE

Q3

(2.8)

spectrum, which is now interpreted as mass parameters for the global symmetry G (in
particular, they are not paired to deformation parameters of dimension 2 — A, unlike the
actual CB parameters). The other deformation parameters with A > 1 give us the Coulomb

~10 -



G F b
Ee| a2 +a3+ai+2P |12

G F b o3+ a3+ ad+a32? |9
SU(N) 2?2+ 2+l 4+ 2P N 2?2+ 23+ xd +a02? | 8
2?2 + 22 + 2l + 232P N -1 Er| 23+ 23 + zow3 + 2P |18

SO@2N) | o} + ) '+ aoad + 29 |2N —2 o3 + 23 + woxh + w32P | 14
o4+ a2 V4 aoad faz?| N Es| a?+a3+a3+2P |30

x3 + 23 + 23 + 232P | 24

z? + 23 + 23 + 2927 |20

Table 1. Hypersurface singularities (F' = 0) realizing the Dg(G) theories in Type IIB string theory,
with all the allowed values of b for each G.

branch spectrum of the Dg(G) theory, and the corresponding coupling constants arise from
deformations of dimensions A= 2— A < 1. In particular, a coupling constant of dimension
A%= 0 is a marginal coupling. Let us also denote by fy the number of parameters with
A =1, corresponding to additional conserved currents (in addition to G). Therefore, the
rank of the full flavor symmetry, G, is given by

rk(Grp) =1k(G) + fo. (2.9)

These SCFTs are denoted by Dg(G) [57]. The special case with b = h-(G) (the dual
Coxeter number of G) is often denoted by D,(G) [58, 59]. The rank b of DIb,(G) can be
deduced from

rk(G)h-(G)
b

p=2b+1k(Gr) =p , (2.10)

where 1 is the dimension of the ring Clz1, 2, x3, 2]/(0, F, Oz, F, 0, F, 20, F). From the
spectrum of CB operators, we may also compute the central charges a and ¢, using the
relations [75]

1 X
2a—c=7 (28i-1), (2.11)
i
and [57]
rk(G) Jo
= ~(G) — b)(h- 1 -2 2.12
=) ph(G) - D)(-(@) +1 — 18 (212
Another important quantity is the flavor central charge for GG, which reads:
b
k¢ =2 h-(G)—- . (2.13)
p
Upon gauging the flavor symmetry G, this coefficient enters the gauge-coupling beta func-
tion.*

4Recall that, upon gauging a common G symmetry of several SCFTs 7k, conformal invariance requires

2h-(G) -1 kg =0.

- 11 -



2.3 Reduction to Lagrangian theories for G = SU(N)

Let us now consider Df,(SU(N )) on a finite-size circle, and flow to the infrared, where we
expect to find a 3d N = 4 fixed point. We will argue that this 3d theory can be described
as the IR fixed point of a 3d N' = 4 quiver gauge theory with (special) unitary gauge
groups. In this sense, the 3d reduction of DII;(SU(N )) is a ‘Lagrangian theory’® These 3d
theories are also studied in [78].

Let us start by stating the main result. The linear quiver describing the 3d reduction
of D5(SU(N)) takes the form
8
< [N]= (1) = (n2) — - — (ne) ifb=Nand £ ¢Z,
: —(n1) = (ng) — -+ — (ng) — otherwise.

(2.14)

The horizontal lines denote hypermultiplets in bifundamental representations, the boxes

Dgi D5(SU(N)) =

denote flavor nodes, and the gauge groups (ny) are either unitary or special unitary, with

8
kb <U if 6 ¢ 7,
= N2 gy U e (215)
p © SU(ny) if ez,
P
where | | is the floor function. The length of the quiver is given by
8
%p—l—% ifb=Nand & €Z,
€:§p—% ifb=Nand & ¢ Z, (2.16)
"p—1 ifb=N—1.

The SU(N) symmetry of D5(SU(N)) is obviously realized as the flavor group on the left-
hand tail of (2.14). When the quiver only contains U(n) factors (without the extra fun-
damental on the right-hand tail in (2.14), which can be viewed as an SU(1) factor), we
have fo = 0 in (2.9). The fy additional conserved currents in Dg(SU(N )) correspond to
the SU(n) factors in the 3d quiver, including the SU(1) tail.

To derive this result, we will embed the 4d SCFT in an asymptotically-free Lagrangian
model, viewing Dg(SU(N )) as an Argyres-Douglas (AD) point — i.e. as the effective low-
energy theory at a special point on the Coulomb branch of the Lagrangian theory. We then
dimensionally reduce the Lagrangian theory while taking the scaling limit which brings us
to the AD point. We first carry out this procedure for the simpler case of the D2(SU(N))
theories, arguing that the dimensional reduction gives us 3d N' = 4 SQCD — that is,
we have: 8

<

D1 Dy(SU(N)) = | —5U() N =2n, (2.17)

[2n —1]-U(n—1) if N =2n—1,

where Dg1 denotes the circle-reduction, which is obviously a special case of (2.14). The
case N = 2n, SU(n) with 2n flavors, is already a Lagrangian superconformal theory in
4d, while the case N = 2n — 1 is a non-trivial result. We then generalize the construction

5In some instances, the 3d Lagrangian can be also obtained from a 4d V' = 1 Lagrangian [76, 77].

- 12 —



to all other Dz(SU(N )) models. Note that one can also check our result against other
constructions, in a number of special cases. For instance, the result for Dy(SU(2n — 1))
also follows from the known 3d mirror dual [79]. In the case D,(SU(2)), which is the
ordinary D, AD theory, the 3d reduction similarly follow from the known 3d mirror when
p is even [80]. We will discuss the D,(SU(2)) example in more detail momentarily.

2.3.1 Dimensionally-reduced D> (SU(N)) theories

The superconformal theories Dg(SU(N )) can be realized as low-energy effective theories
at singular points on the Coulomb branch of 4d Lagrangian theories. The relevant models
are linear quivers of special unitary gauge groups. The simplest non-trivial case is that of
the Dy(SU(2n — 1)) theories, which can be embedded in SU(n) SQCD with Ny =2n — 1
flavors. The SW curve of the Lagrangian theory can be written as

14 A
y? = P(x)* — 4A xr —m; + — (2.18)
i=1

where P(z) = 2" + i " ouz™ L If we set all the masses m; to be equal to % — m, and
tune P(z) to P(z) = (x — (n — 1)m)(z +m)" !, the curve degenerates and the low-energy
theory is U(n — 1) with 2n — 1 flavors. This is true for all values of m except for m = 0,
where the curve degenerates further and the low-energy theory is Do(SU(2n — 1)).

What we have just described is a singular locus of the parameter space of SQCD
on which the effective low energy theory is U(n — 1) with Ny = 2n — 1. Furthermore,
there exists a special point on that locus, where more degrees of freedom become massless,
reconstructing the spectrum of Dy(SU(2n — 1)). From the perspective of the UV theory,
this special point corresponds to the origin of the Coulomb branch (meaning P(z) = z™)
and requires setting

Vi (2.19)

A
m; = —
n
Such tuning of the flavor masses is familiar in AD theories; moreover, in general, a non-
trivial quantum Higgs branch arises at the AD point [81].

Next, let us compactify the theory on a circle of radius 8 and reduce the theory to
3d. The discussion of the previous paragraph shows that in 4d the Lagrangian theory is
well approximated by Dy(SU(2n — 1)) at the origin of the Coulomb branch and at energies
E < A, provided that (2.19) is satisfied. We therefore want to take the 3d limit in such
a way that the 4d RG scale remains finite. Since the 3d and 4d gauge coupling constants
are related by g7 = 278 g2, we should keep the following combination finite

‘p

@
W

A=e (2.20)

in the 3d limit, that is, the gauge coupling in 3d should be sent to infinity as g3 ~ 1/8 in
the limit § — 0. In particular, we should study the behaviour of the 3d SU(n) theory with
Ny = 2n —1 in the infrared, at the origin of the Coulomb branch, but with non-zero flavor
mass terms.

~13 -



1 1 1 1 1
1 2 n 1n 1 2 1 1 2 n 1n 1 2 1

Figure 2. The 3d mirror of SU(n) with Ny = 2n — 1. All nodes are unitary and therefore we
should ungauge an overall U(1). We choose to ungauge one of the abelian nodes above. This mirror
quiver was obtained in [47] and can be derived e.g. by starting from the 3d mirror of SU(n) with
2n flavors and turning on a SU(2n — 1)-preserving Fayet-Tliopoulos (FI) deformation.

1 1 1 1 1
.—.—-Dj—t—. o @ .—AT—[L—.—.
1 2 n 1n 1 2 n 1n 1 2 1

1 1 2

Figure 3. The FI deformation on the red node leads to the quiver on the right-hand-side, which
is the 3d mirror of U(n — 1) with Ny =2n — 1.

While the 4d Coulomb branch geometry is not scale-invariant due to asymptotic free-
dom, the 3d gauge theory flows to a 3d N' = 4 superconformal fixed point, whose Coulomb
branch is a hyper-Kéhler cone. For the massless gauge theory, the 3d Coulomb branch can
be equivalently described as the Higgs branch of mirror quiver, shown in figure 2. Since we
are interested in the massive theory, however, we should turn on a SU(2n — 1)-preserving
FI deformation in the mirror quiver, which gives us the quiver shown in figure 3. This is
precisely the 3d mirror of U(n — 1) SQCD with Ny = 2n — 1. We therefore conclude that,
in contrast to the 4d case, where we had a special (nonzero) value of the mass for which
additional massless degrees of freedom appeared at the origin of the Coulomb branch, the
low-energy theory in 3d is always U(n —1) SQCD with Ny = 2n — 1, for any non-zero value
of the mass. We then conclude that the 3d reduction of the D2(SU(2n — 1)) SCFT can be
described as the IR fixed point of 3d N’ =4 U(n — 1) SQCD with Ny = 2n — 1 flavors.

2.3.2 Dg(SU(N )) theories and 3d quivers

In order to discuss the general case, let us first discuss the structure of the deformation
ring of the Type IIB geometry that engineers the 4d SCFT. We have®

8
<,.N p k l:O if b=N

phsuwy) . C TR kR : ’ (2.21)
SN 4w 4 ug Rl =0 if b=N—1.

The deformation coefficients have scaling dimensions

kb
Alup] = N — e l. (2.22)

8For the case of SU(N), we ignore the terms X1 and Xs in F (X1;X2;Xs;Z) since they do not appear in
deformation terms, and we take X = X3.

— 14 —



We can check that k runs from 1 to ¢ or ¢+ 1, corresponding to the two cases in (2.14),

£+1 135 dimension

respectively, with ¢ defined in (2.16). In the second case, the monomial z
£, and corresponds to the mass term associated to the fundamental flavor on the right-hand
tail of the 3d quiver (2.14).

Let us collect all the terms with the same power of z. As we already mentioned, the
k = 0 deformations terms are associated with the SU(NN) flavor current. On the other

hand, for each k& > 1, the monomials
k..l _
2Nt =0, ,n — 1, (2.23)

have dimension A > 1, for ny as defined in (2.15). If, furthermore, % € Z, the coefficients
ug; have the integer-valued dimensions Aluy] = ng,ng — 1,---,2,1. The last coefficient
is then again a mass term, while the other ones are the CB parameters for a conformally-
gauged SU(ny) factor of the 4d SCFT. On the other hand, if % ¢ Z, we have the non-integer
dimensions A = N — % — 1. We claim that these n; CB operators will correspond to a
U(nyg) factor in the 3d quiver description. We have already shown this in the case p = 2.
In the following, we argue for our 3d quiver description in the general case.

In order to do this, it is convenient to ‘break down’ the D5(SU(NN)) theory into smaller
building blocks. Indeed, whenever p and b are not mutually prime, there exists a ‘partially
Lagrangian’ description of Dz(N ) that includes the SU(ny) gauge groups for k such that
% € Z. Indeed, consider

m = ged(p,b) > 1, s

e

(2.24)

We then have the first SU(ny;) = SU(K) node at k = s, and the SCFT can be broken

down as

DS(SU(N)) = Di(N,K) — SU(K) — Dg(SU(K)), (2.25)
with
K:N—%, b=p—s. (2.26)

The theory Ds(N, K) is an ‘isolated” SCFT without a conformal manifold, and with an
SU(N) x SU(K) x U(1) flavor symmetry. Its CB spectrum is entirely non-integer. It is
formally given as a ‘quotient’ of two Df,(SU(N )) theories

Dy(SU(N))

DE(SU(K))

where, in (2.25), we indicated that, to recover Df,(SU(N)), we must glue D2(N, K) to
Dﬁ(SU(K )) by gauging the common SU(K) flavor symmetry. To derive our 3d quiver

D)(N,K) = (2.27)

description, we then need to derive the 3d quiver for DY(N, K), which takes the form

ni Ns 1 K

N
e - o~ 1 (2.28)

Finally, we will just need to consider the case Df,(N ) with ged(p, b) = 1.
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Let us now assume b = N, for simplicity. (The case b = N — 1 is similar.) Formally,
we can view the theory Dg(N, K) as engineered from the non-isolated singularity

N i (2.29)

We then have Dy(N,0) = DY(SU(N)) and Ds(N, 1) = DY 1(SU(N)) as special cases. We
would like to realize the SCFTs D4(NN, K) at special points on the CB of a Lagrangian
theory.

Let us start with the case K = N — 1, which is simpler to analyze. This model occurs
as in (2.25) for D,(SU(N)) with p = sN, for s integer. Then, the 4d Lagrangian theory of
interest is the linear quiver

N N N N 1
] .. M (2.30)

)

where the number of SU(NNV) gauge groups is s — 1. Notice that all the SU(N) gauge groups
have a vanishing beta function except for the rightmost one, which has Ny = 2N, — 1 and
is asymptotically free. We can therefore apply the results of section 2.3.1 and argue that,
when we go down to 3d, the gauge group is effectively replaced by U(N —1). At this stage,
the second rightmost node is no longer conformal, and we can reiterate the procedure. We
therefore end up in 3d with the linear quiver

N N 1 N 1N 1 (231)
Dslpp(NyN_l) - Ob—e— - —e—{1 .

This theory is good in the Gaiotto-Witten (GW) sense, and it therefore has a conventional
IR fixed point at the origin of its Coulomb branch, with a Higgs-branch global symmetry
SU(N) x SU(N — 1) x U(1), as expected. Note the enhancement to SU(2N — 1) for
p = 2; in that case, the theory is actually equivalent to Dy(SU(2N — 1)), and we recover
the result (2.17). Let us also note that, in this special case with K = N — 1, we can
provide an alternative definition of the theory using class-S technology, which confirms our
result (2.31) for the 3d quiver.’

For K < N — 1, we can find a similar Lagrangian UV completion from which we can
argue for the 3d quiver description. The 4d quiver is of the form

N N 2n K+2n+2 K
0—o0 0 (2.32)
N n K+n+1
] k
where n = N—SK . On the one hand, starting from the left with N fundamentals of

SU(N — n), we decrease the number of colors by n at each step. On the other hand,
starting from the right-hand tail of the quiver with the K fundamentals of SU(K +n+1),

"Consider the A/ = (2 ;0) theory of type An 1 on a sphere with a regular full puncture and an irregular
puncture of type III labelled by s+ 1 partitions of N. In the notation of [80], the partitions are Ys41 =
--= Yo = (N —1;1) and Y1 = (1 V). Tt is easy to check that the CB spectra of this class-S theory and of
the Ds(N; N — 1) model are identical. We then find that the 3d mirror constructed following the algorithm
of [80] is precisely the mirror dual of the quiver (2.31).
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we increase the number of colors by n 4+ 1 as we move to the left. These two tails meet at
the center at the (N — K —ns)-th gauge group from the right, and all the gauge groups are
conformal except for the ‘central’ one. One can check that the SW curve for this Lagrangian
theory includes all possible deformation terms for the Ds(N, K) theory. Locally, the non-
conformal ‘central’ node is SU(N,) with Ny = 2N, —1 flavors, and we can therefore replace
that gauge group with an U(N, — 1) node when we dimensionally reduce to 3d. We can
then again sequentially replace all SU groups with unitary groups of the same rank.

Once all the gauge groups in the quiver (2.32) have been replaced by unitary groups,
some nodes might become ugly in the sense of Gaiotto-Witten [61],8 in which case we can
apply the local duality

U(N.), Nj=2N,—1  +—  U(N.—1), Ny=2N.—1 & H, (2.33)

where H indicates one twisted hypermultiplet. This procedure generates a collection of
twisted hypermultiplets besides the interacting sector. The interacting sector turns out to
be described by the unitary quiver

N N 2n 2 K +2n K
[—eo—e e o—eo [ (2.34)
N n 1 K+n
j K
where again n = ¥ and all nodes are clearly good. We find that (2.34) is equivalent

to the interacting sector of the following quiver

N ny no ns 1 K
(—e ® —101 (2.35)
I m | m
where ny = N — ¥ , ng = N — 2¥ , and so on. Notice that, although the

interacting sectors in the IR are the same, the number of twisted hypermultiplets we
find starting from (2.32) and reducing to 3d does not necessarily match the number of
twisted hypermultiplets we get from (2.35) by applying the duality (2.33). The reason
is that, in general, the rank of the Lagrangian theory (2.32) is larger than that of the
corresponding D, (N, K') model. Therefore, from (2.32), we in general obtain additional
twisted hypermultiplets. This is due to the fact that, besides the Dg(N, K) sector, the low-
energy theory on the 4d CB of (2.32) includes some abelian vector multiplets, which become
twisted hypermultiplets upon dimensional reduction. We therefore claim that (2.35) is the
correct dimensional reduction jof D,(N,K), since the ranks are the same. The number
of colors in (2.35), np = N — M

general algorithm.

, are precisely the ones specified by (2.15) in our

Next, let us discuss the dimensional reduction of D,(SU(N)) with N and p coprime,
which does not have any conformal manifold. For p < N, the analog of (2.32) is a quiver
with p — 1 gauge groups of the form:

N N 2n n+1

N n 2n 42

8Recall that by defining e = Nt — 2N the balance of a node, then quivers with all nodes with e= 0 are
good, if there is e = —1 they are ugly and e < —1 bad.

17 -



ik
where n = % . This can be viewed as the K = 0 limit of (2.32). There is again only one
asymptotically free node, and by the same argument as above we obtain the linear quiver

with unitary nodes:

N N 2n 1 2n+1 n
J—e—e e o—o . (2.37)
N n 1

For p > N, we take the following 4d linear quiver:

N N N 3 2
= -~ .. o o (2.38)

N
)

containing £ = p — & gauge groups. Here, the only new ingredient is the fact that, while
turning SU(n) groups into U(n — 1) (starting from the last SU(NNV) factor), we have to deal
with an SU(2) gauge group with 2 flavors, at the right-hand tail of the quiver, which is not
of the form SU(NN,) with 2N, —1 flavors. In this case, to flow to the D,(SU(N)) theory, we
should move onto the Coulomb branch of SU(2) with 2 flavors to its AD point, where the
effective theory is (A1, Az). Upon dimensional reduction to 3d, the SU(2) group is then
replaced by SQED with 2 flavors; in conclusion, the naive substitution SU(ng) to U(ng —1)
throughout the quiver, from 4d to 3d, is the correct one. The limiting case is N = 2, the
D, (SU(2)) theory, which we discuss separately below, as an example.

By successive application of the decomposition (2.25), one can derive the 3d quiver
description for arbitrary N and p. This then completes our derivation of the 3d ‘electric
quiver’ (2.14) for the 4d SCFT D,(SU(N)). The derivation of the 3d quiver D5(SU(N))
for b = N — 1 is similar; in particular, for m = ged(p, N — 1) = 1, the simply have the
model D, (N, K) discussed above with K = 1.

2.3.3 Examples

Let us illustrate the general discussion from the last section by providing examples for
reductions that lead to 3d linear quivers.

Example 1: N = 2, D, AD theory. As our first example, consider the case D,,(SU(2)),
which is the ordinary (A;, Dp) Argyres-Douglas theory. For p = 2n, we have Dy, (SU(2)) =
D2n(2,1), and the 3d quiver is given by (2.31) with N = 2, namely

2 1 1 1
[—e—  —e—] (2.39)

i

with n—1 U(1) factors. This agrees with the known result; see e.g. [80, 82, 83] and also [84]
for a recent discussion.

For p = 2n + 1, instead, we embed the AD theory within an 4d linear quiver with
SU(2)™ gauge group, which is the N = 2 specialization of (2.38). The 3d quiver then takes
the form

2 1 1

+—eo— —e (2.40)
In this case, the rightmost gauge node is ‘ugly’. Upon repeated use of the GW duality (2.33),
we are left with SQED U(1), Ny = 2 plus n — 1 free twisted hypermultiplets. This agrees
with the 3d reduction of Dagy 4 first derived in [84].
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Example 2: the D7(SU(5)) model. For N =5, p = 7, the 4d Lagrangian theory is
given by (2.38), with £ = 5. The 3d reduction then gives

5 4 3 2 2 1 (241)

This quiver is ugly; upon application of the GW duality, we obtain the good quiver

TISU(s)] = —e—o—e—e (2.42)

plus two twisted hypermultiplets.

Example 3: the Dg(SU(9)) model. In this case, our general algorithm (2.14) gives
the 3d quiver

9 7 6 4 3 1 (2.43)
Note that the 4d theory is decomposed as:
D2(9,6) — SU(6) — D2(6,3) — SU(3) — D2(SU(3)), (2.44)
in terms of the ‘prime factors’ D, (N, K).

Example 4: the D14 (SU(8)) model. This example is a bit more elaborate. We have
N =8, p =14, so that m = ged(14,8) = 2 and s = £ = 7; we then have a one-dimensional

conformal manifold. According to (2.14), the 3d quiver reads

8 7 6 6 5 5 4 4 3 2 2 1 1 (2 45)

This quiver is ugly, and it is equivalent to the good quiver

8 7 6 5 4 4 4 4 3 2 1 (2 46)
[eo—9o—9o oo 0o oo :

plus 6 twisted hypermultiplets. The 4d theory decomposes as
D14(SU(8)) = D7(8,4) —SU(4) — D7(SU(4)) . (2.47)
The D7(SU(4)) tail has the equivalent 3d description as

4 3 2 1
Do Ds(SU(4)) =~ [—e—e—e @ 3H. (2.48)

The D7(8,4) sector has the 3d description

8 7 6 5 4 4 4 4
[—e—e—9o oo o c3H. (2.49)

This gives us a non-trivial example of the discussion below (2.35). According to (2.32), the
D7(8,4) SCFT can be embedded into the 4d Lagrangian theory

8 8 8 8 7 6 5 4 (250)
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Upon going to 3d, we then find the quiver:

8 7 7 7 6 5 4 4 (2‘51)

whose rank is equal to the rank of D7(8,4) plus 3. But the quiver (2.51) is ugly and
equivalent to the good quiver shown in (2.49) plus six twisted hypermultiplets. Therefore,
the 3d infrared description that we obtain starting from (2.50) is equivalent to the the-
ory (2.49) plus three twisted hypermultiplets. This additional free sector accounts for the
rank mismatch between the 4d Lagrangian theory (2.50) and the D7(8,4) model.

2.3.4 Higgs branch and anomaly matching

The Higgs branch of Df,(SU(N )) can be directly constructed from the 3d quiver (2.14),
which means that the quantum Higgs branch of the 4d SCFT can be obtained as a hyper-
kéhler quotient. The Higgs branch quaternionic dimension is then given by

g1
Ba(DY(SUN))) = (nwni 1 —n}) + fo, (2.52)
k=1

where we have ng = N and ngy; =0 if b = N and % € Z and ngiy1 = 1 otherwise. This
integer should be compared to the quantity

(N —1)(2N 4+ 5)(Np — b)

24(c —a) = 5

5 X0
—5fo—6 A, (2.53)
2 i=1

which is not always an integer. Whenever the low-energy theory on the 4d Higgs branch
consists of only LIPH hypermultiplets, we must have

24(c — a) = @y (DL(SU(N))), (2.54)

by anomaly matching on the HB. If this equality fails, this means that the Higgs branch
theory is non-trivial: it must contain free vector multiplets and/or a 4d SCFT without a
Higgs branch.

The equality (2.54) is highly non-trivial, but it can be checked in many example.
Moreover, we find that 24(c — a) # & whenever the 3d quiver is ugly in the GW sense —
that is, the IR fixed point contains a free sector of twisted hypermultiplets. This is perhaps
expected from the point of view of the 4d Higgs-branch theory, since free vector multiplets
will reduce to a free sector and, less trivially, any 4d A/ = 2 SCFT with an empty Higgs
branch is expected to flows to twisted hypermultiplets as well.®

On the other hand, the 3d quiver is never bad (in the Gaiotto-Witten sense}. This cap
be seen as follows. The j-th gauge group of the quiver is U(n;) where n; = N —j % .

9This is assuming that non-trivial 3d A/ = 4 fixed points with either an empty HB or an empty CB
do not exist. (Here, a ‘trivial theory’ is a theory of free (twisted) hypermultiplets or a discrete gauging
thereof.)
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The number of flavors js given by therank ?f the (j — 1)-th and (j + 1)-th gauge groups,
which are respectively N — (j — 1)% and N — (j+ 1)% . Using the inequalities

N N N N
N-@G=D7 znj+ = N-(@+)— 2m—1- =, (25

it is easy to see that every node in the quiver is either good or ugly.

2.4 Quiverines from marginally-gauged Dg(SU(N))—trinions
2.4.1 Trinion singularities

The ‘trinion singularity’ (1.9) engineers the SU(N) gauging of three Dg(SU(N )) theories,
as displayed in (1.12). The condition for the vanishing of the SU(V) beta-function is given
by (1.10)

1%
Bsuy = 2N =5 ksu(w) (D} (SU(N)))
o=t (2.56)
X b,
=—N+ —=0.
a=1Pa

The trinion singularity takes the following form, depending on whether we have zero, one,
two or three distinct Dg(SU(N )) factors with b = N — 1, respectively:

I(p1, p2,p3, N) D F=aN 420 4252

Wpr,po, Nops) ¢ F=a 420! 425 4wy’ (2.57)
VII(p1, N,p2,p3) : F=a™ + 22" 4220 a2l 4 - :
XIV(N,p1,p2,ps) @ F=a + a2 + 2282 4228 + ... .

The notation in terms of ‘types’ I, I, VIIT and XIV follows the Yau-Yu classification [54, 85];
see [37] for a detailed discussion.
For the type I singularities, the only solutions to the condition:

—+=+==1, (2.58)

are well-known to be (po) = (3,3,3), (2,4,4) and (2, 3,6). This gives three infinite families
of trinions, indexed by IN. These models will be denoted by

B¢ o+ ad ol afth,
EW o a2 gl ad ot (2.59)
EX o 2?42 4 af 4 Stk

with N =3+ k, 4+ k and 6 + k, respectively, and for any N > 1. The corresponding 4d
SCFTs Td were called (Er(Ll’l), SU(N)) in [56]. The solutions to (2.56) for the trinions of
type II, VIII and XIV will be classified in section 6 below.

The singularities (2.57), with holomorphic 3-form given by (2.3), are such that Afz] =1
and Alz,] = ;—. Each Df)(SU(N)) matter sector is described by the terms 2V 4+ 2V b2P,
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and the CB spectrum of ’7;(501 is precisely as expected — it is the direct sum of the CB
spectrum of the three DZ(SU(N)) factors, plus the spectrum {2,---, N} from the SU(NV)
vector multiplet. Note that we could describe marginally-gauged theories involving other
Dg(G) factors similarly, as we will discuss in section 7.

2.4.2 The 3d reduction of T 4

The trinion singularities (2.57) engineers the SCFTs 74 in IIB with an SU(N) gauge-
theory description:

D}2(SU(N))
| . (2.60)

T 4d o~
% D! (SU(N)) — SU(N) — D% (SU(N))

Since we have just given an explicit description of the 3d reduction of Df,(SU(N )) as a
3d N = 4 linear (special) unitary quiver, it is tempting to simply gauge together three
such linear quivers along their common SU(N) flavor node, thus obtaining a star-shaped
3d quiver, which should give us an explicit description of the electric quiverine EQ(4) for
Tx4d on a circle. This is indeed the prescription we will follow in this work. There are a
number of important caveats, however, which we will address in the following.

If the 4d quiver is already a Lagrangian SCFT, then there is no issue with reducing
the Lagrangian to 3d, and we obtain a star-shaped quiver with SU(n) gauge groups. The
only fully Lagrangian D5(SU(N)) theories are [59]

DyP(SU(pm)) = —o o, (2.61)
(rp 1)m
and [57]
pm+1 m+1 1
DyP(SU(pm +1)) = 0—o o—{1. (2.62)
p 1)m+1

A well-known class of examples consists of the 4d SCFT associated with the singularities
1(3,3,3,3m), 1(2,4,4,4m) and 1(2,3,6,6m) in (2.57), which are E—Shaped 4d supercon-
formal quivers with ~, SU(d;m) gauge group, with d; the Dynkin labels [86]:

m

EéSm 3) : om

m  2m 3m 2m m

2m

(4m 4)
Eq - i (2.63)

m 2m 3m 4m 3m 2m M

3n

Eé(ﬁm 6) : i

2m 4dm 6m 5m 4m 3m 2m M
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All the legs are of the form (2.61). E.g. the Eﬁ—shaped quiver has three legs corresponding
to D3(SU(3n)).

In general, however, the Dg(SU(N )) legs in (2.60) are not Lagrangian SCFTs, and we
are not guaranteed that the 3d star-shaped quiver with unitary groups gives the most useful
description of the electric quiverine EQ(4). As we will see in examples, sometimes the 3d
N = 4 quiver so-obtained is ‘bad’ in the GW sense, and therefore in need of some additional
interpretation. This is expected to occur when the Higgs branch of the 4d A/ = 2 SCFT
Tx4d contains massless degrees of freedom besides the hypermultiplets. Geometrically, this
corresponds to having a crepant resolution X with residual terminal singularities and/or
with 3-cycles, as we discussed in the introduction. In those instances, we will show in the
following sections that the interpretation of the magnetic quiver MQ(S) requires further
refinement — e.g. we will need to ‘redeem’ the bad quivers, by ‘unhiggsing’ them first and
then applying an alternative higgsing as in [66]. Let us also note that, in all the examples
below, the ‘badness’ of the magnetic quiver for T;’d is related to the 3-cycles rather than
to the terminal singularities.

3 Terminal singularities and rank 0 5d SCFTs

We now turn to 5d SCFTs obtained from M-theory on canonical singularities. The first
class of models we study correspond to 5d rank-zero SCFTs 7;5‘1 engineered by terminal
singularities in M-theory. We will discuss the singularities shown in table 2, following the
logic reviewed in the introduction (see figure 1). These terminal singularities, denoted
by E,gk) with £ < 0, will appear in later sections as residual singularities on the crepant
resolution of other singularities, including the ET(Lk) models with k > 0. For specific values
of k these were discussed in (2.63).

Using the results of the previous section, we directly find that the 4d theories Tx4d
in Type IIB can be described as a conformal gauging of three D,(SU(n)) 4d SCFTs. We
then give the electric quiver EQ(4) and the magnetic quiver MQ(5) as star-shaped quivers.
By analysing the Coulomb branch of MQ(5), we find that the Higgs branch of 7;(5d takes
the form

HB[Td] = H% /Z,. . (3.1)

The integer k (which could be £ = 1) and the action of Zj, is determined by the spectrum
of line operators in Tx4d, as we will see. Therefore, the electric quiverine of 7}5d, EQ(5),
consists of (in general) discretely gauged 3d NV = 4 hypermultiplets. We then conclude
that the 5d theory 7}5‘1 also consists of a discrete gauge theory of hypermultiplets, modulo
any ‘hidden’ 5d sector without any moduli space, which, if it exists, cannot be captured
by our analysis.

3.1 T and trinion-SCFTs for rank 0 E{®¥ theories

The 4d theories Tx4d we obtain from these singularities in IIB are all generalized Argyres-
Douglas theories of type AD[G,GY (also known as CNV theories [67]), as indicated in
table 2. We can also identify them as D,(SU(N)) trinions, following the discussion in the
last section.
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EY) | 44 AD F vl flda| b [ 8| a| c|AA by f
ESY | Ay Dy) |23 +ad+ad+a2 0|04 4]0 ]2]2] 0 |02
B Y | A5, As) | ot +ad+ad+a2 |03 6 33|82 0 |o]o0
BV | (A3, E) | a2+ advatrad|olol oo o|6]6] 0 |0]zs
Ey V| (Ao 4] | afvad+al+al 026 4|29 5] 0 |0]o0
ES P | [A5,Da] | 22+ ad+af+ad |0 4128 | 4 [/ o |00
ES? | A5, Eo] |23 +ad+af+at 0216 |14 2 |23 | o |0 |2Z,
ES Y | (A5, Bs] | 22+ a3 +a28+23[0]0/20]20] 0 [20[20] 0 | 0]Z;

Table 2. Terminal singularities (r = 0 models) of type Eflk), with k& < 0, corresponding to [G, GY
AD theories as indicated. Note that AA, = 24(c — a) — &.

The 4d SCEFT [Ag, Dy4] obtained from the singularity Eé Ui equivalent to a marginal
gauging of three D3(SU(2)) = [A1, As] AD theories with an SU(2) vector multiplet [36, 70]

4d
Tx E( n (3.2)
D3

By the same token, the E§k<0) theories have the 4d trinion description

Dy
4d 4d _
Tx E( 2) TXE( n . (3.3)
D4 Dy Dy
3

The Eékd)) models are similarly given by

D2 D2
ad _ ad
TXE< D ; TXE( 3 )
8 Ds Dg 8 Ds Ds
2 3

Do
4d _ 4d _
TXE< 2) ; TXE< n .
8 D3 Dg 8 D3 Dg
4

Some of these models have a non-trivial one-form symmetry [36, 60], indicated by f in
table 2, which will play an important role below. Given the finite group f@®f, which can be
computed from the geometry, one must choose a polarization in order to have a well-defined
theory, which corresponds to a choice of allowed line operators [87, 88]. For simplicity, we
will only consider purely ‘electric’ or ‘magnetic’ polarizations. For the ‘electric’ one-form
symmetry, we can essentially think of the one-form symmetry of the trinions as (a subgroup
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of) the center symmetry of the central SU(N) node, in which case the charged objects are
Wilson lines. Conversely, having a purely ‘magnetic’ one-form symmetry corresponds to
choosing the central gauge group to be PSU(N) = SU(N)/Zy (assuming f = Zy, for
simplicity), in which case the charged objects are 't Hooft lines [89] that carry non-trivial
Z y-valued magnetic charge, i.e. the 't Hooft lines specified by PSU(N) bundles on S?
with a non-trivial Stiefel-Whitney class. In the following, we will denote SU(n)/Z; gauge
groups by yellow nodes with the label n/Zj, as in (2.1). See also [50] a for a related recent
discussion.

3.2 Magnetic quivers and higher form symmetries

We are particularly interested in the magnetic quiver MQ® = EQ¥ /U(1)f for the 5d
SCFT 7;<5d. Let us note that, if we start from a 4d theory Tx4d with an electric one-form
symmetry Zpy, we obtain a 3d theory with a one-form symmetry, realized as a center
symmetry of the 3d quiver with central gauge group SU(N). On the other hand, if we
start from Tx4d with a magnetic one-form symmetry Zpy, the 3d quiver will have a Zy
zero-form magnetic symmetry. The charged operators are 3d monopole operators with
non-trivial Zy magnetic charge, which descend from the 't Hooft lines of TX4d that wrap
the S'. By T-duality, the 3d ‘SU(N) quiver’ with an electric symmetry corresponds to the
magnetic quiver of a 5d SCFT Tx5d with a 3-form symmmetry. The ‘electrically charged’
objects in M-theory are M5-branes wrapping S% x T2, with 72 = S}/IXS%. These map
to D3-branes wrapping S° in IIB.1° Conversely, the ‘SU(N)/Zy’ theory with a magnetic
symmetry corresponds to 7;(501 with a Zy O-form symmetry. The ‘magnetically charged’
objects are the M2-branes wrapping 52, which map to D3-branes wrapping S3 x S1 in IIB;

the latter objects are the 3d monopole operators on the Coulomb branch of MQ(5), which
are dual to the M2-brane instantons on the Higgs branch of 704.

As we will see in examples, whenever the SU(N)/Z y ‘magnetic’ theory is allowed by the
geometry of the terminal singularity, the magnetic quiver is really equivalent to a unitary
quiver, since PSU(N) = U(N)/U(1) and the overall U(1) of a unitary quiver is decoupled.
It then turns out that these unitary quivers are ugly, and that repeated application of the
GW duality shows that the 3d theory consists only of dy twisted hypermultiplets. Given
this result, we can then obtain an explicit description of the magnetic quiver MQ(5) for
the ‘electric’ 5d theory, which is obtained by gauging the Zy 0-form symmetry of the
‘magnetic’ theory. In the 3d N' = 4 quiver description, the free twisted hypermultiplets are
simply monopole operators of conformal dimension A = % The Z ; magnetic charge of a
monopole operator can be computed as the total U(/N) magnetic flux mod N, according to:

whSIN) = TN i0d N (3.5)
Therefore, the magnetic charge of the A = % monopole operators in the U(N) quiver

determines the Zy action of the 0-form symmetry on the free twisted hypermultiplets. It

10Tt so happens that, for consistency with the 4d gauge-theory language, we have to call these wrapped
Mb5-branes ‘electric’ and the M2-brane ‘magnetic’. This is only a matter of terminology and it should not
cause any confusion.
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follows that the electric theory is equivalent to a discrete gauge theory of the form (3.1),
with the Z charges determined as explained.
Let us now apply the above discussion to all the terminal singularities of table 2.

3.2.1 The Eg model

Consider first the Eé b model, with the trinion description given by (3.2). Since f = 0,
the electric quiver of TX4d equals the magnetic quiver of 7;5(1, and we have:

1 1
EQW = MQ®) ~ or
12 1 12 1

for the ‘electric’ or ‘magnetic’ version of Tx4d, respectively.r As explained above, the

1

(3.6)

1 2/Z, 1

quiver on the left in (3.6) is a Zy gauging of the unitary quiver on the right. Conversely,
we can obtain the quiver on the right by gauging the Z, one-form symmetry of the ‘SU(2)
quiver’ on the left. Note that the one-form symmetry is a center symmetry that exists as
the diagonal Z5 between the Zy center of SU(2) and Zy C U(1), which is preserved by the
bifundamental matter.

The ‘U(2) quiver’ shown in (3.6) is ugly, since the central node is U(2) with N; = 3.
By successive applications of the GW duality (2.33), we find that this theory is simply
equivalent to four twisted hypermultiplets:

1 1 1
= dH = T@Hi% >~ H4 . (3.7)
1 2 1 1 1 1 1

Let us now consider the SU(2) quiver, obtained as a Zy gauging of the U(2) quiver. To
keep track of the Z, charge, consider the four monopole operators of the U(2) quiver that
flow to free twisted hypermultiplets (with 3d conformal dimension A = %) in the IR. It is
easily checked that their magnetic charges under U(2) x U(1) x U(1), in the quiver notation
of the left-hand-side of (3.7), are!?

(my,mp;n®in) = (1,0,0;0), (1,0:1;0), (1,0;0:1), (1,0;1;1). (3.8)

The four operators have U(2) flux (1,0), which means that they have the non-trivial charge
under the Zo magnetic symmetry. Therefore, we find that the ‘SU(2) quiver’ is a Z gauging

= HY/Z, (3.9)

11 As mentioned above, in a quiver with only black nodes, the actual gauge group is Qi U(n;)=U(1), where

of four hypermultiplets

the U(1) is the overall U(1). It is customary to write the ‘all-black-dots’ quiver as shown here. One can
then ‘ungauge’ the U(1) factor at any gauge node and get an equivalent gauge theory.

2Note that we present the fluxes m for the monopole operators in hypermultiplets, which are each
comprised of two 3d A/ =2 chiral-multiplet monopole operators with fluxes 4+m.
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with the Z9 action
Zy : H; — —H;, 1=1,---,4. (310)

In particular, the CB of the quiver (3.9) and, therefore, the HB of the rank-0 5d SCFT,
is given by the quotient H*/Zy. This quotient preserves the Sp(4) symmetry of H*, and
therefore the Higgs branch of either the ‘electric’ or the ‘magnetic’ 5d SCFT has an Sp(4)
symmetry. The Hilbert series of the CB of (3.9) was computed in [36] using the monopole
formula [90]

14282 4 70t* + 288 + 8
By YT (1—¢2)8
% (3.11)
= dim([2i,0,0,0))t* = 1+ 36t + 330t* + O(t9) .
=0

HS

It is exactly the Hilbert Series of the minimal nilpotent orbit of sp(4) [91]. This confirms
that the flavor symmetry algebra is Sp(4),-the coefficient of ¢? being the number of conserved
currents, dim sp(4) = 36. The appearance only of even spin representation of sp(4) indicates
in fact that the global form of the flavor symmetry is Sp(4)/Zs.

Finally, let us mention that this model, at least in its ‘magnetic’ version, is equivalent
to the 5d T» model [63] — in particular, the magnetic quiver on the right-hand-side of (3.6)
makes the SU(2)% symmetry of Tp manifest. It is also the MQ®) one obtains for the T;
toric geometry using the methods of [30]. We will generalize this observation to many more
models below.

3.2.2 The E7 models

The model Eé 2 has f =3 and f = 0. Using our general results for the 3d reduction of
D,(N), we find

(3.12)

R
=
L
3

EQ®

1 2 1 1 1 2 1 1

The absence of one-form symmetry is apparent both in EQ(4)7 where the flavor at the
center node breaks the Zo center symmetry explicitly, and in MQ(5). Here, MQ(5) is again
an ugly quiver, and one can check that it is equivalent to 6 twisted hypermultiplets. Thus,
we find that the HB of the 5d E§ 2 model is simply HS.

For the Eé 1)—type model, on the other hand, we have f =0 and f = Z3, and we find

EQW = MQ®) ~ (3.13)

for the ‘electric’ theory Ty reduced on a circle. On the other hand the ‘SU(3)/Z3 quiver’ is
an ugly quiver, corresponding to replacing the central node in (3.13) by a black dot. That
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unitary quiver is equivalent to 9 twisted hypermultiplets. They arise from 9 monopole
operators of dimensions A = %, which carry the U(3) magnetic fluxes

(mlmeam?)) = (1707 0)97 (314)

where the exponent denote the number of times a given U(3) flux appears. Therefore, by
gauging the Z3 magnetic symmetry, we see that the CB of (3.13) takes the form:

CBMQ®)] = H?/Z3, Zs i Hy —»wsH;, i=1,---,9, (3.15)

where w,, denotes the n-th root of unity. This Z3 action preserves a subgroup U(9) of the
flavor symmetry Sp(9), which is therefore the global symmetry of the 5d ‘electric’ theory,
consisting of a Z3 gauging of 9 hypermultiplets. The dimension of the global symmetry
group can be checked by computing the first few terms of the Hilbert series of the CB
of (3.13), which reads

HS (1) =14 81t% 4 330t3 + 2025t* + O(°). (3.16)

Bl !
These coefficients can be decomposed in terms of the representations of su(9)

81 = dim([1,0,0,0,0,0,0,1]) + 1
330 = dim([3,0,0,0,0,0,0,0]) + dim([0, 0,0, 0, 0,0,0, 3]) (3.17)
2025 = dim([2,0,0,0,0,0,0,2]) + dim([1,0,0,0,0,0,0,1]) + 1.

None of these are charged under the center Zg C U(9), and hence we postulate that the
global form of flavor symmetry in this case is Gr = U(9)/Z3.

3.2.3 The Eg models
The Eé Y model has f = 2 and trivial higher-form symmetry. We then find

1 1
EQW = : MQ®) = . (3.18)
1 2 1 1 1 1 2 1 1 1

The quiver MQ® is ugly and flows to six twisted hypermultiplets. Therefore, we find the
5d Higgs branch HB [EE(; 4)] =~ H6,
For the Eé 3) model, which has f =4 and f = 0, we similarly find

EQ®W

12

=
=)
12
w
[
N~

The magnetic quiver is ugly and equivalent to 12 twisted hypermultiplets, and therefore
HB[E{ Y] = H'2.
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The Es(; 2 model has f = 2 and a non-trivial higher-form symmetry, f = Z5. This
leads to

2 2

EQW = ;o MQWP . (3.20)

1 2 4 3 2 2 1 1 2 4/Z25 3 2 2 1

I

Here, the EQ(4) is the 3d reduction of the ‘electric’ 4d SCFT Tx4d, which has a Z4 electric
one-form symmetry; in the 3d quiver, it corresponds to the diagonal Zy center (common
to the Z4 and Z5 center of the SU(4) and SU(2) gauge nodes, respectively). The magnetic
quiver MQ(S) similarly possesses a Zo one-form symmetry, corresponding to the center of
SU(4)/Z2, which is inherited from the Z5 3-form symmetry of the ‘electric’ version of 729

The Higgs branch of the ‘magnetic theory’ in 5d will instead be described by the quiver

. (3.21)

1 2 4 3 2 2 1

This is an ugly quiver which is equivalent to 16 twisted hypermultiplets. The A = %
monopole operators of (3.21) have U(4) flux
(my,---,my) = (1,0,0,0)%, (1,1,0,0)%, (0,0,0,0)*. (3.22)
The relevant Z charge is given by the total U(1) flux mod 2, and therefore we find
CBMQ®)] = (H8/Z,) x HE, (3.23)

where the Zs acts by a sign on the first 8 hypermultiplets. We then conclude that the
‘electric’ version of T¢ has a global symmetry Sp(8)/Z2 x Sp(8). The Coulomb branch
Hilbert series of [MQ®)] from (3.20) reads

HS (2 = 14 16t 4 272t* + O(t%), (3.24)

B ?
in agreement with the above discussion. In particular, eight twisted hypermultiplets remain
free, which give rise to the fundamental representation 16 of sp(8), corresponding to the
term 16¢ in (3.24).

Finally, we consider the Eé 1), which has f = 0 and a Z5 higher-form symmetry. We

thus find:
2

EQ® = MQ®) = (3.25)

1 3 5 4 3 2 1

for the ‘electric’ 4d SCFT. Correspondingly, the EQ® for the ‘magnetic’ theory is given
by the same quiver with the SU(5) node replaced with a U(5) node:

MQ®) (3.26)

|
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This latter quiver is ugly and equivalent to 20 twisted hypermultiplets. One can indeed
find the 20 monopole operators of (3.26) with A = 4. They have U(5) flux:

(my,---,ms) = (1,0,0,0,0)1°, (1,1,0,0,0). (3.27)
Therefore, the CB of the MQ®) (3.25), and the HB of T4, take the form:
CBMQ®)] = H?/Z;, (3.28)
with the action:
Zs : (Hi,Hj) = (wsHyw2Hj), i=1,---,10, j=1,---,10. (3.29)
This action preserves a (U(10) x U(10))/Z5 subgroup of Sp(20). The Hilbert series is
HS o =1+ 200t2 + O(t3), (3.30)

and confirms the dimension of the symmetry group of the ‘magnetic’ version of Ty
In summary, for this small family of terminal singularities, the Higgs branch of the
rank-zero 7}5‘1 is given by

HB[TRY] = Hu/f  or  H (3.31)

for the ‘electric’ or ‘magnetic’ version of the theory, respectively, with the f = Z; actions
specified above. Note that the ‘electric’ theory with a non-trivial f has a 3-form symmetry
I'®) = f, as expected for a discrete gauging of free hypermultiplets in 5d [36, 88].

4 Generalized E, theories and discrete gauging

In this section, we study the Ey(lk) singularities introduced in (2.59), for £ > 0. They give

rise to three infinite families of 5d SCFTs, 7}5‘1 = Er(Lk), n = 6,7,8, of arbitrary rank r, with

r= Ai +1, with Ag=3, Ar=4, Ag=6. (41)
n
Here, the dimension A, is the conformal dimension of the CB operator of the rank-one 4d
N = 2 Minahan-Nemeschanski (MN) theory with E,, flavor symmetry [92, 93]. For k = 0,
the Eék) canonical singularity precisely gives rise to the rank-one E, 5d SCFT, which flows
to the 4d F,, MN theory upon compactification on a circle. For A—kn = { € Z, one engineers
the higher-rank E,, theories (with » = ¢+ 1). Finally, for Ain not an integer, we will argue
that we simply obtain the FE, theories tensored with free hypermultiplets, modulo some
discrete gauge group.
As we argued in section 2.4, the 4d SCFT Ty is a trinion with central node SU(N),
with N = A,, + k. We therefore find [56]

D3 Dy
4 _ ad
TXE<k) - ; TXE<k> - ;
6 D3 Ds 7 Dy Dy
N=3+k N=4+k
(4.2)
Dy
4d  _
X .
8 D3 Dg

N=6+k
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) F el fldn | b [ 8] a | ¢ [aa o] ¢

Eeg | a3+a3+ai+af |16 11 T2 0 (0] 0
EM | ad+ad+ad+at (101212 11010 -1 |2]2Z4
EP | a3+ad+a3+23 [1]0/16|16] 1 | 16 | 16 | —1 | 2 | Zs
Er | a¥+ad+af+a} (1| 7|17 (100 8 [ 3 |21 0 [0 0
EW | a24ad4ad+ad (101818 1 |18 | 18| —1 |2 Zs
EP | a2+ ab+ad+al [1]3 )24 21| 4 | 20] 26 | -1 |2] 24
EW | a24ad4+ad+al [1]0|27 |27 1|36 |36| -1 |2] 2
Eg | 23 +a3+af+af |18 |20 21| 9 |25 |3 ) 0 |0] 0
EM | a2 +a3+a8+27 [1]0]30[30| 1|40 |40 | -1 | 2| 2Z;
EP | a2+ ad+af+af [1]2]36 34| 3 | 22| 17| 1 |2]z
EQ | a2+ ad+af+a) 1[4 42 38| 5 80|19 1 |2]z
EN | +ad+al+2l0 | 1] 246 |44| 3 |32 |20 1 | 2] z;
EP | a2+ ad+a8+2' [1]0|50 |50 1 [100]100| —1 |2 |2Zy

Table 3. Ther =1 Eﬁbk) models.

For N = mA,, the 4d theory is Lagrangian, see the quivers in (2.63).

4.1 The rank-one E{Y theories and their magnetic quivers

Let us first consider the r =1 E,(Lk) models, with £k = 0,--- , A, — 1; their basic geometric
data is summarized in table 3. For k = 0, these models engineer the rank-one F,, 5d SCFTs.
Indeed, these singularities admit crepant resolutions with a single exceptional divisor. The
resolved singularity X takes the form:

Eék) R R R R N L S
Eék) o at4ad ok okt (4.3)
Eék) R R AR L

For k = 0, the exceptional divisor {6; = 0} is a smooth del Pezzo surface, dP,. For k > 0,
the exceptional locus is a singular surface:

Eék) D 0 =0 {23 +ad+al=0} c P,
E§k) © 0 =0: {e?+ai+a2i=0} C P:[327171,1] , (4.4)

EP . 51=0: {al+ad+a5=0} C P21, -

In addition, for k& > 1, we have a residual terminal singularity at 61 = 21 = 29 = 23 =0
(on the patch x4 = 1). These terminal singularities are of the type studied in the previous

section: the » = 1 model Ey(Lk) with k > 1 contains the terminal singularity Er(Lk An ).
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Theory EQ® f MQ® F%)
1 1
FEs 2 6 2 0
1 2 3 2 1 1 2 3 2 1
1 1
E 2 0 2 Z,
1 2 4 2 1 1 2 4 2 1
1 1
E? 3 0 3 Zs
1 3 5 3 1 1 3 5 3 1

Table 4. EQ® and MQ® for the r = 1 Eg theories. Here we present the ‘electric’ (‘SU(N)
quiver’) version of each theory, which has a one-form symmetry F(sld) = f in 3d.

As we see from table 3, these model display an interesting pattern of higher-form
symmetries when k& > 0, since f is non-trivial. As in the previous section, we should
distinguish between the ‘electric’/SU(N)-type theory and ‘magnetic’/U(N)-type theories.
0)

We argued above that the terminal singularities Eq(lk< give rise to free 5d hypermul-
tiplets in M-theory, in the ‘magnetic’ version of the theory. Therefore, from the above
pattern of crepant resolutions, we expect that the r = 1 Eﬁfol) 5d SCFTs have a Coulomb-
branch low-energy theory that contains additional free hypermultiplets. By studying the
Higgs branch of these models through their magnetic quivers, we will further argue that
these free hypermultiplets actually arise as decoupled free sectors.

The quiverines EQ® and MQ® are given in tables 4, 5 and 6, in their ‘electric’
versions. With that choice of global structure, the electric 1-form symmetry of TX4d

to a one-form symmetry of the 3d quiver, Féld) = f; correspondingly, the 5d theory 7;(5‘1 has

a 3-form symmetry Fé‘? =f.

maps

On the other hand, the ‘magnetic’ version of the magnetic quivers MQ(5), correspond-
. . . . i 0 . .
ing to having a five-dimensional one-form symmetry I'; | = f, are given by the same quivers
with only black nodes (only U(n) gauge groups, modulo an overall U(1)). These magnetic

quivers are shown in tables 7, 8 and 9 below, for general k.

411 Ther=1ES theories

Let us first consider the Ejg series in detail. The MQ(5) for Fg = Eéo) in table 4 is the well-
known magnetic quiver for the Eg theory, in the shape of the affine Fg Dynkin diagram; its
3d N' = 4 Coulomb branch is the one-Eg-instanton moduli space, of dimension dy = 11.
Note that is was crucial to gauge the U(1)% flavor symmetry of EQ® to obtain MQ®, as
explained in [36, 37]; the resulting U(1)$. topological symmetry becomes the Cartan of the
Es 3d CB flavor symmetry.
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The Eél) model has r = 1 and dg = 12. The U(V) version of the MQ® is given by
2 . (4.5)

Note that the central node is ‘bad’ in the GW sense, since it is locally U(4) SQCD with
Ny = 6 flavors. Correspondingly, the 3d UV description contains monopole operators of
vanishing dimension. Therefore, this quiver description does not give a direct handle on
the IR theory in 3d.

In this case, one can check that the ‘badness’ of the quiver (4.5) only comes from its
central node. Consider U(N) SQCD with Ny = 2N — 2 flavors. It is known that the most
singular locus on the Coulomb branch of that theory is H 2 C2, and that along that locus
the low-energy effective theory is U(N — 1) SQCD with Ny = 2N — 2, plus a free twisted
hypermultiplet whose vacuum expectation value (VEV) parametrizes the C? locus [62].12
This is the effect of a non-perturbative Higgs mechanism:

U(N) — U(N - 1) x U(1), (4.6)

as we tune the CB parameters to the most singular locus. At the central node of the quiver,
we locally have such a situation, with N = 4. We then propose that the relevant moduli
space of the Eél) magnetic quiverine is obtained by zooming in onto that most singular
locus. By effectively replacing the U(4) node by an U(3) node in (4.5), the relevant 3d CB
of MQ® is then obtained from the 3d theory:

MQ®[EM] = @ H (4.7)

which is the MQ(5) of the rank-1 Eg theory plus a decoupled (twisted) hypermultiplet.
This interpretation is corroborated by looking at the Higgs branch of the MQ(5), which
describes the Coulomb branch of TP compactfied on a torus. Both descriptions (4.5)
and (4.7) give the same result: the HB of MQ(®) is given by C2/T'g,, the Kleinian singularity
of type Ejg, plus a free twisted hypermultiplet. Indeed, it is well-known that the HB of
the quiver with U(3) central node is C2/T'g,, and one can check that the same is true for
the quiver (4.5) (using, for instance, the methods of [96]). In the latter case, however,
there is a residual ‘unhiggsed’ U(1) vector multiplet at low-energy on the HB, which gives
us the free twisted hypermultiplet in the IR. This simple structure of the HB of MQ(5)

is also consistent with the structure of the smooth resolved threefold X Importantly,

(M
the resolved threefold contains a pair of three-cycles (bs = 2), which, from the M-theory
perspective, give rise to a free (uncharged) hypermultiplet on the 5d Coulomb branch, in

perfect agreement with the above MQ®.

13 This Seiberg-like duality was first suggested by [94], and its meaning was clarified in [62]. See also [95].
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Theory EQW f MQ®) iy
2 2
Er 7 0
1 2 3 4 3 2 1 1 2 3 4 3 2 1
2 2
Y 0 Zs
1 2 3 5 3 2 1 1 2 3 5 3 2 1
3 3
B 3 Z3
1 3 4 6 4 3 1 1 3 4 6/Za 4 3 1
3 3
B 0 Z,
1 3 5 7 5 3 1 1 3 5 7 5 3 1

Table 5. EQ® and MQ® for the r = 1 E7 theories and their 1-form symmetry.

These considerations lead us to conjecture that the ‘magnetic’ version of the Eél) 5d
SCFT is simply the Fg SCFT tensored with a free hypermultiplet:

T ~ R4 @H. 48
Xe (D “magnetic' XEq (4.8)
We will present further evidence for this claim in section 5.
The asymptotic geometry of the canonical singularity tells us that the 5d theory (4.8)
has a distinguished Z4 O-form symmetry. By gauging it, we expect to find the ‘electric’
version of the theory, with a Z, 3-form symmetry in 5d:

7;(52531) “electric’ = 7;(5(516 ®H /24' (4'9)
The Z4 action used in (4.9) can be understood at the level of the quantum Higgs branch.
Indeed, the MQ®) for the ‘electric’ Eél) is the one with SU(4) central node shown in table 4,
which is a Z,4 gauging of the unitary quiver (4.5).

The EéQ) model has r = 1 and dy = 16. Now, the resolved geometry both contains a
3-cycle and a terminal singularity of type Eé Y. The physics of this model is again easiest
to understand in its ‘magnetic’ version. The unitary MQ®) has a U(5) central node with
Ny = 9 flavors, so that one can dualize it to a U(4) node plus a free hypermultiplet. At
this stage, the U(3) nodes on the three legs become ugly, and can each be dualized:

1 1 1

3 3 2
®H

1%
1
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We then obtain the MQ(5) of the Eél) theory plus four twisted hypermultiplets. We claim
that this free sector is associated to the terminal singularity Eé U that arises on the
resolved threefold X B2 We then treat the Eél) factor as above, and conclude that the
‘magnetic’ version of ghe EéQ) theory in 5d is equivalent to the Fg theory tensored with
five free hypermultiplets. We can summarize this decomposition pictorially as

3 2 1
o H o : (4.11)

This pattern is again consistent with the analysis of the Higgs branch for the MQ®) on
the left of (4.11), which is still C?/T'g, together with a larger unhiggsable sector that is
equivalent to the Eé D o T, magnetic quiver (plus a free twisted hypermultiplet) on the

Il

right of (4.11). We also note, heuristically, that this result can be obtained by a naive
application of the rules of quiver substraction [46, 97].

Finally, the ‘electric version’ of the theory is obtained from the ‘magnetic’ version by
gauging the Z5 0-form symmetry. In conclusion, we find

T = TR @H?, TR = TRe @H jZs.  (412)

X e(? “magnetic' Xe 2 “electric'

412 Ther=1 Egk) and Eék) theories

The r =1 Ey and Fjg series are completely similar. The magnetic quivers with 3d 1-form
symmetries are shown in tables 5 and 6. For £ = 1, the central node is again ‘bad’ with
a balance e = Ny — 2N, = —2, and we should go to the most singular locus on the CB,
where we obtain the effective description

2 2
1 2 3 5 3 2 1 1 2 3 4 3 2 1
(4.13)
3 3
2 4 7 5 4 3 2 1 2 4 6 5 4 3 2 1

We then argue that the 5d SCFT Eg) with a non-trivial 0-form symmetry is given by
EV=E, ®H, (4.14)

for the same reasons as before. Similarly, for k£ > 1, the unitary magnetic quivers can be
reduced to the case Eg) by repeated application of the GW duality on ugly nodes. We
then find

MQ®[EWP] = MQ®)E,] @ H & MQP)[EF An)] (4.15)

Therefore, the ‘magnetic’ version of the r = 1 Er(Lk) SCFT 7;(5d consists of the E,, SCFT
tensored with the appropriate number of free hypermultiplets. The electric version is then

obtained by gauging Fé?i) =f.
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Theory EQW f MQ® F%)
3 3
Eg 8 0
2 4 6 5 4 3 2 1 2 4 6 5 4 3 2 1
3
EM 0 Z,
2 4 7 5 4 3 2 1 2 4 5 4 3 2 1
4
EY 2 Zy
2 5 8 6 5 4 2 1 2 5 82z, 6 5 4 2 1
4 4
EY 4 Zs
3 6 9 7 6 4 3 1 3 6/229/Z5 T 6/Zo 4 3 1
5 5
E 2 Zs
3 6 10 8 6 5 3 1 3 61028 6 5 3 1
5 5
E§5) 0 Z1
3 7 11 9 7 5 3 1 3 7 11 9 7 5 3 1

Table 6. EQ(4) and MQ(5) for the r = 1 Ejg series of theories and their 1-form symmetry.

4.2  The higher-rank E(® theories
Consider the Er(Lk) singularities with:
k=Anl+R, P=0,---,A,—1, (4.16)

which give rise to 5d SCF'Ts of rank r = £+ 1. For the resolution geometry, see appendix A
for more details.

The analysis of the 4d SCFTs Tx4d and of the electric quiverines EQ(4) is similar to the
¢ = 0 case. Here, we will mainly discuss the magnetic quivers MQ(5) with unitary gauge
groups, for the ‘magnetic version’ of the theory. They are displayed in tables 7, 8 and 9.
As before, the ‘electric version’ is obtained by discretely gauging the 5d 0-form symmetry.

Let us first consider the case B = 0. The magnetic quivers are given by:

m 2m 3m
2m I I
9 I (417)
m 2m 3m 4m 3m 2m ™ 2m 4dm 6m 5m 4m 3m 2m ™

m 2m 3m 2m ™

for the Eg, E7 and Ejg theories, respectively, with m = ¢ 4+ 1. The Higgs branch of this 3d
N = 4 quiver is Sym™ C2?/T'g, , and its low-energy theory also contains £ = m — 1 free
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k MQ®) & A & A° T —¢
L+ 1

30+0 2+2 Zoi1

041204+ 2804+ 320+20+1

f[6+1,64+1,64+1)3g
0+1

30+1 A2 Z3oya

L4120+ 280 +420+20+1
f[6+2,64+1,64+1)3g

f[04+2,04+1,64+1]2[+1,6+1,6+1,1]g
L+1

3042 243 Y2

L4120+ 330+520+30+1
f[6+2,64+2,04+1)3g

f[64+2,042,64+1]2[+2,6+1,6+1,1]g

Table 7. Magnetic quivers for the Eék) models. The three partitions A are partitions of N = A,, +k
associated with the three legs of the quiver. The second partition (if listed) is the one after the
box-lifting, later denoted by A% These are introduced here for later reference.

twisted hypermultiplets. Correspondingly, we have ¢ free hypermultiplets on the Coulomb
branch of 7;(5d, which arise in the resolved geometry from the ¢ pairs of 3-cycles associated
to the ¢ exceptional divisors that are ruled surfaces of genus 1.

Importantly, although each node is individually balanced, the quivers (4.17) are none-
theless ‘bad’, since they have monopole operators of dimension 0. These A = 0 monopole
operators are precisely related to the unhigssable U(1)¢ factors. These quivers have been
studied from various point of view in the literature [66]. We will discuss them further in
section 5.

Next, we consider the case B> 0. We can easily see that the quivers with R > 2
are equivalent to the B =1 quivers by successive dualization of the ‘ugly’ nodes. For
instance, the Eésé”) quiver can be reduced to the EégZH) quiver exactly as in the £ =0

case (4.10). The resulting free sector is the one associated with the residual terminal
singularity EﬁP A"), for any ¢ > 0.

We therefore only need to understand the B = 1 models. In that case and for any
£ > 0, the central node is bad with a balance e = —2. By the same argument as before, we

claim that the relevant physics occurs on the most singular locus of the CB, whose effective
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k MQ® & A & A T —
20+ 2

3040 Zoi

04+ 1204+ 2804340+ 4830+ 3R0+20+1

f[20+2,2¢42],[+1,6+1,0+1,6+1]3g
2042

40 + 1 Zypys

L+ 120+ 230+ 340+ 530+ 320 + 2L+ 1

f[2043,20+2][0+2,0+1,6+1,0+1]%g

f [204-3,204-2][(£42) (£+1)3][(¢+1)%4,1]g
20+ 3

40 + 2 Zopya

L+ 120+ 330+ 40+ 630+ 420 + 3L+ 1

f[20+3,20+3][¢+2,0+1,6+2,6+1]%g

f [20+3,2043][(£+2) (¢+1) (£+2) (£+1)][(€+2),(¢+1)3,1]g
20+ 3

40+ 3 Zypir

04+ 1204+ 2804540+ T30+ 520+ 30+ 1

f[20+4,20+3][042,0+2,0+2,0+1]%g

f[264+4,26+3][(¢+2)3,(6+1)][(£+2)2,(¢+1)2,1]g

Table 8. Magnetic quivers for the Egk) models. The three partitions A are partitions of N = A, +k
associated with the three legs of the quiver. The second partition (if listed) is the one after the
box-lifting, later denoted by A®. These are introduced here for later reference.

description is given by

MQIEA D] — MQIE(™ )@ H. (4.18)
The magnetic quiver MQ[ (A EH)] is given in (4.17).

In conclusion, we see that the ‘magnetic’ 5d theory is always a rank-(¢ + 1) E,, the-
ory tensored with free hypermultiplets, while the ‘electric’ theory is necessarily a discrete
gauging thereof:

T5d ~ 7;(5;1” ®HdH(D)+17 ' ~ 7;(5cEin ®HdH(b)+1 /£ (4.19)

x e “magnetic e electric

Here we have k = A, ¢ + B, the integer dH(P) is defined as the dimension of the 5d HB of

the rank-zero theory ET(P An) for B> 1, and by dH(P) =0ifRB = 1; finally, the discrete
group f is given for any E,(@k) in the tables 7, 8 and 9.
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0
k MQ®) & A & A i —
30+3

60+ 0 Zost

20+ 240 + 460 + 650 + 5AL + 430 + 0 + 24 + 1

f [36+3,3¢+3][26+2,2¢+2,20+2][(¢+1)%]g
30+3

60+ 1 Zeot7

20+ 240 + 460 + T8 + AL+ 430 + 320 + 24 + 1

f [3+4,30+3][20+3,20+2,20+2][(£+2) (£+1)°]g

f [36+4,3¢+3][2¢+3,2¢+2,2¢+2][(¢+1)8,1]g
3044

60 + 2 L3044

20+ 260+ 6L+ B+ A0+ 530+ 20+20+1

f[3644,30+4][26+3,26+3,20+2][(642)% (¢+1)4]g

f [30+4,304-4][20+3,2¢+4-3,2¢+2][(£+2)(¢£+1)3,1]g
3044

60+ 3 Zopi3

20+ 3U0+ 660+ BL+TA+ 630+ 420+ 30+1

f [3¢-+5,30+4][2¢+3,20+3,20+3][(¢+2)3 (¢+1)3]g

f [304-5,304-4][(20+3)3][(£+2)% (¢+1)*,1]g
3¢+5

60 + 4 Z3pis

2+ A+ 6L+ 160+ 30+ 630+ 520+ 30+ 1

f[3645,36+5][2¢+4,26+3,20+3][(€42)* (¢+1)2]g

f [3645,304-5][26+4,20+4-3,20+3][(¢+2)3 (¢4+1)3,1]g
30+5

60+5 Zegoi11

20+ 3A0+ DL+ 1D+ KA T30+ 520+ 30+ 1

f [3¢+6,3¢+5][2¢+4,2¢+4,26+3][(¢+2)5 (¢+1)]g

f [36+6,30+5][26+4,204+4,20+3][(¢+2)* (¢+1)2,1]g

Table 9. Magnetic quivers for the Eék) models. We list the partitions A that underlies these

models, the one after the box-lifting A® as well as the 0-form symmetry of the associated 5d SCFT.
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It is also interesting to note that, for the canonical singularities X oL the residual
terminal singularities in the crepant resolution X are related to the Jocal ugliness’ of
the magnetic quiver, while the 3-cycles in the crepant resolution are associated with the
‘badness’ of the magnetic quiver for ES}) obtained after getting rid of all the ugly nodes
(i.e. with balance e = —1) by repeated dualization.

5 Class S description, brane-webs and partial higgsing

Let Sjl\}f)\ denote a 4d N/ = 2 SCFT of class S [64], defined as the Ay 1 6d N = (0,2)
theory with three regular punctures, indexed by three partitions of N:

A= DR = (8P A2 A,y (5.1)
We propose that our 5d SCFTs 7;(501 © compactified on a circle give rise to such a class S
E

theory in the IR: "

Dslfr;":(k) r S¥a N=A,+k. (5.2)

The main piece of evidence for this conjecture is that the magnetic quivers for the 5d
SCFT E1(1k) are identical to the magnetic quivers (also known as 3d mirrors) of these class
S theories [65, 98]. For k = 0, the duality (5.2) is the well-studied relation between the 5d
rank-one E,, SCFTs and the 4d E,, Minahan-Nemeschansky (MN)-theories. In this section,
we explore the generalization to any k, which sheds some additional light on this family
of models. We expect (5.2) to be true at least for the ‘magnetic’ version of 729 with (in
general) a non-trivial 0-form symmetry Fg?i) = f. Identifying (and gauging) that 0-form
symmetry in the class S description is left for future work.

The partitions A are obtained from the three unitary linear quivers that form the three
tails of MQ® | which correspond to the 3d Ty[SU(N)] theories [61]. They are written down
explicitly in tables 7, 8, and 9. Each leg consists of a quiver [N] — U(n1) — U(ng) - -
attached to the central U(NN), and it determines the partition A = [A,] of N according to
Aa = Ng 1— Ng, With ng = N. Such partitions obtained from our MQ(5) are not all ordered
when 1 < B < A,, — 1. This is due to the ugliness of some of the tails. A GW dualization
at the ugly nodes along the tails gives us properly ordered partitions (and a few twisted
hypermultiplets).

Such trinion class S theories, also called fixtures [65], can be uplifted to 5d theories
described by type-1IB (p, ¢)-webs [99, 100], corresponding to a junctions of three stacks of N
D5-branes, N NS5-branes and N (1, 1) 5-branes, respectively, with the three stacks of five-
branes ending on 7-branes with boundary conditions specified by the partitions A(®) [63].14
We then expect this brane-web construction to be dual to our canonical singularity in
M-theory:

T4 <— trinion-shaped brane web in IIB  <—  triangle-shaped GTP, (5.3)

e ()

14 Recall that, locally, each stack of 5-branes can be T-dualized (and S-dualized) to the D3-brane boundary
condition described by the 3d N/ =4 T [SU(N)] theory. This is how the magnetic quiver is most easily
understood, in this setup.

40 —



with the last description to be discussed momentarily. In other words, the duality (5.2)
uplifts to 5d. In the special case when all every external 5-brane ends on its own 7-brane,
this is the well-known duality between the Ty = C3/(Zy x Z ) toric geometry and 5-brane
webs [63, 101]. The general case is a conjecture, based on a fair amount of circumstantial
evidence.

These branes webs can be efficiently represented as dot diagrams [63], also known as a
generalized toric polygons (GTP) [30, 35]. In particular, given a GTP, there is a systematic
algorithm (either based on brane-web technology [46, 97] or directly in the GTP [30]) for
computing the magnetic quiver of the SCFT defined by the brane web/GTP, whenever
that magnetic quiver is ‘good’ or ‘ugly’ [30, 35]. In the present setup, all GTP are triangles
related to the T theory. The partitions A give the successive spacing lengths between
black dots along the three edges of length N, starting from the lower-left corner and going
counter-clockwise.

5.1 Rank-zero trinions

To illustrate the class S/GTP perspective (and our notation), let us first consider the
rank-zero 5d models of section 3. As already pointed out, the Eé U model is the T5 theory,
whose corresponding GTP reads

By =1y % A= {017 (5.4)

The Eé 2) magnetic quiver appearing in (3.12) has two ugly legs, and it is then equivalent
to Tb plus two hypermultiplets. The E§ 2 model, on the other hand, is given by the trinion

B Y A={[2,1[1, 1,1} (5.5)

This describes 9 hypermultiplets, and corresponds to the second A, free-field fixture in [65].
Similarly, for the Eg models, we have Eé Y Ty ® H? and Eé ) o E; 2 ® H? after
dualizing the ugly legs. We also find

Es(; 2):

GoH2  A={]2,2][2,1,1)1,1,1,1]} . (5.6)

Here, we first dualize the ugly nodes on the legs of MQ®) | which gives us the two hyper-
multiplets. We are then left with the A4 free-field fixture corresponding to 14 hypermulti-
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plets [65]. Finally, we have

Eg b, \ A={[3,2][2,2,1][1,1,1,1,1]} . (5.7)

This is the Aj free-field fixture corresponding to 20 hypermultiplets [65].

5.2 Coulomb branch spectrum and ‘badness’ in the class S description

The class S description leads to a complementary point of view on the potential ‘badness’
of the magnetic quiver. Recall that the Coulomb branch operators of dimension A € Z of
a 4d N =2 SCFT of class S correspond to A-differentials on the Gaiotto curve — in our
case, on the 3-punctured sphere — with poles at the punctures specified by some integers
p(Aa). The virtual number of operators of dimension A, denoted by da, is given by the
Riemann-Roch theorem [64, 65]

da = hO(La) — hM(La) =1 — 2A + X Pt (5.8)
a=1
with Ln = K& (pga)). Here, we specialized to the three-punctured sphere. The integers pa
associated to a given (regular) puncture are obtained as follows. Let us draw the transposed
Young tableau associated to the partition A, and let us start numbering the boxes from the
upper-left corner, with the first box labeled by p; = 0, the second box to the right labelled
by p2 = 1, and so forth from left to right and downwards; moreover, each time we go to the
next row, we start the new row with the same value of p as in the last box on the previous
row. This defines a vector pa, with A =2,-.. , N.1®
In particular, (5.8) gives a formula for the ‘virtual rank’ of the class S theory:

XV
dn. (5.9)
A=2

r virtual

This equals the rank, r, if and only if the virtual dimension da equal the actual dimension,
da = h%(La), for all A. Using the relation
XY N(N-1) 1X

ba =
A9 2 2,

Aa(Aa - 1) ) (510)

which holds for any partition of N, A = [)\4], we find the general expression for the virtual
rank of our trinion theories:

(N—1)(N—-2) 1% X
Tvirtualz 2 _5

Al (A 1y, (5.11)

a=1 a

This matches the rank computed from the GTP using the generalised s-rule [30, 35].

[0[1]
5 For instance, for the partitions of N =5 appearing in (5.7), we have: [3;2] — Tpa=(1:122),

[2:2;1] - :Pa=(1:223), and [1;1;1;1;1] — [02]2[3[4] : pa = (1:2;3;4).
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In general, however, some da could be negative, in which case the virtual rank is
smaller than the true rank. For all the E&k) theories, we find that da € {1,0,—1}, VA. We
then propose the following heuristic formula for the actual rank:

X
r= dna . (5.12)
Ajda>0
It turns out that the number of A’s such that da = —1 is precisely equal to %bg, the
number of pairs of 3-cycles in the resolved threefold X. Indeed, dao = —1 really means that

h'(La) = 1, which should be interpreted as an additional degree of freedom on the Coulomb
branch of the class S theory. Since these 3-cycles give rise to free hypermultiplets on the
Coulomb branch of T4, we propose that these K-valued A-differential on the Gaiotto
curve should also correspond to free hypermultiplets on the CB of the class S theory Sj“vc}x.

As an example of the above discussion, consider the r = 1 Eék) models. The corre-
sponding GTPs and partitions are

E()‘: 1 Q
2 EY: \\ (5.13)

A={1,1,1®} A={[2,1,1} A={[2,2,13}.

The vectors of virtual dimensions are then
da =(0,1), da =(0,1,-1), da = (0,1,-1,0), (5.14)

respectively. The first model is the EFg MN-theory, with a single CB operator of dimension
A = 3. The other two models also have a CB operator of dimension 3, but there is also a
single negative entry at A = 4, so that their virtual rank vanishes.

The higher-rank theories are also interesting. For the r = 2 Eg theory, we have

3)

EY: (5.15)

A=1{[2,2,2°}, A=1{[3,2,2®},
da = (0,1,-1,0,1), da = (0,1,-1,0,1, 1),

and also da = (0,1,-1,0,1,—1,0) for Eé5). The rank-2 Fg theory, Eég), indeed has rank 2
according to the formula (5.12). We also have one da = —1 at A = 4, in agreement with
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b3 = 2. Similarly, for Eé4), we have two —1 entries in da, corresponding to b3 = 4 in the
geometry.

This discussion readily generalizes to all the Eflk) trinions with k = A,¢ + B. We have

da =1 for

5.16
da = -1 for ( )

I
()
+
N
g
3
_l_
—
<

I

0., 0 —dp -

The central node of the MQ(5) is bad whenever dy = —1, which corresponds to B=1. For
a fixed ¢, the vector da of the models with B > 1 is the same as for the model with B = 1,
with B — 1 zeros appended.

5.3 Redeeming bad theories by box-lifting

Up to this point, we have seen the badness of our ET(Lk) theories for k£ > 0 appear in at
least three complementary ways: from the magnetic quivers (which describes the HB of
7;<5d), from the presence of three-cycles in the resolved geometry X (which engineers the
CB of 724), and from the virtual dimensions of A-differentials on the Gaiotto curve (which
engineers the CB of Sj‘{,‘?;\).

In section 4, we have also argued that we could redeem part of the badness of the
magnetic quiver — essentially, for k& = 1 — by considering a special locus of the CB of
the bad MQ®). Here, we would like to further discuss how we may cure the bad magnetic
quivers more generally, using the class S intuition. This discussion closely follows the
proposal of [66] on how to cure the higher-rank FE, theories. See also [102] for a related
discussion from the Higgs-branch point of view.

The basic idea is to embed the bad theory, S, into a larger ‘good’ theory, S® so that
we can go back from S%to S by partial Higgsing (that is, by taking a particular limit onto
the HB of S9. Indeed, any trinion Sﬁ}]};\ can be obtained by partially closing the punctures
(or, equivalently, by lifting boxes in the partition) of the T theory, which is the theory
corresponding to three full punctures, A = {[1V]?}. The GTP of Ty is a triangle of length
N with only black dots, and any reduction of the punctures correspond to adding white
dots along the edges.

This embedding 8}‘{,‘5\ C S%implicitly defines the bad theory. In favorables cases, we
can then confirm that the original ‘bad’ theory is indeed equivalent to a (higher-rank) E,,
theory tensored with a free sector. In terms of the partitions A defining Sf{g}\, the proposal
of [66] was to consider S°defined by the partitions obtained by ‘ifting up one box’ of one
Young tableaux associated to A. In terms of the GTP, this corresponds to ‘filling in’ a
white dot. We will see concrete examples of this in the following.

5.3.1 Rank-one E(¥ theories and GTPs

Let us again consider the simplest bad theory in detail. This is the Eél) theory, whose
GTP is shown in (5.13). We propose to uplift this theory to the class S theory defined by
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the partitions

0

B

A= {[2,1,1][2,1,1][1,1,1,1]} : : (5.17)

This is a good theory, in particular, the virtual dimensions da in this case are da = (0, 1,0).
This theory can be higgsed back to Eél) by partially closing the full puncture, A = [1,1,1, 1],
to [2,1,1]. Physically, this corresponds to activating a minimal nilpotent VEV for the
moment map of the SU(4) global symmetry associated with the full puncture. Such a
higgsing can lead to different theories in the IR, depending on how it is performed, as we
will now explain.

The trinion (5.17) describes the rank-1 Eg theory plus four free hypermultiplets [65].
Indeed, to these partitions we associate the magnetic quiver:

1

0 2
MQ®) [Eél) |~ , (5.18)

1 2 4 3 2 1

This 3d N' = 4 quiver is ugly and equivalent to the r = 1 Eg quiver plus four twisted
hypermultiplets, which transform in the fundamental of the SU(4) flavor symmetry. In the
MQ®) (5.18), this flavor SU(4) arises as the CB symmetry associated to the right-hand leg,
which is a T[SU(4)] quiver, and the 4d twisted hypermultiplets correspond to the A = %
monopole operators, with the flavor weights determined by their topological charges. Let
us denote these hypermultiplets by &;, Q;, i = 1,--- , 4.

The actual global symmetry of this theory S®is therefore Eg x Sp(4), with only the
subgroup SU(4) x SU(2)? manifest in the class S description (5.17). Crucially for our
purpose, the SU(4) symmetry associated with the full puncture is also embedded inside

F.1® Consequently, its moment map takes the form
Hsu(4) = .LLEG SU(4) + @ZQ] ) (519)

where pfs denotes the restriction of the Eg moment map to the SU(4) subgroup. To

SU(4)
recover the bad theory Eél), we need to activate a minimal nilpotent VEV for ugyy)

0 1

E . (5.20)

There is an obvious ambiguity in implementing this Higgsing. Since the matrix (5.20) has

ILLEG SU(4) + @ZQ] = %

o O O O
S O O =
o O O O
o O O O

rank 1, we can set pfs S = 0, which corresponds to a VEV for the free sector only. In

U(4)

1 More precisely, SU(4) is embedded in the SU(6) factor of the maximal subgroup SU(6) x SU(2) C Es.
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this case, we flow to the rank-1 Fg theory plus a free hypermultiplet.t’

(1)

the description of Eg’ argued for in section 4.

We then recover
On the other hand, if we turn on a nilpotent VEV for pf SU() instead, the Eg theory
is higgsed to a free theory, resulting in a collection of free hypermultiplets in the infrared.
Both options are possible, but only the former option gives rise to an r = 1 theory.

All the other r = 1 trinions can be treated in the same way. For instance, the box-lifted
version of E6 reads

B - 5@ \
(5.21)

A={[2,2,1P A= {[2,2,1]%2,1,1,1]}
da = (0,1,—1,0) da =(0,1,0,0).

The magnetic quiver associated to the Eé ) theory is again ugly. It is equivalent to the Eg
quiver plus 7 twisted hypermultiplets.
For the rank-one E$k) theories, we have the GTPs

e

The first one is simply the rank-one F7 theory [63]; it has a dimension vector da = (0,0, 1).

EY

EY

(5.22)

The other theories have bad magnetic quivers, and correspondingly da = (0,0,1,—1,0,---).
Note also that, for the Eg) GTP, the partitions along the edges are unordered, and we
should reorder them before interpreting them as class S models (this introduces free hyper-
multiplet, as in the discussion around (5.6)). The box-lifting/white-dot-filling prescription
gives us the following good r = 1 models:

3 0
B =

B’

(5.23)




Their magnetic quivers are all IR-equivalent to the Ey magnetic quiver plus free twisted
hypermultiplets. As always, we can focus on the k = 1 case, which has an SU(5) symmetry
associated to the full puncture. The partial closure of the puncture is similar to the Eél)
case above. The Eg series is completely similar. For k = 1, we have:

(5.24)

The pattern of partial closure from Eél)o to Eél) is the same as before, with a nilpotent
VEV given to free hypermultiplets charged under the full-puncture SU(7) symmetry of the
E(l)O

s~ model.

5.3.2 Higher-rank theories

Finally, let us briefly consider the general case with rank r = £ 4+ 1. The important new
ingredient is the presence of additional sources of badness, as in the example (5.15). Let
us first review the case k = ¢A,, (B = 0) with £ > 0. The partitions associated with the

ESZA" 0 models are:
Aps) = {[e+1,64+1,0+13},
Ay = {[20+2,20+2][(€ + D%, (5.25)
Ao = {[30+ 3,30+ 3[20 + 2,20+ 2,20+ 2[(¢ + DY}

The ‘box-lifting’ prescription of [66] reads:
AEég\)o = {4+ 1,0+ 1,0+ 1P+ 1,0+1,0,1]},
)\%$4«)o ={[20+ 2,20+ 2][(¢ + DY[(¢ + 1)3,0,1]}, (5.26)
)\%ég)o = {[30+ 3,30+ 3][20 + 2,20 + 2,20 + 2][(£ + 1)5,2,1]} .

For instance, for the rank-2 Eg theory, we have:

(5.27)

A={[2.2,2°} A= {[2,2,2][2,2,1,1]}
da = (Oa 1, _17071) da = (05 1,0,0, 1) :

47 —



The magnetic quivers associated to (5.25) are given by ¢ + 1 times the affine F,, quiver
(that is, the ranks are given by (¢ + 1)d;, with d; the Dynkin labels) while the magnetic
quivers associated to (5.26) are given by:

+1

Eéi”é)o; 2+ 2

+120423043204+20+1 1

E; 242 I (5.28)

C+120+4230+340+430+420+20+1 1

EE(;GZ)O; 3043 I

20+ 240+ 460 4+ 650 + 540+ 430+ 320 +24+1 1

These magnetic quivers are ‘good’, due to the additional U(1) factor at the end of the
left-hand tail. The corresponding Higgs-branch flavor symmetry of the class S theory is
E, xSU(2). The CB of the magnetic quivers (5.28) reproduce the correct moduli space of
(¢ + 1) E,, instantons, as studied e.g. in [44, 103].

The uplifting procedure for R > 0 is similar. It gives rise to the same magnetic quiv-
ers (5.28) plus free twisted hypermultiplets. For completeness, we list the partitions after
the box-lifting in tables 7, 8 and 9. There we listed the unordered partitions, corresponding
to GTP, which are equivalent to ordered partitions plus free hypermultiplets.

6 Classification of the SU(N) trinions

In the previous sections, we focussed on ‘trinion’ singularities of type I, in the notation
of (2.57). The corresponding 4d theory Ty!d is a DZ(SU(N ))-trinions with b = N for the
three legs. In this section, we give a complete classification of the Dg(SU(N )) trinions

Dgg (SU(N))
. (6.1)
DE3 (SU(N)) DE (SU(N))
N
As discussed in section 2, the vanishing of the SU(N) [-function is equivalent to the
condition
X b,
— =N. (6.2)
a=1Pa

Given a solution, the N' = 2 SCFT is realized by the isolated hypersurface singularity (IHS)

aN g g bigPr g N babe N bsps ) (6.3)
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Type (a,b,c,d) AD[G,G9 r ! d b &y
11 {2,2N, N, 2} [Aon 1,Dn11]| O | N+1 N(N +1) N2 -1 N+1

VII, | {2k — 1,2k —1,2,2} | [Dog,Do] |k—1|2k+2| 2k +k+1 |(2k+1)(k—1)|3k+1

VIII, {2k, 2k, 2,2} [Dogs1, Dogy1] | k=1 |2k +1 | (E+1)2k+1)| k(2k+1) 3k

Table 10. Basic data for the infinite series of SU(N) trinions. Here (a, b, ¢, d) indicate the powers in
the hypersurface equation. For the [Dy+1 , Dy+1 | series, which are given by type VIII, (N, N, 2,2)
singularities, or equivalently by type IV (N,2, N,2) singularities, we look at odd and even N
separately. They all have AA, = 0, b3 = 0 and trivial one-form symmetry.

There are four subfamilies of solutions, depending on the choices for b, € {N,N — 1}. In
terms of the Yau-Yu classification [85], we have

(ba) = (N, N, N) : I (p1,p2,p3,N),

(ba) = (N,N,N —1) : IT (p1,p2, N, ps3), (6.4)
(ba) = (N,N —1,N — 1) : VII (p1, N, p2,p3) ,

(b)) =(N—-1,N—-1,N —1) : XIV (N, p1,p2,p3) -

Note that, for the cases of type VIII and XIV, the singularity (6.3) contains additional
monomials so that the singularity is isolated [54, 55]. This introduces some subtypes in
the YY classification, which will be discussed in more detail elsewhere [37].

We already discussed at length the type I solutions, which are the Eék) models. The
other solutions to (6.2) are easily classified, and the corresponding theories will be described
below. They are summarized in table 10 and in tables 11, 12, 13 and 14, where we display
the numbers 7, f, d, which characterize the 5d theory 729, as well as the electric quivers
EQ®W for the Dg(SU(N )) trinions. We have also indicated in the tables whether the
resolved Calabi-Yau threefold is smooth, and whether any of the divisors of the resolution
are singular. The details of the crepant resolutions are presented in appendix A. From these
results, we observe that Tx4d is a Lagrangian 4d ' = 2 SCFT (a conformal special unitary
quiver) if the resolved geometry is smooth, and the divisors have at most codimension-
one singularities on them (no point singularity). On the other hand, if there are residual
terminal singularities after the resolution, the 4d theory Tx4d is non-Lagrangian and the
EQ® is a mixed SU(n) — U(m) quiver.

6.1 Case (bg) = (N,N,N)

In this case, the N dependence drops out from (6.2), and we therefore obtain infinite
families of solutions indexed by N:

X
o =1 = (pa) = (3,3,3), (2,4,4), (2,3,6). (6.5)
a=11e
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When (p,) = (3, 3,3), the theory corresponds to the EéN 3 theory. When (po) = (2,4,4),

the theory corresponds to the EéN Y When (pa) = (2,3,6), the theory corresponds to
the EE(;N 6) theory. These models were already discussed at length in sections 3 and 4.

6.2 Case (bog) = (N,N,N —1)

Consider the condition
N N N-1

—+—+ =N. (6.6)
p1 P2 p3

This has the following obvious solutions for any NV:
(pa) = (2,2N,2), VN. (6.7)

They are terminal singularities of Type I1(2,2N, N, 2). These singularities engineer the
generalized Argyres-Douglas theory AD[Asy 1, Dn41] in Type IIB [67]. After the di-
mensional reduction of Dg(SU(N )) to 3d, we therefore obtain an explicit ‘electric quiver
description’ for these 4d SCFTs (for k£ > 1)

8
k
k 2k 1 2k 2 2 1 if N=2k,
----- -o—0—e—{|
1 N 2% 1 2k 2 2 1
EQW = o (6.8)
% k 2k 2 2 3 2 1 if N=2k—-1,
----- -o—0—e—]
1 N 2% 2 2 3 2 1

Since these singularities have r = 0, the 5d theory consists of dg = N(N + 1) free hy-
permultiplets. To see this explicitly, we can obtain the MQ® from (6.8), corresponding
to replacing all the SU(n) nodes by U(n) nodes, including the central one, because there
is no higher-form symmetry associated to the singularity (f = 0). The resulting unitary
quiver is ugly, and repeated applications of the GW duality gives us exactly dy twisted
hypermultiplets.

In addition, there are three sporadic solutions to (6.6)

Sporadic Models (#) | N | p1 p2 p3
M 6|3 4 2 (6.9)
(2 1012 5 3
®3) 1513 &5 2

The basic properties and the EQ(4) for these models are shown in table 11. In appendix B,
we prove that this set of solutions is complete.

For the model (1), from the resolution of the geometry in appendix A.2, we see that
this is a rank-1 Eg theory (trivially) coupled to the rank-0 theory of type E&(; 3), which is
indicated by the fact that there is a remnant terminal singularity. This again means that
the ‘naive’ MQ® is ugly. Since there is no one-form symmetry, we replace all the SU(N)
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T by, d
#) ype (a,b,¢,d) r | f|dg| Smooth CY/Divs EQW
F($1,$2,1}3,$4)

1, (3,4,6,2)
@ | 23 +a5+ 25+ 2325 | 1| 4|23 | (Singular, Singular)

I1; (2,5,10,3) 5
@ |22+ 23+ 230+ 23x3 | 2 | 846 | (Smooth, Singular) |

I, (3,5,15,2)
@) |23+ a3+ 22+ 2223 | 4 | 8] 68| (Smooth, Singular)

Table 11. Basic data and EQ® for the first three ‘sporadic’ SU(N) trinions. They all have AA, =
0, bs = 0 and trivial one-form symmetry. The EQ® that only have SU(N) gauge groups (yellow
nodes) correspond to Lagrangian N' = 2 SCFTs in 4d. The (smooth/singular, smooth/singular)
indicates whether the Calabi-Yau threefold is singular and there are still singular divisors in the
resolution, respectively.

by U(N) nodes in EQ(4). We can then check that the MQ(5) is equivalent to the Fg quiver
plus 12 twisted hypermultiplets

1 1

12

MQ®) = 3 & H?  (6.10)

2 4 6 4 3 1 1 2 3 2 1

For the sporadic models (2) and (3), there is no residual terminal singularity, but there
are singular divisors. The singularities are codimension one on the divisors. The model
(2) has 7 = 2 and was studied in [36]. Its Higgs branch, as determined from the MQ®), is
the next-to-minimal nilpotent orbit of e [104]. The MQ(5) of model (3) appeared before
in [105].

In addition, we also have the solutions N = 2, (po) = (2,3,3), N3, N = 3, (pa) =
(3,3,2), N =4, (pa) = (2,4,3) and N =6, (po) = (2,3,5), but they are equivalent to the
type-1 singularities (2,2,3,6), (3,3,3,3), (2,4,4,4) and (2,3,6,6), respectively. The first
one is the rank-0 theory E&(; 4), and the other theories are rank-1 Eg, Fy and Eg theories
respectively.

6.3 Case (bg) =(N,N—1,N—1)

Next, consider the condition
N N-1 N-1
n p2 p3

N. (6.11)
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) Type (a,b,¢,d) r dp | Smooth CY/Divs EQW
F(x1,x9,x3,74)
VIIL, (3,5,2,3) !
@ | 23+ 23+ 23z0 + 2wy | 1 18 | (Singular, Singular) 3
o132 1 3 5 3 2 1
VIIL (2,7, 3,4) 3
(5) x% + x% + x%xg + xfi;vg 1 30 | (Singular, Singular) —o—c .
okl 1 3 5 T 5 4 2
VIIL, (3,9,2,4) ! %
©® | 23+ 2+ 2dvo +ajae | 3 39 | (Smooth, Smooth) >
i 6 9 7 5 3 1
VIIL, (4,10,2,3) ! E
@) |2+ 230+ 2220 + 220 | 3 41 | (Singular, Singular) >
TT1T37 5 7 10 7 4 1

Table 12. Basic data and EQ® for the ‘sporadic’ SU(N) trinions, continued (2/4).

(@)

Type (a,b, ¢, d)

F(:E17$27$37:E4)

du

Smooth CY/Divs

®)

VIIL (2,16,3,5)
x% + x%‘s + xgxg + xiazg

+a3a]

76

(Smooth, Singular)

©)

VIII, (3,21,2,5)
x:f + z%l + :c%xg + xixg

+x12374

98

(Smooth, Singular)

14

21

17 13

(10)

VIII, (5,25,2,3)
:17? + x%5 + 3:%:172 + xixg

+T1T324

10

115

(Smooth, Singular)

(2

10

15

13

20 25

17 9

—_

Table 13. Basic data and EQ® for the ‘sporadic’ SU(N) trinions, continued (3/4).
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Type (a,b, ¢, d)

) r | f | dg | Smooth CY/Divs EQ®
F(x1, 2, w3, 24)
XIV; (7,2,3,3) .
x{—i—x%xl +x§$1 +xﬁx1 4
11) 3 | 8|29 | (Smooth, Smooth)

+x2x§ + xgaci + Tox3x4

XTIV, (13,2,3,4) 1

13 2 3 4
xr1° + x50 + 2301 + T4
ag | L TR 6 g | 57 | (Smooth, Smooth) 7
+x3x§ + 2x0x374

XIVy (31,2,3,5) .
1‘31+I2x +x3x +x5x
ag |1 TR TEIITEI 51901 145 | (Smooth, Singular) 16
+3T2x374

Table 14. Basic data and EQ® for the ‘sporadic’ SU(N) trinions, continued (4/4).

There are two infinite series of solutions
(p1,p2,p3) = (N,2,2), (2,2,2N —2), VN. (6.12)

For the first series, one needs to add marginal deformation terms in (6.3) to obtain the
following THS of type VIIIy(N, N, 2,2)

e 4 2l ¢ 2?2+ p2d + oz =0, (6.13)
In fact, this isolated singularity is isomorphic to a singularity of type IV(N,2, N, 2)
oY + mxd 2 g2t =0, (6.14)
which gives rise to AD[Dy1, Dn41] theories [67, 74]. We list its geometric data in table 10.
For N = 2k — 1, the 5d SCFT is the UV fixed point of the 5d N' =1 gauge theory
SU(k) s + 2k +1)F , (6.15)

which has flavor symmetry algebra is gr = s0(4k + 2) @ u(1l). For N = 2k, the theory
is the same SCF'T coupled to 2k free hypermultiplets, which correspond to 2k conifold
singularities in the crepant resolution. The EQ(4) for these infinite sequences are

k it N=2k—-1,
k 2k 2 2
----- -0—1
N k
BQW =_ ! o ! (6.16)
k if N=2k,
k 2k 1 2
----- -0—J
1 N 2k 2 1
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The MQ®) is obtained by replacing all the SU(n) nodes in EQ® by U(n) nodes. The
quiver for N = 2k is ugly, and can be dualized to extract the free sector, so that we obtain

8
1
k if N=2k-—1,
Eo|2k 2 2
..... _._.
1 k k 1
MQ®) = 2 1 b2k (6.17)
k if N =2k,
Eo|2k 2 2
..... o H2k
1 2k 1 2k 3 1

One can check that, for N = 2k — 1, the magnetic quiver is indeed the ones of SU(k) 3 +
(2k+1)F [46]. This gives a nice consistency check on our geometric approach. The second
series in (6.12) is equivalent to (6.7), i.e. we have the equivalences

VIII (2,2, N,2N — 2) = II1(2,2N, N, 2). (6.18)

In addition, we find the sporadic solutions

@ | N |pt p2 p3
4) 5 3 2 3
(5) 712 3 4
(6) 9 3 2 4 (6.19)
@ (104 2 3
® |16 2 3 5
@ |21 3 2 5
@y | 255 2 3

Here, we omitted the solution N =4, (po) = (2, 3,3) because it is equivalent to the model
1(2,4,4,4), the rank-1 E7; theory.

For the model (4), we deduce from the resolution geometry that it is a rank-1 Ejg theory
coupled to a rank-0 theory Eé 4 plus another conifold (a free hypermultiplet). From EQW,
after gauging and rebalancing ugly nodes, we indeed get

MQ®) = 2 ® HT (6.20)
1 2 3 2 1

Similarly, the model (5) is a rank-1 E; theory coupled to a rank-0 theory Eé % and
another conifold. From gauging and rebalancing EQ(4), we get

MQ®) = 2 o HI3
: (6.21)

1 2 3 4 3 2 1
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The model (6) has a smooth resolution, and correspondingly Tx4d is a Lagrangian
theory, with the SU(n) quiver shown in table 13. The corresponding 5d SCFT ’7;(5‘1 has
r = 3 and dg = 39. The structure of its Higgs branch can be studied using the magnetic
quiver

> : (6.22)

In particular, the 5d flavor symmetry is gr = €; @ u(1).

The model (7) has a crepant resolutions with a residual terminal singularity Eé 3,

After gauging the U(1)f of EQ® and rebalancing, we get
1

MQ®) = . ® HZ. (6.23)

1 3 5 7 5 3

[y

Note that the magnetic quiver of the interacting sector is exactly the same as the model
(11) in table 14, which corresponds to a r = 3, f = 8 5d SCFT. Thus, we conclude that the
5d SCFT for model (7) is equivalent to the one of model (11) plus 12 hypermultiplets.

The model (8), (9) and (10) all have smooth crepant resolutions, and correspondingly
T, is a Lagrangian theory. From the magnetic quivers, we can show that they each have
5d global symmetry gr = & @ Su(2).

6.4 Case (bg) =(N—1,N—1,N—1)
Lastly, consider the condition
N-1 N-1 N-1
+ + =
b1 b2 p3

N. (6.24)

For any N, we have the solution (p,) = (2,2, N — 1), but it turns out this is equivalent to
the second series in (6.12), namely

XIVy (N,2,2,N — 1) = VIII, (N, N,2,2) = IV(N,2,N,2). (6.25)

We also find the sporadic solutions

@ | N |p1 p2 p3
apy | 712 3 3
@ | 1312 3 4
@) (312 3 b5

(6.26)

These three models have smooth resolutions and Ty is Lagrangian. The 5d SCFT for
model (11) has 7 = 3 and g = &®su(2). The model (12) has rank » = 6 and gr = e;®su(2).
Finally, the model (13) has r = 15 and gr D €. In appendix B, we prove that there are no
more solutions to the equations (6.6), (6.11) and (6.24). This completes our classification.
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7 DJ(G)-trinions SCFTs for G = D,E

In this section, we generalize the four-dimensional trinion SCFTs to the cases with a central
gauge group of type D or E. We focus on the Dg(G) trinions that can be engineered by
threefold singularities in Type IIB. This leads us to discover a number of new S-dualities
between SCFTs with different gauge groups, which we discuss in section 8.

7.1 Trinion geometries for generic G

The analysis of section 2.4 can be generalized to the case of gaugings of three Dg(G)
theories with G of special orthogonal or exceptional type. In the general case, however, we
just have a Landau-Ginzburg description instead of a threefold singularity [56, 67]. The
LG superpotential reads

W =w?+ f(t x)+X3 2P fy (x,t
5 o Jb xa)v (71)

a=1

where Wg(w,z,t) = w? + f(t,r) = 0 is the ADE singularity of type G and f, (z,t)2%
denotes the z-dependent part of the threefold singularity describing DI’; (G), shown in
table 1. From a LG model point of view, w in (7.1) is a massive field and can be integrated

out, leaving five fields. The conformality condition reads
b b b
L1243 o h(0). (7.2)
b1 P2 P3

Importantly, if the singularity W = 0 is non-isolated, one needs to add marginal terms
to (7.1) in order to have an isolated singularity at the origin, so that the LG model is
well-defined.

We will consider the special case when the LG model is equivalent to a model with at
most four fields. This happens whenever at least one of the fields z, is massive. For p = 2
or p =1 and an appropriate choice of b, we have:

W D 2P fy(a,t) = 2° or W D2 fp(x,t) =tz, 2. (7.3)

Such massive fields can be integrated out. If we choose p = 2 for one of the legs, we are
therefore considering a theory Ty!¢ of the form

Dy (G)
| : (7.4)
Dp(G) — G — Dp(G)

The constraint (7.2) now implies that the other two D5(G) sectors should satisfy the relation

by by  h-(G)
b2 b _ n(G) 7.5
P2 D3 2 (7.5)

Since we are now left with only four fields, the system can be understood as a threefold
compactification in Type IIB. The second option is p = 1, which gives a mass term (7.3)

— 56 —



for b # h-(G), since in that case the fj(z,t) function appearing in table 1 is always linear
in either x or ¢, we can simply choose the Dg% (G) theory to be D4(G) with b # h-(G) (we
remind the reader that D%(G) is trivial for b = h-(G)) and, due to (7.2), we take the other
two Dg(G) models to satisy the constraint

by | b3
= + = =h-(G) - b. 7.6
22 " s (@) (7.6)

Under these conditions, we can integrate out both z; and either = or ¢ (the variable ap-
pearing in f, (z,t)). We can now simply introduce a new massive field y which enters
quadratically in the superpotential. The threefold singularity is now given by a hypersur-
face in the four variables z3, 23, y, and z or t (the variable we have not integrated out).
We can therefore also consider the family of trinions

DY(G)
|

DR2(G) — G — D%(G) (77)

satisfying the condition (7.6). In the following, we list all such models by solving equa-
tions (7.5) and (7.6) and integrating out the massive LG fields. We collect the resulting
theefold singularities and their basic properties in various tables in appendix C.

7.2 Dp(G)-trinions with b; = h™—dnd p; =2

7.2.1 b2 - b3 - hl:l

If we choose by = by = h—, we have the universal solutions:

(pZ)pB) = (47 4)7 (3a 6) ’ (78)

for any G. They are the only solutions, in this case. For G = SU(IV), these are the EéN 5

and EéN % series. For SO(2N), the THS equation reads

eVl et 4 =0, (7.9)
The basic properties of these models, for G = SO(2N) and G = E,,, are listed in table 15.

7.2.2 Other sporadic models

For G = SO(2N) (so that h- = 2N —2), we also have the sporadic models in table 16. For
G = Eg, we have h—- = 12 and the allowed values of b are 12,9, 8. The sporadic models are
in table 17. For G = F7, we have h— = 18 and the allowed values of b are 18 and 14. We
then find the sporadic models in table 18. For G = Fg, we have h- = 30 and the allowed
values of b are 30, 24, 20, with the sporadic models in table 19.
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7.3 D}(G)-trinions with by & h—dnd p; = 1

Let us also consider models with b # h— and p; = 1. For G = SO(2N), we have to assign
b1 = N, and we have the models when by = b3 = 2N — 2 shown in table 20. If by = 2N — 2,
bs = N, then one needs to take

W=aN 1 pat? 4ot + 28+ 2 (7.10)

add marginal terms to make it isolated, and then integrate out z; and ¢ (a similar procedure
should be applied to the by = bs = N cases as well). We list the resulting singular equations
and the data of the corresponding theories in table 20. Note that many of these models
are equivalent to E,gn)

For G = Eg, we can choose either b1 = 9 or 8, and the models are shown in table 21.
Likewise, for G = E7 we need to set by = 14, and the corresponding models can be found
in table 22. Finally, for G = Eg, we can choose either b; = 24 or 20, as shown in table 23.

theories or to other models introduced above.

7.4 Matching the CB spectrum to the spectrum of the singularity

We can provide detailed checks of the above results by comparing the 4d CB spectrum
obtained from the threefold singularity in Type IIB [8, 36] to the CB spectrum of the
individual Dg(G) legs.

Let us illustrate this by presenting one example in more detail. Let us choose the first
model in table 21. The trinion takes the form

MNg

| (7.11)
Ds — E¢ — Dao

Here we used the fact that D{(FEg) is the Fg MN theory. The three legs have the CB
spectrum

DY(Eg) : A ={3},
6 9 12 13 16 18 21 24 28 33 36 48

DR(Eg) : A= o, 2,22 2 2 020 2220 00 0 20
5(6) 57575757575757575757575 )

6 66777999 12 12 12 13 13 16 16
D¥(Eg) : A= — - = - -, - — = = 2,2, —, —, = —, -",3,33 —, —
20( 6) 575a5757575757575777575757575777)5757

18 18 18 19 19 21 21 21 22 22 24 24 24 _ 27 27 27 28

31 33 33 34 36 36 37 39 39 42 42 48 51 54 57
’5’5°5°5°5°5 57575 5 57575 575
(7.12)
the union of these spectra, plus the Eg Casimirs, which give A = {2,5,6,8,9,12}, result in
the spectrum of the Dz(Ef;) trinion (7.11), which is a theory of rank b = 76. On the other
hand, the LG description of the trinion is

W=a® 4tttz + 25 + 230, (7.13)
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Integrating out the massive fields ¢ and z;, we obtain the threefold singularity
442 +220=0. (7.14)

Its singularity spectrum precisely reproduce the CB spectrum spelled out above.

8 S-dualities between 4d DE(G)-trinions

8.1 S-dualities from geometric equivalence

By comparing the results of sections 6 and 7, we observe that, in a number of examples, the
same singularity simultaneously describes more than one gauging of three Dg(G) theories,
sometimes involving different gauge groups G. The reason for this is mundane from the
2d LG perspective. By the 2d/4d correspondence [67], the LG superpotential W (7.1)
corresponds to a GG-gauging of three Dg(G) theories. It can then happen that the W for
two distinct Dg(G) trinions are equal, up to massive fields that can be decoupled. For
simplicity, we have focussed on LG models with at most 4 non-trivial fields, that can be
interpreted as canonical singularities X in Type IIB.

The consequence of this simple observation for the 4d N' = 2 SCFTs TX4d is rather
interesting. Since the 4d theory is determined unambigiously by the singularity (or by W),
the distinct-looking D;’,(G) trinions associated to a single X are actually exactly equivalent.
We have thus discovered a new type of S-duality among such 4d SCFTs. The equivalent
Dg(G) trinions describe two S-duality frames of the same theory Ty, and the gauge groups
manifest in each description become weakly coupled at different cusps of the conformal
manifold. From the field-theoretic point of view, these dualities appear rather miraculous.
By inspection of the list of theories in section 6 and section 7, we then identify a large
number of these S-dualities. We list them below and briefly comment on some of their
properties. We hope to return to an in-depth analysis of these theories in the future.

The list of S-dualities can be simplified by observing that, for a fixed gauge group G,
we have the following equivalence relation between Dg(G) theories

b1 bo

DY (G)=DR2(G)  if =

8.1
b1 b2 ( )

This follows from the geometric engineering of section 2.2, since the scaling dimensions of
Dg(G) only depend on %.

In order to describe the structure of the conformal manifold of Ty, we will need
a class of isolated (i.e. with trivial conformal manifold) 4d SCFTs dubbed Ry (for N
odd) in [65]. This is a class S trinion with punctures [k — 1,k —1,1], [k — 1,k — 1,1] and
[1¥], with N = 2k — 1. This theory has CB operators of dimension 3,5,..., N — 2, N and
global symmetry SO(2N +4)on x U(1), where the subscript 2V denotes the flavor central
charge. We also notice that the 3d mirrors (or magnetic quivers) of Ry y theories appear
in (6.17), which tells us that Ry y is the dimensional reduction of the 5d SCFT which UV
completes SU(k) s + (2k+1)F. This family of theories is relevant because it arises in the
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description of the conformal manifold of Da,(SO(2n +2)) theories. More precisely, we find
that Dy, (SO(2n + 2)) is equivalent to

— SU(2) — SU(3) —[4] + SU(4) — Ry 5 < SO(8) — --- <~ SO(2n) — Raon 1, (8.2)

where the notation A < G — B means that we glue together the SCFTs A and B by
gauging a GG subgroup of their global symmetry.

8.2 A list of new S-dualities

We will now discuss in detail several examples of S-dualities we can obtain with this method.
We find it convenient to organise the list according to r, the rank of the 5d SCFT Tp¢
associated with the same singularity.

Rank-1 Eg model. As our first example, the rank-1 Eg theory in 5d is described by the
singularity
284 28=0. (8.3)

Modulo the trivial equivalences (8.1), there are actually two Dg(G) trinions that describe
the same theory T,

3 Déll
Tpd = 2 4 5 4 3 2 1 | . (84)

6 = _D6 i 80(8) — D6

In the first S-duality frame, which is fully Lagrangian, we clearly see that the conformal
manifold has dimension 8. By using the equivalence (8.2) Dg(SO(8)) = — SU(2) —
SU(3) — SU(4) — R and the fact that Df(SO(8)) is equivalent to SU(2) Ny =4 SQCD,
we easily see that the SO(8) trinions as well have a eight-dimensional conformal manifold,
in which the SU(5) and SU(6) groups of the unitary trinion are replaced by SU(2) and
SO(8). In the SO(8) trinion description the theory is not fully Lagrangian, as it includes
two copies of the strongly-coupled Rys theory. Indeed the gauge couplings of the two
trinions tend to zero at different cusps of the conformal manifold.

Rank-2 Eg model. The singularity that realizes the rank-2 Eg 5d theory with (r, f, dy) =
(2,6,23) leads in 4d to the duality

2 Dy

T4 _ 4 | . (8.5)
53
6 D3y — SO(8) — Ds

2 4 6 4 2

In both S-duality frames, the conformal manifold has dimension seven. In the special
unitary trinion this is obvious, and in the SO(8) trinion this follows from the fact that
D> (SO(8)) is isolated (it is the rank-1 Eg theory), Dg(SO(8)) has three marginal couplings,
as we have already explained, and D3(SO(8)) is the Lagrangian theory SO(4) —Sp(2) —[4].
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Rank-2 E7 model. A similar result holds for the singularity that realizes the rank-2 E7
theory with (r, f,du) = (2,7, 35):

5
T 4d 4 Dl
ON = | . (8.6)

2 4 6 8 6 4 2 Dy — SO(10) — Dy

Once again we can match the dimension of the conformal manifold on the two sides. The
special unitary side is easy to understand since the theory is Lagrangian, whereas the
SO(10) trinion is more subtle: D?(SO(10)) is the rank 1 Es theory7 Dg(SO(10)) = Ra7
SO(8) — Dg(SO(8)) from (8.2) and D4(SO(10)) —SU(2) — SO(6) — Sp(3) —[5].
Rank-2 Eg model and triality. 1In the case of the r = 2 Ejg theory, i.e. the hypersurface
212 + 22 + 23 + 2§ = 0, we interestingly find a triality

6

ng)*zls 10 8 6 4 2
12

(8.7)
DY DY

- D3 — SO(14) — D15 = Dg — Eg — D1»

In the SO(14) trinion, the nine-dimensional conformal manifold arises as follows: D{(SO(14))
is isolated, being equivalent to Ro5. D3(SO(14)) is equivalent to the Lagrangian theory
SO(6) —Sp(4) —| 7| and finally we have D12(SO(14)), which fits in the family (8.2) and has
a six-dimensional conformal manifold.

Sporadic model ) with r = 2. The singularity associated with the 5d theory with
(r, f,du) = (2,8,46) in table 11 leads to the following S-duality

5 D§
TAd = —
X 0 = | . (8.8)

2 4 6 8 10 7 4 1 Dlo—SO(12)—Dg

Rank-3 E; model. We also find an S-duality based on the r = 3 E7 theory

D}
T 4d 6
E(g) o = (89)
3 6 9 12 9 6 3 Dy — Eg — D12
Rank-3 Eg model. Likewise, the rank-3 Eg theory leads to the S-duality
9 D
T 4d

E0D T 6 12 15 12 9 6 3 — (8.10)

18 D¢ — E7 — D1g
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Rank-3 model. The singularity 2 +y?+ 23 + 23 = 0 associated with the rank-3 theories
appearing in table 20 and 22, respectively, with (r, f,dy) = (3,0, 64), implies the duality

Di° Di?
T = | _ (8.11)
Dy — SO(QO) — D9 = Dg — E7 — Dy
Notice that the SO(20) trinion is a fully Lagrangian SCFT, given by the orthosymplectic
quiver
Sp(4)

Sp(6) Sp(8) Sp(6) Sp(4) Sp(2) (8.12)
Spin(8) Spin(20)  Spin(16)  Spin(12) Spin(8) Spin(4)

with a conformal manifold of dimension 13. This quiver has an electric one-form symmetry
f = Z7, in agreement with the geometry. This is an interesting example of an S-duality
that does not involve an SU(NV) trinion.

We also find three curious examples associated with 5d SCFTs of rank larger than
three:

Rank-4 model. The rank-4 theory with (r, f,dg) = (4,5,40) appears in table 20 and
in table 21, corresponding to the singularity t* + y? + 2§ + 2§ = 0 which results in the
S-duality
Di D}

| : (8.13)

T4d: —
X Dy — SO(14) — D¢ = D¢ — Eg — Dg

The conformal manifold is of dimension 7.

Rank-5 Eg model. The rank-5 Fg theory, associated to the singularity o3 +y?+25+230 =
0, leads to the duality

15 D
T;§4) = 10 20 25 20 15 10 5 — . (8.14)
30 D¢ — Eg — D3
Note that D§(Eg) is the rank-1 Eg MN theory. We thus find an S-dual Lagrangian theory

of the Eg gauging of the Eg MN theory (with the other two D,(Eg) tails appended, to
total rank being b = 141) as a Eg-shaped special unitary quiver.

Rank-6 model. Finally, the rank-6 theory with (r, f,dg) = (6,0, 77) appears in table 20
and table 23, corresponding to the singularity #'® + y2 + 23 + 2322 = 0. This implies the
duality

Dj6 D
(8.15)

X Ds — SO(32) — D = D5 — Eg — D2
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We note that the SO(32) trinion is actually a Lagrangian theory
Sp(7)

Sp(3) Sp(11) Sp(12) Sp(6) (8.16)

Spin(16)  Spin(32)  Spin(20) Spin(8)

with a 9-dimensional conformal manifold and an electric one-form symmetry f = Z3, in
perfect agreement with the geometry.
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A Resolutions of hypersurface canonical singularities

In this section, we present the detailed resolution sequences and resolved geometry of the
isolated hypersurface (IHS) equations. We use the notation and conventions of [106], see
also [36]. In particular blowups are denoted by

(21", 2§, 2;4), (A1)

which blows up the locus 1 = 2 = x3 = 74 = 0 with weights ¢; and the exceptional
divisor is 6. This blowup inserts a weighted projective space given by the weights. If there
are not (7;) labels, the weights are 1.

A.1 EWX theories

For the B theories with rank r > 0, we review the resolution sequences in [36]. For Eék)

theories with the singular equation

o4 a f a4t =0, (A.2)
the resolution sequence is
(:L‘1,$2,$3,$4;51), (151,932,333751‘;5@'“) (Z: 1,...,7’—1). (A3)
i k
We use S; to denote the exceptional divisor §; = 0, and the rank of this theory is r = g +1.
The triple intersection numbers among the divisors S, ..., S, are
Si=8=--=8 =0, S3=3 (A4)
S2.8; 1=-3, S§2,.8=3, (i=2,...,r). '

— 63 —



For any k > 3, the divisors S1,...,S, 1 are ruled surfaces over genus-1 curves, and all the
intersection curves S; - S; 1 (i = 2,...,7) are smooth too. For the topology of the divisor
Sy, we have the following cases:

1. k = 3r — 3: the divisor S, is a smooth dF5s.

2. k = 3r —2: the resolved CY3 is smooth, but the divisor S, is a singular cubic surface
with the following equation:
o+ ad a3 =0, (A.5)

which has a point singularity at x1 = xo = x3 = 0.

3. k= 3r — 1: the resolved CY3 has a terminal singularity at the point z1 = zo = 23 =
o = 0:
a4+ 62=0. (A.6)

The divisor S, also has the same singular equation in (A.5).
i k

For Eék) theories (rtank 7 = % + 1) with the singular equation
x? +ry+as+aitt =0, (A7)
the resolution sequence is
(wSQ), xgl),:rgl), xf); 0), (ng),xgl), xél), 52(1); di+1) , i1=1,...,r—1. (A.8)
The triple intersection numbers among the divisors 51, ..., S, are
Sp=8=--=8 =0, Sy =2 (A9)
S?.8; 1 =-2, S2 .8 =2, (i=2,...,r).
For any k > 4, the divisors S, ..., S, 1 are smooth genus-1 ruled surfaces. For the topology

of the divisor 5., we have the following cases:
1. k = 4r — 4: the divisor S, is a smooth dPx.

2. k = 4r — 3: the resolved CY3 is smooth, but the divisor 5, is a singular surface with
the following equation:
i3 =0, (A.10)

which has a point singularity at x1 = x9 = x3 = 0.

3.k =4r —s (s

= 1,2): the resolved CY3 has a terminal singularity at the point
x1:x2:$3:5r:0

a4 ay i+ ot S =0. (A.11)

The divisor S, also has the same singular equation in (A.10).
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i k
For Eék) theories (rank r = % + 1) with the singular equation

3423+ a5+ 28 =0, (A.12)
the resolution sequence is

(wg?’), :céQ), xél),wil); 01), (:cgg), xéz),wgl), (51-(1); 0i+1) , 1=1,...,r—1. (A.13)

The triple intersection numbers among the divisors 51, ..., S, are
SP=83=...=8% =0, S3=1
) ) . (A.14)
Si'Silz_l, 5115121, (2227...,7").
For any k > 6, the divisors S, ..., S, 1 are smooth genus-1 ruled surfaces. For the topology

of the divisor S, we have the following cases:
1. k = 6r — 6: the divisor S, is a smooth dFs.

2. k = 6r — 5: the resolved CY3 is smooth, but the divisor S, is a singular surface with
the following equation:

2 4ad+a8=0, (A.15)
which has a point singularity at 1 = 9 = 3 = 0.

3. k=6r—s(s=1,2,3,4): the resolved CY3 has a terminal singularity at the point
x1:x2:x3:5r20:
i+ s+ a4+ 68 *=0. (A.16)

The divisor S, also has the same singular equation in (A.15).

A.2 13 sporadic trinion models

We now determine the resolution for the 13 sporadic trinion theories from section 6.
Sporadic theory #(1). Starting from the singular equation
o3+ a2y +a§ 4+ 223 =0, (A.17)

after the resolution
(wl,x27x3,$4;(51), (A18)

there is still a residual terminal singularity at 1 = xo = 01 = z4 = O:
T3+ 2361 + 05 423 =0, (A.19)

which is type II (2,3,3,4), and equivalent to type I (2,3,3,6) (ES ¥).
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Sporadic theory #(2). Starting from the singular equation
2?4 ad + 2l Fades =0, (A.20)
the resolution sequence is
(x&mwg), xz(),l), xfll); 01), ($§3), xgl), xf), 551); d2) . (A.21)
After the resolution, the equation becomes
23 + 250 + 2396 + adx3 =0, (A.22)
the divisor d; = 0 is singular at z; = x4 = 0:
61=0: 22 +xlz3=0. (A.23)

The detailed geometry was already discussed in [36], which eventually gives rise to 5d
SU(2) — SU(2) — 5F gauge theory after a flop.

Sporadic theory #(3). Starting from the singular equation
23+l +ald Fales =0, (A.24)
the resolution sequence is

(1‘1,$2,$3,$4;51) ) (J"g2)7x§1)7x1(13)76£1);53) y ($§2),1‘§1),$23),(5§1);54) ’ ({E1,$4,51;62) .

(A.25)
After the resolution, the equation becomes
o1y 4 036325 + 01203068210 + 2323 = 0. (A.26)
The divisor d3 = 0 is singular z; = x4 =0
03 =0: 52$? + xgxi =0. (A.27)
Sporadic theory #(4). Starting from the singular equation
o3+ )+ aire + 230 = 0, (A.28)
after the resolution
(13]_,562,583,.%4;(51), (A29)
there is a residual terminal singularity at 1 = z3 = x4 = §; = O:
3, 52 2 3 _
x] + 0] + x5 + 2301 + x1x314 =0, (A.30)

which is Type I (2,2,3,6) (corresponding to Eé 4)), and another terminal singularity at
J}1:$2:$3:51:02

o3+ 2567 + x3xo + 2961 + 2123 =0, (A.31)

which is the conifold singularity.
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Sporadic theory #(5). Starting from the singular equation
x3 + xh + 2319 + 2iTe + 2305 =0, (A.32)

after the resolution
(@, 28", a8, 25 0)), (A.33)

there is a residual terminal singularity at 1 = zo = x3 = §; = O:
IEI + $253 + 1'3(132 + 13261 + $3 O (A34)

which is a conifold singularity. There is also a residual terminal singularity at 1 = x3 =
x4 =01 =0:
o3 4+ 63 + b + 216 + 2225 =0, (A.35)
which is type I (2,3,3,6), the same as Eé 3,
Sporadic theory #(6). From the singular equation
23+ ) + adre + 2fre =0, (A.36)
the resolution sequence is
(e1,02,23,20,01), (27,28, 2, 800585),  (21,23,0158). (A.37)

The resolved equation and exceptional divisors are smooth.

Sporadic theory #(7). From the singular equation

o} 4+ 230 + 23wy + aire + 212324 =0, (A.38)
after the resolution
(w1, %2, 23,245 61) , (xﬁ”, Jfgz),wil), 551); 03), (x3,01;02), (A.39)

the equation has a terminal singularity at 1 = 23 = x4 = d3 = 0:

2103 4 05 + 22 + 23 + x12324 = 0. (A.40)
It is type I (2,3, 3,6), which is the same as Eé 3,
Sporadic theory #(8). From the singular equation

a3+ 238+ aday + alwy + 2223 =0, (A.41)
the resolution sequence is

($52)737g )7x§1)7x4(1 )a51) ) ('rgg)?x:?)axfll)a(s;l);a?)) ) (xgg)a {(3 )7 4(11)75:31)764) ) (.’133751;52) .

(A.42)
The resolved equation is
x2 + 01263065220 + Sowoxd + 030320x + 2325 =0, (A.43)
and the divisor 63 = 0 is singular at 1 = 3 = 0:
2} 4 dowary + 2325 = 0. (A.44)
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Sporadic theory #(9). From the singular equation
:1:1 + x2 + x3x2 + :c49:2 + 2123204 =0,

the resolution sequence is

($1,932,903,$4,51)

(21, 28,2, 0 6)

(@, 25, 20, 617; 66)

(a1, 25", 2V, 63): 67)

(951,$3,51,52) (w3,02;03), (71,73,04;505) -

The resolved equation is

o0523 + 1231y + 01503003501263068 02, + G303 + 63090206025 = 0.

The divisor dg = 0 is singular at x1 = z3 = 0:
¢ =0 : 625556? + 12374 + 533:2:1:% =0.
Sporadic theory #(10). From the singular equation
x5+ 22 4 alxy Falzy =0,
the resolution sequence is

(1'1,1'2,.%'3,.1‘4;(51) (l‘g )>$§%2)7x511)75§1);54) (xgl),:cé),xf), 4(11);57)7

@ 2 20 560, @D 2@ 2@ 5060,

(23,61502), (x4,02;63), (x3,24,04;05), (23,05;96), (x3,24,07;08).

The resolved equation is

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

6269030502005 + x1324 + 63265102061861668° 63261065225 4 Sod¢woxs + 01030508025 = 0.

The divisor dg = 0 is singular at x3 = 4 = 0:
06 =0: T123714 + 5256@33?)) + 515§5558$2$i =0.
Sporadic theory #(11). From the singular equation
JJI + x%xl + x%xl + xixl + a:y:% + 33233421 + xox32x4 = 0,
the resolution sequence is
(r1,22,23,24;01) , (xgz),:r:g ),xil), 651); 03), (w2,0d1;09).

The resolved equation and exceptional divisors are smooth.

— 68 —

(A51)

(A.52)

(A.53)

(A.54)



Sporadic theory #(12). From the singular equation
By ale) + adey 4 2iry 4 2323 + 2002324 =0, (A.55)
the resolution sequence is

951, 902, x3, T4;01)
1), 50,5

(
X 71‘ b} b )
( 2 32 Ly 501 (A.56)
(932 7mg )’ 4(1) 54(1 )’66)
(72,01;02), (v3,02;03), (x2,73,04;05).
The resolved equation and exceptional divisors are smooth.
Sporadic theory #(13). From the singular equation
a3 23xy + adxy + alwy + 3zowazy = 0, (A.57)
the resolution sequence is
(1’1,1132,:133,1)4751) (l‘g )7$2(31)7x51 )75§ )755) ($53)7$g2)7x4(11)a5é1);59)
(J}2 >$2 7'%'1(11)75‘(5 75 )7 ( o) xé )7x51)76§§)764)7 (xg )>$§2)7x£11)7581);515)
(72,01;02), (3,02;03), (x2,03;04), (A.58)
(w2,73,05;06), (v2,06;07), (3,07;08),
(w2,23,00;610), (w2,610;011), (w2,23,012;013).
The resolved equation is
573657530670 624022621 620653510017 6150190%, 231 + 8204076112125+ (A50)
6163646658610513$1x3 53(52535566(5753510(512514561334 + 3x2x3x4 =0. .
The divisor §14 = 0 is singular at z9 = 3 = O:
014 =0: 5254575115611‘% + 515%54565551051356113 + 3x9x3c4 = 0. (A60)

A.3 Type VI, (N, N, 2, 2) series

Consider the type VIIIs (N, N,2,2) series in table 10, which are equivalent to type
IV(N, 2, N,2). We now resolve these models.

N = 2k — 1. Start with the singular equation

%k Ly x%k Ly xlxg + xlxi + xow3ws =0, (A.61)
the resolution sequence is
(w1, 22,23, 745 61), (3, 24,0556541), Jj=1,...,k—2. (A.62)

The resolved CY3 and divisors are all smooth.
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N = 2k. Start with the singular equation
o 4 23 4223 + w2 + wowzry =0, (A.63)
the resolution sequence is
(z1,22,23,24;01) , (23, 24,055 6541) j=1,...,k—2. (A.64)

The resolved CY3 is

1 .
(23 4 23F) 6% B el 4+ xyad + woxsay = 0. (A.65)
i=1

There are in total 2k conifold singularities at the loci
(2 +1)

0p 1=T3=x4=o1+ax2¢" % =0, j=1,...,2k. (A.66)

B Proof of the completeness of the SU(N) trinions

In this section, we prove the completeness of our list of solutions to the conditions (6.6),
(6.11) and (6.24) in section 6.

First of all, it is trivial to see that when p1, p2, ps > 3, the Lh.s. of (6.6), (6.11), (6.24)
is always strictly smaller than the right hand side. Hence one of p,’s has to be smaller
than 3 (equal to 2). We start with the equation (6.6)

N N N-1

N, (B.1)
P11 P2 p3
we assume that p; < po.
If p1 = 2, we have
N N-1 N
J— + = —. (B.Q)
P2 D3 2
If pa, p3 > 3, then p% + ]\;31 < N/2, and the above equation cannot hold. If py = 3, we have
6N —6
P3=—x <6, (B.3)

which leads to sporadic solutions (p1,p2,p3) = (2,3,3),(2,3,4),(2,3,5).
On the other hand, if p3 = 2, we have the infinite sequence (p1,p2,p3) = (2,2N,2). If

p3 = 3, we have

6N
= . B4
D2 N+2<6 (B.4)

This leads to sporadic solutions (p1,p2,p3) = (2,3,3),(2,4,3),(2,5,3).
Finally, if p3 = 2 and p; > 2, we have

1 1 N +1
1 _N+1 B.5
P11 D2 2N (B5)
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When p1, ps > 3, this equation cannot hold. Hence one has to set p; = 3 and
6N

P2 = <6. (B.6)

=

+3
It leads to sporadic solutions (pi1,p2,p3) = (3,3,2),(3,4,2),(3,5,2). This concludes the
enumeration of solutions to (6.6).
Next we consider (6.11)

N N-1 N-1

N, (B.7)
P P2 p3
we assume that po < p3. Then if p; = 2, we have
1 1 N 1
—t— = > . B.8
p2 ps 2(N-1)" 2 (B8)

1 1
If po,p3 > 3, then o T ps

have to set po = 2 or po = 3. For the first case, we get the infinite sequence (p1, p2, p3) =
(2,2,2N — 2). For the second case, we have
6N —6
N+2
Thus we have the sporadic solutions (p1,p2,p3) = (2,3,3),(2,3,4),(2,3,5).
If p1 > 2 and py = 2, then we have

N N-1 N+1

— 4+ — .

P1 D3 2
It is easy to see that if p1,p3 > 3, the Lh.s. above is strictly smaller than the r.h.s.. If

< 1/2 and the above inequality cannot be satisfied. So we

p3 = <6. (B.9)

(B.10)

p1 = 3, then we have
6N —6

N+3

There are the sporadic solutions (p1,p2,p3) = (3,2,3),(3,2,4),(3,2,5). If p3 = 2, we have

the infinite sequence (p1, p2, p3) = (N, 2,2). If p3 = 3, we have

6N

“ N+5

This leads to the sporadic solutions (p1, p2,p3) = (3,2,3), (4,2,3),(5,2,3).
For (6.24)

p3 = <6. (B.11)

n <6. (B.12)

N—-1 N-1 N-1
+ + =N, (B.13)
D D2 p3

we assume that p; < ps < p3, and hence we have to set p; = 2. Now the equation is

simplified to
1 1 N+1 1
. (B.14)
P2 p3 2N — 2 2

If po, p3 > 3, the above inequality cannot be satisfied. So if po = 2, we have the infinite

sequence (p1,p2,p3) = (2,2, N —1). If po = 3, we have the equation

6N —6

N +5

which leads to the sporadic solutions (p1,p2,p3) = (2,3,3),(2,3,4),(2,3,5).
This concludes the enumeration of solutions.

p3 = <6, (B.15)
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C Tables of trinions with G = D, E

In this appendix we summarize the trinion theories for general G = D, E found in section 7.
These are given in the following tables 15, 16, 17, 18, 19, 20, 21, 22, 23.

SO2N): N | (p2,p3) | r | f]| du b By by | f
2k (4,4) |3k—3|6| 9%+3 | 9x—3 [3k+3|0 |0
4k +1 (4,4) | 6k—3 |3 | 18k+6 | 18k+3 | 6k | 6 |Z3
4k +3 (4,4) | 6k+1 |7 |18k+17 | 18k+10 | 6k+8| 0 | 0
6k (3,6) | 6k—2|4| 30k+2 | 30k—2 |[6k+2|0
6k + 1 (3,6) | 6k—2|2| 30k+6 | 30k+4 | 6k |8 |Z3
6k + 2 (3,6) 6k |4 |30k+12| 30k+8 |6k+4 |0 | 0
6k + 3 (3,6) 6k | 2|30k+16 | 30k+14 | 6k+2| 0 | Zs
6k + 4 (3,6) | 6k+2 |6 | 30k+23|30k+17 | 6k+8 | 2 | Zy
6k + 5 (3,6) | 6k+2 |2 |30k+26|30k+24 | 6k+4 |0 |Zs
G | (p2,p3) F rlflda| b | Br|bs| f
Es | (4,4) | a3+t +25+24 | 3 |0 |27 27| 3 |12 Z}
Es| (3,6) | a3 +tt+23+25 | 5 | 4]32]28| 9 |2 |Z
Er| (44) |22 +at®+25+23] 9 [3[33[30[12] 0|0
Er| (3,6) |2 +at3+23+25| 8 |2]36|34)|10| 4 | Z3
Es| (4,4) | o3 +t5+23+24 [12]0(36 (36| 12| 0 | 0
Es | (3,6) | a3 +t04+23+25 | 1210 |40 |40 |12 | 8 | Z;

Table 15. Trinion models of the type described in section 7.2.1. with by = b3 = h-.

(b2, b3) G P2 D3 F rof da| b By|by f
(2N —2,N) | SO8) | 3 4 23+ ot + 25 + Z4t 2 6 2317 8 |2 Z
SO@®) | 6 2 o3+ xt? + 2§ + 23t 2 6 23|17 8 |2 Z

SO(12) | 5 2 2° + t? + 25 + 23t 4 4 30|2 8 |4 Z3

(N, N) SOB) | 2 4 |23 +at?+23t+23t+25]12 6 23|17 8 |2 Zy
SO(12) | 2 3 |2 +at? +23t+23t+23 |4 4 30|26 8 |4 Z3

Table 16. Sporadic models for G = SO(N). Note that there are only two inequivalent theories in
the table above, and the one with r = 2 is the same as the rank-2 FEg theory.
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(b2,03) | G | p2 ps F rof du| b By|bs f
(12,9) | Eg | 4 3 3+ th + 25 + 25t 30 27|27 3 |12 Z3
Eg| 8 2 3+t + 28+ 23t 3 0 3/(3 3|4 Z%

(12,8) | B | 3 4 o3+t 28+ 2 5 4 3228 9|2 Z
Eg| 6 2 23+t + 28 + 23 5 4 32(28 9 |2 Z

8,8) | Eg| 2 4 |x3+t*+28z+z3x+25|5 4 32|28 9 |0 Z

, Ee| 2 6| a3+tt+23t+258t+28 13 0 3535 3|2 23
Ee| 3 3| a3+tt+23t+23t+24 |3 0 27|27 3 |4 2Z3

Table 17. Sporadic models for G = Fg. Note that there are no solutions with (b2, b3) = (8,9), and
the two solutions for (by,b3) = (12, 8) are the same.

(b2,b3) | G | p2 ps F rof du| b By|bs f
(18,14) | E; | 9 2 o3+ wtd + 29 + 23t 6 2 45|43 8 |6 Z3
(14,14) | B | 2 7 |2+ atP+ 23t +20t+2] |6 2 45|43 8 | 6 Z3

Table 18. Sporadic models for G = E7. The two theories are equivalent.

(ba,bs) | G | p2 b3 F rof du| b By|by f
(30,24) | Es | 10 2 23 4+ 10+ 230 + 23t 10 0 54|54 10| 8 Z32
(30,20) | Es | 3 4 3+ 15+ 25 + 23z 12 0 40 |40 12| 8 Z;

Es| 6 2 23+ 15+ 28 + 23z 12 0 40|40 12 |8 Zj
(24,24) | Eg | 2 8 | a3 +t5+ 23t +25t+2110 0 54|54 10| 4 2Z3
(20,20) | BEg | 2 4 |23+ +22x4+252+25 12 0 40 |40 12| 0 Zs

Table 19. Sporadic models with G = FEg. Note that there are no solutions with (bz, b3) = (24, 20).
The two cases for (b2, b3) = (30,20) are equivalent.
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(b2, b3) G P2 D3 F r f du | b
(2N —2,2N —2) | SO@8) | 4 12| 2*+¢>+z4+22 |0 6 36 | 30
SO8) | 6 6 23+ y? + 25+ 28 18 29|21
SO(10) | 3 24| a4y’ +25+231 |0 6 72 | 66
SO(10) | 4 8 oty + 2+ 25 2 7 35 | 28
SO(12) | 3 15| 2°+y’+z5+25 |0 0 56 | 56
SO(12) | 5 5 4yt |2 00 32 | 32
SO(14) | 3 12| a®+¢y*+23+242 |2 8 59 | 51
SO(14) | 4 6 S+t 4+28 |4 5 40 | 35
SO(20) | 3 9 PP+ 42 |3 0 64 | 64
SO22) | 4 5 | 2W4y*+23+23 |6 4 56 | 52
SO(26) | 3 8 | a24+y*+z5+28 |5 6 80 | T4
SO(44) | 3 7 4+ 23420 |6 0 120120 6
(2N —2,N) SO®) | 4 8| 2*+y’+z+22 |0 6 36 |30 6|0
SOM®) | 5 5| a3+¢y*+25+252 |0 0 262 0|0
SO@8) | 6 4 428428 |18 29121 9|0
SO®) |9 3| a¥+y*+23+z3z |0 0 28|28 0|0
SO(10) | 3 15| a*+¢y?>+23+22* |0 6 72|66 6 |0
SO(10) | 4 5 sttt as b |2 07 3528 9|2
SO(10) | 6 3 | a*+y2+25+280 |2 3 30|27 5|0
SO(10) |16 2 | a*+y?+ 2042382 |1 7 53 |46 8 |0
SO(12) | 3 9 | 2+’ +z5+25 |0 0 5 |56 0 |0
SO(12) 4| P+ +25+82 |2 4 3632 6|0
SO(12) | 5 3 P4tz |2 0 3232 2|12
SO(12) |10 2 | 2%+ 4?4+ 280+ 282 |2 8 46 | 38 10| 0
SO(14) | 3 7| aS+¢yP+zE4+242 |2 8 59|51 10
SO(14) | 8 2| aS4+9?+284+232% |3 5 45 | 40 8
SO(16) | 3 6 | a"+y*+28+2z |1 0 57 | 57
SO(16) | 7 2| a"+y*+zl+23r |3 0 45 | 45
SO(18) | 4 3 | a8%+y?+z23+z2420 |5 5 48 | 43
SO(20) | 3 5 P4tz |3 0 64| 64
SOR0) | 6 2 | 2%+y?+25+2320 |5 6 55 | 49
SO(32) | 3 4| a¥+y?+23+242 |2 4 T2 | 68 Zs
SOMB2) | 5 2 | a4+ yP+28+z2 |6 0 7T |77 Z5
(N,N) SOM®) | 3 6| a3+y>+2823+2 |0 0 28 | 28 z3
SO8) | 4 4 23+t 4+ 25+ 28 1 8 29 | 21
SO(10) | 2 10| 2 +y?>+2323+235 |1 7 53 | 46
SO(12) | 2 6 | a®+y?>+2323+20 |2 8 46 | 38
SO(12) | 3 3 P4yt |2 00 32| 32
SO(6) | 2 4| a"+y?+28z+2 |3 0 45 | 45
SO(24) | 2 3 |2+ y?+2823+252 |5 0 60 | 60

Table 20. G = SO(2N) models with by = N, p; = 1.
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(b1,b2,b3) | P2 p3 F rof du| b Bybs f
(9,12,12) | 5 20 23+ y? + 23 4 23° 0 0 76 |7 0|0 2Z3
6 12 23+ y? + 28 + 23° 2 8 59|51 10|2 Z

8 8 234+ y? + 28 + 25 2 0 49 |49 2|6 Z3

(9,12,9) | 5 15 2%+ y? + 25 + 220 0 0 76 |7 0|0 2Z3
6 9 2?4+ y? + 28 + 232 2 8 59|51 10| 2 2Zy

T 7 3+ y? + 28 + 252 1 0 50|50 1|0 Zs

8 6 2+ y? + 28 + 25 2 0 49 |49 2|6 Z3

10 5 23 4+ y? + 230 + 2529 1 0 5151 1[0 Z3

16 4 23 4+ y? + 240 + 2329 1 0 65|65 1|0 2Z2

(9,12,8) | 6 8 23+ y? + 25+ A 2 8 59|51 10|2 Zy
12 4 2+ y? + 232 + 2w 2 8 59|51 10| 2 2Zy

36 3 3+ y?+ 235 + 23 0 7 126119 7 /0 0

(9,9,9) | 4 12 23+ y? + 2523 + 248 1 0 65| 65 0 2Z32
6 234+ y? + 28 + 25 2 0 49|49 2|6 Z3

(9,9,8) | 9 4 23+ y? + 232 + 24 2 8 59|51 10|2 Zy
27 o3+ 9% + 230 + 23 0 7 126|119 0 0

9,8,8) | 3 24 |2 +yP+Sr+23e+236(0 7 126[119 7 [0 O
4 8 | P+t e +B8r+242 2 8 59 [ 51 10| 2 Z

(8,12,12) | 4 12 th+y? + 25 + 232 3 7 53|46 10| 4 2Z3
6 6 th+y® + 28 + 28 4 5 40 |35 9 |4 Z3

(8,12,9) | 4 9 th+ % + 25 + 25t 3 7 53|46 10| 4 Z3
12 3 th+y? + 242 + 25t 3 7 53|46 10| 4 Z3

(8,12,8) | 4 8 th+y? + 25 + 232 3 7 53|46 10| 4 Zs
5 5 th+y? + 25 + 2829 3 2 40 | 38 0 0

6 4 th+y? 4+ 28 + 2§ 4 5 40|35 9|4 Z3

9 3 4+ y? + 28 + 242 4 4 44140 8]0 0

(8,9,9) | 3 9 | t*+ytSt+aft+22 |3 7 53| 46 10| 4 Z3
(8,9,8) | 3 8 th+ y? + 25t + 212 3 7 53|46 10| 4 Z3
(8,8,8) | 3 6 th+y? + 2523 + 29 4 4 44140 8|0 0
4 4 th+y? + 25 + 28 4 5 40 | 35 9|4 2Z3

Table 21. Models for G = Eg with by = 8,9.
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(b2,b3) | P2 p3 F rof du| b B by f
(18,18) | 5 45| a3+ 42 +25+23° |0 0 176|176 0 | 0 Z}
6 18| 23+ +28+28 [3 8 89 | 81 11| 4 Z3
9 9| 2P+ +20+2) |3 0 64| 64 3|14 Z7T
(18,14) | 5 35| a3 44> +234+2° |0 0 176 | 176 0 Z3
6 14| 23 +y>+28+28 [3 8 89 | 81 11| 4 Z3
8 8 |3+ +8+232% (3 2 66 | 64 5 0
9 7| 24+ +294+2) [3 0 64| 64 3 |14 Z7
15 Byt + 242+ (2 0 76|76 2|0 Z
36 4 |23+t +235+2320 1 8 149141 9 | 0 O
(14,14) | 4 28 |2+ +2323+286 |1 8 149|141 9 [0 0
7T 7| 24+ |3 0 64| 64 3 |14 ZI
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(b1,b2,b3) | p2  p3 P rof du| b By|by f
(24,30,30) | 6 30 23+ y? + 2§ + 230 5 8 149|141 13| 8 Zs
10 10 23+ y? + 230 4 210 5 0 8|8 5|16 Zi

(24,30,24) | 6 24 o3+ y? + 28+ 230 5 8 149|141 13| 8 Zs
14 23+ y? 4 2L + 2352 4 0 99|99 4 0

9 w3+ y? 4+ 25 + 2302 6 0 8|8 6|0 Z

10 234y + 230 + 240 5 0 81 |8 5|16 Zi

15 23+ y? + 28° + 212 5 0 91|91 5 |12 Z§

25 5 23+ y? + 22° + 252 4 0 126126 4 |0 O

(24,30,20) | 6 20 3+ y? + 28 + 230 5 8 149 | 141 13 | 8 Z;
15 23+ y? + 280 + 2B 5 0 91|91 5 |12 Z§

30 4 23y + 280 4 2 5 8 149|141 13| 8 Zj

(24,24,24) | 5 20 23+ y? 4 2823 + 23 4 0 126126 4 |0 O
6 12 23+ y? + 2525 + 230 5 0 91|91 5|12 Z§

8 8 23+ y? + 230 + 240 5 0 8|8 5|16 Zi

(24,24,20) | 6 10 3+ y? + 2023 + 2% 5 0 91|91 5 |12 Z§
9 6 o3 4 y? + 23023 + S 6 0 8|8 6|0 Z

12 23+ y? + 280 + 2 5 0 91|91 5|12 Z§

24 4 23+ y? + 230 + 232 5 8 149|141 13| 8 Zs

(24,20,20) | 4 20 |23 +y*+ 232 +23%+230 | 5 8 149 | 141 13 Zs
5 10|22+’ +250+2%+2° 5 0 91|91 5 Z$

(20,30,30) | 4 12 5+ y? + 25 + 232 8 0 66 | 66 8 | 4 Zs
6 6 5+ y? + 28 + 2§ 6 0 50 |5 6 |16 Z2

(20,30,24) | 5 6 5+ y? + 23 + 25t 10 0 52|52 10| 4 Z32
15 3 5+ y? 4205 4 23t 6 0 77|70 6|10 Z3

(20,30,20) | 4 8 5+ y? + 25 + 232 8 0 66 | 66 8 Zs
5 5 5+ y? + 25 + 2520 10 0 52|52 10 z3

6 4 5+ y? + 2§ + 2§ 6 0 50 |50 6 |16 2Z2

9 3 5+ y? + 29 + 2520 8 0 56 |5 8|0 0

(20,24,24) | 3 12| P42+t 2%t +2° 6 0 77 | 77 6 |10 Z3
4 6| Py +At+28t4+25 |10 0 52|52 10| 4 Z3

(20,24,20) | 3 10 5+ y? + 23t + 245 6 0 77|77 6 |10 Z3
4 5| O+ +4t+25t+20 |10 0 52 | 52 10| 4 Z3

(20,20,20) | 3 5+ y? + 2323 + 2§ 0 5 |56 8|0 0
4 5+ y? + 28 + 2§ 6 0 50 |5 6 |16 Z2

Table 23. G = Fg models with by = 20, 24.
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