UNIVERSITYOF
BIRMINGHAM

iversit}/]ofBirmin am
esearch at Birmingham

Endpoint of the up-down instability in precessing
binary black holes

Mould, Matthew; Gerosa, Davide

DOI:
10.1103/PhysRevD.101.124037

License:
None: All rights reserved

Document Version
Publisher's PDF, also known as Version of record

Citation for published version (Harvard):
Mould, M & Gerosa, D 2020, 'Endpoint of the up-down instability in precessing binary black holes', Physical
Review D, vol. 101, no. 12, 124037 . https://doi.org/10.1103/PhysRevD.101.124037

Link to publication on Research at Birmingham portal

Publisher Rights Statement:
Mould, M. and Gerosa, D., (2020) 'Endpoint of the up-down instability in precessing binary black holes', Phys. Rev. D, 101 (12), 124037.
10.1103/PhysRevD.101.124037. Copyright © 2020 American Physical Society.

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@Ilists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 20. Apr. 2024


https://doi.org/10.1103/PhysRevD.101.124037
https://doi.org/10.1103/PhysRevD.101.124037
https://birmingham.elsevierpure.com/en/publications/74b2f4ac-1ced-453f-9d67-263686456d4c

PHYSICAL REVIEW D 101, 124037 (2020)

Endpoint of the up-down instability in precessing binary black holes

Matthew Mould®" and Davide Gerosa®'
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® (Received 4 March 2020; accepted 1 June 2020; published 18 June 2020)

Binary black holes in which both spins are aligned with the binary’s orbital angular momentum do not
precess. However, the up-down configuration, in which the spin of the heavier (lighter) black hole is
aligned (anti-aligned) with the orbital angular momentum, is unstable to spin precession at small orbital
separations [D. Gerosa et al., Phys. Rev. Lett. 115, 141102 (2015)]. We first cast the spin precession
problem in terms of a simple harmonic oscillator and provide a cleaner derivation of the instability onset.
Surprisingly, we find that following the instability, up-down binaries do not disperse in the available
parameter space but evolve toward precise endpoints. We then present an analytic scheme to locate these
final configurations and confirm them with numerical integrations. Namely, unstable up-down binaries
approach mergers with the two spins coaligned with each other and equally misaligned with the orbital
angular momentum. Merging up-down binaries relevant to LIGO/Virgo and LISA may be detected in these
endpoint configurations if the instability onset occurs prior to the sensitivity threshold of the detector. As a
by-product, we obtain new generic results on binary black hole spin-orbit resonances at 2nd post-
Newtonian order. We finally apply these findings to a simple astrophysical population of binary black holes
where a formation mechanism aligns the spins without preference for co- or counteralignment, as might be

the case for stellar-mass black holes embedded in the accretion disk of a supermassive black hole.

DOI: 10.1103/PhysRevD.101.124037

I. INTRODUCTION

Stellar-mass black hole (BH) binaries are now regularly
detected by the gravitational-wave (GW) detectors LIGO
and Virgo [1]. LISA will soon observe supermassive BH
binaries which populate the low-frequency GW sky [2].
These detections provide the opportunity to study BHs as
never before, allowing for the confrontation of theory with
observation. The evolution of binary BHs generalizes the
Newtonian two-body problem to Einstein’s theory of gen-
eral relativity. Though no exact solution is known, several
approximate methods have been developed to tackle this
problem, including the post-Newtonian (PN) [3], effective-
one-body [4], and gravitational self-force [5] formalisms, as
well as numerical relativity [6].

The simplest system one can address is that of two
nonspinning BHs. Beyond this is the case in which the
holes have spins aligned with the orbital angular momen-
tum of the binary. These configurations are unique among
spinning BH binaries in that such a system does not
precess: the orbital plane maintains a fixed orientation
and their gravitational emission is comparatively easy to
model. For generic sources in which the BH spins are
misaligned, the orbital angular momentum and both BH

fmmould @star.sr.bham.ac.uk
ld.gerosa@bham.ac.uk

2470-0010/2020,/101(12)/124037(20)

124037-1

spins all precess about the total angular momentum. The
resulting relativistic spin-orbit and spin-spin couplings [7]
give rise to a very rich precessional dynamics, leading to
modulations in the emitted gravitational waveform [8,9].
Accurate modeling of spin precession is crucial to interpret
current and future GW events [10-13]

Spins are clean astrophysical observables. For stellar-
mass BHs observed by LIGO/Virgo, they are a powerful
tools to discriminate between isolated and dynamically
assembled binaries [14—18]. BH spins encode information
on some essential physics of massive stars including, but
not limited to, core-envelope interactions, tides, mass
transfer, supernova kicks, magnetic torquing, and internal
gravity waves [19-29]. For binaries embedded in gaseous
environments such as the disks of active galactic nuclei
(AGN) [30,31], spin misalignments might allow us to
constrain the occurrence of relativistic viscous interactions
[32]. This is also the case for supermassive BH binaries that
populate the LISA band, where prominent phases of disk
accretion might crucially impact the spin orientations at
merger [33-37].

There are four distinct configurations in which the BH
spins are aligned to the orbital angular momentum (see
Fig. 1). We dub each of these cases “up-up,” “down-down,”
“down-up,” and “up-down,” where “up” (“down”) refers to
co- (counter-) alignment with the orbital angular momen-
tum and the label before (after) the hyphen refers to the spin

© 2020 American Physical Society
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The four binary BH configurations with aligned spins. The BH with higher (lower) mass is indexed by the number 1 (2). We

refer to the orientation of a BH whose spin vector S; is parallel (antiparallel) to the orbital angular momentum vector L as “up”
(“down”). The four distinct binary configurations are then labeled with the orientation of the primary (secondary) BH appearing before

(after) the hyphen.

alignment of the primary (secondary) BH. It is straightfor-
ward to show that all four of these configurations are
equilibrium, nonprecessing solutions of the relativistic
spin-precession equations [7]: a BH binary initialized in
exactly one of these configurations remains so over its
inspiral. Here, we tackle their stability: if an arbitrarily
small misalignment is present, how do such configurations
behave?

Employing the parametrization of generic spin preces-
sion in terms of an effective potential at 2PN order [38,39],
Gerosa et al. [40] investigated the robustness of aligned
spin binary BH configurations (see also Ref. [41] for a
subsequent study). They found that the up-up, down-down,
and down-up configurations are stable, remaining approx-
imately aligned under a small perturbation of the spin
directions. This is not the case for up-down binaries, i.e.,
those where the heavier BH is aligned with the orbital
angular momentum while the lighter BH is antialigned.
They report the presence of a critical orbital separation

4

which defines the onset of the instability (here g < 1 is
the binary mass ratio, M is the total mass, y; and y, are
the Kerr parameters of the more and less massive BH,
respectively, and we use geometrical units G = ¢ = 1). An
up-down binary that is formed at large orbital separations
r > ry. will at first inspiral much as the other stable
aligned binaries do, with the spins remaining arbitrarily
close to the aligned configuration. However, upon reach-
ing the instability onset at » = r4,, the binary becomes
unstable to spin precession, leading to large misalignments
of the spins.

Figure 2 shows the evolution of the spins for a binary BH
in the up-down configuration. The binary is evolved from
an orbital separation of r = 1000M > ryq, tor = 10M. At
the initial separation, the spin directions are perturbed such
that there is a misalignment of 1° in the spins from the exact

Tud+ =

up-down configuration. The response to this perturbation is
initially tight polar oscillations (black dots in Fig. 2) of the
BH spins around the aligned configuration. After the onset
of instability, precession induces large spin misalignments
(colored tracks in Fig. 2).
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FIG.2. Numerical evolution of the normalized spins S i =S,/S;
of a BH binary with mass ratio ¢ = 0.5 and dimensionless spins
x1 = x> = 1. The blue (red) curve traces the path of the spin
vector S; (S,) of the heavier (lighter) BH over the evolution. The
integration is performed from a binary separation » = 1000M to
10M; the colors of the curves darken with decreasing separation.
The binary is initialized with misalignments of 1° in the BH spins
from the up-down configuration. The vertical z-axis is initially
aligned to the total angular momentum, the x-axis is constructed
such that the initial orbital angular momentum lies in the x — z
plane, and the y-axis completes the orthogonal frame. The black
dots show the location of the spins for r > ryq, ~34M, before
the onset of instability. The arrows show the orientation of the
spins at the final separation » = 10M. The binary is approaching
the endpoint listed in Eq. (2). An animated version of this figure is
available at www.davidegerosa.com/spinprecession.
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A key question so far unanswered is the following: after
becoming unstable, to what configuration do up-down
binaries evolve? In other words: what is the endpoint of
the up-down instability?

In this paper, we present a detailed study on the onset and
evolution of unstable up-down binary BHs. In Sec. II we
provide a novel derivation of the stability onset directly
from the orbit-averaged 2PN spin precession equations. We
test the robustness of the result with numerical PN
evolutions of BH binaries and find that unstable binaries
tend to cluster in specific locations of the parameter space
by the end of their evolutions. In Sec. III we explore this
observation analytically. Previous investigations [40] high-
lighted connections between the up-down instability and
the so-called spin-orbit resonances [42]—peculiar BH
binary configurations where the two spins and the angular
momentum remain coplanar. We present a new semian-
alytic scheme to locate the resonances and confirm that the
evolution of the up-down instability is inherently connected
to the nature of these configurations.

We obtain a surprisingly simple result (Sec. IV): after
undergoing the instability, up-down binaries tend to the
very special configuration where the two BH spins S; and
S, are coaligned with each other and equally misaligned
with the orbital angular momentum L. More specifically,
the endpoint of the up-down instability is a precessing
configuration with (using hats to denote unit vectors)

and Slﬁzgzﬁzw
X1+ aqx

From the distribution of endpoints of populations of up-
down binaries, we characterize the typical conditions
required for such binaries to become unstable before the
end of their evolutions and the typical growth time of the
precessional instability. We then explore the astrophysical
relevance of our finding for a population of stellar-mass
BH binaries formed in AGN disks, and finally draw our
concluding remarks (Sec. V).

II. INSTABILITY THRESHOLD
A. 2PN binary black hole spin precession

We denote vectors in bold, e.g., v, magnitudes with
v = |v|, and unit vectors with V. Throughout the paper we
use geometrical units G = ¢ = 1. Let us consider binary
BHs with component masses m; and m,, total mass
M = m, + m,, mass ratio ¢ = m,/m; < 1 and symmetric
mass ratio 7 = q/(1 + ¢)*>. We denote the binary separa-
tion with r and the Newtonian angular momentum with
L = n(M?r)!/2. The spins of the two BHs are denoted by
S: =m2yS; (i =1, 2), where 0 < y; <1 are the dimen-
sionless Kerr parameters. The total spinis S = S; + S, and
the total angular momentum is J = L + S. We consider

orbital separations r > 10M, which is taken as the break-
down of the PN approximation [43-45].

There are three timescales on which generically precess-

ing binary BHs evolve:

(i) the orbital timescale, given by the Keplarian ex-
pression to, /M =~ (r/M)3/?, on which the BHs orbit
each other,

(ii) the precession timescale, fo,/M =~ (r/M)*?, on
which S;, S,, and L change direction [9], and

(iii) the radiation-reaction timescale, fo,/M =~ (r/M)*,
on which the binary separation shrinks due to GW
emission [46].

In the post-Newtonian (PN) regime r > M these timescales
are separated, so that

torp <K tyre <K IRR. (3)

The BHs orbit each other many times before completing
one precession cycle, and complete many precession cycles
before the binary separation decreases. This hierarchy of
timescales allows each part of the binary dynamics—the
orbital, precessional, and radiation-reaction motion—to
be addressed independently. The inequality 74, <<
has been used to study precession in binary BHs by
averaging the motion over the orbital period (e.g.,
[42,47]). Further, the inequality 7. < frr has been used
to separate the precessional motion from the GW-driven
inspiral [38,39,48-50].

The 2PN orbit-averaged equations describing the evo-
lutions of the BH spins and the orbital angular momentum
read [47]

ds‘:%{{mrs ;’f]LJrsz}xsl, (4a)
2
dsz:i%{{ 314;; ]L+S }xsz, (4b)
1 3M2gé
oo
3 3M2§ dL .
+[4 PR )}SZ}XL+dtL, (4c)

where £ is the projected effective spin (often referred to as
ZCff [1551])’

E= 1‘/112 [( +q)Sl+< é)sz]-ﬁ. (5)

On the precessional timescale, dL/dt ~0 and the evolu-
tionary equations describe precessional motions of the
three vectors L, S;, and S, about J. The evolution on
the longer radiation-reaction timescale is supplemented by
a PN equation for dL/dt. In this paper we include (non)

124037-3
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FIG. 3. The noninertial frame aligned with the orbital angular
momentum L. The angle between each spin vector S; and L is
denoted by 6; (i = 1, 2), while the angle between the projections
of the two spins onto the orbital plane is denoted by A®.

spinning terms up to 3.5PN (2PN); cf., e.g., Eq. (27)
in Ref. [52].

The effective spin £ is a constant of motion of the orbit-
averaged problem at 2PN in spin precession and 2.5PN in
radiation reaction [47]. The magnitudes S; and S, of the
BHs spins are also constant. On the short precessional
timescale, the separation r and total angular momentum

are conserved. The entire precessional dynamics can
be parametrized with a single variable, the total spin
magnitude [38,39]

§=181+8,]. (7)

Excluding the case of transitional precession where J ~ 0
[9], the direction J is conserved to very high accuracy also
on the longer radiation-reaction timescale [49].

In a noninertial frame coprecessing with L, we define the
relative orientations of the spin directions by the angles 6,
between §l~ and L and the angle A® between the projec-
tions of the spins onto the orbital plane (see Fig. 3 for a
schematic representation):

cos, =8, - L, (8a)

cosf, =8, - L, (8b)
L S,xL

COSAD = S <L S x (8¢)

For given values of ¢, y;, and y,, the mutual orientations
of the three vectors L, S;, and S, can be parametrized

equivalently in terms of either (&, J, S) or (8, 6,, A®). The
conversion between the two sets of variables is given
explicitly in Egs. (8-9) of Ref. [52].

B. Binary black hole spins as harmonic oscillators

One can immediately prove that binaries with aligned
spins L. = §, = S, are equilibrium solutions of Egs. (4a)—
(4c). The stability of the solutions is determined by their
response to small perturbations. The investigations of
Ref. [40] indicate that the up-down instability develops
on the short precessional timescale 7. In this regime, all
variables can be kept constant but S.

The evolution of S is determined directly by Eqgs. (4a)
and (4b):

ds?
W = A\/Q6S6 + a4S4 + (1252 + ap, (9)
where
3(1 = 2 M3 2\ 3
2= s (0 -, (o)
q L
q
S S— 10b
T A - gL o
ay = —agq ' [(1 + ¢*)L? = 2qJ* + 2M?*¢éL
- (1-4)(gS7 - $3)], (10c)

ay = agq~{q(1 + ¢q)*J*
—2(1 4 q)*J*[qL* + M?q¢L — (1 - q)(¢S} - $3)]
+ (1 4+ q)*L?[qL* = 2(1 = q)(S7 — ¢53)]
+2(1 + g)M*gEL(1 + q)L* = (1 = q) (ST = S3)]
+AMA P EL?Y, (10d)

ag = agq~{(1+ q)J* (¢S} - $3)
= 277[(1 + q)(qST = S3)L? + (ST = $3)M*g¢L]
—L*[(1 = ¢*)(S7 = 83)* = (1 + q)(¢S7 — $3)L*
—2M?GEL(ST - $3)]}- (10e)

The conservation of £, J, L, Sy, and S, over £, implies that,
after taking a second time derivative, only the derivatives of
$? survive and Eq. (9) becomes

d2s? A2

= 5 (3068t + 20,8 + ). (11)

By rearranging the right-hand side of Eq. (11) we find that
the time evolution for a perturbation S* —S? to some
solution S, of Eq. (9) is determined by

124037-4
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d*(S? - §? 3
—%ﬁ—l=A27M9—£V+O%£+w)

3
X (82 = $2) 4+ agS! + 4y 2 +% . (12)

For binary configurations with the BH spins aligned with
the orbital angular momentum we may write the magnitude

of the total spin as

S, = oy S| + a8,

, (13)

where a; = cos,, = =1 discriminates between parallel
(a; = +1) and antiparallel (a; = —1) alignment of S;, with
L. For instance, up-down corresponds to a; = —a, = 1.
Because J and ¢ are constant on .. one has

Jﬁ.]* = |L +(XIS1 +(1252

, (14a)

R

1 1

which implies that

3 a
5465t + auS] +32: 0. (15)
Therefore, to leading order O(S? — S2) in the perturbation
(i.e., assuming small misalignments between the BH spins
and the orbital angular momentum), the total spin magni-
tude S of binary BHs with nearly aligned spins satisfies
d2
W(Sz —82) + @?(5% - 52) ~0. (16)

Equation (16) has the form of a simple harmonic oscillator
equation, where we identify the oscillation frequency

o= \/—A2(3a653 + ay). (17)

The stability of the aligned spin configurations is
determined by the sign of w?:

(i) When »? > 0, Eq. (16) describes simple harmonic
oscillations in S? around S2. The configuration is
stable; small perturbations will cause precessional
motion about the alignment.

(i) When w? = 0, S? remains constant. This condition
marks the onset of an instability.

(iii) When @? < 0, the oscillation frequency becomes
complex, corresponding to an instability in the
precessional motion leading to large misalignments
of S; and S, with L.

The points during the evolution of the binary BH at
which the precession motion transitions from stable to
unstable, or vice-versa, correspond to the solutions of

@® = 0. Since L (or equivalently r) is a monotonically
decreasing function of time on the radiation-reaction time-
scale, such a point is a stable-to-unstable transition if
dw?/dL > 0 (dw?*/dt < 0) and an unstable-to-stable tran-
sition if dw?/dL < 0 (dw?/dt > 0).

The square of the oscillation frequency depends on L
according to

WA(L) = [Lz_zqalsl —0252L+ <q05151 +05252>2}

l-¢q I-q
2 M9 5 1= 2
L_q(1151+05252 3MPq>( - 617) . (18)
l+g 2(1+¢)'"'L

It is clear from Eq. (18) that @® always has four roots, with
two being the repeated root

_qu St oS,

L
0 1+¢

(19)

The corresponding value of the binary separation ry =
M™3y72L3 always satisfies ry < M and is thus unphysical.
The other two roots are

o qa1S) — Sy + 24/—qa 1, 8,5,

L 20
: - (20)
For L to be real, we require that oy, = —1, leaving only
the cases up-down and down-up. If ¢; = —a, = —1 (down-

up), then L, = —(1/qS, = /5,)?/(1 — q) which is always
nonpositive and can be discarded as unphysical. The only
combination of a; and @, which makes L both real and
non-negative, thus indicating a physical precession insta-
bility, is @; = —a, = 1, which corresponds to the up-down
configuration. Therefore, the up-up, down-down and down-
up binary BH configurations are stable, whereas the up-
down configuration can become unstable at separations
where w?> < 0. Any small misalignment of the BH spins
with the orbital angular momentum leads to small oscil-
lations of the spin vectors around the aligned configuration
in the former three cases, but might cause large misalign-
ments in the latter case.

In terms of only the parameters M, ¢, y, and y, of the BH
binary, the expressions for the binary separations corre-
sponding to the roots L, in the case of up-down spin
alignment are

Tud+ _—(\/)?]ji\;)qz%) M, (21)

which are precisely those derived in Ref. [40] by
other means. A third, alternative derivation is provided
in Appendix A.

The oscillation frequency of the up-down configuration
is given in terms of r by
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FIG. 4. Oscillation frequencies for the four aligned configura-
tions as a function of the binary separation r. The squared
frequency @? is scaled by > for clarity; see Eq. (22). The up-
down configuration (red line) shows qualitatively different
behavior to the other aligned configurations, with its oscillation
frequency w,q becoming complex (i.e., w?; < 0) between r,q.
(dashed lines). In this example, the mass ratio is g = 0.9, the
dimensionless spins are y; = 1.0 and y, = 0.1, and the region of
instability is given by ryq, ~285.6M and ryy_ ~24.0M.

1+¢ r

M2, (r) = % (1__61)2(%)5(1 ralt)’
x (1= vra/r) (1= Vradr). (22)

where

— 2
Fudo = <’“1+‘16’1‘2) M (23)

is the repeated root identified previously. One has

lim M2, (r) = % <IJ>2<M>5 S0, (24)

r/M—oo 1+ q r

and hence the up-down configuration tends to stability at
large orbital separations (past time infinity). Since rq, >
rua—, the point r = ryy, is a stable-to-unstable transition
and r = ry_ is an unstable-to-stable transition. In other
words, dwyy/dr|, >0 and dwj,/dr|, ~<0. The up-
down configuration is unstable for orbital separations
Fudr > T > Fyg—. An example of the behavior of ” is
given in Fig. 4.

In the equal-mass limit ¢ — 1, the precessional motion
of up-down binaries tends to stability, since the time
derivative of the total spin magnitude S vanishes [48].

FIG. 5. Contours of constant mass ratio g for values of the
dimensionless spins y; that result in an instability threshold
ruayr = 10M. Above each curve is the region of parameter space
in which an up-down binary will experience the precessional
instability at an orbital separation » > 10M. Below the curves, the
instability takes place later in the inspiral where our PN approach
is not valid.

In the test-particle limit ¢ — 0, the behavior also tends to
stability because S ~ §; is constant.

For an up-down binary to undergo the precessional
instability, its parameters ¢, y;, and y, must be such that
the resulting instability onset satisfies r,q, > 10M, as this
threshold represents the breakdown of the PN approxima-
tion [43—45]. Figure 5 shows contours in the y; — y, plane
for various values of ¢ where r4, = 10M. For mass ratios
close to unity, binaries with smaller dimensionless spins
still result in a physical (r,q. > 10M) onset of instability.
As the mass ratio becomes more extreme (¢ — 0), only
binaries with y; ~ 1 are affected by the instability, though
much later in the inspiral.

C. Numerical verification of the instability

The analysis of Sec. II B is valid up to the onset of the
precessional instability at the value of the binary separation
r = ryqy, at which point spin precession invalidates the
approximation of small misalignments between the BH
spins and the orbital angular momentum. We therefore
verify the existence of the instability with evolutions of
binary BH spins performed via direct numerical integra-
tions of the orbit-averaged spin precession equations. The
integrations are performed using the PYTHON module
PRECESSION [52].

The binaries are evolved from an initial separation
r = 1000M down to a final separation r = 10M. The
integrations are initialized by setting 6;, 6,, and A® (or
equivalently & J and S) at the initial separation. The initial
value of A® is irrelevant (for these evolutions it was set to

124037-6
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FIG. 6. Numerical evolutions of the total spin magnitude S and misalignment angles cos #; of four binary BHs with parameters
q=0.8, y; = 1.0 and y, = 0.5, starting from an initial separation » = 1000M and ending at r = 10M. Each panel shows a binary
initially in a configuration with aligned spins up to a small perturbation of 5° in the angles 0;. The vertical dashed line in the right-most
panel (up-down) shows the location of the instability onset rq, ~ 177.5M. The horizontal dashed lines mark the formal endpoint of the

up-down instability obtained in the r/M — 0 limit (Sec. IVA).

7/2). We introduce an initial perturbation to each configu-
ration by setting the initial values of §; to be 5° from the
aligned configuration. A number of binary BHs with varied
mass ratios and dimensionless spins were evolved in this
way to verify the existence of the instability. As an
example, the evolution of four binaries, one in each of
the aligned spin configurations, with ¢ = 0.8, y; = 1.0,
and y, = 0.5 is displayed in Fig. 6.

In the exactly-aligned configurations each of 6; and S is
constant, since such configurations are equilibrium solu-
tions of Egs. (4a)—(4c). In the absence of the precessional
instability, a small perturbation to 8, and/or 6, causes small
amplitude oscillations around the equilibrium solutions.
For a perturbation in the angles as small as 5°, a binary acts
essentially as it would in the equilibrium configurations, as
seen in the first three panels of Fig. 6: the angles 6; remain
approximately fixed at their initial values. For the configu-
rations in which the two BH spin vectors have the same
alignment as each other with respect to L. (up-up and down-
down), the total spin magnitude remains at the initial value
S~8; +§,. In the down-up configuration, the total spin
magnitude remains at the initial value S=~|[S; —S,|.
However, as is clear in the rightmost panel of Fig. 6, in
the up-down configuration the values of S and 6; are
not constant. Though initially S=~|S,—S,| and cos 6, =
—cos 0, ~ 1, after reaching the onset of the instability at
r=ryy ~177.5M the precessional motion moves the
binary away from the initial up-down configuration.

In Fig. 7 we test the response of the up-down instability
to the amplitude of the initial perturbation. We evolve
samples of binaries from » = 1000M to r = 10M and show
their values of S at both the initial and the final separations.
Binaries are initialized by extracting the misalignments
from half-Gaussian distributions in cos#; (i = 1, 2) with
widths 1 — cos 6@ centred on the exact up-down configu-
ration, where 60 = 1°,5°,10°,20°. The initial value of A®
is irrelevant and is here extracted uniformly in [—r,z]. In
this example we fix ¢ = 0.8, y; =y, = 0.9.

Our numerical evolutions show a somewhat surprising
result: binaries do not tend to disperse in parameter space
as one would expect from an instability, but present a well-
defined endpoint. This effect is sharper for binaries very
close to up-down. Increasing the initial misalignment 50
dilutes both the initial and the final spin distributions,
although the same trend remains present up to 66 < 20°.
Binaries that undergo the up-down instability at some large
separation are likely to be found in a different, but very
specific region of the parameter space at the end of the
inspiral. We now aim to find this location analytically.

III. RESONANT CONFIGURATIONS

Spin-orbit resonances [42] are special configurations
where the three vectors L, S;, and S, are coplanar and
jointly precess about J. There are two families of resonant
solutions, defined by A® = 0 and A® = z. The previous
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FIG. 7. The response of the up-down instability to different initial perturbations. Each panel shows a set of 1000 orbit-averaged
evolutions. Binaries are initialized at »r = 1000M with misalignments extracted from truncated Gaussians centered on the up-down
configuration with widths 60 = 1°,5°, 10°, 20°, increasing progressively from the left to the right panel. Blue (orange) histograms show
the corresponding values of the total spin S at » = 1000M (r = 10M). In this example we fix ¢ = 0.8 and y; = y, = 0.9. Vertical
dashed lines at § = |§; & S,| mark the asymptotic locations of up-down binaries before and after the instability. An animated version of
this figure is available at www.davidegerosa.com/spinprecession.

analysis of Ref. [40] indicated that the up-down configu- S_<S§S<S., (27)
ration at separations 7> ryq, (r<ry_) is A® =0
(A® = ) resonance. The end-point of the up-down insta-  where §, are the solutions of & = &, (S). One can trivially

bilit){ is thus'deeply conneCFeq to the evolution of these prove that the condition &= ¢&.(S) is equivalent to
special solutions. As a building block to analyze the  4jther alignment (sin@, = 0) or coplanarity (sin A® = 0).

up-down configuration, in this section we present NeW  Generic spin precession can be described as a quasiperiodic
advances toward understanding spin-orbit resonances in a  otion of S between the two solutions S.. Spin-orbit

semianalytic fashion. resonances correspond to the specific case where S_ = §_,
ie., dé,/dS =0. In this case, S is constant: the three
A. Locating the resonances momenta are not just coplanar, but stay coplanar on the
For fixed values of ¢, y,, y», J, and L, geometrical precession timescale 7,,... As we will see later in Sec. III C,
constraints restrict the allowed values of § and & to [39] coplanarity is also preserved on the longer radiation-
reaction timescale 4.
Siin < S < Saxs (25a) The conditions £ = £, (S) can be squared and cast into
the convenient form
£(S) << E.(9), (25b)
where 2(S?) = 665° + 645 + 6,5 + 67 = 0, (28)
Smin = max{|[J — L[, |S; = S, |}, (26a) where the coefficients o; are real multiples of the a; in
) Egs. (10b)—(10e) and are given explicitly in Appendix B.
Smax = min{J + L, §; + S, }, (26b) The existence of physical solutions can be characterized
JP_[2_%2 e e X using the discriminant
=<——1(1 S —(1- N
e = { i [0+ P = (1= )53 - )

(1= PP = (L= SPIV(L + S = ]2 A =0303 — 40403 — 40300 — 276%0% +1806040,00.  (29)

In particular:
x[8% = (81 = S2)* ] 2[(8) + 82) - 52]1/2}. () If A >0, then £(S?) has three distinct real roots.
(26¢) These are the physical solutions S_ and S, identified
in Ref. [39], plus a spurious root that does not satisfy
Together, the functions &, (S) form a closed convex loop Egs. (25a) and (25b).
in the S—¢ plane, which implies that the inequalities (ii) If A =0, the two solutions S_ and S, coincide and
(25a2)—(25b) can be rewritten as correspond to a spin-orbit resonance.
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(iii) If A <0, the polynomial X(S?) only admits one
spurious real root, thus implying that the geometrical
constraints in Egs. (25a) and (25b) cannot be satisfied
for the assumed set of parameters (g, y1,x2,J, &, L).

Therefore, physical spin precession takes place whenever
A > 0. The limiting case of the spin-orbit resonances can
be located by solving A = 0.

The discriminant reported in Eq. (29) may be recast as a
fifth-degree polynomial in J?,

A(Jz) :510J10+58J8+56J6+54J4+62J2+5(), (30)

where the coefficients §; are lengthy (but real and algebraic)
expressions containing ¢, Sy, S,, &, and L; see Appendix B.
In particular,

810 = —4¢°(1 —q)*(1 + ¢q)*L* <0. (31)

B. Number of resonances

Any fifth-degree polynomial has at most two bound
intervals and one unbound interval in which it is positive.
The two bounds intervals are the only possible locations in
which spin precession can occur. We now prove that only
one of these can be physical.

To this end, it is useful to look at the asymptotic limit
r — o0. While J diverges in this limit, one has [39]

R J2—L?
lim S-L = lim
r/M—oo r/M—oo

= constant.  (32)

Koo =

The constraints |cosf;| <1 and |cosf,| <1 can be
translated into

ME—(qg7' = q)S;, M*E—(q7" - q)Sz}

Koo = max{ —
1+g¢ l+gq

(33)

M+ (g —q)S) MPé+ (q7' - Q)Sz}'

Koogmin{ —
1+g¢g 1+¢

(34)

Therefore, the support of (J? —L?)/2L (hence J) is a
single bounded interval at large separations: only one range
of J is allowed and is it bounded by two resonances.
Proving by contradiction, let us now assume that the
support of J does not remain a single interval. A bifurcation
would be present at some finite separation where the
number of valid ranges goes from one to two. At this
bifurcation point, two different values of dJ/dr must
coexist for the same values of ¢, yy, y», &, J. This is only
possible if the two configurations have different values of
S. However, at the bifurcation point one necessarily has
2(S?) = 0 and thus only one value of S is allowed.

x10~4
4 F T T B T T ]
I q=0.38 1
I x1=1 ]
- X 1 -
3r ¢ ]
I r ]
2 L i
~ L 4
< 3 |
1r ]
0 L\ ) 5 5 .
3 i](A@Zﬂ') J(A'@:O)
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FIG. 8. The discriminant A of the third-degree polynomial X as
a function of J? for a binary BH at a separation r = 10M with
mass ratio ¢ = 0.8, dimensionless spins y; = y, = 1 and effec-
tive spin £ = —0.2. The discriminant has three real roots (vertical
dashed lines). The shaded area between the two roots in which
A >0 corresponds to the region in which physical spin pre-
cession takes place. This region is bounded on the right (left) by
the A® =0 (A® = x) resonance.

Our proof is consistent with the extensive numerical
exploration presented in Refs. [38,39]: there are always two
spin-orbit resonances for any values of ¢, y1, x>, & and r.
The two resonances are characterized by A® =0 and
A® = z. In particular, the A® =0 (AD = 7) resonance
corresponds to the maximum (minimum) value of J, i.e.,

J(Ad):ﬂ) <J< J(AGJ:O)' (35)

An example is shown in Fig. 8. The region of J> where
physical spin precession takes place is characterized by
A(J?) > 0. The spin-orbit resonances correspond to two of
the roots of A(J?) = 0.

C. Evolution of resonances

Next, we prove that a binary in a resonant configuration
remains resonant under radiation reaction.

Let us label two binaries A and B. The binaries share the
same values of the radiation-reaction constants of motions
q,x1,)2, and £ Suppose binary A is a A® = ( resonance at
separation r and binary B is a A® = ( resonance at r + 6r.
Again by contradiction, let us now assume that A and B do
not coincide. From Eq. (35) one has J,(r) > Jp(r) and
Ju(r+6r) < Jg(r+ 6r). Atsome location r < 7 < r + &r
one must have J4(7) = J(F), but dJ/dr|; # dJg/dr|;. In
other terms, the inspiral trajectory of the two binaries must
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cross in the J—r plane. This is possible only if the two
binaries have different values of S at 7, i.e., Sy (7) # Sp(7).
Taking the limit 6r/M — 0, the location of the crossing
point can be made arbitrarily close to the initial separation
r. At this location, J, = Jp identifies a resonance, where
only one value of S is allowed. It follows that the two
binaries A and B must coincide. An analogous proof can be
carried out for AQ = 7.

D. Resonance asymptotes

Further progress can be made by studying the dynamics
of resonant configurations at infinitesimal separations
r/M — 0 (or equivalently L/M? — 0). Although unphys-
ical, this limit provides the asymptotic conditions of our PN
evolutions.

Let us denote the effective spin of the up-up and up-
down configuration with respectively

1

b = e {(1 +q)S, + (1 +é>52}, (36a)

1 1
fud:W[(l—i—q)Sl— <1+5)52} (36b)
As r/M — 0, one has that J — § and A is increasingly

dominated by the term with the least power of L. In
particular, one gets

T f[(s2 —2)). (37)

The roots 4; of this expression are given by

(1 —Q)(qS?—Sé)’

ﬂ] = ﬂz = q (38&)
(1=q)(qS-53)  M'q&

b= q T

/14 = (Sl - 52)2, (380)

As = (S) + $,)°. (38d)

The constraint |£| < &,, implies the following series of
inequalities:
j’l = 12 < min{/13,/14} < max{/13,/14} < 15, (39)

with

Ay if €] < [Eual,
Ay if €] > |&ul.

Since A <0 as J — +oo [cf. Eq. (31)], the two bounded
intervals of J? in which A >0 are [1;, min{43,14}] and
[max{A3, 44}, 4s]. Furthermore, in this limit Eq. (25a)
reduces to

max{As, 2,} = { (40)

which implies that the single physical interval in which spin
precession takes places is given by

§? € [max{s, 14}, 1s]. (42)

The boundaries § = max{+/3,v/44} and S = /45 of this
region identify the asymptotic locations of the A® = 7 and
A® = 0 resonances, respectively. Thus, the value S(A®=0)
of S in the A® = 0 spin-orbit resonance asymptotes to

) /1};303(“’:0) =S8, +5,, (43)

and the value S(A®=7) of S in the A® = z resonance
asymptotes to

1S1 = Sa| if [&] < [Eual,
. (Ad=r) _ (1-9)(¢S1=S3) | M*¢&
r/lzgr_l»os \/ R (e 44)
if |§| > |§ud|‘

The corresponding values of the misalignment angles 6, are
found by imposing the coplanarity condition sin(A®) = 0
that characterizes the resonances. This yields

$2-$2-8,

sin’6,sin’@, = ( 25,5,

2
— cos 6, cos 92> . (45)

which can be solved together with Eq. (5) to find cos 8, and
cos 0,. For the A® = 0 resonance one gets

lim cos 9§A®:O)

Jim — lim cos0® = £ (46)

r/M—0 éuu

In words, the two spins tend to be equally misaligned with
L but coaligned with each other. Hints of this trend had
been reported in Refs. [19,42,53]. For A® = z, the angles
asymptote to

& .
= lf 5 S gu ’
» €] < éua
/ljit/[mocos L A e N (47a)
2(1+¢q)S,¢
if |‘f| > |§ud|’
S i e <l
ud
r/lbnlo cos 05" = { ¢(& - fuufud)Mz (47b)
2(1+q)85¢
if €] > |&ual-

Figure 9 shows the evolution of four resonant configura-
tions for A® =0,z and the two cases |£]| < |£q| and
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FIG. 9. Evolutions of resonant configurations to small separa-
tions. Top, middle, and bottom panels show S/M?, cos 6, and
cos 6,, respectively. Blue (orange) curves correspond to reso-
nances with A = 0 (A = x), while binaries in the left (right) panel
satisfy  |¢] < |&al (€] > &), We fix ¢=09, 7 =08,
x2 =04, £=0.1 (left), 0.4 (right). For this set of parameters
one has &,q ~ 0.23 and &, ~ 0.61. Dashed gray lines indicate the
r/M — 0 limits predicted in Sec. IIID. The region r < 10M
should be considered unphysical but is included to test our
analytical calculations.

|E| > |Eua|- At each separation we locate the roots of
¥(8?) = 0 numerically using the algorithm implemented
in the PRECESSION code [52]. Because resonant binaries
remain resonant during the inspiral (Sec. IIIC), those
curves also correspond to individual evolutions. As r/M —
0, binaries asymptote to the limits predicted above.

IV. UP-DOWN ENDPOINT

A. Instability limit

The analysis of Sec. III allows us to find the asymptotic
endpoint of the up-down configuration. As first shown in
Ref. [40], the up-down configuration is a A® = 0 reso-
nance for r > rq.. This can be immediately seen using the
expressions in Sec. IIIB. As r/M — oo, the up-down
configuration corresponds to k., = S; —S, which max-
imizes the allowed range of k, given in Eqs. (33) and (34),

and hence that of J. The largest value of J for a given ¢
corresponds to the A® = 0 resonance [cf. Eq. (35)].

A binary which is arbitrarily close to up-down before the
instability onset, therefore, will be arbitrarily close to a
A® = 0 spin-orbit resonance. As shown in Sec. IIIC,
resonant binaries remain resonant during the entire inspiral.
The formal r/M — 0 limit of the up-down instability is
that of a A® = 0 resonance with the correct value of the
effective spin. This can be obtained directly from Eqs. (43)
and (46) by setting & = £ 4.

The key result of this paper is that the endpoint of the up-
down instability consists of a binary configuration with

n-an

cosf; =cosf, =
X1+ g

and AD® =0, (48)

which is equivalent to Eq. (2). Up-down binaries start their
inspiral with § = |S; — S,| and asymptote to S = S; + S,
as given by Eq. (43), thus spanning the entire range of
available values of S, cf. Eq. (25a).

An example is reported in Fig. 6. Despite being obtained
for r/M — 0, the spin configuration in Eq. (48) well
describes the inspiral endpoint. Similarly, Fig. 7 shows
that binaries initially close to the up-down configuration all
evolve to this precise location in parameter space.

Figure 10 illustrates the formal /M — 0 distribution for
two simple BH populations. In particular, we distribute
mass ratios ¢ either uniformly or according to the astro-
physical population inferred from the first GW events,
p(q) « ¢ (cf. Model B in Ref. [51]; see also Ref. [54]). In
both cases, we take ¢ € [0.1, 1] and assume spin magni-
tudes y; are distributed uniformly in [0.1, 1]. The LIGO/
Virgo-motivated population strongly favors equal mass
events. For g~ 1 the instability endpoint is given by
S/M? =~ (y, 4+ xp)/4 and  cosO; =~ (y1 — o)/ (1 + 22),
which implies that the corresponding distributions are
peaked at S/M? ~ (0.1 4+ 1)/4 = 0.275 and cos6; ~0. If
q differs from unity, the endpoint values of both S and
cos 0; are, on average, larger. For the case where mass ratios
are drawn uniformly, unequal-mass binaries populate the
region of Fig. 10 with S/M? > 0.5 and cos§; > 0.7.

As a mathematical curiosity, we note that if one
places a binary in the up-down configuration at
r < ry, this must necessarily be a A® = 7 resonance
(cf. Ref. [40]). Indeed, for & = £,4 Eqs. (47a) and (47b)

return cos 0\*® = — cos 0**~" = 1. We stress that this
case is not physically relevant. Before reaching r_,
binaries have already reached rq, and thus left the up-
down configuration. Unless ¢ is very close to unity and y,
is very close to zero, the separations ry_ is typically
smaller than 10M (or even 1 M): it is hard, if not impossible,
to conceive plausible astrophysical mechanisms that
can place binaries in the up-down configuration so close
to merger.
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FIG. 10. Analytic up-down endpoint distribution in the r/M —
0 limit. Top and bottom panels show the endpoint distributions of
S and cos 0 = cos 0,. Blue histograms are obtained distributing
g uniformly; orange histograms assume p(q) o ¢%7 as observed
by LIGO/Virgo [51]. In both cases, we distribute y; and y,
uniformly and assume ¢, y;,x, € [0.1, 1].

B. Stability-to-instability transition

During the inspiral, unstable up-down binaries evolve
from S = |S; — S, to S = S| + S,. The transition between
the two values can only start after binaries enters the
instability regime (r < ryq,) and is halted by the merger
(or, to be more conservative, by the PN breakdown). To
quantify the transition properties, it is useful to define the
parameter

S—18 =8|

oS = ,
(S1+82) = |8 = S|

(49)

such that 6S =0 corresponds to stability and 65 =1
corresponds to the formal /M — 0 endpoint.

Figure 11 shows the distribution of 6S and ry,
resulting from numerical integrations of up-down binaries.

300 F ]
=of g 1t
= L w 1t
o r ] \‘
100 | fi n
0 ' hui s \I;.ﬁ?ri"”‘lﬁﬁrr_j -. PP RPN P
10° 10® 10' 107! 2 4 6 8
-3
Tud—l—/M x10
FIG. 11. Distribution of max, S and ér as function of the

instability onset r.q, for a statistical sample of 1000 up-down
binaries. We distribute ¢, y1, and y, uniformly in [0.1, 1], evolve
from r; = 1000M to ry = 10M, and initialize the spin misalign-
ments from Gaussian distributions with widths 60 = 10° centered
on the up-down configuration. The blue (orange) subpopulation
indicates sources that do (not) reach 65 = 0.5 by the end of the
inspiral. By definition, 6r can only be computed for the
subpopulation with max, 6S > 0.5, with a minimum value of
or < ryqy — r¢ (dashed line).

We distribute g, x4, and y, uniformly in [0.1, 1] and evolve
from r; = 1000M to r; = 10M. Binaries with 4, < r;are
initialized as up-down and might become unstable during
the integration. Binaries with r,q, > r;, on the other hand,
are already unstable at the start of our integrations. We
therefore initialized them as A® = 0 resonances at r = r;.
In both cases, we introduce a misalignment perturbation
66 = 10° following the same procedure of Sec. IIC.

We consider the largest value of S reached between r;
and ry; in practice, this is very similar to its value at the end
of the evolution, i.e., max, 6S(r) =~ 8S(r¢). If ryq, < 10M,
up-down binaries are still stable at the end of our evolutions
and thus max, 6S ~ 0. If the instability onset occurs ear-
lier, binaries start transitioning toward larger values of 5S.
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We find that the vast majority of sources with ryq, 2 50M
are able to reach the predicted endpoint (max, 6S = 0.95)
before the PN breakdown. As long as the instability has
enough time to develop, the formal r/M — 0 limit appears
to provide a faithful description of dynamics. In the
intermediate cases with 10M < r g, < 50M, the instability
takes places shortly before the PN breakdown and, con-
sequently, 6S does have enough time to reach unity.

The transition between the two regimes appears to be
rather sharp, taking place over a short interval in r. To better
quantify this observation, we define the instability growth
“time” as the difference between the instability onset ryq
and the separation where 65 = 0.5, i.e.,

Or = rygy — r'ss—0.5- (50)

The bottom panels of Fig. 11 illustrates the behavior of 6r
for the same population of BHs. The quantity 6r can only
be computed for binaries that reach 6§ = 0.5 before the end
of the evolution, thus setting the constrain 6r < ryy. — ry.
The fraction of unstable binaries (those that reach 65 > 0.5)
in this population is 35%. We find that the typical transition
intervals are 6r < 100M, with a peak at 6r ~25M, so the
instability develops over a short period and unstable
binaries quickly reach values of S close to the endpoint.

C. A simple astrophysical population

We now study the effect of the instability on an
astrophysically-motivated population of binary BHs. We
model a formation channel that leads to the alignment of the
BH spins with the orbital angular momentum, but where
co-alignment and counteralignment are equally probable.
This might be the case, for instance, for stellar-mass BHs
brought together by viscous interactions in AGN disks
[30,31,55-60]. Unlike BH binaries formed from binary
stars (where the initial cloud imparts its angular momentum
to both objects favoring coalignment), or systems formed in
highly interacting environments like globular clusters
(where frequent interactions tend to randomize the spin
directions), an accretion disk defines an axisymmetric
environment without a preference for co- or counteralign-
ment. McKernan et al. [60] specifically modeled this
scenario by assuming that 1/4 of the population is found
in either the up-up, down-down, down-up, and up-down
configuration. Naively, one could expect that ~25% of the
stellar-mass BH binaries formed in AGN disks are subject
to the up-down instability.

As before, we distribute mass ratios using the astro-
physical population inferred from the O1 + O2 GW events
[51], p(q) « ¢%7 with ¢ € [0.1, 1], and sample the dimen-
sionless spins y; uniformly in [0.1, 1]. We simulate 10*
binaries in each of the four aligned configurations, and
integrate the precession equations numerically from an
initial orbital separation r; = 1000M to a final separation
r; = 10M. Binaries are initialized by sampling cos 6; from
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FIG. 12. Distribution of effective spin & (often referred to as
Xeir) for the four populations of aligned binaries. Mass ratios g
are sampled according to the power law distribution p(g)  ¢%’
[51] and dimensionless spins y; are sampled uniformly. We
set q,x1.x> €[0.1,1] and introduce an initial misalignment
60 = 20°. The dotted empty histogram indicates the full pop-
ulation; color shaded histograms differentiate between the four
aligned cases. For the up-down population (red), we further
separate the contributions of two subpopulations: sources that
remain stable during the entire PN inspiral (max, S < 0.5,
dashed grey) and sources that undergo the instability (max, S >
0.5, dashed black).

truncated Gaussians with 66 = 20°. If the corresponding
parameters g, y; and y, are such that r,q. > r; (i.e., if the
source went unstable before the beginning of our integra-
tions), the initial configuration is set to be that of a A® =
resonance, again with a 66 = 20° perturbation.

The resulting distribution of £ is shown in Fig. 12. The
effective spin £ is a constant of motion; these curves are
independent of the orbital separation. Up-up (down-down)
binaries tend to pile up at positive (negative) large values of
the effective spins, while both up-down and down-up
sources contribute to a peak at £~ 0.

Figure 13 shows the joint distributions of cos@; and
cos 6, at the initial (left) and final (right) separations for
each of the four populations. Up-up, down-down, and
down-up binaries largely retain their initial, aligned ori-
entation. Up-down binaries segment into two clear sub-
populations: those which remain stable (lower-right corner
in Fig. 13) and those which become unstable (center of
Fig. 13). The dispersion of the stable up-down binaries
increases compared to the initial distribution owing to a
proportion of these binaries that reach the onset of the
instability but do not reach the formal endpoint by the end
of the evolution.

The subpopulation that becomes unstable presents a
clear trend in the misalignment distribution: binaries pile up
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FIG. 13. Joint distribution of cos 8, and cos 8, for binary BHs with initially aligned spins. Sources are evolved numerically from a
separation r = 1000M (left panel) to r = 10M (right panel). Mass ratios g are sampled according to the power law distribution
p(q) « ¢*7 [51]; dimensionless spins y; are sampled uniformly. We set ¢, y;,y> € [0.1, 1]. The populations, each containing 10*
binaries, of up-up (blue), down-down (orange) and down-up (green) binaries remain in their initial distributions whereas the up-down
(red) population does not, thus highlighting the precessional instability. By the end of the evolutions the up-down binaries split into two
sub-populations: those which remain stable (bottom right corner) and those which do not (central region). The trend observed in the
unstable subpopulation matches the prediction cos#; = cos#@, of Sec. IVA. An animated version of this figure is available at
www.davidegerosa.com/spinprecession.

along the cos@; = cosf, diagonal as predicted by our  (cf. 35% for the population with mass ratios instead
Eq. (48). As before, we characterize the two populations distributed uniformly in [0.1, 1] presented in Fig. 11).
using 0S. At r = 1000M, only ~34% binaries are in the = Compared to the distribution of analytic endpoints of
unstable subpopulation (6S > 0.5): for the vast majority, Fig. 10, the numerical population is skewed toward the
these are the cases with r,q, > r;. By the time binaries  initial configuration cos §; = —cos 6, = 1, again due to a
reach r = 10M, the unstable fraction goes up to ~91%  proportion of binaries that do not fully reach 65 ~ 1.

f [Hz]
10=° 10°7 10=° 1073
. ] L — - - -~ 1 - - - 1] T 6| T T
6k 1 Up-down 1 1.2 C . 1.2 C . M =10°Mg
r =1 Unstable 1 i 'l—|J:LI-|_._F=l'r- ] : =B 104 10-2 10° 102
R —_— 1 10k 1l 1 10 | =] 04 T T T T
5F 1 Stable 4 L0 U= 1 LOp Li” el ] [ M = 10Mg
 pl(q) o ¢°7 3 Al i A i 3
4 [ X1, X2 uniform 4 08f ! 1 08¢ 1 03f
3 : 1 06} { 0.6F N :
i ] 0.2}
2F 1 04 1 04} : i
. - 1 | ] [
i | 1 1 1 01
1r 4 02 1, 1 02p __I. 5 I
i ] i -, ] i e _ 1 ]
0L . - 0.0 v Bememaldl e Terme 0.0
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FIG. 14. Distribution of mass ratio ¢, spin magnitudes y;, and instability onset 7,4, (left to right) for a set of up-down binaries. Mass
ratios are sampled according to a power law distribution that strongly favors equal masses [51], while spins are sampled uniformly. We
setq, 1, x> € 0.1, 1]. Red histograms show the full up-down population, while dashed black (grey) histograms indicate systems that do
(not) become unstable. Stability is here defined using max,6g S 0.5 and integrating from r; = 1000M to r; = 10M. In the right-most

panel, the top axes show the corresponding value of the GW frequency f = \/M/z’r® for systems with total mass M = 10 M, and
M =10° M.
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Figure 14 shows the distribution of ry., ¢, ¥, and y,
for the two up-down subpopulations. Only binaries with
either ¢ $0.6 or y; <0.2 are still stable at the end of
the evolution. These values correspond to ryy, < S0M.
All other sources belong to the unstable subpopula-
tion and approach merger near their predicted endpoints
(max, 6S Z 0.5). An orbital separation of SOM corresponds

to a GW frequency f = \/M/z*r* of ~20 Hz for a typical
LIGO source (M =10 M) and ~107* Hz for a super-
massive BH binary (M = 10° M) detectable by LISA.

A tantalizing possibility would be the development of the
precessional instability while a binary is being observed.
For LIGO, we expect that such a situation is possible for
only a small number of sources. To estimate this fraction,
we produce a distribution of the total mass again according
to Ref. [51] with the distributions of ¢, y;, and y, as in
Fig. 14. The subpopulation for which the instability
develops in band is then determined by the conditions
Sfuar > fuco (lower LIGO frequency cutoff), ryq, > 10M
(validity of the PN approximation, which also provides the
upper frequency cutoff) and max, 6S > 0.5 (appreciable
development of the instability). Unsurprisingly, this frac-
tion depends strongly on the lower frequency cutoff: for
frico = 20 Hz(10 Hz), only 0.7%(2.8%) of the total
population develops the precessional instability while in
the LIGO band. LISA might provide better prospects, as
some supermassive BH binaries will remain visible for
several precession cycles [61].

The condition ¢ — 0 and y; — 0 identifies the single-
spin limit. In practice, we expect that the vast majority of
up-down sources where two-spin effects are prominent will
become unstable before entering the sensitivity window of
our detectors. Proper modeling of two-spin effects appears
to be crucial. The ¢ distributions of the two subpopulations
does not present evident systematic trends (Fig. 12) and
largely reflects that of the full up-down sample. This
suggests that it will be challenging to distinguish stable
and unstable binaries by measuring only one effective spin.

V. CONCLUSIONS

In this paper we reinvestigated the precessional insta-
bility in BH binaries first reported by Gerosa et al. [40]. For
unequal mass systems, there are four distinct configurations
in which the BH spins are aligned or antialigned with
the orbital angular momentum. They are all equilibrium
solutions of the spin precession equations. By perturbing
these configurations we tested their stability properties.
While the up-up, down-down, and down-up configurations
respond with stable oscillations, up-down binaries encoun-
ter an instability at orbital separations between ryqy, in
precise agreement with the results of Ref. [40]. The
instability induces precessional motion by which the two
BH spins become largely misaligned with the orbital
angular momentum.

We verified the occurrence of the up-down instability
with numerical PN evolutions. By varying the initial

misalignment of the BH spins, we found that after evolving
through the instability binaries tend to cluster at a well-
defined endpoint configuration, rather than dispersing in
the available parameter space as might usually be expected
of an instability.

The evolution toward this endpoint can be characterized
in terms of the so-called spin-orbit resonances [42]. Within
the framework of 2PN spin precession, we developed a
semianalytic scheme to locate and identify these resonan-
ces, and proved that a binary initially in such a configu-
ration remains so. We derived analytic solutions in the
zero-separation limit and identified the asymptotic con-
figuration of both resonant families, A® = 0 and AD = 7.

In particular, for separations r > ryq, the up-down
configuration is a A® = 0 resonance, but between ryq, >
r > ry- this is no longer the case. This is precisely the
cause of the precessional instability: a binary initially
configured arbitrarily close to up-down is also arbitrarily
close to a resonance and thus tends to remain resonant.
Upon reaching the instability onset at rq,, when up-down
is no longer a resonant solution, the binary moves away
from this initial alignment via precession to the new
A® =0 resonance. The asymptotic PN endpoints of
binaries initialized close to up-down can therefore be
found analytically. Specifically, the up-down endpoint is

characterized by §; =S, and §;-L =S, -L = (y; —qx»)/

(r1+aqx2)-

In reality, up-down binaries will not become unstable (at
least in the PN regime) if r,g, < 10M and may not fully
reach their endpoint configurations if 7,4, is too small. We
find that the instability develops rather quickly. The vast
majority of binaries with ry, = 50M fully reach the
predicted endpoint by the end of the evolution. More
specifically, the instability develops over a characteristic
separation of or ~25M.

Because the stability-to-endpoint transition is so quick,
one can further approximate the occurrence of the up-down
instability as a step function. Let rgyw denote the separation
at which a BH binary enters the sensitivity window of a
given detector (~10 Hz for the case of LIGO/Virgo and
~1073 Hz for LISA). Broadly speaking, we predict that
binaries formed in the up-down configuration will be
observable

(i) still in the up-down configuration if ry + S rgws

(11) with SI _S2 and SI L S2 L if rud+ = r'gw-

Our findings are particularly relevant for BH binary
formation channels where astrophysical mechanisms tend
to align the spins without preference for the alignment
direction. This might be the case for stellar-mass BHs
embedded in AGN accretion disks [59,60]: such a pop-
ulation of BHs will consist of up-up, down-down, down-up,
and up-down binaries in equal proportion. Over their
inspirals, the distributions of the spin directions for the
former three configurations remains the same. Up-down
binaries, on the other hand, split into two sub-populations:
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those that remain stable and those that become unstable.
The latter approach merger with spins coaligned with each
other and equally misaligned with the orbital angular
momentum, as predicted by our analytic calculation.

The analysis presented in this paper is limited to the PN
regime of BH binary inspirals (r 2 10M). Numerical
relativity simulations are necessary to fully test the insta-
bility endpoint closer to merger. Injections of up-down
binaries in GW parameter-estimation tools will allow us to
forecast the distinguishability of these sources with current
and future interferometers. We foresee that the inclusion of
two-spin effects in waveform templates will be crucial to
properly characterize up-down sources. We hope that our
PN predictions will spark future work in both these
directions.
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APPENDIX A: NEAR-ALIGNMENT EXPANSION

In this Appendix we derive again the threshold of the
precessional instability in the small misalignment expan-
sion using the formalism of Ref. [62].

Given an arbitrary vector v and a direction Z, one can
decompose v into a component v| = (v - Z)Z parallel to 2
and a component v, = v — (v - Z)Z perpendicular to Z, so
that v =v +v,. If v is nearly aligned with Z then the
angle ¢ between them is small and v-Z=wvcose=v+
O(¢?). Similarly, if v is nearly counteraligned with 2
then we may use the small parameter ¢ to write v-Z =

perpendicular component satisfies |v, | = v|sine| = v|e| +
O(&*), and hence |v, | < |v].

We apply this procedure to the spins S; = S; + S,
and S; =8, +8S,, of the two BHs and the orbital
angular momentum L =L+ L, of the binary, using
ay, a, and @; to distinguish between coalignment and
counteralignment. We neglect radiation reaction and
rewrite the 2PN orbit-averaged equations (4a)—(4c) to
leading order in &:

ds 1 A
d—tl:ﬁ(ﬁlalSlLJ__ﬂlaLLSIJ_‘HZISISZJ__QZSZSIJ_) XZ,
(Ala)
s, 1 A
WZF(ﬂZaZSZLJ__ﬁ2aLLS2J_+a2S2Su__aISIS2J_) XZ,
(Alb)
dL 1
P (Brag LSy — Broy S\ Ly + Pray LS,
— S 1) X &, (Alc)
where
3(1L
b :4+3CI—T(QG151 + 15,), (A2a)
3 3 S
ﬁ2:4+——ﬂ(a1Sl+m>. (A2b)
g L q

Completing the Cartesian frame with two additional basis
vectors X and y, one can write L | = L,X + L.y, where
L,=L,-Xand L, =L, -¥, and similarly for S;, and
S,,. Defining the vectors v, = (S, 8, Ly), v, =
(S1y. 82y, Ly) and v, =(S},.S,,.L;), Egs. (Ala)~(Alc) can

now be written as

veos (m+¢€) = —vcose = —v+ O(e?).  Defining  the dv, dv, dv,
parameter a = £1 to distinguish between coalignment dar —Wv,, ar Wy, dr 0. (A3)
(+1) and counteralignment (—1) of the vector v with
respect to Z, we have in either case that v ~avz. The  where W is the matrix
|
pra L + a S, -5 —fry S,
W=253 —0S) pro L + a, S, —$r02S, (A4)
—pra L —prar L PraiSy + fronSy

Given the conservation of &, J, S; and S, over the PN
evolution of the binary and since we are neglecting
radiation reaction (L is conserved), then dW/dt = 0 and

|
we can decouple the equations for v, and v, by taking
another time derivative. This results in the following
harmonic oscillator equations:
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d*v d*v,
2v — Y 2y —
g P Whe=0, oo Wi =0.

(AS)

The oscillation frequencies are given by the eigenvalues of
the matrix W2, which are equal to the square of the
eigenvalues of W. From Eq. (A4), the latter are given by
wo = 0 and

1
— (1 +p1)aS; + (1 + Br)ayS; + (By + pr)aL L
{{(1+p1)ar St + (1 + pr)axSy + (By + Ba)ag L)
=41y Sy + frar Sy + pifra L)
x (1S + ayS, +a, L) }V/2.

Wy =

&

(A6)

When the w, are real (complex), the configuration
described by the parameters oy, a, and «a; is stable
(unstable) to precession. This behavior is determined by
the argument of the square root in Eq. (A6). We therefore
seek the roots of this discriminant. Using the equalities
a} = a3 = a7 = 1 and substituting the expressions for f3;,

we find that the roots of the discriminant are

S S
Ly = q 3001 F 0% (A7a)
14+4¢
L. = qaru Sy — aLaZfZ +2y/—qu,5,5, . (A7b)
—q

The root L is the repeated root which we have already
identified as unphysical due to a corresponding value of the
binary separation o < M [cf. Eq. (19)]. As expected, in L.
only the relative orientations of Sy, S, and L matter and
consequently the parameters a;, @, and a; appear in pairs.
As in Sec. II B, to ensure that L is real and non-negative
we require o, = —a,a; = —a %, = 1, which corre-
sponds to the up-down configuration. We thus recover
|

810 = —4L*(q —1)?¢* (g + 1)%,

the binary separations that determine the threshold of the
up-down instability, cf. Eq. (21) and Ref. [40]:

4
e =Sy (a9

APPENDIX B: COEFFICIENTS
OF X(S%) AND A(J?)

For completeness, in this Appendix we report some of
the expressions that were omitted from the main body of
the paper.

The coefficients o; of the third-degree polynomial X(S?)
given in Eq. (28) are

o6 = q(1+q)*, (Bla)
oy = (14 q)* =22+ L*(1 + ¢*)
+2LM*éq — (1 - ¢q)(gS7 - S3)].  (Blb)

0y =2(1+¢)*(1 — q)[J*(¢S7 - $3)
— L*(S7 - ¢83)| + q(1 + ¢)*(J> = L?)?
—2LM?*Eq(1 + )[(1 4 q)(J*> — L?)

+ (1 - q)(S7 - $3)] +4L*M*&¢*.  (Blc)
oo = (1= g*)[L*(1 = ¢*)(S7 - 53)*

— (14 q)(gS7 = S)* (> = L*)?

+2LM2Eq(S? — S3)(J2 - L2)). (B1d)

These expressions were also reported in Eq. (16)
of Ref. [39].

The coefficients §; of the discriminant A(J?) given in
Eq. (30) are

(B2a)

8 = L*(q—1)°¢* (¢ + 1)°[L*(¢* + 18q + 1)(g + 1)* + 20LM?*Eq(q + 1)* + 4q>(M*E> + 787 +753) — 12¢*S%

~ 1253~ 4g° (5} - 583) + 44 (5} — 53]

(B2b)

86 = —4L* (g — 1)%q(q + 1)*{L* (g + 1)*(¢* + 8q + 1)q + L*M?&E(q + 1)*(¢* + 18q + 1)g + L[¢* (8M*& + 657
+1582) + ¢ (28M*£> + 2652 + 2653) + q*(8M*E* + 1582 + 683) — 5052 + ¢°(S% — 118%) + q(S? — 1183)
— 583 + LM?Eq[q* (AM*E + 1782 + 1783) — ¢*S? — 443 (S? = 553) + 4q(55% — S3) — S3]
— ¢ 283 (M*E* + $3) + 118 — 1083] + 4¢°[S2(M*E> + 583) + M*E2S3 + 251 + 283] + ¢ (—2M*&2S3

+ 108} — 285252 — 115%)3¢°ST — 64° (S + 25283) — 6¢ (25252 + S3) + 353},

(B2c)
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84 =2L%(q+ 1)*(¢* = 1)*{g*(q + 1)*(3¢” + 14q + 3)L® + 6M>¢*(q + 1)*(¢* + 8¢ + 1)¢L°

0

—2(q + 1)?[S2q® + 13827 + (=E2M* + 1452 — 252)q° — (26£*M* + 2082 + 1753)q°

— (728 M* 4 3787 4+ 3783)q* — (2682M* + 1787 + 2085)q> — (2 M* + 253 — 14S83) 4>

+ 1383q + S3|L* — 2M?q(q + 1)%£[4S3¢° + (2257 — 383)q° — 2(282M* + 952 + 1753)¢*

— (448 M* + 6753 + 6783)q° — 2(28M* + 1782 +983)¢> + (2253 — 382)q + 4S83]L°

+{—481q"0 = 10(28% + 3535%)¢° — [53S% + (4E2M* + 7483)S% — 354]¢% + 4[128382M* — 1754 + 953

+ S2(6M*E2 —1083)|q” + [8&*MB + 128S2E2M* + ST + 10183 + S2(9282M* + 2653)]¢°

+ 48 M® + 3655E2M* + 2551 + 2555 + ST(36E2M* + 1155)]q° + [8E*MB + 928382 M* + 10187 + S5

+ 282(64E2M* + 1352)]g* + 4[6S2E2M* + 954 — 1754 — 282(582 — 6M*E2)|q® + (—4S2E2M* + 354 — 5384

— 745183)q% — 10283 + 38183)q — 4S3}L? — 2M2q(q + 1){4S1q” + (35183 — 1151)¢° + [55T + (953

— 4M*E2)S? — 3083]q° + [295F + 4(E2M* + 352)S? — 3(4S382M* + 783)|q* + [4S5E2M* — 2181 + 2953

+ 1282(83 — M*E)) g + (—4S3EM* — 3051 + 554 + 95353)q% + (35383 — 1183)q + 4S3}L —2(q + 1)?

x {S0q% — (78S 4+ 95351)q" + [S6 + (953 — M*E%) ST + 185353 ¢° + [17S + (6&2M* + 953)ST — 105§

+ 6M*S3E282)q° — [289 + 3(282M* + 952)ST + (108382 M* + 2753)82 + 285(3&*M* + S2)]q* + [-10S°

+ (6S3E2M* + 953)S% + 1785 + 6M*S3E%] ¢ + (8§ + 95785 — M*E2 S5 + 185153) g — (755 + 95753)g + SS}}.
(B2d)

» =—4L%(q¢ + 1)*(¢* = 1)*{g’(q + )*(¢* + 3q + )L + M*q*(q + 1)*(3¢° + 14q + 3)EL7 — (g + 1)*[2S74°

+ 11827 + (=282M* + 757 — $3)¢° — (28E2M* + 1852 + 953)g° — 8(8&2M* + 352 + 353)q* — (28&82M*

+ 987 +1883)q” — (2&2M* + ST —753)q* + 1183q + 2S3|L° — M?q(q + 1)*¢[1283¢° + (2953 - 283)¢°
—4(38M* 4 108? + 583)g* — (68E2M* + 758% + 7583)q* — 4(3E2M* + 552 + 1053)g> + (2953 — 252)g
+ 1283|115 + {-287(35% + 53)q"" — (2981 + 68357)¢° + 28362 M* — 4581 + S5 — 285(9E2M* + 1653)]4°
—2[481 4 (3E2M* +2983)8% — 3(283E82M* + S3)]q7 + [24E*MB + 98SE2M* + 4981 + 2585 + 253 (6182M*
+582)1¢° + [80&*M® + 198S3E2M* + 5551 + 5585 + 2S3(99E2M* + 4083)|¢° + [24&*MB + 1225382 M*

+ 25571 + 4983 + 2S3(49E2M* + 583)]q* + 2[-3S3E2M* + 38T — 485 + ST(6M*E — 2953) )4 + [ST

+ (2M*E2 —3283)87 — 9(283E8M* + 553)]q* — (2955 + 65153)q — 253(S7 + 3S3) }L* + M?q&{—8S3(3S5?

+ 83)g® + (=5185% — 88382 +38%)q" + [8S3E2M* — 25F + 1453 +4S2(282M* + $3)]¢° + [128382M*

+ 6581 + 3184 + S2(T6M*E> — 4083)|q° + 4[4&*M® + 185382 M* + 1551 + 1553 + S2(18M*E> — 2253)]¢*
+ [76S3E2M* + 318% + 6583 + S3(12M*E> — 4083)]q> + 2[4S382M* + 7S} — S% + 282 (282M* + S2)|4°

+ (35— 85357 — 515%)q — 8S3(S} +383) 1LY — {(65¢ + 45351)q"0 + (1359 + 8S35¢ + 155457)¢° + [

+ (18M*E> — 4183)ST + (4S382M* + 1153)S? — 85]¢® — [9S$ + 3(8£2M* + 3153)ST + (128382 M* + 358%)
X ST+ 785 + 24M*S58%)q" + [—8S3E4MB + 4S5E2M* 4 358 — 98 + ST(953 — 50M*E%) + S3(—24&* M

+ 24838 M* + 1753)]¢° + [8S3E*MB + 20852 M* + 350 + 355 + 5S(4EM* + 2183) + ST(8&4 M8

+ 8083E2M* + 10553))q° + [—24S3*M® — 50832 M* — 9SS + 38§ + SH(AE2M* + 1783) + SH(-8&* M3

+ 24838 M* 4+ 983)|q* — [7S$ + (2482M* + 3553)ST + 3(4S3E2M* + 3185)S7 + 985 + 24M*S3E%] ¢

+ [S8 + 118538} + (4M*S2E% — 4153)S? + S§ + 18M*S3E%)g> + (1385 + 85253 + 155152)q + 68§ + 45285} L2

124037-18



ENDPOINT OF THE UP-DOWN INSTABILITY IN PRECESSING ...

PHYS. REV. D 101, 124037 (2020)

— M?q(q + 1)E{4(3S% +25351)q" + (=17S% — 65351 + 3555%)¢° — [218$ + 2(6£2M* + 1153)

x ST+ (8BM*S3E% — 353)S7 +2085]¢° + [37S9 + (2082M* + 383)ST + (128382M* + 1155)S7 + 9S8

— 12M*S3Eq* + [958 + (1183 — 12M*E2)ST + 3(4S382M* + $3)S7 + 3755 + 20M* 53562 ¢° — [20S89

— 35381 + (85382 M* + 2253)ST + 3S53(482M* +783)]q* + (—17S5 — 68753 + 35183)q + 1255 + 852 S3}L
— (g =1)(q +1)*(gS7 = S5){281(S7 + 53)¢° + (=387 + 28381 = 7S587)¢* — [1S¢ + (2M*&* - 583) S}

+ (28382M* + 75%)S3 — 588]q* + [3S8 + (4E82M* + 583)ST + 55387 + 388 + 4M*S4E% ¢ + [5S$ — 753S¢

+ (585 - 2M*S38%) ST — 788 - 2MAS3E2] g + (=35 + 25153 — T8183)q + 285(ST + $H)}

(B2e)

o = L*(q—1)*(q +1)°[L*(q + 1)* + 2LM?Eq + (¢* = 1)(S] = S3){LOG* (g + 1)* + 4L°M*¢q* (g + 1)*
—2L%(q + 1)*[—q* (2M*E* + 355 + 83) —4q> 2M*E* + S + 83) — q*(2M*E> + ST+ 383) + 2¢°87 + 24°S3
+2g83 + 283 + 4L’ M?Eq(q + 1)*[q*(AMPE + 78T +753) — 4¢°ST + ¢* (251 + 53) + q(S} + 253) — 453]
+ L*{g°[-2S3(4M*E* + 2183) — 1581 + S5] + 4¢° [ST(4M*E> + 353) + 8M*E2S3 + 581 + 353]

+ 4¢3 [ST(BM*E> +383) + 4AM*E2S3 + 38T + 553] + ¢*(—8M*E2S3 + ST — 425383 — 158%) + 2¢*[8BMB&

+ S2(28M*E2 + 34S3) + 28M*E2S3 + 1587 + 1553) — 8¢%ST — 447 (65} + 55153) — 4q(55155 + 653) — 855}
—4LM?*Eq(q + 1){—q*[ST(4M*E* —353) + 65T + 583] — > (4M*E2S3 + 551 — 35385 + 653) +44°S|
+q*ST(3ST + 83) + gS5(ST +383) + 453} —4(q + 1)X(S3 — ¢S7)*[~4* (M*E + ST+ 83) + ¢* S}

+ ¢ (51— 83) + q(S3 - S1) + S31}.

(B2f)

[1] B.P. Abbott er al. (LIGO and Virgo Scientific Collabora-
tions), Phys. Rev. X 9, 031040 (2019).
[2] P. Amaro-Seoane et al. (LISA Core Team), arXiv:1702
.00786.
[3] L. Blanchet, Living Rev. Relativity 17, 2 (2014).
[4] A. Buonanno and T. Damour, Phys. Rev. D 59, 084006
(1999).
[5] E. Poisson, A. Pound, and I. Vega, Living Rev. Relativity
14, 7 (2011).
[6] M. D. Duez and Y. Zlochower, Rep. Prog. Phys. 82, 016902
(2019).
[7] L. E. Kidder, Phys. Rev. D 52, 821 (1995).
[8] K. S. Thorne and J. B. Hartle, Phys. Rev. D 31, 1815 (1985).
[9] T. A. Apostolatos, C. Cutler, G.J. Sussman, and K.S.
Thorne, Phys. Rev. D 49, 6274 (1994).
[10] J. Calder6n Bustillo, P. Laguna, and D. Shoemaker, Phys.
Rev. D 95, 104038 (2017).
[11] S.Babak, A. Taracchini, and A. Buonanno, Phys. Rev. D 95,
024010 (2017).
[12] S. Khan, K. Chatziioannou, M. Hannam, and F. Ohme,
Phys. Rev. D 100, 024059 (2019).
[13] V. Varma, S.E. Field, M. A. Scheel, J. Blackman, D.
Gerosa, L. C. Stein, L. E. Kidder, and H. P. Pfeiffer, Phys.
Rev. Research 1, 033015 (2019).

[14] S. Vitale, R. Lynch, J. Veitch, V. Raymond, and R. Sturani,
Phys. Rev. Lett. 112, 251101 (2014).

[15] D. Gerosa, R. O’Shaughnessy, M. Kesden, E. Berti, and U.
Sperhake, Phys. Rev. D 89, 124025 (2014).

[16] C.L. Rodriguez, M. Zevin, C. Pankow, V. Kalogera, and
F. A. Rasio, Astrophys. J. Lett. 832, L2 (2016).

[17] S. Stevenson, C.P. L. Berry, and 1. Mandel, Mon. Not. R.
Astron. Soc. 471, 2801 (2017).

[18] Y. Bouffanais, M. Mapelli, D. Gerosa, U. N. Di Carlo, N.
Giacobbo, E. Berti, and V. Baibhav, Astrophys. J. 886, 25
(2019).

[19] D. Gerosa, M. Kesden, E. Berti, R. O’Shaughnessy, and U.
Sperhake, Phys. Rev. D 87, 104028 (2013).

[20] S.E. de Mink, N. Langer, R. G. Izzard, H. Sana, and A. de
Koter, Astrophys. J. 764, 166 (2013).

[21] J. Fuller, M. Cantiello, D. Lecoanet, and E. Quataert,
Astrophys. J. 810, 101 (2015).

[22] K. Belczynski et al., Astron. Astrophys. 636, A104
(2020).

[23] S.L. Schrgder, A. Batta, and E. Ramirez-Ruiz, Astrophys. J.
Lett. 862, L3 (2018).

[24] Y. Qin, T. Fragos, G. Meynet, J. Andrews, M.
Sgrensen, and H.F. Song, Astron. Astrophys. 616, A28
(2018).

124037-19


https://doi.org/10.1103/PhysRevX.9.031040
https://arXiv.org/abs/1702.00786
https://arXiv.org/abs/1702.00786
https://doi.org/10.12942/lrr-2014-2
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.12942/lrr-2011-7
https://doi.org/10.12942/lrr-2011-7
https://doi.org/10.1088/1361-6633/aadb16
https://doi.org/10.1088/1361-6633/aadb16
https://doi.org/10.1103/PhysRevD.52.821
https://doi.org/10.1103/PhysRevD.31.1815
https://doi.org/10.1103/PhysRevD.49.6274
https://doi.org/10.1103/PhysRevD.95.104038
https://doi.org/10.1103/PhysRevD.95.104038
https://doi.org/10.1103/PhysRevD.95.024010
https://doi.org/10.1103/PhysRevD.95.024010
https://doi.org/10.1103/PhysRevD.100.024059
https://doi.org/10.1103/PhysRevResearch.1.033015
https://doi.org/10.1103/PhysRevResearch.1.033015
https://doi.org/10.1103/PhysRevLett.112.251101
https://doi.org/10.1103/PhysRevD.89.124025
https://doi.org/10.3847/2041-8205/832/1/L2
https://doi.org/10.1093/mnras/stx1764
https://doi.org/10.1093/mnras/stx1764
https://doi.org/10.3847/1538-4357/ab4a79
https://doi.org/10.3847/1538-4357/ab4a79
https://doi.org/10.1103/PhysRevD.87.104028
https://doi.org/10.1088/0004-637X/764/2/166
https://doi.org/10.1088/0004-637X/810/2/101
https://doi.org/10.1051/0004-6361/201936528
https://doi.org/10.1051/0004-6361/201936528
https://doi.org/10.3847/2041-8213/aacf8d
https://doi.org/10.3847/2041-8213/aacf8d
https://doi.org/10.1051/0004-6361/201832839
https://doi.org/10.1051/0004-6361/201832839

MATTHEW MOULD and DAVIDE GEROSA

PHYS. REV. D 101, 124037 (2020)

[25] D. Gerosa, E. Berti, R. O’Shaughnessy, K. Belczynski,
M. Kesden, D. Wysocki, and W. Gladysz, Phys. Rev. D 98,
084036 (2018).

[26] M. Zaldarriaga, D. Kushnir, and J. A. Kollmeier, Mon. Not.
R. Astron. Soc. 473, 4174 (2018).

[27] S.S. Bavera, T. Fragos, Y. Qin, E. Zapartas, C.J. Neijssel,
I. Mandel, A. Batta, S. M. Gaebel, C. Kimball, and S.
Stevenson, Astron. Astrophys. 635, A97 (2020).

[28] J. Fuller and L. Ma, Astrophys. J. Lett. 881, L1 (2019).

[29] M. Safarzadeh, W.M. Farr, and E. Ramirez-Ruiz, As-
trophys. J. 894, 129 (2020).

[30] N.C. Stone, B. D. Metzger, and Z. Haiman, Mon. Not. R.
Astron. Soc. 464, 946 (2017).

[31] I Bartos, B. Kocsis, Z. Haiman, and S. Marka, Astrophys. J.
835, 165 (2017).

[32] J. M. Bardeen and J. A. Petterson, Astrophys. J. Lett. 195,
L65 (1975).

[33] E. Berti and M. Volonteri, Astrophys. J. 684, 822 (2008).

[34] A. Perego, M. Dotti, M. Colpi, and M. Volonteri, Mon. Not.
R. Astron. Soc. 399, 2249 (2009).

[35] A. Sesana, E. Barausse, M. Dotti, and E. M. Rossi, As-
trophys. J. 794, 104 (2014).

[36] D. Gerosa, B. Veronesi, G. Lodato, and G. Rosotti, Mon.
Not. R. Astron. Soc. 451, 3941 (2015).

[37] L. Blecha, D. Sijacki, L.Z. Kelley, P. Torrey, M.
Vogelsberger, D. Nelson, V. Springel, G. Snyder, and L.
Hernquist, Mon. Not. R. Astron. Soc. 456, 961 (2016).

[38] M. Kesden, D. Gerosa, R. O’Shaughnessy, E. Berti, and U.
Sperhake, Phys. Rev. Lett. 114, 081103 (2015).

[39] D. Gerosa, M. Kesden, U. Sperhake, E. Berti, and R.
O’Shaughnessy, Phys. Rev. D 92, 064016 (2015).

[40] D. Gerosa, M. Kesden, R. O’Shaughnessy, A. Klein, E.
Berti, U. Sperhake, and D. Trifird, Phys. Rev. Lett. 115,
141102 (2015).

[41] C.O. Lousto and J. Healy, Phys. Rev. D 93, 124074
(2016).

[42] J.D. Schnittman, Phys. Rev. D 70, 124020 (2004).

[43] A. Buonanno, Y. Chen, and T. Damour, Phys. Rev. D 74,
104005 (2006).

[44] M. Campanelli, C. O. Lousto, H. Nakano, and Y. Zlochower,
Phys. Rev. D 79, 084010 (2009).

[45] A. Buonanno, B.R. Iyer, E. Ochsner, Y. Pan, and B.S.
Sathyaprakash, Phys. Rev. D 80, 084043 (2009).

[46] P.C. Peters, Phys. Rev. 136, B1224 (1964).

[47] E. Racine, Phys. Rev. D 78, 044021 (2008).

[48] D. Gerosa, U. Sperhake, and J. VoSmera, Classical Quantum
Gravity 34, 064004 (2017).

[49] X. Zhao, M. Kesden, and D. Gerosa, Phys. Rev. D 96,
024007 (2017).

[50] D. Gerosa, A. Lima, E. Berti, U. Sperhake, M. Kesden, and
R. O’Shaughnessy, Classical Quantum Gravity 36, 105003
(2019).

[51] B.P. Abbott et al. (LIGO and Virgo Scientific Collabora-
tions), Astrophys. J. Lett. 882, .24 (2019).

[52] D. Gerosa and M. Kesden, Phys. Rev. D 93, 124066 (2016).

[53] M. Kesden, U. Sperhake, and E. Berti, Phys. Rev. D 81,
084054 (2010).

[54] M. Fishbach and D. E. Holz, Astrophys. J. Lett. 891, L27
(2020).

[55] N. W.C. Leigh, A. M. Geller, B. McKernan, K. E. S. Ford,
M.M. Mac Low, J. Bellovary, Z. Haiman, W. Lyra, J.
Samsing, M. O’Dowd, B. Kocsis, and S. Endlich, Mon. Not.
R. Astron. Soc. 474, 5672 (2018).

[56] B. McKernan, K. E. S. Ford, J. Bellovary, N. W. C. Leigh, Z.
Haiman, B. Kocsis, W. Lyra, M. M. Mac Low, B. Metzger,
M. O’Dowd, S. Endlich, and D. J. Rosen, Astrophys. J. 866,
66 (2018).

[57] A. Secunda, J. Bellovary, M.-M. Mac Low, K. E. S. Ford, B.
McKernan, N.W.C. Leigh, W. Lyra, and Z. Sandor,
Astrophys. J. 878, 85 (2019).

[58] Y. Yang, 1. Bartos, Z. Haiman, B. Kocsis, Z. Marka, N. C.
Stone, and S. Mdrka, Astrophys. J. 876, 122 (2019).

[59] Y. Yang, 1. Bartos, V. Gayathri, K. E. S. Ford, Z. Haiman, S.
Klimenko, B. Kocsis, S. Marka, Z. Marka, B. McKernan,
and R. O’Shaughnessy, Phys. Rev. Lett. 123, 181101 (2019).

[60] B. McKernan, K.E.S. Ford, R. O’Shaugnessy, and D.
Wysocki, Mon. Not. R. Astron. Soc. 494, 1203 (2020).

[61] A. Klein, E. Barausse, A. Sesana, A. Petiteau, E. Berti, S.
Babak, J. Gair, S. Aoudia, I. Hinder, F. Ohme, and B.
Wardell, Phys. Rev. D 93, 024003 (2016).

[62] A. Klein, N. Cornish, and N. Yunes, Phys. Rev. D 88,
124015 (2013).

124037-20


https://doi.org/10.1103/PhysRevD.98.084036
https://doi.org/10.1103/PhysRevD.98.084036
https://doi.org/10.1093/mnras/stx2577
https://doi.org/10.1093/mnras/stx2577
https://doi.org/10.1051/0004-6361/201936204
https://doi.org/10.3847/2041-8213/ab339b
https://doi.org/10.3847/1538-4357/ab80be
https://doi.org/10.3847/1538-4357/ab80be
https://doi.org/10.1093/mnras/stw2260
https://doi.org/10.1093/mnras/stw2260
https://doi.org/10.3847/1538-4357/835/2/165
https://doi.org/10.3847/1538-4357/835/2/165
https://doi.org/10.1086/181711
https://doi.org/10.1086/181711
https://doi.org/10.1086/590379
https://doi.org/10.1111/j.1365-2966.2009.15427.x
https://doi.org/10.1111/j.1365-2966.2009.15427.x
https://doi.org/10.1088/0004-637X/794/2/104
https://doi.org/10.1088/0004-637X/794/2/104
https://doi.org/10.1093/mnras/stv1214
https://doi.org/10.1093/mnras/stv1214
https://doi.org/10.1093/mnras/stv2646
https://doi.org/10.1103/PhysRevLett.114.081103
https://doi.org/10.1103/PhysRevD.92.064016
https://doi.org/10.1103/PhysRevLett.115.141102
https://doi.org/10.1103/PhysRevLett.115.141102
https://doi.org/10.1103/PhysRevD.93.124074
https://doi.org/10.1103/PhysRevD.93.124074
https://doi.org/10.1103/PhysRevD.70.124020
https://doi.org/10.1103/PhysRevD.74.104005
https://doi.org/10.1103/PhysRevD.74.104005
https://doi.org/10.1103/PhysRevD.79.084010
https://doi.org/10.1103/PhysRevD.80.084043
https://doi.org/10.1103/PhysRev.136.B1224
https://doi.org/10.1103/PhysRevD.78.044021
https://doi.org/10.1088/1361-6382/aa5e58
https://doi.org/10.1088/1361-6382/aa5e58
https://doi.org/10.1103/PhysRevD.96.024007
https://doi.org/10.1103/PhysRevD.96.024007
https://doi.org/10.1088/1361-6382/ab14ae
https://doi.org/10.1088/1361-6382/ab14ae
https://doi.org/10.3847/2041-8213/ab3800
https://doi.org/10.1103/PhysRevD.93.124066
https://doi.org/10.1103/PhysRevD.81.084054
https://doi.org/10.1103/PhysRevD.81.084054
https://doi.org/10.3847/2041-8213/ab7247
https://doi.org/10.3847/2041-8213/ab7247
https://doi.org/10.1093/mnras/stx3134
https://doi.org/10.1093/mnras/stx3134
https://doi.org/10.3847/1538-4357/aadae5
https://doi.org/10.3847/1538-4357/aadae5
https://doi.org/10.3847/1538-4357/ab20ca
https://doi.org/10.3847/1538-4357/ab16e3
https://doi.org/10.1103/PhysRevLett.123.181101
https://doi.org/10.1093/mnras/staa740
https://doi.org/10.1103/PhysRevD.93.024003
https://doi.org/10.1103/PhysRevD.88.124015
https://doi.org/10.1103/PhysRevD.88.124015

