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MAXIMISING BERNOULLI MEASURES AND DIMENSION GAPS FOR
COUNTABLE BRANCHED SYSTEMS

SIMON BAKER AND NATALIA JURGA

ABSTRACT. Kifer, Peres, and Weiss proved in [3] that there exists ¢y > 0, such that
dimp < 1 — ¢ for any probability measure p which makes the digits of the continued
fraction expansion i.i.d. random variables. In this paper we prove that amongst this class
of measures, there exists one whose dimension is maximal. Our results also apply in the
more general setting of countable branched systems.

1. INTRODUCTION

Let z € [0,1] \ Q. Then as is well known, there exists a unique sequence (a;) € N¥ such
that

a+ ———
2 as + ...

The sequence (a;) is called the continued fraction expansion of x. We can generate (a;)
using the Gauss map 7' : [0,1] \ Q — [0,1] \ Q, which is defined to be

1
T(x) = — (mod 1).
x
The sequence (a;) is then constructed via the rule
=)
= |7=5——|-
Tzfl(x)

Here |-| denotes the integer part. One can study the statistical properties of 7" using the
Gauss measure i, which is given by

1 1
A =
Ha(4) 10g2[41+xdx

for any Borel subset A C [0,1]. The measure pg is T-invariant and ergodic. Importantly

1 is also absolutely continuous with respect to the Lebesgue measure. Consequently one
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2 SIMON BAKER AND NATALIA JURGA

can use i to derive statistical information about the sequence (a;) for Lebesgue almost
every x.

Using the shift space (NY, o) one can “code” the dynamics of T'. Let IT: N¥ — [0,1]\ Q
be the map satisfying

ar+ ———
2 as =+ ...

Then T'oIl = [T oo. Here o is the usual shift map. One can define many 7-invariant
measures on [0, 1] \ Q using the coding map II. Indeed, for any o-invariant measure m,
one can define a T-invariant measure II,m = m o I[I7!. The fact that II,m is T-invariant
follows from the relation 7o II = Iloo. We call I1,m the pushforward of m. The simplest
o-invariant measures on NV are the Bernoulli measures m,, corresponding to a probability
vector p = (p;)$2,. In what follows we let pp := Il.mp. From a statistical perspective,
it would be highly desirable for the pushforward of a Bernoulli measure to be absolutely
continuous with respect to the Lebesgue measure. This is unfortunately not the case for T,
and we are forced to realign our expectations and hope that there exists a “large” set whose
dynamics can be described by the pushforward of a Bernoulli measure. For us large will
be described by the dimension of a measure. For an arbitrary Borel probability measure p
supported on [0, 1], we define the dimension of y to be

dim(p) := inf{dimy(A) : u(A) =1}

where dimy denotes Hausdorff dimension. One can prove using the thermodynamic form-
alism developed by Walters [7], and a result of Kinney and Pitcher [4], that whenever
— > pilogp; < oo we have

(1.1) dim pp, < 1.

What is not clear from (1.1) is whether dim p, can be arbitrarily close to 1. This problem
is difficult since dim(-) is not necessarily upper semi-continuous as a real valued function
on the space of T-invariant probability measures equipped with the weak star topology,
and the set {1} is not compact. That being said, an answer to this question was obtained
in a paper of Kifer, Peres, and Weiss [3], who proved the following theorem.

Theorem 1.1. sup, dim i, <1—10"".

Theorem 1.1 was recently extended by Rapaport [6] who showed that there exists co > 0,
such that whenever p is a measure which makes the digits independent, not necessarily
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identically distributed, then dimu < 1 — ¢g. In an upcoming paper of the second author
2], another proof is given that there exists a ¢y > 0, which can be made explicit, such that
sup,, dim p, < 1 — ¢p. This proof makes use of techniques from thermodynamic formalism.

The main result of this paper gives a new proof that sup,dimu, < 1. Our result is
weaker than Theorem 1.1 in the sense that we do not achieve any quantitative information
on the size of the dimension gap. However, we improve upon Theorem 1.1 by showing that
there exists a Bernoulli measure whose pushforward achieves the supremum.

Theorem 1.2. There exists a probability vector p* such that sup, dim p, = dim fi,s.

It will follow from our proof that the measure pp- appearing in Theorem 1.2 satis-
fies —> pflogpf < oo. Applying (1.1), we see that Theorem 1.2 immediately implies
sup, dim pp < 1. As we will see, Theorem 1.2 in fact holds more generally for countable
branched systems that satisfy some regularity assumptions.

Our proof of Theorem 1.2 differs significantly from the approaches given in [3] and
[6]. The approach of both of these papers relied on showing that for any of the considered
measures p, a generic point for p is contained in a set exhibiting exceptional large deviation
asymptotics. Importantly this exceptional set has no dependence on p. Their problem then
reduces to determining an upper bound for the Hausdorff dimension of this exceptional set.
Our proof relies on studying those Bernoulli measures whose pushforward is supported on
only the first L digits. Restricting to this class of measures, it is known that there exists a
measure [, Whose dimension is maximal. We will show that this measure always satisfies
a certain decay property. This decay property allows us to rewrite dim p,. as an expression
involving finitely many digits up to some uniformly small error. Taking a weak star limit
along some subsequence of (p,2)72,, we can then use this expression for dim ju,z to show
that the limiting measure in fact achieves the supremum in Theorem 1.2.

The rest of this paper is arranged as follows. In Section 2 we recall some background
from countable branched systems and state our main result (Theorem 2.1), from which
the proof of Theorem 1.2 will follow as a special case. In Section 3 we prove our main
result (Theorem 2.1) and in Section 4 we show how it implies Theorem 1.2 and make some

concluding remarks.

2. PRELIMINARIES

Let {I,, = (an,b,)}°; be a countable collection of disjoint open subintervals of (0, 1)
such that either a; = 0, b, = a1 for alln € N, and lim,, .o, b, =1, 0rb; = 1, b,,1 = a, for
all n € N, and lim,,_,, a,, = 0. Assume that for each I, there exists a map T}, : I, — (0,1)
such that T), is a C? bijection from I, onto (0,1). In what follows we always assume
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that every 7T, is orientation preserving, or every 7, is orientation reversing. We can then
define the orientation preserving or orientation reversing map 7' : U, I,, — (0, 1) via the
rule T(z) = T,(x) if x € I,. Throughout we will assume that T satisfies the following
conditions:

(1) (Monotone derivative). The derivative 7" is monotone on U2, I,,.

(2) (Orientation reversing) If 7' is orientation reversing and 7" is increasing, then for
any n € N and z,y € I, such that x > y, we have (T%)'(x) > (T?)(y). If T is
orientation reversing and 7" is decreasing, then for any n € N and z,y € I,, such
that x > y, we have (T?%)(z) < (T?)'(y).

(3) (Uniformly expanding). Some iterate of 7' is uniformly expanding, that is, there
exists [ € N and A > 1 such that

(77 (2)] = A

for all x € [0, 1].
(4) (Rényi condition). There exists x < oo such that

sup sup ’—T,/($) !gm.
neN zy,zely, T/(y)T/(Z)

(5) There exists s € (0, 1) such that

o0
Z |I,|° < oc.
n=1

Let us emphasise here that the Gauss map satisfies (1) — (5). Conditions (1), (3), (4), and
(5) are standard assumptions. Condition (2) is not a standard assumption but arises as an
artefact of our proof of our main result for countable branched systems, stated in Theorem
2.1 below, which we expect would hold without assuming condition (2). For more details
on why condition (2) will be required, see Remark 3.6.

We let |1,,| denote the Lebesgue measure of the interval I, and define

(2.1) s := inf {s : Z |I,|° < oo} :
n=1

By (5) we know that sy < 1.
Let ¢, : (0,1) — I,, be the inverse map of 7T},. Given a sequence (a;) € N we let

¢a1,.‘.,an = ¢a1 ©--+0 ¢an and Ia1,.‘.,an = ¢a1,...,an((07 1)))
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Under our assumptions we can code the dynamics of 7" using the coding map IT : NY — [0, 1]

defined as follows:

H((az)) = m Ial,...,an-

Notice that we again have the relation IToo = T'oIl. We can use the map II to pushforward
Bernoulli measures and again ask what is their dimension. Our main result is the following.

Theorem 2.1. Assume T satisfies properties (1) — (5). Suppose there exists j, such that

dim 1y, > 89, then there exists jip+ such that sup, dim p, = dim fips .

For the Gauss map it can be shown that sy = 1/2. So by Theorem 2.1 to prove Theorem
1.2 it suffices to construct a Bernoulli measure p, such that dim p, > 1/2. We construct
such a measure in Section 4. Note that Theorem 2.1 has the following straightforward

corollary, which can be used to establish the existence of a dimension gap at 1.
Corollary 2.2. Assume T satisfies properties (1) — (5). Suppose that

dim pp, < 1 for all pip.
Then there exists some co > 0 such that

supdim i, <1 — cy.
P

Corollary 2.2 follows since if we fail the hypothesis of Theorem 2.1, we must have
dim pp, < s for all pp and sp < 1.

When studying the dimension of T-invariant measures the following dynamical quantities
naturally arise. Given a map 7T satisfying properties (1) — (5) and a T-invariant measure
1, we define the entropy of i to be

Note that when p is the pushforward of a Bernoulli measure we have the following simpler
expression for h(p):

h(pp) == pilogp.
i=1
We define the Lyapunov exponent of p to be

x(p) = /log T dp.
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The following well known formula relates the dimension of i to these two dynamical quant-
ities, see [5] for a proof in our general setting, and [4] for a proof in the setting of the Gauss

map.

Proposition 2.3. Suppose T satisfies properties (1) — (5). If p is an ergodic T-invariant

measure and h(p) < oo, then

dim(p) = %

As a consequence of the Rényi condition we have the following useful bounded distortion
property.

Lemma 2.4. Suppose T satisfies properties (1) — (5). There exists a uniform constant
C > 0 such that for any finite word (ay, ..., a,),

T’I’Ll
e TV
forany x,y € Iy, q,-

3. PROOF OF THEOREM 2.1

When studying dim(gu,) there are two cases that naturally arise. The case when h(up)
is finite, and the case when h(pp) is infinite. We start this section by obtaining a upper
bound for dim(u,) when h(up) = oo

3.1. The case where h(p,) = co. In this section we prove the following proposition.
Proposition 3.1. If h(u,) = oo then dim(u,) < so.

We start by proving that h(up) = oo implies x(pp) = 0o. Our proof is an adaptation of
Lemma 3.1 from [1].

Lemma 3.2. If h(p,) = oo then x(pp) = 00

Proof. We start by remarking that by Lemma 2.4 and the mean value theorem we have

, 1
(3.1) ) = [ 10g|T|dup>Zup o 7= C

for some constant C' > 0. We observe that for any N € N we have
N

I,
=3 pp(L) log pip (I, +Zup logIII—Zup )log (I|)
Hplin

: (Z ”"(I")> 8 <z§k1 Zl%flw)
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where the last step follows by Jensen’s inequality and the fact that log is a concave function.
Since Y >°, |I,] = 1 our upper bound converges to 0 as N — oo . It follows therefore that

if —>°  pup(Ly)log up(l,) = oo then —> 7 1uy(1,)log |I,| = oo. By (3.1) this implies
that if A(up) = oo then x(pp) = co. O

Let Ju(x) = 14, a0, if © € I, . Given A > 0, we let

.....

Ey:=(J{z €01 ()] < e}

j=1n=j

.....

Given s € (0,1) let
Kr(s):= sup Y  [T'(y)|™"

rUn ny1y)=a

Note that
1 1

S| € 7
super, ] = " it 7))
and that by Lemma 2.4,

-C < SUDyer, 1" ()] < €

o infyefn |T/(y)‘ B

Hence,

o0 Cs

frls) < Z mfyen |T Z SUPser, |T/ “ Z Haf

n=1

and similarly
o
e—Cs Z |]n|s
n=1

In particular, > 7 |I,|* < oo if and only if Kr(s) < oo. The following theorem was
established in [3].

Theorem 3.3. Assume that T satisfies properties (1) — (5). For s € (so, 1) we have

n—oo N,

q(s) == lim — log/| (T™) ()] *dz < Kr(s).

Moreover, for any A > 0 we have

dimg(FE)) < inf (s + ®>

so<s<1 A

Using Theorem 3.3 we may now prove Proposition 3.1.
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Proof of Proposition 3.1. Let up, be such that h(p,) = co. By Lemma 3.2 we must have
X(pp) = 00. It follows then from the Birkhoff Ergodic Theorem that for pp, a.e. x we have

/(T —
JEEMZI%'T el =

By Lemma 2.4 and the chain rule, this implies that for any A > 0, up a.e. x is contained in
E). Therefore pyp, gives full measure to E) for any A > 0. Consequently dim p, < dimpy(E))
for any A > 0. Applying Theorem 3.3 we may conclude that dim g, < sp. U

3.2. The case where h(u,) < co. We start this section by introducing some notation
and proving two lemmas which describe how the entropy and the Lyapunov exponent of
tp change when mass is moved from the nth coordinate to the first coordinate.

Given a probability vector p = (p1, pa, ...), for n > 2 and 0 < € < min{p,, 1 — p1 } we let
P.,, denote the probability vector

pe,n = (pl + €, D2; s Pn — €, Pn+1, )

That is, p.,, is the probability vector obtained from p when ¢ mass has been moved from

the nth coordinate to the first coordinate.

Lemma 3.4. Let p be such that h(p,) < co. Then

2 (htg) — i, .)) = log (i - Z) |

Proof. Fix a probability vector p such that h(up) < co. Then for 0 < e < min{p,,1 —p;}
we have

hpp) = hpp, ) = —Pnlog pn — prlogpi + (pn — €)10g(pn — €) + (p1 + €) log(ps + €).
Differentiating the right hand side of the above we obtain

p1 + €

d DPn — €
— —log(p, — €) + —— +1 +
0g(pn — €) p— og(p1 + €)

e o) = Bap, ) = =22

= —1—log(p, —€) + 1+ log(p1 + ¢€)
Pn — €

Lemma 3.4 tells us that for small values of €, the change in entropy when we move €

g

mass from the nth coordinate to the first coordinate is approximately ¢log (p 1“) . We

now prove a complimentary statement for the Lyapunov exponent. In order to quantify
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how the Lyapunov exponents change under redistribution of measure, we need to estimate
the difference [log|T"|dup, — [log |T"|dpy_, . Tt will be easier to estimate this quantity by
rewriting the integrals over a common measure.

Fix a probability vector p and n € N. We denote ¥ = NY. Let ¥y = ({0} UN)Y denote
the space of sequences whose entries are either an element of the natural numbers, or equal
to the extra digit zero. We equip ¥ with the shift map og : 3o — 2.

We define two projections II; : 3y — X and Iy : ¥y — X given by

(b)) = (ai) where { a;=1 if b;=0

and

HQ((bi)) = (al) where { a; =1 if bi = 0.

Let v be the Bernoulli measure on ¥, associated to the probability vector (qo,q,...) =
(€,D1, ey Pn — €, Pn+t1,-..). We make here the important observation that

(T (v) = prp.,,, and TL(Il2.(v)) = pip.

Finally, denote
(3.2) 7, = inf |T"(z)].

x€l,

Lemma 3.5. Let T satisfy properties (1) — (5) and p be a probability vector. Then there
exists a constant 0 < \ < 1, such that for alln € N and € sufficiently small

X(tp) — X(/’Lpe,n) > elog(ATy).

Proof. Let us start by fixing s > so. We split our proof into two cases: when T is orientation
preserving and when T is orientation reversing. In both cases we will assume 7" is increas-
ing. The case where T” is decreasing is handled similarly. Note that under the assumption
T" is increasing and T is orientation preserving the defining intervals {I,, = (ay,, b,)}} must
satisfy a; = 0 and b, — 1. Likewise if 7" is increasing and T is orientation reversing the
defining intervals {I,, = (an, b,)} must satisfy by = 1 and a,, — 0.

Case 1 (T is orientation preserving). Let II;, Il and v be as above. Since the
branches of T" are orientation preserving and 7" is increasing we have

(3.3) ITo Iy ((b;)) > Mo Iy ((b;))
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for all (b;) € Xo. Given a finite word j = (ji,...,j%) € ({0} UN)* we define the cylinder
set determined by j to be

3 == {(b:) € Zo : (bn, ..., bw) = j}-

We observe

/log\T’\dup —/log]T’|dupe’n = /log|T’oHoH2\ —log |T" o Tl o I1;|dv

—Z/log

’L

(3.4) /[ R

In the final inequality we used the fact that 7" is increasing and (3.3). Since the absolute

T’oHon
T’oHoH1
T oIl oIl
T oIl oIl

dv

dv.

value of the derivative of any point in /; can be bounded above by a constant C’ > 0 that
does not depend upon n, and by the definition of 7, in (3.2), we have

T oIloll
(3.5) /log ° 0 dyZ/ logT—n/dy:V([O])log
0 o C

—T’oHoﬂl —elog
Combining (3.4) with (3.5) implies our result.

c’ cr

Case 2 (T is orientation reversing). We define
A= {(b;) : min{b; = 0} is even}

and

B:={(b): miin{bi =0} is odd}.

A= U [w0]

wWEXF 4

B = U [w0)].

wezeven

Here X7, denotes all finite words over the alphabet N of odd length, ¥  denotes all
finite words over the alphabet N of even length. By the Birkhoff Ergodic Theorem,
v(Xg\AUB)=0.

Since T is orientation reversing and 7" is increasing, it follows that for (b;) € A,

(I (b)) < TI(I2((b:))), and for (b;) € B, T(Iy((b:))) < (L ((b:))). Now,

(pp) = /log]T’oHoH2|dV—|—/log]T’oHoHﬂdu
A B

In particular

and
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and similarly

Vi) = /log|T’oHoH1|du+/10g|T’oHoH1|du.
A B

Thus,

(3.6) x(tp) — x(ttp,..) = / log |T" o Il o IIy| — log [T" o IT o IT; |dv—
B

/log|T'oHoH1| —log |T" o IT o I, |dw.
A

Fix w € 3% ., (where w can be the ‘empty’ word). We begin by showing that
(3.7) / log [T olloll,|—log | T ollolly [dv > / log |T"oIlolly | —log |T" oIloll, |du.
[wO] Ukenkw0]

Since v is 0y invariant, we can rewrite the first integral above as

/ log |T" o Tl o M| — log |T" o M o I, |dv 0 0!

[wO0]

:/ log |T" o Il o 15 0 0| — log |T" o T o I1; 0 o |dv
UkeNO[ka]

(3.8) :/ log |[T" o T oIl oy| —log [T" o T o Il o I14 |dw.
UkeNo[kwo]

Here Ny = N U {0}. The final line follows because I1; o 09 = 0 o I, I3 0 09 = ¢ o II5 and
[Too =Toll For all (b;) € [0w0], T'(IT o IT5((b;))) < T(IT o I1;((;))), therefore since |T”|
is decreasing,

(3.9) / log |[T"oT oIl o Ily| — log |T" o T o Il o II;|dv > 0.
[0wO]

So to prove (3.7) it is enough to prove

log|T"oT olloly| —log |[T" o T o Il o I |dv >
Ugenkw0]

(3.10) / log |T" o Il o IT;| — log |T" o IT o Iy |dv.
Ugken[kw0]

If we let (b;) € [kw0] and put x = [T o II5((b;)), y = M o I1;((b;)) we see that x > y. We
know by property (2) that (T?)(x) > (T?)'(y) for any x > y for which x,y € Iy, therefore
by an application of the chain rule we have
5 T o T(I1 o TIy((b;))) 1 T'(ITo 111 ((b;)))
ST o e T (b)) | = [T/ o Thy((5)
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from which we can deduce (3.10). Applying the above equations we obtain the following

3.6
e =X, Y ([ ot oo I < log 7o o Thdr
[w0]

weX¥

even

_ / log T o Tl o 1, —log|T’oHoH2|dy>
Uren([kw0]

(3.7)

> / log [T o Tl o T1y| — log |T" o T o IT; |dv

(0]

— / log [T" o Il o I1;| — log |T" o 11 o TI,|dv
Ukenl[k0]

= / log [T" o T o Tl o Tly| — log |T" o T o Tl o 1, |dv
Uken, (k0]

- / log [T" o Il o I1;| — log |T" o 11 o TI,|dv
Urenk0]

= / log|[T" o T ol oy —log |[T" o T o Il o I1; |dv
[00]

+ / log |[T"oT ol oIly| —log |[T" o T o Il o I1; |dv
Ukenlk0]

— / log |[T" o 1 o I1;| — log |T" o TT o Iy |dv
Ukenlk0]

T oT olloll,
3.11 - 1 ‘ ‘d
( ) /[00] °8 T' oTolloll Y

/ T oTollolly - T oIl o1ly
+ log
Uken(k0]

T oTolloll; -T" oIl o1l
If (b;) € [kO] for some k € Ny, then T o Il o I1;((b;)) € I1, and T o IT o II5((b;)) € I,.
Repeating the argument given in Case 1, we can assert that there exists D > 0 such that

V.

T oT oIl oTy((b;))

(3.12) T'oT oMol ((b;))

> Dr,.

If (b;) € [kO] for some k € N then IT o T1;((b;)), 1 o TI5((b;)) € Ij. Then it follows from
Lemma 2.4 that there exists D’ > 0 such that for all (b;) € [k0], we have

T oIl o Iy((B;)) Y

(3.13) T oIl oILi((b;) —
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Without loss of generality we may assume that D’ < 1. In this case substituting (3.12)
and (3.13) into (3.11) we obtain

X(tp) — X(/‘Lpe,n) > /

log DD'7,dv + / log DD'7,,dv
[00]

Unexlk0)
- <u([00]) + I/(UkeN[k:O]))> log DD'7,
=eclogDD'r,.

Which completes our proof.
0

Remark 3.6. The proof of Lemma 3.5 is the only place where condition (2) on our map
T is used. In particular, it is required for us to estimate the change in the Lyapunov
exponent x(jp) when redistributing mass in the probability vector p, in the case that T
is orientation reversing. Without condition (2) we were unable to prove (3.10), which is
central to the proof of Lemma 3.5. Note that our proof of Theorem 2.1 depends heavily on
the estimates provided by Lemma 3.5, which is why we were unable to establish Theorem
2.1 in the absence of conditon (2).

3.3. Maximising measures supported on finitely many symbols. Fix a T satisfying
properties (1) — (5) and L € N. One can consider the sequence space Xy, := {1,..., L}
and the projection map II : 3 — [0, 1] given by restricting IT to ¥,. By a small abuse
of notation we will also denote this restricted map by II. Given a probability vector
p = (pi)k,, we can consider the corresponding Bernoulli measure my, supported on ¥,
and its associated pushforward p,. Just as in the case of infinitely many digits, one can
ask whether there exists a Bernoulli measure whose pushforward has maximal dimension.
Importantly when we restrict to finitely many digits, the set of Bernoulli measures my
is now compact with respect to the weak star topology, and the map my, — dim pp is

continuous by Lemma 2.3. Therefore there must exist p* such that

dimppr = sup  dim pp.
p=(ni){_,

Note that we can apply Proposition 2.3 because any measure jp, supported on at most

L digits always satisfies h(up) < log L. We remark that if pp, is the pushforward of a

Bernoulli measure for a probability vector p = (p;)~,, then i, can also be realised as the

L+1

pushforward of a Bernoulli measure for a probability vector p’ = (p});", just set p; = p; for

1 <i¢< Landp; , =0. It follows from this simple observation that dim s, is increasing
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as a function of L. To construct the maximising measure pp« whose existence is asserted
by Theorem 2.1, we will make use of the sequence of measures (upz).

We now introduce a useful class of measures that exhibit a certain decay property. Let
C >0 and «a € (sg, 1), we say that a probability vector p exhibits (C, «) decay if

C
pi < — foralli e N.
T

7

Recall here that 7,, ;= inf ¢, |T7"(x)]. We let
D(C, ) := {up : p exhibits (C, ) decay}.

In the following proposition we show that when h(up) < 0o, the quantity dimpy(u,) can be
approximated arbitrarily well by the dimension of a measure supported on finitely many
symbols. We also prove that dim(-) is continuous as a real valued function on D(C, «) with

respect to the weak star topology.

Proposition 3.7. Assume T satisfies properties (1) — (5). The following properties hold:

(1) Suppose p, satisfies h(p,) < oo. Then for any € > 0 there exists L € N and a
measure [ip 1, supported on L symbols such that

| dim g, — dim pp, 1| < €.
(2) dim : D(C, ) — R is continuous.

Proof. We start by proving (1). Without loss of generality we may assume that dim pp
is strictly positive, and so by Proposition 2.3 we must also have x(up) < 0o. Otherwise
we may simply take pp;, to be a measure supported on a single point and our proof is
complete.

It follows from the fact that p, is T-invariant, the chain rule, and Proposition 2.3, that
for any n € N we have

- ZjeNn mp([j]) log mp([j])
Jlog [(T) | dpp

Now, fix € > 0. It follows from our uniformly expanding assumption that inf,cp 1 [(77)" ()]

(3.14) dim p, =

becomes arbitrarily large as n — oo. Combining this observation with Lemma 2.4 and
(3.14), it follows that we can pick n sufficiently large that for any p’ satisfying h(up) < oo
and x(p;,) < oo we have

- ZjeNn my ([j]) log myp ([j]) €

(3.15) Ay = e (3 log [T ()] | = &
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Here x; is an arbitrary element of [j. Let us now pick L € N sufficiently large that

(3.16) B Zje{l ..... L}n myp([j]) log myp([j]) T ZjEN" mp([j]) log mp([j]) - €
| S st oGO ] Sgere i (G Tog [T (el | < 2

and

(3.17) [1og (Zmp([i])>" €

Let mp 1, be the Bernoulli measure defined via the equation

iy mp([i])

() e if 1 < j < I
m =
p LA 0 itj> L.

We observe

-----

.....

----------

.....

.....

.....

-----

2ietonryr MoL (D) og [(T) (z5)] seqn.....yn mpr((]) log (1) (a3)|

..........

.....

..........



16 SIMON BAKER AND NATALIA JURGA

Now by repeated applications of the triangle inequality we obtain

| dim(pp) — dim(pp,z)|

— > jenn Mp([i]) log mp ([j])

> e Mp([§]) log [(T™)' (25)]

= e Mp([iDlogmp (i) = 25equ,..ry M ((J]) log mp([i])

.....

> s mp (i) 10g (T ()] jequ....oyn o () log [(T7) (5)]

.....

| = 2etny Mol osmp (i) =2 ey mp,L([j])logmp,L([j])‘

77777

(3.19) <| dim(pp) —

77777

+ _ el - : — dim(pp, 1)
> jeqr,...yn Mp,L([]) log [(T7)(3)] P
<4 - i = €.

Here we bounded the terms in (3.19) in order by, (3.15), (3.16), (3.18), and (3.15) respect-
ively. This completes our proof of item (1).

We now prove item (2). Let us fix C' > 0 and « € (so, 1). It follows from the definition
of p exhibiting (C, «) decay that for any n € N and € > 0, we can pick L € N depending
only on n,C, and «, such that:

(1) For all pup € D(C, )

S D logmp() = > mplfl) logmp(fl)] < e
jenn je{1,..L}»
(2) For all pp, € D(C, )
S mp(liDlog (T (@)l = D7 mp(fl) log | (77) ()

jennr je{1,...,L}n

< €.

Similarly, it follows from the definition of p exhibiting (C,a) decay that for any
n € N, one can pick K, K’ > 0 depending only on n,C, and «, such that:

(3) For all pp € D(C, )

=Y mp([j]) log my([j]) < K.
JENn
(4) For all u, € D(C, )
> mp([]) log [(T") (z;)] < K.

jenNn
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Applying the above properties, we can assert that for any € > 0, there exists L € N
depending only on n, C' and «, such that for any p, € D(C, ) we have

seqr..oy M) logmp (i) =3 5w mp([j]) log mp([j])

.....

‘Zje{l M (D log [(T7)'(23)] 2 jenn mp([i]) log [(T7) (Il =

.....

Therefore, by (3.15) we can assert that for any ¢ > 0, there exists n € N, and L € N
depending only on n,C, and «, such that for any p, € D(C,a) we have

‘ ZJE{1 L}" myp([j]) log [(T™)(x5)] — dim pp

-----

(3.20) <e

Now let us a fix a measure pp € D(C, o) and assume (up, ) is a sequence in D(C, ar) such
that pp, — pp with respect to the weak star topology. Then for any € > 0 we have

lim | dim(jsp, ) — dim(jsp)|

k—o00

.....

< . . _ -
< iz | (i) =

.....

.....

*‘zﬂ 1y e >1og|<Tn> @] Sen oy Mo (aD 108 (77 (33)

----------

]
2ieq,...oyn Mo () log mp ([j])

s
ZJE{]. Lyn mp([J]) log [(T™)'(x;)

-----

| dlm(/,bp)

< 2e.

Here n € N and L € N were chosen so (3.20) holds. We used weak star convergence to con-
clude that the second term converges to zero. Since € is arbitrary we have limy,_, o dim(jp, ) =
dim(up) as required. O

The following proposition gives conditions guaranteeing that our maximising measures

on L symbols, the p,z, are contained in D(C, «) for appropriate choices of C' > 0 and «.

Proposition 3.8. Suppose there exists i, such that dim p, > so. Then there exists C' > 0
and a € (so, 1) such that p,. € D(C, ) for all L € N.

Proof. 1t suffices to prove the result for L sufficiently large. By item (1) from Proposition
3.7 there must exist pp supported on finitely many digits such that dim pp > s for some
s > sg. Since dim e is increasing with L, we may therefore assume that for all L € N
sufficiently large we have dim pi,c > s.

Let k > 1 and a € (so,1) be sufficiently small so dim p,r > ra for all L sufficiently
large. Now let us assume for a contradiction that there does not exist C' > 0 such that
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ppr € D(C,a) for all L € N. Therefore there must exist L € N arbitrarily large, and n
arbitrarily large, such that 1 <n < L and

(3.21) ph> —.

Let us now fix such L and n. We consider the measure pp: obtained when we transfer
€ of the mass from the digit n to the digit 1. Then by Proposition 2.3, Lemma 3.4, and
Lemma 3.5, for sufficiently small € > 0, and L and n sufficiently large,

dim pi _ h(ppz,)
X (#pz,)
. hppr) — €xlog(Lr)
 X(ppr) — elog(Ary)
(3i1) h(ppr) — e log(Ts)
~ X(ppr) — elog(ATy)
(3.22) G
X(NPL)

Here (3.22) follows because (now abbreviating h = h(ppr) and x(ppr) = X):

h—exlog(t®) h h rkalog T,

@ J— e —
X —e€log(Am,) ~ x  x  logA+logT,’
and for L and 1 < n < L sufficiently large

ﬁ = dim pyz > —KQIOng )

% P77 log A + log 7,

In the last inequality we used the fact that for sufficiently large n the right hand side re-
sembles ka, and by definition dim p,r > ra. Therefore pupe is another measure supported
on the first L symbols such that dim ppz > dim ppe. This contradicts the fact dim PpL 1S
maximal and our result follows. |

O

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. By assumption there exists p, such that dim pp, > so. Applying
Proposition 3.8 we know that the maximising measures p,. are contained in D(C,a) for
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some C' > 0 and « € (sg,1). Let
1
p =(1,0,0...,)
2 22
p = (p17p27070"'7>

p" = (p.p%,....pL.0,0...).

By considering subsequences we can assert that there exists a vector p* = (pf)2,, such
that p;™ — pf along some subsequence (L,) for all i € N. Note that p* is a probability
vector, and the corresponding measure fip+ is contained in D(C, «v). This is a consequence
of ppr being contained D(C, «) for all L € N.

By the above pi,r, — pip- in the weak star topology. We claim that

(3.23) sup dim p1p, = dim fip-.
p

To see this, suppose that (3.23) is not true and there exists p’ such that dim(pp) > dim pp-.
It follows from Proposition 3.7 that there must exist u; supported on finitely many symbols
such that dim pp > dim pp-. Since dim pipr+1 > dim ppe for all L € N, we can pick N € N
sufficiently large such that for all n > N we have dim ppr, > dim(uy). However, by
Proposition 3.7 we know that lim,_,. dim ppr, = dim pp«. Which is impossible given

dim e, > dim(p;). So we have our contradiction and (3.23) must hold. O

4. PROOF OF THEOREM 1.2 AND FINAL COMMENTS

To use Theorem 2.1 to prove Theorem 1.2, we need to demonstrate that there exists a
measure /i, satisfying dim p, > so. We remark that for the Gauss map we have sy = 1/2.
Consider the probability vector p; 3 = (1/3,1/3,1/3,0...). It is straightforward to show
that h(sup,,) = log3. Since p,/; is supported on 3 digits and log |T"(z)| = —2logz we
have

/1Og|T/|dMP1/3 = Z

/Ilog|T'|d,up1/3§ Z /1%%3—210ga:dup1/3
ij ij

1<i,j<3 7 L 1<i,j<3 /i
2
=— g max log —
— x€l;j xT
1<4,5<3

Importantly this last term lends itself to explicit calculation. Performing the relevant

calculations it can be shown that

/log]T']d,upl/S < 1.79811.. ..
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Consequently, using Proposition 2.3 we have

h
(:u’pl/g) 2 ].Og3 Z 061
X(tp, ,5) — 1.79811

dim IU’P1/3 -

So dim g, ;s> 1 /2 as required. By Theorem 2.1 we may conclude Theorem 1.2.

Remark 4.1. Theorem 2.1 gives conditions guaranteeing the existence of a measure pp
whose dimension is maximal amongst the class of pushforwards of Bernoulli measures.
This doesn’t immediately imply the existence of a dimension gap at 1, it merely reduces
the question to showing that

(4.1) dim pp, < 1 for all pp.

If there is a Bernoulli measure p whose pushforward satisfies dim i, = 1, then by a result of
Walters [7], we know that it is the unique absolutely continuous 7-invariant measure. Since
tc(I2) # pe(lar), as can be verified by direct computation, e cannot be the pushforward
of a Bernoulli measure. Therefore (4.1) holds and we have a dimension gap at 1. For a
general T', one might not necessarily have a nice closed form for the density. In this case
one can appeal to a cohomological argument. If there exists a p such that dim p, = 1,
then it follows from [7, Theorem 16| that any point satisfying 7" (x) = x must also satisfy

g (7Y ()] = 3 6((T)a)

where ¢(z) = logp; if p; > 0 and x € I;, and ¢(x) = 0 if p, = 0 and x € I;. We remark
that the right hand side of the above does not depend on the order of the I; visited by x.
Consequently, if y is another point such that 7" (y) = y, and the orbit of y visits the same
intervals as x, then we must have [(T")'(z)| = [(T™)'(y)|. If we have an explicit formula for
T, one can hope to verify whether [(T")'(z)| = |(T")'(y)| for all such z and y. If we can
find such an x and y satisfying |(T™)'(z)| # |(T™)'(y)|, it would follow that (4.1) holds for
all p1p, and so we must have a dimension gap at 1.

Example 4.2. As an example to illustrate the above remark, consider {I,,}5° ;, where I; =
(0,1/2) and T3 (z) = 2x, Iy = (1/2,3/4) and T5(x) = 4 mod 1, and I3 = (3/4,0.861...)
and T3(x) = 8z + tan(z — 3/4) mod 1. For n > 4 we assume 7T,, is the unique affine
orientation preserving map sending I, to (0,1). We can choose [,, in such a way that
properties (1)—(5) hold and the corresponding sy can be made arbitrarily small. Moreover,
by considering just 77 and T5 we can construct a Bernoulli measure whose pushforward
has positive dimension. Therefore we can assume that I,, have been chosen in such a way
that the hypothesis of Theorem 2.1 is satisfied.
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Consider 2’ &~ 0.817 such that (T} o Ty o T3)(2’) = 2’ and 3’ ~ 0.789 such that (75 0 T} o
T3)(y') = v'. Both 2’ and y/ are periodic points whose orbits visit the same intervals, albeit
it in a different order. Performing the relevant calculations we can show that (73)(z') ~
72.036 and (T?)(y') ~ 72.012. By the above remark it follows that dim u, < 1 for any p.

Applying Theorem 2.1 we may deduce that there is a uniform dimension gap at 1.

Remark 4.3. Theorem 2.1 can be used in a general setting to determine the existence of
a dimension gap at 1. However, without knowing there exists a measure p, such that
dim pp, > sp, we cannot apply Theorem 2.1 to determine the existence of a Bernoulli
measure whose dimension is maximal. It would be interesting to determine a general
condition by which one could establish the existence of such a p,. We remark that for a
map T satisfying (1) — (5) we can construct j, whose dimension can be made arbitrarily
close to sy from below.

Remark 4.4. Theorem 1.2 and Theorem 2.1 establish the existence of a Bernoulli measure
whose pushforward has maximal dimension. It is natural to wonder whether this measure

is unique. We believe it is unique, however we are unable to prove it.
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