UNIVERSITYOF
BIRMINGHAM

iversit}/]of iIrmingham
esearch at Birmingham

Exponential decay of Bergman kernels on complete
Hermitian manifolds with Ricci curvature bounded
from below

Berger, Franz; Dall'Ara, Gian Maria; Ngoc Son, Duong

DOI:
10.1080/17476933.2019.1691173

License:
Creative Commons: Attribution (CC BY)

Document Version
Publisher's PDF, also known as Version of record

Citation for published version (Harvard):

Berger, F, Dall’'Ara, GM & Ngoc Son, D 2019, 'Exponential decay of Bergman kernels on complete Hermitian
manifolds with Ricci curvature bounded from below', Complex Variables and Elliptic Equations.
https://doi.org/10.1080/17476933.2019.1691173

Link to publication on Research at Birmingham portal

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy o ) o o ) ) ]
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 10. Apr. 2024


https://doi.org/10.1080/17476933.2019.1691173
https://doi.org/10.1080/17476933.2019.1691173
https://birmingham.elsevierpure.com/en/publications/5ed5dec4-c2c4-42e9-a3c3-f795ab4a5020

S Taylor & Francis
Compiex Val'iables Taylor & Francis Group

d Elliptic Equati . . .. .

TESELEEEE ] Complex Variables and Elliptic Equations

An International Journal

ISSN: 1747-6933 (Print) 1747-6941 (Online) Journal homepage: https://www.tandfonline.com/loi/gcov20

Exponential decay of Bergman kernels on
complete Hermitian manifolds with Ricci curvature
bounded from below

Franz Berger, Gian Maria Dall'Ara & Duong Ngoc Son

To cite this article: Franz Berger, Gian Maria Dall'Ara & Duong Ngoc Son (2019): Exponential
decay of Bergman kernels on complete Hermitian manifolds with Ricci curvature bounded from
below, Complex Variables and Elliptic Equations, DOI: 10.1080/17476933.2019.1691173

To link to this article: https://doi.org/10.1080/17476933.2019.1691173

© 2019 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group

ﬂ Published online: 20 Nov 2019.

(&
Submit your article to this journal &

||I| Article views: 97

A
& View related articles &'

P

@ View Crossmark data ('

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gcov20


https://www.tandfonline.com/action/journalInformation?journalCode=gcov20
https://www.tandfonline.com/loi/gcov20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/17476933.2019.1691173
https://doi.org/10.1080/17476933.2019.1691173
https://www.tandfonline.com/action/authorSubmission?journalCode=gcov20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=gcov20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/17476933.2019.1691173
https://www.tandfonline.com/doi/mlt/10.1080/17476933.2019.1691173
http://crossmark.crossref.org/dialog/?doi=10.1080/17476933.2019.1691173&domain=pdf&date_stamp=2019-11-20
http://crossmark.crossref.org/dialog/?doi=10.1080/17476933.2019.1691173&domain=pdf&date_stamp=2019-11-20

COMPLEX VARIABLES AND ELLIPTIC EQUATIONS Ial)’ Icir & Francis
https://doi.org/10.1080/17476933.2019.1691173 aylor &Francis Group

8 OPEN ACCESS [l Checkforupdates‘

Exponential decay of Bergman kernels on complete Hermitian
manifolds with Ricci curvature bounded from below

Franz Berger ©, Gian Maria Dall’Ara © and Duong Ngoc Son

Fakultat fur Mathematik, Universitat Wien, Wien, Austria

ABSTRACT ARTICLE HISTORY

Given a smooth positive measure u on a complete Hermitian mani- Received 24 July 2019

fold with Ricci curvature bounded from below, we prove a pointwise ~ Accepted 6 November 2019
Agmon-type bound_f_or thg corrgspondlng Bgrgman kernel, u_nder COMMUNICATED BY
rather general conditions involving the coercivity of an associated ] Leiterer

complex Laplacian on (0, 1)-forms. Thanks to an appropriate ver-

sion of the Bochner-Kodaira-Nakano basic identity, we can give =~ KEYWORDS )
explicit geometric sufficient conditions for such coercivity to hold. ~ Bergman kernel; estimate
Our results extend several known bounds in the literature to the AMS SUBJECT
case in which the manifold is neither assumed to be Kahler nor of CLASSIFICATIONS
‘bounded geometry’. The key ingredients of our proof are a local- 32A25;32W05
ization formula for the complex Laplacian (of the kind used in the

theory of Schrodinger operators) and a mean value inequality for

subsolutions of the heat equation on Riemannian manifolds due to Li,

Schoen, and Tam. We also show in an appendix that the ‘twisted basic

identities’, e.g. [McNeal JD and Varolin D. L2 estimates for the 8 oper-

ator. Bull Math Sci. 2015;5(2):179-249] are standard basic identities

with respect to conformally Kahler metrics.

1. Introduction
1.1. The problem and previous results

Bergman spaces of holomorphic functions and related Bergman kernels are classical
objects of complex analysis and geometry (see, e.g. [1-3] and the references therein). If M
is a complex manifold and u a positive Borel measure on M, the Bergman space A2(M, 1)
is the linear space of square-integrable holomorphic functions on M, i.e.

A2(M, ) == :f M — C: f is holomorphic and / [f|2 du < oo} (1)
M
Under mild assumptions on u, A2(M, ) is closed in L?(M, 1) and actually a reproducing

kernel Hilbert space (see Section 2.1). The Bergman kernel K,,: M x M — Cis defined by
the relation

Buf(p) = /MKM(P’Q)f(Q) du(q), fel’Mp), peM, (2)
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where By, is the orthogonal projection of L>(M, v) onto A%(M, ).
It has been shown (see, e.g. [4-10]) that, under various assumptions on u, one can find
a Hermitian metric 4 such that the following Agmon-type pointwise decay estimate holds:

K (p,q)le VPV @ < ¢ e (P9 € M). (3)
~/Vol(p, 1) Vol(g, 1)

Here d(p, q) is the Riemannian distance between p and ¢, Vol is the Riemannian volume,
Vol(p, 1) is the volume of the ball centred at p and of radius 1, and v is determined by
the relation & = e~2¥ Vol. The positive constants C and y do not depend on p and g. We
point out that Uy f := e~V is a unitary isomorphism of L2(M, u) onto L?(M, Vol), and
Uy oBuoU, !is an orthogonal projector on L2(M, Vol). The left-hand side of (3) is thus
the modulus of the integral kernel of this projector, and the estimate shows that this kernel
exhibits an off-diagonal exponential decay, which can be neatly expressed in terms of the
metric h. Estimates of the form (3) have had numerous applications in complex analysis
and geometry (see, e.g. [8] and [11] and the references therein).

Typically, assumptions for (3) to hold can be formulated as conditions on the ‘curvature
form’ F* of p, which is defined as follows: in local holomorphic coordinates, one writes
du =ie=2dz' A dz! A--- A dz" A dz", where ¢ is smooth and real-valued. Then one
can easily check that F* := idd¢ is a real (1, 1)-form which does not depend on the choice
of the coordinates. Thus, F* is globally defined and we shall call it the curvature form of .

We now proceed to describe some of the aforementioned results in a little more detail.

(1) Intheone-dimensionalcase M = C, u = e~V )., where A is Lebesgue measure and
¥ is subharmonic, the curvature form F* may be identified with (a multiple of) the
measure Ay A, where A is the usual Laplacian. It was shown by Christ [4] (but see
also [9]) that if F* is doubling and satisfies

iné F*(D(z,1)) > 0, where D(z,r):={z€C: |z| <1}, (4)
ze

then (3) holds with respect to the metric h = p 2| dz|?, with
p(2) := sup {r > 0: F*(D(z,7)) < 1}. (5)

(2) In [6], Delin considers M = C" and p = e 2¥ A, where ¥ is strictly plurisubhar-
monic, and proves an estimate that takes the form (3) with h the Kédhler metric
id0Y, at least when certain quantitative assumptions on F* are made. These con-
ditions are not explicitly discussed by Delin (see the comment after the statement
of Theorem 2 of [6]), but it is certainly sufficient that

icdd|z|? < F* < iC3d|z|* (6)
holds for some 0 < ¢ and C < 400, as shown in [7, Proposition 9].

(3) In [5], the second-named author deals with M = C" and p = e~ ?¥ A, where ¥
is only assumed to be weakly plurisubharmonic. More precisely, if Ay is in the
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reverse-Holder class RHy, and

inf sup Ay(w) >0, (7)

zeCn lw—z|<1
then estimate (3) holds under the condition (for some ¢ > 0)
F* > ic Ay 39)z|% (8)
In this case the metric is h = p~2| dz|?, where

p(2) := sup {r > 0: sup‘w_zlqu/f(w) < r_z}. (9)

The condition (8) amounts to the uniform comparability of the eigenvalues of the
complex Hessian (00, Y)j k- Notice that (6) implies (7) and (8).

(4) In [10], Schuster and Varolin take M to be the unit ball B € C" endowed with
the Bergman metric w := —éaglog(l — |z|?), and prove (3) for measures u =
e~ 2¥ " /n!, under the condition

(n+o0)w < iddy < Co, (10)

where o > % One can see that F,, = 190y — (n+ 1) in this case (by (22) below
and the fact that w is Kdhler-Einstein with Ricci curvature ® = —2(n + 1)w), and
hence (10) is equivalent to

cw < F, < Cow (11)

for some ¢ > —1/2 and C < +o0.
The result was generalized by Asserda [12] to Kéahler manifolds satisfying a certain
bounded geometry assumption.

(5) In[8], Ma and Marinescu prove a pointwise Ck estimate for the Bergman kernels in
the more general setting of Hermitian line bundles over symplectic manifolds (sat-
isfying appropriate compatibility conditions). Specializing to the present situation,
Theorem 1 in that paper requires in particular that the Hermitian manifold (M, h)
has ‘bounded geometry’, and that the measure & = e~2¥ Vol is such that

cop < 09y < Coyp, (12)

(where Vol is the Riemannian volume and wy, the fundamental forzm) for c>0and
C < +00. Then, if k > 0 is large enough, the measure u® = e=2¥"¥ Vol satisfies

|K/A(k) (b q)|e—k21//(17)—k2¢(q) < Ckzne_ykd(P’q), (p,q € M) (13)

with C independent of p, ¢, and k. Notice that the absence of the volume factors
in (13) is due to the bounded geometry assumption. In fact, if the volumes of balls
with a fixed positive radius is bounded away from zero (which is the case if the sec-
tional curvature is bounded from above (by [13, Theorem 3.101]) then the volume
factors can be absorbed into the constant C.

These results, despite being of the same nature, present two different points of view on
the problem of establishing exponential decay of Bergman kernels: (1)-(3) start with a
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measure 1 and construct a metric h with respect to which the exponential decay (3) holds,
while (4) and (5) start with a Hermitian manifold and look for conditions on the density of
w with respect to the Riemannian volume that are sufficient for (3) to hold. Moreover, in
(1) to (3) a natural candidate for h is the Kihler metric with fundamental form F*, but the
latter form need not be positive, and in fact (1) and (3) consider a sort of regularization of
F* and the resulting metric is typically non-Kdhler.

1.2. Ourresults

To state our results, we shall need to recall and fix some more notation. Let (M, h) be a
complete Hermitian manifold with a Hermitian metric h:

h=hg dd @ d (14)

The associated (1, 1)-form wy, := ihjﬁ dZ A dzF is called the fundamental form. As usual,
we refer to both h and wy as a metric on M. As is well-known, the torsion tensor T of
the Chern connection is non-trivial if and only if the metric is Kahler: locally, T has
components

TS = T]ZE = '™ (3l — echiin) - (15)
We shall deal with the torsion 1-form, obtained by taking the trace of the torsion:
k .4 Tk 3,
0= Tjk d + TJ"E dZ, (16)
and the torsion (1,1)-form T o T defined by
ToT = KW hgh ;. T, T7, d2 A d2~ (17)

The Riemannian metric g := 2Reh induces a distance dj and a volume Vol. We denote
by Vol(p, R) the volume of the metricball B(p, R) := {q € M : d(p,q) < R} of radius R cen-
tred at p. If the Levi-Civita connection of (M, g) is denoted by V, then the Riemannian
curvature tensor is given by

R(Xp, Yp, Zp, Wp) = g (VxVyZ — VyVxZ — Vix y1Z, W) ,
p
where X, Y, Z, W are smooth vector fields on M and the subscript indicates evaluation at a
point p. If {ex: k =1,2,...,2n}is alocal frame of TM, then the (Riemannian) Ricci tensor
of (M, g) is defined by
2n
Ric(X,Y) := Y R(ex, X, Y, er).
k=1
We say that (M, h) has Ricci curvature bounded from below if the (Riemannian) Ricci
tensor of (M, g = 2Reh) satisfies

Ric(X, Y) > Kg(X, Y)

for some constant K > —o0.
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Since a Hermitian metric h induces inner products for tensors of all ranks, we can con-
sider the space L%) q (M, h, ) of square-integrable (0, g)-forms on M, with inner product
given by

(u,v)i—)/(u,v)hdu. (18)
M

We denote by 5:) .. the Hilbert space adjoint of (the weak extension of) 3 with respect to
this inner product, and define the complex Laplacian associated to  and h by

Opye = 00y, + 3,,0. (19)

This is an unbounded self-adjoint and nonnegative operator that encapsulates the interac-
tion between p and h. In this paper, we only consider [, ,, acting on (0, 1)-forms. We say
that [, , is b?-coercive (b > 0) if Upp = b? in the sense of quadratic forms. We refer to
Section 2.2 for precise definitions. We are finally in a position to state our main result.

Theorem 1.1: Let (M, h) be a complete Hermitian manifold with (Levi-Civita) Ricci curva-
ture bounded from below. Assume that u = e~V Vol satisfies the following properties:

(i) Opyis bz-coercivefor some b > 0.
(i) try, (100Y) + 51617 < B < 4oc.

Then the Bergman kernel K, satisfies the following estimate for every y < /2b :

e~ vapq)

K, (p,q)le V®—V@ < ¢ ’
Ku(p> )l V/Vol(p, )Vol(g, 1)

(p-q € M), (20)

where C depends only on y, b, B, and the bound on the Ricci curvature.
Moreover, the coercivity condition (i) holds if the curvature form F* satisfies

(o2
F* > sza)h +i<2

I > ToT. (21)
for some o > % If T = 0, the conclusion still holds under the condition F* > %bzwh.

To compare this result with existing ones in the literature (e.g. [7_,8,10]), it is use-
ful to refoimulate (21) in terms of the Chern-Ricci form ®j, and i99y. Indeed, since
Oy = —idd log det(hjE), it follows that if © = e~2¥ Vol, then

F* =90y + 30. (22)

Hence, (21) is equivalent to

90y + %@h > oblop +i (2 c

1)To T. (23)

Observe that the assumptions in Theorem 1.1 are much simplified if / is Kihler. Indeed,
if (M, h) is Kihler then T = 0 and hence (21) reduces to 99y + %@)h > b?wy. On the
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other hand, since & = 0 and the Chern—Ricci_form is bounded from below, condition
(ii) is implied by the assumption that F* = idoyr + %@h < Bwy < +00. We obtain the
following Corollary which is new already in this special (Kdhler) case.

Corollary 1.2: Let (M, h) be a complete Kdihler manifold with Ricci curvature bounded from
below. Assume that | satisfies
1
2

for some b> 0 and B < 400, then (20) holds for y < /2b.

b’wy < F* < Bowy, (24)

After a preprint of this work was made public, the authors were informed by Shoo Seto
that a result similar to Corollary 1.2, in the special case of polarized Kéhler manifolds, was
obtained in collaboration with Lu, and appeared in his thesis [14].

It is worth noticing that under the assumptions of Corollary 1.2, F* is the fundamental
form of a metric h,, that is ‘comparable’ to h, and estimate (20) also holds with respect to
h,, (with a possibly different constant y).

Also note that when £ is the flat metric on C”, the condition (24) is equivalent to (6),
which is considered by Lindholm [7].

For the Bergman metric on the unit ball, ®;, = —2(n + 1)wy, and thus (24) reduces to
90y > (n+ 1+ b*)wp, which is stronger than the assumption in Theorem 1.1 of [10].

If (M, h) has bounded geometry in the sense of [8], then (23) holds if ¥ is replaced by
k*y for k large enough, provided that iddy > ewy, for some € > 0, and hence the esti-
mate hold for u® := e 2V Vol. In Corollary 1.3 below, we state precisely the geometric
conditions for (20) to hold for u(k).

Corollary 1.3: Let (M, h) be a complete Hermitian manifold with Ricci curvature bounded
from below. Suppose that there exist n > 1,Q > 0, and P € R such that

02 <Q and ©,—inToT > Py, (25)

Suppose further that  satisfies
1 _
Ebza)h < id0y < Buwp, (26)

where b> 0 and B < 4-o00. Put u® := e 2V Vol k> 0. Ify <bJ2(n—1)/n and k is
large enough (depending on y, P), then the Bergman kernel K« satisfies the following
estimate:

k21 e~ v kd(p.q)

K o, q)|e EvO-Kv@ < ¢
1K, (P> 9] V/Vol(p, 1)Vol(g, 1)

(p,q € M), (27)

where C depends only on y, b, B, Q, and K.

It is clear that if i is Kéhler, then the inequalities in (25) trivially hold for n > 0 arbitrary
large, so that (27) holds for any y < +/2b (if k is large enough).
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1.3. Structure of the paper and main ingredients of the proof

After discussing some generalities about Bergman spaces and complex Laplacians in
Section 2.1, we start to present the ingredients of the proof of Theorem 1.1.

As a first step, we establish the following exponential decay of canonical solutions of the
d-equation, which could be of independent interest.

Theorem 1.4: Let (M, h) be a complete Hermitian manifold and assume that the smooth
positive measure ju is such that Oy, , is b*-coercive for some b> 0. Let u € L%’I(M, h, ) be
supported on the geodesic ball B(p, R) and d-closed (i.e. assume that du = 0) and put f :=
e £ St
ah,MDh’M u.

Then for every q € M and y < 2+/2b, the following bound holds:

[ pa=cerien [ upan (28)
B(q,R) B(p,R)

where C depends only on y, b, and R.
If in addition (M, h) has Ricci curvature bounded from below by K with K < 0, and pu =
e~V Vol satisfies the condition

try, (109Y) + 1017 < B < +00, (29)

then we have the pointwise bound (y < 2+/2b as above)

C
(q)2e V@ < _e—yd(p,q)/ lul? du, (30)
f(q Vol(g, R) B(p,R) !

where C depends only on y, b, BR?, and R/—K.

Notice that the function f of the statement is the solution of the equation 3f = u with
minimal L?(M, i) norm (see Section 2.2 below), that is, the so-called canonical solution.

The first half of Theorem 1.4 states that, under the sole geometric assumption of com-
pleteness of (M, h), coercivity of [Jj,,, implies the L? exponential decay (28) of 5*D}:liu
off the support of u. Its proof occupies Section 3 and is based on a method developed by
Agmon to establish exponential decay of eigenfunctions of Schrodinger operators (see,
e.g. [15]). The key observation is that [, satisfies a localization formula analogous
to the simple yet very effective IMS localization formula of Schrodinger operators (see
Section 3.1).

In a second step, accomplished in Section 4, we improve the L2 decay to an L™ decay,
exploiting a mean value inequality for nonnegative subsolutions of the heat equation on
Riemannian manifolds due to Li and Tam [16] (but see also [17]), which holds under a
lower bound on the Ricci curvature. To apply this inequality in the Hermitian context, we
need to control the difference between the Laplacian of the background Riemannian metric
and the Laplacian of the Chern connection, which may be expressed in terms of the torsion
and ultimately leads to condition (29). Thanks to this mean value inequality, we can avoid
the ‘Kerzman trick’ (as in [6] and [5]) and the ‘pluriharmonic recentering of the weight’
techniques (as in [10]). These methods are difficult to implement on manifolds without
some sort of ‘bounded geometry’ assumptions.
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The analysis just sketched has a conditional nature, resting on the assumption that [ ,,
is coercive (condition (1) in Theorem 1.1). This hypothesis is made more transparent by a
‘basic identity with torsion term’ (Proposition 5.2), thanks to which we can give a sufficient
condition for coercivity that involves only the geometry of the Hermitian metric and the
curvature form of the measure (inequality (21)). As evidence of the interest of basic iden-
tities involving a torsion term, we show in an Appendix that the ‘twisted basic identities’ of
the kind discussed, e.g. in Section 3 of [18], can be thought of as ‘standard’ basic identities
with respect to conformally Kihler metrics.

The last two sections of the paper (Section 6 and Section 7) contain the deduction
of Theorem 1.1 and Corollary 1.3 from Theorem 1.4, and a discussion of the interesting
example of asymptotically complex hyperbolic metrics of Bergman-type.

As a final remark, let us point out that Bergman kernels can be fruitfully defined in the
more general setting where holomorphic functions are replaced by holomorphic sections
of a holomorphic line bundle on M endowed with a Hermitian metric (see [3] for a com-
prehensive treatment of this matter). Most of our techniques work in this more general
framework, but we confine ourselves to the scalar setting for the sake of simplicity.

1.4. Further directions

While the pointwise condition (21) is easy to check and sufficient to prove some interesting
results, coercivity of L ;, is expected to hold under much weaker conditions (cf. [19]). This
is mainly due to the fact that, in loose terms, L, ,, is a generalized Schrodinger operator, as
made apparent by the basic identity of Proposition 5.2. Condition (21) is morally a uniform
positive lower bound on the ‘potential’ of L, ,, while coercivity amounts to positivity of
the minimal eigenvalue: in the case of ordinary Schrédinger operators it is well-known that
the latter condition is much weaker (see, e.g. [20]). This idea has an antecedent in [4] and is
considered in [19], but, to the authors’ knowledge, has never been explored in the general
context of Hermitian manifolds (but see Theorem 3 of [21] for a Riemannian counterpart).

We also believe that a better analytical understanding of the quadratic form of [, ,
would allow an improvement of Corollary 1.2 in the same vein as the result of [10] for the
unit ball (see the comment after Corollary 1.2).

2, Preliminaries on Bergman kernels and the complex Laplacian on
Hermitian manifolds with measure

2.1. Bergman spaces and Bergman kernels

We recall that in the rather general setting of a complex manifold M equipped with a
positive Borel measure (., one may consider the Bergman space

A2(M, ) == {f M — C: f is holomorphic and / [f|2 du < oo}, (31)
M

which is a linear subspace of L*>(M, ). While in complete generality this is not the case,
for many kind of measures the evaluation maps f — f(p) are locally uniformly bounded
linear functionals on A%(M, ), i.e. for every compact K € M there is C(K) < +00 such
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that
fF)l* < C(K)/M If?du  Yf € A* (M, ), VpeKk. (32)

This condition is sometimes called admissibility of the measure 1 (see, e.g. [22] and [23]).
In this paper we restrict our attention to smooth positive measures, that is, measures having
smooth positive density with respect to Lebesgue measure in local coordinates. It is a simple
consequence of the mean value property of holomorphic functions (in local holomorphic
coordinates) that such measures always satisfy the admissibility condition (32). In any case,
under assumption (32), the Bergman space is closed in L?(M, 1), so that the associated
orthogonal projector

By : LA(M, pn) — A*(M, p), (33)

is well-defined, and in fact A2(M, ) is a reproducing kernel Hilbert space. Explicitly, there
is a function

K,:MxM— C, (34)

which we call the Bergman kernel, that satisfies the following properties:
(i) Ku(,q) € A%*(M, ) for every q € M and
1Ky G Doy = K (@ @) = sup { /(@1 : f € A*(M, ) and [[f]| < 1} (35)

(i) K/L (Pa Q) = K/L (Qa P);
(iii) K, is the integral kernel of B,:

B.f(p) = /MK;L(P’ Of@du(@.  Vf e LPM,p), VpeM. (36)

Moreover, the following Cauchy-Schwarz type inequality holds:

IKu(p,q)I5/MIKu(p,p/)Ku(pﬁq)ldu(p/)5\/Ku(p,p)Ku(q,q) VpgeM. (37)

For proofs of these properties, see for instance [1,22].

2.2. The complex Laplacian [y, ,, and its coercivity

A Hermitian manifold is a complex manifold M endowed with a Hermitian metric h =
hjE dd ® dzE, where h]% = th = @ The associated real (1, 1)-form wy, := ihj% dz A dZF
is called the fundamental form (or Kahler form) of h. As usual, we refer to both s and wy, as
a metric on M. A Hermitian scalar product (-, -}, is induced in the usual way on cotangent
spaces: in particular, if u = u; d7 and v = v]%dzj are (0, 1)-forms, then (u, v}, = hjkujvk,
where [hjk] is the inverse matrix of [h].%], and vy := vg. This Hermitian scalar product can

be extended to tensors of all ranks and our convention for the case of covariant tensors of
rank 2 is that

1
(m @ m2,m3 @ na), = 5(?71, n3) k{12, N4 ks (38)

whenever the ny’s are 1-forms. The associated norms will be denoted by | - |,.
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We identify differential forms with alternating tensors in such a way that n; A ny :=
N ® 12 — 12 ® N1, when 11 and 1, are 1-forms. With this definition, if « and v are (0, 1)-
forms, we have

lu AVIE + [ v)4l* = ulf]vr. (39)

Suppose w is a smooth positive measure on M (we point out that most of the
facts discussed below hold under much weaker regularity assumptions). We can define
Lfo 9 (M, h, u) as the Hilbert space of square-integrable (0, gq)-forms with respect to u

and h. More explicitly, if u and v are (0, q)-forms, the scalar product on L%o, D (M, h, )

has the expression f (s V) dp anticipated in Section 1. We restrict our attention to g < 2
(recall convention (38)). Observe that Lfo)o) (M, h, ;) = L*(M, 1) is the standard L?-space
of C-valued functions, defined with respect to the measure .

We define

domq(g) = {u € L%o,q) (M, h, 1) : du € L%o,q+1)(M’ h, M)}, (40)

where the 3 in the formula above is to be taken in the sense of distributions (or, more pre-
cisely, currents). It is clear that 9 defines an unbounded operator mapping L%O oW h, 1)

: 2
into L(O,q-H

differential operator 3. We skip any reference in the notation to the degree of forms on
which 9 acts, since this should always be clear from the context. Putting all the operators
together, we get a weighted 0-complex on (M, h):

)(M, h, i), whose domain is dom, (3). This is called the weak extension of the

£ £l £l
LA (M, 1) — Lig 1) (M, by 1) = Loy (M, by o) = -+ (41)

Notice that the operators above are closed, so that (41) is a Hilbert complex in the sense of
[24] (closure follows immediately from the fact that convergence in L%O 9 (M, h, u) implies
convergence in the sense of currents). Thus, we have the dual complex

o, 9, 9,
L*(M, 1) <= L{y (M, h, p1) <= L (M, b, p1) <= -+, (42)

where every 5;) .. is the Hilbert space adjoint of the corresponding 3. We decided to use

the slightly cumbersome notation 5; .. to stress the fact that not only the domains, but also
the ‘formulas’ of these first-order differential operators depend on the metric 4 and the
measure /.

We are finally in a position to define the complex Laplacian:

DX]L =00, + 04,0 (1<q< n—1), (43)
The operator D,(qqib is self-adjoint and nonnegative when considered on the natural domain

dom(D;fl)L) = {u € domq(g) N domq(gz,u): du € domq+1(5z,ll), 5z)ﬂu € domq_l(g)},
(44)
where we used the obvious notation for the domains of the gz)ﬂ’s. One can analogously

define D;SL = 5;“5 and D;zn; = %Z#. For the purposes of this paper, it is enough to
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consider the complex Laplacian for g = 1, and we will consequently drop the superscript,
putting L, == DLII)L As usual, a key role is played by the quadratic form

Enp(u,v) == / (Qu, 9v), du —i—/ §Z,Mu . B;Mvdu, (45)
M M ’

which is well-defined whenever u, v € dom; (3) N dom; (5Z’M) =: dom(&y,;,). Notice that

5:,;4” is a scalar function, while du is a (0,2)-form. We adopt the convention that
Enp () == Eny (u, u). By definition,

Enpu(u,v) =/M(Dh,uuﬂ)h du (46)

ifu € dom(Uy,,) and v € dom(&y ).
Our first restriction on the metric A is justified by the following proposition.

Proposition 2.1: If the Hermitian metric h is complete, the space D q,1y of smooth compactly
supported (0, 1)-forms is dense in dom(&y, ) with respect to the graph norm. It is also a core
of Uy, and the restriction of Ly, to D q,1) is essentially self-adjoint.

Proof: See for instance [3] or Theorem 2.6 of [25]. The fact that we do not use the measure
induced by the Hermitian metric is of no consequence, since we may rewrite i = e~2¥ Vol
and view &}, ;, as the quadratic form of the complex Laplacian on (M, h, Vol) for forms with
values in the trivial line bundle on M, with fibre metric given by e =2V, |

We say that [p, , is c-coercive (c>0) if [Jj,,, > ¢ in the sense of quadratic forms or,
equivalently, if

Enp(u) = c/ Iuli du Vu € dom(&py,). (47)
M

In view of Proposition 2.1, it is enough that the inequality above holds for u € D(q,1). By
standard functional analysis, whenever L]}, , is c-coercive there exists a bounded inverse
D;L with domain L%O 1)(M, h, ) and range dom(U]y ;). The operator norm of D;L is

bounded from above by ¢~!. Moreover, under assumption (47), the d-equation
f =u (48)

admits a unique solution orthogonal to the Bergman space A%(M, 1), whenever the datum
uisin L%O,l) (M, h, u) and 9-closed, i.e. du = 0. This solution may be expressed as

f=0,0 0 (49)
and satisfies the bound

/M flPdu < ¢! /M |ulj due. (50)

For our purposes, the most important consequence of this formula is the well-known
Kohn's identity for the Bergman projection:

B.(f)=f— gz)MD;’iﬁf for all f € domg(d). (51)

Notice that while the terms appearing on the right-hand side of this identity depend on
the metric A, the left-hand side depends only on . It is this asymmetry that gives us the
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freedom to choose, given 1, the most appropriate metric, e.g. one that makes [, ,, coercive
(if it exists).
See, e.g. [26,27] for proofs of the well-known facts just discussed.

3. L2 Exponential decay of canonical solutions of the 3-equation

The goal of this section is to prove the first half of Theorem 1.4, that is, (3.4) below. In order
to do that, we need a localization lemma and a Caccioppoli-type inequality.

3.1. Alocalization formula for L, ;,

Lemma 3.2 below is a localization formula for [}, that is analogous to the very useful
IMS localization formula in the theory of Schrodinger operators. For the latter see, e.g.
Lemma 3.1 of [28] or Lemma 11.3 of [29]. Before stating and proving it, we need a few
preliminaries.

First, notice that if Lip(M, h) is the class of scalar functions x: M — R that are Lips-
chitz with respect to the Riemannian distance, then by Rademacher’s theorem, x is almost
everywhere differentiable and, by our convention ¢ = 2Rebh,

0xl; = 3ldxl; < 3L% (52)

where L is the Lipschitz constant of x.

Next, we state the Leibniz rule for 5;) ,, for future reference. For this, we employ the
notation w Vv v for the interior product of the forms v and w (with respect to k). This is the
form defined by the condition

WV v,u)p = (v, wAuy, (53)

where u is an arbitrary form. Observe that the conjugation on the right hand side makes
the interior product bilinear. The following lemma is well-known (see, e.g. [27], page 11).
We include a short proof for the reader’s convenience.

Lemma 3.1: If x € Lip(M,h) NL®(M) and v € domq(gz)u) (1 <gq<mn), then yve
domq(gz,u) and

5;#()(1/) = ng,ﬂv —ax V. (54)

Proof: Letu € domy; (3). Then d(xu) = x0u + 9 x A uand the remark we made about
the differentiability of Lipschitz functions implies immediately that xu € domq_l(g).
Hence,

/(u,xgz,ﬂm du=/ (5(xu),V>hdu=/ (5u,XV)hdM+/ (,0x vV V) dp,
M M M M

(55)
which gives the thesis. |
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Lemma 3.2 (Localization formula): If u € dom(Uy,,,) and x € Lip(M, h) N L*°(M),

then xu € dom(&y,;,) and the following identity holds:

Enp(xu) = Re f (Oppw, x*u)p dp + / 13X |2 ul? dps.
M M

(56)

Proof: Exactly as in the proof of Lemma 3.1 of [28], we compute in two ways the iterated
commutator [x, [x,Up,]], where x is identified with a multiplication operator. We will
use (54) a few times without comment. All the computations below are for u and x smooth
and compactly supported, the statement then follows appealing to Proposition 2.1. We have

[X:%Z,M]” = X%Z#u — %Z’M(Xu)
= X%Z,u“ — 5()(5;4# —Jdx Vu)
=9@x Vu) —ox A 52,#“'
Thus,
[X’ [X,%Z)M]]u = —25)( A (8)( \/5:,#14).
Analogously, we get
[X,gz,ﬂg]u = ng)ugu — 5Z,M5(X”)
= ng)lﬁu — 5Z,M(5X A+ xou)
= —52#(5)( Au)+ 0y v ou,
and
[X, [ij,uﬂ]u = —20x vV (Qx Au).
Putting everything together, we get, for all u € dom(Uy,;,),

1 — —_ _
-3 [X,[X>Dh,u]]u =0x A (8)( Vaz)uu) +ox VvV (0x Au).

On the other hand, we can easily see that

XZDh,;Lu + |:lh,,u, (qu)

1
—E[X)[X,Dh,u”’l=XDh,M(XU)— 5

Combining the two identities we get

Enp(xu) = /M<Dh,ﬂ(x u), xu)p du

= Re / (Dh,uu,xzu)h du +/ (IBX Vv uli +1]ax A uli) du.
M M

Then (56) follows by observing that dx vV u = (u, dx)p and recalling (39).

(57)

(58)

(59)

(60)

(61)

(62)

(63)
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3.2. Caccioppoli-type inequality for L1, ,-harmonic (0, 1)-forms

Proposition 3.3: Let u € dom(Ly, ;) be such that [, ,u = 0 on a geodesic ball B(p, R).
Then, for every R' < R,

_ 2
Bl = e [ ulfd (64)
fB(p,R’) o (R—R)? Jppry "

Proof: We define
x(q) == max{1 — (R — R)"'d(q, B(p, R')), 0}, (65)

where d and B are the geodesic distance and balls associated to h, respectively. It is easy
to see that x € Lip(M, h) N L°°(M) and that x(q) > 0 holds exactly on B(p, R), and that
Fx2 < R—R)2/2.

Applying the localization formula (56) to x u one immediately gets

[ o dn = 8000 = [ axRiu dn. (66)
M M

Recalling the Leibniz rule (54), this gives

= - 2
3, 22d<4/822d<—/ 2 du. 67
/Ml nutl X dp < Ml X lplulydp < R_R)? Mlulh W (67)

Since x = 1 on B(p,R’), we are done. [ |

3.3. Coercivity implies L?> exponential decay of canonical solutions

Theorem 3.4: Assume that [, is b*-coercive for some b > 0, i.e. that (47) holds. Then for
every y < 2+4/2b and R > 0, there exists a constant C,, g such that if u € L3,1 (M, h, ) is

supported on B(p,R) and f := 5Z’MD;}1 u, then

/ fI*du < Cyrpe 740D / |ulj dp (68)
B(g.R) B(p.R)

holds for every g € M.
Proof: By inequality (50) in Section 2.2, under the coercivity condition (47) we have

/M P du < b2 /M ul? dp. (69)

In particular, (68) holds for d(p,q) < 4R with C, r; > e*RC. Thus, without loss of
generality, we may assume that d(p, q) > 4R.
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Since u is supported on B(p, R), we see that Dh_,;lL” is [y, ,,-harmonic on B(q, 2R). Thus,
using (3.3), we obtain

/ IfI*du < 2R2/ mﬁuﬁldu. (70)
B(g.R) B(9,2R)

We introduce the functions

d(p') := min {d(p,p),dp. )}, (71)
and
x (@) == min {1, R"'d(p/,B(p,R))} (72)

for p’ € M. Notice that d, x € Lip(M,h) N L*°(M), so that we also have Xeaa
Lip(M, h) N L*° (M) with a > 0. Since D;’Lu € dom(Ly,,), we can apply (3.2) to get

Eh,u(xe“d Dh_,,lﬂ) = Re /M(u,xzezad D;’Lu)h du + /M Ig(xe“d)lf, |Dh_,,1ﬂ|;21 du.  (73)

Observe that x was chosen to be 0 on the support of u, and hence the first term on the right
hand side vanishes. Recalling the coercivity condition (47), we obtain

b\//szez“almmiulhdM < \// |ax|262ad|Dh uly du

-I-a\/f |8d|2 ezad|Dh ul> du (74)

The pointwise bound |§E|i < 1/2 suggests that we choose a < +/2b and reabsorb the
rightmost term. By support considerations and the bound [ x |fl < R72/2, we finally get

2
a 1 5
<b - E) /B( 2R) zadlmh“mhdu ~2R? /B(sz) e2“d|Dh’Lu|,21 - 72)
a \

Our choice of d guarantees that this function is bounded from below by d(p, q) — 2R on
B(g,2R), and from above by 2R on B(p, 2R). Thus,

a)’ N —2ad(pg)
b— —> / [y ul dp < —e P14 / ID u| du. (76)
( V2] Jgar " 2R? B(p2R) h

To complete the proof we combine (76), and (70), and the observation that D;}L isbounded
with operator norm at most b2, so that we have fB(p,ZR) ID;Luli du < fM |D;}Lu|i du <

b4 fB(p)R) |ul? due. [ |
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4. From L2 to pointwise bounds

The key ingredient in the transition to pointwise bounds from the L?-bounds of (3.4) is
the following result by Li-Schoen and Li-Tam.

Theorem 4.1: Let (M, g) be a complete Riemannian manifold, p € M and R > 0 be such
that the geodesic ball B(p, 2R) does not meet the boundary of M. Suppose that the Ricci cur-
vature of g is bounded below by K with K < 0. Let § € (0, %), q>0, and . > 0. Then there
exists a constant C that depends only on 8, g, \R%, and R/—K such that for any nonnegative
smooth function f on B(p, 2R) satisfying the differential inequality

Aof > —2f (77)
we have

sup  f1

<~ [ fiavol, (78)
B(p.(1-8)R) Vol(p, R) Jp(p.r) g

This is essentially Corollary 3.6 of [30], which follows easily from the results on
subsolutions of the heat equation on Riemannian manifolds of [16].

Here, the convention is that A, is nonpositive. To apply this theorem, we will need to
compare the Riemannian Laplacian A,f, where g := 2Reh, with the so-called Chern Lapla-
cian tr,, (id0f) of a regular function f. The comparison is well-known and is stated and
proved in Proposition 4.2 below for convenience (cf. formula (25) in [31]).

Proposition 4.2: For a smooth function f on the Hermitian manifold (M, h), one has
Agf = 2tre, (130f) + (df,0)n, (79)
where 0 is the torsion 1-form defined by (16).

Proof: Let V denote the Levi-Civita connection of g := 2Reh. Since h is Hermitian, the
Christoffel symbols I’g‘j in local holomorphic coordinates reduce to

~ 1 .7
k _ kt _ _
%= h (o3hye — oghy). (80)
It then follows that
~ 1. .; 1 5
k kt £
Iy =5k (O5hz — dghig) = > (81)
where T;Zg is the torsion (0,1)-form of the Chern connection. Thus
P ~i 5 1 .5
kT~ __ kit __ 0k
Locally, tr,,, (iaéf) = hf’_caja,;f and therefore
Agf =2H (Vdf)jl_(
ik ~I I
= 2" oj0f — Thonf — oy |
= 2try, (100f) + (df,0)p. [ |
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As a consequence of Theorem 4.1, and Proposition 4.2, we have the following mean
value inequality. Recall that ¥ was defined to satisfy u = e~2¥ Vol.

Lemma 4.3: Assume that the Ricci curvature is bounded from below by K < 0 on B(p, 2R)
and put

A= sup {tr,, (189y) + L1017}, (83)
B(p,2R)

where 0 is the torsion 1-form. If F: B(p,2R) — C is holomorphic, then

C
1 R A — |FI? du, (84)
P Vol(p, R) Jp(p,») g

where the constant C depends only on AR* and R/—K.

Proof: Let f := |F|%e~2V. First, observe that by the Cauchy-Schwarz inequality
|(df,6)n] = 2/((OF — 2F9y), Fo)ule™ "
< 2|9F — 2F3y2e 2V + %f|9|§, (85)
Next, we compute
tr,, (100f) = Wr0;0f
= WX (0;F — 207 F) (0F — 20k Fe 2V — 21 (3,09 )e 2V

= (|0F — 2F3y [}, — 2|F|*tr,, (id9y)) e 2V
= |0F — 2F3y[Ze 2 — 2tr,, (103Y)f. (86)

Putting the two estimates together and exploiting (4.2), we obtain, on B(p, 2R),
Agf > 2try, (i03f) — |(df,0)n]
>4 <trwh(i3§w) + %Iﬂi)f
> —4Af. (87)

This estimate, together with the lower bound on the Ricci curvature, shows that the
hypothesis of Theorem. 4.1 are satisfied. Thus,

C
—_— d Vol, 88
fp) = 54 OB oo fdvo (88)

where C depends on AR? and Ry/—K, as we wanted. |

Combining Lemma 4.3, and Theorem 3.4, we immediately obtain:
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Theorem 4.4: Let (M, h) be a complete Hermitian manifold with Ricci curvature bounded

from below by —K (K < 0). Let 1 = e~V Vol be a smooth positive measure such that O,
is b%-coercive. Suppose further that

tre, (109Y) + $10]* < B < +o0. (89)

Let u L%)I(M, h, 1) be supported on B(p, R) and d-closed, and put f := 5Z,HD;,/1LLL For
everyq € M and y < 2+/2b, the following bound holds:

C
(@)2e 2@ < _e—yd(pm/ lul? du, (90)
e Vol(g, R) B(p,R) !

where C depends on y, b, BR?, and R\/—K.

This completes the proof of Theorem 1.4.

5. The basic identity for [, ,

We devote this section to a discussion of the basic identity for [Jj, ,,, which is essentially
[32] applied to (0, 1)-forms with compact support. We provide a simple proof of this case.
We denote by V the Chern connection of 4. In local holomorphic coordinates, the only

nonvanishing Christoftel symbols of V are ka and F]f; = ka, where
ka = " dihi. (91)

We shall only need the (0, 1)-part of V, which we denote by V. In particular, if u = ug dzk,
Vu is the 2-tensor

Vu = (dup — Mug) dol © o (92)

The key to our proof of the basic inequality is an elementary pointwise identity that involves
only the metric h. In order to state it, we recall the standard notation u* for the vector
field associated to the 1-form u by the metric h. Notice that if u is a (0, 1)-form, then u?
is a (1,0)-vector field, and Vu® is a 2-tensor with one covariant and one contravariant
index.

Lemma 5.1: For every (0, 1)-form u = u; dzl, the following identity holds:
tr(Vuf ® Vi) = 2|Vul2 — [du — Tul?, (93)

where tr(Vuf @ Vi) = (Vttn)]f”(Vﬁn)],;1 and Tu = T]z]-(u; d7 ® dzk.
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Proof: Notice that in local coordinates u* = u™ d,, where u™ := h”’EuE, and recall that
one of the defining properties of the Chern connection is that

V%(uﬁ) = u" Opn. (94)

It is thus clear that the trace in the statement is

i%um il = hmk(%uE — F%uﬁ) Wt (amuz — Figuq). (95)

Now notice thatif A = AjE d7 ® dzFand A = AE] d7 ® dzf,a straightforward computa-
tion gives

20412 — 1A — AP = AJEAMWW (96)

IfA=Vu, by (92) we have A — A=u— Tu, and the identity above becomes
2|§u|i — |u — Tuli = (‘%“% — Fj%uf,) (Omue — aneuq)hﬂhkm. (97)
In view of (95), this is the formula we set out to prove. [ |

Proposition 5.2: Let (M, h) be a Hermitian manifold and p a positive smooth measure with
curvature form F*. Then for every u € D o,1y(M),

/ |5u—Tu|i d/L+f |5Z)Mu|2du=2/ |W|ﬁdu+2/ (F*Su A uypdp (98)
M M M M
and, for any v > 0,

2 = 2 1
& > — Vul? d — | (F%u dpu — — Tul? d 99
h’“(u)_l-i—v/]w' ulj, /H-H_U/M( unupdu V/MIMI;,M (99)
where &y, (u) is defined by (45) and Tu is defined in Lemma 5.1.

It may be of interest to remark that the right hand side of (98) has the following explicit
epression in terms of the (1,0)-vector field u* = u%9, (and the metric h):

2 hgmhjk&ue udu +2 | 9 Bm(pueum du.
M / M

If dimps = 1, the expression above does not contain explicitly the metric, making the
analysis of [, ;, much simpler.

Proof: 1t is enough to prove the identity for u supported on a coordinate chart with coordi-

nates 2. Let ¢ be the real-valued function such that du = ie™2% dz' A dz' A e A d2" A
dz". Then the adjoint of 9,, with respect to du is 8 := — 9, + 20,,¢. Integrating both
sides of the identity of Lemma. 5.1, the usual commutation argument yields

2/ |Vu|,%d,u—/ |5u—Tu|id,u=/ |5mum|2du—2/ Bm%(pumujd,u. (100)
M M M M

To complete the proof of Equation (98), one may easily check that 9, e uml = (FM 7 A
u)y and that §,,u™ = 5::) ne The basic inequality (99) follows immediately. |



20 (&) F.BERGERETAL.

Corollary 5.3: Let (M,h) be a complete Hermitian manifold and | a smooth positive
measure on M. Suppose that

o

_ 1
) ToT, b>0 and o > —. (101)
o — 2

Then the associated complex Laplacian Oy, is b*-coercive. If T = 0, then the conclusion still
holds under the assumption F* > %bzwh.

Proof: Observe that (iT o T, u A u)j, = | Tu|?. The statement then follows from (99) with
v=20—1. |

6. Proof of Theorem 1.1, and Corollary 1.3

We first prove Theorem 1.1. By the hypothesis, (4.3) may be applied uniformly on geodesic
balls of radius 1. In particular,

29 (p)
FQ)P? < —

< |F|’dpn VF e A%(p). (102)
Vol(p, 1) Jpp,1)

where the implicit constant depends only on B and the K. By Equation (35), we have

2V (P
K. (o) S Vol 1)’ (103)
and therefore, by the Cauchy-Schwarz inequality (37),
|K,.(p, q)|2e*21//(17)*21ﬁ(q) < |K. (0, p)I1K (g, q)|e*21//(17)*21//(q)
! (104)

< .
™~ Vol(p, 1)Vol(g, 1)

To prove the oftf-diagonal exponential decay (20), we can assume without loss of generality
that d(p,q) > 4. Applying (102) to K, (-, q) we get:

29 (p)

K. (p)* <

K, (0,9 du@). 105
S Vol 1) B(p,1)| w @S du(p) (105)

Observe that if x,(p) := max{0, 1 — d(B(p, 1), p)}, the definition of B, and Kohn's iden-
tity Equation (51) give

/ K (0 ) dpup) < / K, (90K (0 ) %) i)
B(p,l) M

= B;L (Ku(" q)Xp) (@
= K (9 D xp(@) — @, T, 1 w)(@), (106)

where u = g(KM(-,q)Xp) = Ku(-,q)g)(p is a (0,1)-form supported on B(p,2) (in fact
on B(p,2) \ B(p, 1)). Since d(p,q) > 4, the first term vanishes. The second one may be
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bounded with (4.4), which gives

14C)
¥ -1 < € —yd(.q) . 219+ 12
@)@ £ s — \/ /B o [KnCOPRG A, (107)

where y < A/2b. Notice that by taking the square root we lose a factor 2, with respect to
(4.4). Since |8Xp|i < 1/2, we finally estimate

/ K. (@0 D110 (017 die(p) S 1K (g, )l / K (' p) 1 die(p)
B(p,2) B(p,2)

V@ d Vol(p')
™~ Vol(g, 1) Jpp2) Vol(p',1)°
where we used the diagonal bound (103). By the Bishop-Gromov volume compari-

son theorem [13, Theorem 4.19], Vol(p/, 1) =~ Vol(p, 2) for every p’ € B(p,2), where the
implicit constant depends just on the dimension of M and the lower bound on the Ricci

curvature. Thus
d Vol(p'
/ & ~ 1. (109)
B(p2) Vol(p', 1)
Analogously, Vol(g,2) ~ Vol(g, 1), and therefore

(108)

v (@

—yd(p,q) 110
Volig, )¢ : (110)

@ T (@] S

which, together with the estimates obtained above, gives the desired estimate. The last part
of the theorem follows from Corollary 5.3.
We now turn to the proof of Corollary 1.3. By assumption, we can take b’ < b such that

y < 2b/'/(n — 1)/n. Choose k large enough such that k?(b*> — b’?) + P > 0 so that
kz(b2 — b/z)a)h >inTyo T, — Op. (111)
Putting h® := k2h, by direct calculations we get
- 1
R = k2igdy + 5O
150 my . -
> Ek b wh+(5)lThoTh
1 /2 my . -
= Eb wpk + (5> iTyw o Tha. (112)

By Corollary 5.3, the complex Laplacian Dh(k)’u(k) is b2-coercive with b? = b2 n—1/n
and Theorem 1.1 holds with y < ¥'\/2(n — 1)/n = 2b. On the other hand,

/,L(k) = e_Zkz‘”Volh = e_Zkzwk_Z”Volh(k) = e_z'l’(k)Volh(k) (113)
with ¢ ® = K2y + 2n log k. Therefore,

try, o, (1009 ®) + 31014, < nB+ 3k °Q. (114)
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Applying Theorem 1.1 for 1® and h®, we obtain for p,q € M,

¢~V Ao (P9)
V/Vol,w (p, 1) Vol,w (g, 1)
=C R
v Vol (p, k=) Vol (g, k1)

IK 00 (p, @) KV FV@ < ¢

(115)

where C does not depend on k. Finally, observe that by the assumption on the lower bound
of the Ricci tensor,

Vol (p, 1) < Volu(p, k Hk¥eV=K, k> 1

and similarly for g. Plugging these into the inequality above, we finally obtain (27).

7. An example: ACH metrics of Bergman-type

In this last section, we discuss in some detail the following example. Let D be a precompact
strictly pseudoconvex domain in a complex manifold X with smooth boundary. Suppose
that D is defined by o < 0, with do # 0 on dD and g is smooth in a neighbourhood U of
dD. We further assume that — log(—p) is strictly plurisubharmonic on U N D. In this case,
—i39 log(—0) defines an asymptotically complex hyperbolic (ACH) Kahler metric h, on
UnNnDb. - -

Given any Hermitian metric & on D, we can patch, using a partition of unity, 4 and h, to
obtain a Hermitian metric h on D such thath = h, on U N D. Itis known that the curvature
tensor of h approaches the curvature tensor of constant holomorphic sectional curvature
—4 (see [33]). In particular, the sectional curvature is bounded from above, while Ricj, and
©®j, are bounded from below. The last fact is easy to see: near the boundary aD, in local
coordinates

Ricy, = —(n+ Dwy — iaélog][g]

where J[o] is the (Levi-)Fefferman determinant:

@ O
=—d 7|,
Jlel « |:ék Qk]’]

Notice that i log J[o], which does not depend on the local coordinates, extends smoothly
to a neighbourhood of 9D, and is hence bounded. Moreover, since T, = 0 near the
boundary, & must have bounded torsion.

Also note that in general the metric h constructed in this way is non-Kahler and need
not have bounded geometry.

Suppose that y is a smooth measure on D such that [Jj,, is b*-coercive and with
Aplog(d Vol,/dun) bounded from above. Then the Bergman kernel K, satisfies the
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exponential decay estimate (20), namely

C
K, (p, < *th(p,q)’
Kulp I = @

where n = d Vol /du, dj, is the Riemannian distance of 4, and y depends on the coercivity
constant b. Observe that the volume factors have been absorbed into the constant since h
has sectional curvature bounded from above.

Moreover, by Corollary 1.3, if iddn > ewy, for some € > 0, then for k large enough

Ck>" kd(p0)
- T Ykalpq
|Knkzdvolh(p>q)| S T]k(p)T]k(q)e 5

for some constants C and y do not depend on k.
When h = —idd log(—p) is defined on D, the coercivity is satisfied under an explicit
condition on y and p, i.e. when

i90 log (dvoly,/du) > iaélog((—g)_"_l_b][g]).
If D C C"and du = e~ ¥ dA, then the condition F* > bwy translates into
iaé_)log[(—g)be‘p] >0,

in other words, when log[(—0)?e?] is strictly plurisubharmonic for some positive con-
stant b.
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Appendix

We now show that the ‘twisted basic identities’ of the kind discussed in, e.g. [18] are particular
instances of Proposition 5.2 when the metric is conformally Kahler.

To see this, let (M, h) be a Kéhler manifold and 7 : M — (0,+00) a smooth ‘twisting factor’.
One may easily verify that the diagram below is an isomorphism of Hilbert complexes, i.e. that the
vertical arrows are unitary isomorphisms and the two squares commute:

DoT VT00

L2(]V[7 ,LL) L%071)(M7 h7/1’) L%QQ)(]\/[? ha:u)
VT 1| 1/ﬁ[
L2(M, 7' p) (0 1)(M’ 77 h, ) (02)(M 7= h, 77 p)

Here the vertical arrows are multiplication operators by the indicated functions. Therefore, the
twisted complex in the top row is isomorphic to the weighted d-complex in the second row. As a
consequence, putting h := t~'hand i := i, we have

Egﬁ(u):/ 1:|5Z,Mu|2du+/ ‘c|5u|fldu.
M

We now compute the left-hand side using Proposition 5.2. Let 1 := —log 7 and observe that the
Christoffel symbols of the Chern connection of hare T k= ]k + r;JS where F’ are the Christoffel

symbols of the Chern connection of  and 7 is a shorthand for ;1. Hence, we have V Fup = v U —

m;uf.- Representing covariant derivatives with respect to V" by indices preceeded by a Vertlcal bar |,
we have

=h =h 1 - 5T
V'u} = (IV ulf + 13n[} Jul} — Re (u;;\;n’uk)).
Moreover, since the torsion of /1 is given by Pfj?k = r]j(S,"{ — nkS}, we have Flv";ku,- = njux — nkuj and
| Tigily, = 13mlj, luly — 1w, )]

Equation (98) yields
Egﬁ(u) = 2/ WhuI% di + 2/ (FRa A u)y dii
M M
+ 2Ref (du, T"u)z dm — / ﬁ"ul% di
M M
= 2/ T|§hu|ﬁ du + 2/ <rF“ + 185r,ﬁ/\ u> du
M M 2 h

_ 2Ref T (ul?lf nJuk) du + 2Re/ 7(3u, Tu)h du.
M M
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We will now use the identity
(3u, ?u)h = Ui njuk — Uk njuk,
and the fact that the metric 4 is Kéhler. This allows to integrate by parts in the following way:

_ 2Re/ T (ul}\j njul_‘) du +2Re/ T(du, Tu), dp
M M
= —2Re/ e " (usz 177u}_‘ du
v ( ik )

= 2Re/ u; (niuiefnfw)”_c dVol

:2/ ”‘l}”jul_(e_n dM—ZRe/ (u,én)h(é*hu)e_" du —2/ I(u,én)lfle_” du
M’ M e M

= —Z/II/Itj,-(uju’_f du + 2Re /M<”’5t>h(5;,h”) du.

Notice that we used the elementary identity E_)/j)hu = —(u}_‘e_z'/’)‘ % Putting everything together, we
find

ft|5u|idu+/ T|5}jhu|2d;¢:2/ r|§hu|f‘du+2/ T<F“—18<‘_ir,ﬂ/\u> du
M M ’ M M 2 h

+2Reﬁw(5;)hu)(u,5r)h du.

This is Theorem 3.1 of [18] for = M.
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