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Keevash, Knox and Mycroft [20]. In many cases our results
are best possible in the sense that lowering the minimum de-
gree condition means that the corresponding decision problem
becomes NP-complete.
© 2019 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Given k > 2, a k-uniform hypergraph (or k-graph) consists of a vertex set V(H) and an
edge set F(H) C (V(kH)), where every edge is a k-element subset of V(H). A matching in
H is a collection of vertex-disjoint edges of H. A perfect matching M in H is a matching
that covers all vertices of H.

The question of whether a given k-graph H contains a perfect matching is one of the
most fundamental problems in combinatorics. In the graph case k = 2, Tutte’s Theorem
[46] gives necessary and sufficient conditions for H to contain a perfect matching, and
Edmonds’ Algorithm [5] finds such a matching in polynomial time. On the other hand, the
decision problem whether a k-graph contains a perfect matching is famously NP-complete
for k > 3 (see [17,7]).

An important generalisation of the notion of a perfect matching is that of a perfect
packing: Given two k-graphs H and F', an F'-packing in H is a collection of vertex-disjoint
copies of F'in H. An F-packing is called perfect if it covers all the vertices of H. Perfect
F-packings are also referred to as F'-factors or perfect F-tilings. Note that perfect match-
ings correspond to the case when F is a single edge. Hell and Kirkpatrick [14] showed
that the decision problem whether a graph G has a perfect F-packing is NP-complete
precisely when F' has a component consisting of at least 3 vertices.

In light of the aforementioned complexity results, there has been significant attention
to determine classes of (hyper)graphs for which the respective decision problems are
polynomial time solvable. A key contribution of this paper is to provide a general tool
(Theorem 3.1) that can be used to obtain such results. For this result we need to introduce
several concepts so we defer its statement until Section 3.4. However, roughly speaking,
for any k-graph F', Theorem 3.1 yields a general class of k-graphs within which we do have
a complete characterisation of those k-graphs that contain a perfect F-packing. We then
give three applications of Theorem 3.1, which we describe below. In particular, each of
our applications convey an underlying theme: In each case, the class of (hyper)graphs H
we consider are those satisfying some minimum degree condition which ensures an almost
perfect matching or packing M (i.e. M covers all but a constant number of the vertices
of H). Thus, in each application we show that we can detect the ‘last obstructions’ to
having a perfect matching or packing efficiently.
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1.1. Perfect matchings in hypergraphs

Given a k-graph H with an f-element vertex set S (where 0 < £ < k — 1) we define
dp (S) to be the number of edges containing S. The minimum £-degree 6¢(H) of H is the
minimum of dg () over all f-element sets of vertices in H. We refer to d;_1(H) as the
minimum codegree of H. The following conjecture from [9,28] gives a minimum ¢-degree
condition that ensures a perfect matching in a k-graph.

Conjecture 1.1. Let £,k € N such that £ < k — 1. Given any € > 0, there is an ng € N
such that the following holds. Suppose H is a k-graph on n > ng vertices where k divides

n. If
d¢(H) 2max{(1/2+6), (1_ (1_%>ke+€>} (Jig)

then H contains a perfect matching.

An ‘exact’ version of Conjecture 1.1 (without the error terms) was stated in [45]. There
are two types of extremal examples that show, if true, Conjecture 1.1 is asymptotically
best possible. The first is a so-called divisibility barrier: Let V1 be a set of n vertices and
A, B a partition of V7 where |A|,|B| are as equal as possible whilst ensuring |A| is odd.
Let H; be the k-graph with vertex set V; and edge set consisting of all those k-tuples
that contain an even number of vertices from A. Then &,(H1) = (1/2 + o(1))(,",)
for all 1 < ¢ < k — 1 but H; does not contain a perfect matching. (Actually note
that there is a family of divisibility barrier constructions for this problem; see e.g. [45]
for more details.) The second construction is a so-called space barrier: Let V, be a
vertex set of size n and fix S C V5 with |S| = n/k — 1. Let Hy be the k-graph whose
edges are all k-sets that intersect S. Then Hy does not contain a perfect matching and
bu(Ha) = (1= (1= 1) +0(1)) () forall 1 < e <k —1.

In recent years Conjecture 1.1 (and its exact counterpart) has received substantial
attention [1,4,9,10,21,22,27,31,34,36,37,39,40,43-45]. In particular, the ezact threshold is
known for all £ such that 0.42k < ¢ < k—1 as well as for a handful of other values of (k, £).
For example, Rodl, Rucinski and Szemerédi [40] determined the codegree threshold for
this problem for sufficiently large k-graphs H on n vertices. This threshold is n/2—k+C
where C' € {3/2,2,5/2,3} depends on the value of n and k.

Such results give us classes of dense k-graphs for which we are certain to have a
perfect matching. This raises the question of whether one can lower the minimum ¢-degree
condition in Conjecture 1.1 whilst still ensuring it is decidable in polynomial time whether
such a k-graph H has a perfect matching: Let PM(k, ¢, §) denote the problem of deciding
whether there is a perfect matching in a given k-graph on n vertices with minimum
(-degree at least 6(," ). Write PM(k, ) := PM(k, k — 1,6).
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The above mentioned result of Rodl, Ruciiski and Szemerédi [40] implies that
PM(k,1/2) is in P. On the other hand, for k¥ > 3 Szymariska [42] proved that for
d < 1/k the problem PM(k,d) admits a polynomial-time reduction to PM(k,0) and
hence PM(k, d) is also NP-complete. Karpinski, Ruciiski and Szymanska [18] proved
that there exists an € > 0 such that PM(k, 1/2 —€) is in P; they also raised the question
of determining the complexity of PM(k,d) for 6 € [1/k,1/2). For any § > 1/k, Keevash,
Knox and Mycroft [20] recently proved that PM(k,d) is in P. Then very recently this
question was completely resolved by the first author [12] who showed that PM(k, §) is
in P for any 6 > 1/k.

Note that the minimum codegree of the space barrier construction Hy above is
dk—1(H2) = n/k—1. So in the case of minimum codegree, the threshold at which PM(k, )
‘switches’ from NP-complete to P corresponds to this space barrier. This leads to the
question whether the same phenomenon occurs in the case of minimum /¢-degree for
¢ < k — 2. In support of this, Szymanska [42] proved that PM(k, ¢,d) is NP-complete
when § < 1—(1—1/k)¥=*. This led Keevash, Knox and Mycroft [20] to pose the following
conjecture.

Conjecture 1.2 (Keevash, Knox and Mycroft [20]). PM(k,£,5) is in P for every 6 >
1—(1—1/k)+*.

As an application of Theorem 3.1 we verify Conjecture 1.2 in a range of cases. To
state our result, we first must introduce the notion of a perfect fractional matching: Let
H be a k-graph on n vertices. A fractional matching in H is a function w : E(H) — [0, 1]
such that for each v € V/(H) we have that }° J w(e) < 1. Then ). p ) w(e) is the
size of w. If the size of the largest fractional matching w in H is n/k then we say that w
is a perfect fractional matching. Given k, £ € N such that £ < k — 1, define ¢} , to be the
smallest number ¢ such that every k-graph H on n vertices with 6o(H) > (¢+o0(1)) (2:5)

contains a perfect fractional matching. We can now state our complexity result for perfect
matchings.

Theorem 1.3. Given k,{ € N such that 1 < £ < k — 1, define 6* := max{1/3,¢; ,}.
Given any § € (6*,1], PM(k,£,0) is in P. Indeed, for every n-vertex k-graph H with
minimum {-degree at least (5(2:5), there is an algorithm with running time O(nkz) which
determines whether H contains a perfect matching.

Alon, Frankl, Huang, Rodl, Ruciriski, and Sudakov [1] conjectured that Cho=1-— (1-
1/k)*=¢ for all £,k € N. Thus, Theorem 1.3 verifies Conjecture 1.2 in all cases where
¢t =1—(1—-1/k)**and ¢} , > 1/3. In particular, Kiihn, Osthus and Townsend [30,
Theorem 1.7] proved that c; , = 1 — (1 — 1/k)k=* in the case when ¢ > k/2 and the
first author [10, Theorem 1.5] proved that c; , = 1 — (1 — 1/k)k=* in the case when
= (k-1)/2.
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Note that forall 1 < /£ <k —1,

k—1\""* (1 -k
k e '
Thus, 1 — (1 — 1/k)*¥=* > 1/3 if £ < (1 + In(2/3))k ~ 0.5945k. (Here In denotes the
natural logarithm function.) Altogether, this implies the following.

Corollary 1.4. Conjecture 1.2 holds for all k,£ € N such that (k —1)/2 < £ < (1 +
In(2/3))k.

1.2. Perfect packings in graphs

Several complexity problems for perfect packings in graphs have received attention.
Given a graph F, we write |F| for its order and x(F') for its chromatic number. For
approximating the size of a maximal F-packing, Hurkens and Schrijver [15] gave an
(|F')/2+ €)-approximation algorithm (where € > 0 is arbitrary) which runs in polynomial
time. On the other hand, Kann [16] proved that the problem is APX-hard if F' has a
component which contains at least three vertices. (In other words, it is impossible to
approximate the optimum solution within an arbitrary factor unless P=NP.) In con-
trast, the results in [14] imply that the remaining cases of the problem can be solved in
polynomial time.

The following classical result of Hajnal and Szemerédi [8] characterises the minimum
degree that ensures a graph contains a perfect K,.-packing.

Theorem 1.5 (Hajnal and Szemerédi [8]). Every graph G whose order n is divisible by r
and whose minimum degree satisfies §(G) > (1 — 1/r)n contains a perfect K,.-packing.

By considering a complete r-partite graph G with vertex classes of almost equal size,
one can see that the minimum degree condition in Theorem 1.5 cannot be lowered.
Kierstead, Kostochka, Mydlarz and Szemerédi [23] gave a version of Theorem 1.5 which
also yields a fast (polynomial time) algorithm for producing the perfect K,-packing.

Up to an error term, the following theorem of Alon and Yuster [2] generalises Theo-
rem 1.5. Let M (n) be the time needed to multiply two n by n matrices with 0,1 entries.
(Here the entries are viewed as elements of Z.) Determining M (n) is a challenging prob-
lem in theoretic computer science, and the best known bound of M (n) = O(n?3728639)
was obtained by Le Gall [32].

Theorem 1.6 (Alon and Yuster [2]). For every v > 0 and each graph F there exists an
integer ng = no(v, F) such that every graph G whose order n > ng is divisible by |F|
and whose minimum degree is at least (1 — 1/x(F) + v)n contains a perfect F-packing.
Moreover, there is an algorithm which finds this F-packing in time O(M(n)).
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In [2], they also conjectured that the error term yn in Theorem 1.6 can be replaced
by a constant C'(F') > 0 depending only on F'; this has been verified by Komlds, Sarkozy
and Szemerédi [25].

Theorem 1.7 (Komlds, Sdrkozy and Szemerédi [25]). For every graph F there exist inte-
gers C < |F| and ng = no(F') such that every graph G whose order n > ng is divisible by
|F'| and whose minimum degree is at least (1—1/x(F))n+C contains a perfect F-packing.
Moreover, there is an algorithm which finds this F-packing in time O(nM(n)).

As observed in [2], there are graphs F for which the constant C'(F') cannot be omitted
completely. On the other hand, there are graphs F' for which the minimum degree con-
dition in Theorem 1.7 can be improved significantly [19,3], by replacing the chromatic
number with the critical chromatic number. The critical chromatic number x..(F) of
a graph F is defined as (x(F) — 1)|F|/(|F| — o(F)), where o(F) denotes the mini-
mum size of the smallest colour class in a colouring of F' with x(F') colours. Note that
X(F) =1 < xer(F) < x(F) and the equality holds if and only if every y(F)-colouring
of F has equal colour class sizes. If x.-(F) = x(F), then we call F' balanced, otherwise
unbalanced. Komlés [24] proved that one can replace x(F) with x-(F) in Theorem 1.7
at the price of obtaining an F-packing covering all but en vertices. He also conjectured
that the error term en can be replaced with a constant that only depends on F' [24]; this
was confirmed by Shokoufandeh and Zhao [41] (here we state their result in a slightly
weaker form).

Theorem 1.8 (Shokoufandeh and Zhao [[1]). For any F there is an ng = no(F) so that
if G is a graph on n > ng vertices and minimum degree at least (1 — 1/xcr(F))n, then
G contains an F-packing that covers all but at most 5|F|? vertices.

Then the question is, for which F can we replace x(F) with xer(F) in Theorem 1.77
Kiithn and Osthus [26,29] answered this question completely. To state their result, we
need some definitions. Write k := x(F'). Given a k-colouring ¢, let 27 < --- < x, denote
the sizes of the colour classes of ¢ and put D(c) = {41 —2; | i € [k — 1]}. Let D(F) be
the union of all the sets D(c) taken over all k-colourings c. Denote by hef, (F') the highest
common factor of all integers in D(F'). (If D(F') = {0}, then set hcf, (F) := co.) Write
hef.(F) for the highest common factor of all the orders of components of F' (for example
hefo(F) = |F| if F' is connected). If x(F) # 2, then define hef(F') = 1 if hef, (F) = 1. If
X(F') =2, then define hef(F) = 1 if both hef . (F) = 1 and hef, (F') < 2. Then let

fxer(F)ifhet(F) =1,
x(F) = {X(F) otherwise.

In particular we have x.r(F) < x«(F).
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Theorem 1.9 (Kiihn and Osthus [26,29]). There exist integers C = C'(F) and ng = no(F)
such that every graph G whose order n > ng is divisible by | F| and whose minimum degree
is at least (1 — 1/x«(F))n 4+ C contains a perfect F-packing.

Theorem 1.9 is best possible in the sense that the degree condition cannot be low-
ered up to the constant C (there are also graphs F such that the constant cannot be
omitted entirely). Moreover, this also implies that, one can replace x(F) with Xcr(F)
in Theorem 1.7 if and only if hef(F') = 1. When hef(F) # 1 certain divisibility barrier
constructions show that the minimum degree condition in Theorem 1.9 (and thus Theo-
rem 1.7) is best possible up to the additive constant C' (see [29]). On the other hand, the
following space barrier construction shows that one cannot replace x.(F) with anything
smaller than y..(F) in Theorem 1.9; that is, when hcf(F') # 1, Theorem 1.9 is best
possible up to the additive constant C: Let G be the complete x (F)-partite graph on n
vertices with o(F)n/|F| — 1 vertices in one vertex class, and the other vertex classes of
sizes as equal as possible. Then §(G) = (1 — 1/x¢-(F))n — 1 and G does not contain a
perfect F-packing.

Now let us return to the algorithmic aspect of this problem. Let Pack(F,d) be the
decision problem of determining whether a graph G whose minimum degree is at least
0|G| contains a perfect F-packing. When F' contains a component of size at least 3, the
result of Hell and Kirkpatrick [14] shows that Pack(F,0) is NP-complete. In contrast,
Theorem 1.9 gives that Pack(F,¢) is (trivially) in P for any § € (1 —1/x.(F'),1]. In [26],
Kiithn and Osthus showed that Pack(F,d) is NP-complete for any § € [0,1 — 1/x¢r(F))
if F'is a clique of size at least 3 or a complete k-partite graph such that £ > 2 and the
size of the second smallest vertex class is at least 2.

Due to lack of knowledge on the range ¢ € [0,1 — 1/x.(F)) for general F, we still
do not understand Pack(F,d) well in general. Indeed, even for (unbalanced) complete
multi-partite graphs F' with hcf(F) # 1, there is a substantial hardness gap for ¢ €
[1 —1/xer(F),1 — 1/x«(F)]. In particular, Yuster asked the following question in his
survey [47].

Problem 1.10 (Yuster [/7]). Is it true that Pack(F,0) is NP-complete for all § € [0,1 —
1/x«(F)) and any F which contains a component of size at least 37

Our next result provides an algorithm showing that Pack(F,¢) is in P when ¢ € (1 —
1/xer(F), 1], which gives a negative answer to Problem 1.10 (as seen for any F' such that
Xer(F) < x«(F)). In fact, this gives the first nontrivial polynomial-time algorithm for
the decision problem Pack(F, d). In particular, it eliminates the aforementioned hardness
gap for unbalanced complete multi-partite graphs F with hef(F') # 1 almost entirely.

Theorem 1.11. For any m-vertex k-chromatic graph F and § € (1 — 1/xc(F), 1],
Pack(F,0) is in P. That is, for every n-vertex graph G with minimum degree at least
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mkil— m
5n, there is an algorithm with running time O(n™ax{2 tmt1, m(2m—1) ), which de-

termines whether G contains a perfect F-packing.

In view of the aforementioned result of [26], Theorem 1.11 is asymptotically best
possible if F' is a complete k-partite graph such that k > 2 and the size of the second
smallest cluster is at least 2 (note that when F' is balanced, the result is included in
Theorem 1.6). On the other hand, Theorem 1.11 complements Theorem 1.8 in the sense
that when the minimum degree condition guarantees an F-packing that covers all but
constant number of vertices, we can detect the ‘last obstructions’ efficiently.

We remark that Theorem 1.11 also appears in a conference paper of the first au-
thor [13].

1.8. Perfect packings in hypergraphs

Over the last few years there has been an interest in obtaining degree conditions that
force a perfect F-packing in k-graphs where k > 3. In general though, this appears to
be a harder problem than the graph version. Indeed, far less is known in the hypergraph
case. See a survey of Zhao [48] for an overview of the known results in the area. Our
final application of Theorem 3.1 is related to a recent general result of Mycroft [35].

Given a k-graph F and an integer n divisible by |F|, we define the threshold §(n, F')
as the smallest integer ¢ such that every n-vertex k-graph H with d;_1(H) > t contains
a perfect F-packing. Let F' be a k-partite k-graph on vertex set U with at least one edge.
Then a k-partite realisation of F' is a partition of U into vertex classes Uy, . .., Uy so that
for any e € E(F') and 1 < j < k we have |[eNU;| = 1. Define

S(F) =, .. |Ukl} and D(F) := | J{|Ui] = |U;]] : 4, € [K]},

where in each case the union is taken over all k-partite realisations x of F' into vertex
classes Uy, ..., Uy of F. Then ged(F) is defined to be the greatest common divisor of the
set D(F) (if D(F) = {0} then ged(F) is undefined). We also define

minges(r) S

)=y

and thus in particular, o(F) < 1/k. Mycroft [35] proved the following;:

n/2+ o(n) it S(F) = {1} or ged(S(F)) > 1;
0(n, F) < < o(F)n+ o(n) if ged(F) =1, (1.1)
max{o(F)n,n/p} +o(n) if ged(S(F)) =1 and ged(F) =d > 1,

where p is the smallest prime factor of d. Moreover, equality holds in (1.1) for all complete
k-partite k-graphs F', as well as a wide class of other k-partite k-graphs.
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Myecroft [35] also showed that minimum codegree of at least o(F)n+o(n) in an n-vertex
k-graph H ensures an F-packing covering all but a constant number of vertices. The
next two results show that above this degree threshold, one can determine in polynomial
time whether H contains a perfect F-packing, whilst below the threshold the problem
is NP-complete (for complete k-partite k-graphs F). Given § > 0 and a k-graph F', let
Pack(F, ) be the decision problem of determining whether a k-graph H whose minimum
codegree is at least §| H| contains a perfect F-packing.

Theorem 1.12. Let k > 3 be an integer and let F' be a complete k-partite k-graph. Then
Pack(F, ) is NP-complete for any 6 € [0,0(F)).

Theorem 1.13. Let k > 3 be an integer and let F' be an m-vertex k-partite k-graph.
For any ¢ € (o(F),1], Pack(F,d) is in P. That is, for every n-vertex k-graph H with
Sk_1(H) > on, there is an algorithm with running time O(n™@™=V"™) "which determines
whether H contains a perfect F-packing.

Note that when F is just an edge, a perfect F-packing is simply a perfect matching.
Further, in this case o(F') = 1/k. Thus, Theorem 1.13 is a generalisation of the perfect
matching result of Keevash, Knox and Mycroft [20].

1.4. A general tool for complezity results

To prove the results mentioned above, we introduce a general structural theorem,
Theorem 3.1. Given any k-graph F', Theorem 3.1 considers k-graphs H whose minimum
{-degree is sufficiently large so as to ensure H contains an almost perfect F-packing
(that is an F-packing covering all but a constant number of vertices in H). To state
Theorem 3.1 we introduce a coset group which, loosely speaking, is defined with respect
to the ‘distribution’ of copies of F' in H. In particular, Theorem 3.1 states that if this
coset group ) has bounded size then we have a necessary and sufficient condition for
H containing a perfect F-packing. This condition can be easily checked in polynomial
time. This means if we have a class of k-graphs H (i) each of whose minimum ¢-degree
is sufficiently large and; (ii) each such H has a corresponding coset group @ of bounded
size, then we can determine in polynomial time whether an element H in this class has
a perfect F-packing.

Thus, in applications of Theorem 3.1 the key goal is to determine whether the corre-
sponding coset groups have bounded size. In our applications to Theorems 1.11 and 1.13
all k-graphs H considered will have a corresponding coset group @ of bounded size. On
the other hand, to prove Theorem 1.3 we show that a hypergraph H under consideration
must have a corresponding coset group ) of bounded size, or failing that, must have a
perfect matching.

The approach of using these auxiliary coset groups as a tool for such complexity
results was also used in [20,12]; note that these applications were for perfect matchings
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in hypergraphs of large minimum codegree. Theorem 3.1 provides a generalisation of this
approach. Indeed, Theorem 3.1 is applicable to perfect matching and packing problems
in (hyper)graphs of large minimum ¢-degree for any £. As such, we suspect Theorem 3.1
could have many more applications in the area.

The paper is organised as follows. In the next section we prove Theorem 1.12. In
Section 3 we introduce the general structural theorem (Theorem 3.1) as well as some
notation and definitions. We prove Theorem 3.1 in Sections 4 and 5. In Sections 6 and 7
we introduce some tools that are useful for the applications of Theorem 3.1. We then
prove Theorems 1.3, 1.11 and 1.13 in Sections 8, 9 and 10 respectively.

2. Proof of the hardness result
In this section we prove Theorem 1.12.

Proof of Theorem 1.12. Our proof resembles the one of Szymariska [42, Theorem 1.7]
and we also use the following result from it. Let PMy;, (k) be the subproblem of PM(k;, 0)
restricted to k-uniform hypergraphs which are linear, that is, any two edges share at most
one vertex. Then it is shown in [42] that PMy;,(3) is NP-complete.

Let K := K®(ay,..., ax) be the complete k-partite k-graph of order m with vertex
classes of size a1 < --- < ag. We may assume that ap > 2 as otherwise K is just a
single edge and Pack(K, §) is NP-complete for 6 € [0,1/k) as shown in [42]. We prove
the theorem by the following reductions.

(a) () (c)
PM;;,,(3) < PMy;,(m) < Pack(K,0) < Pack(K, ).

Reduction (a). In fact, we will show that PMy;, (k)<PMy;,, (k + 1) for any k > 3. Let H
be a linear k-graph with n vertices and s edges. We construct a linear (k + 1)-graph G
by taking k + 1 disjoint copies H; of H, i € [k + 1] and for every edge e in each copy
H; we add one vertex vf to V(G), i.e., V(G) = U,cppy1)(V(Hi) UUeepm,) {vf})- Thus
[V(G)| = (k+ 1)(n + s). For every e € E(H) the (k+ 1)-tuple {v¢ : i € [k + 1]} forms
an edge of G. Moreover, we add to E(G) all sets of the form e U {v§} for all i € [k + 1]
and e € E(H;). Hence, G has (k + 2)s edges and is linear by the definition.

Suppose H has a perfect matching M. Let M; be the same matching in the copy H;
of H, i € [k+1]. Then it is easy to see that G has a perfect matching M' = {eU{v{},e €
M, i€ [k+1]}U{fe ={v],...,v5} e ¢ M}. On the other hand assume that G has
a perfect matching M’ = {f1,..., fots}. For all v € V(Hy), let f(v) € M’ be such that
v € f(v). But the only edges of G containing the vertices of Hy are of the form e U {v{},
so {f(v) :veV(Hy)} =n/kand {f(v)NV(H;):v € V(Hy)} is a perfect matching of
H,. Therefore H also has a perfect matching.

Reduction (b). Given a linear m-graph H we build a k-graph G by replacing each edge of

H with a copy of K. If H has a perfect matching then G has a perfect K-packing. In turn,
if G has a perfect K-packing, then by the linearity of H, each copy of K corresponds to
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a single edge of H and therefore the K-packing corresponds to a perfect matching of H.
In fact, since K is complete k-partite, there exists an ordering ey, ...,e; of E(K) (e.g.,
the lexicographic ordering) such that for any 2 < i < ¢, there exists 1 < j < i — 1 such
that |e; N ej| > 2. Then by the linearity of H, each copy of K corresponds to a single
edge of H.

Reduction (c). Let v := o(K) — ¢ = a;/m — ¢ and thus v > 0. To achieve this, for
each instance H of Pack(K,0) with n vertices such that m | n, we define a graph H' as
follows. Let Hy = Hy(k,n,7) be a k-graph, in which the vertex set is the union of two
disjoint sets A U B, such that |A| = a1[n/v] and |B| = (m — a1)[n/~]. The edge set of
Hy consists of all k-vertex sets of A U B which have a non-empty intersection with A.
Observe that d,_1(Hp) = |A] and Hy has a perfect K-packing (in which each copy of K
contains a; vertices in A and m — a; vertices in B). Then let H' be the k-graph such
that V(H') = V(H)UV (Hy) and E(H') = E(H)UE, where F consists of all k-sets that
intersect A and thus E(Hy) C E. Clearly |V(H')| = n+ m[n/v] and

O-a(H') = [A] = axTn/] = (2 = Soq ) [V(H")| > 8|V (1),

If H has a perfect K-packing, so does H'. Now suppose that H does not have a perfect
K-packing and H' has a perfect K-packing M. This means that there exists a copy of K
in M with its vertex set denoted by K’, such that K'N A # () and K’ NV (H) # . First

assume that K’ N B = {). Then since ;gvlgl‘ = |A‘\BI|(/‘ < ai/(m — ay), the vertices of B

cannot be covered completely by M, contradicting the existence of M. Otherwise K’ N

B # (). Then since V (H)UB is an independent set in H’, we get that |K'NA| > ay, which

. . . A\K Al—
implies that 1 < |[K' N B] < m —a; — 1. Again, ||B<K’|| < |B‘J(nllfallil) < ai/(m—ay),

so the rest of the vertices of B cannot be covered completely by M, a contradiction. O
3. The general structural theorem

In order to state our general structural theorem, Theorem 3.1, we will now introduce
some definitions and notation.

3.1. Almost perfect packings

Let k,/ € N where ¢ < k — 1. Let F' be an m-vertex k-graph and D € N. Define
0(F,¢,D) to be the smallest number § such that every k-graph H on n vertices with
d(H) > (0 + 0(1))(2:5) contains an F-packing covering all but at most D vertices. We
write d(k, ¢, D) for §(F, ¢, D) when F is a single edge.

3.2. Lattices and solubility

One concept needed to understand the statement and proof of Theorem 3.1 is that
of lattices and solubility introduced by Keevash, Knox and Mycroft [20]. Let H be an
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n-vertex k-graph. We will work with a vertex partition P = {Vi,...,Vy} of V(H) for
some integer d > 1. In this paper, every partition has an implicit ordering of its parts.
The index vector ip(S) € Z¢ of a subset S C V(H) with respect to P is the vector whose
coordinates are the sizes of the intersections of S with each part of P, namely, ip(S)|; =
|SNV;| for i € [d], where v|; is defined as the ith digit of v. For any v = {v,...,vg} € Z9,
let |v| := Zle v;. We say that v € Z% is an r-vector if it has non-negative coordinates
and |v| =r.

Let F be an m-vertex k-graph and let ;¢ > 0. Define I;;F(H) to be the set of all i € Z4
such that H contains at least un™ copies of F' with index vector i and let L% (H) denote
the lattice in Z¢ generated by I ,(H).

Let ¢ € N. A (possibly empty) F-packing M in H of size at most ¢ is a g-solution
for (P,L%F(H)) (in H) itip(V(H)\V(M)) € L%F(H); we say that (P,L%F(H)) is
g-soluble if it has a g-solution.

Given a partition P of d parts, we write L, for the lattice generated by all m-vectors.
So Ld, = {v € Z%:m divides |v|}.

Suppose L C L‘Ifa‘x is a lattice in Z!P!, where P is a partition of a set V. The coset
group of (P,L)is Q = Q(P,L) := LLZIX/L. For any i € LILl, the residue of i in Q
is Rg(i) := i+ L. For any A C V of size divisible by m, the residue of A in Q is
Ro(4) = Rolip(A)).

3.3. Reachability and good partitions

Let F' be an m-vertex k-graph and let H be an n-vertex k-graph. We say that two
vertices u and v in V(H) are (F, 3,4)-reachable in H if there are at least An™™~1 (im —
1)-sets S such that both H[S U {u}] and H[S U {v}] have perfect F-packings. We refer
to such a set S as a reachable (im —1)-set for u and v. We say a vertex set U C V(H) is
(F, B,i)-closed in H if any two vertices u,v € U are (F, f3,1)-reachable in H. Given any
v € V(H), define Ng s (v, H) to be the set of vertices in V(H) that are (F, 3, i)-reachable
towvin H.

Let 8,¢ > 0 and ¢ € N. A partition P = {V1,...,Vy} of V(H) is (F,j,t,c)-good if
the following properties hold:

o Vi is (F,B,t)-closed in H for all i € [d];
e |Vi] > en for all i € [d].

3.4. Statement of the general structural theorem

With these definitions in hand, we are now able to state the general structural theorem.
Throughout the paper, we write 0 < o < 8 < 7 to mean that we can choose the
constants «, 8,7 from right to left. More precisely, there are increasing functions f and
g such that, given ~y, whenever we choose some 8 < f(v) and a < g(8), all calculations
needed in our proof are valid. Hierarchies of other lengths are defined in the obvious way.
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Theorem 3.1 (Structural theorem). Let k,¢ € N where £ < k—1 and let F' be an m-vertex
k-graph. Define D,q,t,ng € N and 3, uu,7y,c > 0 where

1/ng < B, u < v,¢,1/m,1/D,1/q,1/t.
Let H be a k-graph on n > ng vertices where m divides n. Suppose that

(i) d¢(H) > (8(F, ¢, D) +)(32g);
(ii) P ={V1,...,Vq} is an (F, B,t, c)-good partition of V(H);
(i) |Q(P, Ly p(H))| < q.

Then H contains a perfect F-packing if and only if (P,L%F(H)) is q-soluble.

At first sight Theorem 3.1 may seem somewhat technical. In particular, it may not be
clear which roles conditions (i)—(iii) play. We will explain this in more detail now.

In the proof of (the backward implication of) Theorem 3.1 we will utilise the absorbing
method. This technique was initiated by Rodl, Ruciniski and Szemerédi [38] and has
proven to be a powerful tool for finding spanning structures in graphs and hypergraphs.
Fix an integer ¢ > 0 and a k-graph F. Let H be a k-graph. For a set S C V(H), we say
aset T C V(H) is an absorbing (F,i)-set for S it |T| = ¢ and both H[T] and H[T U 5]
contain perfect F-packings. Informally, we will refer to T as an absorbing set for S and
say T absorbs S.

Often in proofs employing the absorbing method the goal is to find some small set A
such that for any very small set of vertices S in H, A absorbs S. In particular, if one
could guarantee such a set A in Theorem 3.1 then we would ensure a perfect F-packing:
By (i), H \ A would have an almost perfect F-packing. Then A can be used to absorb
the uncovered vertices to obtain a perfect F-packing.

Not all k-graphs satisfying the hypothesis of Theorem 3.1 will have a perfect
F-packing; so one cannot obtain such a set A in general. Instead, in the proof of The-
orem 3.1 we will apply the lattice-based absorbing method developed recently by the
first author [12]: What one can always guarantee in our case is a small family of ab-
sorbing sets Fups with the property that for every m-vertex set S C V(H) such that
ip(S) € I (H), there are many sets in Fgps that do absorb S. This is made precise
in Lemma 4.1 in Section 4. We remark that to obtain F,.;s it was crucial that condition
(ii) in Theorem 3.1 holds.

Now suppose M is an almost perfect F-packing in H \ V(Fus). Let U denote the
vertices in H \ V(Fgps) not covered by M. If there is a partition Si,...,Ss of U such
that ip(S;) € I x(H) for each 4, then by definition of Fyps we can absorb the vertices in
U to obtain a perfect F-packing in H. To find such a partition of U we certainly would
need that ip(U) € Li -(H). This is where the property that (P, L} -(H)) is g-soluble
is vital: by definition this allows us to find an F-packing M; of size at most ¢ such
that ip(V(H)\V(M1)) € LY, (H). Roughly speaking, the idea is that by removing the
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vertices of M; from H we now have a k-graph where (by following the steps outlined
above) we do obtain a set of uncovered vertices U that can be fully absorbed using the
family F,ps. This step is a little involved; that is, some careful refinement of the almost
perfect F-packing is still needed to ensure there is a partition Sq,...,Ss of U such that
lp(Sl) S I;;,F(H) for each i.

Condition (iii) is applied in both the forward and backward implication of Theo-
rem 3.1. In particular, this is precisely the condition required to show that if H has a
perfect F-packing then (P, L%F(H)) is g-soluble.

In the next section we prove the absorbing lemma and in Section 5 we prove Theo-
rem 3.1.

4. Absorbing lemma

The following result guarantees our collection F,ps of absorbing sets in the proof of
Theorem 3.1.

Lemma 4.1 (Absorbing lemma). Suppose F is an m-vertex k-graph and
I/n<1/e< Bp<1/m,1/t,

and H is a k-graph on n wvertices. Suppose P = {Vi,...,Vy} is a partition of V(H)
such that for each i € [d], V; is (F, B,t)-closed. Then there is a family Faps consisting
of at most clogn disjoint tm?-sets such that for each A € Fups, H[A] contains a per-
fect F-packing and every m-set S C V(H) with ip(S) € Iy p(H) has at least \/logn
absorbing (F,tm?)-sets in Faps.

Proof. Our first task is to prove the following claim.

Claim 4.2. Any m-set S with ip(S) € Ip p(H) has at least uBm™ 1 nt™ absorbing
(F,tm?)-sets.

Proof. For an m-set S = {yi,...,ym} with ip(S) € Ip p(H), we construct ab-
sorbing (F,tm?)-sets for S as follows. We first fix a copy F’ of F with vertex set
W = {z1,..., 2y} in H such that ip(W) = ip(S) € Iy p(H) and W NS = (). Note
that we have at least pn™ —mn™~! > £n™ choices for such F’. Without loss of gen-
erality, we may assume that for all i € [m], z;,y; are in the same part of P. Since
x; is (F, B,t)-reachable to y;, there are at least Bn!™~! (tm — 1)-sets T; such that
both H[T; U {z;}] and H[T; U {y;}] have perfect F-packings. We pick disjoint reach-
able (tm — 1)-sets for each z;,y;, i € [m] greedily, while avoiding the existing vertices.
Since the number of existing vertices is at most tm? + m, we have at least gntm_l
choices for such (tm — 1)-sets in each step. Note that WU T, U---UT,, is an absorbing
set for S. First, it contains a perfect F-packing because each T; U {x;} for i € [m] spans
t vertex-disjoint copies of F. Second, HW UTy U---UT,, US] also contains a perfect
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F-packing because F’ is a copy of F and each T; U{y;} for i € [m] spans t vertex-disjoint
copies of F'. There were at least £n™ choices for W and at least gnt’”*1 choices for each
T;. Thus we find at least

1% m ﬁm tm?—m 1 m—+1 tm?
— >
2 om Gl

absorbing (F,tm?)-sets for S. O

We pick a family F of tm?-sets by including every tm?-subset of V (H) with probability
p = en—tm’ logn independently, uniformly at random. Then the expected number of

elements in F is p( t:ﬁ) < s> logn and the expected number of intersecting pairs of

tm2-sets is at most

2 2
of M 5 n c*(logn)

: . < e .

P <tm2> tm (tm2 - 1) - n o(1)

Then by Markov’s inequality, with probability at least 1 —1/(tm?) —o(1), F contains at
most clogn sets and they are pairwise vertex disjoint.

For every m-set S with ip(S) € I, n(H), let X be the number of absorbing sets for
S in F. Then by Claim 4.2,

2
E(Xs) > puB™ '™ = pp™ clogn.

By Chernoff’s bound,

P (Xs < JE(X0)) < oxp {~§E(X0) } < oxp {—’“‘W%} —o(n~™),

since 1/c < B, u < 1/m. Thus, with probability 1 —o(1), for each m-set S with ip(S5) €
I (H), there are at least

1 mHlel
§IE(XS) > w > /logn

absorbing sets for S in F. We obtain F,;s by deleting the elements of F that are not
absorbing sets for any m-set S and thus |[Fups| < |F| < clogn. O

5. Proof of Theorem 3.1
5.1. Proof of the forward implication of Theorem 3.1

If H contains a perfect F-packing M, then ip(V(H) \ V(M)) = 0 € Ly, (H). We
will show that there exists an F-packing M’ C M such that |M'| < ¢ and ip(V(H) \
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V(M')) € L, n(H) and thus (P, L, (H)) is g-soluble. Indeed, suppose M’ C M is a
minimum F-packing such that ip(V(H) \ V(M')) € L; o(H) and |M'| = m' > q. Let

M’ ={e,...,en} and consider the m’ + 1 partial sums
J J
Y ip(e) + L p(H) =Y Roep.is . m)(€i)s
i=1 i=1

for j = 0,1,...,m". Since |Q(P, L, n(H))| < ¢ < m/, two of the sums must be equal.
That is, there exists 0 < j; < jo < m’ such that

> ip(e) € Ly p(H).

i=j1+1

So the F-packing M" := M"\{ej, 11, ..., ¢j, } satisfies that ip(V(H)\V(M")) € L -(H)
and |M"| < |M’|, a contradiction.

5.2. Proof of the backward implication of Theorem 3.1

Suppose 1 is a set of m-vectors of Z% and J is a (finite) set of vectors such that any
i € J can be written as a linear combination of vectors in I, namely, there exist ay (i) € Z
for all v € I, such that

i= Z ay(i)v.

vel

We denote by C(d,m,I,J) as the maximum of |ay(i)|,v € I over all i € J.

The proof of the backward implication of Theorem 3.1 consists of a few steps. We first
fix an F-packing M, a g-solution of (P, L%F(H)) We apply Lemma 4.1 to H and get
a family F,p, consisting of at most clogn disjoint tm2-sets. Let Fy be the subfamily of
Faps that do not intersect V(M7). Next we find a set My of disjoint copies of F'; which
includes (constantly) many copies of F' for each m-vector in Ij; (H). Now by definition
of 6(F,¢,D), in H[V \ (V(Fp) UV (M; U Ms;))] we find an F-packing Mj covering all
but a set U of at most D vertices. The remaining job is to ‘absorb’ the vertices in U.
Roughly speaking, by the solubility condition, we can release some copies of F' in some
members of Fy and M3 and add their vertices to U, such that the resulting set Y O U
of uncovered vertices satisfies that ip(Y) € L%, r(H). Furthermore, by releasing some
copies of F'in My and add their vertices to U, we can partition the new set of uncovered
vertices as a collection of m-sets S such that ip(S) € I;s (H) for each S. Then we can
finish the absorption by the property of Fy.

Proof of the backward implication of Theorem 3.1. Define an additional constant C' > 0
so that
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1/no < 1/C < B, .

Let H be as in the statement of the theorem. Moreover, assume that (P, L (H)) is
g-soluble. We first apply Lemma 4.1 to H and get a family F,,s consisting of at most
clogn disjoint tm?-sets such that every m-set S of vertices with ip(S) € I; n(H) has
at least /logn absorbing (F,tm?)-sets in Fyps.

Since (P, L% »(H)) is g-soluble, there exists an F-packing M; of size at most ¢ such
that ip(V(H) \V(Ml)) € L p(H). Note that V(M;) may intersect V/(Fups) in at most
gm absorbing sets of Fups. Let Fy be the subfamily of F,;s obtained from removing
the tm?-sets that intersect V(M;). Let My be the perfect F-packing on V(Fp) that is
the union of the perfect F-packings on each member of Fy. Note that every m-set S of
vertices with ip(S) € I, ,-(H) has at least \/logn — gm absorbing sets in Fo.

Next we want to ‘store’ some copies of F' for each m-vector in 17’57 (H) for future use.
More precisely, let J be the set of all m/-vectors in L‘;D,F(H) such that 0 <m/ < gm+ D
and set C" := C(d,m, I, o(H),J). We find an F-packing M in H \ V(Mo U M;) which
consists of C’ copies F” of F with ip(F') = i for every i € I, p(H). So |Ma| < (mt,‘f*l) c’
and the process is possible because H contains at least un™ copies of F' for each i €
Iy p(H) and |V (Mo U My U My)| < tm>Clogn + gm + ("N O < .

Let H := H\ V(MoU M; U M) and n' := |H'|. Son’ > n — un and

!
Se(H') > 6¢(H) — pn*=* > (6(F, ¢, D) +~/2) (TIZ f)
By the definition of 6(F, ¢, D) we have an F-packing M3 in H' covering all but at most
D vertices. Let U be the set of vertices in H' uncovered by M3.

Let Q := Q(P, LY p(H)). Recall that ip(V(H)\ V(M) € L o(H). Note that
by definition, the index vectors of all copies of F' in M, are in 17’27 #(H). So we have
ip(V(H)\ V(M UM,)) € LY, (H), namely, Ro(V(H)\ V(M UM,)) = 0+ L, .(H).
Thus,

Y Ro(V(E)+Ro(U) =0+ L p(H).
F'eMoUMs3

Suppose Ro(U) = vo + L p(H) for some vo € Lé,,; so

Y. RoV(F) = —vo+ L p(H).
F'e€MoUMs3
Claim 5.1. There exist Fi,...,F, € MyU M3 for some p < g — 1 such that

> Ro(V(F)) = —vo + L o(H). (5.1)

i€lp]
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Proof. Assume to the contrary that Fi,..., F, € My U M3 is a minimum set of copies
of F' such that (5.1) holds and p > ¢. Consider the p + 1 partial sums Zie[j] Ro(V(FY))
for 5 = 0,1,...,p, where the sum equals 0 + L%F(H) when j = 0. Since |Q] < ¢,
two of the partial sums must be equal, that is, there exist 0 < p; < pa < p such that
Y p<i<py BQ(V(F})) = 0+ L, o(H). So we get a smaller collection of copies of F in
My U M3 such that (5.1) holds, a contradiction. O

So we have }>,c 1 ip(V(F)) +ip(U) € Lip p(H). Let Y := Uiepy V(Fi) UU and thus
Y| <mp+ D < mqg+ D. We now complete the perfect F-packing by absorption. Since
ip(Y) € L o(H), we have the following equation

ip(Y)= Z ayV,

vely p(H)

where ay € Z for all v € Ip, (H). Since |[Y| < gm + D, by the definition of C’, we
have |ay| < €’ for all v € Ij, (H). Noticing that ay may be negative, we can assume
ay = by — ¢y such that one of by, ¢y is |ay| and the other is zero for all v € I7’§7F(H). So
we have

Z ewv+ip(Y) = Z byv.

VeI p(H) vely p(H)

This equation means that given a family F = {WY,..., WY :v € I, (H)} of disjoint
m-subsets of V(H)\'Y such that ip (W) = v for all i € [¢y], we can regard V(F)UY as
the union of disjoint m-sets {SY,..., Sy, : v € I} p(H)} such that ip(S}) = v, j € [by]
forall v € Iy o(H). Since ¢y < ¢’ for all v and V(M) NY = (), we can choose the family
F as a subset of Ms. In summary, starting with the F-packing MyUM; U MU M3 leaving
U uncovered, we delete the copies F1, ..., Fy of F' from MyU M3 given by Claim 5.1 and
then leave Y = ;) V(#3) UU uncovered. Then we delete the family 7 of copies of F°
from M, and leave V(F)UY uncovered. Finally, we regard V(F)UY as the union of at
most (T4 C" + gm + D < \/Togn/2 m-sets S with ip(S) € I .(H).

Note that by definition, Y may intersect at most gm + D absorbing sets in JFp, which
cannot be used to absorb those sets we obtained above. Since each m-set S has at least
Viogn —gm > /logn/2 + gm + D absorbing (F,tm?)-sets in Fy, we can greedily match
each S with a distinct absorbing (F,tm?)-set Fg € F for S. Replacing the F-packing on
V(Fs) in My by the perfect F-packing on H[FsUS] for each S gives a perfect F-packing
in H. O

6. Useful tools

In this section we collect together some results that will be used in our applications
of Theorem 3.1. When considering ¢-degree together with ¢#/-degree for some ¢’ # ¢, the
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following proposition is very useful (the proof is a standard counting argument, which
we omit).

Proposition 6.1. Let 0 < ¢ < ¢ < k and H be a k-graph. If 6¢(H) > .’L‘(::g:) for some
0<a <1, then §(H) > = (}0).

For the statements of the next three results, recall the definitions introduced in Sec-
tion 3.3. Moreover, for any S C V(H), let N(S):={T CV(H)\S:TUS € E(H)},
and for simplicity, we write N(z) for N({z}).

Lemma 6.2. [33, Lemma 4.2] Let k,m > 2 be integers and v > 0. Let K be a k-partite
k-graph of order m. There ezists 0 < a < «v such that the following holds for sufficiently
large n. For any k-graph H of order n, two vertices x,y € V(H) are (K, «,1)-reachable
to each other if the number of (k—1)-sets S € N(x) NN (y) with |[N(S)| > yn is at least

7 (kz)'

The following lemma gives us a sufficient condition for ensuring a partition P =
{Vi,...,V,.} of a k-graph H such that for any i € [r], V; is (F, 3,2 !)-closed in H.

Lemma 6.3. Given ¢’ > 0, integers c,k,m > 2 and 0 < a < 1/¢,8',1/m, there exists
a constant § > 0 such that the following holds for all sufficiently large n. Let F be
an m-vertex k-graph. Assume H is an n-vertex k-graph and S C V(H) is such that
|Npoi(v, H)Y N S| > §'n for any v € S. Further, suppose every set of ¢ + 1 vertices in
S contains two vertices that are (F,a, 1)-reachable in H. Then in time O(nzklm"’l) we
can find a partition P of S into Vi, ..., V. with r < min{e, 1/0'} such that for any i € [r],
|Vi| > (6" — a)n and V; is (F, 3,2¢71)-closed in H.

We will use the following simple result in the proof of Lemma 6.3.

Proposition 6.4. /33, Proposition 2.1] Let F be a fived k-graph on m vertices. For
6,8 > 0 and an integer i > 1, there exists a By = Bo(e, 8, m,i) > 0 and an integer
ng = no(€, B,m, 1) satisfying the following. Suppose H is a k-graph of order n > ng and
there exists a verter x € V(H) with |Nggi(z,H)| > en. Then for all 0 < B' < fo,
NF’B’Z‘(SL‘,H) - NF’gl’i+1(fL’,H).

Next we prove Lemma 6.3, whose proof is almost identical to the proof of [12, Lemma
3.8].

Proof of Lemma 6.3. Let ¢ := «/c. We choose constants satisfying the following hierar-
chy

1/n<KP=0-1<KPea<K KP1 <K Pp<e/c,d,1/m.
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Let F and H be as in the statement of the lemma. Throughout this proof, given
v € V(H) and i € [c — 1], we write Ng g, oi(v, H) as N;(v) for short. Note that for
any v € V(H), |[No(v)| = |Npgo.1(v, H)| > |Npaai(v, H)| > §'n because By < a. We
also write 2i-reachable (or 2¢-closed) for (F,f3;,2%)-reachable (or (F,f3;,2%)-closed). By
Proposition 6.4 and the choice of f;s, we may assume that N;(v) € Njiq(v) for all
0<i<c—1landallve V(H). Hence, if W C V(H) is 2'-closed in H for some i < c—1,
then W is 2¢~-closed.

We may assume that there are two vertices in S that are not 2¢~!-reachable to each
other, as otherwise S is 2~ !-closed in H and we obtain the desired (trivial) partition
P = {S}. Let r be the largest integer such that there exist vq,...,v, € S such that
no pair of them are 2¢t'~"_reachable in H. Note that r exists by our assumption and
2 <r < c. Fix such vy,...,v, € S; by Proposition 6.4, we can assume that any pair of
them are not 2¢~"-reachable in H. Consider N,_,.(v;) for all i € [r]. Then we have the

following facts.

(i) Any v € S\ {v1,...,v,} must lie in N._,(v;) for some i € [r], as otherwise
v,v1,...,0, contradicts the definition of r.
(ii) |Ne—r(v;) N Neer(vj)| < en for any i # j. Indeed, otherwise there are at least

en
(20t1=mm —1)!

r

(6c—rn26_ m—1 _ nQC_Tm72)(/BC_Tn2"_”‘m71 _ 2cfrmn2°_rmf2)
reachable (2¢71="m — 1)-sets for v;,v;. This follows because there are at least
en vertices w € No_,.(v;) N Ne_-(v;), at least f,_,n? M-l - p2" "m=2
(2°7"m—1)-sets T for v; and w that do not contain v;, and at least So—,n
2¢"mn?" "™~2 reachable (2°~"m — 1)-sets for v; and w that avoid {v; }UT; finally,
we divide by (2°71~"m—1)! to eliminate the effect of over-counting. Since 41—, <
2717 m=1 peachable (2¢+1-"m —1)-sets
for v;, v;, contradicting the assumption that v;, v; are not 2¢+1="_reachable to each
other.

reachable
27" m—1 _

€, Be—r, 1/c, 1/m, this gives at least So41-rn

Note that (ii) and [Ne—,.(v;)NS| > [No(v;)NS| > &'n for i € [r] imply that ré'n— (5)en <
|S| < n. So we have r < (1 + c%€)/d’. Since € < a < §,1/c, we have r < 1/’ and thus,
r < min{c,1/4'}.

For i € [r], let U; := ((No_,(v;) U{vi ) NS \Ujjepp gy N._,(v;). Note that for i € [r],
U; is 2°7"-closed in H. Indeed, if there exist ui,us € U; that are not 2°~"-reachable to
each other, then {uy,u2} U ({v1,...,v.} \ {v;}) contradicts the definition of r.

Let Uy := S\ (U1 U---UU,). By (i) and (ii), we have [Uy| < (})en. We will move each
vertex of Uy greedily to U; for some i € [r]. For any v € Uy, since |(No(v) N S) \ Up| >
d'n — |Uy| > ren, there exists ¢ € [r] such that v is 1-reachable to at least en vertices
in U;. In this case we add v to U; (we add v to an arbitrary U; if there are more
than one such ). Let the resulting partition of S be Vi,...,V,. Note that we have
Vil > |Uil > |Ne_r(v;) 0S| — ren > |No(v;) N S| — cen > (8 — a)n. Observe that
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in each V;, the ‘farthest’ possible pairs are those two vertices both from Uy, which are
2¢~m+1_reachable to each other. Thus, each V; is 27" T!-closed, so 2 !-closed because
r> 2.

We estimate the running time as follows. First, for every two vertices u,v € S, we
determine if they are 2‘-reachable for 0 < i < ¢ — 1. This can be done by testing if any
(2'm —1)-set T € (V(gg{i’“}) is a reachable set for u and v, namely, if both H[T U {u}]
and H[TU{v}] have perfect F-packings or not, which can be checked by listing the edges
on them, in constant time. If there are at least 3;n2 ™! reachable (2im—1)-sets for u and
v, then they are 2¢-reachable. Since we need time O(nQailm_l) to list all (2°~1m —1)-sets
for each pair u, v of vertices, this can be done in time O(n2C71m+1). Second, we search the
set of vertices vy, ..., v, such that no pair of them are 2¢1~"-reachable for all 2 < r < c.
With the reachability information at hand, this can be done in time O(n°). We then fix
the largest r as in the proof. If such r does not exist, then we get P = {S} and output
P. Otherwise, we fix any r-set v1, ..., v, such that no pair of them are 2t ~"-reachable.
We find the partition {Up, U1, ...,U,} by identifying N,_,.(v;) for i € [r], in time O(n).
Finally we move vertices of Uy to Uy, ..., U,, depending on |N0(v) NU;| for v € Uy and
i € [r], which can be done in time O(n?). Thus, the running time for finding a desired

partition is O(n2~ ™*+1). O

7. Tools for Theorem 1.3

In the following section we prove Theorem 1.3. Here we collect together some useful
notation and results for this proof.

Let H be a k-graph. In the case of perfect matchings (i.e. when F is an edge) we
write (,1)-reachable, (8,i)-closed and Ng ;(v, H) for (F,j,i)-reachable (F,(,i)-closed
and ]\pr_ﬂyi(v, H) respectively.

The following result is a weaker version of Lemma 5.6 in [30].

Lemma 7.1. [30] Let k > 2 and 1 < £ < k — 1 be integers, and let € > 0. Suppose
that for some b,c € (0,1) and some ng € N, every k-graph H on n > ng vertices with
Se(H) > cen*=* has a fractional matching of size (b+ €)n. Then there exists an nf € N
such that any k-graph H onn > nl) vertices with §¢(H) > (c+¢&)n¥=* contains a matching
of size at least bn.

The next crucial result is an immediate consequence of Lemma 7.1 together with
results from [9,11,40].

Theorem 7.2. For 1 <{¢<k—1, 6(k, £, k) < max{1/3,c,’;,@}-

Summary of the proof of Theorem 7.2. Suppose € > 0 and n € N is sufficiently large.
Consider an n-vertex k-graph H such that d,(H) > (max{1/3, ¢} ,} +¢) (Z:ﬁ) To prove

the theorem we must show that H contains a matching covering all but at most k vertices.
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Note that for all £,k € N, ¢ , > 1—(1—1/k)*=* (see e.g. [1]). In particular, cry>1/2
and Chko1 = 1/k.

The results from [40] imply that every sufficiently large n’-vertex k-graph H' with
dr—1(H'") > (1/k +¢)n’ contains a matching covering all but at most k vertices. So since
c,’;)k_l > 1/k, this resolves the case when ¢ =k — 1.

Next suppose that & > 4 and 2 < ¢ < k — 2. Then [11, Theorem 1.7] and [11,
Proposition 1.11] together with Lemma 7.1 imply the following: every sufficiently large
n'-vertex k-graph H' with k  n/ and 6,1 (H') > (max{1/3, ¢}, ,} +¢/2) (’Ll__f) contains a
matching covering all but at most k vertices. So with H as above we immediately obtain
our desired matching if k ¥ n. If k& | n then let H' := H \ z for some = € V(H) and
set n' := |H'|. Hence 6;—1(H') > (max{1/3,c; ,} +¢/2) (7;;:;) and thus H' contains a
matching M covering all but at most k vertices. Therefore since k | n this implies that
M covers all but precisely k — 1 vertices in H’, and therefore all but precisely k vertices
in H, as desired.

The final case is when ¢ = 1. This case follows by Lemma 7.1 and the Strong Absorbing
Lemma in [9, Lemma 2.4]. In particular, this uses that cj ; > 1/2. O

In fact, it is possible to show that d(k,¢,k) = c;, for any 1 < ¢ < k — 1, but
Theorem 7.2 is enough for this paper.

8. Proof of Theorem 1.3
Let 0 € (6*,1] and define
0<l/mp<l/egpgLp<gad <n<Kagy<(d—6),1/k.
Let H be as in the statement of Theorem 1.3. Note that we may assume n > ng and

k | n since else the result is trivial (recall the use of big-O notation in the statement of
the theorem). So

n

i) = 0+ (1) = s () (5.)

and in particular, by Proposition 6.1,

51(H) > (1/3+7) (Z: i) (8.2)
Notice that by (8.2),
(%) Every set of three vertices of V(H) contains two vertices that are (a, 1)-reachable.
Note that when £ = 1, since 0" > ¢} ; > 1— (1 — 1/k)*=1 > 1/2, by [1, Theorem 1.1],

H contains a perfect matching. So we may assume that ¢ > 1.
We now split the argument into two cases.
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8.1. There exists v € V(H) such that | N, 1 (v, H)| < 1n

In this case, we will show that H must contain a perfect matching. Let W := {v} U
N (v, H) and thus |W| < nn + 1. For any two vertices u,u’ € V/(H) \ W, since u,u’ ¢
Nai(v,H), by (%), u and u' are (o, 1)-reachable, i.e., V(H) \ W is (a,1)-closed in H.
Let Hy := H\ W and ny := |H;|. Since n < « we have that V(H)\ W = V(H;) is
(a/2,1)-closed in Hj.

By Lemma 4.1 (with d = 1) there is a set T C V(H;) (take T := V(Fyps)) such that
IT| < ck®logn; and both Hy[T] and Hi[T U S] contain perfect matchings for any set
S C V(H,) where |S| € kN and |S| < \/logn;. We greedily construct a matching M in
H such that |[M| < nn+1; W C V(M); and V(M) NT = (). This is possible because
of (8.2) and |W|n*=2 < £(77]). Let Hy := H\ (V(M)UT) and ny := |Hs|. Note that
H, is a subgraph of Hy. By (8.1), the definition of §* and Theorem 7.2,

i) = (5 +/2) (72 ) 2 Gt +/2 (P2,

Thus, by definition of d(k, ¢, k), Hs contains a matching My covering all but at most k
vertices of Hy. Let S denote the leftover set of vertices. (So S = 0 or |S| = k.) Then
H[TUS] contains a perfect matching My. Altogether, M UM; UM, is a perfect matching
in H, as desired.

8.2. Buery vertex v € V(H) satisfies |[No1 (v, H)| > nn

Thus, since o/ < a, every vertex v € V(H) satisfies |No 1 (v, H)| > nn. Apply
Lemma 6.3 to H (with o, 2, n playing the roles of «, ¢ and §’ respectively) to find a
partition P of V(H) into Vi,...,V, with r < 2 such that for any i € [r], |[V;| > nn/2 and
V; is (B,2)-closed in H, in time O(n?*+1).

Our aim is to apply Theorem 3.1 to H. First, by Theorem 7.2 and (8.1), we have that
S¢(H) > (6(k, €, k) +7) (Z:ﬁ). Second, by definition, P is an (E, 8, 2,1/2)-good partition
of V(H), where E is a k-graph on k vertices consisting of a single edge.

Write L := Ly p(H) and Q := Q(P, L, 5 (H)). We will show that |Q| < k. Clearly, if
r =1, then |Q| = 1. So we may assume r = 2. First assume that I, ,(H) contains two
distinct elements, say, (a,b), (a/,0') € Ip 5(H) with a # a. Thus (a —a',b - V") = (a -
a',a'—a) € Ly p(H). Any coset (z,y)+L in @ must contain some element (', y') so that
2’ +y' = k. Consider two vectors (n1,n2), (n},ny) € L2, ... where ny +ny =nj +nl =k.
If ny =nf (mod |a — a’|) then these two vectors lie in the same coset in Q. (Indeed, by
adding a multiple of (a — a’,a’ — a) to (n1,n2) one can obtain (n},n}).) Altogether this
implies there are at most |a — a’| cosets, i.e., |Q| < |a—a'| < k.

Second, assume that I, (H) contains exactly one element, say I, ,(H) = {(a,D)},
where a + b = k. Note that it must hold that @ > ¢ and b > {. Indeed, if a < ¢, then
the number of edges that contain an /-set of index vector (¢,0) is at most kun*. Thus,
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by averaging and since p < n < 1/k, there exists an ¢-set S of index vector (¢,0) such
that dg(S) < (lz) k:;mk/(l‘;ll) < JuanF=t < §,(H), a contradiction. The same argument
shows that b > ¢. Then for 0 < /1 < £, let {5 = ¢ — £1. By averaging, for each 0 < /7 </,
there exists an £-set Sy, of index vector (¢1,¢3) such that

Vil =2 (IVal = 62 | () kpnt Vil \ ( [Val bt
< — .
du(Su,) < ( a—10 b=ty )t (VY = \a—6)\b— 6 +Vhn

Recall the identity oo, <, (') (/%) = ("1"2), so we have

—¢
S du(Se) < (kT_L €> N (Z_ /3) + 2k im" .

0<6, <

Since £ > 2 and a,b > ¢, the above sum contains at least three terms. As p < v < 1/k,
there exists ¢1 such that dg(Se,) < %(Z:ﬁ) + 2k /unF 7t < (3 +7) (Z:ﬁ), contradict-
ing (8.1). That is, the case when I%E(H) contains one element does not occur.

Therefore we can apply Theorem 3.1 to H with D = ¢ = k, t = 2 and ¢ = n/2
and thus conclude that H contains a perfect matching if and only if (P, L}, (H)) is
k-soluble.

The algorithm. Now we state our algorithm. First, for every two vertices u,v € V(H),
we determine if they are (a, 1)-reachable, which can be done by testing if any (k — 1)-set
is a reachable set in time O(n*~1). So this step can be done in time O(n**1). Then we
check if [Ny 1 (v, H)| > nn for every v € V(H). With the reachability information, this
can be tested in time O(n?). If [N, (v, H)| < nn for some v € V(H), then we output
PM and halt. Otherwise we run the algorithm with running time O(n?**1) provided by
Lemma 6.3 and get a partition P. By Theorem 3.1, it remains to test if (P, L} (H))
is k-soluble. This can be done by testing whether any matching M of size at most k is
a solution of (P, L, ;(H)), in time O(n*"). If there is a solution M for (P, Lp p(H)),
output PM; otherwise output NO. The overall running time is O(nk2).

9. The perfect graph packing result

In this section we prove Theorem 1.11. Let F' be an m-vertex k-chromatic graph. By
the definition of x..(F"), we have
1 m—o(F) m—1

Xer (F) - (k—1)m < (k—Dm’ (9.1)

We will apply the following variant of Lemma 6.2, which can be easily derived from
the original version by defining a k-graph G’ where each k-set forms a hyperedge if and
only if it spans a copy of K in G. For any vertex u € V(G), let W(u) denote the
collection of (k —1)-sets S such that S C N(u) and such that S spans a clique in G. For
aset T CV(G), let N(T) :=,er N(v).
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Lemma 9.1. [33] Let k,m € N and v > 0. There exists « = a(k,m,v") > 0 such that
the following holds for sufficiently large n. Let F be a k-chromatic graph on m wvertices.
For any n-vertex graph G, two vertices x,y € V(G) are (F,«, 1)-reachable if the number
of (k—1)-sets S € W(z) N W(y) with |N(S)| > ~'n is at least (v')2(,",)-

We apply Lemma 9.1 to prove the following result.

Proposition 9.2. Let k,m,n > 2 be integers and o,y > 0 where 0 < 1/n € a € v K
1/m,1/k. Let F be a k-chromatic graph on m vertices and let G be an n-vertex graph
with §(G) > (1—1/xer(F)+7)n. Then for anyv € V(G), |Npai(v,G)| > (1/m+~/2)n.

Proof. For each (k — 1)-set S, since 6(G) > (1 — 1/xer(F) + v)n, by (9.1) we have
IN(S)| > (1/m + (k — 1)y)n. Then by Lemma 9.1, for any distinct u,v € V(G), u €
Npoa(v, G) if [W(u) N W (v)] > ~? (,",)- By double counting, we have

> (NS =1) < [Neaa(v,G)| - [W(v)| +”'72(ki1>'

SeW(v)

Note that any S in the above inequality is a (k—1)-set, thus |[N(S)| > (1/m+ (k—1)7)n.
On the other hand, using the minimum degree condition, it is easy to see that |W(v)| >
——(,",)- Since v < 1/m, 1/k, we have

A2k

INpaa(v,G) > (1/m+ (k= 1)y)n—1 - W (v)]

> (1/m+~/2)n. O

The following proposition shows that [Q(P, L (G))| is bounded from above.

Proposition 9.3. Let t,r,k,m,ny € N where k > 2 and let 5, u,y > 0 so that
I/ng < Bp <<y 1l/m,1/t.

Let F be an unbalanced m-vertex k-chromatic graph. Suppose G is a graph on n > ng
vertices such that 6(G) > (1 — 1/xer(F) + v)n with an (F,B,t,1/m)-good partition P
where [P| =r. Then |Q(P, Ly 1(G))| < (2m —1)".

We need the following simple counting result, which, for example, follows from the
result of Erdés [6] on supersaturation. (Note that this result of Erdds will be later applied,
as Proposition 10.1, in the proof of Theorem 1.13.)

Proposition 9.4. Given 7' > 0, {1,..., 0, € N, there exists > 0 such that the following
holds for sufficiently large n. Let T be an n-vertex graph with a vertex partition Vi U
- U V. Suppose iy,...,i; € [d] are not necessarily distinct and T contains at least
v'n* copies of Ky with vertex set {v1,..., v} such that vy € Vi,, ..., v, € V;,. Then T
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contains at least un®+ -+ copies of K3 (¢y,...,4y) whose jth part is contained in Vi,
for all j € [k].

We write u; for the ‘unit’ 1-vector that has 1 in coordinate j and O in all other
coordinates.

Proof of Proposition 9.3. Write L := L, (G). It suffices to show that for any element
vel” such that —(m — 1) < v} <m —1 for all

T ax there exists v/ = (v],...,v.) € L
i €[r] and v+ L = v’ + L. In particular, the number of such v’ is at most (2m — 1)".

Since F' is unbalanced, there exists a k-colouring with colour class sizes a; < --- < ay,
and a1 < ag. Set a := ap — a1 < m.

Let P = {V4,...,V;.} be the partition of V(G) given in the statement of the propo-
sition. Define a graph P on the vertex set [r] such that (i,j) € E(P) if and only
if e(G[V;,V;]) > yn? We claim that if i and j are connected by a path in P, then
a(u; —u;) € L. Indeed, first assume that (i,j) € E(P). For each edge uv in G[V;, V}],
since

5(G) > (1 - 1/xer(F) + )0 > (1 N ﬁ +7> n,

n
k—2

(ka)/(g) copies of K}, in G intersecting both V; and Vj. By averaging,

it is easy to see that wwv is contained in at least #(
1

) copies of K in G. So there are

at least yn?-

T
there exists a k-array (i1,...,x), i; € [r] where 41 = ¢ and i = j such that G contains
at least
1 9 1 n k 0 &
R (k - 2>/<2> = mF—2k=2g1 "
copies of K}, with vertex set {v1,...,v;} such that v; € V;,, ..., v € V;,. By applying

Proposition 9.4 with ¢; := a; for each i € [k], we get that there are at least un™ copies
of K®(ay,...,a;) in G whose jth part is contained in Vi, for all j € [k]. We apply
Proposition 9.4 again, this time with ¢; := a; for all 2 < ¢ < k—1 and {1 := ag, {r := a1
and thus conclude that there are at least un™ copies of K (ay,as,...,ax_1,a;) (with
ay and aj exchanged) in G whose jth part is contained in V;; for all j € [k]. Taking
subtraction of index vectors of these two types of copies gives that a(u; — u;) € L.
Furthermore, note that if ¢ and j are connected by a path in P, we can apply the
argument above to every edge in the path and conclude that a(u; —u;) € L, so the claim
is proved.
We now distinguish two cases.

Case 1: k£ > 3. In this case, we first show that P is connected. Indeed, we prove that for
any bipartition A U B of [r], there exists i € A and j € B such that (i,j) € E(P). Let

Va = U;ea Vi and Vg := U;cp V;. Without loss of generality, assume that [Va| < n/2.
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Since 6(G) > (1 — ﬁ)n > (3 + 7 )n, the number of edges in G that are incident to

V4 is at least

11 [Vl [Val n [Val 2
(24— )n-— > L] VNI
Wil (343 )n= ("5) 2 (") + vt = (") + amtanm,

where the last inequality follows since |B| < r, |[Va| > |Aln/m and v < 1/m. By
averaging, there exists i € A and j € B such that e(G[V;,V;]) > yn? and thus (i,j) €
E(P).

Now let v = (v1,...,v,) € LT, .. We fix an arbitrary m-vector w € L and let v; :=
v — (|v|/m)w. So |vi| = 0 and v + L = v + L. Since P is connected, the claim above
implies that for any ¢,j € [r], a(u; — u;) € L.

We now apply the following algorithm to v;. Suppose v} is the coordinate of v with
the largest absolute value. If [v}| < m — 1 we terminate the algorithm. Otherwise, since
lu}] > m > |vi], there is some coordinate v} of v; which has the opposite sign of v;.
We now redefine vy by (i) subtracting a(u; — u;) € L from vy if v} > m or (ii) adding
a(u; —u;) € L to vy if v} < —m. Note that still |v1] = 0 and |v}| has decreased.

We repeat this algorithm until we obtain a vector v/ = (vf,...,v.) so that |[v/| =0
and —(m — 1) < v; < m—1 for all ¢ € [r]. Note that v/ was obtained from v; by
repeatedly adding and subtracting elements of L to vi. Since initially vi + L = v + L
we have that v/ + L = v + L, as desired.

Case 2: k = 2. In this case we cannot guarantee that P is connected (we may even have
some isolated vertices). First let ¢ be an isolated vertex in P. By the definition of P, we
know that e(G[V;,V \ V;]) < (r — 1)yn?. Since §(G) > n/m,

e(GIVi]) 2 5(Viln/m — (r = 1)yyn?) > Z{Vi]”.

| =

Applying Proposition 9.4 on V; shows that there are at least un™ copies of K (2) (a1,a2) in
G[Vj], i.e.,, mu; € L. Second, if (7,j) € E(P), then applying Proposition 9.4 to G[V;, V}]
gives that aqu; +asu; € L. So in both cases, for any component C' in P, there exists an
m-vector wo € L such that wolj\¢ = 0.

Now let v = (vq,...,v.) € L

max*

Consider the connected components Cy, Co,...,Cq
of P, for some 1 < ¢ < r. Let v; be obtained as follows: for each component C', we add
to v a multiple of the vector we such that 0 < |vi|¢,| < m — 1. Note that by definition,
v — v € L. Next, recall that for each component C,, if j,j" € C;, then a(u; —u;) € L.
Let v} be the coordinate of vi|c, with the largest absolute value. If |v;| > m > |vi|c,|,
then there is some coordinate v} of vi|c, which has the opposite sign of v}. So by using

an analogous algorithm to the one in Case 1, we can obtain a vector v/ = (vf,...,v})

»Er

such that v/ — vy € L, |V/| = |vi] and —(m —1) < v} <m —1 for all i € [r]. We are done
sincevV +L=vi+L=v+L. O

Now we are ready to prove Theorem 1.11.
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Proof of Theorem 1.11. We first note that it suffices to prove Theorem 1.11 in the case
when F' is unbalanced. Indeed, if F' is balanced then x(F') = x.-(F) and so the result
follows (trivially) from Theorem 1.6.

Given any § € (1 — 1/xcr(F),1] let pya,y >0sothat 0 < pK a <y << (6§ —1+
1/Xer(F)),1/m, 1/k. Apply Lemma 6.3 with ¢ := m*~! ¢’ := 1/m +~/2 to obtain some
B > 0. We may assume < «. Finally choose ng € N such that 1/n¢ < 8, u. Altogether
we have

Une < Bip<a<y<(®—1+1/xer(F)),1/m,1/k.

Let G be an n-vertex graph as in the statement of Theorem 1.11. We may assume
that n > ng and m divides n since else the result is trivial. Note that §(G) > on >
(1= 1/xer (F) + 7. ~

By Proposition 9.2, for any v € V(G), |[Npa,1(v,G)| > ¢'n. The degree condition
and Lemma 9.1 imply that, for distinct u,v € V(G), u and v are (F,«, 1)-reachable if
W (u) N W(v)| = ~%(,",). Further, for any u € V(G), the minimum degree condition
implies that |[W(u)| > %(Z:i) (recall ¢ := mF~1). We claim that any set of ¢ + 1

vertices ug,...,u. in V(G) contains two vertices that are (F,«,1)-reachable. Indeed,
since |W (u)| > %(Zj) for any 0 <i < c and v < 1/m, we have

ogzigcwwi)\ > %(2_1) > (1+ (C;I)yz) (kjl),

Thus, there exist distinct 0 < i,j < ¢ such that |W(u;) N W (uy)| > 72 (kﬁl), namely,
they are (F, «, 1)-reachable.

So we can apply Lemma 6.3 to G to obtain a partition P = {V3,...,V,.} of V(G) in
time O(n2”'™*1). Note that |V;| > (& — a)n > n/m for all i € [r]. Also r < 1/ < m
and each V; is (F, 3,27 1)-closed in H. Thus, P is an (F, 3,2°"!,1/m)-good partition of
V(G).

Note that Theorem 1.8 shows that §(F,1,5m?) < 1 — 1/x¢(F) and thus 6(G) >
(1 — 1/xer(F) + 9)n > (8(F,1,5m?) + 4)n. Moreover, Proposition 9.3 shows that
|Q(P, L »(G))| < (2m —1)". So by Theorem 3.1 with D := 5m? and ¢ := (2m — 1)",
we conclude that G contains a perfect F-packing if and only if (P, L}y (G)) is
(2m — 1)"-soluble.

The algorithm. Now we state the algorithm and estimate the running time. We run
the algorithm with running time O(nwk_lflm‘*‘l) provided by Lemma 6.3 and obtain
a partition P of V(G). By Theorem 3.1, it remains to test if (P, L »(G)) is (2m —
1)"-soluble. This can be done by testing whether any F-packing M of size at most
(2m — 1)" is a g-solution of (P, L% »(G)), in time O(n™m=1") = O(nmEm=1") 1f
there is a g-solution M for (P, L% #(@)), output YES; otherwise output NO. The overall

. . . mk=1_1 _1ym
running time is O(n™2*{2 mAlLmEm—1)"}H g
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10. Packing k-partite k-uniform hypergraphs

In this section we prove Theorem 1.13. For this we will first collect together a few
useful results. Throughout this section we consider a (not necessarily complete) k-partite
k-graph F' on m vertices, and let a be the minimum of the size of the smallest vertex
class over all k-partite realisations of V(F'). Let K(F) 2 F be a complete k-partite
k-graph on m vertices such that the smallest vertex class has a vertices. We will also
write o(F) := a/m.

The next proposition is a supersaturation result of Erdds [6].

Proposition 10.1. Let > 0, k,7 € N and let K := K% (ay,...,a;) be the complete
k-partite k-graph with aq < --- < ay vertices in each class. There exists 0 < p < n such
that the following holds for sufficiently large n. Let H be an k-graph on n vertices with a
vertex partition V1 U --- U V,.. Consider not necessarily distinct i1, ...,i; € [r]. Suppose
H contains at least nn* edges e = {vy,...,vx} such that vi € V;,, ..., v € V;,. Then
H contains at least un® 1% copies of K whose jth part is contained in Vi, for all
J € [k].

We also use the following result of Mycroft [35, Theorem 1.5] which forces an almost
perfect F-packing.

Theorem 10.2. [35] Let F be a k-partite k-graph. There exists a constant D = D(F') such
that for any a > 0 there exists an ng = ng(F,a) such that any k-graph H on n > ng
vertices with d,—1(H) > o(F)n + an admits an F-packing covering all but at most D
vertices of H.

The following proposition shows that Q(P, L -(H)) has bounded size.
Proposition 10.3. Let t,r, k,ng € N so that k > 3 and B, i,y > 0 so that
1/ng < By < v,1/m,1/t,1/r.

Let F be a k-partite k-graph on m vertices. Suppose H is a k-graph on n > ng vertices
such that di,—1(H) > (o(F) + v)n with an (F, B3,t,1/m)-good partition P where |P| =r.
Then |Q(P,L‘7§7F(H))| <(2m-1)".

Proof. Write L := L%F(H) It suffices to show that for any element v € L] .., there
exists v/ = (v],...,v)) € L}, such that —(m —1) < v} < m—1 for all i € [r] and
v — v’ € L. In particular, the number of such v’ is at most (2m — 1)".

Let P = {V4,...,V,.} be the partition of V(H) given in the statement of the propo-
sition. Fix any ¢ € [r] and consider all edges that contain at least k — 1 vertices from
V;. Since 0x—1(H) > (a/m + )n, there are at least %(,L‘i‘l)(a/m + v)n such edges. By
averaging, there exists j; € [r] (it may be that j; = ) such that H contains at least
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1 17|V 1 &
I m >
r k(k—1>(a/ oz "

mkklr

edges with vertex set {v1,...,v;} such that vy € V}, and {vs,...,vx} C V;. (Here we used
|Vi| > n/m and 1/n < v.) By applying Proposition 10.1, since u < 1/(m*k!r), we get
that there are at least un™ copies of K(F)) in H whose vertex class of size a is contained
in V}, and other vertex classes are contained in V;. This means that (m —a)u; +au;, € L
for each i € [r].

Now let v = (v1,...,v,) € LI

max and let I(v) == 37, |vi|. We do the following
process iteratively. For an intermediate step, let v = (v, ..., v}) be the current vector
and suppose v} is the coordinate with the largest absolute value. We thus subtract
(m — a)u; + auj, from v* if v} > m —a or add (m — a)u; + au;, to v* if v} <a—m.
sepr) [v7 | decreases by
at least m — 2a > 0. This means that we will reach a vector v/ = (v{,...,v}) € LI ..

such that —(m —1) < v, <m —1foralli € [r] and v — v’ € L. So we are done. 0O

Note that this process will end because after each step I[(v*) = Y

Proof of Theorem 1.13. Let D := D(F) be given by Theorem 10.2. Given any ¢ €
(o(F),1] let p,o,y > 0so that 0 < p < o < v < (6 — o(F)),1/D,1/m. Apply
Lemma 6.3 with ¢ :=m, §' := 1/m + /2 to obtain some § > 0. We may assume § < «.
Finally choose ng € N such that 1/ng < 8, u. Altogether we have

o< Bp<KaLy<(6—0o(F)),1/D,1/m.

Let H be an n-vertex k-graph as in the statement of Theorem 1.13. Note that we may
assume that n > ng and m divides n since else the result is trivial. We have that
dp—1(H) > dn > (o(F) + v)n. By Proposition 6.1, we have d;(H) > 5(2:}) > (o(F) +
NG)- ~

First, for every v € V(H), we give a lower bound on |Ng 4 1(v, H)|. Note that for any
(k—1)-set S C V(H), we have |[N(S)| > (¢(F) + v)n. Then by Lemma 6.2, for any

distinet u,v € V(H), u € Npa1(v, H) if [N(u) N N(v)| > ~2(,",). By double counting,

we have

Z (IN(S)| = 1) < |Npaa(v, H)| - [N (v)] +”'72<kn1>'
SeN (v)

Note that |N(v)| > 61 (H) > 6(}}). Since v < 6, 1/k, we have that

,_Y2nk

[N (v)]

> (0(F) +~/2)n > <% + g) n. (10.1)

|Npa (v, H)| > (o(F) +7)n —1-

Next we claim that every set A of m + 1 vertices in V(H) contains two vertices that

are (F, a, 1)-reachable in H. Indeed, since §;(H) > (5(2:1), the degree sum of any m + 1
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vertices is at least (m + 1)d(}_;). Since v < 1/m, we have

()= (0 (")) ()

Thus, there exist distinct u,v € A such that |[N(u) N N(v)] > v(,",), and so they are
(F, a, 1)-reachable by Lemma 6.2.

By (10.1) and the above claim, we can apply Lemma 6.3 to H with the constants
chosen at the beginning of the proof. We get a partition P = {V1,...,V,.} of V(H)
such that r < m and for any ¢ € [r], |Vi| > (¢(F) +v/2 — a)n > n/m and V; is
(F,3,2™ 1)-closed in H. Thus, P is a (F,3,2™~1 1/m)-good partition of V (H).

Note that Theorem 10.2 shows that §(F,k—1, D) < o(F) and thus 0y_1(H) > (o(F)+
y)n > (6(F,k — 1, D) + v)n. Moreover, Proposition 10.3 shows that |Q(P, L, »(H))| <
(2m — 1)". So by Theorem 3.1, with ¢ := (2m — 1)", we conclude that H contains a
perfect F-packing if and only if (P, L, ,.(H)) is (2m — 1)"-soluble.

The algorithm. Now we state the algorithm and estimate the running time. We run the
algorithm with running time O(nzm_lmﬂ) provided by Lemma 6.3 and obtain a partition
P of V(H). By Theorem 3.1, it remains to test if (P, L}, (H)) is (2m — 1)"-soluble.
This can be done by testing whether any F-packing M in H of size at most (2m — 1)"
is a g-solution of (P, L} -(H)), in time O(n™mm=1"y = O(nmm=1D™) If there is a
g-solution M for (’P,Lf,‘;)F(I—I))7 output YES; otherwise output NO. Since m > 3 and
thus 27~ 'm 4+ 1 < m(2m — 1)™, the overall running time is O(n™*m=1"). O

11. Concluding remarks

In this paper we introduced a general structural theorem (Theorem 3.1) which can
be used to determine classes of (hyper)graphs for which the decision problem for perfect
F-packings is polynomial time solvable. We then gave three applications of this result.
It would be interesting to find other applications of Theorem 3.1.

In light of Conjecture 1.2 it is likely that one can replace the condition that §* =
max{1/3,cj ,} in Theorem 1.3 with ¢* = ¢ ,. Theorem 3.1 is likely to be useful for this.
However, note that in the proof of Theorem 1.3, the condition §* > 1/3 ensured that
the partition P of V(H) consisted of at most 2 vertex classes. We then showed that our
hypergraph H contained a perfect matching or that the coset group @ had bounded
size. In particular, since |P| < 2 it was relatively straightforward to show that |Q| was
bounded. However, if we no longer have that 6* > 1/3 we may have that P consists of
many classes. Thus, determining that ) has bounded size is likely to be substantially
harder in this case.

In Theorems 1.3, 1.11 and 1.13 we provided algorithms for determining whether a
hypergraph contains a perfect matching or packing. It would be interesting to obtain
analogous results which produce a perfect matching or packing if such a structure exists.
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