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This paper is concerned with microbubble dynamics in a blood vessel surrounded by elastic tissue
subject to ultrasound, which are associated with important applications in medical ultrasonics. Both
the blood flow inside the vessel and the tissue flow external to the vessel are modeled using the potential
flow theory coupled with the boundary element method. The elasticity of tissue is modeled through the
inclusion of a pressure term in the dynamic boundary condition at the interface between the two fluids.
Weakly viscous effects are considered using viscous potential flow theory. The numerical model is
validated by comparison with the theoretical results of the Rayleigh-Plesset equation for spherical
bubbles, the numerical results for acoustic bubbles in an unbounded flow, and the experimental images
for a spark generated bubble in a rigid circular cylinder. Numerical analyses are then performed for
the bubble oscillation, jet formation and penetration through the bubble, and the deformation of the
vessel wall in terms of the ultrasound amplitude and the vessel radius. Published by AIP Publishing.
https://doi.org/10.1063/1.5005534

I. INTRODUCTION

We are concerned with acoustic microbubble dynamics in
a deformable vessel. The vessel wall is defined by the material
interface between two fluids. This phenomenon is associated
with important applications in medical ultrasonics. Microbub-
bles are injected into the blood stream as a contrast agent for
ultrasound imaging. The high compressibility of microbub-
bles compared to the surrounding tissue enables visualization
of blood vessels down to the capillary level, and microbub-
bles are thus widely used in clinical diagnostic ultrasound.1–5

Despite their clinical benefits, the potential damaging effects
of microbubbles oscillating in close proximity to blood vessel
walls remain a concern.6–8

This phenomenon is associated with bubbles in fluid-
filled vessels (xylem) of plants, whose function is to trans-
port the water and minerals from the roots to their leaves.
Water shortage can introduce air bubbles into xylem, and the
growth of bubbles in xylem is a cause of mortality during
drought.9 Acoustic emissions of pressure waves are associ-
ated with cavitation in plant xylem, and their applications in
plant sciences are rapidly increasing, especially to investigate
drought-induced plant stress.10–13

Klaseboer and Khoo14 and Turangan et al.15 presented a
physical and numerical model to describe the behavior of an
oscillating bubble in a fluid near a second elastic (biological)
fluid, where the interface is assumed to be approximately a
plane. The elasticity of the second fluid is modeled through
a pressure term at the interface between the two fluids. The
boundary element method (BEM) was then used to solve for

a)Author to whom correspondence should be addressed: q.x.wang@
bham.ac.uk

the unknown normal velocities at both the bubble interface and
fluid–fluid interface. Brujan et al.16 carried out experiments for
laser generated bubble dynamics near elastic gel and observed
mushroom shaped bubbles. Curtiss et al.17 simulated toroidal
bubble dynamics near the interface of two liquids. Lind and
Phillips18,19 modeled the influence of viscoelasticity on the
collapse of a bubble near a rigid and a free surface. Chen
et al.7 observed that ultrasound bubbles in microscopic blood
vessels of rat mesentery are often associated with nonspherical
deformation and liquid jetting.

The BEM is a grid-free method in the flow domain and has
been widely used in bubble dynamics. Calvisi et al.20 and Fong
et al.21,22 simulated acoustic bubble dynamics using the poten-
tial flow theory and BEM for an axisymmetric configuration.
Wang and Blake23,24 modeled the compressible effects of the
liquid flow surrounding the bubble by developing the weakly
compressible theory. Wang and Manmi25,26 implemented a
three-dimensional BEM model for bubble dynamics near a
rigid boundary subject to acoustic waves traveling parallel to
the boundary.

In this paper, acoustic microbubble dynamics in a
deformable vessel are modeled following the physical model
of Refs. 14, 15, and 27. Both the blood flow inside the vessel
and the tissue flow external to the vessel are modeled using the
incompressible potential flow theory coupled with the BEM.
The two fluids can have different densities, and the fluid outside
the elastic vessel is assumed to be associated with elasticity.

In the present work, the viscous effects are approximately
modeled using the viscous potential flow theory. Viscous fluid
dynamics can be approximately described by the viscous
potential flow theory when the vorticity is small or is con-
fined to a narrow layer near the boundary.28,29 It is particularly
useful for a gas–liquid two-phase flow with an interface. A key
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issue in the theory is that the shear stress should vanish approx-
imately at a gas–liquid interface, but it does not in the potential
flow approximation. An auxiliary function, the viscous pres-
sure correction to the potential pressure, has been introduced
to address this discrepancy by Joseph and Wang.30 This theory
was applied for transient bubble dynamics based on the BEM
by Klaseboer et al.,31 Li et al.,32 and Zhang and Ni33 for a
bubble rising and deforming in a viscous liquid and by Manmi
and Wang for acoustic bubble dynamics.34

The numerical model is validated by comparison with the
theoretical results of the Rayleigh-Plesset Equation (RPE) for
spherical bubbles, the numerical results for acoustic bubbles
in an unbounded flow, and the experimental images for spark
generated bubbles in a rigid circular cylinder. Parametric stud-
ies are then performed for acoustic bubble dynamics in an
elastic vessel and for the vessel wall deformation.

II. NUMERICAL MODEL

Suppose fluid 1 and fluid 2 have an interface Si, which
initially takes the shape of a circular cylinder, as illustrated
in Fig. 1. Fluid 1, such as blood in which the bubble resides,
is supposed to be a Newtonian fluid that has no elasticity. In
general, the blood is non-Newtonian. Some non-Newtonian
effects of liquids are modeled based on the potential flow the-
ory.19,35 Fluid 2 has some elastic properties. The densities of
the two fluids can be different. Initially, a spherical bubble is at
an equilibrium radius R0 with its centre positioned at the centre
of the configuration. The cylindrical coordinates (r, θ, z) are
adopted with the origin at the centre of the configuration and
the z-axis along the axis of symmetry. The initial radius of the
vessel is RD, and the length of the vessel is L. The deformation
of the interface Si from the undisturbed state along the radial
direction is denoted as h. Although the real applications are
often 3D cases, the asymmetrical cases studied are expected
to provide the magnitude and trend of the phenomenon in terms

FIG. 1. Sketch of a bubble Sb pulsating in an elastic vessel Si, with fluid 1
inside the vessel and fluid 2 outside the vessel, subject to an acoustic wave
along the z-axis.

of the frequency and amplitude, vessel radius, etc. The incident
pressure wave along the z-axis is given as follows:

p∞ (z, t) = p∞ + a sin (kz − ωt), (1)

where t is the time, p∞ is the atmospheric pressure, a is the
amplitude, k is the wavenumber, andω is the angular frequency
of the pressure wave.

We assume that both flows 1 and 2 are incompressible
and potential.37–39 The continuity equation for the two fluids
implies

∇2φl = 0, l = 1, 2, (2)

where the subscript l = 1, 2 stands for fluids 1 and 2, respec-
tively, and φl is the velocity potential. Note that the compress-
ible effects are essential for very short periods at the end of
collapse, which results in significant damping of oscillation
from the first cycle to the second cycle of oscillation.13,40,41

However, it does not significantly affect the pressure field.32,36

The Bernoulli equation in fluids 1 and 2 can be expressed
as

∂φl

∂t
=

p∞ − pl

ρl
−

1
2
|∇φl |

2, l = 1, 2, (3)

where ρl is the fluid density. The effects of buoyancy are
neglected here since we are concerned with microbubbles.

The dynamic boundary condition on the bubble surface
reads

pbub − p1 + 2µ
∂2φ1

∂n2
= σκ + pvc, (4)

where pbub is the bubble internal pressure, p1 is the fluid pres-
sure outside the bubble, µ is the dynamic viscosity of fluid 1,
σ is the surface tension, and κ is the curvature of the bubble
surface. The viscous pressure correction, pvc, is at the bubble
surface and is introduced to compensate the non-zero shear
stress of the potential flow at the bubble surface.28,30,34 The
viscous correction pressure pvc is obtained using33,34

pvc = −2µC
∂2φ1

∂n2
, (5)

where the coefficient C is obtained through the relationship∫
Sb

∂φ1

∂n
(−pvc)dS =

∫
Sb

∂φ1

∂τ
τsdS, (6)

where τ and n are the tangential and normal vectors of the
bubble surface, respectively, and Sb is the bubble surface.

Assuming that the bubble gas is under an adiabatic
process, its pressure pbub satisfies

pbub (t) = psat + pg0

(
V0

V

)γ
, (7)

where psat is the saturated vapor pressure of fluid 1, pg0 is the
initial pressure of the bubble gas, V0 and V are the initial and
transient bubble volumes, and γ is the specific heat ratio of
the bubble gas. Fuster and Montel42 showed that for very fast
oscillations, the effective polytropic coefficient of the mixture
recovers the adiabatic limit given that neither heat nor mass
transfer has time to significantly modify the pressure inside
the bubble. The thermal processes typically absorb a relatively
small portion of the overall energy.43 Heat and mass transfer
across the bubble surface can be included in the model.44
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Using the Bernoulli equation, the dynamic boundary
condition (3) on the bubble surface can be expressed as

ρ1
dφ1

dt
=

1
2
ρ1u2 + p∞ (z, t) + pvc − p0

(
V0

V

)γ
− 2µ

∂2φ1

∂n2
+ σκ,

(8)
where both the surface tension and weakly viscous effects are
considered.

The potentials of the two flows satisfying Laplace’s
equation can be expressed as

λ1 (r) φ1 (r) =
∫

Sb+Si

1
|r − rs |

∂φ1 (rs)
∂n

− φ1 (rs)

×
∂

∂n

(
1

|r − rs |

)
dS (rs) for fluid 1, (9)

λ2 (r) φ2 (r) = −
∫

Sb+Si

1
|r − rs |

∂φ2 (rs)
∂n

− φ2 (rs)

×
∂

∂n

(
1

|r − rs |

)
dS (rs) for fluid 2, (10)

where r and rs are the field point and source point, respec-
tively, and λ1 and λ2 are the solid angles at the field point on
the boundary of the fluids 1 and 2, respectively. The normal
directions in both (9) and (10) on the interface are external to
fluid 1. The two solid angles satisfy λ1(r) + λ2(r) = 4π at the
interface.

The pressure difference between fluid 1 and fluid 2 at
the interface Si is assumed to be linearly dependent to the
displacement h of the interface from its undisturbed position,14

p1 = p2 + Kh, (11)

where K ≥ 0 is the elastic parameter representing elasticity
property of fluid 2 outside the vessel. When K = 0, the pressure
across the interface is continuous and there is no elasticity in
fluid 2. The normal velocity is continuous at the interface Si.

Multiplying ρl on both sides of (3) and subtracting the
resulting equation for fluid 1 and that for fluid 2, we have

ρ2
∂φ2

∂t
− ρ1

∂φ1

∂t
= p1 − p2 +

1
2
ρ1 |∇φ1 |

2 −
1
2
ρ2 |∇φ2 |

2.

Dividing the above equation by ρ2 yields

∂φ2

∂t
− α

∂φ1

∂t
=
−p2 + p1

ρ2
−

1
2

(
|∇φ2 |

2 − α |∇φ1 |
2
)

on Si,

(12)
where α = ρ1/ρ2 is the density ratio of the two fluids.

Equation (12) can be written as15

D
Dt

(φ2 − αφ1) =∇φ1·∇φ2−
1
2

(
|∇φ2 |

2 + α |∇φ1 |
2
)

+
Kh
ρ2

on Si,

(13)

where D
Dt =

∂
∂t +∇φ1 · ∇ is the material derivative with respect

to velocity ∇φ1.
The reference length is chosen as the initial bubble radius

R0, the reference pressure is ∆p = p∞ � psat , and the density of
fluid 1 is the reference density. Nondimensionalization is per-
formed with the reference scales, and dimensionless variables
will be noted with upper bars.

Equations (8) and (13) can be written in the dimensionless
form as follows:

dφ1

dt
=

1
2

u2 + 1 − ε*
,

V0

V
+
-

γ

−
2 (1 + C)

Re

∂2φ1

∂n2
+

κ

We

+ a sin
(
kz − ωt

)
, (14)

D

Dt

(
φi2 − αφi1

)
= ∇φi1 · ∇φi2 −

1
2

(���∇φi2
���
2

+ α���∇φi1
���
2
)

+ Kh,

(15)

where ε = pg0/∆p is the strength parameter, Re = (∆pρ1)0.5R0/µ
is the Reynolds number, We = R0∆p/σ is the Weber number,
and K = 2αK/(3∆p) is the elastic parameter for fluid 2.

The kinematic condition on both the bubble surface and
the interface of two fluids can be expressed as

Dr

Dt
= ∇φ. (16)

A high-speed liquid jet often forms toward the end of
the collapse of a nonspherical bubble, and it subsequently
penetrates through the bubble. The liquid domain is then trans-
formed from a singly connected to a doubly connected form,
which results in non-unique solutions to the potential flow
model. We adopt the vortex ring model by Wang et al.41,45 and
Liu et al.46 to model the topological transition of a bubble and
the subsequent toroidal bubble motion.

In the vortex ring model, a vortex ring is placed inside the
toroidal bubble once the jet impacts on the opposite bubble
surface. The circulation Γ of the vortex-ring is equal to the
jump of the potential φ across the contact point at the time of
impact. The potential φ is then decomposed as follows:

φ = ϕvr + ϕ, (17)

where ϕvr is the potential due to the vortex ring which can be
calculated using the Biot-Savart law41,47 and ϕ is the remnant
potential, which is continuous in the flow domain.

The dynamic boundary conditions on the bubble surface
(14) and the interface (15) can be written in terms of the
remnant potential ϕ, respectively, as follows:

Dϕ1

Dt
=1 − ε*

,

V0

V
+
-

γ

+
1
2

��∇ϕ1 + ∇ϕvr
��2 − ∇ϕvr ·

(
∇ϕvr + ∇ϕ1

)
−

2 (1 + C)
Re

∂2φ1

∂n2
+
κ

We
+ a sin

(
kz − ωt

)
on Sb, (18)

D
Dt

(
ϕ2 − αϕ1

)
=

(
∇ϕ1 + ∇ϕvr

)
·
(
∇ϕ2 − α∇ϕvr

)
+

1
2
α��∇ϕ1 + ∇ϕvr

��2

−
1
2

��∇ϕ2 + ∇ϕvr
��2 + Kh on Si. (19)

At each time step, we have known bubble and interface
surfaces and known potential distributions on them. With this
information, we can calculate the tangential velocity on the
two surfaces. The normal velocities on them are obtained by
solving the boundary integral equations (9) and (10). The bub-
ble and interface surfaces and the potential distributions on
them can be further updated by performing the Lagrangian
time integration to (14)–(16), respectively. The details on the
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numerical model using the BEM for the problem can be found
in Refs. 48–50.

We will discuss the calculation of the diagonal elements of
the influence coefficient matrix. The boundary integral equa-
tions (9) and (10) are discretized using a linear representation
of the potential and normal velocity. Integrating and storing
the results for each node in a vector form will give rise to the
following matrix equation:

Hφ = G
∂φ

∂n
, (20)

where G and H are the influence matrices.47

The calculation of the diagonal elements of the matrix H is
often associated with singularities, and these can be eliminated

for a closed surface using the relation Hii = −
N∑

j=1
j,i

Hij, where

N is the total number of nodes on the surface. This works fine
for the closed bubble surface. However, the interface has to be
truncated in the numerical modeling and has two open ends.

To resolve this problem, we close the two open ends of
the interface using two auxiliary cross sections Sc1 and Sc2 of
the vessel, as shown in Fig. 1, whose centers are located at
(0, L/2) and (0, �L/2) with their normal vectors parallel to the
z-axis. The influence of the two cross sections to a field point
r can be expressed as

βk (r) =
∫

Sc

(r − rs) · n

|r − rs |
3

dS

= (−1)k−1
∫ 2π

0
dθ

∫ RD

0

×
z − zk(

(x − rs sin θ)2 + (y− rs cos θ)2 + (z − zk)
)3/2

rsdrs,

(21)

where k = 1, 2, z1 = L/2, and z2 = �L/2 are associated with the
two auxiliary cross sections, respectively.

The diagonal elements of the matrix H can thus be
calculated accurately using the following formulae:

Hii = −

N∑
j=1
j,i

Hij − β1 (ri) − β2 (ri). (22)

III. VALIDATIONS OF THE NUMERICAL MODEL
A. Comparison with the Rayleigh-Plesset equation

We first compare the BEM computation with the
Rayleigh-Plesset equation (RPE)51 for the oscillation of a
spherical bubble in an infinite fluid for ε = 100, γ = 1.25,
R0 = 1, psat = 0, and Re = 100 and 10, respectively, ignoring
the surface tension effect. The RPE is integrated using the 4th
order Runge-Kutta method. For this case, we have α = 1.0,
K = 0.0, a = 0, and ω = 0. As shown in Fig. 2, the BEM
agrees accurately with the RPE over three cycles of oscilla-
tions. The bubble, which has a high initial pressure, expands
and collapses in the medium, the maximum radius decreasing
with time due to the viscous effect of the fluid. The damping
of oscillation increases for a smaller Re.

FIG. 2. Comparison between the BEM and RPE for the oscillation of a spher-
ical bubble in an infinite fluid for ε = 100, a = 0, ω = 0, γ = 1.25, α = 1,
K = 0, RD = 1.5, Re = 100, and psat = 0.

B. Comparison with computations for a bubble
in an infinite flow

We compare the present model with that of Calvisi et al.20

for a bubble subject to a traveling wave using the BEM. The
case is characterized by R0 = 4.5 µm,ω= 1884 kHz, pa = 1.6∆p,
γ = 1.667, psat = 1837 Pa, p∞ = 101 000 Pa, σ = 0.0728 N/m,
and µ = 0 Pa s. The corresponding dimensionless parameters
are α = 1.0, K = 0.0, and RD = 1.5. Figure 3 shows the bubble
shapes at the very moment when the bubble jet impacts on
the opposite bubble surface at t = 5.53. The results of the two
models agree well for both the jet and bubble shapes. The solid
line on both sides of the figure gives the position of an artificial
fluid interface initially positioned at RD = 1.5.

C. Comparison with experiments

To further validate the present numerical model, we carry
out experiments to observe the dynamics of a bubble in a solid
tube in a cubic glass tank with 0.5 m side length filled with
water. An electronic spark53,54 is used to generate a bubble at
the centre of a rigid circular cylinder.

In the experiments, the ambient pressure is 998 kPa, the
room temperature is 20 ◦C, the water density is 998 kg/m3,

FIG. 3. Comparison between the present model and that of Calvisi et al.20

for a bubble subject to an acoustic wave at t = 5.53. The parameters used
are ε = 1.3252, a = 1.6, ω = 0.8496, k = 0.0057, γ = 1.667, α = 1, K = 0,
We = 6.15, RD = 1.5, Re = 0, and psat = 0.018.
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the dynamic viscous coefficient is 0.001 Pa s, and the surface
tension is 0.0728 N/m. The parameter ε is chosen as 100, and
the corresponding maximum radius Rm = 6.1 is determined
from52

ε =

(
1 − R

3
m

)
(1 − γ)

1 − R
3(1−γ)
m

, (23)

which is obtained from the Rayleigh-Plesset equation. The
choice of the strength parameter does not affect numerical
results significantly.15,52

The inner radius of the cylinder is RD = 17.5 mm, the
maximum bubble radius is 14.6 mm, and the initial radius is
R0 = 2.4 mm. The corresponding dimensionless inner vessel

radius RD = 7.3, the Reynolds number Re = 7.6 × 104, and the
Weber number We = 3.3 × 104. A bubble collapsing in a rigid
circular cylinder corresponds with the density of fluid 2 being
infinite i.e., α → 0. In the numerical simulations, α = 0.001
and K = 0 are chosen for a rigid circular cylinder.

The experimental and numerical results are compared in
Fig. 4. The snapshots in the figure are at the same “time”
for both model and experiments. The bubble expands from
Figs. 4(a) and 4(b) reaching its maximum volume at t = 4.48
ms [Fig. 4(b)]. It then collapses, with the two ends becom-
ing flattened during the early stage of collapse [Fig. 4(c)];
two inward jets along the axis of symmetry form subsequently
[Fig. 4(d)]. The two counter jets penetrate the bubble and sub-
sequently collide with each other [Fig. 4(e)]. The impact of

FIG. 4. Comparison between the experiments and BEM computations for the dynamics of a spark generated bubble for the vessel’s inner radius 17.5 mm,
maximum bubble radius 14.6 mm, and ε = 100, R0 = 1, RD = 1.2, Re = 2.2 × 104, We = 3.0 × 103, α = 0.001, and K = 0, for (a) t = 2.71 ms, (b) t = 4.48 ms, (c)
t = 6.71 ms, (d) t = 8.67 ms, (e) t = 8.86 ms, and (f) t = 9.76 ms.
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FIG. 5. The comparison of the present calculation with the experiments55

for the time histories of the dimensionless equivalent bubble radius Req and

the dimensionless deformation h of the elastic vessel wall at the mid-cross
section. The parameters used are ε = 1, γ = 1.07, α = 1, K = 0.32, We = 4.36,
RD = 5.33, Re = 30.71, and psat = 0.

the two counter jets results in a ring jet as the bubble further
collapses, as shown in Fig. 4(f).

D. Comparison with experiments for bubble
dynamics in microvessel

To further validate the present numerical model, we com-
pare with the experiments54 for bubble dynamics at the center
of an elastic microvessel driven by an ultrasound wave. The
experimental case is characterized by R0 = 4.7 µm, RD = 21 µm,
γ = 1.07, psat = 0 Pa, p∞ = 104.6 kPa, K = 50 kPa,
σ = 0.072 N/m, and µ = 0.001 Pa s. The ultrasound wave
applied is with a peak negative pressure of 0.8 MPa and fre-
quency 1 MHz. The corresponding dimensionless parameters
are calculated as ε = 1, α = 1, K = 0.32, We = 4.36, RD = 5.33,
and Re = 30.71.

Figure 5 shows the comparison of the present calculation
with the experiments for the time histories of the dimensionless
equivalent bubble radius Req =

3
√

3V/4π and the dimension-
less deformation h of the elastic vessel wall at the mid-cross
section. In both of the computation and experiments, the bub-
ble first collapses slightly before about t = 0.7, then expands
significantly, and subsequently re-collapses rapidly at much
larger amplitude after reaching the maximum volume. In the
meantime, the vessel wall is first pulled in slightly, then pushed
away significantly, and afterwards pulled back again at much
larger amplitude. The numerical results correlate well with
the experimental data in terms of the trend and magnitude the
bubble radius oscillation and vessel deformation.

IV. ULTRASONIC BUBBLE DYNAMICS
IN AN ELASTIC MICROVESSEL

Brujan et al.16 investigated a laser generated bubble col-
lapsing near an elastic boundary, which consists of a transpar-
ent polyacrylamide (PAA) gel. The parameter K is the elastic
property of the biological tissue, and it varies with different
tissues. The parameter K has been tested through experiments,
such as thoracic aorta with the elastic modulus K in the range
of 0.04-0.9 MPa, articular cartilage (0.4-0.85 MPa), muscle
(0.06-0.8 MPa), and cornea (0.3-5 MPa).16 A range of the
K-values is quoted here for each tissue type because the elastic

modulus of biological tissues depends strongly on the applied
stress. Microvessels are associated with inner diameters RD

smaller than 250 µm.56 They can be divided into three groups
in terms of diameters d: arterioles (250 µm > d ≥ 8 µm),
capillaries (d < 8 µm), and venules (250 µm > d ≥ 8 µm).

We choose the elastic modulus K = 0.405 MPa, which is
within the range of the elastic modulus of biological tissues.
A bubble having the initial radius R0 = 4 µm and saturated
vapor pressure psat = 1837 Pa is at the equilibrium state before
the arrival of the acoustic wave. Other parameters chosen are
the hydrostatic pressure patm = 998 kPa, the specific heat ratio
γ = 1.4, the elastic parameter K = 2.51, and the density ratio
α = 0.93. The corresponding Weber number is We = 5.5 and
the Reynolds number Re = 40. The bubble dynamics are ana-
lyzed in terms of the amplitude of ultrasound a = 0.1, 1.0, 4.0,
and 8.0.

The ultrasound is set at the natural frequency of the
bubble, when the bubble is usually associated with strongest
responses.29,57 The natural frequency ωn of a spherical gas
bubble is given by29

ωn =
1

R0

√
1
ρ1

(
3γ∆P + 2 (3γ − 1)

σ

R0

)
. (24)

For the parameters chosen above, we have ωn = 0.9 MHz
or ωn = 2.32 in dimensionless value.

A. Case for weak acoustic wave at amplitude a = 0.1

We first consider the case for a weak pressure wave at
amplitude a = 0.1. Figure 6 shows the time history of the
dimensionless bubble volume, 3V/(4π), versus the history of
the acoustic pressure at the centre of the initial bubble sur-
face. The bubble starts expanding initially since the acoustic
pressure is initially zero and decreases with time as t ≤ Ta/4,
where Ta is the period of the acoustic wave. It oscillates out of
phase with the pressure wave. The oscillation becomes stable
after about 15 cycles of oscillation.

Figures 7(a) and 7(b) display the bubble shape, velocity
field (left), and pressure contour (right) at t/Ta = 22.29 and
22.82, when the bubble is at its maximum and minimum vol-
umes, respectively. The bubble has oscillated for 22 cycles at
the times considered but is still approximately spherical, as it

FIG. 6. Time history of the dimensionless bubble volume 3V/(4π) for a bub-
ble at the centre of an elastic vessel (solid line) for the dimensionless amplitude
of ultrasound a = 0.1 and vessel radius RD = 1.5, together with the time history
of the pressure wave at the centre of the initial bubble surface. The remain-
ing parameters are R0 = 4 µm, p∞ = 998 kPa, γ = 1.4, K = 2.51, α = 0.93,
We = 5.5, Re = 40, and ω = 2.32.
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FIG. 7. Bubble shape, velocity field
(left), and pressure contour (right) at
(a) t/Ta = 22.29 when the bubble is
at its maximum volume and (b) t/Ta
= 22.82 when the bubble is at its mini-
mum volume for the case in Fig. 6.

is subject to the weak pressure wave. At the maximum bub-
ble volume [Fig. 7(a)], the elastic vessel wall presses the fluid
between the bubble and elastic vessel wall inwards. As a result,
the bubble surface near the elastic vessel wall begins to con-
tract while the upper and lower parts of the bubble surface still

expand outwards. In contrast, at the minimum bubble volume
[Fig. 7(b)], the elastic vessel wall pulls the fluid between the
bubble and elastic vessel wall outwards; the bubble surface
near the elastic vessel wall begins to expand while the upper
and lower parts of the bubble surface still collapse.

FIG. 8. Bubble shape, velocity field
(left), and pressure counter (right) at
t/Ta = 0.585 (a), 0.838 (b), 0.887 (c),
0.897 (d), 0.898 (e), and 0.903 (f), for
the acoustic wave amplitude a = 2.0. The
remaining parameters are the same as in
Fig. 6.
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B. Case for strong acoustic wave at amplitude a = 2

We then consider a case with strong ultrasound for a = 2,
with the remaining parameters being the same as in Fig. 6. The
bubble oscillates with much larger amplitude and becomes
nonspherical during the first cycle, as shown in Fig. 8. It
becomes elongated along the vessel at its maximum volume
due to the constraining effect of the vessel wall during the later
stage of expansion [Fig. 8(a)]; at the same time, the vessel wall
near the bubble is pushed outwards by the expanding bubble.
The part of the bubble surface near the vessel wall compressed
by the wall collapses while the top and bottom of the bubble
surface expand. The side bubble surface then collapses faster
than the top and bottom of the bubble surface; the elastic vessel
is pulled back by the collapsing bubble forming a neck, and
consequently the bubble becomes more elongate [Fig. 8(b)].

Two high fluid pressure zones form near the top and
bottom of the bubble surface, with the lower one with the
higher pressure of about 50 ∆p. The two high pressure zones
drive an upward liquid jet [Fig. 8(c)] and a downward jet
[Fig. 8(d)], respectively. Recall that the acoustic wave is along
the direction of the z-axis. The jet at the bottom of the bub-
ble surface along the wave direction is stronger. The two jets
impact each other [Fig. 8(d)], and the bubble collapses in a
toroidal form subsequently [Figs. 8(d)–8(f)]. A high pressure
zone results from the impact of the counter jets, which sub-
sequently generates an annular jet pointing to the vessel wall
[Fig. 8(f)].

C. Bubble volume and jet velocity

Figure 9(a) shows the bubble volume history subject to
ultrasound at the amplitude a = 4 in the elastic vessel with
various radii RD = 1.5, 2, 3, 5, and 10, respectively. The
remaining parameters are the same as in Fig. 6. The ampli-
tude and period of oscillation increase with the vessel radius.
The bubble reaches its dimensionless maximum volume 8.90
at t/Ta = 0.63 for RD = 1.5 and 12.66 at t/Ta = 0.70 for
RD = 10.

Figure 9(b) shows the volume history of the bubble in the
elastic vessel with a radius RD = 1.5 subject to ultrasound with
various amplitudes a = 0.1, 1.0, 2.0, 4.0, and 8.0, respectively.
The amplitude and period of oscillation increase with the
amplitude of ultrasound. The dimensionless bubble maximum
and minimum volumes are 1.07 and 0.87, respectively, for
a = 0.1 when the bubble oscillates spherically (Figs. 6 and 7).
The dimensionless bubble maximum and minimum volumes
reach up to 24.0 and 0.007, respectively, for a = 8.0, when the
bubble oscillates nonspherically with jetting.

Figure 10 shows the time history of the jet velocity for
the bubble subject to ultrasound at the amplitude a = 4 in
the elastic vessel with various radii RD = 1.5, 2, 3, 5, and 10,
respectively. The jet velocity at the end of collapse is highest at
RD = 1.5, being about 100 (1000 m/s in the dimensional form).
It first reduces with RD and then increases with RD reaching
its negative peak value at about RD = 3.

D. Deformation of vessel wall

We then consider the deformation of the elastic vessel
wall. As shown in Figs. 8 and 9, the vessel wall is pushed away

FIG. 9. Time history of bubble equivalent volume 3V/(4π) for (a) acoustic
wave amplitude a = 4 and elastic vessel radii RD = 1.5, 2, 3, 5, and 10,
respectively, and (b) a = 0.1, 1.0, 2.0, 4.0, and 8.0, respectively, and RD = 1.5.
The remaining parameters are the same as in Fig. 6. The dashed line displays
the time history of the acoustic pressure at the centre of the initial bubble
surface.

by an expanding bubble and is pulled back by a collapsing bub-
ble. Figure 11(a) displays the time history of the deformation
of the vessel wall at the middle cross section for different radii
of the vessel RD = 1.5, 2, 3, 5, and 10, respectively, with the
amplitude of ultrasound fixed at a = 4. As expected, the vessel
deformation is larger at a smaller radius RD. The elastic vessel
at RD = 1.5 is pushed away with the maximum outward dis-
placement h = 0.54 at t/Ta = 0.55 before the bubble reaches
its maximum volume at t/Ta = 0.63. It is pulled back with the
largest inward displacement h = �0.53 at t/Ta = 0.91 before
the bubble reaches its minimum volume at t/Ta = 0.92.

Figure 11(b) shows the time history of the deformation
of the elastic vessel wall at the middle cross section for

FIG. 10. Time histories of the jet velocity for RD = 1.5, 2, 3, 5, 10 and a = 4.
The remaining parameters are the same as in Fig. 6.
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FIG. 11. Time histories of the deformation of the elastic vessel wall at the
mid-cross section for (a) RD = 1.5, 2, 3, 5, 10 and a = 4, and (b) a = 0.1, 1, 2,
4, 8 and RD = 1.5. The remaining parameters are the same as in Fig. 6.

different amplitudes of the ultrasound a = 0.1, 1, 2, 4, and
8, respectively, with the radius of the elastic vessel fixed
at RD = 1.5. The deformation of the vessel wall increases
significantly with a. For a = 8.0, the vessel wall is pushed
away to the largest outward displacement at h = 1.06 at t/Ta

= 0.57 before the bubble reaches its maximum volume at t/Ta

= 0.66 and pulled back to the largest inward displacement at
h =�0.98 at t/Ta = 0.95 before the bubble reaches its minimum
volume at t/Ta = 0.96.

V. CONCLUSIONS

We describe a numerical model to simulate microbubble
dynamics in an elastic microvessel driven by an ultrasound
wave, using the viscous potential flow theory coupled with the
boundary element method. The elasticity of tissue is modeled
through the addition of a pressure term in the dynamic bound-
ary condition at the interface between the two fluids inside and
outside of the vessel, respectively. The numerical model is val-
idated by comparison with the Rayleigh-Plesset equation for
spherical bubbles, the computations for nonspherical acoustic
bubbles in an unbounded fluid, and the experiments for spark
generated bubbles in a rigid circular cylinder. We further inves-
tigate microbubble dynamics in an elastic microvessel subject
to ultrasound. The bubble expansion, collapse and topological
transition, bubble jetting, and the deformation of the elastic
vessel wall are analyzed with the following conclusions.

The bubble oscillates inside the vessel under ultrasound
with different amplitudes. When the radius of the bubble and
the vessel is of the same order, the bubble becomes elon-
gated along the vessel subject to strong ultrasound due to the

constraint of the elastic vessel wall. Two counter jets form
along the axis of the vessel toward the end of the collapse. The
jet along the direction of the acoustic wave forms earlier and
with higher velocity. The impact of the two jets results in a
ring jet pointing toward the vessel wall.

The elastic vessel wall is pushed outwards as the bubble
expands and pulled inwards as it collapses. This “push” and
“pull” phenomenon and associated oscillating normal defor-
mation of the interface and the oscillating pressure difference
across the interface are expected to enhance the membrane
permeability for drug delivery. The expansion (contraction) of
the vessel wall ceases before the bubble reaches its maximum
(minimum) volume due to the elasticity of tissue outside the
vessel. The deformation amplitude of the vessel wall increases
with the amplitude of ultrasound and decreases with the radius
of the vessel.
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