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ABSTRACT
The jet characteristics of bubbles near mixed boundaries have been the focus of research in many fields. As the associated parameters are
complicated, relatively few reports have been published. In this paper, a numerical model is established by considering the influence of the
free surface and a mutual vertical wall using the boundary element method. To determine the jet characteristics of collapsing bubbles in
different areas, two nondimensional parameters must be investigated: the distance γv from the bubble to the vertical wall and the distance γh
from the bubble to the horizontal wall. At the same time, the buoyancy parameter δ cannot be ignored. First, the jet characteristics under an
infinite vertical solid wall are discussed; furthermore, the jet direction in the stage of collapsing bubble under combined boundaries without
buoyancy is studied, and we find that the variation amplitude of the jet angle changes with the free surface. Considering the buoyancy, we then
divide the total area into six regions with different ranges of jet angle under small buoyancy values, allowing the significant effect of buoyancy
to be studied as δ increases. In addition, we study the jet velocity qualitatively under the condition of negligible buoyancy and find that a peak
jet velocity may exist at mid water depths.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5112049., s

I. INTRODUCTION

The motion of bubbles under complex boundaries has been
a central issue of research in many fields.1–6 Studies on the
movement of bubbles near mixed boundaries are of great impor-
tance in engineering and scientific research, such as the cavita-
tion bubbles generated on propeller tubes,7,8 shallow coastal explo-
sions used to unblock channels,9 air gun bubbles,10–12 and bubble
dynamics in water tanks.13–15 All of these applications consider
the similar scenario of bubble dynamics near complex bound-
aries. In such scenarios, a high-speed liquid jet forms under
the action of buoyancy or because of the boundaries. This jet
impacts on the surrounding fields or boundaries, but the jet
direction is difficult to predict. However, the jet direction can
significantly affect the position of the bubble impact, and so
the study of the jet characteristics in such conditions seems
essential.

Representatively, the explosion bubble used to unblock the
channel in shallow water is affected by several boundaries

including the bottom, the shore, and the free surface. This appli-
cation could be simplified to the scenario studied in this paper.
The Bjerknes forces16,17 acting on the explosion bubble from the
horizontal wall and the free surface are both downward, but it is
difficult to judge which one is greater. Simultaneously, the scale
of the bubble generated by underwater explosion is large, leading
to the inevitable effect of buoyancy. In addition, the vertical wall
also will influence the bubble in a certain range. All of these con-
siderations lead to the complexity of the present study, and so it
is difficult to determine in which area the bubble jet will impact
which boundary. Besides, a cavitation bubble in a propeller tube,
an air gun bubble near the island, and an electric spark bubble
in a water tank all face the similar problems. Once we have a
clear understanding of the basic issue mentioned in this paper, we
could use the associated conclusions to guide related research and
engineering.

There are two main problems to solve in these applications.
The first is the interaction between the bubble and the com-
bined complex boundaries; the second is the jet characteristics of
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bubbles at different distances from the boundary. To solve these
problems, there has been considerable research on bubble jets under
the Bjerknes force and buoyancy. As early as the 1980s, Blake16,17

used a boundary integral method to study the joint effect of buoy-
ancy and the distance to the boundary on the jet characteristics,
and this work has a great guiding role on the present research.
Cui18 conducted an experimental study on the motion of bubbles
between a free surface and a horizontal wall and found that the
bubble jet points toward the wall. However, the buoyancy effect
was not thoroughly studied. Wang and Chu19 studied the features
of bubble motion at the corner of two walls, but there has been
little analysis of the bubble jet direction. In terms of numerical
simulations, significant efforts have been made in recent years.20–26

Wang27 analyzed the motion of bubbles with a free surface near
an inclined solid wall with the boundary element method (BEM),
which provides a reference for studying the interaction between the
bubble and mixed boundaries. However, this work assumed that
the wall is semi-infinite, with no influence from a bottom surface.
As for some other simulation methods such as the finite volume
method,28–30 front tracking method,31 lattice Boltzmann method,32

and so on, there also exists a lot of valuable works on bubble dynam-
ics. Tagawa33 conducted some research about the bubble dynam-
ics and jet characteristics of bubbles in the corner and accurately
predicted the jet direction, but the influence of the free surface
was not considered. As for the complicated situations, Cui34 stud-
ied the interaction between the bubble and complex boundaries,
finding lots of interesting laws governing the motion of bubbles
with rare analysis in the jet characteristics. In addition, Maiga35

conducted works on the bubble theory, the conditions being too
simple.

From the above discussion, it is clear that bubble dynamics
under a single boundary have been intensively studied by researchers
in recent decades, but little attention has been paid to the jet charac-
teristics of collapsing bubbles under the combined effects of mixed
boundaries. In this paper, the numerical model used to simulate
bubbles near mixed boundaries is first established using a bound-
ary element method (BEM). We then present two typical experi-
ments that verify our numerical model. Studies on the collapsing
bubble jet under a free surface or horizontal solid wall have gener-
ated many important results, but the influence on the jet direction
of a vertical wall has rarely been reported. Thus, in this paper, the
bubble jet is examined under the influence of a vertical solid wall,
and a jump in the jet angle near the wall is observed and analyzed.
We then discuss the joint influence of the buoyancy parameter and
the distance between the bubble and the boundary on the bub-
ble jet. By analyzing and summarizing the calculation results, we
show that the bubble jet tends to point downward in most areas
without buoyancy, but under small buoyancy values, the situation
becomes complex. We therefore divide the area into six parts with
different jet directions. As the buoyancy increases, the effect of the
other boundaries becomes relatively small. When the dimension-
less buoyancy parameter reaches 0.6, the influence of the bound-
aries becomes negligible. In order to reveal the law of jet impacts
near the wall, in the case of negligible buoyancy, we also study
the velocity of the bubble jet in qualitative terms, verifying some
conclusions from previous research,19,36 and find that a peak jet
velocity exists approximately equidistant from the free surface and
the bottom.

II. NUMERICAL MODEL
A. Coordinate system and parameters

The working conditions assumed for this study are shown in
simplified form in Fig. 1. A Cartesian coordinate system is created
as shown in the picture. The origin of the coordinate system is at the
initial center position of the bubble, the x-axis points horizontally to
the vertical wall, the z-axis points vertically upward, and the direc-
tions of the x-axis, y-axis, and z-axis conform to the right-hand rule.
There are three distance parameters in the figure: the water depth
H, the distance dv between the initial center position of the bubble
and the vertical wall, and the distance dh between the initial center
position of the bubble and the horizontal wall.

In terms of the water depth, if the bubble is too deep, the influ-
ence of the free surface cannot be considered; conversely, if the depth
is too small, the nonlinear coupling15 between the bubble and the
free surface would require a thorough treatment, which is beyond
the scope of the present study. According to Blake’s criterion,17

once the water depth is more than six times the maximum radius
of the bubble, the effect of the free surface can be offset by a small
amount of buoyancy. Thus, in this paper, the initial water depth
is taken to be six times the maximum radius of the bubble. Above
this, the distance dh could represent two physical features, namely,
the distance between the bubble and the bottom or the distance
between the bubble and the free surface (the sum of the two distances
is fixed).

B. Basic theory of BEM and definition
of feature parameters

Underwater explosion bubbles and high-pressure air gun bub-
bles can be considered as nonstick, inviscid, irrotational, non-
rotating, and incompressible fluids, at least in the first cycle of
oscillation.11,21,37 Therefore, based on potential flow theory, the fluid
velocity potential needs to satisfy the integral equation as follows:

λ(p)φ(p) = ∬
s

[G(p,q)
∂φ(q)
∂n(q)

−
∂G(p,q)
∂n(q)

φ(q)]ds, (2.1)

FIG. 1. Schematic diagram of required research conditions.
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where p is the vector of field points, q is the vector of source
points, φ(p) and φ(q) are the corresponding velocity potentials,
G(p, q) = |p − q|−1 is Green’s function, n(q) denotes the unit nor-
mal vector pointing to the fluid field outside the bubble, λ(p) is
a parameter denoting solid angles, and s is the area of the bubble
surface.

To derive the general conventions, all of the parameters need
to be dimensionless.38 The reference pressure, length, and den-
sity are p∞ (hydrostatic pressure of the bubble’s center position),
Rm (the maximum radius of the bubble), and ρ (the density of
the fluid), respectively. Other parameters could be dimensionless
based on these three fundamental parameters. Therefore, reference
velocity, time, and potential of velocity can be written as (p∞/ρ)1/2,
Rm(ρ/p∞)1/2, and Rm(p∞/ρ)1/2, respectively.39 In addition, three
important dimensionless parameters16,17,27,39 mainly used in this
paper are defined as

δ = (ρgRm/p∞)1/2, γv =
dv

Rm
, γh =

dh

Rm
, (2.2)

where δ is the buoyancy parameter, which represents the effect
of the buoyancy, γv is the dimensionless bubble–vertical wall
distance, and γh is the dimensionless bubble–horizontal wall
distance.

At the boundaries, the dynamic boundary condition could be
written as (2.3) (dimensionless Bernoulli equation),39 with the pres-
sure on the free surface set to atmospheric pressure. In this paper,
we do not consider the flow of gas inside the bubble, and so based on
the adiabatic assumption, the gas pressure inside the bubble40,41 can
be expressed as in the following equations:

∂φ′

∂t
= 1 − P′ + δ2z′ −

1
2
∣∇φ′∣2, (2.3)

P′ = ε(
V′0
V′
)

γ

, (2.4)

where prime symbols denote dimensionless parameters, V0 is the
volume of the bubble at inception, V denotes its present volume, γ is
the ratio of heats, taken as 1.25 for bubbles generated by collapsing,39

and ε is a strength parameter representing the initial pressure inside
the bubble.

The bubble and the boundaries are discretized according to
Zhang et al.42 and Li et al.41 The process of bubble motion is
solved by the time advancement method, where the normal veloc-
ity of the bubble surface is acquired by Eq. (2.1), and the true
velocity of each node on the boundary is then obtained by the
finite difference method. The Bernoulli equation is used to deter-
mine the velocity and position of the bubble surface node in the
next time step. For the purpose of ensuring stable calculations, the
time step must be strictly controlled. In this paper, the time step is
expressed as

Δt = min
⎧
⎪⎪⎪
⎨
⎪⎪⎪
⎩

Δt0,
Δφ

max(∣ dφdt ∣)

⎫
⎪⎪⎪
⎬
⎪⎪⎪
⎭

, (2.5)

where Δt0 is set to prevent the time step exceeding a certain value
and Δφ is the change in velocity potential between adjacent time
steps.

C. 3D vortex model
After the bubble jet impacts the surface of bubble, the condi-

tion becomes very complicated. The domain assumes a ring shape,
and the above theory cannot solve the problem. The vortex model
has been developed over many years for this condition,11,22,43,44 and
in this paper, we adopt a 3D vortex model to update the node
information. First, the velocity potential φ can be regarded as the
sum of the potentials of the ring φv and the residual φr .5,22,27,39

The induced velocity of the ring uv can then be acquired using
Biot–Savart’s law,

φ = φv + φr , (2.6)

uv =
K
4π ∮

C

r × dl
∣r∣3

, (2.7)

where dl is a small element on the vortex, r is the vector from the
element to the node on the surface of the bubble, C is the curved
line denoting the vortex, and K is the jump in the potential on the
impacted node, which is calculated using a previous result.39 In three
dimensions, it is very complex to solve the above equation directly,
and so a semianalytic method is adopted. For the nodes on the sur-
face of the bubble, the velocity potential39,42,44 above the vortex can
be written as

φv =
K
4π ∮

C

(
rz

∣r∣
− 1)

1
rz2 [ez ⋅ (dl × r)] (2.8)

and that underneath the vortex can be expressed as

φv =
K
4π ∮

C

(
rz

∣r∣
+ 1)

1
rz2 [ez ⋅ (dl × r)], (2.9)

where the subscripts “r” and “z” represent the radial direction and
the direction of the z-axis. We refer to the work of Zhang and Liu39

to update the position and velocity of the nodes.

D. Treatment of the speed of junction nodes
Through the above calculations, the normal velocity of the

nodes on the free surface and the junction, and the velocity potential
of the wall nodes, can be obtained. Furthermore, the actual veloc-
ity of the nodes can be acquired from the difference relationship
between the unit normal velocity and the velocity potential. How-
ever, the velocity of junction points cannot satisfy two boundary
conditions (wall and free surface) at the same time, as this may lead
to some distortion of the grids and cause the calculations to fail.
Hence, in this paper, the velocity of the junction points is treated
in the following way.

We define the speed of a junction point perpendicular to the
solid wall as vnw. To meet the boundary conditions of the solid wall,
vnw is fixed at 0; according to the continuity of the fluid, the speed in
the other two directions can be updated by averaging the speeds of
the surrounding nodes according to

vy = α1
1
nf

nf

∑

i=1
vyf + β1

1
nj

nj

∑

i=1
vzj, (2.10)

vz = α2
1
nf

nf

∑

i=1
vzf + β2

1
nj

nj

∑

i=1
vzj, (2.11)
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where vy and vz denote the velocity of the junction node in the y
and z directions, respectively, nf and nj denote the number of nodes
on the free surface and the junction surrounding the junction node,
respectively, and α1, α2, β1, β2 are weighting factors. The nodes at
the junction must satisfy two boundary conditions, whereas those
on the free surface satisfy only the free surface boundary condition.
In fact, the junction nodes may be affected by the friction between
the fluid and the wall, and so the velocity of the junction nodes may
be considered to approach that of the nodes on the free surface. (In
this paper, when the bubble is close to the junction nodes, α1 and α2
are set to 0.3, and β1 and β2 are set to 0.7; otherwise, α1, α2, β1, β2 are
all set to 0.5.)

E. Definition of direction of the bubble jet
The grids are optimized in the manner described by Zhang

and Liu.39 To describe the direction of the bubble jet in quantitative
terms, the jet direction can be delimited as follows:

As shown in Fig. 2, node o is that with the highest speed on
the surface of the bubble before the jet impact. The jet angle ni i+5 is
obtained by calculating the normal vector of the closed curve formed
by the nodes around node o. The calculation formula is

α = w1
1
n1

n1

∑

i=1
arccos[(ni′i′+2 × ni′i′+4) ⋅ nx]

+ w2
1
n2

n2

∑

i=1
arccos[(nii+5 × nii+8) ⋅ nx], (2.12)

where n1 and n2 denote the number of nodes surrounding node o
on the first and second laps, respectively, ni i+5 is the vector from
node i to node i + 5, nx is the unit vector in the direction of the
x-axis, and w1, w2 are weighting factors (w1 + w2 = 1) representing
the proportion of nodes on the first and second laps, respectively.

FIG. 2. Topology of grids.

FIG. 3. Definition and verification of jet angle. (a) Definition of jet angle. The arrow
denotes the direction of increasing angle; (b) Verification of jet angle (γh = γv

= 1.5, δ = 0).

As the jet is thin, the nodes close to node o attain a high velocity, and
so the grid can easily become irregular. Thus, the normal vector of
the closed curve formed by nodes surrounding node o on the second
lap represents the jet direction better. Hence, w2 is set to 0.7; for a
wide jet, w2 would be set to 0.4.

Taking the x-axis as the reference, the angle is positive when
the jet rotates clockwise around this axis, as shown in Fig. 3(a); it
is obvious that the jet of bubbles in the free field moves vertically
upward13,39 (that is, the real jet angle is −90○ according to the def-
inition of jet angle in this paper). Thus, we calculate the jet angle
of the bubble in the free field (δ = 0.2) and find that the result is
−92.6○ which is generally consistent with the real jet angle. We then
draw the jet angle calculated by the method of this paper in the
picture under the conditions that γh = γv = 1.5, δ = 0. As shown
in Fig. 3(b), the jet angle calculated in this paper represents the jet
direction well.

III. VERIFICATION OF THE NUMERICAL MODEL
To verify the reliability of the numerical model, the calcula-

tion results given by the method of this paper are compared with
the results of experiments. In the experiments, the bubble is formed
by sparking with a wire electrode. Bubbles have been generated in
this way for decades and are widely used in experiments to observe
bubble dynamics.13–15,45–51 We conducted experiments using the sys-
tem described by Li,37 as shown in Fig. 4. In the experiments, we
use a high voltage (∼670 V) to generate bubbles [Rm ≈ 11.5 mm,
so according to (2.2) and (2.3), the effect of buoyancy is negligi-
ble] and a high-speed camera to capture the bubble behavior. Two
walls of the water tank form the corner geometry, and the water
depth is set to 69.5 mm. In numerical simulations, the strength
parameter ε has little influence on the shape of the bubbles,52 and
so its value can be selected arbitrarily. The initial radius of the
bubbles can be acquired from the Rayleigh–Plesset equation53 com-
bined with (2.1) and (2.3); thus, in the present and subsequent
studies, ε is set to 20, and the initial dimensionless radius is fixed
at 0.2695.

First, we compared the shapes of bubble simulated by BEM
with the experimental bubbles in two cases, as shown in Figs. 5
and 6. The bubble shape calculated using BEM coincides well with
the experimental results before the jet impact, but in the collapse
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FIG. 4. Arrangement of devices for the experiment.

phase, the dimensionless times have some discrepancies. Specifi-
cally, the dimensionless time in the experiments is relatively longer
than that in the numerical simulation. This may be the result of
the smaller feature time [Rm(ρ/P∞)1/2, where P∞ is atmospheric

pressure] selected as the experimental time scale, as well as some
measurement errors. In addition, the experimental bubbles do not
form instantly, whereas those in the simulation are generated instan-
taneously; this may be another reason for the discrepancies. There
are also some slight differences in the size of the bubbles, which
may result from the mismatch of dimensionless time between the
experiments and simulation and the measurement errors.

Near the corner region, our numerical model reproduces the
jet shape well before the jet impact. Under the action of the Bjerk-
nes forces from two walls (the influence of the free surface is very
small in this case), the bubble takes a nonspherical shape in the
late stage of expansion. A jet pointing toward the corner then
emerges, and the jet penetrates the bubble surface and collapses
into the corner under the high speed of the liquid jet. In the case
shown in Fig. 6, near the free surface and vertical wall, our numer-
ical model recreates the motion of the bubble well until the jet
impact. The Bjerknes force of the free surface then drives the upper
part of the bubble surface to flatten, before a vertical downward
jet gradually develops. At the same time, the left part of the bub-
ble sinks to the right under the Bjerknes force of the wall. Note
that the free surface rises constantly during this process as a result
of the appearance of a region of high pressure,17,54 and the fric-
tion between the wall and the water retards the upward movement
of liquid close to the wall,36 causing a turning near the junction
of the free surface and the wall [see frames (c)–(h) in Fig. 6]. In
the calculation process, stability is maintained until the moment of
jet impact.

Besides the jet shape and jet angle of the bubble, the veloc-
ity of the bubble jet is also of interest. Thus, we conduct several
experiments to verify the jet velocity; the corresponding compari-
son between numerical and experimental results will be presented in
a Sec. IV.

FIG. 5. Comparison of the experiments
with the numerical results near the cor-
ner (γv = 1.5, γh = 1.5). The dimen-
sionless times in the experiments and
simulations are denoted in the corner
of each image; frames (1)–(4) of the
simulations correspond to frames (a)–
(d) in the experiments, and the results
of frames (3)–(4) in the simulations are
also depicted in frames (c)–(d) of the
experiments; the other parameters in
the experiments are Rm = 11.5 mm,
H = 69.5 mm, dv = 17.3 mm, and
dh = 17.3 mm. The frames (e)–(h) of
the experiments shows the later bub-
ble collapsing stage, in which the bubble
expands again and migrates towards the
corner.
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FIG. 6. Comparison of the experiments with the numerical results at corresponding dimensionless times near the free surface (γv = 1.5, γh = 5.0). The dimensionless times
in the experiments and simulations are denoted in the corner of each image; frames (1)–(5) in the simulations correspond to frames (a)–(e) in the experiments, and the
results of frames (3)–(5) in the simulations are also depicted in frames (c)–(e) of the experiments; the other parameters in the experiments are Rm = 11.5 mm, H = 69.5 mm,
dv = 17.3 mm, and dh = 57.7 mm. The frames (f)–(h) of the experiments shows the later bubble collapsing stage, in which the bubble expands again and travels downwards.

IV. ANALYSIS OF RESULTS
A. Jet characteristics of bubbles under the influence
of infinite vertical wall

To study the range of influence of the vertical wall on the bubble
jet direction, the bubble jet shape under different distance parame-
ters γv was first simulated using the method described in Sec. II. The
evolution of the jet and the cause of its formation have been studied
in depth,2,5,55 and so we focus on the law governing the jet direction.
In the simulation, we place the single infinite vertical wall on the
right side of the bubble so that we could compare the results between
the conditions of this section and Sec. IV B. As shown in Fig. 7, with
δ = 0.2, the bubble is jetted upward while its left part is affected by
the vertical solid wall. As γv increases, the effect on the left part of the
bubble gradually reduces; when γv = 5.5, the shape of the collapsing
bubble is very close to that in the free field, and the jet points almost
vertical upward; at this time, the solid wall has a negligible effect on
the bubble.

Figure 8 depicts the change in the jet angle with respect to γv
for different values of δ. The effect of buoyancy on the jet shape

of the bubble is obvious. When δ = 0.4, the effect of the wall on
the bubble is significantly smaller than when δ = 0.2, and when γv
approaches ∼4.5, the jet angle becomes greater than 85○ (almost ver-
tical). When δ = 0.6, the range of influence of the vertical wall on
the bubble jet direction continues to decrease, and the jet direction
is no longer affected by the vertical wall once γv reaches ∼3.5. Hence,
as the buoyancy parameter δ increases, the vertical wall affects the
direction of the jet over a shorter distance. The results suggest that
the range of influence decreases linearly with the increase in δ, but
the specific relationship between δ and the range is beyond the scope
of this study, as it would require a large number of simulations and
theoretical analysis.

A key feature to note is that the jet angle jumps when the bub-
ble is close to the vertical wall, as the red arrow in Fig. 8 shows.
When the bubble is close to the wall, the Bjerknes force of the wall is
larger, causing the liquid jet to point toward the wall. However, the
results do not conform to this regularity, i.e., near the vertical wall
(γv = 1.0, 1.5), the liquid jet tends to point upward rather than at the
wall. This phenomenon can be attributed to the definition of the jet
direction. In the associated literature,19,33,56 researchers often judge

FIG. 7. Jet shape at different γv with δ = 0.2. The cor-
responding dimensionless moments are 2.332, 2.201, and
2.176, respectively; corresponding dimensionless distances
are 1.0, 3.5, and 5.5, respectively.
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FIG. 8. Jet angles of bubble with respect to γv for different values of δ. The differ-
ent symbols denote different dimensionless buoyancy parameters, i.e., red circles,
blue squares, and green crosses denote jet angle when δ equals 0.2, 0.4, and 0.6,
respectively. The area below the dashed line represents an almost-upward jet.

the jet direction according to the profile of the bubble, because the
limitations of experimental conditions prevent the liquid jet from
being clearly captured. This may lead one to think that the jet direc-
tion of the bubble may be deduced from the curvature of the bubble
surface, as shown by the black arrow in Fig. 7 (the first picture).
However, when the bubble is very close to the vertical wall, the very
existence of the wall prevents the bubble from expanding to the
extent it would in the free field, and the part of the bubble surface
near the vertical wall is retarded during the expansion stage, result-
ing in a decrease in the liquid velocity between the bubble and the
wall. Therefore, the liquid pressure in that region becomes relatively
high, leading to a decrease in the pressure difference between the left
and right sides of the bubble. Moreover, if the buoyancy is nonzero,
the force in the vertical direction will strengthen, causing the liquid
jet to be directed upward.

When the bubble is relatively far from the wall, the bubble is
subjected to the Bjerknes force from the wall as well as the buoyancy.
With the increase in γv, the Bjerknes force decreases, and until the
bubble keeps away from the wall to an enough distance, the liquid jet
is directed upward because of the negligible Bjerknes force. There-
fore, when the bubble is very close to the wall or far from the wall,
the liquid jet always tends to be directed upward, causing a jump
of the values of jet angles. We can see that a peak in the absolute
value of the jet angle appears at γv ≈ 2.0 because it is at this dis-
tance that the bubble would not be prevented from expanding by the
wall obviously. With the increase of the buoyancy, the liquid jet has
a greater possibility to point upward, causing the jump amplitude
to decrease.

As for the velocity of the bubble jet, we discuss this in combi-
nation with the experimental results shown in Fig. 9. The jet velocity
in the experiments was obtained in the following way. Two relatively
clear adjacent pictures in the collapse phase of the bubble were iden-
tified, and the displacement of the jet tip between the two frames was
determined. Finally, the ratio of the displacement to the correspond-
ing time interval was computed. As shown in Fig. 9, the jet velocity

FIG. 9. Jet velocities changing with γv in experiments (δ ≈ 0) and simulation
(δ = 0). v is the dimensionless velocity of the jet tip; the blue circle represents the
velocity of the jet tip in experiments, and the red line denotes that in the numerical
simulation.

obtained by the experiments is very close to the numerical results (to
within acceptable error). The reason for the slight error is that the
jet velocity in the numerical simulation is the instantaneous speed of
the jet tip at a point, whereas that in the experiments was obtained
by the above method, and thus represents the average velocity of the
jet tip during the corresponding time interval. With an increase in
the dimensionless distance, the jet speed decreases until γv reaches
a value of 3; when γv is greater than 3, no obvious jet could be
simulated due to the small effect of the vertical wall under the
condition δ = 0.

B. Jet characteristic of bubbles under the influence
of the mixed boundary
1. Jet characteristics of bubbles without buoyancy

To study the influence of the combined boundary on the bub-
ble jet, this section first excludes the influence of buoyancy by setting
δ to 0 in the calculation. Thus, we concentrate on the influence of
the distance between the bubble and the boundaries on the bubble
jet direction. The working condition is set as Fig. 1. The bubble jet
directions without buoyancy for different values of γv and γh are
illustrated in Fig. 10. The Bjerknes force from the free surface acts
in the downward direction, that is, it drives the bubble away from
the free surface. The Bjerknes force from the wall causes the bub-
ble to approach the wall. Therefore, in this case, the bubble is only
subjected to the downward Bjerknes force in the vertical direction,
leading to an oblique downward jet (jet angles are positive), as shown
by the computational results in Fig. 10. When the γh reaches 4.0, as
a result of the small distance between the bubble and free surface,
strong nonlinear interaction6 between them always makes the bub-
ble generate a downward jet no matter how close the bubble is to the
vertical wall. Even though the vertical wall exert an extraordinary
impact on the bubble, the high pressure15,57 between the bubble and
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FIG. 10. Jet angles changing with γv under the condition of different γh. The
dimensionless buoyancy parameter δ = 0; four different symbols denotes differ-
ent dimensionless distance parameters, i.e., blue solid circles, pink solid squares,
green solid diamonds, and pink stars denote jet angles when γh is equal to 1.0,
2.0, 3.0, and 4.0 (5.0), respectively; the area above the dashed line represents
an almost-downward jet. Note that γh represents two distances, namely, the dis-
tance between the bubble and the horizontal wall, and the distance between the
bubble and the free surface, that is, the dimensionless distance between the initial
bubble and the free surface is 5.0, 4.0, 3.0, and 2.0 (1.0) when γh equals 1.0, 2.0,
3.0, and 4.0 (5.0), respectively.

the free surface would also drive the liquid jet directed downward, as
the condition γh = 4.0 (5.0) in Fig. 10.

As γh increases at fixed γv, the jet angle gradually increases,
reaching 90○ when the bubble approaches the free surface with
a high pressure zone forming beneath the free surface;54,57 this

increase in the jet angle means the increase of the Bjerknes force in
the vertical direction; so in a sense this may prove that the effect
of the Bjerknes force from the free surface is greater than that of
the bottom wall under the same conditions, which also may be
deduced in the numerical simulations of Blake.16,17 With an increase
in γv at fixed γh, the Bjerknes force exerted on the bubble in the
vertical direction is constant, but that in the horizontal direction
decreases, causing the joint force to rotate clockwise. Therefore, the
jet angle gradually rotates clockwise with the increase of γv and even-
tually arrives to ∼90○ when the vertical wall is sufficiently far (about
γv = 5.0) owing to the very small effect of the vertical wall. This
increase in γv reduces the difference in jet angles for a fixed γv,
as shown by the vertical red dotted lines in Fig. 10. As an expla-
nation, the bubbles are subjected to three different Bjerknes forces
(from the free surface, bottom, and vertical wall), and so near the
vertical wall there is a very obvious difference in the acceleration
of the bubble for the same γv, while the downward Bjerknes force
is dominant at large values of γv, resulting in the bubble jet point-
ing almost vertically downward at any γh. Under the condition
δ = 0, the jet of bubbles in the whole area generally points verti-
cally down when γv is greater than 5.0 under the effect of the free
surface.27,58

As suggested by the above description, in this condition, the
jet of bubbles tends to point downward (or obliquely downward),
and so in order to study the characteristics of the bubble jet in
depth, there is a need to discuss the jet velocities under differ-
ent dimensionless distances. As shown in Fig. 11, our numerical
model calculates the jet velocity well compared with the experi-
ments. In the horizontal direction, near the corner, the velocity of
the bubble jet peaks when γv is between 1.0 and 2.0, and as γv
increases, it tends to decrease continuously. A similar result was
observed by Wang and Chu.19 In the vertical direction, the jet veloc-
ity near the free surface is higher than that close to the horizon-
tal wall, which agrees with previous research.36 According to the

FIG. 11. Jet velocities under different dimensionless distances. (a) Jet velocities changing with γv in experiments (δ ≈ 0) and simulation (δ = 0) (γh = 1.5). v is the
dimensionless velocity of the jet tip; the blue circle represents the velocity of the jet tip in the experiments, and the red line denotes that in the numerical simulation; (b) Jet
velocities changing with γh in experiments (δ ≈ 0) and simulation (δ = 0) (γv = 1.5). v is the dimensionless velocity of the jet tip; the blue circle represents the velocity of the
jet tip in the experiments, and the red line denotes that in the numerical simulation.
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FIG. 12. Jet directions under different working conditions (δ = 0.2). (a) Six regions of different ranges of jet angles. The different symbols are defined in the right-hand
panel. (b) Jet angles changing with γv under the condition of different γh. Six different symbols denote different dimensionless distance parameters between the bubble and
horizontal wall; blue circles, red asterisks, green diamonds, black solid circles, pink pentagrams, and black squares denote the jet angle when γh equals 1.0, 1.5, 2.0, 2.5,
3.0, and 4.0, respectively; the box surrounded by the dashed line represents an jet almost pointing the vertical wall; similarly, the dimensionless distance between the initial
bubble and free surface is 5.0, 4.5, 4.0, 3.5, 3.0, and 2.0 (1.0) when γh equals 1.0, 1.5, 2.0, 2.5, 3.0, and 4.0, respectively. (c) Typical bubble profiles in the stage of bubble
collapsing from region A-F. Different colors denote different potentials, as presented on the top of the image; the corresponding dimensionless moments are 2.201, 2.301,
2.104, 2.016, 2.151, 2.021; the corresponding dimensionless distances: A(γv = 2, γh = 2.5), B(γv = 4.5, γh = 1.0), C(γv = 5.0, γh = 3.0), D(γv = 2.0, γh = 4.0), E(γv = 6.0, γh
= 2.0), F(γv = 4.5, γh = 3.0).
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numerical and experimental results in this paper, the jet velocity
reaches a maximum when γh is ∼3, i.e., the area of the isometric
distance between the free surface and the bottom. In addition, note
that the present jet velocity is much lower than with the vertical wall
alone (Fig. 9).

2. Effect of buoyancy

a. Jet characteristics of bubbles under the action of small buoy-
ancy (δ = 0.2). Figure 12(a) illustrates the bubble jet direction when
δ = 0.2 in the whole area, and Fig. 12(c) gives the typical collaps-
ing bubble profile in each region. In our simulations, we find that
the parameter γv is almost greater than about 3.0 or more when the
angle between the jet direction and the x-axis reaches about 30○. At
γv > 3.0, the liquid jet is affected by the vertical wall lightly, which
could be seen in Figs. 8 and 9; so in this figure, the jet is consid-
ered to point toward the vertical wall when the angle between the
jet direction and the x-axis is less than 30○. Of course, it is notice-
able that the liquid jet almost points downward near the free surface,
which is similar to the law of Sec. IV B 1. In region D, the horizon-
tal wall has only a slight effect on the jet direction of the bubble,
and so the jet direction mainly depends on the free surface and the
vertical wall; in this region, the jet points downward because of the
extraordinary interaction among the bubble, free surface, and ver-
tical wall6,17,27 as the collapsing bubble profile shows in Fig. 12(c).
When the bubble is close to the corner (region A), the effect of the
free surface is relatively lighter, and the existence of buoyancy means
that the Bjerknes force in the vertical direction is largely counter-
acted. Under this condition, the vertical wall has a big effect on the
bubble, and so the bubble jet is directed to the vertical solid wall. A
little further from the vertical solid wall, the jet direction depends
on the distance parameter γh. When the bubble is close to the hor-
izontal wall (region B), the direction of the bubble jet is dominated
by the effect of the horizontal wall, leading to a downward jet. As γh
reaches 2.0, as a result of the balance of forces in the vertical direc-
tion, no bubble jet forms in the vertical direction, and the bubble
would go on dilating (region E) or generates an almost horizontal
jet (region A) according to different γv. An analogous phenomenon
in region E was observed by Blake et al.16 in their numerical

simulations, and the corresponding typical collapsing bubble shape
can be seen in Fig. 12(c). As γv continues to increase, in region C
the buoyancy becomes greater than the Bjerknes force in the verti-
cal direction, and the jet is directed obliquely upward as Fig. 12(c).
When γv reaches about 3.5 (region F), the Bjerknes force from
the horizontal wall decreases a lot, but that from the free sur-
face increases obviously; similarly to the region E, the Bjerknes
force in the vertical direction is balanced by the buoyancy, and
so no liquid jet forms in the stage of collapsing bubble. After the
bubble collapses to its minimum volume, it continues to expand
and enters the next cycle, for the internal pressure becomes much
stronger than the external pressure at this time. The bubble profiles
at its minimum volume (region E and F) are shown in Fig. 12(c).
It can be seen that there exits some differences in the shape
of bubble between that in the region E and F. As an explana-
tion for the difference, the effect of the Bjerknes force from the
free surface generates a wide region with high pressure,27 which
squashes the bubble combined the buoyancy; however, the Bjerk-
nes force from the bottom wall is relatively smaller than the differ-
ence in the internal and external pressure, and so the joint force
exerted on the bubble in the horizontal direction is larger than
that in the vertical direction, causing the bubble to be pushed
horizontally.

The change in jet angles with γv under the condition of differ-
ent γh is plotted in Fig. 12(b). The jet direction eventually becomes
vertical with the increase in γv under the condition α ≠ 0. What is
different from Fig. 10 is the appearance of negative jet angles as a
result of the effect of buoyancy; we can see the jet angle with the
greater γh tends to be smaller at α < 0 owing to the lighter effect of
the bottom wall. Those data in the black box can be regarded as the
jet pointing the vertical wall [region A in Fig. 12(a)] as mentioned
above, and this may seem to be very useful in some projects such
as unblocking channels. As for the calculated results at γh > 4.0, we
choose not to show them because the angles are all 90○ as explained
in region D. Note that the jet angle of the bubble near the free surface
(γh = 4.0) reaches 90○ at a smaller value of γv than near the horizon-
tal wall. The same regularity can be acquired from Fig. 12(a): when
γh = 3.5, no obvious jet exists in the vertical direction, and the jet dis-
appears only when γv reaches 3.5, whereas the jet disappears when

FIG. 13. Jet shapes of different γv when γh = 1.0. The dimensionless buoyancy parameter δ = 0.4; the corresponding dimensionless moments are 2.257, 2.059, 2.093;
different colors denote different potentials, as presented on the left of the image; the red arrows represent the tendency of the bubble jet.
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FIG. 14. Jet shape at the time of jet impact under the conditions γv = 4.0, γh = 5.0.
The dimensionless buoyancy parameter δ = 0.4; different colors denote different
potentials, as presented on the left of the image.

FIG. 15. Jet angles with respect to γv for different γh. The dimensionless buoy-
ancy parameter δ = 0.4; seven different symbols denote different dimensionless
distance parameters between the bubble and horizontal wall, with black circles,
green asterisks, pink squares, red diamonds, black pentagrams, blue crosses, and
black triangles denoting the jet angle when γh equals 1.5, 2.0, 2.5, 3.0, 3.5, 4.0,
and 4.5, respectively; the area below the dashed line represents an almost-upward
jet.

γv reaches 6.0 in the vicinity of the bottom wall. Near the horizontal
wall, the range of influence of the vertical wall on the jet direction
is roughly equal to the range (about 5.5) under the condition of a
vertical wall alone. However, near the free surface, the range of influ-
ence decreases significantly (to about 2.0). Hence, the existence of
the free surface can decrease the influence of the vertical wall on the
jet direction, and the effect of the vertical wall on the jet direction

decreases as the distance between the bubble and the free surface
decreases.

b. Jet characteristics of bubbles under the action of obvious
buoyancy (δ = 0.4). Figure 13 shows the jet shape of the bubble at
some typical distances when γh = 1.0. The bubble has no tendency
to produce an obvious jet when the distance parameter γh = 1.0,
but appears like a funnel, because the buoyancy effect is sufficient
to counteract the Bjerknes force in the vertical direction at this dis-
tance; and we can see the bubble is also influenced by the vertical wall
obviously at γv = 1.5, which makes the bubble nearly assume a moon
shape. Figure 15 depicts the change in jet angles with γv for different
values of γh. In the vertical direction, the jet will point toward the
bottom (α < −45○) when the bubble is very close to the free surface
(γh = 5.0) owing to the same reason as the region D of Fig. 12(a), as
shown in Fig. 14 (free surface is not displayed). At this δ, only when
the γh is greater than 4.5 does the liquid jet points vertical downward
(those data are not shown), and so it can be seen that the number
of these cases decreases because of the obvious buoyancy. Similarly,
we also observe a jump in the jet angle when γv is relatively small,
but the jump does not occur when γh = 1.5, a result of the strong
induction effect of the horizontal wall. From these data in Fig. 15,
the liquid jets almost all tend to be directed upward except some
cases near the vertical wall (γv < 2.0). So in conclusion, under the
condition δ = 0.4, buoyancy begins to dominate the jet direction in
most areas.

c. Analysis of the influence of buoyancy on the jet characteristics.
To investigate the influence of buoyancy, some cases are considered
under the condition δ = 0.6. When the bubble is very close to the
free surface (γh = 5.0), the bubble generates two jets under the action
of buoyancy and the Bjerknes force, as shown in Fig. 16, which may
be the symbol that the hydrostatic pressure difference between the
upper and lower part of the bubble is almost the same as that of
the high pressure zone15 between the bubble and free surface. In
other areas, the bubble points toward the free surface (α < −45○)
as a result of the large buoyancy effect and the relatively small effect
of the boundaries. Hence, we can conclude that after the δ reaches
about 0.6, the bubble jet almost will not have obvious impacts on the
bottom.

Figure 17 shows the change in jet angles with respect to γv near
the horizontal solid wall for different values of δ when the γh equals
1.5. The bubble jet tends to point toward the bottom (α > 0) under
the condition of small buoyancy (δ = 0.2) and point toward the
free surface (α < 0) under the condition of large buoyancy (δ = 0.4,
0.6). When the jet angle is positive, the Bjerknes force in the vertical

FIG. 16. Jet shape under typical condi-
tions. The corresponding dimensionless
moments are 1.717 and 1.658, respec-
tively; different colors denote different
potentials, as presented on the left of
the image; the red arrows represent the
tendency of the bubble jet. γv = 1.0,
γh = 5.0, γv = 3.0, γh = 5.0.
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FIG. 17. Jet angles changing with γv when γh = 1.5 for different δ. Four different
symbols denote different dimensionless buoyancy parameters, with black aster-
isks, green squares, pink circles, and blue squares denoting the jet angle when δ
equals 0, 0.2, 0.4, and 0.6, respectively; the area above the top line and below the
bottom line represents an almost-vertical jet.

direction is greater than the buoyancy. As the δ increases, the joint
force in the vertical direction reduces, leading to the liquid jet
directed toward the horizontal wall, and so the jet angle reaches
90○ at a smaller value of γv under the condition of smaller buoy-
ancy. When the jet angle is negative, the Bjerknes force in the ver-
tical direction is smaller than the buoyancy. As the δ increases, the
joint force in the vertical direction increases, leading to the liquid jet
directed upward, and so the jet angle reaches −90○ at a smaller value
of γv under the condition of larger buoyancy. For δ = 0, 0.2, 0.4, and
0.6, the bubble jet becomes almost vertical when the γv is 6.0, 6.0,
4.0, and 2.0, respectively, that is, when δ reaches 0.6, the range of
influence of the vertical wall on the jet direction is reduced by about
two-thirds compared with the condition δ = 0. Therefore, there is no
need to investigate further increases in δ. As analyzed in Figs. 10, 12,
and 15, the bubble jets show much different characteristics at each
δ. From them, we can know that in the presence of the liquid jet the
jet angle rotates counterclockwise at the fixed value of γv and γh with
the increase in δ until the angle approaches 90○, which is the result
of the joint force gradually rotating counterclockwise.

V. CONCLUSIONS
This paper has described the jet characteristics of bubbles near

a mixed boundary. By calculating the jet angles and velocities under
different conditions, we have analyzed the influence of distance
parameters and the buoyancy parameter on the jet characteristics,
which are related to underwater explosions and other important
engineering applications.

First, we investigated the range of influence of a vertical wall on
the direction of the bubble jet and found that this range decreases as
δ increases. Near the wall, there exists a jump in the jet angle with
respect to γv. As for the jet velocity, as expected, it decreases with
an increase in the distance between the bubble and the wall until the
effect of the wall is negligible.

With mixed boundaries, we verified the feasibility of our
numerical model through a comparison with experimental results,
and then studied the jet direction under different values of δ. In the
case of negligible buoyancy, the bubble jet tends to point downward
in most areas (α > 45○). The discrepancy of jet angles under the same
γv decreases with the increase of γv, and after γv reaches 4.5, the jet
angles at different positions have no obvious difference, but gener-
ally approach 90○. In the vertical direction, the jet velocity at mid
water depths (about 3.0) tends to be higher than that in other areas,
and the jet velocity of bubbles near the bottom tends to be higher
than that near the free surface. In the horizontal direction, the jet
velocity reaches its peak close to the vertical wall and decreases with
an increase in γv. In addition, the existence of mixed boundaries
causes the jet velocity to be much lower than with a vertical wall
alone.

Under the influence of small buoyancy (δ = 0.2), the direction
of the bubble jet exhibits obvious discrepancies in different areas
depending on γv and γh. The jet directions in the whole domain were
identified [see Fig. 12(a)]. Compared with the condition of an infi-
nite vertical wall alone, the range of influence of the vertical wall
on the jet direction decreases in the presence of the free surface,
and the effect of the free surface on the jet direction is greater than
that of the horizontal wall. Under the action of obvious buoyancy
(δ = 0.4), the buoyancy force dominates the jet direction in almost
the whole area. No jet is generated in the vicinity of the bottom
(γh = 1.0). After γh reaches 2.0, the change in jet angle with respect
to γv has a jump when the bubble is close to the vertical wall, which
is similar to the condition of the infinite wall alone. However, this
jump disappears when γh is small (γh ≤ 1.5). When δ = 0.6, the jet
points almost upward in all cases owing to the strong buoyancy, and
near the corner, the jet becomes vertical within about one-third of
the range required with negligible buoyancy, and so the condition
with larger values of δ need not be studied.
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