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Coupled McKean-Vlasov diffusions: wellposedness,
propagation of chaos and invariant measures

Manh Hong Duong* Julian Tugaut?
July 15, 2019

Abstract

In this paper, we study a two-species model in the form of a coupled system of nonlinear
stochastic differential equations (SDEs) that arises from a variety of applications such as
aggregation of biological cells and pedestrian movements. The evolution of each process is
influenced by four different forces, namely an external force, a self-interacting force, a cross-
interacting force and a stochastic noise where the two interactions depend on the laws of the
two processes. We also consider a many-particle system and a (nonlinear) partial differential
equation (PDE) system that associate to the model. We prove the wellposedness of the SDEs,
the propagation of chaos of the particle system, and the existence and (non)-uniqueness of
invariant measures of the PDE system.

Key words and phrases. interacting particle systems, McKean-Vlasov dynamics, propagation
of chaos, invariant measures.

AMS subject classification. 60H10; 35K55; 60J60; 60G10.

1 Introduction

In this paper, we study a two-species model in the form of a coupled system of nonlinear
stochastic differential equations

dXt = *Vvl(Xt) dt — GVFll * ‘LLt(Xt) dt — (1 — a)VF12 * l/t(Xt) dt + O'th, (1&)
dY; = —VVa(Yy) dt — aV Fyy * e (Yy) dt — (1 — @)V Fao % v, (Y;) dt + o dW,, (1b)
P(X; € dx) = pe(z) dz, P(Y; € dx) = vi(x) dx. (1c)

Here 0 < a <1 and ¢ > 0 are given constants; V7, V5 are two external potentials; F1, Fao are self-
interacting potentials describing the interactions among individuals of the same species; Fia, Fo1
are cross-interacting potentials representing the interactions between individuals belonging to dif-
ferent species; o is the diffusion intensity; (Wi, ¢t > 0) and (Wy,t > 0) are independent Wiener
processes and finally * denotes the standard convolution operator: for a function G and a measure
v, the convolution between G and -y, G * 7, is given by

(G *7)(x) = / Gl — y)1(y) dy.

In (1) the evolution of X; and Y; depend on their own laws, {u:,t > 0} and {v;, ¢t > 0} respectively,
that are unknown. Using It6 formula one can show that {u:,t > 0} and {4, ¢ > 0} satisfy the
following system of nonlinear nonlocal partial differential equations

2
Oy = div ((VVl +a(VFi1 * ) + (1 —a)(VFig % Vt))ut) + %A,ut, (2a)
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2
(%Vt = div ((VVQ + CL(VFQl * Mt) + (1 — a)(VFQQ * l/t)>Vt) + %AV,;7 (2b)

wo(dz) = P(Xo € dz), vo(dx) =P(Yp € dx). (2¢)
System (1) naturally generalizes the one-specie McKean-Vlasov dynamics
dZt = —VV(Zt) dt — VF % Ct(Zt) dt + Uth, (3)

where (; is the law of Z; that solves the following (nonlocal nonlinear) PDE

2
0G = div [(VV + VF + ()G| + T AG. (4)

Systems of (multi-species, interacting) nonlinear stochastic differential equations and nonlocal
nonlinear PDEs of the type (1)-(4) arise in a plethora of applications such as mathematical biol-
ogy (bacteria chemotaxis [KS71, KO03, ESV10, CEV11, KRZ18], aggregation of biological cells
[EK16, EFK17]), plasma physics and galactic dynamics [BT08], statistical mechanics and granular
materials [CMV03, CMV06], pedestrian movements [CLM12, CLM13], risk management [GPY13]
and opinion formation [GPY17]. The mathematical analysis of such systems has been getting a
lot of attention over the last two decades both in the probability and in the PDE community. In
particular, the McKean-Vlasov dynamics has been investigated from various aspects. Existence
and uniqueness of solutions of (3) under fairly general assumptions on the external potential V and
interacting potential F' has been proved [McK66, Fun84, Szn91, Mél196, HIP08, BRTV98, CGMO08].
The propagation of chaos, which was introduced by Kac [Kac56] and further developed by Sznit-
man [Szn91], for the McKean-Vlasov was also proved [BRTV98, Mal03, CGMO08|. That is, as n
gets large, the n interacting processes

. . 1< , , ,
dZ; = —VV(Z{)dt - — N VF(Zi - Z])dt+ odW{, i=1,...,n, (5)

j=1
behave more and more like the n independent processes
dZi = —NV(Z})dt —VF % (Z))dt + o dW}, i=1,...,n,

where (W}):>¢ are independent Wiener processes and each particle’s distribution tends to (;(dz) =
Ct(z)dx where (; solves (4). In addition, the empirical measure p}' := %Z};l dz; converges in
law, on the space C([0,T],R), to {;(dxz). Thus both (3) and (4) can be numerically approxi-
mated by simulating the particle system (5) for large n. We also refer the reader to [BGM10,
Duol5, JW16, Monl7] for similar results for the Vlasov-Fokker-Planck equation, to [MM13,
HM14, MMW15] for analytical approach to propagation of chaos and to recent papers and surveys
[JW1Ta, JW17b, DEGZ18]| for further discussions on this interesting topic. Another important
aspect of the McKean-Vlasov dynamics, namely the existence and (non)uniqueness of invariant
measures and convergence to an invariant measure, also was studied by many authors using dif-
ferent techniques [BRV98, CMV03, Mal03, CMV06, CGM08, BGG13]. One interesting question
that still largely remains open in this direction is to characterise the relative basins of attrac-
tion of the equilibria of the McKean-Vlasov equation when there are multiple invariant measures
[Daw83, Shi87, Tugldal.

In contrast to the McKean-Vlasov equation, the coupled McKean-Vlasov dynamics is less
understood although some initial attempts have been made. Herrmann [Her03] obtained results
for three aforementioned issues for a special case of (1) where Vi, = Vo = 0,F;; = Foy and
F51 = Fi2, see also [DMR17] for some formal computations regarding the hydrodynamics limit for
this case. Another special case, where V; = V5 = 0 and o = 0, has been studied by several authors:
[FF13] established a systematic existence and uniqueness theory of weak measure solutions for
system (2) while its equilibrium properties were investigated in [EFK17, DFF16]. More recently,
[CL16, Lab17] proved, using a discrete variational approximation scheme & la Jordan-Kinderlehrer-
Otto, existence and uniqueness results for a class of parabolic systems with nonlinear diffusion



and nonlocal interaction that includes the PDE system (2). We also refer the reader to recent
works [LM17, CJ17, CDJ18, FEF18, CHS18] on similar multi-species systems where a (nonlinear)
cross-diffusion is also included.

The aim of the present paper is to study the well-posedness, propagation of chaos phenomenon
and the existence of (multiple) invariant measures of the coupled McKean-Vlasov system (1)-(2).
We generalize some of the aforementioned results for special cases to the full system and obtain
new results. Our method works for systems of finitely many species, but we proceed in this paper
for two-species models for simplifying of the presentation.

Well-posedness of (1). Proving the existence and uniqueness of solutions of interacting (multi-
species) systems such as (1) is highly nontrivial because of its nonlocality and nonlinearity. When
both the confining and interaction potentials are globally Lipschitz, the well-posedness of (1) can
be established using the by now standard techniques [McK66, Fun84, Szn91, Mél96]. When either
of the potentials is non-Lipschitz, it is a more intricate problem. The following theorem, which
is our first result, generalizes similar results of [BRTV98, HIP08, Tugl0] for the McKean-Vlasov
equation and of [Her03] for the special case of (1) (where V; = Vo =0, Fy; = Fay and Fy; = Fio
as mentioned in a previous paragraph) to the general coupled system (1).

Theorem 1.1. Suppose that Assumption 2.1 holds and that X and Yj are such that E(| X |8’12) <
oo and E(|YO|8‘72) < oo where ¢ > 0 is defined in (H7) of Assumption 2.1. The system (1) admits
a unique strong solution on R,. In other words, given a probability space with two Brownian
motions, there exists a solution to the system with these Brownian motions.

Propagation of chaos. To describe our result on propagation of chaos for the coupled McKean-
Vlasov system, we take two sequences of integers, (M, )nen and (N, )nen, that go to infinity as n
tends to infinity and consider the following system of interacting particles

N,
dX} = —VVi(X]})dt ZVFII(XZ — X7)dt
=1

N+ M,
1 & _ _
TN M. ZVFQ(XZ —YF)dt +odW}i; i=1,...,Ny; (6a)
" =1
1 & ,
dY) = —VVo (V) dt — ————— Y VFy (Y - X])dt
Ny + M,
1 & ‘ o
7WZVF22(K17Y;k)dt+O'thZ, i=1,...,M,. (6b)
" m =1

Note that the convolution operators VF;; v (i,7 € {1,2},7 € {g,v}) in (1) are replaced by
the average sums in (6). These sums can also be viewed as convolutions between VF;; with the
empirical measures, py and v}, instead of the laws p; and v; where

1 N, 1 M,
g=— 0y d v}i=—— Oyk-
M M?L + Nn = Xi an vy Mn + N?L ; }/tk

We will show that the propagation of chaos phenomenon holds for the system (6), that is, for all
(pg) € N°, (X[}, XV, Y1, YY) converges as n tends to infinity to ®]_; us ®9_, vz, where
e, vy are respectively the laws of X; and Y; that are solutions of (1). This result is the consequence
of the following theorem, that is our second result and extends [Her03] to the general case,

Theorem 1.2. Under the same assumption as in Theorem 1.1, for T < oo, we have

lim IE[ sup (X} —)/(\f)z} =0 and lim ]E{ sup (Y} —i’?)2] =0, (7)

n=oo  Liglo,T) n—oo Liglo,1]



where (X7,Y}) is a solution to the following system

dX} = —VVi(X}) dt — a(VFuy # ) (X]) dt

— (1= a)(VFi2 #03)(X]) dt + 0dW{, i=1,...,Ny; (8)
dY,} = ~VVa(Y}) dt — a(VFy = u) (V) dt
(1= a)(VEa +v) (V) dt + 0dWi, i=1,..., My, (8h)

. i T . . <N, Sk
with (W}, W}) being independent Wiener processes. Note that {X, };7 ({Y: },2 resp.) are
identically independent copies of X; (Yj resp.).

Ezistence and non-uniqueness of invariant measures in non-convez landscapes. 1t is by now
well-known that when the confining potential V' is not convex the McKean-Vlasov equation ex-
hibits a phase transition phenomenon, that is it may have a unique stationary solution or sev-
eral ones when the diffusion coefficient (i.e., the temperature) is above or below a critical value
[Daw83, Tam84, Shi87, Tugldb, BnCD16]. Similar results of nonuniqueness of the stationary state
at low temperatures have been also obtained for McKean-Vlasov equations modeling opinion for-
mation [WLEC17, CP10], for the Desai-Zwanzig model in a two-scale potential [GP18] as well as
for the McKean-Vlasov equations on the torus [CP10, CGPS18]. Our third result is the following
existence and non-uniqueness of invariant measures. This is significantly different from [Her03|
where there is a unique invariant measure.

Theorem 1.3. Suppose that Fj;(z) = %962 for i,5 € {1,2} and that V; and V5 have a common
unique minimizer m*. Then for any p such that

Vi (m)] Va? (m*)] )

>
r= max{wl"(m*)(vl"(m*) T aons + (1 — a)ars) AVZ (m*) (V3 (m*) + aces + (1 — a)az)

system (2) has an invariant measure (u, ) whose mean values belong to [m* — pa?, m* + po?] x
[m* — pa?, m*+ po?]. In addition, if V; and V5 are symmetrical, then there is a unique symmetrical
invariant measure (u°, ") whose mean values are zeros.

This implies that if V1 = Vo =V where V is a double-wells landscape, then there are at least
three invariant probabilities.

Organisation of the paper. The rest of the paper is organised as follows. In Section 2, we prove
Theorem 1.1 on the wellposedness of (1). In Section 3 we study the propagation of chaos phe-
nomenon and establish Theorem 1.2. Finally, in Section 4 we prove Theorem 1.3 on the existence
and nonuniqueness of invariant measures.

2 Existence and uniqueness of strong solutions

In this section, we prove Theorem 1.1 establishing the existence and uniqueness of strong
solutions of the system (1). We adapt the proof of [BRTV9S8] for the existence and uniqueness of
strong solutions of the McKean-Vlasov dynamics (3), see also [Her03, HIP08, Tugl0]. To this end,
we transform (1) into a fixed point problem of a map I' on a functional space A, we then show
that I' is a contraction map on a subspace A7 C A proving the existence and uniqueness of strong
solutions over a finite time interval [0, 7]. The local solution is then extended to become a global
one by controlling its moments.

Assumption 2.1. We make the following assumptions.
(H1) The coefficients VVy, VVa, VE;; are locally Lipschitz for any 7,5 € {1;2}.

(H2) The functions Vi, V; and F;; are continuously differentiable for any i, j € {1;2}.



(H3) There exist 8; > 0 and 65 > 0 such that

(VVi(2)=VVi(y)(z—y) = ~Oia—y[> and (VVa(2)-VVa(y))(z—y) = ~Ozlz—y|* Va,y.
(9)
(H4) zV{(z) > Cyz* — Cax? with Cy,Cy > 0. The same holds with V5.
(H5) The potential V; is convex at infinity: lim V?Vi(z) = +00. The same holds with V5.
—+o0

||
(H6) There exist m € N and C > 0 such that |[VVi(z)| + |[VVa(z)| < Clz[*™~1 and m > 2.

(H7) VFi; and VFy are odd and increasing with polynomial growth functions, the degree being
2q — 1.

(H8) VFi3 and VFy; are Lipschitz.
(H9) VF11(0) = VF12(0) = VF5(0) = VF»(0) =0.
We now need to introduce some functional spaces.

Definition 2.1. On the space of functions from R; X R to R, we introduce the norm

b))

HbHT ‘= Sup Sup <1+ |24

0<s<T z€R
We now introduce the functional space that will be used in the following.

Definition 2.2. We consider the space
Ar o= Ap (VAT (AL,
where the three spaces of functions AL, AZ and A3. are defined by
A :={b:[0;T] x R — R | =+ b(s,x) is locally Lipschitz uniformly in s} ,
where the parameter of Lipschitz may depend on b;
A2 :={b:[0;T] x R — R | =+ b(s,x) is increasing and b(s,z) — b(s,y) > & (z —y) + &},
where & > 0, §g € R and = > y; and
N {2 [0:T] xR — R | 1Bl < o0} -
The space A is equipped with the norm ||.||7.
Definition 2.3. We finally put Fr := Ap x Ap X Ap X Ap equipped with the norm

4
F
1bl17 =D 1Ibillr
i=1

where b := (by, by, b3, by).
We will also use a transformation in order to apply a fixed point theorem.
Definition 2.4. We consider I from Frp to Fr defined by its coordinates:
p1ol(b)(z) == aE [VFy1 (z — X7)], p2oT(b)(z):=(1-a)E[VF> (z-YP)],
psoT'(b)(x) := aE [Vle (30 - Xf)] and  pyoI'(0)(z) := (1 —a)E [VF22 (if - Y{sbﬂ )
where p; is the ith projection on the space Fr and X? (resp. Y;?) is solution of the SDE
dX} = odB, — VVi (X?)dt — by (t, X7) dt — by (¢, X7) dt, (10)

respectively .
dY} = odB, — VVy (V) dt —bs (V) dt — by (£, Y,") dt. (11)



The fact that I' is a transformation from F7p to itself will be given in Lemma 2.8. To show that
there exist solutions to the equations on X” and on Y?, we use the following result (see [SV79,
Theorem 10.2.2] at page 255):

Proposition 2.5. Let b: Ry x R — R be a function satisfying the three following properties:
1. max,>g |b(s, 0)] < oco.

2. For any n € N, there exists a constant ¢, > 0 such that |b(s, z) — b(s,y)| < cp|z — y| for any
reals z and y satisfying |z| < n and |y| < n.

3. There exists a constant r > 0 such that for any |z| > r, sign(z)b(s,z) > 0.

Then, for any random variable Xy, the equation E(®%0) admits a unique strong solution where
E®:X0) is defined by

t
X =Xo — / b(s,Xs)ds + 0By .
0
To show that there is a unique strong solution to the initial system, we search a fixed point to
the transformation I'. To do so, it is easy to check that for any b € Fr, the equations (10) and
(11) admit a unique strong solution. Indeed, the convexity at infinity of the potentials V7 and V5

guarantees that the third point of Proposition 2.5 is satisfied.
The following definition of moments will play a crucial role in the analysis of this paper.

Definition 2.6. For any b € Fr and p > 0, we define

b b|P 3 b
t):=E [ X } , m2(t):= su s),
77p( ) ’ t| np( ) Ogsgt’r]p( )

§Z(t) =E “Yﬂp] and gAg(t) = sup 52(5).

0<s<t
To prove Theorem 1.1, we need several lemmas.

Lemma 2.7. Set b € Fr, n > 1, p := (po, po, Po, po) with po(x) := Box, then n/zp;(T) —|—§/2€L < o0,
for n > 0 such that E [|X§"H < oo and E [|Y02”|] < 0o. Moreover:

—

M (T) < ki () [T + (b1 = pol B +11b2 = pol ) (72" + nfu(T)) |

and - -
&,.(T) < ka(n) [T+ (1Ibs — pol B +1[ba — pol 3) (T*" + &5, (D))] .

where ki(n) and ko (n) are constants which do not depend on b, p or T.

Proof. Step 1. By cousidering p := (po, po, Po, po), we thus have the following equation:
t t
ti:Xo—‘rO'Bt—/ vvl(Xg)dS—Qﬁo/ Xé’ds
0 0

For any n > 1, It6 formula yields

%E (X0 =n(2n - DB [(x0)™" %] — anBoE [(XP)™"] - 20E [(X0)*" 7V (X))

<n(2n — 1)6? (]E [(ti)gnDl*% — 4nfBoE [(X{’)zn}

— 2nC4E [(Xf)%ﬂ + 2nC,E [(Xf)“]

<n(2n — 1)0? (]E {(Xf)anl_% +2n(Cy — 280)E [(Xf)z”}



ey (B [xp])"

Note that we have used Assumption (H4) to obtain the first inequality in the above estimates. We

deduce that, if (E [(Xf)2"D "> C272B0+\/(C272222)%26'4(2”71)02, the right hand-side is nonposi-

tive so that %E [(Xf )QH} is nonpositive. As a consequence,

B[0r7)"] < max {E [(xo)™] <02 — 26 + \/(Ca — 2Bo)? + 2C(2n — 1)(,2)"} .

2Cy

We deduce that
sup E [(Xf)%} <ecp (1 +E [(Xo)an ;

t>0

where ¢, is constant. Similarly we obtain

?ggE [(Ytp)%} <cp, (1 +E [(YO)%}) .

As a consequence, if E [(XO)Q”} and E {(YO)Q"} are finite, we have that 75 (T) < oc and €& (T) <
.
Step 2. We have
xt-xp == [ v () - vy oo as
[ 06X = oo, X0 ds = [ [ (5 X2)  pao (s, X0)] ds.
Consequently, for any o > 1, we obtain that |X? — X/|” is equal to
a /0 sign (X — X2) X! — X0 Lo pe [V (X7) — V] (X0)] ds
~a /Ot sign (X0 — X2) | X° = X2" " xosxe [br (5, X2) = p1op(s, XP)] ds
—a /Ot sign (X0 — X2) |X2 = X2 Lxvxr [b2 (5. X2) = paop (s, X0)] ds.
Taking the limit as o goes to 17 we get
| X} — X0 =- /Ot sign (X! — X7) [V{ (X2) — V{ (X?)] ds
= [ s (0 X2) [ (5. 0) 1 p s XD
— /Ot sign (X! — X2) [b2 (5, X2) —paop(s, XP)] ds. (12)

We will control each term on the right-hand side of (12). The first one can be controlled by, see
[Tugl0, Proof of Lemma 2.7]

t t
= [ st (X2 - x2) [V (X2) = W 00 ds < — [0 = x| ds + 7,
0 0

for any ¢ < T. In the last formula, v and 74 are constants which depend on Vi and are defined
such that sign (z — y) (V{(z) — V{(y)) > v(x —y) — 7. The existence of these constants is ensured



by the fact that the lack of convexity of V; is only on a compact set. For the second term: since
b1 is increasing

sign (X = X¢) [ba (5, X7) = b1 (s, X0)] 2 0,
which implies that
— sign (X = XZ) [b1 (5, X2) = p1op(s,X0)]
—sign (X — X2) [by (s, XY) — p1 o p(s,XL)] +sign (XL — X2) [b1 (s,X2) — by (s, X2)]
= —sign (X; — X£) [b1 (s, X£) —p1 0 p (s, XL)]
b1 (s, X7) —prop(s, XD)|.

IN

IA

As a consequence, the second term of (12) is bounded above by

t
/ |b1 (s, X?) —p1op(s,XP)|ds.
0

Similarly the third term is bounded above by

t
/ 1ba (5, X2) — pa 0 p (s, X7) | ds.
0

Substituting these estimates back into (12) we get
¢
XP - X[ ST+ [ by (s,X2) = pro p (s, X0) s
0

t
+/ by (5, X2) — pa 0 p (s, X2)| ds.
0

As by, by and p are in the space Ar, we know that ||b1||7+]|b2||7+||pl|7 < o0 so that ||by —p||T < 0o
and ||by — p||7 < co. We directly deduce:

X2 = XP| <7+ (Ibr = pllr + b2 - p||T>/0t (1+(x0)*) ds.
By using triangular inequality, we obtain:
X < (X2 [oxd = X)) < 2 {Ixe X - xS
Consequently, we have:
b, (T) = sup E[|xp"] <2 (@(T) + sup E[|X} - Xf|2"D .
0<t<T 0<t<T

But, we can write

2n
T
2n ~
Xp - X7 <22 TR 4 92 (|[by — pl|3 + b2 — pl[3) / (1+|Xf|2q)dt]

2n
T
n n=zn n n n n 2
<22 { P 4 (b pl 4 |[by — pl120) | T2 +</ IX{’qut>
0

T
T2"+/ | X[t dt” .
0

By taking the expectation then the supremum over [0;77], we find the formula for 75 (7). The
same computations hold for the second diffusion.

<2 {T%?% +24 (|[by = pllF" + |lb2 = plI7")

O



Lemma 2.8. I' is an application from Fr to Fr and
Tl < Co (1 + 5, (T) +&,(T)) | (13)

where C is a positive constant.

Proof. Step 1. We first need to prove that p; o I'(b) lives in AL AZ for any 1 < i < 4. We
will do so only for ¢ = 1. As VFj; is increasing and continuous, we deduce that p; o I'(b) is
continuous and increasing in x. It is also locally Lipschitz (uniformly in the time variable). Due
to the assumptions on the potential Fq1, we have for any = > y

prol(b)(t,x) — pr o D(b)(t,y) =aE [VFy (x — X)) — VFy (y — X7)]
>aE [B1 ((z = X7) = (y = X7)) + BN
>afy(z —y) + afy;

for some real numbers 31;,3%;. The existence of these constants is ensured by Assumption (H7).
Similarly we obtain the following estimates

(1—a)Bly(z —y) + (1 — a)By,

aBy (x —y) 4+ aBl,
1 —a)Bly(z—1y) + (1 —a)sd,

p2 o T'(D)(t, ) — p2 o T(D)(t, y)
p3 o F(b)(ta ZL‘) —Pp3o F(b)(ta y)
paoL(b)(t,x) —pso T(D)(t,y)

vV IV IV

for some real numbers (i,, 33, B35 and 895, 8Y;, 89,. The existence of these constants is ensured
by Assumptions (H7) and (H8). By taking & := inf {af1;;aB3;; (1 — a)Bis; (1 — a)B3,} and & :=
inf {afBY1;aB9; (1 — a)BYy; (1 — a)B% } we obtain that p; o I'(b) is in A% () AZ.

Step 2. We will now prove Inequality (13) (which, by the way, proves that p; o I'(b) lives in A3.).
By definition, we have:

[E [V (v - X7)]|

[lpr o T(O)[| 1 :=asup

z€R 1+ x4
E F - X}
<asup HV 111 (qu t)H
z€R +z
C (1+ a2+ E [|X2*))
<asup 1 5
z€R +x
<aC (1+75,(T)) . (14)

Note that we have used Assumption (H7) to obtain the second inequality in the above estimates.
By proceeding similarly, we obtain

Ip2 o T(B)] I < (1 = a)C (1+ €,(T)) , (15)
Ips o T(B)] |- < aC (1+1,(T)) . (16)
and ||p o T(0)|lp < (1 - a)C (1+&,(T)) . (17)

As a consequence, we have

ITBIIF < Co (148, (T) + €,(T)) .
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Lemma 2.9. I' is continuous and satisfies

lp1 o T () = p1 o T ()l < (I[b = exllr +11b2 = eallr) VICG (3, (T), 7,(T)) , (18)
Ip2 0T (8) = p2 o T (@)l < ([[b = eallr + [[b2 = callr) VICh (1) 15, (D)) - (19)
Ips o T (8) = ps o T (@)l | < (1l = esllr + [[ba = eallr) VICh (4,(7),65,(1)) » (20)
and [lps o T (6) = pu o T (0) | < (IIbs = callz + [1b1 = ealle) VICh (€4,(1), (D)), (21)

where C{ is an increasing function for both variables.

Proof. Set s € [0;T] and = € R. By triangular inequality, we have
[p1oT (b) (s;x) —proT(e) (s,)| SE[|F; (z = XJ) — Fiy (z — X9)|] -
By the assumptions on Fji, we get:
[proT () (5,2) = pr o T () (5,0)| < CuE [Au(b,0) (14 (AL@) ™" + (As(@)* )]

where Ay(b,c) := | X! — X¢],
and Ab(z):= |fo§} for any b € Fr.

As (a+b)272 < 22972 (¢?772 4 p?472) | we deduce:
p1oT (1) (s,2) = pr o T () (5,2)] < 247C, (1+2% ) E[Ay(b,0) (1+ (X2 + ()™ 7]

We remind that (a+b+c)? < 3(a? +b* + ¢?) and 1+ 22972 < 2(1 + 229). Then, Cauchy-Schwarz
inequality yields

[pLoT () (s,2) = proT () (5,)| <3 x 2277, (1+ [2*)  [E [(Au(b, 0] (22)

x A1+ 1k o(T) + T a(T).

By using It6 formula with the function x ~ |z|?, we can write
t
Ay(bye)? =— 2/ (xP—X2) (V] (XP) = V{ (X9)) ds
0
t
o / (XP— X9 (by (s, XP) — e1 (5, X)) ds
0
t
— 2/ (XE—XE) (ba (5, X2) — ca (5, X)) ds .
0
The first term is less than 26, fot Ag(b, ¢)?ds. Since the functions b; and by are increasing, we deduce

that the quantities (X7 — X§) (by (s, X2) — by (s, X)) and (X? — X&) (ba (s, X]) — b2 (s, XC)) are
nonnegative. This implies

t
_ / (X~ X°) (b1 (5, X7) — 1 (5, X9)) ds
0
t
< / X0 — X2 by (5, X) — 1 (s, X0)| ds
0

1 [ 1 ! 2
<z , 2 - _ 2 c|2q
_2/0 A(b,e)ds + 5l c1||T/0 (1+1x5) " as
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1 [t '
§§/ As(b,c)2d8+ ||b1 —ClH%‘/ (1+ |X§|4q) dS
0 0
In the same way, we have
t
[0 X0 (2 (5,0 — a5, X0)
0
t
< [P X o (5, — ca s X2 s
0
1 [t 1 K 2¢\ 2
<5 [ Aubods + b —ealf [ (14150%) s
2 Jo 2 0
I ! 4
gi/ As(b,c)2ds+||b2—02\|2T/ (1+|X§| q) ds.
0 0

We thus obtain:

t

E [Ay(b,c)?] < 2(6 + 1)/ E [Aq(b,¢)?] ds + 2 (|[by — e1]|% + |lba — cal|2) T (1 +ngq(T)) .
0

We apply Gronwall lemma and we get:

E[A0(b,¢)2] <2 (b = 1l + lIb2 — 2l T (14 05, (7)) 211

As the role of b and ¢ can be inverted, we obtain:

1 1~
E [At(b, 0)2} <2 (Hb1 — Cl||%~ + ||b2 — CQH%) T (1 + 5772(1(T) + 2772q(T)> 62(9+1)t .

We combine this with Inequality (22) and we finally have (18) with the function

CO(JI y) _3X22(I+QC / |J3‘+|y| \/1+|Z‘| 44 +|y| 4q

We obtain Inequalities (19), (20) and (21) by proceeding similarly. O

As mentioned previously, we will use a fixed point theorem. We already have a continuous
map. We will now restrict the space so that the map is a contraction.

Definition 2.10. Set X > 0 and T > 0. We consider
A :={beAr : |bl7r <K}.
We also define FX := AK x ALK x AK x AK.

Lemma 2.11. Let Xy and Y, be two random variables such that E [ng] <ooand E [YOSqT <

00. Then, there exist two positive parameters K and Ty such that for any T' < Tp, we have the
two following properties:

1. F¥ is stable by I': TFX C FX.
2. The Lipschitz norm of the restriction of I' on FX is less than 1.

Proof. Step 1. From (14), we have

b1 o T(B)l I < aC (1+1,(T)) -
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So, from Lemma 2.7, we have

Ip1 o T®)] |- <aC (14 ki) [T+ (11er = pol 32 + 162 = pol37) (T2 +,.(D))])
<aC (1+ka(a) [720 + 229 (IIba] 7 + lIb2l 57 + 2 poll3?) (7% +;,.(D)) )
<aC (1 + k1(q) [T"’q 4 22at1 (qu + \|p0||§q) (qu + @(T))])

<C (1+kalg) [T20+ 2200 (K2 4+ Yoo 137) (T2 + 1. (D))]) -
This can be rewritten as

llp1 o T ()| < Cy + C2T7 (1 + K29)

1
where C7 and Cy do not depend on T nor on K. We take K > 2C; and Ty < (W) % Ag

a consequence, for any T < Ty, we have
llpr o T(B)[| < 2C1 < K,

which proves that p; o I'(b) € AX. We proceed similarly and we obtain that ps o I'(b) € A%,
p3o'(b) € AK and py o T'(b) € AX. Consequently, T'(b) € FX if b € FX.

Step 2. We will now examine the Lipschitz constant. By making the sum of the inequalities in
Lemma 2.9, we obtain
F
IT(0) =T ()l < a(T)[[b—cllf,

with o(T) := max{2\/TC’6 (@(T),@(T)) L 2V/TC, (QE(T),@(T))}. We choose Ty suffi-

ciently small such that «(T3) < 3. By taking T := min{7T1;7%}, the Lipschitz norm is less

than 1. 0
2

We point out that T" depends on Xy and Y. This is why we will only be able to construct, in
a first time, a solution on a finite time interval.

Proposition 2.12. Let Xy and Yy be two random variables such that E [X§q2] < o0 and

2
E {Yosq } < 00. Then there exists Ty > 0 such that for any T' < Tp, the system of equations
(1) admits a strong solution on the interval [0; T]. Moreover, we have

sup E{\Xt|4q}+ sup IE{|Y}|4Q} <.
0<t<T 0<t<T

Proof. Step 1. We take K and Ty as defined in Lemma 2.11. Thus, the Lipschitz norm of the
restriction of I' on FX is smaller than % for any T < Tp.

We take b € FX. We consider the sequence (bp)pen Py bo := b and bpq1 :=1T"(by) for any p € N.
We know that b, € FX for any p € N. T being a contraction, the sequence (bp)p converges to
an element b,, € FX. This element does not depend on b. Moreover, we have T (bs) = boo-

Consequently, (Xf °°,Ytb°°) 011 is a strong solution of the system (1) providing that be 1, beo,2,
te[0;T
boo,3 and bo 4 are locally Lipschitz (with (beo,1, bso,2, boo,3, boo,4) =: boo).

As by =T (by), then for |z| < N and |y| < N, we have:

brt1,1(t @) = bry1,1(t,y)| =a ‘]E [Flll (30 - th") — I (y - th")} ‘
o[, (o 3t) 7, (v 58|

<2 af — y|E o+ a1 + |yt + 2|

}
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<KWl ol (14 (D))
Since ||by1]lr < K and ||by, o||r < K, from Lemma 2.7, we deduce:

bns1,1(t @) = boyra(ty)| <O (N, K, T, p) [z —yl.
By taking the limit as n goes to infinity, we deduce that

|boo,1(t7x) - boo,l(tay” S d] (N7 K, Tv P) |{L‘ - yl .

S0 boo,1 is locally Lipschitz. We can do the same reasoning for b 2, boo,3 and b 4. Therefore,
(Xf“,Ytb‘”) : is a strong solution of (1).
tel0;

Step 2. According to the assumptions, E [ng] and E {Yo&f} are finite. We thus deduce

p|8d° . p|8d°
sup E [|X?] + sup E||Y!] < 00.
s€[0;T] s€[0;T]

From Lemma 2.7, we have:
mB,(T) < ka(n) [T + (|1 = pol B +11b2 = pol ) (2" + nn(T)) |

and ,\ _
&,.(T) < ka(n) [T+ (1Ibs = poll3™ + [[ba — poll3) (T2 + &5, (1)) -

—

As r]/g;(T) and gf;(T) are finite, we deduce the finiteness of 75 (T) and of &5 (T) for any n
such that 4gn < 8¢2. Consequently, we have ni;’f (T) + 52? (T) < 0. O

Let us point out that the uniqueness of the solution has not been proved for the moment. It
will be proved subsequently.

We just obtained the result in finite time. We aim to establish it on the whole set R ;. To this
end, we will assume that there exists a maximal time such that after this time, there is explosion.
We will give a good control of the moments and then extend the solution after the maximal time.
Thus we will obtain a contradiction proving that there is no such maximal time.

Lemma 2.13. Let X, and Y; be two random variables such that E [X3*] < oo and E [Y#*] < oo
with k& > ¢. Let T be a positive real and b an element of Fr. We assume that the function I" (b)
is defined (which is not obvious since we did not assume the finiteness of the 8¢-th moment)
and that it satisfies I' (b) = b. We put X; := X? and Y; := Y} the strong solution of the system
starting from Xy with the drift defined by b. Then, there exists a function C” such that

7= swp E{|X*} <o (B[1X0P*] i E [voP*])
te[0;T]
and

Tr = tesB%]E{|n|2k} <" (E {\Xoﬁ’“] o) {|Y0|2kD .

Proof. Step 1. We put z; := E {|Xt|2k} and y; ;= E {|Yt\2k} We apply Ité formula, we take

the integration, the expectation then we derive:

d

3= — 2KE [sign (X 1 (VL (X)) + Ly % e (X0) + Fly %1 (X0))

+k(2k — 1)0°E [\Xt|2’“—2] .
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Since Fi; is convex (indeed, FY; is odd and increasing due to (HT)), it is easy to prove that
E |sign (X;) |X,5|2k_1 Fyq * py (Xt)} > 0. We deduce

d _
- < - 24E [SIgn(Xf) X2 (V] (X)) + Fly % v (X))

F k(2K — Do2zl .

Step 2. We now prove that the right hand side of the inequality is negative if z; and y; are
too large. If V7 was convex together with V/(0) = 0, the integral term with V] would be easy
to control since it would be nonnegative. Indeed, in this setting, we would have zV{(z) = (x —
0) (V{(z) — V{(0)) > 0. However, V; is not convex. We take 7 > 0 arbitrarily large and we have:

T

B [sign (X0 171 V7 (0] = [ sign(o)laf 1V (o) (o)

—T

4 / sign(z)|z |1V () (d)
[~rirle

If 7 is large enough, the second integral is positive (due to Assumption (H5)) whilst the first may
be negative (since the integrand is not uniformly nonnegative with respect to z € [—7;7]).

Step 2.1. We begin by the first integral:

/T sign () |V () e (da) > —/j VY ()] pe(dx)

P sup V(@) = —f(7).

TzE€[—TT

> —|r

Step 2.2. We now look at the second integral. Since V{'(+o0) = +o0, we know that g(7) :=

inf,e[—rire sign(z) ‘(lz) > 0 if 7 is large enough. Thus:

/ sign(a) |2V (2) e (de) >g(7) / o[ e ()
[~rirle

[=737]e

( / (2] s (dr) / | ]|x|2m<dx>>
>g(t )(xt —7? ) .

Step 2.3. We now control the mixed term —2kE {sign (Xt) |Xt|2k_1 Fly x vy (Xt)]. We take Y; an
independent copy of Y;. Then, we have:

_2kE [sign (X,) | XL Ly (Xt)] — _2%E [sign (X)) |X 2 FL (Xt - ﬁ)}

]

<OKE [|Xt|2k_1 ‘F{Q (Xt - ﬁ)

Since F}5(0) = 0 and FY, is Lipschitz, we obtain:

_2kE {sign (X)X L o (Xt)} <2kCE [|X,5|2’H ‘Xt -y,

}

<2kC {E [|X,/*] + E [1X,* 7| E[1vil]}

L
<2kCz + 2kC$i 2y p

Step 3. We combine the inequalities and we get:

d
Pk <k(2k — 1)0295; 4 2kf(7) — 2kg(7)z:
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L
k

1
+ 2kg(T)7T?* + 2kC2y + 2/60.’17; 2k g2

In the same way, we have:

d 1
i <Kk = D)oy, "+ 2kf(r) — 2kg(r)ye
1

_1
+ 2kg(7)72k + 2kCy; + 2kC’yt1 S L

If y; < x4, we thus have

%xt <k(2k — 1)o22. 7% 4 2k f(7) — 2kg(r)zs

+ 2kg(T)7T?* + 4kCay .

By taking 7 large enough, g(7) > 4C so that if z; is larger than a constant x(7), %xt <0.
Conversely, if z; < y;, if y; is larger than x(7), %yt < 0. We immediately deduce:

T < max {X(T);E [|X0|2k} E [‘Yo|2k}}

and
g < max {x(): o] 2 [

We are now able to obtain the main theorem

Theorem 2.1. Set two random variables Xy and Yj such that E [ng] <ocand E {Yozq} < oo.

Then, the system admits a unique strong solution on R .

Proof. Step 1. We consider

U :=sup {T >0 : (E) admits a unique solution on [0;T], sup E [Xt&f] + sup E [Yt&f} < oo}
0<t<T 0<t<T

with the convention sup() = 0. We begin to show that U > 0. By taking K large enough,
there exists 7' > 0 and a unique b € Ff such that I' (b) = b, by Lemma 2.11. Then (X Y?) is

a strong solution of the system (E) on [0;T]. We now consider a solution (X, ﬁ)te[o;Ty To this
solution, we associate the following drifts

ei(t,z) = aE [F{l(x - 3(7)} Jea(t,z) = (1 — a)E [F{Q(x - ﬁ)} :
c3(t,z) == ak [Fz’l(:s - )Zg)} and cy(t,z) := (1 —a)E [Fég(x - }7,5)} .

We put ¢ := (c1, ¢a,c3,c¢4). By the assumptions on Fj;, we obtain:

F (=X,
e |Fh(-X) -
_ <c(1 E ‘X
14 x2¢ “ 1+ 224 s¢C +0§51£T !
)

1

)

In the same way, we have

|ea(t, )] =
2% o1+ sup E ‘Y
1422 — ogfé):r !

|ca(t, )] -
BB o1+ sup E ‘X
1+a20 — ogth !
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lealt, )| _ < [ >
and ——2=<C|1+ sup E||Y;
1+ 220 — O<t£T !

)

However, according to Lemma 2.13, the moment at time ¢ of Z and the one of ﬁ are bounded
by a function which depends on the moments of Xy and Yj.

If we have a function ¢ such that I'(c) = ¢ then the associated process verifies the equations
of Lemma 2.13. Then, by taking K large enough, we deduce that |il_£ifq)‘ < K, ‘cf_ﬁifq)‘ < K,

Iiﬁ;fg | < K and ‘C“f fq)‘ < K. This means that ¢ € FX. Consequently, for any random variables
Xo and Yy with 8¢*th moment finite, by taking K large enough (which depends on the initial
moments), we know that a solution of the equation I'(c) = ¢ is in FX. However, the equation has

a unique solution on FX since the map T is a contraction on FX.

We immediately deduce that there is a unique system of stochastic differential equations which
corresponds to (E). And, there is a unique strong solution to this equation. We thus deduce that
U>T>0.

Step 2. We assume that U < oo. This U does depend on the moments of Xy and Yy. We know
that the moments of order 1 to 8¢ of (X;,Y;) are bounded by a constant C{ which depends only
on the initial moments. We thus consider the system of equations

t t t
xi=x;- | VVl(X;)ds—a/o (VFH*,uS)(X;)ds—(l—a)/O (VFrs % vs)(X!)ds + 0By
t

t t
Y/ =Y, — ; VLY, )ds—a/o (VFo1 ) (Y])ds — (1—(1)/0 (Vs xvg)(Y.)ds + 0By,

with X{ and Y{ such that E [|X{}|"] < C{ and E [|Y{|"] < C{/. We can associate a time T" > 0 to
this equation such that it admits a unique strong solution on [0; T']. To the new random variable
X is associated a new constant K’. Without any change to the generality, we take K’ > K.

We put Xj := X, z and Yy =Y}, Ep These new initial random variables satisfy the condi-
tions so we can define a unique strong *solution on [O T’]. This implies that we have extended
(X, Yo)ie0.0 to (Xe,Y2) . Indeed, on [U —
the definition of U.

tel0:U+ L] o5 ,U [, there is uniqueness. This contradicts

O

By using the proof of Theorem 2.1, we can directly obtain the following result:

Proposition 2.14. Let (X,Y) be a solution of the system (1). Assume that E (XZ")+E (Y§") <
oo for some n € N*. Then, we have

supE (X7") +supE (V") < co.
>0 £>0

3 Propagation of chaos

We recall the interacting particle system defined in (6):

Np,
dX} = —-VVi(X])dt — > VFn(X] - X{)dt

N, + M, ~
M,
- LZVFH(X;—)Q’“)dHadW} i=1,...,Ny;
Nn +Mn k:1 ) 9 ) )

1

Ny
dY; = V'V (V) dt — N IL ;VFm(w — X7)dt
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M,
1 n ) .

—75 VEyu(YP —YF)dt +odW!, i=1,..., My;

Nn+Mnk:1 (Y, v 7 Y '

and its identically independent copies given in (8)

dX} = —VVi(X}) dt — a(VFyy % ) (X)) dt — (1 — a)(VFyo % 1) (X}) dt + odW}

1=1,...,Np;
AYy = —VVa (Vi) dt — a(VFy 1) (V) dt — (1 — a)(V Fag % 1) (Y}i) dt + odW},
i=1,... . M,

where a = nll_)rgo % and p; = Law(X}), v = Law(Y}).

The rest of this section is devoted to prove Theorem 1.2 that is to show that the interacting
particle system satisfies propagation of chaos. We adapt the proof of [BRTV98, Her03]. In
Proposition 3.2 we prove a weaker statement than (7) where the expectation and the supremum
are interchanged. We then strengthens Proposition 3.2 to the fourth power in Proposition 3.4.
Finally, Theorem 1.2 will be derived from these propositions.

We will need the following lemma on a nonlinear generalisation of Gronwall’s inequality.

Lemma 3.1. Let ¢ be a positive function such that $(0) = 0. Suppose that there exist constants
A>0,B>0and0<«a <1 such that

o(t) < A / o(s)ds + B / o(s) ds,

then L
B(t) < (g(e(lfa)flt _ 1)) =3

Proof. We note that a special case of this lemma for o = % has appeared in [Her03, Lemma 2]
while a more general version where A and B are functions of s can be found in [Dra03, Theorem
21]. For the convenience of the reader we provide a simplified proof for the case of constant
coefficients and arbitrary « here. Suppose 1 solve the integral equation

t t
w(t) = A/ w(s)ds + B/ W(s)*ds (0) = 0.
0 0
We take the derivative with respect to ¢ both sides to obtain

dip(t) _ _
A + o YO0

Taking the anti-derivative of this ODE gives

| ()"
Ala—1) [Aw(t) B0

Solving this equation with the initial data (0) = 0 we obtain

P(t) = (i(eA(l—an B 1)) ﬁ-

A comparison principle gives ¢(t) < 1¥(t), which is the assertion of the lemma. O

}-t—i—C’.

Proposition 3.2. We have

lim sup IE{(XZ —)/(\ti)z] =0 and lim sup E[(Y;Z —}//?)2] =0. (24)

N0 te[0,T) n90 10,7
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Proof. We define

—

w(t) ::E{(Xg—)?g)z} and () ::]E[(Ytl—Ytl)z].

We have

o~

w(t):E[(XZ—)/(\f)Q} Vi=1,...,N, and a(t):E[(}ftu}fti)ﬂ Vi=1,..., M,.

Using the It6 formula, we compute
i yi)2
wit) =E[(X{ - X})’]

t Py . o~
_ oE / (VVA(XE) — VVA(XD)) - (X! — Xi)ds
0
t 1 Nn — —_
_ - U o AN AV i Yl
2E | [NH+MRJZ_:1VF11(XS XJ) = a(VFi % p) (XD)] - (X! = X1) ds

—

t M, N
_ QE/O [ O VE(X] — ¥E) — (1 - a)(VFio » ) (XD)] - (i — X3 ds

N+ My k=1
:2/0 E(Ai(s) + Bi(s) + Ci(s) + Di(s) + Ei(s)) ds,

where
Ai(t) = (VX)) - V(D) - (X] - X)),

ot i (VFH(XZ — X}) = (VFu * Ht)()/{ti)):| (i X)),

) (V2] =¥ = (VP » w)@‘))] - (X{ - X)),

C1) = (a— 5 ) (VF = ) (K7) - (K]~ X0,
s

Ei(t) = (1= a) = 557 ) (VP2 = w)(X]) - (X] = X{),
Next we estimate each term in (27). We start with A;:

= — (VX)) - V(X)) - (Xi - X))

<o (X ) ,

where we have used Assumption (H3) to obtain the last inequality. This implies that

N’Vl
E < N, 010.)( )
i=1
Next we estimate B;:
1 Nn , — -
B;(t) = [— m; (VFH(XZ - X!) = (VFn *Mt)(Xf))] (X - XD)
= [— m; (VFM(XZ - X]) = VFu (X} —th))] (Xf - XD)

(27)
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Nn - - .~
- | 2 (VFu ¥ - XD = (VA= w) (5D)] - (i - XD
j=1
_ 2
— E )~ o 2 20, (29)
where
oli(t) = (VFu(X{ - X]) = VP (X} - X7)) - (X} - X), (30a)
0% (t) = (VFH(Xl X7) = (VP ) (X] )) (Xi — X)) (30b)
We have
Np Nn
Z Z Qzlj (t)= Z Q?j (t),
i=1 j=1 1<i<j<N,

where of;(t) = oj;(t) + 0j;(t). Since VF1; is an odd function, we have
o}y (t) = (VP (X] = X{) = VFu(X] - X)) - (X] - X])
+ (VR (Y] - X)) = VFu (X! = X)) - (X7 - X))
= (VFu(xi = X{) - VFu(Xi - X7)) - ((X] = X)) - (x] = X)),
T Xi— X7 > Xi—X7 (resp. Xi—X] < < Xj- X7) then Xi—Xi > Xi—X7 (resp. X{— Xi < X/—x})

and VFll(XZ X]) > VFll(Xl Xj) (resp VFll(XZ ) S VFll(X XJ) ) as VFll is
increasing. Thus we always have glj(t) > 0. Therefore,

i 0i;(t) > 0. (31)

4,5=1

On the other hand, using Cauchy-Schwarz inequality, we get

(Zgw 1) < (B0~ X0 52

where
N, — — a2
({Z VI Xt X)) = (VFn */W(Xti))} )

We rewrite k; as

Nn
)=> &+ D &) with
j=1 1<j<k<N,

- —~ —_— —

&0(6) = E([VFu(X] = X7) = (Vi) (X)) [VFu (K] = XF) = (VFu ) (X))

If j # k, )/(\i, XJ and X* are three independent copies of X1. This implies that

- — —_ —~

&Gk =Ex (]E)?J [VFH()/(} — X{) — (VFp Ht)(Xti)]Ejﬁ [VFi(X] — XF) — (VFiy = Mt)(XtZ)])
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—E[0] =0,

<l

where we have used the fact that )/(\i, X7 and X* have the same law p;. For j =k, we get

—

&4(t) = E([VFu (X = X7) = (VFu u) (X))
< B (\VFn (X} = X))P +1(VFur « ) (X)), (33)

Since |VFy1(z)] < C(1 + |2|%9), we have |VFyy(x)|> < C(1 + |z|*?). Applying this inequality we
obtain

E|VFu (X} — X{)? < CE(1+ |X} — X7 ") < CE(1 + | X} + |X]|*) < C,
B(VFu+ i) CEDP) = E(| [ VR - ) dy| ) <B( [ 1VFu(XE - 0)Puala)
<cu( [+ X+ () dy) < CB(1+IX]) <0 (3)
Therefore, we obtain

N,
Rt = 3 &,4(0) < ON,,
j=1

Substituting this estimate back into (32) gives

[N

No, —
B(Y-s40) < oni (Bex; - X)) (35)
j=1
Substituting (35) and (31) back into (29), we achieve

N, 3/2 1 3/2
CN3 . =\t CN:
) < 7m0 iy e )
Zi:l e A 72 (BCxi - Xi7?) N, + a1, Ve (36)

We proceed with estimating C;. Using Cauchy-Schwarz inequality we get

EC0] | = |a— 557 BV Fn = n) (X)X = X))
Ny, i vil2 3 i H
< Jo - | (Bl - X0) (BT R ) (RDP)
N, i o2 3
< C"a— L (E[Xt X )

where we have used E|(VFy; * u,g)()/(\,fﬂ2 < C which was proved in (34). Therefore,

Ny

N, + M,

Np

N w(®). (37

a a

(BLxi - )?;‘]2)% — CN,

Nn,
> EC; < CN,
i=1

Now we estimate D;. This is a cross term that involves both species and we will need to use
assumptions on the Lipschitz property of Fj5. We first add and subtract appropriate terms
similarly as in B;.

s,

Dilt)=| - ——

(VEalxi = ¥4) - (VFia» ) (59) | - i - X



M
! - i Xi i xi
= | 2 (TP =y~ PR )| (- X

. {NiM% (VEa(X — Y1) = (VF ) ()| - (X - X
n =1

=: D}(t) + DZ(¢t).
Using Assumption (H8) on the Lipschitz property of VFjs we have
IVFia(X] —Y}) = VFio(X] - V)| < K|X] — X|],

where K is the Lipschitz constant for V F}o, which implies that

CM,, i T2

—

Taking the expectation of D?(t), noting that v; = Law(Y}*), we obtain

E [D}(1)] —E{— 1% (VFlz()/(\Z — V) = (VEis(X] —5/’}))} (X - X)),

Nn—l—Mnk ‘

Then similarly as in D} (t), we have
M,

E[D2(t)] < NfM ZJE(|Yk vHIx] - Xj)),

which implies that
%E[D%)] N+M (Z|X’ Xl|Z|Y’“ Yk)
M,
< O (3 axd - 5°) (Xm0
:%(E(Xg—xg)) (E(Y Yk))

_ CM,N,
N, + M,

[N
\_/
N

Nl

LB

Substituting (39) and (40) into (38) we obtain

CM,N, =

ZE <N (w(t) + w(t)w(t)).

Finally we estimate F; analogously as in C; and get
M, 3 My,
E[E;(t)] SC’(l—a)—i (IE(X’ X7) ) —C‘(l—a)— W
n n n

Taking the sum over ¢ from 1 to N,, yields

Ny, Mn

D E[Ei(t)] < CNy|(1 - a) — ———|V/w(®).

21

(42)
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Substituting (28), (36),(41) and (42) into (27) we obtain

t CN3/2 CMnNn
< —-ntn
Nyw(t) < 2/0 (Nnﬁlw( Nn L - w(t) + N+ an(s)
C’M N, Mn
N A —a)— ——— w(t)> ds.
By dividing both sides by N,, we get
1/2
N N, M,
<c/< N+M ’a—ﬁ ‘(1—@—7”) o(s)  (43)
+ \/w(s)@(s)> ds
< C/ )+ f(n)Vw(s) +@(s)> ds, (44)

where 0 < f(n) < CN +M" —|—’ ‘(1—@)— Nﬁf}wn‘ (hence f(n) — 0 asn — 0). Note

that we have used @(s) > 0 and the elementary \/zy < 3(z + y) to obtain the last estimate.
Analogously we obtain

5(t) < c/ot (w(s)+a(s) + f(n) w(s)+a(s)) ds (45)

for some function 0 < ]?(n) that tends to 0 as n goes to infinity.
Taking the sum of (43) and (45) yields

w(t)Jr@(t)gC’/O (ws) +8(s) + (£(n) + F(m)v/els) +2(5) ) ds. (46)

Applying Lemma 3.1, we obtain

w(t) +3(1) < C((f(n) + Fm) (% - 1))2- (47)

Since f(n) + f(n) — 0 as n — 0, the last estimate implies that

lim sup w(t)=0 and lim sup @(t) =0.
n=30 (0,7 N0 tc(0,T)

This completes the proof of Proposition 3.2. O

Remark 3.3. If N, and M, tend to +oo simultaneously but % is a constant, then from the
computations in the proof of Proposition 3.2, we obtain explicit estimates

P C C
sup E(X; - X})" < — and sup E(Y} - Y} — 48
t€[0,7) (X7 /) N, t€[0,7] ( ) M,’ (48)
for some positive constants C an C. O

The following proposition strengthens Proposition 3.2.

Proposition 3.4. We have

lim sup E{(XZ—)/(EY] =0 and lim sup E[(Ytl —}//?>4] =0. (49)

N0 te[0,T) no0 ¢e(0,T)
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Proof. Let us define

~

() :=E[(x] = X)*| and () =E[(V] - V)], (50)

The strategy of the proof will be similar to that of Proposition 3.2 that consists of three steps: (1)
using Itd’s lemma to obtain an expression for ((t), (2) estimating each term that appears in the
expression to derive a Gronwall type inequality for (¢) and (3) applying Lemma 3.1 to deduce
the assertion.

We now carry out this procedure and will refer to the proof of Proposition 3.2 when similar
arguments apply. We first use It6 formula to obtain

¢ =E|(xi - X)'] (51)

t — . — .
— 4E / (VVA(XD) — VVA(XD)) - (Xi — X1)? ds
0
t 1 Np, — o~
4 j i i yi)3
-4 [ [ ]§_liVF11<XS—Xz>—a<VFuw(Xs)] (Xi - XT)ds

! 1 & i k i i vi\3
- 4]E/0 [m kZ:lVFm(Xs - Yy) = (1 —a)(VFi2 *Ms)(Xs)] (X5 = Xi)'ds

—4 / (Fi(s) + Gi(s) + Hi(s) + Ti(s)) ds, (52)
0
where
Fi(t) = = (VVA(X]) = VVA(XD) - (X] = X])°,
Al = R

Gi(t) = | - 3 2 (VX! = X)) = (VFu ) (5D) | - Cxt - X
(1) = (o= ) (Vv e ) (6D - (X — X3

1 M . — I
0= | = o 2 (VFialXi = ¥8) - (VR ) (D) | - (x - X

n nor

) = (=) = g ) (R e ) () - (6] X0

Next we estimate each term F;, G;, H; and I;. According to Assumption 2.1, we have

E[Fy(s)] < 6. (X} - X1)*]. (53)

We write G;(t) = — x—37- (G} (t) + G3 (1)), where

=

Gt =Y (VFu(X] - X)) = VFu(X] - X7) - (X - X},
1

J

n o~ o

G2(t) = (VP (X} = X7) = (VFu ) (X)) - (X] = X])°.

IR

Jj=1

Similarly as in the proof of Proposition 3.2, we have

N,

> Gl >0.
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Using Holder’s inequality

| [raan|<([irsa)"( frota)" (54)

we get
[N (VFll (X} — /\) (VF11 *Ht)()/(\> (Xz )’(\;)3}
< (B[(x{ _;?ti)zx]):*/“(gi(t))l“’

where

Ny, P — - 4 Np 4
Rilt) = ]E[(ZVFH(Xf — X7) — (VFyy * ut)(Xg)) } - E[(Zaj(t)) }
Jj=1 j=1

where a;(t) := VFH()/(\} — X)) — (VFy * ,ut)()/(\tz) Using the multinomial theorem

(Z ) Za + Z 4a§?ak+ Z Ga?ai

j=1 1<j#k<n 1<j<k<n
+ E 12a?ajag + E 24a;a1000m,
1<j#k#A<n 1<j#kAAmM<n

we decompose K;(t) as follows

Rit) =7V + 2P0 + 7P () + 7V () + 7O (1),

where

A0 =B(Law). A0=E( T awoian) @00=( T wofur)
1<j#k<n 1<j<k<n

E§4>(t):]E( > 1205(0) aj(t)az(t)), ggs)(t):E( > 24aj(t)ak(t)az(t)am(t)).

1<j#k#L<n 1<j#k#L#Em<n
As in the proof of Proposition 3.2
A2 =2 =2P@) =0 and &M (t) <ONZ, 7P(t) < ONZ.
Therefore, we obtain #;(t) < CN2, thus
. - 3/4 C — 3/4
B[G30)] < OV (B[ - X)) and ElGi(0) < e (BIG - XD4) . (69
Next we estimate H;. Using Holder’s inequality (54) again we have

N, 1/4

E[H;(t)] <

(Bl - X)) (BT R 0 (%))

‘a_

As in the proof of (34), it holds that

—~

E[(VFi1 ) (X)'] < C,

which implies that
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We proceed with the term I;

Ii(t) = {— Y % (VFm (Xi—Y}F) - (VFH*W)()?))} (Xi — Xi)?
" k=1
- {_ N, + M, :i( Fia(X{ —Yf) = VF12()/(\,5"—Y;’“))} .(Xti_)/(\ti)s

M,
- [NniM Z (VF12 (X} = Y) = (VFi2 % 1) (X} )>] (X7 — Xi)?
~ 0+ 70, 67)

Using the Lipschitz property of VFis we get

110 (1)] <

DX

Mn
=1

N, + M, +Mn

x>

which implies that
KM,

Vo) < v

E[(x; - X})*).

Summing this estimate over 7 yields

ZE[[“ } %E[(X’ )71’)4}. (58)

For the term Ii(2)(t), we have

E[120)] = —ﬁ [ (VFQ(X — Y[ = (VP m)(X) - (X] - X))
" k=1
" k=1
K M,
S
k=1
< [iN M, (]E(y ) )1/4(IE(X1 i) )3/4

Hence

Substituting (58) and (59) into (57), we obtain

> E(n) <57 B0 - X (60)

# e (B0 =) ) (e - X)),
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Similarly as H; we get

M,

B 0] < 0] - @) - | (Bl - X)) (61)

Taking the sum over 4 in (52) and from estimates (53), (55), (56) and (60) we get

CN3/? N,

t
Nag(t) < 4 / [Nt C(s) + 5 ) —|¢4Gs)
M,, KMnNn KM,N,
+ON,|(1=a)— ) + SO+ e ).

By dividing both sides of the above estimate by N,,, noting that < 1, we write the result

M. +N,, +N
in a compact form
t
(W) <C [ (¢l9)+ g (s) + ¢H1T1(s)) ds (62)
0
where
V Nn n MTL n—oo
= ——— _— 1 —_— —_—,—_—
9(n) Nn+Mn+‘a +la-a N+, Y
Using the inequality of arithmetic and geometric means,
3a+b=a+at+a+b> 40344 for all a,b>0,
and the non-negativity of ¢ and E, we obtain the following estimate
y<c / +9(m)(¢(s) + C(s))*] ds. (63)
Analogously we obtain a similar estimate for 2
t
Cy<c [ [ots) + Clo) + (o) + o)) s, (64)
0
where
=Y e —" | +|1l—a) - —"— .
9 =N +lo N, + M, +|a-a N+, Y
Adding (63) and (64) gives
t
C+ OO <C [ o) +E6) + (glm) + Gm)(C(s) + ()] d: (65)
0
Applying Lemma 3.1 for o = % we get
an ~ Ct 4
¢+ < () +5m) (e 1)), (66)
from which we deduce the statement of the proposition. O

Remark 3.5. If N,, and M,, tend to +oo simultaneously but % is a constant, then from the
computations in the proof of Proposition 3.2, we obtain explicit estimates

PN c i T C
sup E[(X{ - Xj)'] < ~ and  sup E[(v =)' <17 (67)
t€[0,T] n t€[0,T] n
for some positive constants C' an C. O

We are now ready to prove Theorem 1.2.



Proof of Theorem 1.2. According to (27) we have
i yi)2
(Xt - X3)
t - o
——2 [ (VXD - V(XD - (i - XD ds
0

¢ 1 Nn . . — S~

_ T _ VAR % . v _ 7

2/0 {Nn T ]§=1 VFL (X — XT) — a(VFy, us)(Xs)} (Xi — Xi)ds
M,

t n
. : k Xi T
—QA {M;VF12(XS_}/S)_(l_a)(vFl2*,U5)(Xs):| (Xs_Xé)dS

We define

T
L:= /
0
T
+2/
0

=: L1 + LQ.

ds

N,
1 n o — L=
[T A ;:1 VFL (X! = XI) — a(VFy * Ms)(XS)] (X1 - X3

ds

M
1 ~ i k i i _ i
s > VFe(X - Y) = (1= (VP ) (XD)] - (2 = XD)

From (68) and (9) we can estimate

. - t . /\2
(XZ—X;)2§201/0 Xi— Xi| ds+ L.

. ~2
Setting ¢(t) := fot ‘X; — Xi| ds, we get

@'(t) < 20100(t) + L.
Using Gronwall Lemma and the fact that ¢(0) = 0, we deduce that, for any ¢ € [0, T,
o(t) < %(eﬁlt - 1).
Substituting this back into (71), we obtain
(X7 - )/(:’)2 = ¢'(t) < Mt < 20T,
from which we deduce that

]E{ sup (X, — 5(\,?)2} <X TR(L].
t€[0,T

27

(69)

(70)

(71)

(72)

Next we find an upper bound for L. For the first term, L, proceeding similarly as the terms B;

and C; in the proof of Proposition 3.2, we have

2 (7 N,
ElL]| < ——— 1 2 92 ‘ __m
1)< 5, 3o, (O +IA @) s+ 20— 52

2 N‘IL T N
1 2 n
< ;/ (1o ()] + 1 (5)) s + 20T ]a = 5

: Ky + Ko,

s€[0,T]

/OT (BLxi - X1) " as

( sup E[X] —)??]2>§

S

(73)
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where p};(s) and pZ;(s) are defined in (30).
By Proposition 3.2, K5 tends to 0 as n goes to +o00. If % is constant, then Ky = 0. We now

estimate both terms in K;. According to (35), we have

E(§|p$j<s>|) < CV/Nu( swp EB[X:- K1)

=

s€[0,T]

Thus,

2 T 2CT/N, C on2\?
e [ B(DI(e)) ds < T (sup B[XI- X1]7)7
i > leh (o) s < G (e B[ K

which converges to 0 as n — +oo. If % is constant, then

L C
£l - ) <
AP,

which implies that
2 TS 20T
E < < —.
Mn T Nn /0 E<j=1 |pZ] (5)|) ds = Nn (74)

For the p}j term, using (30), Cauchy-Schwarz inequality and Proposition 2.14, we get

Nl

E[lpl;(s)] < {E[(X;‘ — XDYE[(VAu(X] - X)) = VP (X] - )?5'))2}}

< {Elcx: _@2};

(B[t R R ) e It xR - S|

B ————
s€[0,T

Bl

x {E[(xz — R+ XI = X0)'|E[ (e 41X - XxJP + %2 - RI )Y }
! :
< c{ sup E[(X! ;?;)2} ‘ { sup E[(X! )?;‘)4} ,
s€[0,T] s€[0,T
which tends to 0 as n tends to 400 according to Propositions 3.2 and 3.4. If 1\]\/[[7: is constant then,
1 1
1 i siv2 | ° i siva | c
E“pz](s)ﬂ < C sup E[(Xs - Xs) X sup E[(Xs - Xs) < F
s€[0,T) s€[0,T) n

Thus N
2 e C
Ell ot < —.
o O ), Bl s ¢ (75)
From (73), (75) and (74), we get
C
E[Li] < 5 (76)

The second term Lo can be estimated similarly as the terms D; and F; in the proof of Proposi-
tion 3.2. We have

ELy <2 /T{C%E(X;;?;)u B (xa[(xf@f]za[(xz fzﬂ)
0

2

My, + Ny, My, + Ny,
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M,
1-¢q)— —— ™
+cja-a M, + N,

[E(x —)’Q‘)zf}ds

T

CM,, —~.9

§2/ { sup IEXl X! —|—C’1—a—
o (Mp+ Np seom ( ) ( )

M,

1
T LS B - XD

s€[0,T

CMn i /72 i_/\i 2 ’
et (am Bl 7] sy el 57]) Yoo

CM,, —~.2 M,, . ~.21%
<2T{ ——"— sup E(X!—Xi +C‘lfa77[sup E(X;— X! }
{M + Nn s€[0,T7] ( ) ( ) My + Ny, s€[0,T] ( ( )
1
CM, .~ 2 .~ 9 2
b2 sup E[Y;—Y; } sup E{X;—X; ] } 77
M, + Ny, (sE[O,T] ( ) s€[0,T] ( ) ( )

According to Proposition 3.2 the RHS of (77) tends to 0 as n — oo. If ¢ " is constant then it is
bounded by ]\C,’: -. Substituting estimates of E [L1] and E [Ls] back into (72) we obtain

. — 06201T
]E{ sup (X; — X} 2}§ ,
te[O,T]( ! /) Ny,

from which the first assertion of the theorem follows. The second assertion is obtained analogously.
O

4 Existence and non-uniqueness of invariant measures

In this section we prove Theorem 1.3 showing the existence and non-uniqueness of invariant
measures of the PDE system (2) that is given below.
2

. o
&gut = div <(V‘/1 + a(VFll * ,Ltt) + (1 — a)(VF12 * l/t)),ut> + 7A}Lt, (78&)
2
By = div ((vv2 + a(VFoy # 1) + (1 — a)(V Fp % Vt))vt) + %Auf,. (78b)
We only consider the quadratic interaction potentials
o2
Fij(x) = %

We expect that extensions to polynomial potentials could be possible but the analysis will be much
more intricate. We leave this for future investigation. Stationary solutions (u(z)dz,v(x)dx) of
the above system is determined by

exp( (Vl( )+ aFyy * p(z) + (1 —a)Fo xv(x )
() (79a)
fexp( x)+aF *p(x) + (1 —a)Froxv(z )dx
GXp( +G,F21*/,L()+(1—GF22*V )
(79b)
fexp( %Vg )+ aFo; * pu(x) + (1 —a)Fag x v(x )dac
We define
my = /J:,u(a:) dx and mg = /xv(x) dx.
Using explicit formulas F;;(z) = %;ﬁ for 7,7 = 1,2, we obtain
exp ( - %(Vl(:r) + a%xz —aayymiz + (1 — a)%xQ - (1- a)algmgx))
wlx) = ;. (80a)

fexp ( — %(Vl(:c) + a3t a? — aopymair + (1 —a)%322? — (1 - a)algmgx)> dx
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exp ( — %(‘/2(.’1}) + a%xQ —aagymyz + (1 — a)%gﬁ2 —(1- a)aggmgx))

v(z) = . (80b)
[ exp ( — %(Vg(x) +a%2a? — aagymiz 4 (1 —a)?2? — (1 - CI,)OZQQle')) dx
Therefore, (m1, ms) satisfies the following system
Jxexp ( — U%(Vl(x) + a%xQ —acyymiz + (1 — a)%xQ -(1- a)algmgm)) dx
my = , (81a)
[ exp ( — %(Vl(x) +a“ta? —aanmir + (1 —a)%22? — (1 - a)aumgx)) dxz
fxexp ( - %(Vg(x) + a%xz —aagymiz + (1 — a)%zZ -(1- a)aggmgsc))
ma (81b)

[ exp ( — %(Vg(x) + a3 2% — aagymix 4 (1 —a)“$22? — (1 - a)aggmgm)) dx

We define ®1(mq,ms) and Po(my, ms) to be the right-hand sides of (81a) and (81b), respectively.
Setting ®(mq,ma) := (1, P3)(m1,m2). We rewrite (81) as

(mlam2) = (I)(mlva)a (82>

where ®(m1,m2) denotes its right-hand side.

4.1 Symmetrical invariant measure

We suppose that Vi and V5 are symmetrical.

Lemma 4.1. There exists a unique pair of symmetric invariant measures that are given by

exp | — % Vi(x) —l—a%xz +(1 —a)%xQ
PR ! ) (830)
Jexp ( - ?(Vl(x) +a%3ta? + (1 - a)%x%) dx
exp [ — & (Va(z) + a22t 2 1 — q)%22,2
o p(— 2 (V@) +a%ga® + (1- a)%2a?)) o

" Jep (- 2 (a@) +a%a? (1 0)50%) ) da

Proof. Since (u°, 1°) satisfy (79a) with their mean values (0,0) that fulfill (81b), they are invariant
measures and are symmetric because Vi and V5 are symmetric. Now suppose that (u°,20) is an

arbitrary symmetric invariant measure. Then (°,7") satisfies (79a) with (mq,ms) replaced by

their mean values (mgo, mgo). Since (A° and ) are symmetric, we have

mpo = /xﬁo(x) dex=0= /xﬁo(x) dx = mgpo.

Substituting these values back into (79a) we obtain (1%, 2°) = (u°,2°). O

4.2 Other invariant measures

We are now interested in non-symmetrical invariant measures.

Assumption 4.1. Suppose that V; and V5 have a common unique minimizer m*
Vi(m*) =Vy(m*) =0, V/"(m*)>0 and V5'(m*)>0.

We will make use of the following result.
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Lemma 4.2. [HT10, Lemma A.3] Let U and G be two C™(R)-continuous functions. Let \ be
a parameter that belongs to some compact interval T of R. We define Uy = U + AG. Suppose
that Ux(z) > 2% for |z| larger than some value R independent of \ and that Uy has a unique
global minimum at zx with Uy (zx) > 0. Let fn, be a C3-continuous function depending on some
parameter m that belongs to a compact set M. Furthermore, we also assume that there exists
some constant 6 > 0 such that |fm(2)| < expl0|Uxr(2)|] for all z > R,A € I,m € M and f(k)
locally bounded uniformly with respect to the parameter m € M for 0 < k < 3. Let a,b € R such
that a < z) < b. Then the following asymptotic result holds as € tends to 0:

[ e[ - 220 g2 Z o [ 2Oy ) gz o) 60

with 5[/{3? B U, )7f/ (Z ) . f//( )
481/[23 161/{22 4U2 AUy

0() = fn(22) (85)

Here Uy, = U;\k)(z,\) and 0(11)\4(5)/5 converges to 0 as € goes to 0 uniformly with respect to the
parameters m and \. Moreover, for any n > 1, we have
(2)
Jp zelm e~ = n o _nzy” 2[

B DN
Jp et @e "2 de 4y

z%z—n—i—l—%,\f (2 )] (86)

where the estimate is uniform with respect to the parameters m and A as € — 0.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. We recall that p > 0 is defined such that

Vi ()| V3® (m*))| )
4V (m*) (V' (m*) + acqy + (1 — a)aaz)” 4Vy' (m*) (V3! (m*) + aco1 + (1 — a)aaz) (é?)

pzmax{

We define
D(0) == [m* — po?,m* + po?] x [m* — pa?,m* + po?].
Let (m1,mq) € D(0). Then there exist p1, p2 with 0 < |p1], p2| < p such that
m; =m* + pio, i=1,2.
We have
@1 (m1,m2)

[ xexp ( - Z(Vi(z) + a®a? — acqy (m* + pro?)z + (1 — a)422? — (1 — ) (m* + pgaz)x)) dx

fexp ( - %(Vl(:r) + a3t 2? — aari(m* 4 pro?)z + (1 —a)*F2x? — (1 — a)ara(m* + p202)x)) dx

fer“O‘“”lx‘*‘z(l_a)al?p” exp ( — %(Vl( )+ aa2“x2 —aapm*z + (1 —a)%? 2 —(1- a)ozlgm*x)) dz

[ e2acnpret2(1-a)arzpar oxp ( — %(Vl(m) +a®Pa? —aamrxz 4 (1 —a)*22? — (1 - a)algm*x)) dx

Set U(x) = Vi(z) + a®a? — aopym*z + (1 — a)222? — (1 — a)aggm*z. We have

U'(x) = V{(z) + (aaq1 + (1 — a)aqa)(z — m*),
U"(x) =V (x) + acq1 + (1 — a)asa,
U (@) = V().
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Since U’'(m*) = V{(m*) = 0,U" (m*) = V/"(m*) > 0, m* is the unique minimizer of U. Applying
Lemma 4.2 for f(z) = 2aa11p12 4+ 2(1 — a)ayzpaz,n = 1,U(x) and A = 0, we get

1 U
@1(m*+p102,m*+p202):m* |: * 13

B 4dm*Us m Uy
e [Py ¢
AV () +7)2 V) 4

= m* — kio? + o(0?),

— 2m*f’(m*)} o2 + o(0?)

] o? + o(a?)

where
T:=aan + (1 —a)age, (:=aaipr + (1 —a)aizps.
We have
3
b < V1 aoulp|+ (1= a)asale
N AV ) 4 7)? V/'(m*) + 7
v acqip + (1 —a)aigp
4V (m*) +7)? Vi'(m*) + 7
_ |V1(3)| + TP
4V{"(m*) +7)2 - V' (m*) + 7
(87)
< p

Similarly we have
Oy (m* + p1o?,m* + pao?) = m* — kao? + 0(0?) where |ko| < p.

Thus for ¢ small enough, we have ®(m* + p1o2,m* + p20?) € D(c). By Brouwer’s fixed-point
theorem, there exist (my, ma) € D(0) that satisfy (81), thus the measures p and v defined in (80)
are invariant measures for the coupled MV-equations. O

Remark 4.3. Assumption 4.1 has been used to obtain that the two functions

U(z) =Vi(z) + a%mQ —aayym*zr+ (1 — a)%x2 — (1 - a)ajgom™z,

U(z) = Va(z) + a%mj —acgymx + (1 — a)%x2 — (1 —a)agom™z,

have the common unique minimizer m* which is also the minimizer of V; and V5. We expect that
this assumption can be removed. To this end, one would need to find a solution (mj,m3) to the
following system

V{(ml) + (1 — a)alg(ml — m2) =0,
Vg(mg) + aagl(ml — mg) =0.

Then one apply Brouwer’s fixed-point theorem for D(c) = [m} + p102,m} + p20?] where 0 <
lp1], |p2] < p with a suitable choice of p. O
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