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1. Introduction 

Nanoparticles are particles typically characterised by having a radius, or rather a 

characteristic size, below 100 nm. From one side nanoparticles fall into the category 

of regular colloidal objects because their interactions with other particles and 

between nanoparticles are of a well-known colloidal nature [1]:  London–van der 

Waals forces, electrical double layer forces, solvation forces, hydrophobic forces and 

steric forces. That is, nanoparticles and their interactions are in the framework of 

Derjaguin–Landau–Verwey–Overbeek (DLVO) theory [2]. All these forces are 

referred below as “surface forces”. It is important to emphasise that the radius of 

action of surface forces is around 100 nm. That is, two regular colloidal particles 

(characteristic size around 1 m) or nanoparticles (characteristic size less than 100 

nm) start interacting if the shortest distance between them is less than the radius of 

surface forces action, that is, 100 nm.  

The latter determines a very special feature of nanoparticles, which makes them 

differ from regular colloidal particles: the size of regular colloidal particles is larger 

than the radius of surface forces action, while the size of nanoparticles is smaller.  

This difference results in in a very substantial difference in the interaction of 

nanoparticles as compared with regular colloidal particles.  

To understand the difference between interactions of particles of different sizes let us 

consider a simple model of colloidal or nano-colloidal suspension: a cubic model 

(Fig. 1). 

   Fig. 1. Cell model: the volume per particle is ℓ3. a is the radius of a 

particle, H is the closest distance between particles: ℓ = 2𝑎 + 𝐻 



The particle volume fraction, , according to Fig. 1 can be presented as   =

(4𝜋/3)𝑎3/ℓ3 = (4𝜋/3)𝑎3/(2𝑎 + 𝐻)3 = (𝜋/6)(1/(1 + 𝐻/2𝑎)3), where /6~0.52 is the close 

packing volume fraction in the cubic cell model. The range of surface forces is 

Hs~100 nm [1]. Let us define a critical volume fraction of particles, cr, such that the 

distance between particles, H, equals Hs~100 nm, i.e., 
𝑐𝑟

= (𝜋/6)(1/(1 + 𝐻𝑠/2𝑎)3). 

This means that the particle at volume fraction < 
𝑐𝑟

do not interact and the 

suspension may be considered to be dilute (Fig. 2). However, for  > 
𝑐𝑟

  the 

particles strongly interact and form an interconnected network and at such 

concentration suspensions can be referred to as concentrated (Fig. 3a and b). 

 

 
Fig. 2. Diluted suspension/nanosuspension at < 

𝑐𝑟
: average distance between 

particles/nanoparticles is larger than the radius of surface forces action. Particles are 

in black, circles are radius of surface forces action. 

 



 
Fig. 3. Concentrated suspension of colloidal particles at  > 

𝑐𝑟
: a –radius of surface 

forces action is smaller than the particles radius (regular colloidal suspension); b – 

radius of surface forces is bigger than the particle radius (nanosuspension). 

 

 Such concentrated suspensions have very different properties from those of dilute 

suspensions. For regular colloidal suspensions a~1 µm and φcr~0.45 (Fig. 3a), i.e., a 

value near to the close packing volume fraction. However, for nanoparticles a~10 nm 

and φcr~0.02 (Fig. 3b), suspensions at such low volume fractions are usually 

considered to be very dilute, in stark contrast to the case of nano-suspensions. Even 

at such a low volume fraction, , the particles strongly interact, making all properties 

of such a nano-suspension unavoidably different from those of a normal dilute 

suspension. 

The latter means that the viscosity of nano-suspensions will be considerably larger 

than the viscosity of the dispersion medium, even at such low volume concentrations 

as 0.01,which has been confirmed by numerous experimental results [3, 4]. It is 

notable that the classical viscosity models do not work for nano-suspensions and so 

far there is no model or correlation capable of precise prediction of the viscosity of 

nano-suspensions with respect to their volume fractions [3, 4]. Moreover, 

suspensions formed by carbon nano-tubes demonstrate transition to non-Newtonian 

behaviour at very low solid volume fractions, sometimes even below 1 % [5].  

These observations prove that the behaviour of nano-suspensions is very much 

different from that of regular colloidal suspensions. Below we try to explain this 

difference, which is based on colloidal interactions between nanoparticles. 



Figs. 3a and 3b demonstrate an additional feature in colloidal interaction between 

regular colloidal particles and nanoparticles. In the case of regular colloidal particles 

(Fig. 3a) ranges of surface forces action from neighbouring particles overlaps only in 

a narrow vicinity of the shortest distance between particles. In this case Derjaguin’s 

approximation can be used [6]. Derjaguin’s approximation means that the interaction 

is integrated over a narrow region close to the shortest distance between interacting 

particles.  

However, Fig. 3b shows that Derjaguin’s approximation cannot be used in the case 

of nanoparticles. Figs. 3a and 3b also demonstrate an additional very substantial 

difference of nano-particle interactions from that of regular colloidal particles. 

According to Fig. 3a the interaction between two neighbouring colloidal particles is 

pairwise interaction. However, Fig. 3b shows that the ranges of interaction of many 

nanoparticles overlap. The latter means that interactions between nanoparticles at 

concentrations above a very low critical concentration are not pairwise but collective 

in nature and can therefore be non-additive [7]. To the best of our knowledge the 

collective interaction of nanoparticles in nano-suspensions at concentrations above 

critical has never been investigated.  

The next special feature of nanoparticles is their much larger diffusion coefficient, D, 

compared to regular colloidal size particles, which is inversely proportional to the 

radius of particles a: 𝐷 =
𝑘𝑇

6𝑎
, where kT is the thermal energy of fluctuations and  is 

dynamic viscosity of the surrounding fluid. Hence, the ratio of the diffusion coefficient 

of a nano-particle (10 nm) and a regular colloidal particle (a~ 1 m) is equal to 100. 

That is, diffusion of nanoparticles is much faster as compared with regular colloidal 

particles. 

Summarizing the above, nanoparticle interactions and behaviour of nano-

suspensions is different from suspensions of regular colloidal particles because of 

the following four reasons: 

1. Range of interactions between nanoparticles is larger than the nano-particle’s 

radius. To the best of our knowledge, there is no complete theory for these 

interactions. 

2. As a result of a large radius of interaction relative to the particle size, the 

critical volume concentration of nano-suspensions (the concentration when all 



particles are interconnected) is very low in comparison with colloidal 

suspension of micron size particles. 

3.  At concentrations above critical the interaction between nanoparticles cannot 

be treated as pairwise but becomes collective. To the best of the author’s 

knowledge, there has not been a single attempt reported to take this into 

account. 

4.  Diffusion coefficient of nanoparticles is substantially greater than the 

corresponding coefficient of regular colloidal particles.   

    

2. Theory of colloidal interactions 

Modern physical theory, which quantitatively describes the state and stability of 

dispersed systems, is based on calculations and analysis of surface forces acting in 

layers of liquids between interacting particles [6]. Surface forces play a role in colloid 

science, such as the forces of intermolecular interactions in condensed bodies. 

Surface forces determine the equilibrium distances between the particles of 

dispersions, as well as the conditions of their coagulation, the number and strength 

of the bonds formed between the particles. The physical nature of surface forces is 

different for different components. Their most investigated component is the 

dispersion forces caused by overlapping of fluctuations of electromagnetic fields 

acting through a layer separating the particle surfaces. In the case of charged 

particle surfaces, electrostatic forces also begin to play a significant role. When 

interacting in aqueous medium hydrophilic or hydrophobic surfaces manifest the 

effect of structural forces arising from the convergence and overlap of the boundary 

layers of water with a modified, under the influence of contact with surfaces, 

structure. 

For regular relatively large colloidal particles [1], the theory of surface forces is 

sufficiently developed and has been applied for many years, providing a fundamental 

basis for solving many technological problems, such as the management of the state 

and properties of dispersions, surface wetting, optimization of flotation and water 

treatment processes, as well as a range of environmental problems. The action of 

surface forces is the theoretical basis of modern colloid and interface science [8]. 

Calculations of stability and assessment of colloidal dispersions and wetting films of 

liquids are based on the solutions of the theory of surface forces obtained for the 

interaction of flat infinitely extended surfaces. Based on this solution with the help of 



the well-known Derjaguin approximation [9] the solution can be extended to the 

interaction of colloidal particles. Within the framework of this approach, it is possible 

to calculate the force, F, and energy, U, of the pairwise interaction of colloidal 

particles. For two non-planar particles, the force F can be determined on the basis of 

solutions obtained for the interaction energy of two plane surfaces GII (H) [6]: 

𝐹 = 𝐶(𝑧) 𝐺𝐼𝐼(𝐻),           (1) 

where F is the interaction force of curved surfaces on the shortest distance, H, 

between them, 𝐺𝐼𝐼(𝐻) is the energy of interaction between flat surfaces at the same 

distance and C(z) is the geometrical factor of the surfaces, where z is the axis of 

symmetry for the system of interacting particles [6]. For identical spherical particles 

C(z) = a, where a is their radius. For identical cylinders crossed at an angle 90 

C(z)= 2 a. 

In [10] a Derjaguin’s approximation was applied to the case of interaction between a 

charged particle and a pore in a charged membrane surface, that is, a method to 

calculate interaction energy between convex and concave surfaces. 

However, Derjaguin’s approximation has a limited range of applicability, since it can 

be used only for particles with radii a>0.1 µm, where 0.1 µm is the characteristic 

scale of surface forces action. This determines, in fact, the lower boundary of the 

colloidal particle size, for which it is still possible to use the equations of the DLVO 

theory [6], obtained for the interaction of flat surfaces. This defines the boundary 

between the large regular colloidal particle with a radius of more than 0.1 µm and 

smaller particles, which can be referred to as nanoparticles, for which other solutions 

must be obtained. The boundary between large colloidal particles and nanoparticles 

is largely conditional and is determined only by differences in methods for calculating 

the interaction forces between particles. 

It is easy to show that for colloidal particles, when Eq. (1) is applicable, the energy of 

their pair interaction (dispersion, electrostatic and structural) is linearly dependent on 

the particle radius, without detecting deviations from this pattern with a decrease in 

their sizes down to 0.1 µm [8], if it was assumed that the material properties of the 

particles do not change with size.             

     In the case of nanoparticles, the approximation of Eq. (1), due to the large 

curvature of the surface of small particles, can no longer be applied. In this case, 



other solutions obtained on the basis of direct calculations of the forces and energy 

of the pair interaction of nanoparticles should be found. 

It is important to emphasise that the consideration below is valid for dilute 

suspension of nanoparticles, when the concentration of nanoparticles is below 

the critical one and the interaction can be considered as pairwise one.  

One of the first solutions of the problem of electrostatic interaction of small particles 

was obtained by Derjaguin [11] for the case of strong overlapping of electrical double 

layers (EDS), when the shortest distance between the surfaces of particles, H,  was 

much smaller than their radius a. The energy of electrostatic interactions of two small 

particles at a low electrolyte concentration in the dispersion medium surrounding 

them was obtained as [11]: 

𝑈𝑒(𝐻) =
0𝑟𝑎22

2𝑎+𝐻
,         (2) 

where ε0 and εr are the permittivity of vacuum and relative permittivity of the medium 

respectively, a is the radius of the particles and  is the electric potential of their 

surfaces (zeta potentials). 

Later the solution (2) was generalized including the case of small particle surface 

electric potentials   [12]: 

𝑈𝑒(𝐻) =
0𝑟𝑎2(𝑎+𝐻)

(2𝑎+𝐻)
𝑙𝑛 {1 +

𝑎 exp (−𝐻)

(𝑎+𝐻)
} , at a>5,   (3) 

where 1/ is the Debye radius, which depends on the electrolyte concentration.   

Unfortunately, both Eqs. (2) and (3) were deduced for the case a>5 [12], that is for 

relatively big particles as compared with the thickness of the Debye layer. The latter 

means that these equations can be applied to nanoparticles at relatively high 

electrolyte concentrations, when the thickness of the Debye layer is small.  

The expression for electrostatic interaction at a<5 was deduced in [13]: 

𝑈𝑒(𝐻) =
40𝑟𝑎22

(2𝑎+𝐻)
exp(−𝐻).       (3a) 

However, it is necessary to keep in mind that the latter equation gives a relatively low 

precision of around 40% [13]. 

    The estimations carried out based on Eqs. (3, 3a) showed that the energy of 

electrostatic repulsion (keeping all other parameters constant) decreases as the 

particle size decreases, which brings the dispersion of small particles closer to the 

beginning of coagulation. 



It should be taken into account, however, that in the case of nanoparticles, due to the 

small area of their surface, it is also necessary (or at least possible) to take into 

account the influence of the discreteness of the distribution of surface charges [14]. 

According to [14] the discrete charges appear to generate greater interaction 

potential compared to uniformly charged surfaces. Hence, at the distance between 

charges, l, on the surface I > 1/k, the best approximation for the calculation of 

electrostatic forces may be the placement of all surface charges in the centre of a 

small particle.  

Analytical model for electrostatic interaction under assumption of non-uniformly 

distributed surface charge proposed in [15] shows that non-uniformity in charge 

density can result in electrostatic attraction of similar particles. It was suggested in 

particular, that hydrophobic attraction may be a result of the charge non-uniformity.  

Thus, in the case of nano-dispersions, calculations of electrostatic forces, as can be 

seen from the above, may differ from well-known solutions for colloidal particles. 

We now turn to the consideration of the nature of the dispersion forces of attraction 

in the nano-dispersions. Both a classical perturbation theory [16] and a direct 

integration [17] should be modified for calculation of the van-der-Waals (vdW) part of 

the interaction potential, UvdW, between nanoparticles and a nano-particle with a 

colloidal probe. In this way a dependency of vdW potential is deduced as a function 

of all other physical parameters. However, there are reasonable doubts that the 

Hamaker constant calculated in this way for nanoparticles is correct [18]. 

Calculations of the attraction forces between nanoparticles on the basis of the 

macroscopic theory of dispersion forces were carried out after the problem of the 

attraction forces of nanoparticles was reduced to the interaction of surface plasmons 

in [19, 20]. The equivalence of this method of calculations with the macroscopic 

theory of Lifshitz [1] has been previously shown [19, 21]. Based on this method, 

Mitchell and Ninham [22] obtained the equation for the interaction energy of particles 

with radius a for the case of small thickness of the layer between them, H, compared 

to the radii of the particles. This solution showed that the energy of the dispersion 

attraction of small particles decreases with a decrease in their size more sharply 

than in the case of larger, colloidal particles. The solution obtained in [21] for the 

interaction energy of small particles at small separations contains, in contrast to the 



known expressions for the big colloidal particles, 𝑈𝑑(𝐻) = −
𝐴𝑎

12𝜋𝐻2,  where A is 

Hamaker constant, two terms: 

𝑈𝑑(𝐻) = −
1

12
 [𝐴1

𝑎

𝐻
− 2𝐴2𝑙𝑛

𝑎

𝐻
],       (5) 

where  

𝐴1 = −
3ℎ

4𝜋
∫ 13

2 𝑑


0
          (6) 

𝐴2 = −
3ℎ

4𝜋
∫ (1 − 

13
2 )𝑙𝑛(1 − 

13
2 )𝑑



0
 ,      (7) 

where 13 =
1()−3()

1()+3()
 and () are frequency dependences of the permittivity of the 

solid phase, 1, and the liquid layer, 3.  

For the calculations of dispersion interaction of nanoparticles in aqueous solutions 

the following first approximation for calculation of Hamaker constant can be used as 

suggested in [23] for SiO2 (A=4.3  10-21 J), TiO2 (A=54.2  10-21 J), Al2O3 (A=33  10-21 

J), diamond (A=13  10-20 J) and other materials. The values of the constant A1 in 

Eqs. (5) and (6) is assumed to be equal to the Hamaker constant A. Note, theoretical 

analysis carried out in [24] has shown that for metallic nano-particles with size 

smaller than the mean free path of the conducting electrons (~ 50 nm) dielectric 

permittivity and therefore Hamaker constant becomes size-dependent.  

For nanoparticles, the influence of the second term in Eq. (5) should be taken into 

account. Precise calculations require the use of full spectral data for these 

calculations. However, in some cases it is possible to use proposed by Krupp [25] 

empirical expression for the functions  ik(): 

𝑖𝑘 =
𝑖()−𝑘()

𝑖()+𝑘()
= 𝑎𝑖𝑘 exp(−𝑏𝑖𝑘),         (8) 

where aik and bik are some constants whose values can be found in [6]. Eq. (8) 

provides a reasonable approximation for functions ik() in the frequency range 1016-

1017 rad/s, which give the main contribution to the dispersion forces. 

The following constants for quartz particles in water were used in the calculations 

below: aik=0.12 and bik = 3.1 10-17 s/rad, obtained in [26]. The use of these constants 

results in the following value of the Hamaker constant: A = 1.4 10-20 J, which is used 

in calculations below. 

In Fig. 4 the results of calculations of the dependence of the interaction energy 

U(H)= Ud(H) + Ue(H) on the shortest distance H between the surfaces of spherical 

particles of the identical diameter a, whose surface potential was assumed to be 25 



mV are shown. The particles were in a dispersion medium characterized by a Debye 

radius of 1 / = 10 nm. Fig. 4 shows that the dependency U(H)= Ud(H) + Ue(H) goes 

via a potential barrier, which is referred below as Ub. The magnitude of the potential 

barrier Ub for the largest particles a = 1000 nm, which can be referred to as regular 

colloid particles, is equal to 280 kT. The height of the barrier, Ub, decreases to 26 kT 

as the particle diameter decreases to 100 nm and decreases further to 4 kT for 

particle size of 20 nm.  
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Figure 4. The results of calculations using Eqs. (3) and (5) depend on the sum of the 

energy of molecular attraction Ud and electrostatic repulsion Ue from the shortest 

distance H between the surfaces of two spherical particles with diameters 1) a = 

1000 nm; 2) a =100 nm; and 3) a = 20 nm. Particle surface potential = 25 mV, 

Debye radius 1 / k = 10 nm. 

 

The decrease in the Debye radius, 1/, reduces the range of electrostatic forces and 

results in a smaller potential barrier, Ub. A decrease of the surface potential also 



results in the lowering of the potential barrier. For colloidal particles (a = 1000 nm) 

with lower surface potential, =15 mV, the situation, as follows from Fig. 5, is even 

more interesting: when reducing the Debye radius down to 1/ =3 nm the potential 

barrier disappears, and colloidal system loses stability. 
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Fig. 5. The results of calculations of the total energy of interaction U(H)= Ud(H) + 

Ue(H) for particles with diameter a = 1000 nm at a potential of the surface of the 

particles =15 mV and for three different values of Debye radius: 1) 1/ = 30 nm; 2) 

10 nm and 3) 3 nm. 

 

The data presented in Figs. 4 and 5 showed that the height of the potential barrier Ub 

decreases linearly with a decrease of the particle size at constant surface potentials 

of small particles and the magnitudes of the Debye radius 1/ that determines the 

long-range electrostatic forces. Therefore, a decrease of particle size should reduce 

the stability of the nano-dispersions. This suggests that nano-dispersions can be 

stable only with particle sizes above a certain critical value, depending on the 



physical properties of the particle material and the composition of the dispersion 

medium. 

 Thus, there may be some lower limit of particle sizes of stable nano-

dispersions: the nano-dispersion becomes unstable if the particle size is below some 

critical radius acr. The critical radius, acr, decreases with the charge of the particles 

and the increase of concentration of the electrolyte background solution. In general, 

stable nano-dispersions should not contain particle fractions with sizes smaller than 

the critical values. 

In Fig. 6 calculated values of potential barriers, Ub, for particles of different radius are 

compared. As can be seen from this figure, the magnitude of the potential barrier, 

that determines the stability of the dispersion, increases linearly with increasing 

particle sizes. Ub values, at all other identical conditions, depend both on the 

potential of the particle surface , and on the ionic strength of the dispersion 

medium, characterized by the value of the Debye radius 1/. The comparison of the 

above data (Fig. 6) shows that a large height of the potential barrier can be achieved 

(at the identical value of the Hamaker constants) primarily by a high electric potential 

of the particle surface,, and a low ionic strength of the dispersion medium 

corresponding to large Debye radii. 

The stability of nano-dispersions is increasing (Fig. 6) in all cases with increasing 

particle size. To maintain high stability of nano-dispersions, it is necessary to provide 

a high electric charge of the particle surface and use dilute electrolyte solutions as a 

dispersion medium of nano-dispersion. 
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Fig. 6. The obtained dependences of the height of potential barriers Ub on the 

particle diameter a for various combinations of parameters, such as the particle 

surface potential and the Debye radius 1/: 1) = 25 mV and 1 /  = 30 nm; 2)  =25 

mV and 1 /  = 10 nm; 3) = 25 mV and 1/ = 3 nm; 4) =15 mV and 1/= 30 nm; 5) 

= 15 mV and 1 / =10 nm; 6) = 10 mV and 1 /=30 nm. 

Let us briefly discuss one extra component of nano-particle interaction, which 

was not discussed (for a very good reason) earlier: the structural component of 

interaction between nano-particles. The reason is that currently close to nothing is 

known from the theoretical point of view about this component in spite of 

considerable efforts invested.  

In this part we prefer to deal with the so called Derjaguin’s pressure (or 

disjoining/conjoining pressure) (h). The interaction energy, U, is equal to the 

integral of the Derjaguin’s pressure: 𝑈 = ∫ (ℎ)𝑑ℎ
∞

ℎ
. In the case of structural 

component, the latter is caused by orientation of water molecules in a vicinity of 

nano-particle.  



The water molecule can be modelled as an electric dipole. In a vicinity of a 

negatively charged interface in aqueous solution a positive part of water dipoles is 

attracted to the surface. That is, the negative part of dipole is directed oppositely, 

which in turn results in the orientation of the next layer of dipoles and so on. 

However, thermal fluctuations try to destroy this orientation. 

Because of these two opposite trends a finite layer forms where the structure 

of water dipoles differs from the completely random bulk structure. This layer is 

frequently referred to as “a hydration layer”. If now we have interfaces of two nano-

particles with hydration layers close to each of them (or even one of them) then at a 

close separation, comparable with the thickness of the hydration layer, these 

surfaces “feel each other”, that is, hydration layers overlap. The latter results either in 

attraction or repulsion of these nano-particle surfaces.  

Unfortunately, up to now there is no firm theoretical background of the 

structural component of disjoining pressure even in the case of regular big colloidal 

particles. It is still impossible to deduce theoretically in which case the structure 

formation results in an attraction and in which case in a repulsion of particles or 

nano-particles. However, there is a semi-qualitative consideration of structural forces 

presented in [27], see also a review on the subject [28]. The total structural 

component of Derjaguin’s pressure in this case can be presented in the following 

form [29, 30]:  

  21 /

2

/

1

 hh

S eKeKh


 ,     (9) 

where K1, K2 and λ1, λ2 are parameters related to the magnitude and the 

characteristic length of the structural forces. The subscripts 1 and 2 correspond to 

the short-range and long-range structural interactions, respectively. Currently the 

latter four constants can be extracted from experimental data only. 

There is a clear physical meaning of only one parameter 1/1, which is the 

correlation length of water molecules in aqueous solutions. The latter gives 1/1~10-

15 


A , which is the characteristic thickness of the hydration layer [1, 2].  

Interest in structural forces has varied over a long period of time: an increase of 

interest followed by a decrease. This is due to the lack of an accurate theory of these 

forces. Churaev and Sobolev [31] attempted an estimation of the structural forces 

from available experimental data from the contact angle measurements. They put 



forward an assumption that the value of the constants in the equation for structural 

forces (9) depends on the potential of the surface of a solid. 

If nanoparticles are coated by polymer and placed in a good solvent, additional steric 

repulsive force comes into play when the polymer chains begin to overlap. This force 

is the result of entropy decrease due to decrease of volume available to each chain. 

Using the de Gennes’ equation [32] for interaction between 2 plates covered by 

polymers (high surface coverage) and Derjaguin’s approximation, the following 

expression for the interaction potential due steric repulsion between two spherical 

particles was found in [33].  

𝑈𝑆𝑇(𝐻) =
64𝜋𝑎𝐿2

𝑠3
𝑘𝑇 {

1

5
(

𝐻

2𝐿
)

−1/4

−
1

77
(

𝐻

2𝐿
)

11

4
+

3

35
(

𝐻

2𝐿
) −

3

11
},  (10) 

where H is the surface to surface distance between particle cores, L is the thickness 

of the polymer layer and s is the average distance between the chain attachment 

points. Israelachvili [8] proposed a simplified expression 

𝑈𝑆𝑇(𝐻) =
100𝐿

𝜋𝑠3 𝑘𝑇𝑒−𝜋𝐻/𝐿           (11) 

valid for 0.2 < H/2L < 0.9.  

Eqs. (10) and (11) were derived using Derjaguin’s approximation, therefore they 

valid only when the core size is considerably larger than the thickness of polymer 

layer. For small nanoparticles only several polymer chains can get into the contact 

zone, moreover they can deform and move from the gap between the particles. 

Therefore Eqs. (10) and (11) will overestimate steric interactions for small 

nanoparticles. There is no generally accepted theory for particle interaction under 

condition a ≤ L. 

There is a huge amount of literature on numerical simulations of interactions 

between nanoparticles including various algorithms such as Monte Carlo, molecular 

dynamics, density functional theory etc. This literature needs separate 

comprehensive discussion and therefore is not addressed here. Some simulation 

results are discussed for example in [7]           

 

3. Experimental techniques for measurement of nanoparticle interactions. 

There are a number of techniques which can directly measure the interaction forces 

between individual colloidal particles, including, but not exclusively, atomic force 

microscopy (AFM) [34], total internal reflectance microscopy [35], optical tweezers 



[36], electrophoresis [37] etc. However, for various reasons many of these 

techniques are not suitable or have not been adopted for measurements using 

particles in the nano-size range. In this section we briefly discuss two techniques 

which are capable of such measurements. 

3.1. Atomic Force Microscopy  

In addition to its original application for high resolution imaging, the technique of 

AFM has been used extensively for the measurement of long range and adhesion 

forces between many materials under a wide range of conditions [34, 38, 39]. Whilst 

many of these works have focussed on functionalised probes versus flat surfaces or 

by using particles of micrometre size, measurements using nanoparticles positioned 

at the end of probe tips are also possible. 

In essence the AFM consists of a sharpened probe mounted close to the end of a 

flexible microcantilever. As this cantilever behaves as a simple spring with a linear 

force versus deflection response within typical operating parameters, monitoring the 

deflection of the lever can serve as a direct measure of the forces acting upon the 

probe tip. Depending upon the configuration of the particular instrument, either the 

sample or the chip hosting the cantilever – probe assembly are mounted upon a 

piezo crystal, which allows relative motion of the tip and sample in all spatial 

directions, allowing scanning into and out of contact with the sample in addition to 

lateral scanning.  

Cantilever deflection is most commonly measured by use of an optical lever system, 

whereby a laser is reflected from the reverse side of the cantilever onto a position 

sensitive photodetector. By the appropriate calibration steps to characterise both the 

mechanical compliance of the cantilever arm and the response of the optical lever 

system, deflection of the lever can be converted from a raw signal (typically recorded 

in nA or V) to deflection in nm and finally to force in N. By subtracting the deflection 

distance from the travel distance of the piezo in the z – direction distance moved by 

the probe tip can be obtained. The final step is to assign a zero-distance point, which 

then allows a plot of interaction force versus tip displacement to be made. The 

assignment of a point of zero separation distance, in all but the most simple of 

cases, is non-trivial, especially in the case of adsorbed thin films and deformable 

surfaces or interfaces. The basic operation and calibration processes are covered 

elsewhere in more detail [38, 40].  



An example force versus separation distance curve from a particle-surface 

interaction is shown in Fig. 7. Here repulsive forces are set as positive. At large 

separation distances no net interaction forces are detected. As close approach is 

made, repulsive interaction forces (positive values on the chart) are detected, 

followed by a linear repulsive force after hard contact is made. As the probe is 

retracted from the surface a hysteresis is observed, with attractive forces observed 

before the probe disengages from the surface, due to adhesion, before returning to 

no net force as the probe snaps from the surface. 

 

Fig. 

7. Example force/distance curve from AFM measurements.  

 

In most AFM force measurements, the imaging probe is either chemically 

functionalised or replaced entirely with a particle of colloidal size (typically ~3-15 μm 

diameter), either itself functionalised or composed of a material of interest. For this 

latter approach particles are attached to the apex of a tipless microcantilever using 

either a micromanipulator or AFM instrument stage whilst observing using an optical 

microscope set-up. As such, for nanoparticle measurements this arrangement is not 

suitable, so other methods need to be employed. Several researchers have 

examined other approaches to affixing nanoparticles to AFM probes for direct 

nanoparticle force measurements. 

Ong and Sokolov [41] coated the imaging tip of an AFM with a thin layer of epoxy 

resin, which they dipped into a powder of ceria nanoparticles when the epoxy was 

almost set. This resulted in a cluster of nanoparticles on the probe tip. Imaging of the 

Separation (nm) 



tip using a sharp calibration standard confirmed that the clusters in all cases were 

terminated by single nanoparticles, allowing single nanoparticle measurements with 

SiO2 surfaces to be made in aqueous solution at different pH values. Whilst the 

results for nanoparticles were qualitatively different compared with larger particles, 

the authors attributed this to different preparation methods for the two types of 

particles, rather than inherent differences due to size alone. 

A wet chemistry approach was used by Vakarelski and Higashitani [42] to append 

single 10-40 nm diameter gold nanospheres to the apex of AFM probes. Firstly, the 

probes were coated with a passivation layer, which was then selectively removed 

from the imaging tip apex by scanning across a silicon wafer. This allowed the apex 

to be selectively functionalised, allowing gold nanoparticles to be specifically 

attached at this point. Fitting of DLVO theory to force distance curves showed an 

apparent change in Debye length with particle size, and deviations of forces scaled 

for particle size, which were attributed to the invalidity of the Derjaguin approximation 

for small particle sizes. Previously, gold nano-particle terminated tips had also been 

produced by direct growth of nanoparticles on AFM probes, rather than by 

attachment [43]. 

Salameh et al combined AFM force measurements with molecular dynamics 

simulations to investigate forces between nanoparticles in nanomaterials [44]. An 

aggregate film of TiO2 nanoparticles was repeatedly perturbed by an AFM probe 

under ambient conditions and interaction force curves were examined for multiple 

events in the retraction part of the force curves, caused by sliding, rolling and 

detachment of particles. For this system particle interaction forces were found to be 

dominated by layers of adsorbed water, generating a characteristic particle 

detachment force of 2.5 nN.  

Whilst the measurement of interaction forces between particles in the micron range 

has been repeated many times with various materials, measurements using 

individual nanoparticles is not as well described. One major issue is that if the 

nanoparticles in question have diameters smaller than the range of surface forces 

then some of the measured interaction forces may of necessity be due to 

interactions between the substrates they are adsorbed to. Whilst this is not a 

problem when measurements are between multiple particles, for single particle 

measurements this is a difficult problem, and a possible reason why these 

measurements are not more often found in the literature. 



 

3.2. Electrophoresis  

Electrophoretic techniques are a well-established method for the determination of 

zeta potentials of dispersed colloidal particles. Electrophoresis consists of a static 

aqueous phase, with dispersed particles moved by an applied electrical field. Due to 

the simplicity of the approach and relatively easy data collection, this is the primary 

method for particle zeta potential measurement. The measurement chamber 

contains oppositely charged electrodes and is then filled with an electrolyte solution 

of a particular pH, ionic strength and composition, with the particles of interest 

dispersed. Particles will migrate towards the oppositely charged electrodes with an 

electrophoretic mobility, UE, related to the equilibrium velocity, which can be used to 

calculate the zeta potential from Henry’s equation: 

𝑈𝐸 = 2
3⁄

𝜀0𝜀𝑟

𝜂
 𝑓(𝜅𝑎)      (12) 

where η is the electrolyte viscosity,  is the particle zeta-potential as before, f(κa) is 

Henry’s function [13], where 1/κ is the Debye radius and a particle radius. In the case 

of small particles and weak electrolyte the Hückel approximation can be applied, 

where f(κa) =1 [13]: 

 = 3
2⁄

𝑈𝐸𝜂

𝜀𝑜𝜀𝑟
.       (13) 

The latter approximation is most suitable for nanoparticles, where the particle radius 

is smaller the Debye length.  

 

3.2.1. Differential electrophoresis 

A technique based upon electrophoresis has been developed, called differential 

electrophoresis, for the measurement of the interaction forces between two colloidal 

particles [45]. The technique centres around the balance of colloidal forces between 

two different particles holding them together and the different forces applied by an 

electric field when those two particles have different surface potentials. As the 

applied electrical field is increased the two-particle doublet will go from rotating in 

that field to be aligned with it, with a displacement force acting against the colloidal 

interaction, and sundering it at a suitably high value [46]. The force acting on the 

doublet when aligned with the electric field is given by [37]: 

𝐹𝑑𝑖𝑠𝑝 = 3𝜋𝑎20𝑟  [
1

− 
2

] 𝐸 𝑄    (14) 



where Fdisp is the displacement force applied by the electric field, E, a2 is the radius 

for the larger of two particles, and Q is a dimensionless coefficient, which 

incorporates the ratios of sizes of the two interacting particles. At large separations Q 

is equal to 2β/(1+β), where β is the ratio of small to large particles. It is worth noting 

that zeta potential applies to the electric potential at the no-slip boundary between 

tightly bound ions to the particle surface, rather than the actual particle surface. As 

such, the relevant radius (i.e from the centre to the no-slip boundary) may differ from 

the actual particle radius without bound ions. 

From monitoring through a microscope the point at which the two particles 

disengage, the force at which the colloidal interaction force is equal to the 

displacement force can be ascertained. This adaptation of electrophoresis is capable 

of performing force measurements between individual nanoparticles. Velegol et al 

[47] succeeded in making measurements between polystyrene spheres as small as 

85 nm in diameter. Forces measured varied between 0.1 to 10 pN, which was in 

reasonable agreement with the values expected from theoretical calculations. 

 

 

4. Experimental studies of nano-particle interactions 

Extensive experimental study on behaviour and aggregation properties of nano-

dispersion was motivated by growing areas of their application as well as by 

ecological problems caused by subsequently growing release of manufactured 

nanoparticles into environment [48, 49].  

A separate branch of nano-particle study is their interactions and self-assembly on 

liquid/liquid and liquid/air interface, where DLVO forces can be modified and new 

forces, such as capillarity or thermal fluctuations come into play [50, 51]. Adsorption 

of nano-particles at the interface is broadly used for stabilisation of foams [52] and 

emulsions [53]. Tailored self-assembly of nanoparticles at the interface with 

possibility their further transfer onto solid surface also open wide perspectives in 

development of new materials [51, 54].    

Typical nanoparticles include not only solids, such as metal, oxides, etc., but also 

soft particles, such as self-assembled structures, micelles, vesicles, bilayers, as well 

as polymers and proteins. The latter have complicated structure and charge 

distribution over the nano-particle surface. Soft nano-particles can be further  



functionalised by using core-shell structure and are of great interest nowadays due 

to its use in drug delivery, bioseparation etc. [55, 56].  

Non-organic nanoparticles also can poses the core-shell structure by coating with 

other metals or polymers for additional stabilisation/functionality to use , for example, 

in drug delivery [57], imaging techniques [58], medicine [59] etc. Overall, the effects 

of surface topology and non-uniform charge distribution becomes very important on 

the nanometre length scale. Here we consider experimental results on solid non-

organic nano-particles, for which the main interaction forces are dispersion, 

electrostatic and structural forces discussed above.  

The measurement of zeta-potential even for solid nanoparticles is not 

straightforward. The commercially available instruments usually use the 

Smoluchowski approximation to calculate zeta-potential of aqueous suspensions 

from the measured electrophoretic velocity. This approximation is valid for the case 

κa>>1 which is often not satisfied for nanoparticles. Therefore when the size of 

particles decreases and becomes of the same order of magnitude or smaller than 

Debye radius, the values of zeta-potential should be corrected. This correction 

should take into account a non-uniform distribution of electrolyte induced by the 

electric current in the liquid surrounding the nano-particle. The respective procedure 

is discussed in detail in [60]. The complexity of measurement of zeta-potential for 

metallic nanoparticles is addressed in [61]. 

For metal oxide, e.g. TiO2,  nanoparticles a decrease of size results in the shift of the 

point of zero charge (PZC) to higher pH values [62], whereas surface charge density 

increases [63]. Similar results were obtained also in numerical simulations [64, 65]. 

The effect is most pronounced for the particle size below 10 nm, when the 

nanoparticle curvature becomes comparable with the curvature of hydrated ions. 

According to [65] the surface charge starts decreasing significantly when the ratio of 

electrical double layer thickness to the particle diameter becomes larger than 0.2. At 

the same time the shift of PZC to the higher pH values with an increase of the size 

was observed in [66] for SiO2 nanoparticles in the size range 9 – 113 nm, whereas in 

[67] the observed shift of PZC to the lower pH values with an increase in particles 

size was ascribed to the larger amount of impurities, such as SiO2, in the larger 

particles. All reported values of PZC are in the range reported in the literature [68, 

69] for macroscopic systems. Therefore, the size dependence is not conclusive and 

could be due to different surface chemistry of particles related to their synthesis. 



For small nanoparticles, zeta-potential depends also on the particle’s volume 

fraction, even at very small volume fractions, due to interaction of electrical double 

layers. For example, a monotonous decrease in zeta-potential was reported for 

maghemite nanoparticles of 6 nm in the range of volume fractions  0.1 – 5  % [70].  

Stability of nano-dispersions depends considerably on the particles shape. 

Suspension formed by spheres is more stable than the suspension formed by the 

rods of the same diameter [71].   

For relatively large solid nanoparticles (a > 10 nm) usually there is a reasonable 

qualitative agreement with predictions based on DLVO theory. For example, 

decrease in critical coagulation concentration (CCC) of electrolyte (NaCl) with 

decrease of particles size was observed experimentally in [72] by study of 

aggregation of uncoated hematite nanoparticle with diameters 24, 64 and 130 nm. 

Calculations performed in [72] according to DLVO theory using experimentally 

measured values of zeta-potential have shown decrease of potential barrier with 

decrease of particle size. Similar results were obtained for TiO2 nanoparticles in [67]. 

These results agree with theoretical predictions discussed earlier. 

In [73] stability of dispersions  of non-coated angular silica particles of effective 

diameter 25 nm was studied in the range of pH and in presence of various salts: 

NaCl, CaCl2, BaCl2, and MgCl2. The high stability of silica against coagulation was 

confirmed in [74], in particular, it was observed that nano-dispersions of silica are 

stable even in proximity of the isoelectric point, where the surface charge is close to 

zero. Therefore, an additional mechanism of stabilization, besides the electrostatic 

one should be in action for silica nanoparticles, such as for example a shift of surface 

charges location to outside the solid/liquid interface and/or a steric repulsion of 

flexible protruding surface groups [74]. It was found that addition of electrolyte 

destabilizes silica nano-suspensions and  CCC for monovalent salt (NaCl) was two 

orders of magnitude higher than that for divalent salts in good agreement with the 

Shulze–Hardy rule [75]. For the divalent salts however, ion-specific effect was 

observed: MgCl2 has two times smaller CCC than CaCl2 and BaCl2. Note, ion-

specific effects are out of scope of DLVO theory. 

In [76] for dispersion of bare CeO2 nanoparticles with radii in the range 5-20 nm 

existence of stable small irreversibly aggregated clusters with hydrodynamic radius ~ 

37 nm were found. Aggregation of these clusters was studied in the presence of 

NaCl and CaCl2. Good agreement with DLVO theory was found for dispersions 



containing NaCl. The value of CCC for two-valent CaCl2 was five times smaller as 

compared with mono-valent NaCl. This difference is smaller than expected according 

to the Shulze–Hardy rule ~Z6, which is ascribed in [76] to cation adsorption to the 

surfaces of nanoparticles, where Z is the counterion valency. 

For coated nanoparticles specific ion effects become even more pronounced. 

According to [77], for gold nanoparticles coated with polymers CCC in NaCl solution 

was noticeably higher than that in KCl solution. Moreover, in complete qualitative 

contradiction to Shultz–Hardy rule CCC for divalent electrolytes, MgCl2 and SrCl2, 

was higher than for monovalent electrolytes. In fact, CCC values found in [77] 

followed the Hofmeister series.  

Effect of environmental parameters on stability of nanoparticles is reviewed in [75] 

and effect of particles functionalisation is reviewed in [78]. 

 

 

5. Conclusions 

The authors have not attempted to cover all available literature in the area but 

instead have tried to underline the fundamental problems in the area which need to 

be understood.  

An important feature of interactions between nanoparticles is that the range of 

surface forces action is larger than the nano-particle’s radius. To the best of the 

authors knowledge, there is no complete theory for these interactions. As a result of 

a large radius of interaction relative to the particle size, the critical volume 

concentration of nano-suspensions (the concentration when all particles interact) is 

very low in comparison with colloidal suspension of micron size particles. 

At concentrations above critical the interaction between nanoparticles cannot be 

treated as pairwise but becomes a collective one. To the best of the author’s 

knowledge, there is not a single attempt to take this into account. 

The diffusion coefficient of nanoparticles is substantially greater than the 

corresponding coefficient of regular colloidal particles.   

The physical nature of interactions between nanoparticles is the same as that 

between the regular colloidal particles. However, the large radius of interaction 

relative to the particle size makes it possible currently to only investigate pairwise 

interactions, which has to be adjusted to the main feature of nanoparticles: vdW 

interactions should include some extra term and zeta-potential remains a very 



important property of nanoparticles. However, measurement of zeta-potential of 

nanoparticles requires a more sophisticated approach than for regular colloidal 

particles. Structural interactions between nanoparticles is still yet to be understood. 

Experimental results for interactions in suspensions of bare nano-particles are in a 

good qualitative agreement with modified DLVO theory. However strong ion-specific 

effects have been observed in many experimental studies. Ion-specific effects are 

more pronounced for coated nano-particles.   
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