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ABSTRACT: Symmetries play an important role in many branches of physics and enable
simplification of the mathematical description of problems. In some cases, symmetries are
hidden and are only evident under suitable coordinate systems. With the help of conformal
transformation, it is shown analytically here how asymmetric-looking plasmonics diabolo
nanoantennas and bowtie nanocavities display a hidden symmetry that justifies the unforeseen
symmetric nonradiative Purcell enhancement of a nanoemitter in their immediacy. The
conformal transformation also provides physical insight on the dissimilar self-induced trapping
potential experienced by such nanoemitter nearby/inside the diabolo nanoantenna/bowtie
nanocavity. The analytical results are confirmed with full-wave simulations. This work
highlights the elegant and cost-effective (in terms of computational burden) solution that
conformal transformation provides to understand the underlying physics of and to design/model

plasmonic nanostructures that are becoming key elements in sensing, quantum optics, etc.

Within the past few years, the field of plasmonics has advanced in unprecedented steps
offering groundbreaking opportunities in different fields ranging from spectroscopy ',
focusing and beam steering devices >* and biomedical applications *®. This has been possible
because of the high near-field concentration of electromagnetic fields enabled by metal-
dielectric plasmonic nanostructures working at nanometer-scaled wavelengths via localized
surface plasmons (LSPs) 7!!. Interestingly, this large and enhanced field concentration occurs

within (sub-)nanometric volumes, a feature that has been exploited in order to overcome the

12-14 15-17

diffraction limit of imaging systems and also to design optical nanotweezers

Furthermore, it has been shown how plasmonic nanostructures can be applied to enhance

nonlinear effects %22,

In this realm, plasmonic nanoantennas >3-’

, in particular bowtie geometries, have become
popular because of the broadband field enhancement and nanoscale confinement achieved at

their apex *2. Additionally, attention has been also given to plasmonic bowtie nanocavities
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33:34 " single molecule fluoresce ** and optical trapping 2*° because of the

for nanolithography
background-free illumination provided by the nanoaperture.

Similar to low frequency (radio, microwave, millimeter waves) antennas and cavities (or
apertures), the electromagnetic response of both plasmonic nanoantennas and nanocavities
strongly depends on the materials, geometry, type of illumination (planewave, dipole, Gaussian
beam), polarization, etc. 3”38, Unlike at microwaves though, plasmonic nanoantennas and
nanocavities designers need to account for the strong dispersive response of metals. Giving the
complexity, the industry standard to design, model, grasp physical insight and understand
experimental results is by implementing numerical full-wave simulations which require large
computational resources °.

Computational burden can be reduced with analytical solutions. In this context,
transformation optics has demonstrated to be a useful tool to understand and model analytically

the response of plasmonic nanostructures **43

, including nanocrescent, cylinders, spheres,
dimers tripods and bowtie nanostructures 2728439 that cannot be treated analytically otherwise.
In this technique, the spatial coordinates of a nanoparticle is transformed into a different
geometry which can be treated analytically even for dispersive materials. Interestingly, this
conformal mapping can be used several times in a cascaded fashion, to draw the common
underlying physics among at first sight completely different nanoparticles and to study rather
complex geometries *°. Indeed, conformal mapping has been recently applied to unveil hidden

31 demonstrating how they can

symmetries between geometrically-different nanoparticles
share the same spectral response. This knowledge has significant implications as far as physical
understanding and design are concerned ®-!.

Motivated by the opportunities offered by plasmonic bowtie nanostructures, and the

importance of symmetry in nanophotonics >~

, in this manuscript we report for the first time
a hidden geometrical symmetry (that is not related to Babinet’s principle) between bowtie

nanoantennas with connected arms (from now on called diabolo nanoantennas) and bowtie

3



nanocavities using the conformal transformation technique. Such hidden geometrical symmetry
justifies the similar spectral response in terms of nonradiative Purcell enhancement (parameter
here used as a figure of merit) and the asymmetric trapping potential experienced by a
nanoemitter nearby/inside the diabolo nanoantenna/bowtie nanocavity. Also, this manuscript
provides a comprehensive study of the influence of the diabolo/bowtie apex angle, polarization
and location of the nanoemitter on the spectral response of the plasmonic system. All the results
are corroborated with numerical simulations demonstrating a good agreement with the

analytical values.

RESULTS AND DISCUSSION
Purcell enhancement

To begin with, let us consider the diabolo nanoantenna and bowtie nanocavity shown as insets
in Figure 1, which are invariant out-of-plane. They are defined by the length of the arm, L’; +
L’>, the arm angle 8 and the @1 nm metallic circular patch (air gap) connecting (separating)
the two arms for the diabolo nanoantenna (bowtie nanocavity), see Figure 2a,c for visual
definition of the parameters. The total length /’ corresponds to the arms’ length 2(L’; + L")
along with the 1 nm patch (gap) for the diabolo nanoantenna (bowtie nanocavity). For the
bowtie nanocavity, the outer ring width is selected to be 4’ = 10 nm in order to consider it as
an aperture in a semi-infinite metal . Gold is used as the metal for all nanoparticles, which are
illuminated with a localized emitter placed at (x’ =1 nm, y’= 0 nm).

Figure la,b and Figure lc,d show the Comsol® full-wave simulation results of the
nonradiative Purcell enhancement (defined as the absorbed power by the nanoparticle relative
to the radiated by the nanoemitter) considering different values of 6’ (20° and 45°) and
polarization of the nanoemitter for the diabolo nanoantenna and bowtie nanocavity,
respectively. Several peaks are obtained within the spectral band under study, which are related

to each LSP mode (n = 1,2,...) excited in the nanoparticles *>*. Remarkably, the responses of
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both nanoparticles are rather similar. For instance, under vertical polarization (Figure 1a,c) the
LSP mode of order n = 1 for the bowtie nanoantenna with #’ = 20° appears at the wavelength
of ~882 nm while it is at ~909 nm for the nanocavity. Under horizontal polarization (Figure
1b,d) the fundamental LSP mode for the 8’ = 20° bowtie nanoantenna is obtained at ~600 nm,
exactly the same value as the bowtie nanocavity. Similar results are obtained for the
nanoparticles with 6’ = 45° where the LSP mode with n=1 is located at ~714 nm and ~750 nm
for the nanoantenna and nanocavity, respectively, under vertical polarization of the nanoemitter.
For the horizontal polarization, the fundamental LSP mode appears squarely at ~535 nm for
both nanostructures.

A parametric sweep of the size of the nanostructures (Figure le,f) reveals that the
electromagnetic behavior of both geometries in terms of nonradiative Purcell enhancement
converge as the size is reduced (i.e. when the nanoparticles fall well within quasi-static limit),
despite the completely different field distribution of the modes (see Figure 1g,h where the
distributions of the normalized magnitude of the electric field for the LSP mode of n = 1 are
shown considering nanoparticles with 6’ = 20° under vertical polarization of the nanoemitter).
As it will be further explained in the following sections, the different field distribution produced
by each nanostructure will generate different spatial field gradients. Hence, a nanoemitter
illuminating the diabolo nanoantennas and bowtie nanocavities will experience a different self-
induced trapping potential. However, despite their different spatial distribution of their LSP
modes, both nanostructures have a symmetric spectral response in term of nonradiative Purcell
enhancement, as shown before. It is important to note that this hidden symmetry in terms of
nonradiative Purcell enhancement between both nanostructures is not the general property of
local plasmons observed in simple metal nanostructures >> and is not related to the Babinet’s
principle in complementary structures *°. Unlike Babinet’s principle conditions, here a 2D
problem is evaluated (i.e., out-of-plane invariant nanostructures), the symmetric behavior

occurs for the same polarization, the nanoparticles are not complementary in the original space
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(see Figure S3 in the supplementary information for more details) and the metal used is a

dispersive material (not perfect electric conductor, PEC).
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Figure 1. Analytical (symbols) and numerical results (solid lines) results of the 75, for I’ =20
nm bowtie nanocavities (a,b) and diabolo nanoantennas (c,d) with 8’ = 20° (light) and 8’ = 45°
(dark) under vertical (a,c) and horizontal (b,d) polarization of the nanoemitter. (¢) Cut-off
wavelength of the LSP modes with n = 1 and 2 for a diabolo nanoantenna (black dashed line)
and bowtie nanocavity (orange solid line) with 8’ = 20° when the length /’ is changed under
vertical polarization of the nanoemitter. (f) The same as (e) for the fundamental LSP mode
under horizontal polarization of the nanoemitter. Normalized magnitude of the electric field at
the wavelength of the fundamental LSP mode for the bowtie nanocavity (g) and diabolo

nanoantenna (h) under vertical polarization of the nanoemitter.

What is the reason behind this unexpected symmetric response? The following section will

answer this question with the aid of conformal transformation.

Analytical approach

From now on, we will only consider realistic nanostructures with total length of /” = 20 nm.

Smaller /” would leave to feature sizes challenging for current nanofabrication technologies °’.
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Note that /” = 20 nm enables us to invoke the quasi-static approximation for the analytical
analysis. Hence, the magnetic and electric fields are decoupled and the latter can be expressed
via an electrostatic potential satisfying Laplace’s equation. Additionally, since the size of the
bowtie nanocavities and diabolo nanoantennas under study are smaller than the illuminating
wavelength (I’ << Ay), radiation losses are negligible and it can be considered that the energy
radiated by the nanoemitter is absorbed by the metallic nanoparticles **. The quasi-static limit
is a useful and pertinent approximation for many plasmonic systems. Within this quasi-static
limit, it has been previously reported that largely different geometrical objects can have the
same far-field optical properties for the fundamental LSP mode . In the present work, we go
beyond this finding and show, with the help of conformal transformation, the role that near-
field interactions play, and thus, the key influence of the nanoemitter’s polarization and location
with respect to the different LSP modes.

As shown in Figure 2a,c, the spatial coordinates of the diabolo nanoantenna and bowtie
nanocavity are z’ = x’ + iy’. Here z = x + iy are the spatial coordinates of the transformed
frames. By applying the transformation z = In(z /a), the nanostructures and the line dipole
nanoemitter are transformed into the periodic multislab geometries shown in Figure 2b,d with
a periodicity of 2m along the y axis. From this figure, it is interesting to note how the periodic
multislabs in the transformed space for both nanoparticles (nanoantenna and nanocavity) are
connected in one of the extremes while they are disconnected at the opposite end meaning that
both nanoparticles are transformed into the same geometry after the conformal mapping is
applied. Hence, even when both nanostructures are asymmetric in the original frame (z”), they
have a hidden symmetry (mirror symmetry in this case) that can be retrieved from the
transformed geometry. Notice that the total systems will be exactly mirror symmetric provided
the nanoemitter is in different locations in the original frame. This explains why the diabolo
nanoantennas and bowtie nanocavities from Figure 1 have rather similar spectral response. It is

worth re-emphasizing the key impact of the aforementioned hidden symmetry by looking at
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another geometry, namely the diabolo nanocavity, that introduces a minor modification
(compared to the bowtie nanocavity) in the form of a @1 nm gold patch at the center. One could
have argued that such minor inclusion should have had negligible influence in the nonradiative
Purcell enhancement. However, on the contrary, it results into a significant red-shift (~200 nm
shift) of the fundamental peak as shown in Figure S1 of the Supplementary Information, which
can be explained by looking at the transformed space and the absence of mirror symmetry

compared to the two nanostructures considered in the main body of this manuscript.

Total lehgth (I

Figure 2. Schematic representation of the Gap bowtie nanocavity (a) and diabolo nanoantenna
(b) along with their corresponding transformed multislab geometries (b and d, respectively)

after applying the conformal mapping technique.

Due to the conformal mapping and the quasi-static treatment, the material properties and

potentials ¢(x,y) = ¢(x’,y’) are preserved in both z and z’ scenarios, and thus, the dissipated

power 1is identical in both original and transformed frames P;Z;’y D= Pa(;:;y ) In the multislab

geometry, it can be calculated as Pa(l’f;y ) = Py = —(1/2)w{p;Ef (x,¥) + pyEsy (x, y)} where

P, 1s the nonradiative power emission, o is the angular frequency, px and p, are the components

of the dipole moment with magnitude | p | and E5,(x,y) and E3,(x,y) are the components



of the electric field within the spatial region where the line dipole source is present (see Figure
2 and Methods section for more details). The power radiated by the nanoemitter can be

calculated as Py = —(1/16)w>y,|p|* with 1, as the permeability in free space. Finally, the

nonradiative Purcell enhancement can be analytically calculated as 75, = P,,-/P,. In all the
calculations here shown, an intrinsic quantum yield of 1 is used for the emitter in order to relate
the nonradiative decay of the emitter with the power absorbed by the diabolo nanoantennas and
bowtie nanocavities 28. The complete analytical solution can be found in the Methods section.
Based on this, the analytical results of the nonradiative Purcell enhancement for both diabolo
nanoantennas and bowtie nanocavities considering 6’ = 20° and 0’ = 45° under vertical and
horizontal polarization of the nanoemitter are also shown as symbols in Figure 1, where an
agreement with the numerical calculations is observed. A small discrepancy of ~3% can be
observed between the nanoantennas and nanocavities for the vertical polarization in Figure 1a,c
though, which fades away as the /’ is reduced (Figure le). Given the orientation of the
nanoemitter with respect to the multislab geometry, the vertical polarization favors radiation
compared to the horizontal polarization, as section ‘Moving the nanoemitter along x” axis’ will
demonstrate. Thus, the limit of the quasi-static treatment is more stringent for the vertical

P(ny)

polarization and our initial assumption P,;

= P, starts to break down.

Although all the above and subsequent findings are for nanostructures that are invariant in
the third dimension, the knowledge gained is directly applicable to real-world scenarios (i.e.
nanostructures that are not invariant in the third dimension). To highlight this, several 1 nm
thick nanocavities and diabolo nanoantennas illuminated by a nanoemitter were numerically
evaluated for different nanoemitter’s polarizations, see Figure S2 in the Supplementary

Information. The peaks of nonradiative Purcell enhancement for the 1 nm thick nanoantennas

and corresponding nanocavities were found at the same wavelengths, in agreement with the



findings of the main body of this manuscript for nanostructures that are invariant in the third

dimension.

Self-induced trapping potential

To further evaluate the hidden symmetry present in both nanostructures, it is also interesting to
discuss the self-induced trapping potential experienced by the nanoemitter when illuminating
both diabolo nanoantennas and bowtie nanocavities. As it was discussed in Figure 1, both
nanoparticles share the same spectral response because of the effect of the hidden mirror
symmetry. However, as shown in Figure 1gh, the field distribution for the LSP modes is
different for each nanostructure. Hence, it could be expected different spatial distributions of
self-induced trapping potential with both nanoparticles due to the fact that this parameter
depends on the spatial distribution of the electric field for each LSP mode?®. To evaluate this, a
line colloidal ZnO quantum dot (QD) with a diameter of 2 nm 2% is considered as the
nanoemitter. A diabolo nanoantenna and bowtie nanocavity with 8’ = 20° is considered and
filled with water (& = 1.77) and the QD is moved within this aqueous region on the (x’,y’) plane.
The potential energy of the ZnO QD when illuminating the nanostructures is evaluated as
Voot (2) = — [(F(z,)dz,) where (F) is the optical force calculated using the Maxwell stress
tensor from the field distribution of each LSP mode. As in 2%, Vpot 18 normalized to kT (ks and
T = 300K as the Boltzmann constant and temperature, respectively) in order to take into account
the Brownian motion because of the aqueous medium where the ZnO QD is located.

With this setup, the results of the self-induced potential experienced by the QD for the LSP
mode of order n = 1 are shown in Figure 3a,b and Figure 3c,d considering a diabolo nanoantenna
and bowtie nanocavity, respectively. For completeness, both vertical and horizontal
photoluminescence are considered, as shown in the first and second column of the same figure,
respectively. From these results, similar to the different electric field distribution discussed in
Figure 1gh, a clear difference in the distribution of the self-induced trapped potential is

10



obtained when considering the diabolo nanoantenna and bowtie nanocavity. In the former case,
the potential increases close to the center of the nanoparticle and decreases when the QD is
moved away from this position with an almost zero value at x” = 9.6 nm (red color in Figure
3a,b). For the bowtie nanocavity, the potential is also increased for positions close to the center
and it is reduced when it is moved away (see x’ = 5 nm in Figure 3c,d). However, once the QD
is moved closer to the external metallic ring the self-induced trapping potential is increased
again (purple region in Figure 3c,d at x "= 9.6 nm). These results are in agreement with previous
findings where it is expected to obtain a stable self-induced trapping potential close to the
metallic regions and mainly at the center of the bowtie nanoantennas and nanocavities where
the field gradient is higher *®. Hence, despite the fact that both nanostructures have the same
spectral response in terms of the cut-off frequency of the LSP modes (as shown in Figure 1),
the trapping potential experienced by the QD will also depend on its location when illuminating

the nanoparticles.
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Figure 3. Normalized self-induced trapping potential distribution considering a ZnO colloidal
QD with a diameter of 2 nm located inside of a diabolo nanoantenna (a,b) and bowtie nanocavity

(c,d) with 8’ = 20°, photoluminescence polarized vertically (a,c) and horizontally (b,d).
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This performance can also be analytically described in terms of the different LSP modes
excited in both diabolo nanoantenna and bowtie nanocavity. In the analytical approach, the LSP
modes in the transformed multislab geometry (Figure 2c,d) are discretely distributed in the
spectrum. This is due to the fact that the nanostructures under study have finite dimensions.
Hence, it is possible to calculate the number of modes excited in each nanoparticle as well as
their cut-off wavelength (see Methods section for more details). The analytical results of the
number of LSP modes supported by both diabolo nanoantenna and bowtie nanocavity with 6’
= 20° are shown in Figure 4a,b, respectively, for both vertical and horizontal polarization of the
nanoemitter. As observed, higher number of modes are supported by the nanocavity compared
to the nanoantenna for both polarizations of the nanoemitter. These higher order modes create
field gradients which are then translated into zones of high self-induced trapped potential at the
metal-dielectric interfaces %%, This performance explains why there are more trapping regions
with the nanocavity compared to the nanoantenna (as described before in Figure 3). For the
sake of completeness, the analytical results of the cut-off wavelength for diabolo nanoantennas
and bowtie nanocavities with §” = 20° and 6’ = 45° are shown in Figure 4c,d under vertical and
horizontal polarization of the nanoemitter, respectively. A clear symmetric response is also

obtained between both nanostructures and the modes of order n > 3 are agglomerated close to

the SP wavelength (Asp).
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the nanoemitter.

Moving the nanoemitter along the x’ axis

In this section the influence of the location of the line dipole source along the x " axis is studied.
The nanoemitter is moved from x” = 0.8 nm to x’ = 9.7 nm with a step of 4x’ = 0.1 nm. The
diabolo nanoantenna and bowtie nanovavity (with 6’ = 20°) are studied under both vertical and
horizontal polarization of the nanoemitter (see schematics in the first row of Figure 5). The
analytical results of the 75, spectra as a function of the nanoemitter location along the x " axis
are shown in the second row of Figure 5. The numerical results of the 7;,, are also shown in the
third row from the same figure demonstrating a good agreement with the analytical values. As

it is shown, the same trend as the case of the self-induced trapping potential experienced by the
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QD (Figure 3) is obtained. For instance, under vertical polarization of the nanoemitter (first and
second column of Figure 5) the 7;,,. of the fundamental LSP mode of order n = 1 for both bowtie
nanocavity increases for positions close to their center and near the external metallic ring while
it decreases in between these two extremes (x’ ~ 6.4 nm), see Figure 5e,i. On the other hand,
for the diabolo nanoantenna, the 7, for the same LSP mode is also increased for positions of
the nanoemitter near its center but it is reduced when it is moved away along the x " axis, Figure
5f,j. The same performance is obtained under the horizontal polarization of the nanoemitter for
both bowtie nanocavity and diabolo nanoantenna (Figure 5g,k and Figure 5h,i, respectively).

For completeness, the numerical results of the radiative Purcell enhancement (73 ) as a
function of position of the nanoemitter along the x’ axis are shown in the fourth row of Figure
5 for both nanoparticles under vertical and horizontal polarization of the line dipole source. The
T is calculated as the ratio between the power scattered by the nanoparticle and that radiated
by the nanoemitter alone (7. = P./P,) ?"*%%*. The I, is more than three orders of magnitude
(10°) higher than the 7, for both diabolo nanoantenna and bowtie nanocavity under both
polarizations of the nanoemitter. These results confirm the initial assumption that radiation is
negligible.

Finally, to quantitatively study the performance of the nanostructures when moving the
nanoemitter along the x” axis (Figure 5), the analytical and numerical results of the 7, for both
bowtie nanocavity and diabolo nanoantenna for three postions of the nanoemitter (x’= 0.8 nm,
x’=3.6 nm and x’= 9.6 nm) are shown in Figure 6a,b and Figure 6¢.d, respectively, when they
are illuminated under vertical (first column) and horizontal (second column) polarization of the
emitter. Good agreement is obtained between both analytical and numerical results. Let us first
evaluate the performance of the fundamental LSP mode of order n» = 1. For the bowtie
nanocavity under vertical polarization (Figure 6a), the 77, has a value of 2.3 x 10°> when the

nanoemitter is near the center (x’ = 0.8 nm), it is reduced to 9.6 x 10° at x’ = 0.8 nm and then it
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is increased to 1.7 x 10* at x "= 9.6 nm because of the exterior metallic ring, as discussed before).
In contrast, for the diabolo nanoantenna (Figure 6¢), the 75, at the fundamental LSP mode has
a value 0of 9.02 x 10°, 7 x 10 and 1.09 x 10? when the nanoemitter is at x’ = 0.8 nm, x’ = 3.6
nm and x’ = 9.6 nm, respectively, demonstrating that the 7, always decreases when moving
the nanoemitter away from the center of the nanoantenna along the x’ axis. Under horizontal
polarization of the nanoemitter, the 7, for the bowtie nanocavity (Figure 6b) has a value of
6.7 x 10%,3.1 x 10° and 1.4x 10> when the nanoemitter is at x’= 0.8 nm, x’ = 3.6 nm and x’ =
9.6 nm, respectively. For the nanoantenna (Figure 6d), the 7;,,, again decreases when moving
the nanoemitter far away from the nanoantenna’s center with values of 7.2 x 104, 9.6 x 10? and
2.7x 10! for the same positions along the x axis, respectively.

From the results shown in Figure 6, it is also interesting to observe how the 75, for the higher
order LSP modes increases for the bowtie nanocavity when the nanoemitter is near the outer
metallic ring while it always decreases for the diabolo nanoantenna. For instance, for the bowtie
nanocavity the LSP mode of order n = 2 under vertical polarization of the nanoemitter (Figure
6a) has a value of 7;,, of 8.6 x 10?, 4.8 x 10?and 9.2 x 10’ at x’= 0.8 nm, x’=3.6 nm and x’ =
9.6 nm, respectively. On the other hand, the values of 75, for the diabolo nanoantenna are 1.5
x 10%, 1.7 x 10% and 3.2 x 10, at the same positions of the nanoemitter along the x’ axis,
respectively. The same trend is observed for the horizontal polarization. These results are as
expected due to the fact that higher number of LSP modes are supported by the bowtie
nanocavity compared to the diabolo nanoantenna (as described before in Figure 4). Hence, their

I, will be increased near the exterior metal-air interface.
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Figure S. Schematic representation of the bowtie nanocavity (a,c) and diabolo nanoantenna
(b,d) under vertical (a,b) and horizontal (c,d) polarization of the nanoemitter. The green arrows
represent the nanoemitter, whereas the red arrows indicate the direction along which the dipole
is moved. Analytical (second row) and numerical (third row) results of the 75, for the bowtie
nanocavity (first and third columns) and diabolo nanoantenna (second and fourth columns) with
6’ = 20° and a vertical (first and second columns) and horizontal (third and four columns)
polarization of the nanoemitter when it is located at y’= 0 nm and moved along the x” axis. (m-
p) Numerical results of the 7. for the bowtie nanocavity (m,0) and diabolo nanoantenna (n,p)

under vertical (j,k) and horizontal (I,m) polarization of the nanoemitter.
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Figure 6. Analytical (symbols) and numerical (solid lines) results of the 75, for a bowtie
nanocavity (a,b) and diabolo nanoantenna (c,d) with §” = 20° illuminated with a nanoemitter
with vertical (a,c) and horizontal (b,d) polarization placed at y’= 0 nm and x” = 0.8 nm (light

blue and light red), x* = 3.6 nm (dark blue and yellow) and x” = 9.6 nm (black and dark red).

CONCLUSIONS

Counterintuitively, the Purcell enhancement of a nanoemitter in the vicinity of a plasmonic
nanostructure does not change if such nanostructure is a diabolo nanoantenna or bowtie
nanocavity. This symmetric response for complementary nanostructures cannot be explained
in terms of Babinet’s principle and full-wave simulations are not of any help to understand the
underlying physics. Such symmetric response has been explained unequivocally here
resorting to conformal transformation, whereby the hidden symmetry responsible for the
identical Purcell enhancement has been unveiled in the suitable coordinate system. The
manuscript has also shown that such hidden symmetry governs to certain extend the optical

forces experienced by the nanoemitter. Hence, the manuscript illustrates the need of analytical
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methods like conformal transformation to make progress in the understanding of plasmonics

and its applications.

METHODS
Analytical solutions multislab geometries

Here, the multislab geometries shown in Figure 2 are solved. Due to the fact that the diameter
of the diabolo nanoantenna and bowtie nanocavity is considerably smaller than the illuminating
wavelength (I << Ay) the near field approximation can be applied. Within this context, the
magnetic and electric fields are decoupled and the latter can be described by an electrostatic
potential satisfying Laplace’s equation. Given that L; + L> >> @°, as depicted in the multislab
geometries from Figure 2, the primary LSP modes excited in the comb are those propagating
along the x-axis ****. After applying the conformal mapping, the classical line dipole
illuminating the nanostructures in Figure 2a,c is transformed to an array of line dipoles with
periodicity of 2x in the multislab scenario with amplitudes depending on the classical line dipole

z’-position. In the transformed space, the amplitude of the dipoles as a function of the classical
line dipole z’-position is p = };' %, with a as the distance from the dipole to the center of the
diabolo nanoantenna and bowtie nanocavity >’. These considerations are taken into account for

the analytical evaluation of the multislab geometries shown in Figure 2. The derivations are

shown in the following sub-sections.

Multislab geometry mimicking the gap bowtie nanocavity
Here the analytical formulation for the geometry shown in Figure 2a,b is derived. The
electrostatic potentials outside and inside of the metallic slabs in Figure 2b can be calculated as

a sum of all the discrete transverse modes, as follows:
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! ikx —ikx+2ikL,+iAg
Lk [1+e2ik(L1+L2)+iAgo1+iA¢2 (e —e 1)

X (A,e™ + B,e™ + B_e")], (1)
O<y<d;

1 ikx —ikx+2ikL,{+iAp
Lk [1+e2ik(L1+Lz)+iA¢1+iA¢2 (e —e 1)

X (A_e® + B.e™ + B_e")], 2)
—-d, <y<0

! ikx —ikx+2ikLy+idp
2k [1+e2ik(L1+L2)+iA¢71+iA(p2 (e —e 1)

X (Epe™ + E_e')], 3

: Lk —ikx+2ikLy +iA
Zk [1+ezik(L1+L2)+iA¢z1+iA(p2 (el X _ p—ikx+2ikLy+i %)
X (Cre™ + Ce™)), @

L ik —ikx+2ikLi+iA
Zk |:1+€2ik(L1+L2)+iA¢1+iA(/;2 (el X _ p—ikx+2ikLy+i (/’1)
X (D™ + D_e")], (5)

—(d; +d3) <y <—d,

where £ is the wavenumber of the transverse LSP modes; the pairs (B+, B-) and (E+, E-) are
the coefficients defining the scattering potential in the region where the dipole is present (d> <
y <d) and absent (d> + d;), respectively; C+, C-, D+ and D- are the coefficients associated to
the potential inside the metallic slabs (d3), Ad1 and A¢» are the phase corrections applied to take
into account the non-perfect reflections that the surface plasmons experience at the right
metallic wall and left air region (which are not trivial and depend on both 6’ and frequency °,

respectively; A+ and A- are the expansion coefficients of the incident potential which can be
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calculated by expanding the potential of the dipole nanoemitter along the x-axis via a Fourier
transform:

A, = +py—ipxsgn(k) ©)

28
where ¢y is the permittivity in free space and p, and p, are the two components of the dipole
moment along the x- and y-axis, respectively. Finally, the wavenumber & can be calculated as
follows:

_ (n7—0.54¢,-0.54¢,)

k (7)

The procedure to calculate the constants B+, C+, D+ and E+ has been used to analyze other

27,28,54 and it

types of nanostructures such as bowtie and tripod nanoantennas and nanocavities
is presented here for completeness. The mathematical expressions defining these constants can
be calculated by applying boundary conditions at each metal/dielectric interfaces: I) the
continuity of the tangential component of the electric field (£x) at the boundaries d> + d3, d2, di
and d; + 2d> + 2d3 and II) the continuity of the normal component of the displacement current

D, = D,, = g4, E, at the same boundaries, as follows:

E+ek(d2 +d3) + E_e—k(dz +d3)

_D+ek(d2+d3)_D_e—k(d2+d3) =0 (8)
E+ek(d2+d3) — E_e—k(d2+d3)
—EAuD+ek(d2+d3)+€AuD_€_k(d2+d3) =0 (9)
A_e ¥4z 4 B _ekd2 B _g~kd2 10
—D,e*%2—p_e~kdz = (10)
A_e7kd2 _ B gkd2 4 B o=kda
iy (11)

+&,D €52 —Dgy, ek =0
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Aye %4 4 B ek 4 B ekds

_C+ek(d1+2d2+2d3) _ C_e—k(d1+2d2+2d3) — 0 (12)
A,e7kd1 4 B e7kd1 _ B gkds 13
_8AuC+ek(d1+2d2+2d3) + 8AuC_e—k(d1+2d2+2d3) — O ( )
E+ek(d1+2d2+d3) + E_e—k(d1+2d2+d3)
_E ek(d1+2d2+d3) + E_e—k(d1+2d2+d3)
y (15)

+€AuC+ek(d1+2d2+d3) — gAuC_e—k(d1+2d2+d3) — 0

where €au is the permittivity of the plasmonic metal used in this work (gold). The solution of
each constant is not shown here for the sake of brevity. However, they can be straightforwardly
calculated either manually or with a mathematical software. The resonant condition and the cut-
off wavelength for the LSP modes shown in Figure 4 can be calculated taking into account the
divergence of the coefficient of the scattered potential in the region where the dipole is present
(B+) and corresponds to that shown in %5,

Once all the coefficients have been defined, the solutions of the potential where the dipole is

and is not present (¢;° and ¢°, respectively) can be calculated by using an inverse transform to
p P y y g

the induced potentials:

21 = 0 Y,{px[sin(kx) + sin(kx — 2kL, — Ag,)]
+py[cos(kx) — cos(kx — 2kL, — Ap, )|} (16)
X (Bye ™ + B_e")]
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¢gl = 0 Yo {px[sin(kx) + sin(kx — 2kL, — A(pl)]
+p, [cos(kx) - cos(kx — 2kL, — Agol)]} a7
X (E,e™™ + E_e'))]

with Q = 1/2¢&,(L; + L) . Following the same procedure, the expressions defining the
potentials for the top and bottom arms of the Bow-tie nanocavity (¢/™ and ¢™, respectively)

can be calculated as follows:

™ = 0 Safpa[sinCi) + sin(kx — 2KL; - 4,)]
+py [cos(kx) — cos(kx — 2kL; — A¢1)]} (18)
X (C+e_ky + C_e")]

4y = 0 Eufpi[sinGix) + sin(kx - 2K, = 4p,)

+py [cos(kx) — cos(kx — 2kL, — Ag, )]} (19)
X (Dye™ Y + D_e*¥)]

The analytical expressions for the components of the electric field along the x- and y- axes
outside and inside the metallic slabs can be obtained by simply differentiating the potentials

from Equation 16-19, as follows:

Eiy = —kQ Y o{ps[cos(kx) + cos(kx — 2kL, — Ap, )]
—Py[sin(kx) — sin(kx —2kL, — Agol)]} (20)
X (B,e % + B_e"¥))]

E5y = —k2 Yp{py[cos(kx) + cos(kx — 2kL; — Ap, )]
—py[sin(kx) - sin(kx —2kL, — A(pl)]} (21)
X (Epe ™™ + E_e*)]
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ETt = —k2 Yp{px[cos(kx) + cos(kx — 2kL, — Ap, )]
—py[sin(kx) — sin(kx — 2kL, — A(pl)]} (22)
X (Cye ™ + C_e*)]

ETY = —kQ Yo {px[cos(kx) + cos(kx — 2kL; — Agol)]
—py[sin(kx) — sin(kx — 2kL, — Agol)]} (23)
X (Dye ™ + D_e¥)]

EPy = —kQ Y u{ps[sin(kx) + sin(kx — 2kL; — Ag, )]
+py [cos(kx) — cos(kx — 2kLy — Ap,)]} (24)
X (=B,e " + B_e")]

E5) = —kQ You{px[sin(kx) + sin(kx — 2kL; — Agol)]
+py[cos(kx) — cos(kx — 2kL, — Ap, )|} (25)
X (—E,e™ + E_e")]

EPt = —kQ S o{px[sin(kx) + sin(kx — 2kL, — Ap,)]
+py [cos(kx) — cos(kx — 2kL, — Agp, )|} (26)
X (=C,e 8 + C_e")]

ERL = —k0 ¥ o{py[sin(kx) + sin(kx — 2kL, — 4p,)]
+py [cos(kx) — cos(kx — 2kL, — Agp, )|} 27)
X (=D,e % + D_e*)]

Multislab geometry mimicking the connected diabolo nanoantenna
Here the analytical formulation for the geometry shown in Figure 2c,d is derived following
the same procedure shown in the previous section. The electrostatic potentials outside and

inside of the metallic slabs in Figure 2d can be defined as follows:
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1 ikx —ikx+2ikL,+iAgp
Zk [1+ezik(L1+L2)+iAgo1+iA:p2 (e te 1)

x (A,e™™ + B.e ™ + B_e")), (28)
O<y<d;

1 ikx —ikx+2ikL,+iAgp
Zk [1+ezik(L1+L2)+iAga1+iA(p2 (e te 1)

x (A_e®™ + B,e ™ + B_e")], (29)
—-d, <y<o0

1 ikx —ikx+2ikL,+idg
Xk [1+ezik(L1+L2)+iA¢z1+iA(p2 (e te ! 1)

X (Epe™™ + E_e)], (30)
—(d;+2d, +d3;) <y<—(d,+d53)

1 ikx —ikx+2ikL,+idg
Yk [1+ezik(L1+L2)+iAgol+iA<p2 (e +e ! 1)

X (Cye ™ + C_e™)], (31)
—(dy+2d, +2d3) <y < —(d; +2d, +d3)

1 . . . .
ikx —ikx+2ikL,+iAg
2k [1+ezik(L1+L2)+iA¢1+iA(p2 (e te 1)

X (Dye ™ + D_e*”)], (32)
—(d; +d3) <y<-—d,

where the A+, B+, C+, D+ and E+ are those calculated in the previous section for the gap
bowtie nanocavity. The solutions of the potential where the dipole is and is not present (¢’
and ¢, respectively) and the potentials for the top and bottom arms of the diabolo nanoantenna

(4™ and ¢.™) can be calculated by using an inverse transform to the induced potentials:

¢f2 =1 Zn{px [sin(kx) — sin(kx — 2kL, — Agpl)]
+py[cos(kx) + cos(kx — 2kL, — Ag, )]} (33)
X (Bye™* + B_e*¥)]
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& = 0 o{pe[sin(kx) — sin(kx — 2kL, — Agp,)]
+py[cos(kx) + cos(kx — 2kL; — Agol)]} (34)
X (E+e‘ky + E_eky)]

#? = 2 Y p{ps[sin(kx) — sin(kx — 2kL, — Ap,)|
+py[cos(kx) + cos(kx — 2kL; — Agol)]} (35)
X (Cye ™™ + C_e*)]

¢;n2 = 0 Yn{px[sin(kx) — sin(kx — 2kL; — A(pl)]
+py [cos(kx) + cos(kx — 2kL, — Ag, )|} (36)
X (Dye™ Y + D_e*¥)]

Finally, after differentiating the potentials from Equation 33-36, the x- and y- components of

the electric field outside and inside the metallic slabs are as follows:

EfZ = —k Yp{pe[cos(kx) — cos(kx — 2kL, — Ap, )]
—py[sin(kx) + sin(kx — 2kL, — Ap,)]} (37)
X (Bye™™ + B_e*”)]

E5Z = —k2 Yp{py[cos(kx) — cos(kx — 2kL; — Ap, )]
—Dy [sin(kx) + sin(kx —2kL; — Agol)]} (38)
X (Epe ™ + E_e")]

ET? = —kQ Yu{px[cos(kx) — cos(kx — 2kL, — Ap,)|
—py[sin(kx) + sin(kx — 2kL, — Ap,)]} (39)
X (Cre™ + C_e™)]

ET? = —k0 Y p{px|[cos(kx) — cos(kx — 2kL, — Agpl)]
—py[sin(kx) + sin(kx — 2kL, — A¢1)]} (40)
X (Dye™™ + D_e*¥))]
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EPZ = —kQ Y u{ps[sin(kx) — sin(kx — 2kL; — Ag, )]
+py [cos(kx) + cos(kx — 2kL, — Ag, )|}
X (—B,e™® + B_e"¥)]

ES% = —k Znfpx[sinCkx) — sin(lex — 2kLy — A,)]
+py [cos(kx) + cos(kx — 2kL, — Ap, )]}
X (—E e + E_e")]

ET* = —kQ Yu{py[sin(kx) — sin(kx — 2kL; — A, )]
+py [cos(kx) + cos(kx — 2kL, — Ag, )]}
X (=Cpe ™™ + Cc_e)]

E;r;/z =—k0 Zn{px[sm(kx) - Sin(kx — 2kl - A(pl)]
+py [cos(kx) + cos(kx — 2kL, — Ap, )]}
X (—=Dye ™k + D_e*¥)]

Phase corrections under vertical and horizontal polarizations of the nanoemitter

(41)

(42)

(43)

(44)

The procedure to obtain the values of 4¢; and 4¢: is performed by fitting the analytically

calculated wavelength of the fundamental LSP mode (n = 1) to the numerical results, as follows:

For the gap bowtie nanocavity shown in Figure 2a,b, the bowtie nanocavity without a gap

(diabolo nanocavity) 2® is studied first. Due to the fact that such nanocavity has metal walls at

both edges, it is only needed to estimate one phase correction (namely 4¢). It is extracted by

fitting the analytical to the numerical wavelength of the bowtie nanocavity. Then, this 4¢ is

used as 4¢; for the gap bowtie nanocavity from Figure 2a,b since it corresponds to the complex

reflection at the metal edge [right hand side of the multislab geometry from Figure 2b]. Once

this is done, the only unknown left is 4¢> (which accounts for the complex reflection at the gap

between the two arms of the gap bowtie nanocavity [left edge from the multislab geometry of
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Figure 2b]. This 4¢> is then estimated by fitting the analytical to the numerically-computed
wavelength of the gap bowtie nanocavity fundamental LSP mode. The values of 4¢; and 4¢>
as a function of the angular aperture of the arms (@) for both vertical and horizontal polarization
of nanoemitter are shown in Figure 7a,b and Figure 7c,d, respectively, and can be

mathematically described as follows:

Ap, (), = 0.36 {1+e[16-2?6(2-°-66)]} (45)
Ap,(8), = 0.96 — {1+e[72'(?_11&81)]} (46)
Ap, (), = 2.05 — W 7)
Ap,(6)), = 0.83 — {1+e[7'60(.;7_23'48)]} (48)

A similar process is used to calculate the values of 4¢; and 4¢, for the connected diabolo
nanoantenna shown in Figure 2¢,d. For this structure, the gap bowtie nanoantenna >* is studied
first.

Since such nanoantenna has no metallic walls at the edges (open-ended), it is only required
to obtain again one phase correction, A4¢. It is extracted by fitting the analytical to the numerical
wavelength of the gap bowtie nanoantenna. Then, this 4¢ = A4¢; for the connected diabolo
nanoantenna from Figure 2c since it corresponds to the complex reflection at the open-ended
edge [right hand side of the multislab geometry from Figure 2d]. Finally, the unknown 4¢;
[corresponding to the complex reflection at the left edge from the multislab geometry of Figure
2d]. This 4¢: is then estimated by fitting the analytical to the numerically-computed wavelength
of the connected diabolo nanoantenna fundamental LSP mode. The values of 4¢; and 4¢> as a
function of the angular aperture of the arms (8°) for both vertical and horizontal polarization of
nanoemitter for the connected diabolo nanoantenna are shown in Figure 7e,f and Figure 7g,h,

respectively, and can be mathematically defined as follows:
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Figure 7. Phase correction 4¢; (first and third rows) and 4¢> (second and third rows) as a
function of 6’ for bowtie nanocavities (first and second rows) and diabolo nanoantennas (third
and fourth rows) under vertical (first column) and horizontal (second column) polarization of

the nanoemitter.
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