UNIVERSITYOF
BIRMINGHAM

iversit}/]ofBirmin am
esearch at Birmingham

The Local Structure Theorem, the non-characteristic

2 case
Parker, Chris; Stroth, Gernot

DOI:
10.1112/pIms.12291

License:
Other (please specify with Rights Statement)

Document Version
Peer reviewed version

Citation for published version (Harvard):
Parker, C & Stroth, G 2020, 'The Local Structure Theorem, the non-characteristic 2 case', London Mathematical
Society. Proceedings , vol. 120, no. 4, pp. 465-513. https://doi.org/10.1112/plms.12291

Link to publication on Research at Birmingham portal

Publisher Rights Statement:

This is the accepted version of the following article: Parker, C & Stroth, G. (2020) 'The Local Structure Theorem, the non-characteristic 2
case', London Mathematical Society. Proceedings, vol. 120, no. 4, pp. 465-513, which has been published in final form at
https://doi.org/10.1112/plms.12291

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@Ilists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 17. Apr. 2024


https://doi.org/10.1112/plms.12291
https://doi.org/10.1112/plms.12291
https://birmingham.elsevierpure.com/en/publications/ce711086-def7-497f-9676-7e63b844829d

THE LOCAL STRUCTURE THEOREM, THE
NON-CHARACTERISTIC 2 CASE

CHRIS PARKER AND GERNOT STROTH

ABSTRACT. Let p be a prime, G a finite K,-group, S a Sylow p-
subgroup of G and @ be a large subgroup of G in S. The aim of
the Local Structure Theorem [11] is to provide structural informa-
tion about subgroups L with S < L, O,(L) # 1 and L £ Ng(Q).
There is, however, one configuration where no structural informa-
tion about L can be given using the methods in [11]. In this paper
we show that for p = 2 this hypothetical configuration cannot oc-
cur. We anticipate that our theorem will be used in the programme
to revise the classification of the finite simple groups.

1. INTRODUCTION

The proof of the classification of the finite simple groups took dif-
ferent directions depending upon the structure of normalizers of non-
trivial 2-subgroups. Such subgroups are called 2-local subgroups. If M is
such a 2-local subgroup, then there are two possibilities Cy(O5(M)) <
Oy(M) or Cp(O2(M)) £ Oo(M). In the former case, we say that M
has characteristic 2. If all the 2-local subgroups of a finite group G
have characteristic 2, then we say that G is of local characteristic 2.
The classification divides into the investigation of groups which are of
local characteristic 2 and those which are not. In the latter case the
objective is to show that there is a 2-local subgroup which has a fairly
simple structure (a subnormal SLy(q), standard subgroups). One of the
main obstructions for proving the existence of such a 2-local subgroup
is the existence of non-trivial normal subgroups of odd order in 2-local
subgroups. A new approach due to M. Aschbacher (for an overview see
[1, Chapter 2]) using fusion systems avoids this problem. The first steps
of this programme can be found in a preprint [2].

For groups of local characteristic 2, the problem is the complexity
of the structure of the 2-local subgroups. In the original classification,
to avoid this complexity problem the strategy was to move to p-local
subgroups for suitable odd primes p, which then eventually have a fairly

restricted structure similar to standard subgroups.
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In the years following the classification, methods for working with
2-local subgroups of groups of local characteristic 2 have been refined
and developed. These new methods inspired a novel approach to the
classification of groups of local characteristic 2 initiated by U. Meier-
frankenfeld, B. Stellmacher and G. Stroth (see [10] for an overview), the
MSS-programme for short, which stays in the 2-local world and intends
to pin down the structure of G. The Local Structure Theorem [11] pro-
vides information about important subgroups and quotients of certain
2-local subgroups and further work is in progress. A tempting possibil-
ity is that there is a bridge between Aschbacher’s programme and the
MSS-programme which means they can be merged to give a new proof
of the classification of the finite simple groups. One of the purposes of
this paper is to build part of such a bridge.

We now explain how these two programmes can possibly be joined.
For this we have to say a little bit more about Aschbacher’s approach.
As an example, let us assume that we have a 2-local subgroup M =
2 x Alt(5). Then our target simple group is the sporadic simple group
J1, but the groups SL(16):2 and Alt(5) 2 2 also have such a 2-local
subgroup, of course they are not simple. However to detect this fact
takes a lot of work. To avoid this problem Aschbacher assumes that
M contains an elementary abelian 2-subgroup of G of maximal or-
der. With this extra condition J; is the unique solution (assuming
O2(G) = O(G) = 1). The problem is that an approach to the classifi-
cation based on Aschbacher’s new work no longer has the tidy division
into two cases: local characteristic 2 or not local characteristic 2. To
take the discussion further, we introduce the notion of parabolic char-
acteristic 2. This means that we require M has characteristic 2 only for
those 2-local subgroups M of odd index in G. If we could classify the
groups of parabolic characteristic 2, then this would be a counterpart
to Aschbacher’s work and together they would provide an alternative
proof of the classification. At the moment providing such classification
seems to be out of reach. However, it is also more than is required.
Fix S € Syl,(G) and recall the Baumann subgroup of S is defined to
be B(S) = Cs(21(Z(J(S))). For a saturated fusion system F on a
2-group T', Aschbacher considers components of C'z(t) where ¢ is an in-
volution with mq(T) = ma(Cr(t)) (see [2, page 5]). So, if Aschbacher’s
programme is successful, then we can assume that C(t) has character-
istic 2 for all involutions in £ (Z(J(S))). Hence, if we could determine
the groups in which every 2-local subgroup containing B(.S) has char-
acteristic 2, then we could meld the two programme and produces an
alternative proof of the classification. Such groups are called groups of

Baumann characteristic 2.
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So far the investigation in MSS focuses on groups which possess
a large subgroup @ (the exact definition will be given later on). A
consequence of the existence of such a group is that G has parabolic
characteristic 2. The Local Structure Theorem in [11] gives information
about the structure of groups of parabolic characteristic 2, which have
a large subgroup @. In fact this has been done for arbitrary primes p.
For a p-local subgroup M of characteristic p, there is a unique non-
trivial normal elementary abelian p-subgroup Yj; maximal subject to
O,(M/Cyn(Yy)) = 1. The Local Structure Theorem gives informa-
tion about Yj; and the action of M/Cy(Yy) on Yy, provided @ is
not normal in M and M contains a Sylow p-subgroup of G. To take
the investigation further there are two cases to be investigated. Either
Yy £ @ for some such M or Yy, < @ for all such M. In both instances
define

H=(K|O,(K)#1,5 < K).

In the first case, the H-Structure Theorem (work in preparation) builds
on the Local Structure Theorem and determines the group H. Using
this, for p = 2, F*(G) can be identified. If p is odd, then either F*(G)
is determined, or F*(H) is demonstrated to be a group of Lie type in
characteristic p and rank at least three, or H is a weak BN-pair. Up
to this point the MSS-programme fits well with Aschbacher’s point of
view. In the second case, Yy, < @ for all M, and again we intend to
determine the group H. For this, the first question is: which of the p-
local subgroups from the Local Structure Theorem can show up? This
has been partly answered in [9, 12] but only under the assumption that
G has local characteristic p and this assumption is not compatible with
Aschbacher’s approach. Hence we must replace it by a more applicable
premise. The starting point for [9, 12] is [11, Corollary B] which lists
the cases from the Local Structure Theorem which may appear when
Yy < @Q and G is of local characteristic p. Using this information [9, 12]
basically exclude what is called the wreath product case in the Local
Structure Theorem. From now on assume that p = 2 as this is the
relevant prime for Aschbacher’s approach. The first question is: what
happens if we remove the assumption of local characteristic 2 in [11,
Corollary B]? The answer is that two further configurations for the
group M appear. One is that M/Cy;(Yyr) induces the natural O3 (2)-
module on [Yy,, M]. This possibility has been handled by Chr. Proseler
[15] in his PhD thesis. The second is that [11, Theorem A (10-1)] holds
and this is the situation handled in this paper. We will show that no
groups satisfy this hypothesis. Hence we may investigate the proofs

of [9, 12] starting with the same set of possible 2-local subgroups as
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provided by [11, Corollary B]. However the proofs in [9, 12] also exploit
that G has local characteristic 2 but only for 2-local subgroups K which
contain the Baumann subgroup B(S). Hence the local characteristic 2
assumption can be replaced with Baumann characteristic 2 and we
then obtain the same conclusion as in [9, 12]. Therefore, provided we
can prove the analogue of the H-structure theorem in the case that
Yy < @ for all M when G has Baumann characteristic 2, we will have
a companion to Aschbacher’s approach.

To explain further the context of the results in this article, we give a
simplified overview of the Local Structure Theorem for the particular
case when p = 2 and then outline the contribution of the research in
this paper. We work in an environment compatible with being a counter
example to the classification. Thus we call G a Ko-group if and only
if every simple section of every 2-local subgroup of G is in the set of
known simple groups K where K consists of the groups of prime order,
the alternating groups, the simple groups of Lie type and the sporadic
simple groups.

A subgroup @ of S is called large if

e Q= 0:(Ng(Q));
e Ca(Q) < Q; and
e for any 1 # A < Z(Q) we have that ) is normal in Ng(A).

For K < H < (G we define
La(K) = {K < L < H | Oy(L) #1,Cu(0x(L)) < Os(L)}.

As we asserted earlier, the existence of the large subgroup @) implies
that G has parabolic characteristic 2 and so, in this case, L5(S) con-
tains all of the 2-local subgroups of G which contain S. Define 9t (5)
to be the subset of L5(.S) which contains the subgroups M € Lg(S)
such that, setting MT = MCq(Ya),
o Lo(M) = Ly (M) and Yy = Yyi; and
o Cu(Yn)/O2(M) < ©(M/O(M)).
For L € L;(S) with L £ Ng(Q), define
L° = (Q").
With these assumptions and notation the Local Structure Theorem
states:
Suppose that G is a Ko-group, S € Syly(G) and S is contained in
at least two maximal 2-local subgroups of G. Assume that Q) is a large
subgroup of G contained in S and M € Ms(S) with M £ Ng(Q).

Then the structure of M°/Cye(Yar) and its action on Yy, are described

unless [11, Theorem A (10-1)] holds.
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So far so good, but what is this mysterious clause (10-1) in [11,
Theorem A]? In this case, all that is proved is that Y), is tall and
asymmetric in GG, but importantly Yj, is not characteristic p-tall in G.
We will now explain in detail what this means, as our intention is to re-
move this restriction to the Local Structure Theorem for the situation
when p = 2 so that the we can provide the bridge to the Aschbacher
project.

Let M € Mg(S) and T € Syl,(C(Yar)). The subgroup Yy, is

e tall, if there exists K with 7' < K < G such that Oy(K) # 1
and Yy € O9(K), and
e asymmetric in G, if whenever g € G and [Ya, Y] < Y NYy,
then [Ya, Yy ] = 1.
Further Yy, is characteristic 2-tall provided

e there is some K with 7' < K < G such that Ck(O9(K)) <
OQ(K) and YM ﬁ OQ(K)

We can now state the theorem we shall prove in this paper

Theorem. Let G be a finite Ko-group and S € Syly(G). Suppose that
S is contained in at least two maximal 2-local subgroups and that Q) is
a large subgroup of G in S. Assume that there exists M € Mg (S) such
that Yy is asymmetric and tall. Then Yy is characteristic 2-tall.

This theorem shows that for p = 2 [11, Theorem A (10-1)] does not
arise for M € M(S5) and so also implies that Theorem A (10-1) of
the Local Structure Theorem does not occur for arbitrary L € L(S)
with L £ Ng(Q) as [11, Theorem A (10-1)] states that there exists
M € Mg(S) with Y, = Yy and L° = M°.

For the proof of the theorem of this paper we assume that there ex-
ists M € Mg(S) with Yy, asymmetric and tall, but not characteristic
2-tall. This means that for T" € Syl,(Cy(Yas)) if K is a subgroup of G
containing 7" with Oy(K) # 1 and Yy £ Oo(K), then Cg(Oz(K)) £
O5(K). Thus there are involutions y € Y, such that C(O2(Ces(y))) £
O5(Cg(y)). We study these centralizers and would like to show that
E(Cqs(y)) # 1. That is, the centralizers have components. The obstruc-
tion to this is the existence of normal subgroups of odd order. The key
for removing this obstacle is that Cs(y) contains a 2-central element z
and, as z € @, using @ large, yields C;(O2(C;(2))) < O2(Ce(z)). This
implies that z inverts any normal subgroup of odd order in Cg(y) and
so such subgroups are abelian. In addition, we prove that |V, > 23 and

we know Yy, < Cg(y). So signalizer functor methods can be employed
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to obtain E(Cg(y)) # 1 (see Lemmas 2.3 and 5.2). The arguments used
to prove this do not transfer to odd primes as in this case we only find
that O, (Cg(y)) is nilpotent and this prevents us demonstrating the
balance condition required for use of the signalizer functor theorem.

From among all the components involved in the centralizers of el-
ements in Yy, we select one, K say, with first |K/Z(K)| maximal
and then |K| maximal. Then from all the elements of Yﬁ; that con-
tain components we select those y that have |E,|-maximal where E), is
the subgroup of E(Cq(y)) generated by components J with J/Z(J) =
K/Z(K) and |J| = |K|. The set of such elements is denoted by V* and
the members of )* are the focus of attention. With these choices, for
y € Y*, Lemma 5.10 shows that, if Cs(y) € Syly,(Ce(y)) and |Cs(y)|
is maximal, then Co,)(E,) is a trivial intersection subgroup of M.
Roughly speaking, the contradictions which lead to the proof of the
Theorem come about by finding that either M normalizes a non-trivial
subgroup of Z(Q) which, as @ is large, contradicts M £ Ng(Q), or
that M is the unique maximal 2-local subgroup containing S which
contradicts the fact that S is contained in at least two such subgroups.
These two observations are encoded in Lemmas 4.5 and 4.11.

We give a little more detail, select y € Y*, fix a component K < E,
and set Lx = Ck(z) where z is an involution in Z(S). Then Lx has
characteristic 2, and the examination of the various possibilities for K
take markedly different routes dependent upon whether or not Ly is
a 2-group. If Lk is not a 2-group, it is often possible to show that
K = E(Cg(y)). Furthermore, Lemma 5.23 asserts that O%(Ly) cannot
act irreducibly on Os(L)/Z(Os(Lk))(the root of this observation lies in
Lemma 4.5). This fact eliminates many candidates for K/Z(K). The
detailed arguments are presented in Sections 7, 8, 9 and 10 where, for
the more difficult cases, the 2-local structure of K plays a central role
in the proof. The data needed for this is provided in Section 3.

By the end of Section 10, we are left with two possibilities. Ei-
ther K/Z(K) = PSL3(4) or K = Sp,(2%). Interestingly in this situ-
ation we are unable to bound the number of components involved in
E,. We quickly prove that Z(K) is elementary abelian and that z €
Q1(Z(S)) < Yy does not project to a root element when K = Sp,(2%).
In Lemma 11.3 we show that the Thompson subgroup of Os(M) is
equal to (SN E,)J(Cs(E,)) and this provides our way into the study
of these cases. We eventually show that M either normalizes £, or
there is a further subgroup K,;; = K which commutes with £, such



that M normalizes E, K, ;. Our objective is to prove that every ele-
mentary abelian normal subgroup of S is contained in Y}, once this is
done the contradiction is provided by Lemma 4.11.

2. PRELIMINARY GROUP THEORETICAL RESULTS

In this section we collect some group theoretical facts that we require.
In this work we assume that all groups are finite. Recall that for a prime
p, a group X has characteristic p provided Cx(0O,(X)) < O,(X) or,
equivalently, if F*(X) = O,(X). Our first lemma which is a conse-
quence of coprime action and the Thompson A x B-Lemma [5, Lemma
11.7] is well-known and plays a critical role in our proof of the Theorem.

Lemma 2.1. Suppose that p is a prime, X is a group, B is a p-subgroup
of X and C is a normal subgroup of B. If Nx(C') has characteristic p,
then Nx(B) and Cx(B) have characteristic p.

Proof. Set A = O, (Nx(B))E(Nx(B)). Then A centralizes B and so
A also centralizes C' < B. Therefore AB < Nx(C') and AB normalizes
P = O,(Nx(C)). We have Cp(B) normalizes A and, as [B, A] = 1,
Cp(B) is normalized by A. Hence

(Cr(B), Al = [Cp(B), A, A] < [0,(A), A] < [Z(E(Nx(B))), A] = 1.

As A is generated by p’-elements, the Thompson A x B-Lemma implies
that A centralizes P and hence A = 1 as Nx(C) has characteristic p.
Therefore F*(Nx(B)) = O,(Nx(B)) and so Nx(B) has characteristic
p. Since F*(Cx(B)) < F*(Nx(B)), we also have Cx(B) has character-
istic p. 0

As an example of how we might use Lemma 2.1 consider the case X
has characteristic p. Then we may take C' = 1, and obtain Nx(B) has
characteristic p.

Lemma 2.2. Let X be a group of characteristic p and 'Y be subnormal
i X. Then'Y is a group of characteristic p.

Proof. If Y is subnormal in X, then F*(Y) < F*(X). Hence F*(Y) is
a p-group. L]

The next lemma will be used to show that certain involutions have
components in their centralizers.

Lemma 2.3. Suppose that X is a group and Y is an elementary abelian

2-subgroup of X of order at least 8. Assume that E(Cx(z)) = 1 for

all x € Y# and that there exists z € Y# such that F*(Cx(z)) =

02(Cx(2)). Then (O(Cx(y)) | y € Y#) has odd order and is normalized
7



Proof. Suppose that a,b € Y# are such that F*(Cx(a)) = O2(Cx(a))
and O(Cx(b)) # 1. Then Cey(a)(b) = Ceyvy(a) has characteristic 2 by
Lemma 2.1. In particular, Cocy ) (a) = 1 and so a inverts O(Cx(b)).
This means that O(Cx(b)) is abelian. Since there exists z € Y# such
that F*(Cx(z)) = O2(Cx(z)), we have O(Cx(b)) is abelian and is
inverted by z for all b € Y.

Suppose that a,b € Y# are arbitrary. We claim that

O(Cx (b)) N Cx(a) < O(Cx(a)).

If F*(Cx(b)) = O2(Cx(b)), then O(Cx(b)) = 1 and there is noth-
ing to prove. Suppose that F*(Cx(a)) = Oy(Cx(a)), then we have
already argued that O(Cx (b)) NCx(a) = 1 and so the claimed contain-
ment also holds in this case. Suppose that O(Cx (b)) # 1 # O(Cx/(a)).
Set U = O(Cx (b)) N Cx(a). Then (b) x U normalizes Oo(Cx(a)) and
[Cosicx(a))(b), U] < O3(Cx(a))NO(Cx (b)) = 1. Thus again the Thomp-
son A X B-Lemma implies that [U, Oy(Cx(a))] = 1. Now consider
UO(Cx(a)). This group is normalized by z and, as z inverts U and in-
verts O(Cx(a)), we have z inverts UO(Cx(a)). But then UO(Cx (a)) is
abelian. Consequently U centralizes F*(Cx(a)) = O(Cx(a))O2(Cx(a))
and so U < O(Cx(a)) as claimed.

As |Y| > 8 by hypothesis, the Soluble Signalizer Functor Theorem
[5, Theorem 21.3] implies that the completeness subgroup

Y = (0(Cx (D) | be Y

has odd order. Finally we note that Nx(Y') normalizes 3 as it permutes
the generating subgroups by conjugation. This completes the proof of
the lemma. U

Recall from [5, Definition 4.5] that a 2-component of a group X is a
subnormal perfect subgroup F' of X such that F'/O(F) is quasisimple.
The subgroup Le/(X) is defined to be the subgroup of X generated by
all the 2-components of X and is called the 2-layer of X. The subgroup
X of X is the last member in the derived series of X.

Lemma 2.4. We have
Oy ) (O(L (X)) = B(X)Z(O(Ly (X)) Oa( Ly (X)).

Proof. Plainly Cr,,x)(O(Ly(X))) > E(X)Z(O(Ly(X)))O2(L(X)).
We may as well suppose that X = Ly (X). Set X = X/O(X) and
C = Cx(O(X)). Then X = E(X) by [5, Proposition 4.7 (iii)]. There-
fore C' is a product of components of X together with Oy(X). Assume

that K < C is such that K is a component in C. Then KO(X) is
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normal in X and K* is a 2-component of X. If K* is not a com-
ponent of X, then O(K*) £ Z(K®). As K < (|, this is impos-
sible. Hence K < E(X). Thus C = E(X)O0,(X) and consequently
C < E(X)03(X)O(X). Using the Dedekind Modular Law we obtain

C = CNEX)Oy(X)O(X) =E(X)O:(X)(CNO(X))
= E(X)0:(X)Z(0(X)),
as claimed. ]

Lemma 2.5. Suppose that K is a component of the group X and T €
Syly(X). If Y is an abelian normal subgroup of T and Y does not
normalize K, then K/Z(K) has abelian Sylow 2-subgroups.

Proof. See [14, Lemma 2.28]. O

Lemma 2.6. Assume that R < G be a 2-group which normalizes the
subgroup P < Ng(R). Set V. = [O5(P),0*(P)] and assume that the
non-central O?(P)-chief factors in V/®(V') are pairwise non-isomorphic.
Then [V, R] < ®(V).

Proof. Set V. =V/®(V). As R normalizes P, R operates on V and, as
R is normalized by P, coprime action yields

[R,0*(P)] = [R,0*(P),0*(P)] < [02(P),0*(P)] = V < Coyp)(V).

Assume R > Cp(V) and select € R\ Cr(V) such that 22 € Cr(V).
Then V > Cp(z) and [V,z] # 1 are O?(P)-invariant as [z, O*(P)]
centralizes V. Additionally, V/Cy(x) = [V, 2] as O*(P)-modules. In
addition, as 2% € Cr(V), we have Cy(z) > [V, z]. Thus, the condition
on the non-central O?(P)-chief factors in V implies that V /Ci(z) is
centralized by O?(P). But then V = [V,0?(P)] < V, a contradiction.
Hence R = Cr(V) as claimed. O

We recall that the Thompson subgroup J(X) of a group X, is the
subgroup of X generated by the elementary abelian subgroups of X
of maximal rank. One of the main tools in the proof of the theorem
of this paper requires that we locate J(O2(M)) in certain subgroups
of centralizers of elements in Y},. The next two results are important
when such subgroups have more than one component.

Proposition 2.7. Suppose that X is a group, O(X) =1, K is a com-
ponent of X and S is a Sylow 2-subgroup of X. Assume that K satisfies
the following two properties.
(i) For z € K/Z(K) an involution, there is a preimage x such
that

(a) x is an involution; and
9



(b) any involution in Aut(K), which centralizes T also cen-
tralizes x.
(i) If K/Z(K) has dihedral or semidihedral Sylow 2-subgroups,
then Aut(K/Z(K)) does not contain a fours-group disjoint
from Inn(K/Z(K)).

Then J(S) normalizes K. In particular, if K € K is simple, then J(S)
normalizes K.

Proof. This is [5, Proposition 8.5] and the remark thereafter. U

Lemma 2.8. Suppose G = SE where S € Syly(G) and E is a direct
product of simple components K € K of G. Assume that each compo-
nent K of E satisfies

(1) if T € Syly(Aut(K)), then J(T) = J(T NInn(K)).

Then
J(S)=J(Cs(E)) x J(SNE)

and
J(SNE) = 11 J(S N K).

K a component of G

Proof. Assume that A is an elementary abelian 2-subgroup of S of
maximal rank. By Proposition 2.7 every component K of G is nor-
malized by A. Furthermore ACq(K)/Cq(K) is an elementary abelian
2-subgroup of Aut(K). Assume that ACs(K)/Cq(K) is not a maximal
rank elementary abelian 2-subgroup of Ng(K)/Cq(K). Then, by (1),
there exists an elementary abelian p-subgroup B < K such that

|B| = |BCa(K)/Ca(K)| > |ACq(K)/Co(K)| = |A: AN Ca(K)|.

Set By = B(AN Cg(K)). Then By is elementary abelian and |By| =
|B||ANC(K)| > |A|, contrary to the choice of A. Hence ACq(K)/Cq(K)
is a maximal rank elementary abelian 2-subgroup of Ng(K)/Cq(K)
and therefore A < KCq(K) and A= (ANK)(ANCq(K)) with ANK
a maximal rank elementary abelian 2-subgroup of K. Assume that
E =K, --- K, Then, for 1 <j </, we have shown that

where A N K, is a maximal rank elementary abelian 2-subgroup of

K; and Cy4(K;) is a maximal rank elementary abelian 2-subgroup of
10



Cs(K;). Notice that by the Modular Law

A = Cu(Ky)(ANKp) NCu(K2)(ANKy)

= (Ca(K1)(ANKp) NC4(K2)) (AN Ks)

(Ca(K1) NCA(K2))(ANKp) (AN Ky)
Ca(IKG1K) (AN K )(ANKS)

and continuing in this way yields A = C4(E)(ANK;) ... (ANK,). This
proves the claim. 0

Remark 2.9. If K is a simple group, then the statement in Proposition
2.7 can be proved for all primes p provided O, (X) = 1, where we do
not need K € K for p > 2. The statement of Lemma 2.8 also holds for
all primes.

3. PROPERTIES OF K-GROUPS

We require detailed information about the 2-local structure of certain
of the groups of Lie type defined in characteristic 2. What we require
can mostly be found in [13], but we present the statements here for
the convenience of the reader. We start with groups defined over a
field of characteristic 2. In the next lemma we use the notation V,,
to denote a natural module for a classical group defined in dimension
n but considered as a GF(2)-module. Thus, if X is a classical group

defined over GF(2°), then |V,,| = 27°.

Lemma 3.1. Let X be a simple group of Lie type defined in charac-
teristic 2 and R be a long root subgroup of X. Set @Q = O3(Nx(R))
and L = O (Nx(R)/Q). Then for specified X, the following table dis-
plays the Levi section L/Z(L), the 2-rank of Q/R and, for the classical
groups X, describes the action of L on Q/R.

X L/Z(L) m2(Q/R) Q/R
PSL,.(2°),m > 5 PSL,,_2(2°) 2(m—2)e | Vm—2 ® V7% _,
PSU,,(2),m > 5 PSU,,_2(2°) (m — 2)2e Vin—a
POE (2°),m >4 | PSL2(2°) x PQim_Q)(ze) 4(m—2)e | Va® Vam—a

POE(2¢) PSLa(2¢9) 4e Vo @ Vi
Eg(2°) PSLe(2°) 20e
2E6(2°) PSUg(2¢) 20e
E7(2¢) PO, (2°) 32
Eg(29) E7(29) 56¢
Ga(29),e >3 PSL2(2¢) 4e
3D4(2°) PSLo(23¢) 8e

Furthermore, other than for X = PSL,,(2°) and PQZE(2¢), Q/R is an
wrreducible L-module and, for the exceptional groups, it is defined over
GF(2°9). If X 2 PQg (2°), then Cx(R) acts irreducibly on Q/R.
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Proof. This is [13, Lemmas D.1 and D.10]. O

Lemma 3.2. Let X = PSL4(2%) with a > 1, R be a root subgroup of
X, L =Cx(R) and Q = O(L). Then the non-central chief factors of
Q/R are not isomorphic as L-modules.

Proof. This is checked by direct calculation. Let A\ be a primitive ele-
ment in GF(2%) and put § = diag(\, A72,1, \). Then § is non-central in
X and centralizes Z(S), where S is taken to be the subgroup of lower
unitriangular matrices. Let

1099
E1_{(g010 ) ’(1>ﬁ7”¥€GF(2a)}
vy001
and
1000
= {(BH) 100 caren}.
vBal

Then Q = F1FE, and we calculate that conjugation of E; by J scales
£ by A and conjugation of Fy by ¢ leaves 8 unchanged. It follows that
the (§)-invariant subgroups of Z5(S) are in Z5(S) N £y or Z3(S) N Es.
From this we deduce that F; and Es, are the only normal subgroups of
L contained in ) which have order 23¢. This proves the result. U

Lemma 3.3. Suppose that K = SLy(2°1) or 2By(22¢M1) with e > 1.
Let T € Syly(Aut(K)). Then either K = SLy(2%) or J(T) = J(T' N
Inn(K)) = (7T NInn(K)).

Proof. We identify K with Inn(K). If K is a Suzuki group then 7' < K
by [6, Theorem 2.5.12] and (TN K) = Z(T' N K) and we are done.
So suppose that K = SLy(2¢"!). Let z € T\ K be an involution.
Then z acts as a field automorphism on K and e + 1 is even. Thus
Cr(x) = SLy(2(¢+V/2) by [6, Theorem 4.9.1].

Assume that A < T has maximal rank. Then |A| > 2¢T! and TN K
is elementary abelian of order 2. Assume A £ T. Then

l+(e+1)/2>e+1

as K has 2-rank e + 1. Hence either K = SLy(4) or J(T') < K. In the
latter case, we have J(T') = J(TNK) =W (TNK)=TNK. O

We need the following well-known result about representations of
SLo(29).

Lemma 3.4. Let V' be a non-split extension of a trivial module by the
natural module for X = S1p(2°). Let S be a Sylow 2-subgroup of X and
A be a fours-group in S. Then [V, A] = [V, S].

12



Proof. By a result of Gaschiitz [8, Satz 1.17.4], we may assume that
Cv(X) <[V, S]. Hence, if [V, A] # [V, S], as [V/Cv(X), S] = [V/Cy(X), Al
there is a hyperplane in Cy(X) which contains [V, A] N Cy(X). Thus
we may assume that |Cy(X)| = 2. Choose v € X, of order ¢ + 1 and
v® = v~ ! for some a € A. We have that |[V,v]| = ¢* has index 2 in V
and V = [V,v] + Cy(X). Therefore [V,a] < [V,v]. Let A = (a,b).
We have that [V,v] + [V,b] is invariant under (A,v) = X. Hence
[V,v] + [V,b] =V and so [V, A] > [V, a], which implies Cy (X)) < [V, 4]
and then [V, A] = [V, S]. O

Lemma 3.5. Suppose that X = Sp,,(q) with ¢ = 2° and n > 3, and
let Ry be a long root subgroup and Ry be a short root subgroup of X.
Fori=1,2, set Q; = Os(Nx(R;)) and

L; = O* (Nx(R:)/ Q).
Then

(i) L1 = Spy,_»(q), Q1 is elementary abelian and Q1/R; is a nat-
ural Spy,,_o(q)-module; and

(ii) Ly = Spy, 4(q) X SLa(q), ®(Q2) = Q5 = Ry, Z(Q2)/Ry is
a natural SLa(q)-module and Q2/Z(Q2) is the tensor product
of natural modules of the direct factors of Lo. In addition, if
q > 2, then Z(Q2) does not split over Ry as an Ly-module.

Proof. See [13, Lemma D.5]. O

Lemma 3.6. Suppose that X = Sp,,,(q), ¢ = 2¢, withn > 3. Let V be
the natural symplectic module, P be the stabilizer of a maximal isotropic
subspace of V' and S € Syly(P). Then J(S) = O(P) is elementary

abelian.
Proof. See [13, Lemma D.6]. O

Lemma 3.7. Suppose that X = PSp,(q), ¢ = 2¢ > 2, let T be a Sylow
2-subgroup of Aut(X) and set S = T N X. Then X has exactly two
parabolic subgroups Py, Py which contain S. Fori = 1,2, E; = Oy(P;)
is elementary abelian of order ¢* and P;/E; = Gla(q). We have that
E; is an indecomposable module for P; and Z(O? (P;)) = R; is a root
group. Furthermore Z(S) = RiRy =S5, J(T) = J(S) =S = E1Ey and
any involution in S is contained in Ey U Es.

Proof. See [13, Lemmas D.3 and D.4]. O

Lemma 3.8. Suppose that X = PSp,(q), ¢ = 2° > 2, and S € Syl,(X).
If D is a non-abelian normal subgroup of S, then either Z(S) < D or
13



Proof. We use the notation from Lemma 3.7. Assume that Z(S) £ D.
Then |DE,/E,| = |DEy/Es| = 2 for otherwise Z(S) = [Ey, D] by
Lemma 3.4. Since D is non-abelian, |DZ(S)/Z(S)| > 4. Hence there
exists t; € (E;ND)\ Z(S) fori=1,2. As Cg,_,(t;) = Z(S) by the last
line of Lemma 3.7, we have C(t;) = E;. Therefore Cg(D) < E\NE, =
Z(S). O

Lemma 3.9. Suppose that X is quasisimple and X/Z(X) = PSL3(4)
and S € Syly(X). If Z(X) has an element of order 4, then Z(S) <
Z(X).

Proof. See [7, Chapter 10, Lemma 2.3 (a)]. O

Lemma 3.10. Suppose that X is a group with F*(X) = PSL3(2°),
e>1. Let T € Syly(X) and S =T N F*(X). Then

(i) F*(X) possesses exactly two parabolic subgroups Py, Py which
contain S. For i = 1,2, E; = Oy(P;) is elementary abelian of
order 2%, O% (P,/F;) = SLy(2°) and E; is a natural module
for O%(P,). Furthermore S = E1E, and any involution in S is
contained i E, U Ey.

(i) every elementary abelian normal subgroup of T is contained in

S;
(iii) J(T) = J(S) = E1E;.
Proof. See [13, Lemmas D.2 and D.4]. O

Lemma 3.11. Suppose that X is a group of Lie type in characteristic
2. If o is an automorphism of X of order 2 which centralizes a Sylow
2-subgroup of X, then either o is inner or X = PSp,(2)’.

Proof. This follows from [3, Chapter 19] when X % ?F,(q). For X =
?F,4(q) we can use [6, Theorem 9.1] for ¢ > 2 and for ¢ = 2 the result
follows from [6, Theorems 2.5.12; 2.5.15 and 3.3.2]. O

Lemma 3.12. Suppose that X is a group with F*(X) = PSL3(2°),
e>1. Let T € Syl,(X) and S =T NF*(X). Then Cp(S) = Z(S).

Proof. Set Y = Cp(S). Then Y is normalized by B = Ng-(x)(S). Let C
be a Cartan subgroup of B, then Y = Cy(C)[Y, C] and [Y, C] = Z(S).
In particular, if Cy(C') # 1, then Cy(C') contains an involution. This
contradicts Lemma 3.11. U

Lemma 3.13. Suppose that X is quasisimple with X/Z(X) = PSL3(4)
and Z(X) elementary abelian. Let T € Syly(Aut(X)), S =TNX €
Syly(X) and X = X/Z(X).

14



(i) S has exactly two elementary abelian subgroups Ey and E, of
order 16. Every involution of S is in By U Ey, S = E1E, =
J(T) = J(T) and Cg(z) = E; for all x € E; \ Z(S). For
i = 1,2, let E; be the preimage of E;. Then E; is elementary
abelian.

(i) [S,E1| =[S, Byl =S5 =Z(S)=FE1NEy, > Z(X).

(iii) If D is a mon-abelian normal subgroup of S, then [S, D] =
Z(S)=2Z(5)=Cg(D).
(iv) Every normal elementary abelian subgroup of T is contained

mn S.

Proof. For part (i) and (iv) see Lemma 3.10 and [7, Chapter 10, Lemma
2.1 (h) and 2.2].

We now prove (ii). Since F; is elementary abelian, we may regard it
as a GF(2)H-module for H = Nx(E;). As E; centralizes F;, Lemma
3.10 implies that Nx(F;) induces the natural SLy(4)-module on F.
We claim [Ey, S] = Z(S) > Z(X). Certainly we have

[Eq, S| = [Er, ErEs] = [Ey, By < EyNEy < Z(S)

and [Ey, S|Z(X) = EyNEy = Z(S). To prove that Z(X) < [Ey, S], we
may suppose that |Z(X)| = 2. Suppose that [E,S] < E; N Ey. Then
[El, S]OZ(X) =1 Forx € Nx(El)\NX(S), we have Nx<E1) = <S, SI>
and so [Fy, S][E1, S*] as order 2* and is normalized by Nx(FE;). Since
E, is elementary abelian, we obtain S/[E;, S][E, S*] is elementary
abelian. Hence Nx(FE1)/[Ey, S][E1, S*] splits as 2 x SLy(4). It follows
that S splits over Z(X) and we have a contradiction via Gaschiitz’s
Theorem [8, (1.17.4)]. Hence (ii) holds.

For (iii), suppose that D is a non-abelian normal subgroup of S. Then
D £ E, and so [Ey, D] = Z(S) = Z(S) as E) is a natural Nx(E;)/E;-
module. We now determine C5(D). We have that D has order at least
16 and D contains Z(S). If DN Ey > Z(S), then Cg(D) < Cg, (D) =
Z(9), the assertion. So assume D N E; = Z(S). Then S = DE; and
|D| = 16. Thus we can apply Lemma 3.4 to see that D > [E}, D] =
[Ey,S] = Z(S). In particular Z(S) = Z(S) = Z(D) = Cg(D), as
claimed. O

Lemma 3.14. Let X be quasisimple with X/Z(X) = PSL3(4) and
Z(X) elementary abelian. Then X satisfies assumption (i) of Proposi-
tion 2.7.

Proof. By [6, Corollary 5.1.4] we can lift Aut(X) to a group of auto-
morphisms of the universal covering group of X/Z(X) and then restrict

it to a group X; such that |Z(X7)| is elementary abelian of order 4 and
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X1/Z(X1) = X/Z(X). Hence it is enough to prove the assertion when
|Z(X)| = 4.

We follow the notation in Lemma 3.13. Set P = Nx(F;). Since E;
is elementary abelian by Lemma 3.13 (ii) and X/Z(X) has just one
conjugacy class of involutions, there are no elements of X of order 4
with square in Z(X). This is the condition (i)(a) of Proposition 2.7.

Assume that 7 is an involution in X/Z(X) and let Y be the preim-
age of (). Then Y is elementary abelian of order 8. We will show that
there is some z € Y\ Z(X) which is centralized by any automorphism
of X centralizes . From [6, Table 6.3.1] we know Out(X/Z(X)) =
Sym(3) x 2 and acts on Z(X) with an element of order three non-
trivial. Since Inn(X) acts transitively on the involutions in X/Z(X),
Nawx)(Y)Inn(X) = Aut(X). As Crunx)(Y) = T, and Y| = 23, the
subgroup structure of SL3(2) yields Nauyx)(Y)/Cau(x)(Y) = Sym(3).
Let p € Naw(x)(Y') have order three. Then Y = [Y, p|] x (x) and (z) is
centralized by Ny X)(Y). Thus x is a preimage of T, which is central-
ized by any automorphism which normalizes Y. This element satisfies
the assumption (i)(b) of Proposition 2.7. O

Lemma 3.15. Suppose that X = Fy(q) with ¢ = 2° and let Ry be a
long root subgroup and Ry be a short root subgroup of X. Fori=1,2,
set Q; = Oy(Nx(R;)) and L; = O¥ (Nx(R;)/Q;). Then, fori = 1,2,
we have L; = Spg(q) and ®(Q;) = R;. Furthermore, as L;-modules,
Z(Q:)/R; is a natural module of dimension 6, Q;/Z(Q;) is a spin mod-
ule of dimension 8 and the modules Z(Q);) and Q;/R; are indecompos-
able.

Proof. See [13, Lemma D.7]. O

Lemma 3.16. Suppose that X = F4(q) with ¢ = 2¢, S € Syl,(X) and
01(Z(S)) = R1Ry with Ry a long root subgroup of X and Ry a short
root subgroup of X. We use the notation introduced in Lemma 3.15 and
addztwnally set ]12 == C)((RlRQ), QIQ == 02(112) and L12 == Ilg/ng.
Fori=1,2, define

Vi = [Z(Q;), Q2] R Ra,

put Vig = ViV and Whs = Z(Q1)Z(Q2).
Then the following hold:

(i) L1z = Spy(q) and Q12 = Q1Q>.

(ii) Vig and Wiy are normal in I15 and

1 < RiRy < Vig < Wig < Qra.
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In addition, we have Z(Q1) N Z(Q2) = R1Ry, Q1 N Q2 = Vio

15 elementary abelian and, setting Vip = Vi2/R1 Rs,
Vie=Vi & Vs,

where Vi and Vy are irreducible Lyo-modules of GF(q)-dimension
4 which are not isomorphic as GF(2)Lia-modules. Further-
more, if ¢ > 2, W], = Ri Ry whereas, if ¢ = 2, W{y = (rirq)
where r; € RY .

(iii) [Vig, Wia] = 1 and Wh/Via has order ¢* and is centralized by
L12.

(iv) We have

Q12/Wia =2 QiWia/Wis @ Q2Wia/Who,
Q1Wio/Wia and QaWio/Wiy are irreducible, non-isomorphic

Lia-modules of GF(q)-dimension 4. Furthermore, as Li2-modules,
fori=1,2,

QiWia/Wia = V5_; /Ry Rs.
(v) We have
Q12/Viz = Q1/Vi2 @ Q2/Vio

is a direct sum of two indecomposable Lis-modules of GF(q)-
dimension 5.

(vi) The group Aut(Q12) has a subgroup of index 2 which normal-
izes all of Ry, Ry, Q1, Q2, Z(Q1), Z(Q2), Vi2 and Wia.

Proof. See [13, Lemma D.8]. O

Lemma 3.17. Suppose that X = ?F,(q) with q = 22¢T!, S € Syl,(X),
R is a long root subgroup in Z(S), P = Cx(R) and Q = Oz(P). Then

(i) P/Q = *Bs(q).

(ii) R = Z(Q), Z2(Q) is elementary abelian and Z3(Q)/R is an
irreducible 4-dimensional module for P/Q.

(iii) Co(Z2(Q)) is non-abelian of order ¢°, ®(Co(Z5(Q))) = R and
Q/Co(Z2(Q)) is the natural P/Q)-module.

(iv) If ¢ > 2, then Q/Z5(Q) is an indecomposable module.

(v) If ¢ = 2, then F*(X) = 2F4(2)" has index 2 in X. We have
that R = Z(O2(P N F*(X))), Z2(Q) = Z2(Q N F*(X)) and
(QNF*(X))/Z5(Q)| = 16. Furthermore, (Q N F*(X))/Z2(Q)
and Z3(Q)/R admit P N F*(X) irreducibly.

(vi) Let P, = Nx(Z5(S)). Then Py is a mazimal parabolic sub-

group of X, P, # P, Py normalizes Z3(S) which has order
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¢ and Py induces GLy(q) on Z(Oo(Py)) = Zo(S). Further-
more for ¢ > 2, we have W = {(Z4(S) N Zy(Q))*) is elemen-
tary abelian and W/Z3(S) is the natural GLy(q)-module. Fur-
ther Cs(Z3(S))/W is an irreducible 4-dimensional module for
SLa(q) and Oa(Py)/Cs(Z5(S)) is the natural SLa(q)-module.

Proof. For the structure of P see [6, Example 3.2.5, page 101] or [4,
12.9]. For part (vi) we refer to [4, 12.9]. O

Lemma 3.18. Suppose that X = Gy(4), S is a Sylow 2-subgroup of
X and R is a long root subgroup contained in Z(S). Set P = Nx(R),
Q = Oy(P) and L = O¥(P). Then Z(Q) = R = ', L/Q = SLy(4) =
Alt(5), P acts irreducibly on Q/R while L induces a direct sum of
two natural Alt(5)-modules on Q/R. Furthermore, if R < E < @ 1is
normalized by L, then E is not abelian.

Proof. See [13, Lemma D.10]. O

Lemma 3.19. Suppose that X is quasisimple and X/Z(X) = 2By(8).
Let S be a Sylow 2-subgroup of X. If Z(X) # 1, then Z(S) = Z(X).

Proof. We may assume that |Z(X)| = 2. There is an element v of order
7 normalizing S such that [Z(S/Z(X)),v] = Z(S/Z(X)). Let Y be the
preimage of Z(S/Z(X)). Then |[Y,v]| = 8. Assume Z(S) > Z(X),
then Z(S) =Y as v normalizes Z(S). Now [Y, ] is normal in S and so
S/Y,v] is of order 16. Since Cgy,i(v) = Y/[Y,v| and S/[Y,v] is not
extraspecial, S/[Y,v] is elementary abelian. Thus S = [S,v]| x Z(X)
and Gaschiitz’s Theorem [8, (1.17.4)] provides a contradiction. Hence
Z(S)=Z(X). O

In the next lemma we adopt the notation introduced in [6, Table
4.5.1] for inner-diagonal and graph automorphisms of order 2 of groups
of Lie type defined over fields of odd characteristic.

Lemma 3.20. Suppose that p is an odd prime and K is quasisimple
with K/Z(K) a group of Lie type defined in characteristic p. Let o €
Aut(K) be an automorphism of order 2. If E(Ck(«)) = 1, then Ck(«)
15 soluble and one of the following holds where the bold face notation
indicates an automorphism which centralizes a Sylow 2-subgroup of K.
(i) K/Z(K) = PSLy(p®) and either o is an inner-diagonal auto-
morphism or p° =9 and « is a field automorphism;
(i) K =2 PSL3(3) and a € {t1,71};
(iii) PSU;(3) and o € {t1,1};
(iv) K/Z(K) = PSL4(3) and a € {ta,72};
(v) K/Z(K) = PSU4(3) and o € {ta,72};
18
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/ PSp,(3) and o € {tq,1q,t5};
/ PQ7(3) and o = to;
v / PQJ(3) and o = to;
(ix) K/ =~ Go(3) and o = tq; or
(x) K 22Gy(3) and a = ty.
In particular, in all but case (i), Cx () is a {2, 3}-group and F*(Ck(a))
1S a 2-group.

Proof. 1f K/Z(K) = PSLy(p°), then we read the statement from [6,
Table 4.5.1 and Proposition 4.9.1 (a) and (e)]. Suppose that K/Z(K) %
PSLy(p®). Then [6, Table 4.5.1 and Proposition 4.9.1 (a) and (e)] yields
p¢ = 3 and that Cx(«) can only involve Lie components of type A;(3)
and D4 (3). This observation then leads to the groups listed. O

(vi
(vii

)

...)
(viii)
)

11 11 11

K/Z
K/Z
K/Z
K/Z

~—~

4. ELEMENTARY PROPERTIES OF THE CONFIGURATION

For the convenience of the reader we repeat the most important
notions that we presented in the introduction. The group G is a Ko-
group, S is a Sylow 2-subgroup of G and @ is a large subgroup of
S. This means Cg(Q) < Q, Q = O,(Ng(Q)) and Q I Ng(A) for all
1# A<Z(Q). We define

La(5) ={5 <L <G| OxL) # 1,Cc(0:(L)) < Oz(L)}
and for L € L(S) with L € Ng(Q), set
L = (Q").

Denote by Y, the largest normal elementary abelian subgroup of L
such that Oy(L/CL(Yr)) =1 and set Cr, = CL(YL).

Let M (S) be the subset of those M € L(S), for which Cyy is 2-
closed, Cy/Oo(M) < ®(M/Oy(M)) and MT = MCg(Yy) is the only
maximal element in L£(S) with M < MT. In particular, Yy, = Yy+ by
[11, Lemma 1.24 (h)].

Suppose that M € M (S) and T € Syly(Ce(Yar)). Then Yy, is

e tall, if there exists K with 7" < K < G such that Oy(K) # 1
and Yy € O9(K),
e characteristic 2-tall provided there is some K withT < K < G
such that Ck(02(K)) < Oy(K) and Yy € Oo(K), and
e asymmetric in G, if whenever g € G and [Yy, Y] < Y NYY,
then [Yas, Yy, = 1.
We intend to prove the theorem of this paper by contradiction.

Specifically, we work under the following hypothesis.
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Hypothesis 4.1. The group G is a Ko-group, S € Syl,(G) is contained
in at least two maximal 2-local subgroups and QQ < S is a large subgroup
of G. Furthermore, there exists M € Mq(S) such that M £ Ng(Q)
and Yy is asymmetric and tall but not characteristic 2-tall.

In this section we collect the rudimentary facts about the configura-
tion of Hypothesis 4.1.

Lemma 4.2. Suppose that QQ < K < G and Oy(K) # 1. Then
(i) Ca(O2(K)) is a 2-group;
(ii) K has characteristic 2; and
(iii) If, in addition, Oy(Cy) < K, then Yy < Oo(K).
In particular, Yy < Q.

Proof. Parts (i) and (ii) are [11, Lemma 1.55 (a)]. Taking 7' = SN
Ce(Yar) = Oo(M), part (iii) follows from the fact that Yjs is not
characteristic 2-tall. The final statement follows from (iii) by taking
K = Ng(Q). O

Lemma 4.3. If 1 # R < Os(M) is normalized by M, then
M < Ng(R) < M.

Proof. We have that M < Ng(R). By assumption M is the unique
maximal element in L£5(S), which contains M. As Ng(R) € La(S) by
Lemma 4.2(ii), Ng(R) < MT. O

Recall that if X is a group, A < B < X, then A is weakly closed
in B with respect to X provided whenever x € X and A* < B, then
A* = A.

Lemma 4.4. The following hold:
(i) O2(M) € Syly(Ca(Ynm));

(i) @ is weakly closed in S with respect to G;

(iil) Oo(M ) is weakly closed in S with respect to G;

(iv) Yar = D (Z(0a(M))) > 0 (2(5));

v) O5((£a(8)) = 1;

(vi) if N > Oo(M) with O3(N) # 1 and N has characteristic 2,
then Yar < Oo(N);

(vii) if U is a 2-group which is normalized by Oy(M), then U < MT,
i particular, U normalizes Yy ;

(viii) M° = (QM") and [Cq(Yar), M°] < Ox(M°®).

Proof. The first four parts come from [11, Lemma 2.2(b), (e), (f) and

(e) and Lemma 2.6(b)].
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Part (v) follows from the fact that L;(S) contains at least two
maximal members and part (vi) is a consequence of Yj; being non-
characteristic 2-tall and part (i).

For (vii) consider Oy(M)U, which is a 2-group. By (iii) we have that
Oo(M) is normal in UO9(M) and so U < Ng(Oo(M)) < MT. Thus
Yt is normalized by U, since Yy, = Y),+ by definition, U normalizes
Yar.

Part (viii) follows from [11, Lemmas 1.46 (c) and 1.52 (c)]. O

We can now formulate the fact that Y), is not characteristic 2-tall,
in terms of Oy(M): if K > Oy(M) with Oy(K) # 1 and Yy £ Os(K),
then F*(K) # Oy(K).

Lemma 4.5. If X is a non-trivial 2-group normalized by Q, then X
does not centralize O*(M®).

Proof. Suppose that O%(M°) < Cg(X). As Q normalizes X, we have
Z(Q)NX # 1 and so O*(M°) < Ng(Z(Q) N X). As Q is large,
O?*(M°) < N¢(Q). Therefore,

Q = (QUM) = (QUII) = (") = M°
by Lemma 4.4 (viii). Thus M < Ng(Q), which is a contradiction. [

The next lemma plays a very important role in the proof of our
theorem.

Lemma 4.6. There exists y € Yt such that F*(Ca(y)) # 02(Ca(y)).
That is Cg(y) does not have characteristic 2. In particular, MT does
not act transitively on Y},

Proof. The first statement is [11, Theorem F (page 131)]. The remain-
ing part follows as Q,(Z(S5)) MYy # 1 and the centralizer of this group
has characteristic 2 by Lemma 4.2 (ii). O

Lemma 4.7. Suppose that y € Y]t and 1 # Ry < R < Cg(y) are
2-groups.
(i) IfQ < Ng(Ry) and R < Ng(Q), then Na(R), Ca(R), Negy)(R)
and Ccgy)(R) have characteristic 2.
(ii) If Z(Q)NR # 1, then Ng(R), Ca(R), Neg ) (R) and Ceg ) (R)
have characteristic 2.
(iii) If R is a non-trivial subgroup of Oo(M) which is normalized by
M, then Ne¢gy)(R) and Ceg, ) (R) have characteristic 2.
(iv) Negw)(Yar) has characteristic 2.
(v) If z € Z(Q)* and J is a subnormal subgroup of Cq(y), then

Cj(z) has characteristic 2.
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(vi) If z € Z(Q)* and K is a component of Cq(y), then Ck(z) has
characteristic 2.

Proof. Suppose the hypotheses of (i) hold. Then, as R; is normalized
by @, we have Ry N Z(Q) # 1. As Ry < R also RN Z(Q) # 1. Set
K = Ng(RN Z(Q)). Then Q < K and K has characteristic 2. As R
normalizes @), it also normalizes RN Z(Q) and so R < K. Furthermore
Ca(R) = Ck(R). Now application of Lemma 2.1 (with C' = RN Z(Q),
X =G and B = R) yields Ng(R) and Cg(R) have characteristic 2.

Since y € Ng(R), NCG(y)<R) = Cng(r) (y) and CCG(?J)(R) = Cco(r) (v)
have characteristic 2 by Lemma 2.1 (with C' =1, B = (y) and X =
Ne(R), X = Cg(R), respectively). This proves (i).

For (ii) take Ry = RN Z(Q), for (iii) take R; = R, and then apply
(i).
Part (iv) is a special case of (iii).

For (v), we take R = R; = (z) and use (i) to get Cey(y)(2) has
characteristic 2. By Lemma 4.2, Y); < @ and so [y,2] = 1. As this
property passes to subnormal subgroups by Lemma 2.2, we have C;(z)
has characteristic 2. Part (vi) follows from (v). O

The next lemma is often used to help conclude that Y| small.

Lemma 4.8. Suppose that J < G is normalized by Oz(M) and J has
characteristic 2. Then Yy < Oo(JY)y) and (Y)) is elementary abelian.

Proof. We have Oy(M)J has characteristic 2 and Os(M) € Syly(Ce(Yar))
by Lemma 4.4(i). Since Yjy is not characteristic 2-tall, Yar < O9(O2(M)J).
Hence

Y < O2(02(M)J) N Yy d < Oo(JY ).
By Lemma 4.4(vii), Yy, is normal in Oy(JY)ys) and, as Y), is asymmet-
ric, we also have (Y}) is elementary abelian. 0

Define
U "rN Q
Q _< MG( )>

Lemma 4.9. The following hold:
(i) Y <Ug <QNOx(M) and Ug is elementary abelian;
(i) Vi £ [Ug, Q] < Ug.

Proof. Since Ng(Q) € Li(5), Y < @ by Lemma 4.2(iii) and Uy, is el-
ementary abelian by Lemma 4.8. Thus Uy < Co(Yy) = QNCs(Ya) =
Q N Oy(M) by Lemma 4.4 (i). This is (i).
If Var < (Z(Q)), then M < MT < Ng(Ya) < Ng(Q) as Q is large.
This is against the choice of M and so (ii) holds.
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As @ acts on Ug, we have [Q,Ug] < Ug. As [Q,Ug| is normal in
N (Q), we get Yy £ [Q, Ugl, which is (iii). O

Lemma 4.10. Assume Ng(Q) < MT. Then there is at least one L €
Ls(S) such that Y, £ Y.

Proof. Assume that for all L € L5(5), Y, < Y. Then Oy(M) < Cyy <
Cp. As Oy(M) < SN CL and Os(M) is weakly closed in S by Lemma
4.4, we have that N(SNCr) < Np(O9(M)) < M by Lemma 4.3. As
Cp < Ng(Q) < MT by assumption, we get L = N;(S N Cp)Cp < MT.
Hence (£(S)) < MT and this contradicts Lemma 4.4 (v). Thus there
exists L € L(S5) with Y, £ Y. O

We use the previous lemma as follows:

Lemma 4.11. There exists an elementary abelian normal subgroup
of S contained in Os(M) which strictly contains Yy . In particular,

Y # Q1(O3(M)), Ox(M) is not abelian and Yy # J(Oz(M)).

Proof. Suppose that Yj; is a maximal elementary abelian subgroup
of Oy(M), which is normal in S. By Lemma 4.9 (i), Yy < Ug <
Oy (M) and Uy is elementary abelian. Thus Ug = Yj; and so Ng(Q) <
M. Let L € Lg(9), then by Lemma 4.2(iii) Yy < Oo(L) and so
Y7, Yy] = 1. Hence Y, < Cg(Yy) = Oa(M) by Lemma 4.4(i). As
Y7 is normal in S, we have Y; < Yj; by assumption. Now Lemma
4.10 yields a contradiction. This proves the first claim. Furthermore
Y < Q(O2(M)).

As Yy # Q1(Ox(M)), Yar # J(O2(M)). That Oy(M) is not abelian,
follows as Ya; = €21(Z(02(M))) by Lemma 4.4 (iv). O

We finish this section with a look at what happens when Y}, has
small order.

Lemma 4.12. We have |Yy;| > 16.

Proof. Assume false. Since 1 # Q(Z(Q)) NYy < Yy, Lemma 4.9(ii)
implies |Yy/| = 4 or 8. By Lemma 4.6 M'/C); cannot act transitively
on Y]@E.

If |Yar| = 4, then |MT/Cy| = 2, but by the definition of Yy = Yy
we have that Oy(MT/Cy) = 1, a contradiction.

Thus |Yy| = 8 Then MT/C)y; is a subgroup of SL3(2) and, as
M does not act transitively on Yir, Mt/Cy is a {2,3}-group. In
particular, MT/Cy; is soluble. As Oy(MT/Cyr) = 1, we have that
MT/Cy =2 Sym(3) or is cyclic of order 3. In both cases there is some
w € Yﬁ;, with M1 < Cg(w). In particular [w,Q] = 1 and so, as Q is
large, MT < Cg(w) < Ng(Q), a contradiction. O
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5. THE COMPONENTS OF Cg(y)

By Lemma 4.6, there is some y € Y;+ such that F*(Cg(y)) #
O2(Ce(y)). In this section we show that we can carefully select y such
that C(y) has a structure which can be used to reach a contradiction
in the sections which will follow.

Lemma 5.1. Assume that z € Z(Q) and y € Cg(z) are involutions.
Then Cegy)(2) has characteristic 2 and z inverts O(Cg(y)). Further-
more, if K is a component of Cg(y) which is normalized by z, then
K = [K, 2] and, if z induces an inner automorphism on K, then Z(K)
1S a 2-group.

Proof. By Lemma 4.2(ii), Cs(z) has characteristic 2 and therefore so
does Cey,(y)(2) by Lemma 2.1. In particular Cocyy))(2) = 1 and so z
inverts O(Ce(y)).

Suppose that K is a component of Cg(y) which is normalized by z.
If z centralizes K, then K is a component of Cg (%), a contradic-
tion. Hence z acts non-trivially on K and so K = [K, z|. Finally, if 2
induces as an inner automorphism of K, then K(z) = KCk.)(K) <
Ce(Z(K)). As z inverts O(Ci(y)), we infer that Z(K) is a 2-group. O

The next lemma is of fundamental importance.
Lemma 5.2. There exists y € Yt such that E(Ca(y)) # 1.

Proof. There exists z € Cy,,(S)* C Cy,,(Q)¥ and, for such z, Cq(2)
has characteristic 2 by Lemma 4.2 (ii). Furthermore, |Yy| > 16 by
Lemma 4.12.

Assume that for all y € Y;7, E(Cs(y)) = 1. Then Lemmas 2.3 and
4.6 imply that

= (0(Ca(b) [ beY) #1
has odd order.

Because MT permutes the elements of Y]j;, Y is normalized by M.
Since Cj+(X) is normal in MT and F*(MT) is a 2-group and is a max-
imal 2-local subgroup of G' implies that C;+(X) = 1. In addition, as
05(Ca(2)) < 5 < M,

[Cs(2), 02(Ca(2)] < ENOy(Ca(z) =1
and so z inverts X. Hence [z, MT] < Cy+(X) = 1 and so z € Z(MT).
But then MT < Cg(2) < Ng(Q), a contradiction. O
From now on we focus our interest on the following subset of elements
of YMZ

Y={yeYy |24E(Ca(y)) # 1},



which by Lemma 5.2 is non-empty. We also put

Vs ={y €Y |Cs(y) € Syl,(Ca(y))}

From among all the components that appear in Cg(y) for y € Y
select C such that first |C/Z(C)| is maximal and second that |C| is
maximal. Then for y € ) set

E, = (J|J is a component of Cs(y), J/Z(J) = C/Z(C) and |J| = |C).

Let
. (a) the number of components in £, is maximal
V= {y €Y ’ (b) |E,| maximal ’

and
Ye=Y"NYs.
Lemma 5.3. Fory € Y, there exists g € M such that y9 € Vs.

Proof. As Oy(M) < Cq(Yym) < Cq(y), we may choose R € Syl,(Ca(y))
such that Oy(M) < R. Then R < M' by Lemma 4.4 (vii). Since
S € Syl,(MT), there exists h € MT such that R" < S. Hence R" =
Cs(y") € Syl (Ca(y™)). As Mt = MC,+(Yy) we have h = gh; with
g € M and hy € Cy+(Yy). Now y" = y9. This proves the claim. 0

By Lemma 5.3 every member of }* is conjugate to an element of Vg,

thus Y& # 0.

Lemma 5.4. Suppose thaty € Vs and K is a component of E(Cg(y)).
If w e Cey(K) is an involution, then K < E(Cg(w)). In particular,
if w € Cy,,(K)#, thenw € Y.

Proof. Set X = Cg(w). Then
K < E(Cx(y)) < Ly (Cx(y)) < Lo (X)

by Ly-balance [5, Theorem 5.17]. By Lemma 5.1, z inverts O(Ly (X))
for z € O0,(Z(S))*. Since z centralizes Cs(y) € Syl,(Ca(y)), z normal-
izes K and so [K,z| = K by Lemma 5.1. Since z inverts O(Ly (X)),
we also have K = [K, z] < Cx(O(Ly(X))). Thus

K < CL,x)(0(L2(X))) = E(X)Z(O(Ly(X)))Oz(La (X))
by Lemma 2.4. We conclude that K < F(X), as claimed. O

Lemma 5.5. Suppose that y € Vs, w € Y and K is a component in
E, which is centralized by w. Then either K is a component of E,, or
K < JiJy where Jy and Jy = J{ are components of E,,, Ji1/Z(J;) =
K/Z(K) and |Ji| = |K|. In particular, K < E,,.
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Proof. By Lemma 5.4, K < E(Cg(w)). Let J = (KE(c®)) Then J is
a product of components of C(w). By [5, Theorem 5.24 (ii)], (y) acts
transitively on the components of Cg(w) in J. If J is a component of
E(Cg(w)), then the maximal selection of K implies that K = J and
so K < E,. So suppose that J = J/J;. Then K N J; is centralized by
y and so K NJ; < J{ N J;. Thus

K/(K D)2 K0 < JVJy 0= 02 )(JY 0.
In particular, the maximal choice of |K/Z(K)| implies that K/Z(K) =
J1/Z(J1). Moreover, we calculate

[NV O L] < VI 0L < LYY 00

and so from the maximal choices of |K| we deduce that |K| = |J]| =
|J1]. Thus, by definition, K < J < FE,,, and this completes the proof.
O

Lemma 5.6. Suppose thaty € V% andw € Cy,,(E,)*. Then E, = E,,.
In particular, w € Y*.

Proof. By Lemma 5.4, w € Y and then, by Lemma 5.5, F, < E,,. The
maximal choice of |E,| shows E, = E,,. In particular w € Y*. O

For y € V5, define
Sy = Cs(y) N E, € Syl,(E,); and
Ty = Coyy) (Ey).
Observe that Lemma 5.6 implies that (Yy NT,)* C V*.

Lemma 5.7. If y € Vs and F < E(Cg(y)) is a component of Cx(y),
then Cog)(F) N Z(Q) = 1. In particular, Z(Q) N'T, = 1.

Proof. This follows by Lemma 5.1. 0

Lemma 5.8. Suppose that y € YV is chosen with |Cs(y)| mazimal.
Then Cs(y) € Syly(Na(Ey)). In particular, Cs(y) = Ns(E,) and T, =
CS(Ey)

Proof. Plainly Cs(y) < Ng(E,). Assume that R € Syl,(Ng(E,)) with
R > Cs(y) and pick t € Ng(Cs(y)) \ Cs(y). As t normalizes Cs(y) >
O5(M), Lemma 4.4 (iii) and (iv) imply that ¢ normalizes Yj,. Hence
(t)Cs(y) normalizes Yar N Cey(Ey) > (y). Thus there exists w €
(YiNCeyy (Ey))* which is centralized by (£)Cs(y). Lemma 5.6 implies
w € Y* and then the maximal choice of |Cs(y)| together with Lemma
5.3 provide a contradiction. Therefore Cs(y) € Syly(Ng(E,)) and this
proves the main claim. It follows at once that Cs(y) = Ng(E,) and
Cs(Ey) =1T,. O
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Lemma 5.9. Lety € Y§ with |Cs(y)| mazimal. Then Ng(T,) = Cs(y).

Proof. Assume the statement is false and choose t € Ng(Cs(y))\ Cs(y)
with T, = T,. Then ¢ normalizes U = Z(Cs(y)) N T, N Yy. Asy € U,
U # 1. Hence there is 1 # w € U such that w' = w. Since w € T,
E, = E, by Lemma 5.6. But then, by Lemma 5.8, t € Ng(E,) =
Ng(E,) = Cs(y), a contradiction. O

Suppose that W is a group. A subgroup H of W is called a trivial
intersection subgroup in W provided that H is not normal in W and,
for all g € W\ Ny (H), we have HN HY = 1. The following lemma will
play an important role in the proof of our theorem.

Lemma 5.10. Suppose that y € V¢ is chosen with |Cs(y)| mazimal.
Then T, is a trivial intersection subgroup in S and T, N Ox(M) is a
trivial intersection subgroup in Ng(Ozy(M)).

Proof. By Lemma 5.7, Z(S)NT, = 1. Hence T, is not normal in S and
also T}, N Oz(M) is not normal in Ng(O2(M)) > S. Suppose that g €
Na(Oz(M)) and assume T, NT¥ # 1. Since Oa(M) = O2(M)?, Ox(M)
normalizes T, NT. Therefore Lemma 4.4 (iv) implies Y3, T, NT7 # 1.
Pick w € (Yo N T, N T¢)#. Then, by Lemma 5.6,

E, = E,.
As y9 € Vi,, and w € T, we also obtain by Lemma 5.6
Eyg — Ew

and therefore
B} =FE, = E, = E,.
Hence, as g € Ng(O3(M)), using Lemma 5.8 for the first and last
equality yields

T{NO2(M) = Co,) (Ey)? = Coyu) (Eys) = Coyn)(Ey) = T,NO2(M).

This proves the T,NO, (M) is a trivial intersection subgroup in N¢g(O2(M)).
If, in fact, g € S < Ng(O2(M)), then, again using Lemma 5.8, we have

T] = Cs(Ey)? = Cs(Ey) = Cs(Ey) =T,
which shows that T}, is a trivial intersection subgroup in S. U

Lemma 5.11. Suppose that y € Y& is chosen with |Cs(y)| mazimal.
Assume that X < Yy is normalized by Cs(y)Q. Then

X NT 1 < |X] < |XT,/T,

In particular, these bounds hold for X = [Q,y] and X =Y.
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Proof. As, by Lemma 4.2(ii), y ¢ Z(Q), we can choose t € Ng(Cs(y))\
Cs(y) with t* € Cg(y). If T, is normalized by ¢, then T, N Yy, > (y) is
normalized by Cg(y)(t) and so by Lemma 5.6 there exists w € Y* with
|Cs(w)| > 2|Cs(y)|, a contradiction. Hence ¢t ¢ Ng(T,) and so

(T,NX)N(T,NnX)'<T,NT, =1
by Lemma 5.10. Thus | X N7T,[? < |X]. As
(X NT| = (X NT) | = |(XNnT)(XNT,)/(XNT)| < |XT,/T)],
we also obtain
| X| = |XT,/T,[[(X NT,)| < |XT,/T,|*

Since Yy and [@,y] < Yy, are both normalized by QCs(y), the dis-
played bounds apply to these subgroups. O

Lemma 5.12. Assume thaty € Vg and K is a component of E,. Sup-
pose that Ng(S,T,) has characteristic 2. Then Yy < Oo(Ng(S,Ty)).
In particular, if Ng,(Sy) > SyZ(E,), then Yy normalizes K.

Proof. We have that O(M ) normalizes T,,S,. Hence the first assertion
follows from Lemma 4.8.

Let K be a component of £, and X = S, N K. Then by hypothesis
Nig(X) > XZ(K). Let w € Ng(X)\ XZ(K) have odd order, then
w € Ng(T,S,) and so, for t € Yy, [w,t] € Oz(Ng(S,T,)). However,
if K # K' then w and w' commutes and so [w,t] = w™'w' has odd
order. We conclude that Y, normalizes K. ]

Definition 5.13. Assume that W is a normal subgroup of a group X.
Then W has the Sylow centralizer property in X provided that for
T € Syly(X) and R=W NT € Syl,(W),

Croxw)/oxw)(RCx (W) /Cx(W)) < WCx(W)/Cx (W).

Lemma 5.14. Assume that y € Y§ and that every component K of
E, has the Sylow centralizer property in N o) (K). Then Qi(Z(S)) <
ST, € Syl,(E,T,) and N¢(S,T,) has characteristic 2.

Proof. Since §;(Z(S)) normalizes every component in £, and they each
satisfy the Sylow centralizer property in Cg(y), we have ;(Z(S5)) <
SyT,. The result now follows from Lemma 2.1. U

Lemma 5.15. Suppose that y € YV§ with |Cs(y)| is mazimal and E, =
K is quasisimple and satisfies the Sylow centralizer property in Cq(y).
Assume that Ce(x) has characteristic 2 for all x € Q(Z(Sy)) \ Z(K).
Then T, is isomorphic to a subgroup of Z(S,)/(S, N Z(K)).
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Proof. Lemma 5.7 implies that S > Ng(T}). Let g € Ng(Ns(7},)) \
Ng(T,) with g € Ng(T,). Then T,T¢ < N(T,) = Ng(T9) and, as
T, # T, Lemma 5.10 implies

[T, T < T,NTY = 1.

Y~y

In particular, as y € T, T < Cs(y) and so normalizes E, = K
and thus also S,. Assume that T NS, # 1. Then, as S, normalizes T},
1IN (Z(S,)) # 1. By Lemma 5.4 the centralizer of every involution in
T, is not of characteristic 2. The hypothesis on elements of Q1 (Z(5,))
implies that T N (Z(S,)) < Z(K)N S, < Cogy(K) = T, As
T,NTY =1, we have a contradiction. Hence T7 N S, = 1. As T¥ is
normalized by Ns(T,) > Sy, we have [T, S,] <TJNS, =1. Thus the
Sylow centralizer property in Cq(y) yields

T9 < T,Z(S,).

As T, NTY = 1, we conclude that T, is abelian and isomorphic to a
subgroup of Z(S,)/(S, N Z(K)) = Z(S,)/(S, N T}). O

Next, for y € Y, we study the action of Oy(M) and Y); on the
components of Cg(y).

Lemma 5.16. Assume thaty € Y and K is a component of E(Ce(y)).
If Yar does not normalize K, then K/Z(K) has elementary abelian
Sylow 2-subgroups.

Proof. We may assume that y € Vg. Then Y}, is an abelian normal
subgroup of Cs(y) € Syly,(Ce(y)) which does not normalize K. Hence
Lemma 2.5 provides the result. U

Lemma 5.17. Suppose that y € Y and K is a component of Cq(y). If
Z(Q)NK #1, then F*(Ca(y)) = KO2(Cal(y)) and O(Caly)) = 1.

Proof. Since Z(Q) N K # 1, we can select z € (Q,(Z(Q)) N K)#. As
z € K, z centralizes O(Cg(y)) as well as any component J of Cg(y)
with J # K. Applying Lemma 5.1 proves the claim. O

Lemma 5.18. Suppose thaty € Vs and K is a component of E(Ca(y))
which is normalized by Yar. Assume that S N Z(K) = 1. Then either
SNK <Oy(M) or Oy(M) normalizes K.

Proof. If S N K centralizes Yy, then S N K < Cq(Yy) = Oao(M).
Suppose that Yj, does not centralize SN K. Then 1 # [Yy, SN K| <
SN K and [Yyr, SN K] is centralized by Oo(M). Thus, for m € Oq(M
Yar, SNK] < KNK™. If K # K™ this yields [Yy;, SNK] < SNZ(K)
1, a contradiction. Thus K is normalized by Oy(M).
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Lemma 5.19. Suppose that y € Vs and z € Q1(Z(S))#. Assume that
K is a component of Ca(y) and Ck(2) is not a 2-group. Then Cg(y)
normalizes K. In particular, Yy normalizes K.

Proof. Assume that the lemma is false. As z inverts O(Cg(y)) by
Lemma 5.1, z inverts O(Cg(y)) N Z(K) and so, as Ck(z) is not a
2-group, there is an odd prime r and R € Syl (Ck(z)) with R £ Z(K).
Assume that Cg(y) does not normalize K. Then there exists b € Cq(y)
such that K # K. Because K is a component of Cg(y), [K, K’ = 1.
Since Cg(z) < Ng(Q) and b € @, we have

Cr(2)Q = (Cx(2)Q)" = Cr(2)Q.
In particular, as Ck(2)Cgs(2) < Ck(2)Q, R € Syl (Ck(2)Cks(2))
and so RR® = R < KN K’ < Z(K), a contradiction. Hence Cg(y)
normalizes K. As Yy < Cg(y), Yar also normalizes K. O

Next we show that in many situations F(Cg(y)) is quasisimple.

Lemma 5.20. Suppose that y € Vs, z € 0 (Z(5))# and K is a com-
ponent of Ca(y). Assume there is a non-trivial subgroup J < Ck(z)
such that

(a) J = O?(J) is normalized by Cg(y); and

(b) [@Q,y] is centralized by J,
Then

(i) @ normalizes J and 1 # Z(Q)N[Q, J] < K; and

(i) F*(Ca(y)) = KO2(Ca(y))-
In particular, assumption (b) holds if, for all W < Yy with W normal-
ized by J, we have [W, J] = 1.
Proof. By (a) and Lemma 5.19, C(y) normalizes K and, as z € Z(Q)
and @Q is large, J = O?*(J) < Ng(Q) and [Q, J] # 1. Set W = [Q, y].
Then (b) implies [W, J] = 1 and, as [J,y] = 1, we have

Q, Jyl =1

by the Three Subgroups Lemma. In particular, as J = O?(.J) and Cg(y)
normalizes Ck(z) by (a),

Q,J] =(Q, J,J] < [Cqly), J] < J.
Because (@, J] # 1 and [Q, J] is normalized by (), we have that
1#£Z2(Q)N[Q,J]<zZ(@Q)NJ <K

Thus Z(Q) N K # 1 and so F*(Cx(y)) = KOy(Cg(y)) follows from
Lemma 5.17. This proves (i) and (ii).
Now suppose for all W < Y, with W normalized by J, we have

(W, J] = 1. Then as [Q,y] < Yy and is normalized by J, (b) holds. O
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Lemma 5.21. Suppose that y € Vs and z € Q1(Z(S))#. Let K be a
component of Cq(y) and set Lx = Ck(z). Assume that Ly is not a
2-group. Then Cq(Yr)Co(y) normalizes K. Furthermore, if YyyNK <
Ck(0*(Lk)), then F*(Cs(y)) = KO2(Ca(y))-

Proof. By Lemma 5.19, Y,; normalizes K. Assume that Yy N K <«
Z(K). Then, for m € Cq(Yy), KN K > Yy N K. Hence K™ = K,
and so Cg(Ys) normalizes K. Thus the main assertion holds in this
case.

If iy N K < Z(K), then Yy N K < Ck(O*(Lg)). Hence suppose
that Yy N K < Ck(O?*(Lg)) and set Ly = O*(Lg). If W < Yy is
normalized by Li, then, as W normalizes K,

W, L] <WNK<YyunK < Cr(Ly).

Thus [W, L] = [W, Ly, L1] = 1. Lemma 5.19 now provides the hypoth-
esis for Lemma 5.20 which in turn yields F*(Cg(y)) = KO2(Cq(y)). In
particular, C(Y)s) normalizes K. This completes the proof. O

Lemma 5.22. Suppose that z € Q,(Z(9))*, y € Vs and K is a com-
ponent of Cg(y). Assume that J < Cx(Yn), O2(M) normalizes J and
J is not a 2-group. Set J = JCcyy)(K)/Ceogw)(K). Then the following
hold

(i) M° < Ng(O?(J)).
(ii) There exist distinct non-central O*(J)-chief factors in

05(0*())/®(0:(0*(J)))

which are isomorphic as O*(J)-modules. In particular, Oy(J)
has at least two non-central O*(J)-chief factors.

(i) F*(Co(y)) = KO2(Cea(y)) and O(Cq(y)) = 1.

—_—

(iv) [Z(O*(N)] # 2.

Proof. Lemma 4.4 states [Cq(Yar), M°] < Oo(M) and so JOo(M) is
normalized M°. Hence, as J is normalized by Oo(M), O*(JOy(M)) =
O?(J) is normalized by M°. This is (i).

We have that O?(.J) # 1 by hypothesis. Further, by (i), Q normalizes
O?(J). As O?*(J) normalizes @, we have [Q,0?%(J)] < Q N O?*(J). As
[Q, 0%*(J)] # 1, we have that Q N O*(J) # 1 and so O5(0?*(J)) # 1.

Assume that (ii) is false. Then the non-central O?(J)-chief factors in
O2(0*(J))/®(02(0?*(J))) are pairwise non-isomorphic. Since Q < M°
normalizes O%(J) and O?(J) < Ng(Q), Lemma 2.6 shows that

[OQ(J)>OZ(J)]/;I)I([OQ(J>7O2(‘])])



is centralized by (). Since M° operates on this factor, we conclude
from Burnside’s Lemma that Oy(O?(J)) is centralized by O?(M®). This
contradicts Lemma 4.5 and completes the proof of (ii).

We have that [Q, O%*(J)] is a non-trivial normal subgroup of Q con-
tained in K. It follows that Z(Q) N K # 1. Part (iii) follows from
Lemma 5.17. o

Suppose that |Z(0O?(J))| = 2. Observe that Z(K) is a 2-group by
(iii). Then, as O?(J) centralizes Z(K),

|1Z(0* (1)) Z(K)/Z(K)| = |Z(0*(J)) : Z(0*(])) N Z(K)| < 2.

By (i), M° normalizes Z(O*(J)). It Z(K) N Z(0O*(J)) = 1, then M°
centralizes Z(O?(J)) and this contradicts Lemma 4.5. So assume that
Z(K) N Z(0u(J)) # 1.

As Z(K) < T,, Lemma 5.7 implies Z(K) N Z(Q) = 1. In particular
Z(K) N Z(0?*(J)) is not normalized by @ and so there exists * € Q
such that

(Z(K) N O*(Z(I))(Z(K) N Z(O*(J)))" = Z(0*( ).

Since T, is a trivial intersection subgroup in S by Lemma 5.10, we
conclude that Z(O?(J)) has order 4. As Z(0?(J)) is normalized by Q,
we have that Z(O%(J)) contains elements in Z(K)# and elements in
Z(Q)#. By Lemma 5.4, these elements are not conjugate in G, hence
O?(M°) centralizes Z(O?*(J)) and again we have a contradiction to
Lemma 4.5. This proves (iv). O

The next lemma will be used when K is a group of Lie type in char-
acteristic 2 and also for some situations when K is a sporadic simple
group. Recall that Ug is defined by Uy = (Y]\]/[VG(Q)>, Ug is elementary
abelian and Ug < Cy(y) for all y € Yj; by Lemma 4.9.

Lemma 5.23. Suppose that z € Q,(Z(9))*, y € Vs and K is a com-
ponent of C:(y). Set L = Ck(z) and Jg = Coz(1,0(Z(02(0*(Lk))))-
If O5(O*(Lk)) is non-abelian, then O?*(Jx) does not act irreducibly on
02(0*(Lk))/Z(02(0*(Li)))-

Proof. Set Z = Z(05(0O?*(Lx))). Then Jx centralizes Z. By Lemma 4.7
(v), F*(Lk) = Os(Lk). Suppose that

O?*(Jx) acts irreducibly on Oo(O*(Lg))/Z.

Since O9(O*(Lk)) is non-abelian, Oy(O*(Lx))/Z is not cyclic and so
O?(Jg) # 1. In particular, O%(Lg) # 1 and so Lemma 5.21 yields

Ce(Ym)Co(y) normalizes K.
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As O*(Jk) < Lk < Cg(z2) < Ng(Q), O*(Jk) normalizes Uy = (YAI/\[[G(Q)>.
Using Ug < Cy(y) and Cy(y) normalizes K, yields Uy normalizes K.
Furthermore, Ug normalizes Lx = Ck(z) and therefore also O%(Jk)
and so does C(y). It follows that

[Uq, O*(Jk)] < Ug N O*(Jx) < 02(0*(Jk)) < 02(0* (L))

Since [Ug, O?*(Jk)] is normalized by O?(Jk), O*(Jk) acts irreducibly
on 05(0*(L))/Z and O9(O*(Lk)) is non-abelian, but Uy is abelian,
we get that [Ug, O?(Jk)] < Z. Therefore,

[Uq. O*(Jk), 0*(Jx)] < [Z,0°(Jk)] = 1.
Hence Ug is centralized by O?(Jk) and thus
O*(Ji) < Ca(Yu).

Since Cg(Yar)Cq(y) normalizes K, Oo(M) normalizes Ji. As Oa(Jk)
has exactly one non-central O?(Jy)-chief factor, Lemma 5.22 (ii) pro-
vides the final contradiction. O

Lemma 5.24. Suppose that z € Q1(Z(S))#, y € Vs and K is a com-
ponent of Cq(y). Set L = Ck(z). Assume that Lk is not a 2-group,
05(0*(Lg)) is elementary abelian and contains exactly one non-central
O?(Ly)-chief factor. If Q normalizes O*(L), then [O2(Ly), O*(Lg)] <
Z(Q).

Proof. Since Q normalizes O?(Lg) and Lx normalizes Q, [Q, O*(Lg)] <
05(0?*(Lg)). The result follows from Lemma 2.6. O

Lemma 5.25. Assume that z € Q1(Z(S))#, y € Y and K is a compo-

nent of C(y) which is normalized by Yar. Then, setting K Neg(y) (K) =
KNCS(?J)(K)/CCS(ZJ)(K)} we have

Yar| > (M) > 2.

Proof. Let K be a component of C(y) and assume that

(277)] < 2.
Then, for all m € M, 2™ € YXI and Lemma 5.1 implies z™ acts non-
trivially on K. Therefore
zZ=2zm
for all m € M. Hence
[z,m] = 2712™ € Cogy)(K)

for all m € M. Therefore [(z), M] < Ceyq (K). If [(2), M] # 1, then K

is a component of N, ([(2), M]) and this contradicts Lemma 4.7(iii).
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Hence M < Cg(z) < Ng(Q) and this is a contradiction to our basic
assumption. 0

Lemma 5.26. Suppose that z € Q(Z(S))* and y € V§. Let K be
a component of Cg( ) and Lx = Ck(z). Assume Ly /Z(Lk) is not a

2-group and. set K Nei) () = K Noy () /Ceg ().
(i) If |[Yy| < 4, then F*(Ca(y)) = KOo(Ca(y)) and O*(Ly) is
normalized by Q). - -
(il) If |2:(C KNeoin (K (OQ(LK))) NYy| =2, then |Yy] > 8.
Proof. Suppose that |YM| < 4. Assume that W <Y, is normalized by
O?*(Lg). If |W| = 2, then OQ(LK) centralizes W and, if |W| = 4, then,
as O%(Lg) centralizes ( ), again O%*(Lg) centralizes W. Lemma 5.19

implies Lemma 5.20(a) holds. Hence Lemma 5.20 yields K = E(Cgs(y))
and O?(Ly) is normalized by Q. In particular (i) holds.

To prove (ii), assume that |YM| < 4 and set X = Cy,,(0*(Lg)).
Then, by (i), K = E(Cs(y)), X is normalized by @ and it is also nor-
malized by Cs(y). In particular, Cey ) (K) = T},. Since X is elementary
abelian, | XT,/T,| < 2 holds by assumption. Using Lemma 5.11 yields

[X| <4 AsZ € X and y € Oy, (K) < X, we deduce that |X| =4 and

Cy,, (K)| = 2. Hence |Yy| = |Ya||Cy,, (K)| < 8 and this contradicts
Lemma 4.12. Therefore (ii) holds. O

Lemma 5.27. Suppose that y € Y]t and K is a component of Ci(y).
Let P be a 2-local subgroup of K, and assume that both K and P are

normalized by Oo(M). Set KNCS(y)(K) KNCS W (K)/Cogu) (K). If
P is of characteristic 2, then Yy < OQ(POQ( ).

Proof. Set H = POy(M)Cey)(K) < Cq(y). Then O*(Cu(02(H))) <
P and so O*(Cy(0z(H))) < Cp(0Oy(P)) < Oy(P), as P has char-
acteristic 2. Hence H has characteristic 2 and so Lemma 4.8 gives

Y < Oo(H). Therefore Yy < Oy(H). O

6. THE STANDARD SETUP AND CONSOLIDATION OF NOTATION

Throughout the remainder of this paper Hypothesis 4.1 holds. We
pick and fix y € Y§ with |Cs(y)| maximal. We continue the notation

Sy = CS(y) N Ey and Ty = CCS(y)(Ey)

where E, is as defined just before Lemma 5.4. Recall that Cs(y) is a
Sylow 2-subgroup of C¢(y) by the definition of Vg and so S, is a Sylow

2-subgroup of E,. Furthermore by Lemma 5.8 we have that Cs(E,) =
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Ceyy)(Ey). The subgroup K represents an arbitrary component of E,.
We denote by ~ the projection

Tt KNgy () (K) = K Negy) (K)/Cogy (K).

Thus K = KCpy()(K)/Coyw (K) = K/Z(K). By Lemma 4.11, Oy (M)’ #
1 and, by Lemma 4.4(iv), Yy = Q;(Z(02(M))). Hence we will fix an
involution

Since z centralizes Cs(y) and so Sy, z normalizes K. We know from
Lemma 5.1 that K = [K, z] and z inverts O(Cg(y)). We set

Obviously, Lx < Cs(2) < Ng(Q) and so [@,y] < Y is normalized
by L. Furthermore, if Ly is not a 2-group, Lemma 5.21 implies that
Ce(Yar)Co(y) normalizes K and, in particular, Oy (M) normalizes L.
We will often require the subgroup

N,
Ug = <YMG(Q)>

which is elementary abelian and contained in @ N Oy(M) by Lemma
4.9.

The next five sections investigate the various possibilities for the
isomorphism type of K/Z(K).

7. SPORADIC GROUPS AS COMPONENTS

The aim of this section is to show that K/Z(K) cannot be a sporadic
simple group or the Tits group 2F,(2)’. We begin with Ru and 2F4(2)’.

Lemma 7.1. K/Z(K) % ?F4(2) or Ru.

Proof. We first provide some structural detail about the groups X* =
2F4(2)', 2F4(2) and Ru. Suppose that z is a 2-central involution in X*.
Then by Lemma 3.17 and [16, page 65] the centralizer X = Cx«(x) has
the following normal subgroup structure:

1§X1<X2§X3<X4:OQ(X)<X,
where | X;| = 2, X; = Z(X,), Xs is elementary abelian of order 32,
X3 = Cx(Xy), Xo = Q1(X3) and O*(X) acts irreducibly on X,/X)
and on X,/Xj3 each of order 16. Furthermore,
X X* 2 2F,(2)
Xy 24 x2t  X*22F,(2)

Qs x 28 X* =~ Ru.
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Finally, if X* = 2F,(2) or 2F4(2)’, then X/X; = ?By(2) = Frob(20),
while, if X* = Ru, then X/X, = Sym(5).

Recall the Sylow centralizer property from Definition 5.13. By [6,
Table 5.3r], Aut(Ru) = Ru and so, when K/Z(K) = Ru, the Sy-
low centralizer property holds for K in N¢, ) (K). We read from 6,
Theorem 2.5.12 and Theorem 2.5.15] that Aut(*F4(2)) = 2F4(2) =
Aut(*F4(2)). As presented above for X* = ?F,(2), we have that X; =
Z(X4) = Z(S). Thus the Sylow centralizer property also holds when
K/Z(K) = 2F4(2)".

Suppose K/Z(K) = 2F4(2)" or Ru. Notice that either Z(K) = 1 or
K = 2Ru. As Lg > S,, Lk projects mod Z(K') onto X as described
above (in the cases X* = Ru and X* = 2F,(2)). For 1 < i < 4, we
define B; < Lk to be the preimage of the subgroup X;. Since Ly is not
a 2-group, Lemma 5.21 implies that K is normalized by Cq(Y)Co(y).
We have o

KOQ(M) = Ru, 2F4(2)I or 2F4(2)

—_—

and, as C’KNCS(y)(K)(OQ(LK)) = B, has order 2, Lemma 5.26 (ii) implies
that
Yar| > 8.
Suppose that W < Yy, is normalized but not centralized by O*(L).
Then B, < W < Yy and so Y| > 2. Hence, as Xs = O (Cyx(Xa)),

YM = BQ.
Now we have

N(Co, inyEnm (Vi) = 0(Bs) = By = Yar.

It follows that €(O02(M))Ceyu)(K) = YuCey) (K), which means

that [Q1(02(M)), O2(M)] < Ceyy)(K). Since K does not centralize any

element of Z(Q) by Lemma 5.7, we have 1 (O3(M)) = Q1 (Z(02(M))) =
Y and this contradicts Lemma 4.11. Therefore

O?(Ly) centralizes every subgroup of Yj; which it normalizes.
By Lemma 5.20
F*(Cq(y)) = KOy(Cg(y)) and Q normalizes O*(Ly).
Select g € No(Cs(y)) \ Cs(y). We have T, T is centralized by K N K?
and K N K9 > O?(Lg) as Q normalizes O?(Lg). Hence

Ty < CKE\T)(OQ(LK)) =B

which has order 2. As T N7, = 1 by Lemma 5.10 and Lemma 5.9, we

conclude that |T,| = 2.
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Suppose that K/Z(K) = Ru. Then by [6, Table 5.3r] there is a
2-local subgroup J of K containing .S, with

J)Z(K) ~ 2378 SL3(2)

and J is normalized by Oy(M). Hence Lemma 4.8 implies that Y, <
Os(JYy) and (Y]\‘/D is an elementary abelian. Now the structure of J

and the fact that Oo(J/Z(K)) is non-abelian implies that [(Y}})] = 23.

Hence <Y]\‘§> = YM and OQ(M) < OQ(J) Thus OQ(M) < OQ(OQ(M)J)
and Lemma 4.4 implies J normalizes O2(M) and so also Yj,. Lemma
4.3 yields J < MT and J induces SL3(2) on Yy /(y). As MT does not
act transitively on Y;% and Oy(MT/Cy;) = 1, the subgroup structure
of SL4(2) yields MT = JCy,. But then Cy,,(MT) = (y), a contradiction
asy & Z(S). Hence K/Z(K) % Ru.

Suppose that K = 2Fy(2)'. As T, = (y), YuK = T,K = (y) x K
and so Yyr N K has index 2 in Y),. Since F*(Cq(y)) = KO2(Ci(y)) =
K (y), we have Cg(y) = KCgs(y). Because Lk normalizes (), Ly nor-

malizes Ug = (YAZVG(Q)) which is elementary abelian. Again we have
UgK = (y) x K and so Uy N K is an elementary abelian subgroup
of K normalized by Lg. We deduce that K N Uy = By > Yy N K.
Since Yy N K = Cp,(02(M)), Oo(M)Lg/O2(0Oo(M)Lk) = Frob(20)
and Bs/Z(0z(Lk)) is an irreducible 4-dimensional Lg-module, either
Oo(M) < O9(O2(M)Lg) or |YyyNK| = 8. In the former case Lx < M1
as Oy(M) is weakly closed in S. But then Lx normalizes Y), and this
contradicts O?(Lg) centralizing every subgroup of Yj, that it normal-
izes. Hence

By Lemma 3.17 (iv), | Z2(S,)| = 4 and so Z5(S,) < Yu,. In particular,
Py = Nk (Z5(Sy)) normalizes Co,ayk (Z2(Sy)) > O2(M) and so Oy(M)
and Y), are normalized by P;.

Since Oy(M)" # 1, we have Ox(M) NYy # 1. As Ox(M) < K, we
have Yy, NO2 (M) is either Yy, NK or Zy(S,). I YayrNOo(M) = Zy(S,),
then MCy//Cy embeds into the stabilizer of a 2-space in SL4(2),
which is isomorphic to 2%.(Sym(3) x Sym(3)). Since P, /Cp, (YayyNK) =
Sym(4), this means that Oy(MC)y;/Chr) # 1, a contradiction. There-
fore M normalizes Yy N K = Yy N Oo(M) and, as Oy(MCy/Ch) =
1 and MCy;/C)s is isomorphic to a subgroup SL3(2), again using
Py /Cp, (Y N K) 2 Sym(4) yields MCy/Cy = SL3(2). Now y™ has
size 1, 7 or 8. In the first two cases y is centralized by a conjugate of
S, a contradiction. In the latter case, y is centralized by an element of
order 7 in M and this contradicts the fact that |K| is coprime to 7.
Hence K 2 2F4(2)'. O
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Proposition 7.2. K/Z(K) is not a sporadic simple group.

Proof. We use the information from [6, Table 5.3] to see that K satisfies
the Sylow centralizer property Definition 5.13 in N¢, () (K). Hence 2
induces a 2-central involution on K. By Lemma 4.7 (v), F*(Lg) is a 2-
group and, in particular, Lx does not have a component. It follows that
K/Z(K) is not Jy, Coz, McL, LyS, O’N or M(23). By Lemma 5.23, if
05(0*(Ly/Z(K))) has derived group and Frattini subgroup of order 2,
then O?(Lg) does not act irreducibly on Oy(O*(Lk))/Z(02(O*(Lk))).
Using [6, Table 5.3] shows that K/Z(K) 2 Mat(11), Ja, J3, J4, Coy,
Cog, Suz, M(22), M(24), F1, Fy, F3, or F5. Because of Lemma 7.1 the
groups which remain to be considered are

K/Z(K) = Mat(12), Mat(22), Mat(23), Mat(24), HS, and He.

Using [6, Table 5.3] we observe that Lk is not a 2-group. In partic-
ular, C¢(Y)Co(y) normalizes K by Lemma 5.21.

(7.2.1) Either |Yy| > 8 or K/Z(K) = Mat(22) and Yy, £ K.

—_~—

: _ 2
Using [6, Table 5.3] we see that C’KNCS<y>(K)(O (L)) has order 2

unless K/Z(K) = Mat(22) in which case it has order 4 and is not con-
tained in K. Hence Lemma 5.26 gives the result. |

Suppose that K/Z(K) = HS. Then Ly /Z(K) has shape (21** o
4).Sym(5). As Lx < Ne(Q) and (V%) < Ug N Os(Lk )Y is elemen-
tary abelian, we obtain from [6, Table 5.3m] that Yj, projects into
N (Z(Lk/Z(K))). Thus |Yy /Cy,, (K)| = 2, contrary to (7.2.1)

Assume that K/Z(K) is one of Mat(22), Mat(23), Mat(24) or He.
Let J € Lk(S N K) be normalized by Oy(M). Then Yy < Oo(JYs)
and (Y}}) is elementary abelian by Lemma 4.8. Hence
(72.2) YM S ﬂ JEL (SNK); OQ(JYM)

O (M)<Ng(J)

Assume that K = He or Mat(24). Then S N K is isomorphic to a
Sylow 2-subgroup of SL5(2). Hence S N K has exactly two elementary
abelian subgroups F4, Es of order 64 and they intersect in a group of
order 2%. Also note that Oy(Lg) is the unique extraspecial subgroup

of order 27 in SN K. For i = 1,2, set J; = Ng(E;). If J; and J, are
conjugate in KOy(M), then KOy(M) = Aut(He) and LxOo(M) acts
irreducibly on Oy(Lx)/Z(02(Lk)). Hence Oy(Ly) < (Y5O < 1,

which is a contradiction as Uy is abelian. Therefore O(M) normalizes
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Ji and Jy, and, as J; and Jy have characteristic 2, we get by (7.2.2)

P e N

Y < E1 N EsNOs(Ly) = Zo(S N K).

Since [(Z2(S N K))| = 8, (7.2.1) gives Yy = ZQ(/S_’\Q/K). However,

P Lk P NZK

(Z3(SNK) ) = Oy(Lg) which is not abelian whereas (Y, ) < ﬁQ
which is abelian. As this is impossible, we conclude K/Z(K) 2 Mat(24)
or He.

Assume next that K/Z(K) = Mat(22) or Mat(23). Then from [6, Ta-
ble 5.3c and 5.3d], (SNK')/Z(K) has two elementary abelian subgroups
E\/Z(K), Ey/Z(K) of order 16 with normalizers in K that are of char-
acteristic 2, where Ng(E,/Z(K)) = 2*.Sym(5) and Ng(F»/Z(K)) =
24 Alt(6), 21.Alt(7), respectively. Furthermore, they are normalized by

OQ(M) We have 02<NK02(M)<E2)> S CKBE—(]/[)(EQ) = /E\g S [A(i and
thus by (7.2.2)

Yu < EiNE, <K.

Since (E1 N Ey)/Z(K) has order 4, we have a contradiction to (7.2.1)
in this case as well. Hence K/Z(K) % Mat(22) or Mat(23).
Assume that K/Z(K) = Mat(12). In this case

Lx/Z(K) ~2.Sym(3)

and by [6, Table 5.3 b, notes 2] an element 7 of order 3 in Lx acts fixed
point freely on Oy(Lk/Z(K))/Z(O2(Lk/Z(K))).

Set Uy = (V%) < Ug. Then U is elementary abelian. If some
involution u of U; induces an outer automorphism of K, then so does
some involution of Cy, (7); however, 7 is in the K-conjugacy class 34
whereas the elements of order 3 in Ck(u) are in the class 3B (see [6,
Table 5.3 b, notes 3]). Therefore U; < K. The action of 7 now shows

that |U;| = 8. Hence by (7.2.1)
Yur = Un.

We have

—_—

O2(M) < C, 55, (T)

which has order at most 2%, as my(Aut(Mat(12))) < 4 by [6, Table

—_—~—

5.6.1]. But then Oy(M)" = 1 whereas we know it contains z, a contra-

diction. Hence K/Z(K) % Mat(12). O
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8. GROUPS OF LIE TYPE IN ODD CHARACTERISTIC AS
COMPONENTS

The aim of this section is to show that if K/Z(K) is a group of Lie
type defined in odd characteristic, then K = 2Gy(3)" = SLy(8).

Lemma 8.1. The following statements hold.
(i) K/Z(K) 2 PSLs(p) with p > 7 a Fermat or Mersenne prime.

(i) If K/Z(K) = PSLy(9), then |Z(K)| is odd and
K N¢gyy)(K) = Sym(6) or Aut(PSLy(9)).
(iii) If K/Z(K) = PSLy(5), then Z(K) = 1, Yy < KCeyy(K)
and 37]\/4 =SNK.

Proof. Suppose that K is one of the groups itemised in the lemma with

K Negy) (K) 2 Sym(6) or Aut(PSLy(9)). Thus, if K = PSLy(p), then

—_—

K Neyy)(K) = PSLy(p) or PGLy(p) and, if K = PSL,(9), we have

K Ney)(K) = X € {Alt(6), PGL,(9), Mat(10)}.

Assume that z induces an outer automorphism on K. Then, as Mat(10)
has semidihedral Sylow 2-subgroups, we have K (z)/Z(K) = PGLy(p)
or PGLy(9) and, in particular, the Sylow 2-subgroups of K (z)/Z(K)
are dihedral groups of order at least 8. Since zZ(K) centralizes (S N
K)Z(K)/Z(K), this is impossible. Hence z induces an inner automor-
phism on K. In particular, Lemma 5.1 yields Z(K) is a 2-group.

Assume that Z(K) # 1. Then SNK is a quaternion group. Since K =
[K, 2], we have z = ws for some w € C)x(K) and s € (SNK)\ Z(K).
As [SNK,z] =1, we have [SN K, s] = 1, a contradiction. Hence

Z(K)=1.
We first prove parts (i) and (ii). By Lemma 5.16 as S N K is not
elementary abelian, Y3, normalizes all the components of F, and by

Lemma 5.25 we have .

If K % PSLy(7) or PSLy(9), then, as Yy, is normalized by Neg(y) (K)
the structure of the Sylow 2-subgroup of K shows that the only normal
elementary abelian 2-subgroup has order 2 and so Y| < 2, which is
not the case. o -

Hence K = PSLy(7) or PSLy(9), S N K = Dih(8) and |Ya| = 4. Thus
(SN K,Yy| = Z(SN K) and so Os(M) normalizes K. Since Oy(M)
centralizes Yy, O2(M) = Y. But as z € Oy(M)', we get z € Cs(K)
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which is a contradiction to Lemma 4.7. Thus (i) holds and to complete

the proof of (ii) we just have to establish that, if K Ne)(K) = Sym(6)
or Aut(PSLy(9)), then | Z(K)| is odd. Since z centralizes SN K, we have
that K(2)/Ck)(K) = PSLy(9) or Sym(6). That |Z(K)| is odd follows
from these observations and [6, Proposition 5.2.8 (b)].

For the proof of (iii), we have already shown that Z(K) =1 and so

K = PSLy(5). Thus Neg ) (S N K) =2 Alt(4) or Sym(4). Lemmas 5.12
and 5.14 imply that Y); normalizes K and Y); < OQ(NG(S T,)). Hence

(iii) holds. It follows from Lemma 5.25 that Y = SAK. O
Lemma 8.2. We have K/Z(K) % PSLy(5).

Proof. Assume K/Z(K) = PSLy(5). By Lemma 8.1 we have that K =
PSLy(5). Furthermore Yi = SN K and this is true for all components
K of E,. In particular, [S,, Y| < Cx(E,) N E, =1 and so

Sy < Cs(Yar) = Oo(M).

Set F, = E,Oy(M). Then O9(M) is a Sylow 2-subgroup of Fj,. As
O(F,) = 1 we have by Proposition 2.7 that J(Oy(M)) normalizes ev-
ery component of E,. Since J(O2(M)) centralizes Y), for any fixed
component K we have

SAK, J(O:(M))] = [Var, J(Oo(M))] = 1

and 50 J(Oy(M)) = Yy;. Therefore ®(J(Oy(M))) < Cegy (K ). Lemma
4.7 implies J(O9(M)) is elementary abelian. Therefore

J(O2(M)) = Sy x J(O2(M)NT,)

and so Ng, (Sy) < Na(J(O2(M))) < M. Now the action of Ng, (S,) on
Sy yields Yy N E, = S, and O2(M) = Co,)(K) x S,. In particular,

O5(M) is abelian. Then z € Oy(M)" is contained in Cg(K'), which
contradicts Lemma 4.7. Hence K/Z(K) 2 PSLy(5). O

Lemma 8.3. We cannot have K/Z(K) = PSLy(9).
Proof. Assume K/Z(K) = PSLQ( ). By Lemma 5.16, K is normalized
by Yas and, by Lemma 8.1, K N¢(, )( ) = Sym(6) or Aut(K) with
|Z(K)| is odd.
Furthermore, by Lemma 5.25 we have |}7;\//[| > 4.
Assume that [W( Yu] # 1. Then K > [SN K, Yy # 1 1 and so
Os(M) normalizes K by Lemma 5.18. Since z € Oy(M ) and Og( ) <

K, we have 7 € K. Now Lemma 5.25 implies that 02( )N Yy has
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order 4. But then, as Oy(M) centralizes Yy, we have Oy(M) is abelian.
As z € Oy(M)', we then get that z € Cs(K), contradicting Lemma
4.7. Hence

P

[SNK, Yy =1.

As |Yy| > 4 by Lemma 5.25 and [S N K, Yy | = 1, we have |Yy| =4
and Y}, maps to the centre of a Sylow 2-subgroup of Sym(6). In partic-
ular, SN KY), is contained in Oy(M). This applies to every component
of E,. Especially

(1) S, < Oo(M).

Y

If z does not induce an inner automorphism on K, then O%(Lg) =
Alt(4). By Lemma 5.21 we have that O9(M) normalizes K, which
contradicts z € Oz(M)’. Thus z induces an inner automorphism and
so by Lemma 5.1 O(K) = 1. Now by [5, Remark following Proposi-
tion 8.5] the assumptions of Proposition 2.7 are satisfied, which yields

—_——

that J(O2(M)) normalizes every component of E,. Hence J(Oy(M)) <

—~——

J(Ncs(y)(K)) = D1h<8) x 2. Thus

(2) D(J(Os(M)))] < 2.

Let A be a maximal elementary abelian subgroup of O2(M). Then
A normalizes K and

ma(A) = ma(Cax (K)) + ma(AK/Cak (K))

. Combining this with (1) we conclude that J(AK) = A(SN K). In
particular, J(O5(M)) is not abelian.

As ®(J(02(M))) # 1, we may select z, € Cy,,na0.n) (S)*, and
obtain

—_—

(2.) < @(J(0:(0)))
contrary to (2) and Lemma 5.25. Hence K/Z(K) 2 PSLy(9). O

Lemma 8.4. We cannot have K/Z(K) = PSLy(p®*) with p an odd
prime.

Proof. Suppose that K/Z(K) = PSLy(p®). By Lemmas 8.1, 8.2 and
8.3, p* is not a Mersenne or Fermat prime and p® # 9. If z induces
an inner automorphism on K, then Lx has a normal 2-complement.
Application of Lemma 4.7 (v) yields that Lg is a 2-group. Now [8,
Hauptsatz 8.27] implies that p® is a Fermat or Mersenne prime or p* =

9, a contradiction.
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Hence z induces an outer automorphism on K. If z induces an inner-
diagonal automorphism, then (z) K/Z(K) has non-abelian dihedral Sy-
low 2-subgroups. Since z induces an outer automorphism which cen-
tralizes S N K this is impossible.

Hence z is in the coset of the field automorphism (mod PGLa(p*))
and hence is a field automorphism by [6, Proposition 4.9.1]. Thus, as
p*# 9, F* (L Z(K)/Z(K)) = PSLy(p*/?) and this contradicts Lemma
4.7(1). Hence K/Z(K) 2% PSLy(p%). O

Proposition 8.5. If K/Z(K) is a group of Lie type in odd character-
istic, then K/Z(K) =2 2Gy(3)" = PSLy(8).

Proof. By Lemma 8.4 we may assume that K/Z(K) % PSLy(p®) and
we also suppose that K/Z(K) % 2Gy(3). We know that F*(Lg) is a
2-group by Lemma 4.7 (v). Using Lemma 3.20 yields K/Z(K) is one
of the following groups.

PSLs(3), PSUs(3), PSLy(3), PSUL(3), PSp,(3), PQ(3), PO (3), Ga(3).

Furthermore, in each case the conjugacy class of 2 is uniquely deter-
mined and is contained in K. Using [6, Table 4.5.1] with Lemma 3.20
we have

(Qs K/Z(K) = PSLs(3)
- Qgo4d K/Z(K) = PSU3(3)
Oy(Lg) = { 21+ K/Z(K) = PSLy(3), PSUL(3), PSp,(3), G2(3)
20 x 22 K/Z(K) = PQy(3)
(2178 K/Z(K) = PQg(3).

Moreover, other than for K/Z(K) = PQ;(3), Lk does not normalize

—~—

any elementary abelian subgroup of Oy(Lg) of order greater that 2.
Suppose that K 2 PQ,(3). Then
Uq N OaLic) = 0(Z(0s(Li))) = N (Z(L))
which has order 2. Hence O*(Ly) centralizes Ug and so also Y. Ap-
plying Lemma 5.22 (iv) provides a contradiction.

Therefore K 2 P(;(3). Then O*(Ly) = Alt(4) x (SLy(3) o SLy(3)).

Set J = 02(002@;)(Z(OQ(OZ(LK))))). Then J = SLy(3) o SLy(3) and

O2(J) = J centralizes every abelian subgroup of Os(O*(Lg)) which it
normalizes. In particular, J centralizes Uy > Yj,. Thus Lemma 5.22
(iv) provides a contradiction. This completes the proof of the proposi-
tion. 0

The group Gz (3)" will be handled as PSLy(8) in Section 10.
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9. ALTERNATING GROUPS AS COMPONENTS

In this section we will show that K /Z(K) is not an alternating group
Alt(n), n > 5. The cases n = 5, 6 have been discussed in Lemma 8.2 and

Lemma 8.3. Thus we may assume that n > 7. Therefore K N¢ ) (K)
is isomorphic to either Alt(n) or Sym(n).

Lemma 9.1. We have Cq(Yar)Co(y) normalizes K.

Proof. We consider X = Sym(n). Then, as n > 7, every involution in
X either centralizes an element of cycle shape 3 or 32. Hence Ly is not
a 2-group. Lemma 5.21 gives the result. 0

—~—

Because Oz(M) normalizes K by Lemma 9.1 and z € Oy( M), K(z) =
K is isomorphic to Alt(n). Under this isomorphism, we get Z is even and
we let supp(z) be the set of elements of {1,...,n} moved by the image
of z. For a subgroup H of Sym(n), we use H¢ to denote the subgroup
of even elements of H. We set notation so that |supp(z)| = 2m.

Lemma 9.2. We haven > 7 and Z(K) = 1.

Proof. 1f n = 7, then as Z is even, we get m = 2 and then O3(Ck(2)) # 1,
which contradicts Lemma 4.7. Thus n > 7.

We have K = [K, z|] by Lemma 5.1 and so z induces a non-trivial
automorphism of K of order 2 and z centralizes S N K € Syl,(K).
Application of [6, Proposition 5.2.8 (b)] implies that Z(K) = 1. O

Lemma 9.3. We have n —2m < 2 and, if 2m = n — 2, then n =
2 (mod 4). Furthermore either Os(Lg)/Z(K) is elementary abelian
and involves ezactly one non-trivial irreducible O*(Ly)-module or n €

{8,9,10} and |supp(z)| = 8.

Proof. By Lemma 9.2 Z(K) =1, so K = Alt(n). If 2m < n — 4, then
O?(F*(Lg)) contains Alt(n —2m) and this contradicts Lemma 4.7 (v),
other than if 2m =n — 4.

Suppose that 2m = n —4. We may assume that z = (12)(34) ... (n—
5,n—4). Then Lx = (22 Sym(m) x Sym(4))¢, which contains a Sylow
2-subgroup of K only if n = 4 (mod 8). By Lemma 9.1 we have that
Oy(M) normalizes K. We consider H, J € L (SNK) with H stabilizing
the partition {{1,2},...{n—1,n}} and J stabilizing {{1,2,3,4},..., {n—
3,n—2,n—1,n}}. Then H and J are normalized by Oy(M). By Lemma
4.8, Yy < Oo(HOo(M)) N Ox(JOo(M)). This shows that Yy, is con-
tained in the subgroup

((12)(34),...,(n —3,n — 2)(n — 1,n)).
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In particular any subgroup of Yj;, which is normalized by O*(Ly) is
centralized by O*(Lg). By Lemma 5.20, ) normalizes O?*(Ly). But
then it also normalizes the fours-group

(mn—3,n—=2)(n—1,n),(n—3,n—1)(n—2,n)),

as this subgroup is obviously characteristic in O?(Lg ). This is trivial to
observe if 2m > 8. In the case 2m = 8, it is [Z(02(0O*(Lk))), O*(Lk)]
which is also characteristic. Therefore there exists z; € Z(Q)# with
|supp(z1)| = 4, a contradiction to Lemma 4.7(v).

Therefore [supp(z)| > n — 3. If |[supp(z)| = n — 3, then O(Lk) # 1,
and we have a contradiction to Lemma 4.7. Hence |supp(z)| > n —
2. If 2m # n — 2, we have that Cx(z) = (2 Sym(m))°. If 2m =
n — 2, then Cx(2z) = (2 x 2 Sym(m))® which contains a Sylow 2-
subgroup of K only if n = 2 (mod 4). As n > 7, we have m > 3.
Now Sym(m) has a non-trivial normal 2-subgroup if and only if m = 4.
Thus so long as m # 4, we have that Oy(Lk) is elementary abelian
and Ly /Os(Lk) = Sym(m) induces the non-trivial irreducible part
of the natural permutation module on the unique non-central chief
factor in Oy(Lk). Finally we note that we have m = 4 only when
n € {8,9,10}. O

We now deal with the three exceptional cases in Lemma 9.3.

Lemma 9.4. We have |supp(z)| # 8. In particular n > 10.

Proof. Suppose that [supp(z)| = 8. Then by Lemma 9.3, n € {8,9,10}.
By Lemma 9.2 Z(K) = 1. We may suppose that z corresponds to the
permutation (12)(34)(56)(78). By Lemma 9.1, Os(M) normalizes K.
To start assume that K 2 Alt(8) or Alt(9). Then there exist Ji, J, €
L (SNK) with J; =2 J, & 23:S13(2) and J; # Jo. Both these subgroups

are normalized by Os(M) and hence
YM S OQ(YMJl) N OQ(YMJQ) = CYMK(K>(02(=]1) N 02(:]2))

by Lemma 4.8. Since |Oy(J1) N Oz(Jy)| = 2, this contradicts Lemma
5.25. Hence

P

KOy (M) = Sym(8), Sym(9), Alt(10), or Sym(10).
Notice that in Alt(10), (Sym(8) x Sym(2))¢ = Sym(8).
We consider J € L (S N K) stabilizing the partition
{{1,2,3,4},{5,6,7,8},Q}
where [Q| € {0,1,2}. Then
e {(Sym(4) 22)° ne{8.9}

(Sym(4)12 x 2)¢ n=10
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Notice that J has characteristic 2 and is normalized by Oy(M). Setting
Ji = O5(JO3(M)), we have Yy < J; and (Y}]) is elementary abelian
by Lemma 4.8. We calculate

12)(34),(13)(24), _ O (M) =
5 _ (20 n=8,9 or KO(M) = Alt(10)
L= 12)(34),(13)(24), AT

<(56()(7)8(),(5)7()(623(),(9),10)> KOy(M) = Sym(10)

and
(12)(34),(56)(78), 00 (M) =
T O - (s n € {8,9} or KOx(M) = Ali(10)
12)(34),(56)(78 ~

<(13(><2)4(><5)7>((6§>(7<9),10>> KO,(M) = Sym(10)
which has order 8 in the first cases and 16 in the second. As Ly <
N (Q), the projection Yy, is contained in jl N Oy(Lk).

Suppose that n € {8,9} or KOy(M) = Alt(10). Then we have
|C7(0%(Lk))| = 2 and so, as Yy < K, Lemma 5.26 (ii) applies to
give

YM = Jl N OQ(LK)
Pick p € Lk corresponding to (1,3,5)(2,4,6). As (13)(24)(57)(68) €
YMa
(3,5)(4,6)(1,7)(2,8) = ((13)(24)(57)(68))” € (Y3;*).
Since (12)(34) and (3,5)(4,6)(1,7)(2,8) do not commute, we have a
contradiction to (Y,,%) < [76/2 being abelian. Hence K O2(M) = Sym(10).

Let H < K O5(M) be the subgroup that preserves the partition
{{1,2},1{3,4},{5,6},{7,8},{9,10}}.
Then H = 2 Sym(5), and Yy, < Oo(H) and we have

Yar < Ji 0 Oo(H) < ((12)(34), (56)(78), (9, 10))

which has order 8. Notice that Z is the only KOy(M)-conjugate of Z in
Yar

By the choice of z we have z € Y); N O9(M)". By Lemma 5.25, there
exists m € M such that 2™ # Z. Obviously 2™ € Y3; N Oy(M)' and so

—_—

7€ 0y(M)Y NYy < K = Alt(10).

Hence z™ corresponds to an element of cycle type 22. However this
means Cg(z™) contains a component isomorphic to Alt(6) and this
contradicts Lemma 4.7 (v).
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Assume now n = 10. Then [supp(z)| # 8. By Lemma 9.3 this gives
|supp(z)| = 10, which contradicts z € K. O

Proposition 9.5. We have K/Z(K) is not an alternating group.

Proof. By Lemma 9.4 we have n > 10. Fu Further Lemma 9.2 gives us
Z(K) = 1. By the choice of z we have K( ) =K.
Assume that Yy, covers the unique non-trivial irreducible O*(Lg)-

—_——

module in Oy(Lg). Then C’f(({/\]\}) = OQ(E;(). By Lemma 9.1 we have

that O(M) normalizes K and so Oy(M) < C’f((@) is elementary
abelian. Therefore z € O(M)" < Cg(K), which is impossible.

Hence Y}, does not cover the non-trivial irreducible O?(L)-module

in Oy(Lg) and so any O%(L )-invariant subgroup W of Y, is central-
ized by O?(Ly). Therefore Lemma 5.20 yields O?(L) is normalized by
Q. Since O9(O*(Lk)) is elementary abelian and contains exactly one
non-central O%( L )-chief factor, Lemma 5.24 yields

[0:(0*(Lk)), 0*(Lk)] < Z(Q).
We now notice
[02(0*(Lk)), O%(L)] = O2(0*(L))

contains an element w which is K-conjugate to the permutation (12)(34).
Asw € Z(Q), Ce(w) has characteristic 2, hence Ce, () (w) has charac-
teristic 2 by Lemma 4.7 (vi) which it plainly does not. This contradic-
tion shows that K/Z(K) is not an alternating group. O

10. GROUPS OF LIE TYPE IN CHARACTERISTIC 2 AS COMPONENTS

In this section we tackle the possibility that K /Z(K) is a group of Lie
type in characteristic two. Some of these groups have been considered
before under different names. For example Lo(4) = Ly(5) = Alt(5),
PSp,(2)' = ALE(6), Ly(2) = Lo(7), Ga(2)' = Us(3), Lu(2) = 0F(2) =
Alt(8) and Qg (2) = Uy(2) = PSp,(3).

We will start with the groups SLy(2%) and 2B, (2%), which then also
handles the case of ?Gy(3)" which was left open in Proposition 8.5.

Lemma 10.1. Suppose that K/Z(K) = SLy(2%) or ?By(29), a > 3.
Then
() Yar < €u(5y)T,
(i) K is simple; and
(ii) S, < Ox(M).
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Proof. By Lemmas 3.11 and 5.14, N (S,T,) has characteristic 2. Lemma
5.12 yields Yy < O(Ng(S,T,)) and Yy, normalizes every component
of F,. In particular, Y3, induces inner automorphisms on each of such
component. It follows that Yy, < ;(S,)T},. This proves (i).

Assume that Z(K) # 1. By [6, Table 6.1.3], K/Z(K) = ?By(8), as
a > 3. Furthermore by Lemma 3.19 Z(S, N K) = Z(K).

Hence K(z) = KCk.)(K), 2 € K and z ¢ Ck.)(K). Thus z = ab
where a € SN K and b € Cg)(K). As z and Cg.)(K) centralize
SN K, so does a. Therefore a € Z(SN K) = Z(K) and we conclude
z € Ck(K), a contradiction. This proves (ii).

By (ii) K is simple. Since S, centralizes ©,(S,)T, > Y, we have

Lemma 10.2. We have that K/Z(K) % SLy(2%) or?By(2%) with a > 3.

Proof. Assume that K/Z(K) = SLy(2%) or ?By(2%) with a > 3. By
Lemma 10.1 (ii), K is simple.

We first prove that J(Oa(M)) = 4(S,) x J(T,). By Lemma 10.1 (iii),
Sy < O2(M) and so we consider X = E,04(M). We have Oy(M) €
Syl,(X). Using Lemmas 2.8 and 3.3, the fact that a > 2 yields

J(O:(M)) = J(Coyan)(Ey)) X J(Sy)-
Using Lemma 3.3 again gives J(S,) = Q1(5,) = Z(S,). From the
structure of J(Oz(M)), we see that Ng, (S,) normalizes J(Oz(M)) and
therefore Ng(S,) < M I by Lemma 4.3. Since Yj, is normalized by
M, it is also normalized by Ng, (Sy). Therefore [Yas, Ng,(S,)] < Yar N
E,. Since Y); does not centralize Ng, (S,), we deduce that €2,(S,) =
[Yar, Ng, (Sy)] < Yar. Now we have J(Oy(M)) = J(Cs(E,))Ya. Thus
[J(O2(M)), O5(M)] = [J(Coyan)(Ey))Yar, O2(M)]
= [J(Co,an(Ey)), O2(M)] < T,.
As [J(O5(M)), O2(M)] < T,,, Lemma 5.7 implies
[J(02(M)), Ox(M)] = 1.
Hence
Y < J(02(M)) <1 (Z(02(M))) = Y.
But then Yy = J(O2(M)) and this contradicts Lemma 4.11. The
lemma is proved. O

Lemma 10.3. We have K/Z(K) % PSUs(q) for ¢ =2* > 4.

Proof. Suppose that K/Z(K) = PSU;(q) with ¢ > 4. We have Z(K) =
1 by [6, Table 6.1.3] and Lemma 5.1. We take facts about K from [4, 5.4]

and [8,11.10.12 Satz]. An important point is that Q; (SNK) = Z(SNK).
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We have |Lg| = ¢*(q +1)/(¢ + 1,3) and so Ly is not a 2-group.
Therefore C(Yar)Cg(y) normalizes K by Lemma 5.21.
We start with the following statement.

(10.3.1) Suppose that A is an elementary abelian normal subgroup of
OQ(M)CQ(y) Then A < QI(S N K)Ccs(y)(K) = Z(S N K)Cos(y)(K).

Since A normalizes K, is elementary abelian, and no outer automor-
phism of K centralizes (SN K)/Z(SNK), A < (SN K)Ceyy(K).
Therefore

A < Ql(S N K)Ocs(y)(K) = Z(S N K)Ccs(y)(K).
[ |

By (10.3.1), Yir < Z(S N K)Cey)(K). As Z(S N K) is centralized
by Lk, we obtain
O*(Lk) < Cq(Ya).
Now, as O9(M) normalizes Ly, Lemma 5.22 (iii) yields F*(Cg(y)) =
KO5(Cg(y)) (and part (ii) leads to ¢ = 8, but we shall not use this).
Furthermore, (10.3.1) implies that [SNK, Yy | < SNKNCs(K) =1,

SNK < Cg(Yar) = Oo(M).

Assume w € Oy(M) has order 2 and induces an outer automorphism
on K. Then, as Os(M) normalizes K and is contained in S, w acts
on Ng(SNK)/(SNK). By [6, Proposition 4.9.2 (b)(2) and (g)], w
is conjugate in Aut(K) to a standard graph automorphism and so w
centralizes Z (S N K) (see [6, Theorem 2.5.1 d]) and Ck(w) = SLy(q).
Hence there is an element of v € Ny (w)(Z(S N K)) of order ¢ — 1.
Since the Sylow 2-subgroups of K are trivial intersection subgroups in
K, v normalizes S N K. As Ng(SNK)/(SNK) is cyclic, (v)(SNK)
is uniquely determined by its order in Nk (SN K)/(SN K), and so v
normalizes €1 (O2(M))(S N K). Therefore v normalizes ;(O2(M)) as
SNK < 0y(M). It follows that v € Ng(Q41(O9(M))) < MT. Therefore
v normalizes Yy;i = Y. As (v) acts irreducibly on Z(S N K) and
normalizes Yj;, we have

YuCogy)(K) = Z(SN K)Cey) (K).

Recall that Ug is elementary abelian. Hence Uy < O(M) and
(10.3.1) implies that

Ug £ Z(SN K)Coyy)(K) = YauCogy) (K) < UgCryy) (K).

Therefore

UQOCS(y) (K) = YMCCS(y) (K)
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Hence [Ug, O2(M)] < Ceyyy(K) and [Ug, O2(M)] is normalized by Q.
We conclude from Lemma 5.7 that [Ug, O2(M)] =1 and so Ug = Y
and

Nea(Q) < Ng(Yy) = M.

Suppose that J € Lg(S). Then, as Yy, is not characteristic 2-tall,
Yu < Os(J). Hence Yy < Cs(Yar) = O2(M) and so Yy < Yy Cog (K)
by (10.3.1). Thus [O2(M), Y] < Cey) (K) and again this is normalized
by Q. Hence [O2(M),Y;] = 1 and so Y; < Y),. This contradicts Lemma
4.10. Hence K/Z(K) 2 PSUs(q). O

Lemma 10.4. Suppose that K/Z(K) = PSL3(q), ¢ = 2* > 4. Then
K/Z(K) = PSLy(4).

Proof. We assume that ¢ > 8 and seek a contradiction. As ¢ # 4, [6,
Table 6.1.3] and Lemma 5.1 combine to give Z(K) = 1. The structural
information we require about SN K is given in Lemma 3.10. From there
we see that SNK has exactly two elementary abelian subgroups of order
¢?. Name these subgroups F; and FE,. Furthermore, every element of
(SN K)\ (E1U Ey) has order 4.

We have |Li| = ¢*(¢ — 1)/(¢ — 1,3) and so, as ¢ > 4, Lk is not
a 2-group. Thus by Lemma 5.21 Cg(Ya)Co(y) normalizes K and so
therefore does Yj;. By Lemma 3.10(ii) Y < (S, N K)Cey(K). If
Yu £ Z(SNK)Ceyy)(K), then we may assume Yy, < E1Cey(y) () and
Yu £ EyCeyy) (K). Since O2(M) centralizes Yy, we infer that Oy (M)
normalizes F;. Hence Oy(M) normalizes Nk (FE7) and also Ng(E»).
Then Lemma 4.8 implies that Yy, < EyCeyy)(K), which is a contra-
diction. Hence

(10.4.1) Vi < Z(S, N K)Ceyy) (K).

Since [Z(S, N K), Lx] = 1, we now have O*(Lx) < Cg(Yy) and so,
as Oy(M) normalizes Li, K = E(Cgs(y)) and M° normalizes Lx =
O?*(Lk) by Lemma 5.22. Therefore

(10.4.2) E, = K and M° normalizes Os(Lg) = S,,.

By Lemma 3.12, K satisfies the Sylow centralizer property (Defini-
tion 5.13) with respect to Cs(y). Furthermore all elements in Z(.S,) are
K-conjugate and, as () normalizes Z(S,), they all have a centralizer
which has characteristic 2. Thus Lemma 5.15 yields that

T, is elementary abelian.
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Since Yy < Z(S,)Ty, [Sy, Yu| < Tj,. As Q < M° normalizes S, by
(10.4.2), Lemma 5.7 implies that S, < Cg(Ya) = Oz(M). Combining
Lemma 2.8 with Lemma 3.10(iii) yields

(10.4.3) J(O5(M)) = 8,T, = E\E,T,.

In particular, (10.4.3) implies Nk (S,) < Ng(J(O2(M)
Nk (S,) normalizes Y. As Nk(S,) acts irreducibly on
produces Yy T, = Z(S,)T,. Therefore [T,Z(S,), Os(M)
T,Z(S,) = J(O4(M)) is normalized by S, we obtain [T}, Z(S,
1. Thus

(10.4.4) Yy, = T, Z(S,).

)) < M7 and so

Z(Sy), (10 4.1)

| <T,. Because
)

2(M)] =

Assume that some element in S conjugates T, E; to T, Fs. Let A be
an elementary abelian normal subgroup of S contained in O(M ). Then

A< :5'\; by Lemma 3.10(ii). Therefore, as S does not normalize T, Fj,
A<T,E\NT,By = T,Z(S,) = Y

by (10.4.4). Applying Lemma 4.11 provides a contradiction. Thus we
have

(10.4.5) S < N(T,E)).

By (10.4.3) and (10.4.5), M < Ng(E,T,). Thus Ng(E\T,) < M. As
Nk (E1) < Ng(EqT,) does not normalize Y),, this is impossible. O

Lemma 10.5. We have K/Z(K) % Sp,,,(q) with n > 3 and q = 2°.

Proof. We follow the notation from Lemma 3.5. Thus Z(S, N K) =
RiRy, and, for i = 1,2, L; = Ck(R;). We have Z is centralized by

Ly N Ly. Thus Ly contains a section isomorphic to Sp,,_4(¢), which is
not a 2-group as n > 3. Thus Lemma 5.21 yields K is normalized by
Ca(Ym)Co(y). Since Ly and Lo are not isomorphic, we have L; and Lo
are normalized by Oy(M). Lemmas 4.8 and 5.27 imply that

YirCes(y)(K) < Oa(Nk(R1))Cogy) (K) N O2(Ni (R2))Cogy) (K).

Furthermore, for i = 1,2, (YAIIK(Ri)> is elementary abelian. If Y), £

Z(O2(Nk(R2)))Cog(y) (K), then Lemma 3.5 (ii) implies that

—_—
—_——

(VoY) Z(02(Ni (R2))) = Oa(Ls)

NK(R¢)>

which is non-abelian. As (Y, is abelian, we conclude

Yar < Z(Os(Nx(R2)))-
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As Z((S, 0 K)/Z(K)) = (Z(Ox(Nx(Ba))) 1 Oa(Nic(B))/Z(K), we
have that - o

Yar < 2(S, N K).
Now Yy is centralized by O?(L;NLs) and so Lemma 5.20 gives K = E,
and S, =5, N K.

Assume that Z(K) # 1. Then, by [6, Table 6.1.3], K/Z(K) = Spg(2).
Further the preimage of Z(S,/Z(K)) is isomorphic to Z4 X Zs. This
contradicts Lemma 5.25. Hence Z(K) =1 and K is simple.

Since K = E, is simple, Yy < Z(S,)T, which implies [Yjs, S,] <
KNT,=1. Thus S, < Cs(Ya) = Oz(M). Using Lemmas 2.8 and 3.6
we obtain

J(O2(M)) = J(Sy) x J(T,, N Oz(M)).
Therefore N (J(S,)) < Ng(J(O2(M))) < MT. But Ng(J(S,)) nor-
malizes no non-trivial subgroup in Z(S,) by Lemma 3.6, which is
a contradiction as Yy < Z(S,)T, and Yy £ T,. We have proved
K/Z(K) % Sp,,(q) with n > 3 and ¢ = 2% > 2. O

Lemma 10.6. We have K/Z(K) % F4(q) with ¢ = 2%, a > 1.

Proof. By [6, Table 6.1.3] we have Z(K) = 1 unless ¢ = 2. We use
Lemmas 3.15 and 3.16 for structural information about K/Z(K). Let
R, and Ry be the preimages of root subgroups of K in S, N K. Thus

|R;| = q unless Z(K) # 1 in which case they are elementary abelian of
order 4. We also let Z be the preimage of Z((S N K)/Z(K)).

By Lemma 3.11, Z € Z and, by Lemma 5.1, K = [K, z]. We have
Lix > Ij (using the notation of Lemma 3.16) and so Lk is not a
2-group. By Lemma 5.21

(10.6.1) Cx(Ym)Co(y) normalizes K.
We next intend to show
(10.6.2) Yy, < Z.
Suppose that Yy N R; # 1 for some i € {1,2}. Without loss of

generality we assume that ¢ = 1. Let w € Y}, be such that w € E#
Then O?(Ck(R;)) centralizes w. Hence O( M) normalizes O?(C (Ry)).
It follows that O9(M ) normalizes Nk (R;) and Nk (Rs). By Lemma 5.27

Yar < 02(m1)) N Oz(%z))-

For i = 1,2, set W; = (Y ¥ (R')> Then W1 and Wy are elementary

abelian and Lemma 3.15 gives W; < Z(OQ(NK(R ))). By Lemma 3.16
(i), Z(O2(Ng(R1))) N Z(O9(Ng(R2))) = Z. Therefore Yy, < Z in this

case.
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To complete the proof of (10.6.2) we assume that

YuNR =YyNRy=1.

Since Oy(M) normalizes 12, Lemma 5.27 implies that {/]\7 < Oy(I1p) <

P

K. Thus Yj; normalizes Os(Nk(R;)) for i = 1,2. If, for some i, we have

e~ —

Var N O2(Ni(R) £ Z(0u(Ni(R))). then 1 # [0a(Nic(R). Vo] <

—_——

R:NY)y; = 1, a contradiction. Hence Y3;NO2 (N (R;)) < Z(O2(Nk(R;)))

—~——

and so Lemma 3.15 implies that first ?}/M < Oy(Ng(R;)) for both
1 = 1,2 and then that

—~—— —~—— ~

Yar < Z(05(Ng(R1))) N Z(O2(Nic(R2))) = Z.
This completes the proof of (10.6.2). |

Since O?(I;5) centralizes Z, we have O%(I15) < Cx(Ya) < Ca(Yur).
Hence J = Cg(Y)) is not a 2-group. Notice that J = O?(Ng(R;)) or
J = O*(Ng(Z(S N K))), Lemmas 3.15 and 3.16 show that the non-
central O?(J)-chief factors in Oy(O?*(J))/®(02(0?*(J))) are pairwise
non-isomorphic. In this way Lemma 5.22 provides a contradiction. This

proves K/Z(K) 2 Fy(q). O
Lemma 10.7. We have K/Z(K) % 2F4(q) with g = 2% > 2.

Proof. Suppose false. By Lemma 7.1 we have ¢ > 2 and [6, Theorem
6.1.4] states Z(K') = 1. Furthermore [6, Theorem 2.5.12] gives Out(K)
has odd order.

For the structure of the 2-local subgroups of K we shall use Lemma
3.17 in the arguments that follow, without specific reference. In partic-
ular, we know Ly is not a 2-group and so Lemma 5.21 yields

Ce(Yar)Co(y) normalizes K.

We introduce some notation. Let R = Z(SNK) and Wy = Z5(05(Lk)).
Then Lx = Cx(R), [Wi| = ¢° and W, /R is the natural Ly /O(L)-
module where Ly /Os(Lg) = 2By(q). Put Wy = Cx(W7). Then |[Wy| =
q% and Wy = Q;(Ws). Let P be the maximal parabolic subgroup of K
containing Nk (S N K) but not containing L.

Since Lk and P are normalized by O2(M), by Lemma 4.8 we have
Yir < Oo(LgOy(M)) N Oy(POy(M)) and (Y¥) and (Yy;) are elemen-
tary abelian.

—_—

As <YA]ZK ) is elementary abelian and normal in L K, we have }7;4 <

(viey < Wi. If Yy = Wy, then (Y{]) is not abelian, a contradiction.
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Hence 17;\/4 < I/If71 In part/i\(zularL any subgroup W of Yj; which is nor-
malized by O?(Lg) has W < R and so W is centralized by O*(Lg).
Lemma 5.21 implies that

E(Cq(y)) = K and @ normalizes O*(L).

In particular, some element of R is centralized by (). Since all root
elements are conjugate, all the involutions in R have characteristic 2
centralizers. Therefore Lemma 5.15 yields T}, is elementary abelian of
order at most ¢. Since Ox(M) < S,T,, and T, < Z(S,T,), T, < Yu.
Hence YM = (YM N K)Ty

Assume that Yy, < R. Then Lx = O*(Lg) < Cg(Yy). Hence
Lemma 5.22 implies that

Lg = O*(Lg) is normalized by M°.

Considering the action of @ on V' = Oy(Lg)/W;, which is an inde-
composable 5-dimensional GF(g)-module for Lx/Os(Lk), we see that
Cy(Q) has a non-trivial O?(Ly) chief factor by the A x B-lemma.
Hence Q centralizes V. As Z3(O2(Lg)) = ®(02(Lk)), O*(M°) central-
izes O2(L ) which is normalized by @ and so this contradicts Lemma
4.5. Hence
Yur £ R.

Because Yy £ R, Yy N Zz(:S*vy) £ R and so as Z(O,(P)) is a natural
P/Oy(P)-module where P/O,(P) = SLy(q), [Yrr N Z2(Sy), S,] = R and
we deduce [Sy, Y| > R. Since O(M)P = Co,nmyp(K)P and Oy(M)

—_——

centralizes Yy N Z3(S,) we conclude that P normalizes Oy(M)T,. But
then P normalizes O9(M) as Oy(M) is weakly closed in S by Lemma
4.4. In particular, Y3y N K is normalized by P and so Yy, NK > Z5(S,).

Since O2(Lk)/Coy(r,)(Wi) and Wy /R are irreducible O? (L )-modules,
@ < M° normalizes Lx and Lx < Cg(z) normalizes @, () centralizes
these sections. Therefore

[Os(Li), Q,Wh] =1
and

W1, Q, 02(Lk)] = 1.

The Three Subgroups Lemma implies that [W7, Os(Lg), Q] = 1. Since
(W1, O2(Lk)] is normalized by Ni(R) and Nk (R) permutes the invo-
lutions in R transitively, R = [Wy, 02(Lk)] < Z(Q). Let w € O*(Ly)
have order ¢ + +/2¢ + 1. Then w acts fixed-point-freely on the natu-

ral module for L /Os(Lk) = ?Bay(g). Since w normalizes @), we have
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Q = [Q,w]Cq(w) and [Q,w] < Lg. Now Cg(w) normalizes [W;,w] and
as [W1,Q] < R = Cw, (w), we have
(W1, 0], Co(w)] < W, w] N Cw, (w) = 1.

Hence Cg(w) centralizes W, = R[Wy,w].

By Lemma 4.11, Oy(M) is not abelian. Since Oy(M) < S, T, and T,
is abelian, we have Oy(M)" < S, and O2(M )" NY), is normalized by P.
In particular,

R < Z(OQ(P)) < OQ(M)/ NYuy.

Choose z € Cg(w) \ Cq(y) such that 2? € Cg(y). Then

$2 € CSyTy (w) = ng (w)Ty S CSyTy(WlTy) S CSyTy (YM) S 02(M>
We consider the action of  on Y. As x centralizes W, and T,,NT, y =
by Lemma 5.10 and Lemma 5.9, Cy,,(x) = Yyy N W) = Yy N K. As
172 S OQ(M),

[YM,.’L'] < CYM($) = YM NK.
We also have [Oy(Lk), x| < [O2(Lk), Q] < Coyr,)(W1) and so
[OQ(LK),ZE, YM] =1.

As [Yar, O2(Lk), z] < [R,x] = 1, the Three Subgroups Lemma implies
that

[YM,.I’] S CYM(OQ(LK)) = R S OQ(M)/ M YM S K N YM = CYM(.I‘).
Hence x centralizes the sections of the M-invariant series
Yvu > Yy ﬂOg(M)' >1

which means that x € Oy(M/Cy;) = 1. Thus x centralizes Y),;. But
then x centralizes y and this is impossible. Therefore Cgp(w) < Cg(y)
and @ = [Q,w]Cq(y) < O2(Lk)Co(y) < Cs(y), a contradiction. O

Lemma 10.8. Suppose that K/Z(K) = PSL,(q), n > 4 and q = 2°.
Then K/Z(K) = PSLy(4).

Proof. Suppose false. By Lemmas 10.2 and 10.4, n > 4. Furthermore,
as PSL4(2) = Alt(8), we have by Proposition 9.5 that K/Z(K) %
PSL4(2). Now by Lemmas 3.11 and 5.1 and [6, Theorem 6.1.4] we have
K is simple. Let R = Z(SNK). Then Lemma 3.11 implies that 2 € R.
Thus Lk is not a 2-group and so K is normalized by Cq(Yar)Co(y)
by Lemma 5.21. Since (n,q) # (4,2), Lemmas 3.1 and 3.2 show that
Os(Lk)/R is a direct sum of two non-isomorphic C (R)-modules. Let
their preimages be E; and E;. We have F; and FE5 are elementary
abelian and they have order ¢" .

If Yir < RCeyy)(K), then O?(Lg) centralizes Yy, and the aforemen-

tioned module structure of Oy( Lk ) provides a contradiction via Lemma
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5.22 (ii). Therefore Yy £ RCcy(y)(K). Since Ug is elementary abelian
and is normalized by Lg and Uy £ RCcy)(K), we have, without
loss of generality, UgCcy(y)(K) = Ey. Hence Oy(M) normalizes F; and
hence also E,. But then Yy, < Oy(O2(M)Nk(E3)) < ExCeyy)(K) by
Lemma 5.27. Therefore Yy, < EyCey () (K)NE2Cegy)(K) = RCey () (K)
O

and we have a contradiction.
Lemma 10.9. We have K/Z(K) % Ga(4).

Proof. By [6, Table 6.1.3] we have |Z(K)| < 2. Let R be the preimage
of Z(SNK)/Z(K)). By Lemma 3.11, Z € R¥. As Ug is elementary
abelian and normalized by Ly, application of Lemma 3.18 shows that
YuCs(K) is centralized by O%(Lk). Therefore K = E, and M° normal-
izes O?(L) by Lemma 5.22. Since, by Lemma 5.25, 4 < |Y),T,/T,| <
|Z(S N K)Ty/Ty| < 4, we have Y\ T,/Ty = Z(S N K)Ty /Ty has or-
der 4. Lemmas 4.12 and 5.11 imply that

|Yar| = 16.
Furthermore by Lemma 5.15 we have that
T, =Yy NT,.

Notice that Oy(M) < Cs, 0, (R/Z(K)) and so Oy(M) is normalized
by Nk (S N K). This subgroup contains an element p of order 3 which
operates non-trivially on R/Z(K). It follows that [Yys, p] has order
4 and p centralizes Cy,,(K). Since z € Oy(M) < K and we have
Yar N Oo(M)" has order 4 or 8. Suppose first that the order is 8. Then
1# Z(K) < R. Since Oy(MT/Cyr) =1 and MT is not transitive on R,
we have MT/Cy; = Sym(3) and Z(K) = Cg(p) is centralized by Q, a
contradiction. Hence R = Y3, N Oy(M)" has order 4. Since p centralizes
Yu /R, we have (p) is normalized by S and hence so is Cy,,(p) =
Cy,,(K). But then Z(Q)NT, # 1, and so we have a contradiction. [

Proposition 10.10. If K/Z(K) is a simple group of Lie type in char-
acteristic 2, then K/Z(K) = PSL3(4) or Spy(q), ¢ = 2* > 4.

Proof. Suppose false and let ¢ = 2% Then combining the lemmas
of this section, we have K/Z(K) = U,(q), n > 4, Q5,(q), n > 4,
GQ(Q)? q > 87 3D4(Q), 2E6(q) or En(q)> n = 67 778 AISO7 by PI‘OpOSi—
tion 8.5, K/Z(K) % PSU4(2) = PSp,(3). Lemma 3.11 implies that
z acts on K/Z(K) as a 2-central element. Set Ly = Ck(z) and J =
Co2(1,)(Z(02(0*(Lk)))). Then Lemma 3.1 implies O2(O*(Lk)) is non-
abelian and O?(J) acts irreducibly on Oo(O*(Lk))/Z(02(O*(Lk))).
This contradicts Lemma 5.23 and proves the proposition. 0
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11. THE GroOuUPSs PSL3(4) AND PSp,(q) AS COMPONENTS

In this section we assume that K/Z(K) = PSL3(4) or PSp,(q), ¢ =
2% > 2. We will show that this is not possible. By [6, Theorem 6.1.4]
we have Z(K) =1 if K = PSp,(q). By Lemma 3.11, z acts as an inner
automorphism on K and so Z(K) is a 2-group by Lemma 5.1.

Lemma 11.1. If K/Z(K) = PSL3(4) and Z(K) # 1, then Z(K) is
elementary abelian of order at most 4.

Proof. Assume that Z(K) contains an element of order four. Then
Z(SNK) = Z(K) by Lemma 3.9 and z acts on K as an element
of Z(S N K) and so z centralizes K. This contradicts Lemma 5.1.
Thus Z(K) is elementary abelian of order at most 4 by [6, Theorem
6.1.4]. O

We now establish the notation which will be used throughout this
section. We write
E,=K,.. . K,
where each K is a component of C(y) with K;/Z(K;) = K/Z(K) and
|K;| = |K|. For 1 <i <r, we define

If K = PSp,(q), we let E;;, 7 = 1,2, be the maximal order elemen-
tary abelian subgroups of order ¢* in S; described in Lemma 3.7. If
K/Z(K) = PSL3(4), then we let E;;, j = 1,2, be the elementary
abelian subgroups of order 16|Z(K)| as described in Lemma 3.13 (i).
In all cases we have that every elementary abelian subgroup of S; is
contained in F;; or in F;. When discussing a fixed component K, we
often abbreviate our notation using £ and Fs in place of F;; and FEjs.
Define
D, = J(Oz(M)NT,).

The proof takes different directions depending upon whether or not D,
is abelian.

Lemma 11.2. Suppose that K/Z(K) = Sp,(q), ¢ = 2 > 4. Then
Z(K) =1 and no element of Q1(Z(S)) projects on to a root element
of K.

Proof. By [6, Table 6.1.3] we have Z(K) = 1. Let Z(SNK) = R Ry
with Ry and Ry root subgroups. Suppose that z € ,(Z(.S)) is such that
Z is a root element in S N K. Then L is not a 2-group and so Lemma

5.21 implies Cg(Ya)Co(y) normalizes K and then Cg(y) normalizes
O*(Lg).
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Suppose Yy = Oa(Ng(Ry)). Then Oy(M) normalizes Nk (R;) and
Nk (Rs) and Yy £ O9(Ng(Rz)). Employing Lemma 4.8 and Lemma
5.27 we have a contradiction. Now Lemma 3.7 shows that O*(Ly)
centralizes any subgroup of Y3, which is normalized by O?*(Lg). Ap-
plication of Lemma 5.20 shows that @ normalizes O?(Lg). Then, as
Os(Lk) is elementary abelian and contains exactly one non-central
O?(L)-chief factor, Lemma 5.24 implies Oo(Lx) < Z(Q). Hence K =
(Ck(Ry),Ck(Ry)) < Ng(Q), a contradiction. This proves the lemma.

O

We remark that the next lemma does not require that |Cs(y)| is
chosen to be maximal.

Lemma 11.3. Suppose that y € Y§. Then the following hold.
(i) Ng,(S,) < M.
(ii) YM =YunT,)YunsS,) and (Y N K)Z(K) = Z(S,NK).
(iii) O2(M) normalizes K and J(Oy(M)) = S, D,,.
(iv) FEither Oo(M) = S,(O2(M)NT,) or Ox(M)K is isomorphic to
PSL3(4) extended by a graph automorphism.

Proof. By Lemma 5.16, Y3 normalizes K. Thus [S,NK, Yy] < Yy NK.
Assume that Yy N K £ Z(S,NK). Then [Yy, S, N K] £ Z(K)
and so Yy N K £ Z(K). Therefore, as Oy(M) centralizes Yy, Oa(M)

normalizes K. We may assume that Y,NS, N K is contained in EI but

—_—

not in Z(S?F\W/K) In particular Oy(M) normalizes Ey. But then Oy (M)
normalizes F; and also normalizes Fy. We have that J = Nk (FEs) is of

characteristic 2 and is normalized by Os(M). However Yy, € Es and
this contradicts Lemma 4.8. Thus

(11.3.1) Yy NS, N K < Z(5, N K).

Assume there exits x € YJ@E , which induces an outer automorphism on
K. Then [z,5, N K| < [Yu,S,N K| <YynNS,NK < Z(S,NK). In
particular x cannot interchange F and Fs. This yields that z induces a
field automorphism on K. But such an automorphism is non-trivial on
E,/Z(S, N K). Therefore Y, < S, N K which then means by (11.3.1)

—_——

(11.3.2) Yy, < Z(S, N K).

That is
Yu < Z(Sy N K)Cgs(y)(K) < Ocs(y)(sy N K)
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Since this is true for all the components of F,, we have

(11.3.3) S, < Cs(Yar) = Oo(M).

Consider E, = E,05(M)/Z(E,). Then Oy(M) is a Sylow 2-subgroup
of E,. We have E1Ey = J(S,NK) = J(O(M)) by Lemma 3.13 and
Lemma 3.7. Therefore, by Proposition 2.7 and Lemmas 3.14 and 11.1
we get J(O2(M)) normalizes K. It follows that J(O2(M)) N E, = S,
and J(Ox(M)) = SyD, by Lemma 2.8 and the definition of D,. In
particular, J(O2(M)) is normalized by Ng, (S,) and so Ng, (S,) < MT
by Lemma 4.3. Hence (i) is true.

Using (i) and the fact that 1 # Y < Z(S,NK) by (11.3.2), we
have Yy, = Z(S,NK), as by Lemma 11.2 Vi is not contained in a
root group when K = Sp,(q). Further

17 Yar, Ni(Sy N K)]Z(K)/Z(K) = Z((SN K)/Z(K)).

In particular, Yy N K £ Z(K) and so Oy(M) normalizes K. Further-
more, letting C' be a complement to S, in Ng, (S,), we have

Vi = [Yr, ClCy,, (C) = (Yar N Sy) (Y N'T)

and [Yy, C|Z(K) = Z(S,). This is (ii).
We have just seen that O(M) normalizes all the components of £,
and S, < Oy(M). We have also proved J(O5(M)) = S,D,. This is (iii).

Since Oy(M) normalizes K and O(M) centralizes Z (W{ ) by (i),

either O/Q(\]\Z) = :SZ or O9(M)K is isomorphic to PSL3(4) extended by
a graph automorphism (see [7, Chapter 10, Lemma 2.1]). Hence (iv)

holds. O
Lemma 11.4. Suppose that D, is abelian and r > 2. If x € (Yi N
Ki)\ Z(K;) for some 1 <i <r, then E, = [[,,; K; < E,.

Proof. By Lemma 5.5, [[,; K; < E, and [[;; K; is non-trivial as
r > 2. Assume that E, > H#i K;. Then there is a component L
of Cg(x) with L/Z(L) = K/Z(K), |L| = |K| and L £ [];,; K;. By
Lemma 5.5, the normal closure of [, 4 K in By has at least r — 1
components of Cg(z) and only has r — 1 components if every compo-
nent of [, ; Kj is a component of Cg(x). Therefore E, has exactly r
components.

Suppose that K is simple. Then £, = E, and we can apply Lemma
11.3 to find S, N L = O3(M)N L € Syly(L) and S, N L < J(Oy(M)) =
SyD,. Consider K; < E, and let C be a complement to Ng;,(S;). Then
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1S,D,, C] = S; and so, as C normalizes L,
S:NL,CI<S;NL<K;NL<Z(K;)=1.
Hence, temporarily setting E, = E,/Cg, (L), we have
C<C(S,NL)=2(5,NL)

and this means that C' < Cp, (L). Hence K; N Cg, (L) £ Z(K;) which
means that K centralizes L. Therefore L centralizes [],; K and so

Se N L < Crosany(J[ K5) =
J#i

Since D, is abelian, this shows that (SN L) = S.. Asz € S] < L and
x centralizes L, we deduce Z(L) # 1, a contradiction. Hence

Z(K) # 1.

As Oy(M) normalizes K;, 1 < j < r, by Lemma 11.3 (iii), we can
choose an involution w € Z([[,; K;)NYay. Thenw € D, and E,, = E,
by Lemma 5.6. Since L is a component of C¢(z) and K is quasisimple
for 2 < j <r, we have

L/Z(L) = LCp,(L)/Cp, (L) = K;Cp,(L)/Cr, (L) = K;/Z(K;)

and so [[,,; Z(K;) < Cp,(L). It follows that L centralizes w and so
L normalizes E,, = E,. Thus L normalizes E(Cp,(z)) = [[,,; K; and
so L normalizes K; = E(Cg, (][, K;)). Since L normalizes H]#

and L is a component in E,, L centralizes H - K;. Because L cen-
tralizes « and L is a component of Cg(x), L centralizes Ck,(x). We
know that Ck,(z) = S;. Hence L centralizes S; H#i K; > S,. From
Lemma 11.3(iii), J(O2(M)) = D, S,. Therefore, as D, is abelian, 1 #
J(O2(M))" = S,. Thus L is a component in Cg(J(Oz(M))") and this
contradicts Lemma 4.7 (ii). Thus E, = [[;; K;, a claimed O

Lemma 11.5. D, is non-abelian.

Proof. Assume that D, is abelian. By Lemma 11.3 (ii), J(O2(M)) =
D,S,. As D, = J(D,), D, is elementary abelian. Now Q4 (Z(J(O2(M)))) =
D,Z(S,NK) = D,Y) by Lemma 11.3(ii). Hence [D, Y, O2(M)] < D,
and as Z(S) N D, =1, we see that [D,, O5(M)] = 1. Hence

D, =Yy NT,=Q(T,).

Recall that S; contains exactly two maximal rank elementary abelian
subgroups Ej, E;p of order 16|Z(K;)| if K/Z(K) = PSL3(4), and ¢*
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otherwise. Thus the set of maximal order elementary abelian subgroups
in D,S, is

A = {DyHEiij |i; € {1,2}}
=1

and M permutes 21 by conjugation. The group M also permutes the
pairs (F, Fy) € 20 x 2 which have the property that

4 K/Z(K)=PSlLs(4
|F13F1ﬂF2|=|FQ:F1r‘|F2|:{ /() 3<)
q otherwise

Then M permutes the set of commutators [Fy, Fy| for all such pairs
(Fy, F3). Let the set of such commutators be ©. Then, as [E;;, Ejn] = S,

O={S|1<i<r}
and we have explained that
M permutes the groups in ©.
Assume that » > 1. Then, as M permutes ©, M normalizes

N = (L | L acomponent of Cq(Yy NK;),
L/)Z(L)= K/Z(K) and |L| = |K|,i =1,...,7).

By Lemmas 11.3 and 114, N = ([[,,K; [ 1 < i < 7r) = E, is
normalized by M. It follows that Dy, = Cj0,(m))(£y) is normalized by
M and this contradicts Lemma 5.7 as y € D,, shows that D, # 1. Thus

r=1and A = {DyEH, DyElg}.

If DyFEy; is normal in M, then Ng(DyEy) = Nig(Epn) < M, but by
Lemma 11.3 Y}, is not normal in Ng(E1;). Hence Dy Eyy and D, E,5 are
conjugate in M and so in S. Suppose that A < Oy(M) is an elementary
abelian normal subgroup of S. By Lemma 11.3, we either have Oy(M) =
(O2(M) NT,)J(Ox(M)) or K/Z(K) = PSL3(4) and Oy(M) induces
a graph automorphism. In the latter case, Lemma 3.13 implies A <
Sy, = J(Oz(M)). Hence always A < Q,(7,S,) = J(O2(M)), and so,
as A is normal in S, we obtain A S DyEH N DyE12 = Dy(EH N E12) =
Yu, as D, = Yy N'T,. This contradicts Lemma 4.11. O

Proposition 11.6. Suppose that y € V& and let K < E, be a compo-
nent of Cq(y). Then K/Z(K) % PSL3(4) or Sp,(q), ¢ = 2* > 2.

Proof. Assume the proposition is false. By Lemma 11.5 D, is non-

abelian. We first prove the following claim.
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(11.6.1) The component K is simple and there exists N < G normal-
1zed by M such that

N =E(N)=E,K, 4, = Ky - K,

with [Ey, K,+1] =1 and K = K,44. Furthermore, SN N = J(Oz(M)),
S permutes the components of N transitively by conjugation, and M =
SNy (Ky).

Let g € Ng(Ns(T,)) \ Ns(T,) with ¢* € Ns(T,). By Lemma 5.10,
D, N Dy =1and [D,,DJ] =1. As D, < J(Oz(M)) and g normalizes
Oo(M), D9 < J(O2(M)). As D, is normal in Ng(T;) the same applies
for DY.

For 1 <1 <r, set

Ci - H Sij.
J#
AS, for ¢ # j, Sz N Sj < Kz OKJ < Z(Kz) N Z(KJ) < Dy, the Mod-
ular Law implies ();_; C; = D,. In addition, we also have [S;, C;] <

If DJC;/C; is abelian for all i, then (D9)" < (;_, C; = D, contrary

o (Dy) # 1 and D, N Dy = 1. Thus we may fix notation so that
DgC’l/C’l is not abelian. Set m = S,D,/C;. Then D_Z < S; and
Dy £ Ey; for j = 1,2 as Dj is not abelian. Let p € N, (S;) be
arbitrary of maximal odd order and such that p acts fixed-point-freely
on S1/Z(S1). By Lemma 11.3 p € Nyi(O2(M)) and by Lemma 5.10
T9 N Oz(M) is a trivial intersection group in Ng(Oz(M)). As Dj =
J(Oo(M)NTY), we see that p normalizes DY if and only if it normalizes
TINO,(M). Suppose that p does not normalize DJ. Then [Df, D3] = 1,
as both groups are normal in Oy(M). But then [DJ, DJ’] = 1, and
this contradicts Lemmas 3.8 and 3.13 (iii). Hence p normalizes Dj. It
also normalizes D_Z and, as D, = J(D,) is generated by involutions,
it follows that Dy = S;. In particular, [S1,D9] = 51 = Z(S;). We
have Dy = Cpg(p)[D3, p]. Now [S, Dy, p| = Sy. Hence [Dg, p| < Sy and
Cpg(p) < Z(51)C1. We conclude that S; < Dy as

S\ = D = [DF. /1 (9) < (D, 912(5)) < (D3 p1(5: 1 DY) < (D11 1),

If K is not simple, then Z(K;) < S; < DJ and so D, N Dy # 1,
a contradiction. Hence the components in F, are simple groups. This
proves the first statement in (11.6.1).
Since D§ > Sy and Yy NSy = Z(S1) by Lemma 11.3, using Lemma
5.6 we have E, = E¢ for all z € (Y N S1)%.
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If Ky = Sp,(q), then Z(S;) contains root subgroups R; and Ry and
so Ky = (Ck, (R1), Ck, (R2)) normalizes EY.

Suppose that K7 = PSL3(4). Then all the involutions in K; are K;-
conjugate. Thus for involutions ¢ € S;\ Z(S;), the group E; is conjugate
to E,. Since t € Dj, we get Ey = EY by Lemma 5.4. Hence this time
we see that Ky = (Ck(t) | t € S1) normalizes EY. Thus in all cases

K, normalizes Eg.

Furthermore, by Lemma 5.5, Ky... K, < EY (this is obviously true if
r =1). Hence
E, normalizes Ej.

Since g2 € Ng(E,), we also have EY normalizes B = E,,. It follows
that the components of E, and the components of EJ are components
of EyEg . It now follows that £, ﬁEg = Ky --- K, and that we can write

N = EyEg - KlKQ e KTKT+1
where EY = Ky ... K,1.

We have J(Oy(M)) = SJDJ and so SIDJ N N € Syl,(N). Further-
more Co,n)(IN) = 1, as otherwise Cy,, (N) # 1, but this is not possible
as y € Y*. Therefore

J(O2(M)) € Syly(N).
This verifies the second and third statement in (11.6.1).

Define S,11 = Oz(M) N K,41. Then

r+1

[I5: € syl(v).
i=1

We now argue as in the case when D, was abelian. The subgroups
S; contains exactly two maximal rank elementary abelian subgroups
Ej;1, Ej of order 16 if K =2 PSL3(4), and ¢® otherwise. Thus the set of
maximal order elementary abelian subgroups in J(Os(M)) is

r4+1
A = {HE i, € {1,2}}
=1

and M permutes 2 by conjugation. The subgroup M also permutes
the pairs (F}, F») € 2 x 2 which have the property that

4 K = PSLy(3)

|F1:F1ﬂF2\:]F2:F1ﬂF2|:{ .
g otherwise

63



Thus M permutes the set of commutators [Fy, F»] for all such pairs
(F1, Fy). As [Fy, Fy] = Yy N S; for some i, M permutates the set

O={YynsS;|1<i<r}.
Hence M normalizes the subgroup
N*= (L | L acomponent of Cq(Yy NK;),
L/Z(L) =2 K/Z(K) and |L| = |K|,i=1,...,r).

Using the structure of N, we see that N* = N. Hence M normalizes N.
In particular, S permutes the set {K7,... K,.1} by conjugation. Sup-
pose that {Kj | j € J}is an S-orbit. We get that Z(S)NYyN[ [, K; #
1. Application of Lemma 4.7 (v) gives J = {1,...,r+ 1}. Thus S acts
transitively on {K; | 1 < ¢ < r 4 1}. Finally, as S is transitive on
{K; |1 <i<r+1}, M = Np(K;)S by the Frattini Argument. This
completes the explanation of (11.6.1). |

We also know Ny, (K) normalizes J(Oo(M)) N Ky = Si. Suppose that
E41 is not conjugate to E1o in Ny (K7). Then Fiq is normal in Ny, (K7)
and F = (EM) is elementary abelian with F'N K; € {Fj1, Eja}. Thus
F is normalized by (M, Nk, (Ey;)) < MT. Since Nk, (E;;) does not
normalize Y),, this is impossible. Hence Ej; is conjugate to Fi5 in
Ny (Ky). Since S N Ny (Kq) € Syly(Na(K7)), (11.6.1) implies S acts
transitively on {E;; |1 <i<r+1,57=1,2}.

Let A be an elementary abelian normal subgroup of S contained in

Oy (M). Put Ny(Ky) = Ny (Kq)/Cuy(K7). Then Ny (K7) normalizes
J(Oy(M))N K, = S; and A is normal in S N Ny (K). It follows that

A<E;NE;y=Yy.

Hence [A, Oy(M)] < Cy(Ky). Since S acts transitively on { K7, ..., K41}
and S normalizes [A, Oy(M)], we have
r+1

[4,0:00)] < 0:00) N [ Car(K5) = Cougan (V) = 1.

Hence A < Y),;. Now application of Lemma 4.11 yields the contradic-
tion. This proves the proposition. U

12. PROOF OF THE THEOREM

Let M and Y); be as in the assumption of the theorem. That is Yj,
is tall, asymmetric but not characteristic 2-tall. By Lemma 5.2 there is

some y € Y7 with E(Cg(y)) # 1. In particular Vi # 0. For y € Vi we
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have E, # 1. Let K be a component of E,. By Proposition 7.2 K/Z(K)
is not a sporadic simple group. By Proposition 8.5 and Lemma 10.2
K/Z(K) is not a group of Lie type in odd characteristic. Proposition
9.5 states that K/Z(K) is not an alternating group. Hence K/Z(K)
a group of Lie type in characteristic 2. Proposition 10.10 shows that
K/Z(K) = PSL3(4) or Sp,(q), ¢ > 4. Finally Proposition 11.6 provides
the contradiction which proves the theorem.
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