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Abstract

We investigate the growth of the tallest peaks of random field solutions to the parabolic
Anderson models over concentric balls as the radii approach infinity. The noise is white
in time and correlated in space. The spatial correlation function is either bounded or
non-negative satisfying Dalang’s condition. The initial data are Borel measures with
compact supports, in particular, include Dirac masses. The results obtained are related
to those of Conus et al. (Ann Probab 41(3B):2225-2260, 2013) and Chen (Ann Probab
44(2):1535-1598, 2016) where constant initial data are considered.
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1 Introduction

We consider the stochastic heat equation in R

0u L uuW . w0, ) = up() (1.1)
or ot Tuw, w =10 '

where 1 > 0, x € R (¢ > 1) and ug is a Borel measure. Herein, W is a centered
Gaussian field, which is white in time and it has a correlated spatial covariance. More
precisely, we assume that the noise W is described by a centered Gaussian family
W ={W(¢), ¢ € C(R; x RY)}, with covariance

1
(2m)*

E[W ()W ()] = /0 /Rl Fo(s.5)Fy (s, HHué)déds,  (1.2)

where w1 is non-negative measurable function and F denotes the Fourier transform in
the spatial variables. To avoid trivial situations, we assume that p is not identical to
zero. The inverse Fourier transform of u is in general a distribution defined formally
by the expression

[ niende. (13)
R¢

If y is a locally integrable function, then it is non-negative definite and (1.2) can be
written in Cartesian coordinates

E[W ()W ()] = /0 /R” ¢ (s, )Y (s, y)y(x — y)dxdyds . (1.4)

The following two distinct hypotheses on the spatial covariance of W are considered
throughout the paper.

(H.1) p is integrable, that is le w(€)dé < oo. In this case, the inverse Fourier
transform of 1 (£) exists and is a bounded continuous function y. Assume in
addition that y is «-Holder continuous function at 0.

(H.2) u satisfies the following conditions:

(H.2a) The inverse Fourier transform of (&) is either the Dirac delta mass at O or a
nonnegative locally integrable function y.

(H.2b)
/ M(§)2d$<oo. (1.5)
re 1+ 18]
(H.2c) (Scaling) There exists « € (0, 2) such that z(c€) = ¢*~¢u (&) for all positive
numbers c.

Hereafter, we denote by |-| the Euclidean norm in R¢ and by x - y the usual inner product
between two vectors x, y in R¢. Condition (H.2b) is known as Dalang’s condition and
is sufficient for existence and uniqueness of a random field solution. If y exists as
a function, condition (H.2c) induces the scaling relation y(cx) = ¢ “y(x) for all
c> 0.
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Equation (1.1) with noise satisfying condition (H.2) was introduced by Dalang in
[9]. In [16], for a large class of initial data, we show that Eq. (1.1) has a unique random
field solution under the hypothesis (H.2). Under hypothesis (H.1), we note that y may
be negative, but proceeding as in [18], a simple Picard iteration argument gives the
existence and uniqueness of the solution. In addition, in both cases, the solution has
finite moments of all positive orders. We give a few examples of covariance structures
which are usually considered in literatures.

Example 1.1 Covariance functions satisfying (H.2) includes the Riesz kernel y (x) =
[x]7", with 0 < n < 2 A £, the space-time white noise in dimension one, where
y = o, the Dirac delta mass at 0, and the multidimensional fractional Brownian
motion, where y (x) = []'_, Hi(2H; — 1)|x'|?i=2  assuming 3"¢_, H; > £ — 1 and
. . e . 2
H; > % fori = 1,..., ¢. Covariance functions satisfying (H.1) includes e~*" and
. . 2
the inverse Fourier transform of |£|2e~ 1"
Suppose for the moment that W is a space-time white noise and ug is a function
satisfying
¢ <up(x) < C, for some positive numbers c, C. (1.6)

It is first noted in [7] that there exist positive constants c1, ¢z such that almost surely

c1 < limsup(log R)fglog sup u(t,x) <cp. (1.7)

R— 00 |[x|<R

Later Chen shows in [3] that indeed the precise almost sure limit can be computed,
namely,

, 3 320\ 3
lim (log R) 3log sup u(t,x) = - | — a.s. (1.8)
R—00 [x|<R 4 3

One of the key ingredients in showing (1.8) is the following moment asymptotic result

t
lim m 3 logBu(r, x)" = - (1.9)

m— 00 4

Thanks to the scaling property of the space-time white noise, Chen has managed to
derive (1.9) from the following long term asymptotic result

1
lim — log Eu(r, x)" = &, (1.10)
t—o0 t

where the constant &, grows as ﬁm3 when m — oo.
Under condition (1.6), analogous results for other kinds of noises are also obtained
in [3]. More precisely, for noises satisfying (H.1)

Rlim (log R)_% log sup u(t,x) =+/2¢y(O0)t a.s., (1.11)
— 00

[x|<R
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and for noises satisfying (H.2),

4— £ £
lim (log R)_ﬁ sup logu(t, x) = ® s ( H(y)t> as., (1.12)
R—o0 |x|<R 2 2—«

[N
[

where the variational quantity g (y) is introduced in (3.3).
On the other hand, it is known that Eq. (1.1) has a unique random field solution
under either (H.1) or (H.2) provided that u satisfies

po# |uo|(x) < oo Vi >0,xeR’. (1.13)

In the above and throughout the remaining of the article, * denotes the convolution in
spatial variables. Hence, condition (1.6) excludes other initial data of interests such
as compactly supported measures. It is our purpose in the current paper to investigate
the almost sure spatial asymptotic of the solutions corresponding to these initial data.

Upon reviewing the method in obtaining (1.8) described previously, one first seeks
for an analogous result to (1.10) for general initial data. In fact, it is noted in [16] that
for every ug satisfying (1.13), one has

1 t, "
lim - log sup E <M) — &, (1.14)
t=00 T er  \Pr*ug(x)

where &,, is a constant whose asymptotic as m — oo is known. It is suggestive from
(1.14) that with a general initial datum, one should normalized u(z, x) in (1.8) (and
(1.9)) by the factor p; * ug(x). Therefore, we anticipate the following almost sure
spatial asymptotic result.

Conjecture 1.2 Assume that ug satisfies (1.13). Under (H.1) we have

Rlim (log R)_% sup (logu(t, x) —log pr xug(x)) = /2Ly (0)t a.s. (1.15)
—00

[x|<R

Under (H.2), we have

lim (log R)fﬁ sup (logu(t, x) —log p; * uo(x))
R—o0

[x|<R

4— £ =
— “uz«( H(”)t) a.s. (1.16)
2 2 —«o

el

In the particular case of space-time white noise, we conjecture that

1
3 /2t\3
lim (log R)_% sup (logu(t, x) —log p; x up(x)) = — (—) a.s. (1.17)
R—o0 |x|<R 4 3
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In the case of space-time white noise, note that if u satisfies the condition (1.6),
(1.17) is no different than (1.8). On the other hand, if ug is a Dirac delta mass at xg,
(1.17) precisely describes the spatial asymptotic of log u(z, x): at large spatial sites,
logu(t, x) is concentrated near a logarithmic perturbation of the parabola —%(x -
x0)%. More precisely, (1.17) with this specific initial datum reduces to

1
. _2 (x — x0)? 3 (2t\3
lim (log R)~3 logu(t, x) + 0 ) = 2 (2 118
R |f}'§1’R<°g“( Or Ty ) 4(3) (19

While a complete answer for Conjecture 1.2 (including (1.18)) is still undetermined,
the current paper offers partial results, focusing on initial data with compact supports,
especially Dirac masses. To unify the notation, we denote

__J 0 if (H.1) holds, | y(0) if (H.1) holds,
*= { o if H2) holds, ¢ €= { En(y) if (H.2) holds, (1.19)
where the variational quantity £ (y) is introduced below in (3.3). For bounded covari-
ance functions, we obtain the following result.

Theorem 1.3 Assume that (H.1) holds and ug = 8(- — xo) for some xo € Rt. Then
(1.15) holds.

For noises satisfying (H.2), or for initial data with compact supports, the picture is
less complete.

Theorem 1.4 Assume that ugy is a non-negative measure with compact support and
either (H.1) or (H.2) holds. Then we have

lim sup(log R)fé sup (logu(t,x) —log p; * uo(x))
R—00 [x|<R
2—a

4—a 2 & =g
< {33 —t a.s. (1.20)
2 2 -«

For initial data satisfying (1.6), the lower bound of (1.16) is proved in [3] using a
localization argument initiated from [7]. In our situation, a technical difficulty arises
in applying this localization procedure, which leads to the missing lower bound in
Theorem 1.4. A detailed explanation is given at the beginning of Sect. 6.2. As an
attempt to obtain the exact spatial asymptotics, we propose an alternative result which
is described below. We need to introduce a few more notation. For each ¢ > 0, we
denote

R

ye(x) = Qm)~* /R K e 2P giE X (£ (1.21)

which is a bounded non-negative definite function. Let W, be a centered Gaussian
field defined by

We(@) = W(pe * d) (1.22)
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forall¢ € C°(R4 x RY). In the above, p, = (2715)_‘5/26_”'2/(25). The covariance
structure of W, is given by

1
- @)t

_ / /f 6 (s, )W (5, Y)7s (x — y)dxdyds (123)
0 RN

E[W, () Wi (4] /0 /R FoGs, FG, D u(ededs

forallg, y € C2° (R4 x RY). In other words, W, is white in time and correlated in space
with spatial covariance function y,, which satisfies (H.1). Under condition (H.2c), y.
satisfies the scaling relation

Ve(X) = e % y1(e"2x) forall & >0,x € RE. (1.24)

Let u, be the solution to Eq. (1.1) with W replaced by W;. It is expected that as & | 0,
ug (t, x) converges to u(z, x) in L?(2) for each (¢, x), see [1] for a proof when the
initial data is a bounded function. The following result describes spatial asymptotic
of the family of random fields {u¢}:¢(0,1)-

Theorem 1.5 Assume that ug is a non-negative measure with compact support and
either (H.1) or (H.2) holds. Then

lim sup(log R)fﬁ sup (logug(t, x) —log p; * up(x))

R— o0 |x|<R,e€(0,1)

Ao ¢ ti%g (1.25)
= S a.s. .

If, in particular, uy = 8(- — xq) for some xg € R, then

‘ 2 (x — x0)2
lim (logR)™%  sup (logue(t, x) + ————
R—o0 |x|<R,e€(0,1) 2t
2—a
4—a €\
_ agé —t a.s. (1.26)
2 2—a

Neither one of (1.16) and (1.26) is stronger than the other. While the result of Theo-
rem 1.5 relates to the solution of (1.1) indirectly, it is certainly interesting. In Hairer’s
theory of regularity structures (cf. [14]), one first regularizes the noise to obtain a
sequence of approximated solutions. The solution of the corresponding stochastic
partial differential equation is then constructed as the limiting object of this sequence.
From this point of view, (1.26) provides a unified characteristic of the sequence of
approximating solutions {u}sc(0,1y, Which approaches the solution « as ¢ | 0. The
proof of (1.26) does not rely on localization, rather, on the Gaussian nature of the
noise. This leads to a possibility of extending (1.26) to temporal colored noises, which
will be a topic for future research.
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The remainder of the article is structured as follows: In Sect. 2 we briefly summarize
the theory of stochastic integrations and well-posedness results for (1.1). In Sect. 3
we introduce some variational quantities which are related to the spatial asymptotics.
In Sect. 4 we derive some Feynman—Kac formulas of the solution and its moments,
these formulas play a crucial role in our consideration. In Sect. 5 we investigate the
high moment asymptotics and Holder regularity of the solutions of (1.1) with respect
to various parameters. The results in Sect. 5 are used to obtain upper bounds in (1.15)
and (1.16). This is presented in Sect. 6, where we also give a proof of the lower bounds
in Theorems 1.3, 1.4 and 1.5.

2 Preliminaries
We introduce some notation and concepts which are used throughout the article. The

space of Schwartz functions is denoted by S(R?). The Fourier transform of a function
ges (RY) is defined with the normalization

Fg(&) = / e T g(x)dx,
]RZ

so that the inverse Fourier transform is given by F~lg(&) = 2m) ¢ Fg(—&). The
Plancherel identity with this normalization reads

/ |f (o) Pdx = Gn )6/ |Ff(&)dE .

Let us now describe stochastic integrations with respect to W. We can interpret
W as a Brownian motion with values in an infinite dimensional Hilbert space. In this
context, the stochastic integration theory with respect to W can be handled by classical
theories (see for example, [11]). We briefly recall the main features of this theory.

We denote by $3o the Hilbert space defined as the closure of S(R?) under the inner
product

(g, h) gy = ) / FgE) FhE)pn(&)ds . 2.1
which can also be written as
h) g, = // g (y)y (x — y)dxdy . (2.2)
RExRE

If y satisfies (H.1), then $ contains distributions such as Dirac delta masses. The
Gaussian family W can be extended to an isonormal Gaussian process {W(¢), ¢ €
L*(R., $0)} parametrized by the Hilbert space ) := L?(R,, $)). For any r > 0, let
F: be the o-algebra generated by W up to time 7. Let A be the space of $p-valued
predictable processes g such that E|| g||f~j < 00. Then, one can construct (cf. [16]) the
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stochastic integral fooo Jre &(s,x) W(ds, dx) such that

o0 2
E(/ / g(s,x)W(ds,dx)) =Elgl3. (2.3)
0 R¢

To emphasize the variables, we sometimes write [[g(s, y)|l5, , for [Ig]ls. Stochastic
integration over finite time interval can be defined easily

1t oo
/ / g(s,x) W(ds,dx) = / / Lio.n(s)g(s, x) W(ds, dx) .
0 JR¢ 0 R¢

Finally, the Burkholder’s inequality in this context reads

t
‘/ / g(s, x)W(ds, dx)
0 JR¢

which holds for all p > 2 and g € A. A useful application of (2.4) is the following
result

%
P )
L2(Q)

t
<Vap H / lg(s. ), ds
LP(2) 0

Lemma 2.1 Let m > 2 be an integer, f be a deterministic function on [0, 00) x R
andu = {u(s, x) : s > 0, x € R} be a predictable random field such that

U (s) = sup [lu(s, x)|Lm @) < o0.
xeR¢

Under hypothesis (H.2), we have

< Vam||f (s, Vo, OUn (9], , ;

LM ()

t
H// fGs, yuls, yY)yW(ds, dy)
0 JR¢

and under hypothesis (H.1), we have

t
// fs, Yuls, y)W(ds, dy)
0 JR¢

Lm(Q)
t 2\ 2
wm(/o (/Réﬂs,y)dyum@)) ds) .

Proof We consider only the hypothesis (H.2), the other case is obtained similarly. In
view of Burkholder inequality (2.4) and Minkowski inequality, it suffices to show

t
/0 (I FACHDIICH -)II%OIIL%<Q)dS = IIfG, y)|1[0,t](s)um(s)”?§s.y : (2.5)
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In fact, using (2.2) and Minkowski inequality, the left-hand side in the above is at most

t
/0 //R‘fxw [f (s, x) f(s, y)luls, x)uls, y)llL%m)y(x — y)dxdyds .

Note in addition that by Cauchy—Schwarz inequality,

1/2 1/2
s uls. I, g < s, 0 oy (s oy < Uon ().

From here, (2.5) is transparent and the proof is complete. O

We now state the definition of the solution to Eq. (1.1) using the stochastic integral
introduced previously.

Definition 2.2 Letu = {u(t,x),t > 0,x € Re} be areal-valued predictable stochastic
process such thatforallz > Oand x € R¢ the process { pr—s (x —y)u(s, y)1j0,,1(s), 0 <
s <t ye RZ} is an element of A.

We say that u is a mild solution of (1.1) if for all r € [0, T] and x € R’ we have

t
u(t, x) = py * uo(x) +/0 /Rl pi—s(x = yu(s, y)W(ds,dy) a.s. (2.6)

The following existence and uniqueness result has been proved in [16] under hypoth-
esis (H.2). Under hypothesis (H.1), one can proceed as in [18], using a simple Picard
iteration argument to obtain the existence and uniqueness of the solution.

Theorem 2.3 Suppose that ug satisfies (1.13) and the spectral measure | satisfies
hypotheses (H.1) or (H.2). Then there exists a unique solution to Eq. (1.1).

When ug = §(- — z), we denote the corresponding unique solution by Z(z; ¢, x). In
particular Z(z; -, -) is predictable and satisfies

t
Z(z:t,x) = pi(x —2) +/O /R/ pi—s(x —y)Z(z; 5, y)W(ds, dy) 2.7

forall7 > 0 and x € RY.
Next, we record a Gronwall-type lemma which will be useful later.

Lemma 2.4 Suppose a € [0, 2) and f is a locally bounded function on [0, 00) such
that

t f— -5
fzsA/ (S( t S)) fuds + Bg; forall >0,
0

where A, B are positive constants and g is non-decreasing function. Then there exists
a constant Cy, such that

2

f, <2Bg S forall t>0.
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Proof Fix T > 0. For each p > 0, denote D, = sup, .7 fre . It follows that

t [ -5
D, < A/ (S( t ”) e PUdsD, + Bgr .
0

It is easy to see

Jy (7)) i [ (M) T
0 f

2

1+5 Oo—g—s
<2'*2 sT2e Pds
0

2—a

=Cp 7
for some suitable constant C depending only on «. We then choose p = (2AC )ﬁ
so that ACp’%Ta = % This leads to D, < 2Bgr, which implies the result. O

Let us conclude this section by introducing a few key notation which we will use
throughout the article. Let B = (B(¢),t > 0) denote a standard Brownian motion in
R? starting at the origin. For each ¢ > 0, we denote

Bo(s) = B(s) — ;B(t) Vs € [0,1]. (2.8)

The process By, = (Bo;(s), 0 < s < t) is independent from B(¢) and is a Brownian
bridge which starts and ends at the origin. An important connection between B and
By ; is the following identity. For every A € (0, 1) and every bounded measurable
function F on C ([0, At]; R4) we have

E[F({Bo(5);0 <s < At})]
|B(A1)|?

_d
={1-x"2E |:exp {——2(1 ot

} F({B(s);0=s =< /\t})} . @29

This is in fact an application of Girsanov’s theorem, see [ 16, Eq. (2.8)] for more details.

Let B!, B2, ... be independent copies of B and B&t, Bg’t, ... be the corresponding
Brownian bridges. An important quantity which appears frequently in our considera-
tion is

§ .
®;(m) := sup Eexp / Z y(B(j)’S(r) — Bg’s(r))dr . (2.10)
s5€(0,1] 0 |<izkem

From the proof of Proposition 4.2 in [16], it is easy to see that under one of the
hypotheses (H.1) and (H.2), ®;(m) < oo for any ¢+ > 0. Finally, A < E means
A < CE for some positive constant C, independent from all the terms appearing in E.

@ Springer



Stoch PDE: Anal Comp

3 Variations

We introduce two variational quantities and give their basic properties and relations.
The high moment asymptotic is governed by a variational quantity which is known
as the Hartree energy (cf. [8]). If there exists a locally integrable function y whose
Fourier transform is u, then the Hartree energy can be expressed as

5H<y)=sup{ / f y(x — »gX ) g (ydxdy — / |Vg(x>|2dx}, (3.1)
]RZ Rl RIZ

geg

where G is the set
G =15 W@ gl =1} - (3.2)

The subscript H stands for “Hartree”. We can also write this variation in Fourier mode.
Indeed, the presentation (1.3) leads to

f / y(x — V0 (dxdy = 2m) " / FLe216) P () de
REXRE R¢
= [ \Fex PP ude
Setting h = (27[)_§]-'g so that ||h]| ;2 = 1, we arrive at
En(y) = sup {(270z f | h(£) 1 (E)dE — / |h<s>|2|§|2d5} (3.3)
he A R¢ R¢

where
A= {h R — C\ I8l 2wey = 1, /R & °|h(5)Pdé < oo and h(§) = h(—@} :

Under (H.1), from (3.1), we bound y (x — y) from above by y(0), it follows that
Ey(y) < y(0), which is finite. The fact that this variation (either in the form (3.1) or
(3.3)) is finite under the condition (H.2) is not immediate. In some special cases, this
is verified in [6] and [5].

Proposition 3.1 Suppose (1.5) holds. Then Ex (y) is finite.

Proof Our proof is based on the argument in [5, Proposition 3.1]. Here, however, we
work on the frequency space and use the presentation (3.3). Let & be in A. Applying
Cauchy—Schwarz inequality yields

2

I h(E)2 = ‘ fR h(E — EE s

< / (s — £ 2de’ / hE)PdE = 1.
R R
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On the other hand, using the elementary inequality
€17 <215 — &' + 21"

and Cauchy—-Schwarz inequality, we also get

2 2
+2 ‘/N h(E—ENE'|h(EdE

£121h *h(é)ﬁsz‘f
Rl
<4 / (&) 21 e
]RZ
Then, for every R > 0 we have

/W h* h(E) 1?1 (8)dE =/|§| R|h*h<€>|2u(§)ds+/ ho* h(E) 1?1 (8)dE

11> R

5/ u(é)d€+4/ “(E)ds/ &) PIE e
£]<R €]

=R €12

We now choose R sufficiently large so that 4(27)~* f I€]> R I\Lé(léz d& < 1. This implies

@m)™* /R N h@Pu@)de — fR n@PEPdE < @)~ / s

[§1=R

for all 4 in A, which finishes the proof. O

In establishing the lower bound of spatial asymptotic, another variation arises, which
is given by

L
M(y)zsup{(/ f y(x—y)g%x)g%y)dxdy) -3 f |Vg<x>|2dx},
geg R( R({ R({
(3.4)

or alternatively in frequency mode

—L 2 % 1 21612
M(y) = sup ((271) f |h s h(&)] u(é)dé> ——/ |h(&)I7|€1°dE
heA R¢ 2 R¢
3.5

Lemma 3.2 lim,— o Ey(y.) = Eg(y) and limg_g M(ye) = M(y), where we recall
that y, is defined in (1.21).

Proof We only prove the first limit, the second limit is proved analogously. Let g be
in G. Note that

hmmf f/R Ve (x — y)g (x)g (»)dxdy
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— lim inf (277) 3¢ / |Fg + Fg()2e 26 1(6)de
el0 R¢
> (2m) 3¢ / |Fg* Fg)Pn(&)ds = / / y(x — X )g* (y)dxdy
R REXRE

by Fatou’s lemma. Since £ (y,) is finite, we have

f / ye(x — G2 ()dxdy — / Ve 2dx < Enlye).
RE{XRE R¢

Sending ¢ to 0 yields

/ / y(x —y)g*(x)g*(y)dxdy — / |Vg(x)?dx < liminf Eg () .
R{xRE R¢ el0

Since the above inequality holds forevery g in G, we obtain g (y) <liminf, o Ex (ye).
On the other hand, it is evident (from (3.3)) that £ (y.) < £y (y). This concludes the
proof. O

Under the scaling condition (H.2c), £y and M are linked together by the following
result.

Proposition 3.3 Assuming condition (H.2c), Eg (y) is finite if and only if M(y) is

finite. In addition,
2—«

4—a (26 =
M(y) = —4“ (—2i(z)>4 .

Before giving the proof, let us see how (3.1) and (3.4) are connected to a certain
interpolation inequality. Under scaling condition (H.2c), it is a routine procedure in
analysis to connect the finiteness of £y () with a certain interpolation inequality. For
instance, when y = § and £ = 1, the fact that

sup {f g*(x)dx —f |g/(x)|2dx} <00
¢eG LR R

is equivalent to the following Gagliardo—Nirenberg inequality

3/4 1/4
lglzs < Cllglya g’

for all g in W12 (R). For readers’ convenience, we provide a brief explanation below.

Proposition 3.4 Assume that the scaling relation (H.2c) holds.
(1) If Eg (y) is finite then there exists k > 0 such that for all g in WL2(RY

2 2 2 -3 2 :
// y(x—y)g - (x)g”(y)dxdy <« (/ lg(x)] dX> (/ [Vg(x)l dx> .
RExRE R¢ RC

(3.6)
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In addition the constant k can be chosen to be k (y) where
2—a
2 a =z
k(y)=—|5—=Eunly) . (3.7
a\2—«

(ii) If (3.6) holds for some finite constant k > 0, then Ey(y) is finite and the best
constant in (3.6) is k (y).

Proof Recall that G is defined in (3.2).

(i) Let g bein G. For each 6 > 0, the function x — gg(x) := Hgg(ex) also belongs
to G. Hence,

/ f y(x — y)ga(x)ga (v)dxdy — / Vo (x)dx < En(y).
REXRE R

Writing these integrals back to g and using (H.2c¢) yields

0* / / y(x — »gX(x)g*(ydxdy — 6% / Vg (x)[dx < En(y)
RExRE R¢

for all & > 0. Optimizing the left-hand side (with respect to 6) leads to

2

2— 2 2
- (g)z <// vy = Y)gz(x)g2(y)dxdy>
o 2 RExRE

< E4 () ( / |Vg<x>|2dx) -
RK

Removing the normalization ||g||;2 = | and some algebraic manipulation yields the
result.
(ii) Let k¢ be the best constant in (3.6). Then for every g € G,

/ / y(x — y)g*(x)g* (y)dxdy — f IVg(x)Pdx < kol Vgl%s — V2132
R¢xR¢ R¢

5

2 — s
< sup{kof® — 62} = ¢ (g/co)2 .
6>0 o 2

This shows Eg (y) is finite and at most 2;—“(%/(())%, which also means «x(y) < k.
On the other hand, (i) already implies ko < x(y), hence completes the proof. O

Proof of Proposition 3.3 Reasoning as in Proposition 3.4, we see that M(y) is finite if
and only if (3.6) holds for some constant x > 0. In addition, the best constant « ()
in (3.6) satisfies the relation

M(y) =

4—05(0[

—(5)7" wone.
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Together with (3.7), this yields the result. O

The following result preludes the connection between £, M with exponential func-
tional of Brownian motions.

Lemma 3.5 Let {B(s), s > 0} be a Brownian motion in R" and D be a bounded open
domain in R" containing 0. Let h(s, x) be a bounded function defined on [0, 1] x R"
which is continuous in x and equicontinuous (over x € R") in s. Then

1 !
tgngo;logE [exp {/0 h (; B(s) — ;B(t)) ds} ;Tp > t:|
1
=/ sup {/ h(s, x)g>(x)dx — 1/ |Vg(x)|2dx}ds, (3.8)
0 geGp LUD 2Jp

where Gp is the class of functions g in W-2(R") such that fD lg(x)|2dx = 1 and tp
is the exit time tp := inf{t > 0: B; ¢ D}.

Proof Observe that the process { By ;(s) = B(s) — %B(t)} sel0,r] 18 a Brownian bridge.
An analogous result with Brownian bridge replaced by Brownian motion has been
obtained in [6]. Our main idea here is to apply a change of measure to transfer the known
result for Brownian motion to the result for Brownian bridge (i.e. the limit (3.8)). Since
the probability density of Brownian bridge By ; with respect to a standard Brownian
motion is singular near ¢, a truncation is needed. We fix 6 € (0, 1) and consider first

the limit
1 or s
lim —logE |:exp {/ h (—, Bo,t(s)> ds} T Tp > ti| .
1—o00 t 0 t

Let M be such that |[x| < M for all x € D. Using Girsanov theorem (see [16, Eq.
(2.38)]), we can write

0t
E |:exp {/0 h (;, Bo,,(s)) ds} ;Tp > t]

ot 2
=q —Q)S]E[exp {/ h (5, B(s)) ds — M} p > t:|
0

: 2(1-6)
. ot s M2 .
> (1—0) zE[exp{/o h<;,3(s))ds—m},n)zz] (3.9)

The result of [6, Proposition 3.1] asserts that

ot
ll_l)nolo ; logE |:exp {/(‘) h (; B(s)) ds} 1 Tp > ti|
6
2/ sup {/ h(s,x)gz(x)dx—l/ |Vg(x)|2dx}ds. (3.10)
0 gegD D 2 D
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This leads to
! s
liminf — logE |:exp {/ h (—, Bo,t(s)> ds} T Tp > ti|
i—oo t 0 t

6
2/ sup {/ h(s,x)g2(x)dx—lf |Vg(x)|2dx}ds. (3.11)
0 geGp LD 2Jp

In obtaining the above limit, we have used the trivial facts

ot

fim L1 1—0)"% = li L M 0
m — 10 — = lim -—10g¢eX —_—— ¢ =
>0 t & =00 t £exp 2t(1 —6)

Note that the singularity when 6 1 1 has disappeared at this stage. On the other hand,
the estimate

t ot
log E exp {/0 h (;, Bo,,(s)> ds} — log Eexp {/0 h (;, B(),,(s)) a’s}

implies that

= A =0t|hlleo

1 t
lim lim sup | — log E exp {/ h (i, B(),,(s)) ds}
M 5o t 0 t

1 or s
—?logEexp{/O h(;,Bo,,<s>)ds}

Hence, we can send 6 1 1 in (3.11) to obtain the lower bound for (3.8). The upper
bound for (3.8) is proved analogously. Indeed, from (3.9), we have

ot
E |:exp {/0 h (; Bo,t(s)) ds} 1 Tp > ti|

<(1—9)—’5E[ {/ethGB())d +L2}- >t]
- exp 0 PR A 2t(1 — 6) R

which when combined with (3.10) yields

=0.

1 or s
lim sup — logE |:exp {/ h (—, Bo,t(s)) ds} L Tp > ti|
t—oo I 0 t
0 1
< / sup {/ h(s,x)gz(x)dx — —/ |Vg(x)|2dx} ds.
0 geGp UUb 2Jp

Since the singularity when 6 1 1 has been eliminated in the regime t — oo, we can
send 0 1 1 as previously to obtain the upper bound for (3.8). O
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We conclude this section with an observation: (H.2c) induces the following scaling
relation on £ ()

EnOy) = AT Ex(y) forall A >0. (3.12)

4 Feynman-Kac formulas and functionals of Brownian Bridges

We derive Feynman—Kac formulas for the moments Eu" (¢, x) for integers m > 2.
These formulas play important roles in proving upper and lower bounds of (1.15) and
(1.26).

To discuss our contributions in the current section, let us assume for the moment
that W is a space-time white noise and £ = 1. The most well-known Feynman—Kac
formula for second moment is

2 '
E[(u(t, x)*] = E | [Juo(B/(t) + x) exp {/ 8(B'(s) — Bz(s))ds} :
0

j=1

where B!, B? are two independent Brownian motions starting at 0. If ug is merely a
measure, some efforts are needed to make sense of ug(B(f) + x), which appears on
the right-hand side above. An attempt is carried out in [4] using Meyer-Watanabe’s
theory of Wiener distributions.

The Feynman—Kac formulas presented here (see (4.10) below) have appeared in
[16]. However, there seems to have a minor gap in that article. Namely, Eq. (4.52)
there has not been proven if uq is a measure. In the current article, we take the chance
to fill this gap. Our approach is in the same spirit as [16] and is different from [4]. In
particular, we do not make use of Wiener distributions.

Proposition 4.1 Let ug be a measure satisfying (1.13). Then
u(t, x) :/ZZ(z;t,x)uo(dz). 4.1
R

In addition, if (H.1) holds, then

2Z(z;t,x)
pi(z —x)

t —_
= Egexp //5 Bos(—5)+ 4 Sx—y ) Wds.dy) — Ly} .
0 JR¢ t t 2
(4.2)

Proof Letv(t, x) be the integral on the right-hand side of (4.1). From (2.7), integrating
z with respect to uo(dz) and applying the stochastic Fubini theorem (cf. [10, Theorem
4.33]), we have

t
v(t,x)=/ pt(x—z)uo(dz)+/ // Pi—s(x =) Z(z; s, y)W(ds, dy)uo(dz)
Rt Rt Jo JRE
t
= pr *x uo(x) +/ / Di—s(x — y)v(s, y)W(ds, dy) .
0 JR¢
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Hence, v is a solution of (1.1) with initial datum u¢. By unicity, Theorem 2.3, we see
that # = v and (4.1) follows.

Next, we show (4.2) assuming (H.1). Fix t > 0 and x € RE. For every ug €
Ccr (RY), the following Feynman—Kac formula (see [17, Prop. 5.2] for a general case)
holds

t
u(t,x) =Epuo(B(t) +x)exp {/ /[ 8(B(t—s)+x—y)W(ds,dy) — %y(())} .
0 JR¢

Using the decomposition (2.8) and the fact that By ; and B(t) are independent, we see
that

u(t,x) = / Y(z;t, x)pi(Duo(z + x)dz 4.3)
where R¢

t —
Y(z;t,x) =Epexp {f / 3(Bo, (t —s) + t—sz +x—y)Wds,dy) — £)/(0)}
0 JR¢ t 2
=Epexp{Vix(@)} .

Together with (4.1) we obtain
/ Z(z;t, x)ug(z)dz = / Y(z—x;t,x)pi(z — x)up(z)dz
R¢ R¢

for all ug € CSO(R’Z).
Next we show that z — Y (z; ¢, x) is continuous. Fix p > 2. From the elementary
relation |e* — e”| < (¥ + ¢”)|x — y| and the Cauchy—Schwarz inequality, it follows

E|Y(zt,x) =Y 1,2

= <EW <EB [eV,,x(w + e"z.x<z/)]2>p)l/2 (]EW (EB|Vt,x(Z) — Vt,x(Z/)|2>p)1/2 .

Since y is bounded, conditioned on By, V; x(z) is a normal random variable with
uniformly (in x, z) bounded variance. It follows that V; (z) has uniformly bounded
exponential moments. That is,

sup Ee2PVix(@ <Cpy
z,xeR?

for some constant C, ;. We now resort to Minkowski inequality, our exponential

bound for V; x(z) and the relation between L? and L? moments for Gaussian random
variables in order to obtain

p/2
EJY (62 = Y@ 6,0]" = Cpr (BVia(@ = Via@)PR)™
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In addition, under (H.1), y is Holder continuous with order ¥ > 0 at 0, it follows that
ElVix(2) = Vi (@)

t —
_ E(/ / 5(Bos(t — )+ =z 4 x — y)Wi(ds, dy)
0 JR t

t P )
- / / 8(Bo:(t —s) + L y)W(ds, dy))
0 JR¢ t

! t—s , e
2/0 (V(O)—V<T(Z—Z))>ds,§t|z—z| .

We have shown
E|Y(zit,x) = Y510 Sz =2 I1P%.

Thus, the process z — Y (z; t, x) has a continuous version. On the other hand, z
Z(z; t, x) is also continuous (see Proposition 5.5 below). It follows that Z(z; 7, x) =
Y(z — x;t,x)p(z — x), which is exactly (4.2). O

Proposition 4.2 Assuming (H.1), we have

E{lﬂ[ Z(Zjl;t,x,:):|

i=1 pl(xj - Z])

_Eexp|/0

<B(J)',,(S) Bo,(s)+ (Z/—Zk)+

(x/ —xk)> } .

(4.4)

1<j<k<m

and

E 1_[ M < Eexp / Z Bj,t(s) - B(]){J(S)> dsp . (45

X —
j=1 Pt( J Z] 1<j<k<m

Proof We observe that conditioned on B,

t t—
V(e x) = / / 5 <Bo,z(l P At P y) W(ds, dy)
0 JR¢ t t

is a normal random variable with mean zero. In addition, for every x, x’, z, 7' € R,
applying (1.23), we have

! j s r—
= fo 4 (B(j),,(s) - B(I)C,I(S) + ;(z -7+

E[V(B/,z,x)V(Bk, '

S — x’)> ds.  (4.6)
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For every (x1,...,xy,) € (REH™, using (4.2) and (4.6), we have

m
B I—IZ(Z,-;t,Xj)
i1 pi(xj —zj)

—s
(xj — xk)) ds

4.7

=FEexp / Z (B({,,(S) — Bj,(s) + ;(Zj -z + !

1<j<k<m

Note that in the exponent above, the diagonal terms (with j = k) are removed because
there are cancellations with the normalization factor —%y(O) in (4.2), which occur
after taking expectation with respect to W. Finally, apply [16, Lemma 4.1], we obtain
(4.5) from (4.7). O

To extend the previous result to noises satisfying (H.2), we need the following result.

Proposition 4.3 Assuming (H.2). There exists a constant ¢ depending only on a such
that for any g € (0,4 A (£ — @)),

2*0( %

«/_6 (m)e™

B
<edt " forall t>0

4.8)
where Zg is the solution to (2.7) with W replaced by W, and ®,(m) is defined in (2.10)

H Ze(x05 1, x)  Z(x0:1,X)
p(x—x0)  pi(x —x0)

L™(€)

Proof Let us put

1Z(x0; 8, y) — Ze(x05 8, V)ILm(e)
Mg = sup .
yeR¢ pi(y — xo0)

From (2.7), we have

Z 5 tv d — - - Z 58,
(xo3 2, X) _ | +/ / Pr—s(x — ¥)ps(y — x0) Z(x0; s y)W(ds’dy)
Pr(x — xo) RY Pr(x — x0) ps(y — x0)
Z(x0;8,y)
=1+ Psti=s) (y —x0 — -(x —x0))————W(ds,dy),
Ps (y - )
Then we obtain
‘ Z(x0: 1, %) Ze(x0; 1, %)
pe(x —x0)  pr(x —x0) [[pm(q)
t . _ .
< f / Pattsy (v — 30 — S5 — ) 2OV I = 208 W)y
0 JRE T ! Ps(y — x0) Lm(Q)

! s Ze(x03 s
+ / f Pst—s) (y —x0 — - (x — Xo))i [W(ds, dy) — We(ds, dy)]
0 JR! 7 t ps(y —

LM (Q)
=L +1.
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To estimate /1, we use Lemma 2.1 and (H.2c) to obtain

! 25(—=5) 1£12 5 172
IISJn_a(//e—f € M(é)dSMst>
0 JR¢

rsa—o\E L\
S /m (/ <S . u ) Mszds) .
0

To estimate />, we first note that the noise W — W, has spectral density (1 —

g—“3|f|2)2u(§). Applying Lemma 2.1, we obtain
L<Jm sup | 2El0isY)

! s(t—s 12
s<1‘,ye]RZ Ps (y 0) L™ () 0 JR¢

Let us fix € (0,4 A (¢ — a)). Applying the elementary inequality 1 — e—¢§I° <
eh/ 4|E |’3 /2 together with the estimate

t ) ) t _ —atb o
f / o~ EERR 1618 () deds 5/ (—s(t s)) D ds <t
0 JRE 0 4

we get

B 2za=p
I <edt & J/m sup
s<t,yeR¢

Ze(x058,y)
Ps (y - XO)

L™() '

Reasoning as in [16, Lemma 4.1], we see that

t .
Epexpi Y /Oyg(Bé’t(s)—B(')"l(s))ds

1<j<k<m

t ;
<Epexp{ > / y (B ,(s) — Bg ,(5))ds

1<j<k<m

Two key observations here are y,, y have spectral measures (&), e ¢/ ? w(&) respec-

tively and e—elél w(€) < u(€). Hence, it follows from (4.5) and the previous estimate
that
Ze(x03 5, y)

1
<0/ (m).
Ps (y — X0)

L)?l (Q)

sup
s<t,yeR!

In summary, we have shown

1

ts(t—s)\ 2 : o 1
Mt5ﬂ<f (S( . s)> Mfds) +e§t¥ﬂ®;"(m).
0
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Applying Lemma 2.4, this yields

2

B 2-a—B L mra
M; Setta /mO (m)e " forall >0, (4.9)

for some constant ¢ depending only on «. O

We are now ready to derive Feynman—Kac formulas for positive moments.

Proposition 4.4 Let ug be a measure satisfying (1.13). Under (H.1) or (H.2), for every
X1y -y xm € RE we have

E|[Jut x) =/ E exp / BO,(s) BE (5)
1 (R&Hm 0 1<j<k< '
J < m
+xj — x¢ + ;()’j —yk)) dS}
m
< [ Jtp(vjyuo(x; +dyj)l. (4.10)
j=1
and
m X
] )| o gexp / v (B, &) = B{,(9))ds § . @411)
_} P |uol(x)) 0 1<]<k<m

Proof We prove the result under the hypothesis (H.2). The proof under hypothesis (H.1)
is easier and omitted.

Step 1: we first consider (4.10) and (4.11) when the initial data are Dirac masses.
More precisely, we will show that

& {ﬁ Z(z_,-_; ix_,:) }

j=1 Pz(x/ Z/)

(x, ka)) } ,

(4.12)

=Eexp {/ Z (Bé:’t(s) — B(]i,(s) + - (Z] — Zk) +

1<j<k<m

and

E 1_[ M < Eexp / Z Bo (s) — B(];,t(s)) ds¢ . (4.13)

j=1 Pt(xj B Zj) 1<j<k<m
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Fix ¢ > 0, identity (4.12) with Z, y replaced by Z;, y, has been obtained in (4.4).
Namely, we have

- Zs(Zj;tsxj)
E Zeep g
|:]lj[1 pie(xj—2zj) :|

t . t —
=Eexp {/0 Z Ve (38,,(S) - BS,,(S) + ;(z,,‘ —zK) + p S(x_/ —xk)> dSI

1<j<k<m

(4.14)

Using analogous arguments to [ 16, Proposition 4.2], we can show that for every k € R,
as ¢ | 0, the functions

(X1, 21, oy Xmy Zm) H>
d j X s t—s

Eexp |« Z Ve Bo,,(S)—Bo,,(SH;(zJ- — )+ ; (xj —xx) ) ds

0 y<j<k<m
converge uniformly on R to the function
(*1.21, -+« Xms Zm) B>
4 i K s t—s

Eexp K/ Z y Bo’t(s)—BO’t(s)—F;(zj—Zk)—l— ; (xj —xg) )ds ¢ -

0 1<j<k<m

In addition, in view of Proposition 4.3,

i E ﬁZg(z,-;t,xj) _r ﬁZ(Zj;t,xj)

0 pe(xj —2j) izl pe(xj —2z;)

Sending ¢ | 0in (4.14), we obtain (4.12). The estimate (4.13) is obtained analogously
using (4.5). We omit the details.
Step 2: For general initial data satisfying (1.13), we note that from (4.1),

m

[Jut.xp= / [ 12t xpuotdz].

j=1 (RZ)’" j=1

From here, it is evident that (4.10), (4.11) are consequences of (4.12), (4.13) and
Fubini’s theorem. O

We conclude this section with the following observation.
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Remark 4.5 Under (H.1), it is evident from (4.2) that Z(z; t, x) is non-negative for
every z,t, x. Under (H.2), thanks to Proposition 4.3, Z(z; ¢, x) is the limit of non-
negative random variables, hence Z(z; ¢, x) is also non-negative for every z,t, x.
Furthermore, in view of (4.1), if u( is non-negative then u(#, x) is non-negative for
every f, x.

5 Moment asymptotic and regularity
Moment asymptotic

We begin with a study on high moments. Under hypothesis (H.1), the high moment
asymptotic is governed by the value of y at the origin.

Proposition 5.1 Under (H.1), for every T > 0, we have

Z(xo; t, T
limsupmleog sup supE<M> EJ/(O) 6D

m—»00 0<t<T xeR \ Pr(X — X0)

Proof Since y is positive definite, y (x) < y(0) for all x € R. It follows from (4.11)

that
Z(x0: t, m —1
E (M) < exp (Wm_ny(o)) _
pi(x — X0) 2
This immediately yields (5.1). O

The following intermediate result will be applied to the measure e 2elEl wn(dg) to
obtain moment asymptotic under (H.2).

2
Lemma 5.2 Suppose that (RY) < oo. For each t, T, m, we put t,, = m?><t and
2
Tn = m2<T. Then

tm . 1
lim sup log sup Eexp Z / 14 (B({, (s) — B{;t (s)> ds | < =&nuy).
m— 00 mT, m 0<t<T m I<i=k<m 0 s Im I 2

(5.2)

Proof The condition u(RY) < 0o implies that the inverse Fourier transform of (&)
exists and is a bounded continuous function y. Furthermore, max, ge ¥ (x) = y(0).
For each A € (0, 1), we note that

1 tm .
E _ (J _ pk )
exp | — > / v (B, ()= Bg, (s))ds
1<j<k<m
< MO { L3 /M'" BY, ()= B, () ds
- p m 0, 0,1

1<j<k<m
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Using (2.9), we see that the expectation above is at most

M .
- A)‘mTlEexp l Z / v (B’ (s) — B¥(s))ds
0

m .
1<j<k<m

In addition, reasoning as in [16, Lemma 4.1], we see that

1 A ; )
sup Eexp - Z /0 y(B (s)— B (s)) ds

O=t=T I<j<k<m
1 ATy, )
=FEexp{ — Z y (B/ (s) — Bk(s)) ds
m ‘ 0
1<j<k<m

It follows that

1 Im .
lim sup log sup Eexp -~ Z /0 y (Bé’tm (s) — B(])‘,,m (s)) ds

m—oo MIn  “osi<r 1<j<k<m

1—2 , 1 1 Mo : '
< ——y(0) + lim sup Eexp{ — Z y (BJ (s)— B (s)) ds ¢,
2 m—oo My n 1<j<k<m

where we have used the fact that lim,,—, ﬁ log(1 — k)_% = 0. Applying [8,
Theorem 1.1], we get

1 1 Mo , 1
lim sup Eexp{ — Z y (B/ (s) — Bk(s)) dsy < =Ep(y).
m—oo MATy, m ) 2
Thus we have shown
. 1 1 I j k
limsup ——1log sup Eexp | — Z y(BOt - By, (s)) ds
m—oo MTy 0<t<T My i k=m0 o o
<2enn+ 1240
= 5CH v 3 y).
Finally, we send A — 17 to finish the proof. O

Proposition 5.3 Assuming (H.2), for every fixed T > 0,

—a Z s " T
lim m~ =4 log sup sup E ((xo—x)> < —E&u(y) (5.3)
m—00 0<t<T xecR¢ pr(x — x0) 2
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where Eg (y) is the Hartree energy defined in (3.1).

Proof Applying inequality (4.11), we have

sup E

xeR¢

<Z(x0; t,x)

m t ]
p,(x—xo)) = Bexp /0 Y. v(By,(s) — B, ()ds

1<j<k<m

In addition, by the change of variable s — sm_ﬁ and the scaling property of

Brownian bridge, {Bo ;(As), s € [0, ¢]} lazw {\/XBo,,(s), s € [0, t]}, the right hand

side in the above expression is the same as

2

1 m2Z-at )
E — B’ — BX d
exp m/o > V< I(S) 22(”(8)> s

2
2—
l1<j<k<m 0,m2—a 0,m

2 2
Hence, denoting f,,, = m2—«t and T,, = m2—« T, we see that (5.3) is equivalent to the

statement

1 tm .
lim sup log sup Eexp —/ Z y(Bét (s) —B(’)‘t ())ds
m—>oo Miy 0<ty <Tpn m Jo l<i<k< o o
<j<k<m
1
< §5H(V)- (5.4)

1

Let p, g > 1such that p~! 4+ ¢~! = 1. By Holder inequality

1 tm . 1 1
Eexp —/ S y(B], () - B, ()ds| < APBi
m 0 . »fm stm
1<j<k<m
where

p [ . .
A= sup Eexp n_1/0 Z ys(B(J),tm(s)—Boytm(s))ds

0<tim <Tn 1<j<k<m

q [™ j k
B = E — — ve) (B, — B d
sup Eexp { - /O > (v —ve) By, (s)— Bf, (s)ds

0<ty <Tm 1<j<k<m

From Lemma 5.2 and the fact that £g (ye) < Eg(y) (see (3.3)), we have

1 1
lim lim sup T log A < ESH(V)'

p—1t m—soo Mmiy
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Hence, it suffices to show for every fixed g > 1,

lim lim sup
el0 m—oo Miy

logB=0. (5.5)

By Cauchy—-Schwarz inequality and the fact that By, ,12” By :(t — ), we have

Im
B 1 L [7 5 = (B, 0) = B, ) ds

1<j<k<m

flll

<Bew L [T - (B, 0= B, ) ds

1<j<k<m

Together with (2.9), we arrive at

In
Ber L[S = (B, 0 = B, ) ds

1<j<k<m

< zmlE exp —/ Z ¥V —Ve) (BJ (s) — Bk(S)>

1<j<k<m
Note that the right hand side of the above inequality is the m-th moment of the solu-
tion to the Eq. (1.1) driven by the noise with spatial covariance %q (y — ye), 1.
Eu(%, x)™, the initial condition is uo(x) = 2¢. Using the hyper-contractivity as in
[16,19], we have

Eexp —/ Z (y — Vs)(BJ(s) B(s))

1<j<k<m

m

2
[Eex !2“’(’"_1)/ v =) (B'@ - B(s))ds”
L Q) f fR M]‘[ P (5141 —5)” )

m
2

[ (1 — €= )] )u(n)dnds

j=1

IA

IA

where in the last line we have used the estimate (3.7)in [15], [0, 1% = {Gs1,...,80) €
[0, 21 :s1 < -

< s} and w(n)dnds is abbreviation for ]_[1;-:1 w(n;)dn;ds;. Since
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a < 2,wecanfindap > Osuchthat 8 < 1— 5. Then using the elementary inequality
l—e* < C,gx’g Vx >0,
and asymptotic behavior of Mittag-Leffler function ([12, p. 208]), we obtain

k
(l _ efa(s/-ﬂfs/-)’]\ﬂ/lz) u(n)dnds
=1

k=0

=) k 5
(2q)k/ f (e sjun—5p7%)
Z [0,%]’; le ]l:[l

~

00 k
_Ipn:? _o_
fz(CﬂZQSﬁ)k/ / [T (7 F i) s =5~ 5P putmdnds
k=0 (0.4 1& JRE G,

S k,(—5=B+Dk g 8

C 1, & —a g

< Z ( q)a n < Cexp (ctme*rﬁ+1> .
(-5 -B+Dk+1)

Hence, we have shown
b
B < C™"exp (meszﬂ“> ,
from which (5.5) follows. The proof for (5.3) is complete. O

Holder continuity
We investigate the regularity of the process i (()ii;)) in the variables x and y. These
properties will be used in the proof of upper bound. For each integer m > 2 and ¢ > 0,
we recall that ®;(m) is defined in (2.10).

Note that from Proposition 4.4, we have

m
Z(x;s,y)
sup sup E M = 0O;(m). (5.6)
$€OM 1 ymeR ps(yj —x)

Lemma 5.4 Foreveryr > 0and yi, y» € R?

—a (ly2 =yl
lpr (= y1) = pr( =y, < Cr 2 (T !

under (H.2); and

ly2 = mil?
lprC=y1) = pr(- =y, <C (— Al
,
under (H.1). In the above, the constant C does not depend on yi, y» nor r.
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Proof We denote f(-) = |p,(- — y1) — pr(- — ¥2)|. Assuming first (H.2), we observe
the following simple estimate

/fw SO @y —2)dydz < sup | f *y(2)| f(y)dy

zeR?

Noting that

sup [ £ xy @) <2sup |p, xy (@) =2pr % y(0) <r 2
z€R¢ zeR¢

/f(y)d ('” 'm), 5.7)

the result easily follows. Under (H.1), we used the following inequality

2
/ f FOVF@y(y — Ddydz < y(0) ( / f(y)dy>
RExRE R¢

together with (5.7) to obtain the result. O

and

Proposition 5.5 Assuming (H.1) or (H.2). There exists a constant n € (0, 1) such that
for every compact set K and every integer m > 2,

2ty 2(xast,y)
pe(y—x1) pi(y—x2)

2

m 2—

< e (Om2[O,(m)]m e | (5.8)

sup sup

weR? || x1.mek, [x2 — xq|7

yeB(w,1) LM (Q)
and
Zsty) _ 2(68,y2)
- — 1 1
sup | sup LBV mO2D < cx(OMAO, 1, (5.9)
w,xeR! |[y1,y2€B(w,1) [y2 — y1|"

Lm(2)

where B(w, 1) is the closed unit ball in RY centered at w. In the above, the constant
¢ depends only on @ and n and cg (t) depends only on K , t, n.

Proof We present the proof under hypothesis (H.2) in detail. The proof for the other
case is similar and is omitted. We first show that for every € (0,2 — «),

Z(x151,x)  Z(x231,x)

_ cm?%l
pr(x —x1)  pr(x —x2)

<o /m[O,(m)] xy — x1|3e

LM(2)

xeR¢

(5.10)
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In the above, we have added a subscript ¢ to < to emphasize that the implied constant
depends on ¢. Fix t > 0 and x1, x2, x € R¢. From (2.7), we have

. . [ 5
Ziinx)  Z@atx) :/0 P 2R e ay)

pr(x—x1)  pi(x —x2) ps(y — x1)

! s Z(x2;5,y) Z(x1;s,y)}
sli—s —x2 — —-(x — — Wdds,d
+/o /Ré Pecza (y 2 t(x x2)> [pz(y—Xz) pi(y — x1) (ds. dy)
(5.11)

where
S S
fGs,y)= Pst=s) (y - X1 — ;(x —xl)) ~ Pty (y — X2 — ;(x —X2)> .

Obviously f alsodependson?, x1, xp and x, however these parameters will be omitted.
For each integer m > 2, applying Lemma 2.1 we see that

H/ Floo ) ZELE D s ayy
RZ

< AmOm1m 1 (s, 0.l , -
ps(y x1) :

Lm(2)

Applying Lemma 5.4, for every n € (0, 2 — «), there exists ¢;, > 0 such that

1_atn n
I1F (s, WL, () s, < cpt2™ 4 |x2 —xy]2.

Hence,
Z( X158 ,y) 1_a+y 1 P
S, W(ds, dy) < cyt2” * /m[O,(m)]m|xy — x1]2 .
R¢ Ps(y L™(RQ)
(5.12)
For each s > 0, we set
Z(xy1;8,x)  Z(x2;5,x)
M = sup - .
vert [ Ps(x —x1)  ps(x — x2) || 1m(q)
It follows from Lemma 2.1 that
K Z(x2; s, Z(x1; s,
Psis xz—*(x—xz))[ tois, ) 2 ”]W(ds,dw
R¢ ! pi(y — x2) pe(y — x1) LM (Q)
1
t s 2 7
56@( Psi=s) (~—X2—*(X—X2))” Mde>
0 ‘ ! o

o[ (452) )
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where c is some constant. Applying these estimates in (5.11) yields

1

a t t — —% 2
Mtscnr%‘3”\/%[®,<m)]ri|xz—x1|3+cﬂ<f (M) M?ds) :
0

t
We now apply Lemma 2.4 to get

2
cm 2o

1 n
M; S m[O,(m)]m |xy — x1|2e ,

which is exactly (5.10).
To complete the proof of the estimate (5.8). Fix ¢+ > 0 and x1, x2, y1, y2 € RE.
Observe that

Z(x13t,y1) 20231, )
pi(yt—x1)  pi(y2 —x2)

ffg( YEELS N w4 ay)
ps(y x1)

Z(x2; s, Z(x1; s,
+/ / Psos y—xz——(yz—xz))[ (2 5,y) _ 200138 ”}W(ds,dw
0o Jre 7 t p(y—x2)  pi(y—x1)

=h+1D,
where
K S
g(s,y) = Pt (y — X1 — ;()’1 —x1)) ~ Pst=s (y —x2— ;(yz - xz)) .
Similar to (5.12), we have

1
il iy S V/mIOm)] (1x2 — xi| + ly2 — yiD)3 . (5.13)

1> can be estimated using Lemma 2.1 and (5.10)

2

2—a

1 1
I L2lm @) Si v/mlO(m)]n|xp — x1|2e™™

Hence, we have shown

?

At this point, the estimate (5.8) follows from the Garsia-Rodemich-Rumsey inequality
(cf. [13]).
The proof of (5.9) is simpler. Actually, by writing

23ty 2(x231,y2)
pi(yt—x1)  pi(y2 —x2)

2
1 n 7—a
<o /IO (m)] 7 (|x2—x1 |[+y2—y1[) 2™
L™ (2)

2t y1) 2L, y2)
peyr—=x)  pi(y2—x)

@ Springer



Stoch PDE: Anal Comp

Z/OI/RZ <p@ (y—x—;(yl—x))—p@ (y_x_;(yz—x)»

Z(x;5,y)
ps(y — x)

W(ds, dy),

we get an estimate for || ft ((xy;lt’_y;)) - i ((xy ;’;y;)) L () as in (5.13). The estimate (5.9)

again follows from the Garsia-Rodemich-Rumsey inequality (cf. [13]). We omit the
details. O

Ze(x3t,y)

Inproving (1.26), we need to handle the asymptotic of sup, _; SUp, ¢ |y<r

pi(y—x) >
thus we write down the Holder continuity result for % with respect to €, x, y.

The proof is similar to Proposition 5.5 and is left to the reader.

Proposition 5.6 Assuming (H.1) or (H.2). There exists a constant n € (0, 1) such that
for every compact set K and every integer m > 2,

Ze(xpst,y) _ 2o (ity)

O—x1) -2 1 1 mra
sup sup — T < ek (OmM2[O(m)]me™ "
weR¢ ||x1,x2€K,yeB(w,1) (Ix2 —x1| + e = &7

g,6'€(0,1] LM (Q)
(5.14)
and
ngxﬁs)’l)) _ ZSE)‘;ZJ’Z))
—_ " — 1 1
sup sup LM Pt < cx (M2 (O, (m)] .
w,xeRe<1 ||y1,y2€B(w,1) ly2 =yl

L7 (@)
(5.15)

In the above, the constant ¢ depends only on o and n and ck (t) depends only on
K, t,n.

6 Spatial asymptotic
In this section we study the asymptotic of

u(t, y)
Iy|<R Pt * uo(y)

as described in Theorems 1.3, 1.4 and 1.5. In what follows, we denote

2

13 (6.1

a =
where we recall that « is defined in (1.19). Since 0 < @ < 2, a ranges inside the
interval [1/2, 1). Because R +— SUP|y <R % is monotone, it suffices to show

these results along lattice sequence R € {€"},>1.
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6.1 The upper bound

This subsection is devoted to the proof of upper bounds in Theorems 1.3 and 1.4 by
combining the moment asymptotic bounds and the regularity estimates obtained in
Sect. 5. We also recall that ©;(m) is defined in (2.10). Propositions 5.1, 5.3 together
with (5.6) imply
—& t

lim sup m ™~ ¢ log ©,(m) < =& , (6.2)

m— 00 2
where £ is defined in (1.19). The following result gives an upper bound for spatial
asymptotic of Z(x; -, -).

Theorem 6.1 For every compact set K, we have

2 =~ 1—a
- 4 — &
limsupn™®  sup <logZ(x; t,y)+ v — xl ) < = ( _t>
n— 00 xek,|y|<en 2t 2 2

(6.3)

Proof We begin by noting that according to Remark 4.5, Z(x; ¢, y) is non negative
a.s. for each x, y, r. Let ¢ be fixed and put

23t y)

IC E) - £
V=00

where we have omitted the dependence on ¢. For every n > 1 and every A > 0, we
consider the probability

P,:=P ( sup  logK(x,y) > Ana> .

xeK,|y|<e"

Let b be a fixed number such thata < b < 1. We can find the points x;,i = 1, ..., M,,
such that K C UlM:"I B(x;, e_”b) and M,, < e In addition, by partitioning the ball

B(0, ¢") into unit balls, we see that P, is at most

b a
(et sup P sup Kx,y) > e
weR’ x; xeB(xi,e’), yeB(w,1)

Applying Chebychev inequality, we see that

m

sup K(x,y)

xeB(xi,e"),yeB(w,1)

P ( sup Kx,y) > e“a) < g hmnt

xeB(xi,e="),yeB(w,1)

L™(RQ)
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The above m-th moment is estimated by triangle inequality

m
sup K(x,y)
xeB(xi,e"),yeB(w,1) ()
m
< 3m sup IK(x, y) = K(xi, y)l
xeB(xi,e"),yeB(w,1) @)
m
+3" | sup [K(xi, y) — K(xi, w)
yeB(w,1) LM ()

+ 3 1 Gt W)y
=3"I1+ L+ 13).

Using Proposition 5.5 and (5.6), we see that

L m
L Se e TG m)y I <mTO,m), Iy < ©,(m).

Altogether, we have
1 m
Py < 3m€e”h tn=nmnt (e_nmnb+cm e O (m) + 7712@:(’”)) . (6.4)

For each 8 > 0, we choose m = |[An'~¢]. In addition, for every fixed ¢ > 0, (6.2)
yields

log ®(1pn'~"]) < (%5 + e) pTn (6.5)

for all n sufficiently large. It follows from (6.4) and (6.5) that

o0
Z P ( sup  logK(x,y) > An“) <SS+ 82, (6.6)

=1 xekK,|y|=<e”

where

o
Si=) exp [ﬁnb + Blog3)n' ™ 4 (¢ — A + cBT0)n — nﬂnl"”b} ,

n=1

oo
Sy = Zexp{—ﬁnb+n€—kﬂn+ <%5+s>ﬁllan} .

n=1

@ Springer



Stoch PDE: Anal Comp

. _ l—a+b . . . .
Since 1 —a+b > 1, the term ¢~ "7 s dominant, and hence, S is finite for every

XA, B > 0. To ensure the convergence of Sy, we choose A such that
t a
A> e8! +GE+ BT (6.7)

It follows that the series on the right hand side of (6.6) is finite. By Borel-Cantelli
lemma, we have almost surely

limsupn™@ sup logK(x,y) <A.

n—00 xeK,ly|<e"

Evidently, the best choice for X is

t a
Ao := inf 7 =& T-a
0 s>%)r,1ﬂ>0 { '3 * (2 * 8)'3 }

2—a

4 -« t€ \ e
= "% ) (6.8)

2 2—«

which yields (6.3). O

Remark 6.2 Using Proposition 5.6 and analogous arguments in Theorem 6.1, we can
show that

. _2 ly —x|?
lim sup(log R) ™ #-a@ sup log Ze(x;t,y) +
R—00 xeK,e€(0,1],|y|<R 2t

2—a
4—a 2 & 4=
< 033 t . 6.
=— < T3 ) (6.9

—a
We omit the details.

6.2 The lower bound

We now focus on the lower bound of (1.15) and (1.26). To start, we explain an issue
of using the localization procedure as in [3,7]. In these papers, a localized version of
the Eq. (1.1) is introduced, i.e.

t
U/f‘(t,x>=1+f/ Pi—s(x — WUP (s, ) W(ds, dy), (6.10)
0 Jly—x|<pvt

for some B > 0. For fixed 7 and B sufficiently large, sup|, <z UPB(t, x) gives a good
approximation for sup|,|< g u(#, x) as R — oco. In our situation, suppose for instance
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that ug = 8(- — xp), the random field % satisfies the equation
Z(xo,t x) Z(x05 S, Y)
/ / psts A> —xp— —(x - )) 205 Y w s, dy) .
pix —x0) R¢ Ps(y — xo)

(6.11)
Since the kernel psc—s (y — X0 — —(x — xo)) now involves s and ¢ with s moving
from O to ¢, the mass concentration of the stochastic integration on the right-hand side
of (6.11) varies and depends on s. We are not able to find a fixed localized integration
domain similar as {y : |y — x| < B+/7}. To get around this difficulty, we propose an
alternative result (Theorem 1.5) which is about the regularized version of Z, i.e., Z;.
To handle the spatial asymptotic of Z,, we rely on the Feynman—Kac representation
(4.2) and adopt an argument developed by Xia Chen in [3] with an additional scaling
procedure.
Hereafter, ¢ and ¢ are fixed positive constants, n is the driving parameter which
tends to infinity,

o if (H.1) holds
én { & (L) if (H.2) holds . 6.12)
Let y;, ..., yny be N points in B(0, ¢"*) and d be a positive number such that
N <e™ and |y;—wl>d Vj#k. (6.13)

Under (H.1), d is chosen to be sufficiently large, depending on the shape of y, while
under (H.2), we can simply choose d = 1. See Lemma 6.4 below for more details.

Theorem 6.3 For every xo € R’

2—a
Ze(x0; t, 4—a 2 & =
liminfn™ sup sup log e(X0: 1, y) > Yo ( - t) (6.14)
n—o0 lyl<en £€(0,1) pe(y — xo0) 2 2—-a
Proof Step 1: Let m = m,, be a natural number such that
1—a
lim — 0. (6.15)
n—oo  my
Under hypothesis (H.1), for each j, we define the stopping time
i =inf{s20: 1B/ (5)| zro] (6.16)
where rg > 0 is chosen so that
inf y(x)>0. (6.17)

|x]<2rg

Such a constant always exists since y is continuous and y (0) > 0. Under hypothe-
sis (H.2), the stopping time depends on #n and an arbitrary domain. More precisely, let
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D be an open bounded ball in R¢ which contains 0. For each J, i = r,{ (D) denotes
the stopping time

r,{(D):inf{szo:Bj(s)gé <£>2D]. 6.18)
n

As previously, we denote

_ Ze,(x51,y)

K, (x, ) = ,
R

omitting the dependence on 7. We note that from (4.2)

(Key (x0, )™

2ot ; t—s s tm
=Epexp (Z/O ‘/H§46<Bé,l(tis)+ ; x0+;yfz> Wg"(ds,dz)fT)/gn(O)
j=1

— o 5 en O p o (30.3)

where

=t j t—s s
En(x0, y) = Zf / 8 Bj,(t —5)+——x0+ -y —z | We,(ds,dz). (6.19)
i 0 JR¢ t t

Conditioning on B, the variance of &, (xo, y) is given by

m t )
2 =Ep(En(xo. ) = Y /0 Ve, (BY,(s) — BE ,(5))ds .

k=1

For every A > 0, it is evident that

]EBeSm(XOyy) > Ep {ek\/’;sm(f); gm(-XOs y) > )\\/ﬁsm(t)7 1HEH ‘L'k > l}
<K=<m
= [EBZn(m)]na(x0, ¥) .

where we have put

— M1 () .
Zm(n) =¢ l{minlfjfm Ti{(D)Zt} ’ (620)
and
Mn (x()a y) = []EBZm (n)]_1 EB (Zm (”)1{5,,1(xo,y)z)\\/ﬁSm(t)}) . (621)
Combining all previous estimates, we arrive at an important inequality
K ~5¥en (0) w w
en (X0, ) = e 27 B g Zy (n)]m [0, (x0, y)]7 (6.22)
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It follows that

m

N
1
sup [, (x0,yj) = N~ Z[/CSH(XO,y,/)]’"
j=1,....N =1
J_

1
m

N
1 L
ZN me ZVS”(O)[EBZm(n)]m Znn(-x()s yj)
j=1

We put

n(0) = [EgZn(m)] ™' Ep (Zm(”)l{maxj:1 Nsm<xo,yj)<xﬁsm<z>}>~ (6.23)

Applying the estimate
N
Znn(xo, yj) = 1 —n,(x0),
j=1
we obtain
_1 — Ly, (0) 1 ¢ 1
sup K, (x0, yj) = N™me 270 [Ep Zy (n)]m [1 — 1, (x0) ] (6.24)
j=1,.,N

_
2

Noting that N~ < el and by (1.24), y,,(0) = &, *y1(0) < n%9, we see that

lim n~4 log (N*ie*%m <°>) —0. (6.25)

n—o00

In other words, the factor N — e_%yan © in (6.24) is negligible. In addition, we claim
that for every A € (0, +/2¢) and every x € R’

lim 75 (x0) =0 a.s. (6.26)
n— 00
We postpone the proof of this claim till Lemma 6.4 below. It follows that

liminf n™%log max K, (x,y;) > liminf nm " ogEgZ,(n). (6.27)
n—o00 j=1,,,_,N n— 00

Step 2: We will show that

.. .. —a. -1 4—a 4 2tE 4«
liminf liminfn “m™ logEpZ,,(n) > A=z - . (6.28)
elO,DTRe n— 00 4
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We consider first the hypothesis (H.1). Since y is continuous, for any ¢ > 0, there is
6 such that whenever |z| < § A rg, Y (2) > y(0) — . Hence,

EgZu(n) = exp {A/ [mn — Dt (7(0) s)T”}P( sup |BJ, ()| <8 /\Vo> :

0<s<t

Since as n — 00, m — o0 too, we have

liminf m~'n""210g EZ,,(n) > A/1(y(0) — &),

n—oo

which proves (6.28) under (H.1).
Assume now that (H.2) holds. We put t,, = r!~%n® so that &,, = 8%. The Brownian
motion scaling and the relation (1.24) yield

! ; rofm ot t
/0 Ven (By () — B ,(s))ds = — / Vel (Bg,t(s—) - Bé,,(s;)) ds
n

law t fn k
= Vel < (B () — By, (s))) ds

1_,
1
:(_> / (Bot(s) Bf, (s))ds .
In 0
It follows that

|
2
EZyu(n) =Ep |:exp ‘A (tn Z f VF(BO 1, ) — Bg,zn (s))ds) ] ; linjigm rlj) > tn] ,
J.k=1 -

where ‘ _
o =inf{s=0:B/()¢ D} .

Let K be the function defined by

Ke(x) = 21)~ / o6 SIER /) de
R¢

so that
Ye(x) = /Rz Ke(y)Ke(x — y)dy . (6.29)

Hence, we can write

3 N m
n Z f ve(Bg, ()= BS, s | = [ fo fR ,
j=1

> Ke(x = BY, ()
J.k=1

1

2 2
dxds)
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Let D be the set of compactly supported continuous functions on R¢ with unit L2 (R¢)-
norm. For every f € D, applying Cauchy—Schwarz inequality, we see that the right-
hand side in the equation above is at least

m ty . m n _ .
3 fo /R Sk (x = B, ) dxds = 3" fo 7o (B4, ) ds.
j=1 j=1

where we have set

for) = / FOVKe(y — x)dy.
RZ

Using independence of Brownian motions, we obtain

I m
EpZu(n) > <EB [GXP {)»f fz (Bo,y, (5)) ds} ;Tp > tni|> ,
0

where tp :=inf{s > 0: B(s) ¢ D}. Applying Lemma 3.5 we obtain

liminfilogEBZm(n) > sup {Af fe(x)g2(x)dx — %/ |Vg(x)|2dx} .
D D

n—oo mty, gégD

We now let D 1 R to get

1 _ 1
lim inf lim inf —— log B Zy, (n) > 119 sup {x/ fe()g?(x)dx — 5/ |Vg(x)|2dx} :
R¢ R¢

DRt n—>00 mn¢ ¢eG

We now link the variation on the right-hand side with M(y) (cf. (3.4)) by observing
that

sup sup {x/ fe(x)g(x)dx — lf |Vg(x)|2dx} = MOy, (6.30)
feD geG RY 2 JRre

Indeed, for each fixed g € G, applying Fubini’s theorem, Hahn-Banach theorem and
(6.29), we have

1

sup / fe(0)g?(x)dx = sup / f&) / K. (y — x)g*(x)dxdy
R feD JRE R¢
2 2
dy)

feD
_ ( [
1
2,12 2
= (/ / ve(x —y)g°(x)g (y)dxdy> :
Rt JRE

This leads us the identity (6.30). We can send ¢ | 0, applying Lemma 3.2 and Propo-
sition 3.3, to obtain (6.28) under hypothesis (H.2).

f Ke(y — x)g*(x)dx
RI{
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Step 3: Combining the inequalities (6.27) and (6.28) together, we have for every
)€ (0,V20)

i

4 -« 2E \ e
lim inf sup Ke, (x0,yj) = aM4a< > .

n—00 iy 4 2—-a

Finally we let A — +/2¢ to conclude the proof. O

We now provide the proof of (6.26).
Lemma 6.4 For every A € (0, /2£), we have

lim nS(x0) =0 aus. (6.31)
n—oo

where we recall 1, is defined in (6.23).

Proof Assuming first that (H.1) holds. We recall that &, = 0 in this case so that
Ve, = V. Let B be the o-field generated by the Brownian motions {BJ} 1<j<m. First
we will show that for any 0 < p < %, we can find d > 0 sufficiently large so that on
the event {minj< ;< t/ > t}, for every z, 7/ € B(0, ") with |z — 7/| > d.

Cov (Em(xo, 2), €m (X0, z/)’B) < pS2. (6.32)

We recall that  and 7/ are defined in (6.13) and (6.16) respectively. We choose and
fix 2¢ € (0, 1) such that

xy(0) < lpl }Hg y(x). (6.33)

Note that on the event {min| <<, t/ > t}, we have sup,, ;- |Bj (s)| < ro. Then
for every j, k < m,

t .
/ y (Bt =) = B§,(t = 9)+ 2 = ) ) ds = sy (0)
0 ’ ’ t

t
p J k
< 5/0 v (Bé’t(t —5)— B, (t —s)) ds .

In addition, from (1.3) and Riemann-Lebesgue lemma, lim,_, , ¥ (x) = 0. Hence,
when s € [st, t], we can choose d large enough such that whenever |y| < 2r¢ and
lz—Z7|>d
s , o
y(y+ ;(z —z)) = Ey(y).

In particular, for every |z — 2’| > d we have

: p A
V(Bé’,(t— s) — By (t —s)+ - (z—z)) 14 (Bé’t(t—s)—B(])‘,t(t—s))
(6.34)
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It follows that

Cov (sm (t,2), Enlt, z’)‘B)

2/ Bjt(t )Bé‘,,(t—s)+§(z—z’))ds
=1

Z/ (B'oj,z(f—s)—Bé,,(t—s))ds,

Jj.k=1

which verifies (6.32).
Since A < +/2¢, we can choose «, p € (0, %) sufficiently small so

14+2p)(x 2 2
w«z and :—>z+1. (6.35)
0

Let us now recall Lemma 4.2 in [2]. For a mean zero n-dimensional Gaussian vector
(&1, -+, &) with identically distributed components,

|Cov&i. §)I _ <

1
max ——————=>4= - (6.36)
i#j  Var(§) 2

and for any A, B > 0, we have

P {rgg;sk < A} < (Pla = Vi+20a+ B)}) +P|U = B/ 2pVar(e)]
- (6.37)

where U is a standard normal random variable. Applying this inequality conditionally
with A = LS, (t)s/n and B = kS, +/n, we have for sufficiently large n,

]P’{ max Em(x0, ¥j) < A/nSp ‘B}

j=l.
< (IP’{U < M(A+K)ﬁ})N +IP’{U > %\/ﬁ}

<exp{—(1+o(1)Ce"} +e D" < e~ 4D
where v > 0 is independent of n. Now for any 6 > 0, this yields

P(nS (x0) > 0) < 6~ "Ent (xo)

.....

< Ce—(e-i-l)n ]
An application of Borel-Cantelli lemma yields (6.31) under hypothesis (H.1).
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We now consider the hypothesis (H.2). The argument is similar to the previous
case. There is, however, an additional scaling procedure. Recall that B is the o-field
generated by the Brownian motions {B/};<;<,. We choose d = 1. It suffices to prove
(6.32) on the event {minp< <, T/ > t}, for any |z — 7/| > 1. Indeed, we have

m t )
Cov (£n(x0, ), b (0. 2)|B) = Y /O e, (Bt =) = By (1 =)+~ =) ds.

Jok=1
For every j, k < m, using the scaling relation (1.24), we can write
J k S /
e, (Bl (6 =)= B§,t =)+ 2= 2)
_a L —ls
=&,V (‘911 Z(Bé,t(t —5)— ngt(t —8) +e,” ;(Z - Z/)> .

We now choose and fix & > 0 such that

0 < inf X), 6.38
= 20 (0) xetip y1(x) (6.38)

this is always possible since y; = pa * y is a strictly positive function. It follows that

ot 1 . . 1y ,
€n /O Vi (5n > (Bj,(t —s) — By, (t —5)) + &, 2;(1 -z )) ds

IR

< &r 20171(0)

a t 1 .
p 4 N
< Sen? /0 v (sn 2(BY,(t —5) — BY (1 — s))) ds

o[ i k
= 5/0 Ve, (BY (6 =) = B, =) ds.

. _L
In addition, on the event {ming< <, t/ > 1}, &, * (B'Olyt(t —5)— Bgyt(t — 5)) belongs

to 28_%D for all s € [0, r]. Hence, for every s € [0, t] and |z — 7| > 1, we have

_1
> f0g, 2 — Ze*%diag(D).

_1 . _lg
€n 2(Bé,z(t —s) = B(lg,z(t —35)) + & 2;(Z - Z/)

We note that from Riemann-Lebesgue lemma, lim,_, », 1 (x) = 0. Hence, whenever
n is sufficiently large,

7i(y) < inf  y1(x)
D

[
2 xee- 12
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_1
for all |y| > 0g, * — 28_%diag(D). It follows that for every z, 7/ with |z — 7| > 1,

IR

¢ 1L _lg
€n /9 4! <8" Z(Bé,t(t —5) — Bg,z(t =) +én 2;(2 - Z/)> ds

t

o t 1 .
7710 —_a
< é&p : 5/9 Y1 <8n Z(Bé,t(t —5) — B(]){,t(t - S))) ds
t
e (Bj (t —s) — B (t—s))ds
=2, Vea \ D0 0,1 .

Upon combining these estimates, we arrive at (6.32), which in turn, implies (6.31). O

6.3 Proofs

Theorems 1.3, 1.4 and 1.5 follow from the asymptotic results from the previous two
subsections. Indeed, Theorem 1.3 follows by combining the upper bound in Theo-
rem 6.1 and the lower bound in Theorem 6.3. To obtain Theorem 1.4, we first observe
that from (4.1),

LG L (6.39)
Dk uo(y) X Esupp ug pi(x —y)

Then, an application of Theorem 6.1 yields the result. For Theorem 1.5, the upper
bound of (1.25) follows from Remark 6.2 and the bound (6.39) with u, Z replaced
respectively by u., Z., together with the obvious fact that Eg (y:) < Eg(y), see (3.3).
The lower bound of (1.26) is immediate from Theorem 6.3.
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