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On the Spherical Quasi-Convexity of Quadratic
Functions™

O. P. Ferreira®, S. Z. Németh?*, L. XiaoP®

“IME/UFG, Avenida Esperanca, s/n, Campus II, Goiania, GO - 74690-900, Brazil
bSchool of Mathematics, University of Birmingham, Watson Building, Edgbaston,
Birmingham - B15 2TT, United Kingdom

Abstract

In this paper the spherical quasi-convexity of quadratic functions on spherically
convex sets is studied. Several conditions characterizing the spherical quasi-
convexity of quadratic functions are presented. In particular, conditions im-
plying spherical quasi-convexity of quadratic functions on the spherical positive
orthant are given. Some examples are provided as applications of the obtained
results.

Keywords: sphere, spherical quasi-convexity, quadratic functions, positive
orthant.
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1. Introduction

In this paper we study the spherical quasi-convexity of quadratic functions
on spherically convex sets, which is related to the problem of finding their min-
imizer. This problem of minimizing a quadratic function on the sphere has
arisen to S. Z. Németh by trying to make certain fixed point theorems, sur-
jectivity theorems, and existence theorems for complementarity problems and
variational inequalities more explicit (see ﬂ] and the related references therein).

In particular, some existence theorems could be reduced to the optimization of a

*Corresponding author
Email addresses: orizon@ufg.br (O. P. Ferreira), s.nemeth@bham.ac.uk (S. Z. Németh
), LXX490@bham.ac.uk (L. Xiao)

Preprint submitted to Linear Algebra and its Applications October 16, 2018



quadratic function on the intersection of the sphere and a cone. Indeed, consider
a closed convex cone K C R™ with dual K*. Let F' : R® — R"™ be a contin-
uous mapping such that G : R™ — R™ defined by G(x) = ||z||*F(z/||z||?) and
G(0) = 0 is differentiable at 0. Denote by DG(0) the Jacobian matrix of G at 0.
By E, Corollary 8.1] and B, Theorem18], if minj, =1 uex (DG (0)u, u) > 0, then
the nonlinear complementarity problem defined by K 3 = L F(x) € K* has a
solution. Thus, we need to minimize a quadratic form on the intersection be-
tween a cone and the sphere. These sets are exactly the spherically convex sets;
see [4]. Therefore, this leads to minimizing quadratic functions on spherically
convex sets. In fact the optimization problem above reduces to the problem of
calculating the scalar derivative, along cones introduced by S. Z. Németh (see

| and the related references therein). Similar minimizations of quadratic func-
tions on spherically convex sets are needed in the other settings (see H] and the
related references therein). Apart from the above, the motivation of this study
is much wider. For instance, the quadratic constrained optimization problem

on the sphere
min{(Qz,z) : z € C}, ccsli={zeR" : |z|| =1}, (1)

for a symmetric matrix @, is a minimum eigenvalue problem in C', which includes
the problem of finding the spectral norm of the matrix —Q when C' = S"~! (see,
e.g., [9]). It is important to highlight that the special case when C'is the nonneg-
ative orthant is of particular interest because the nonnegativity of the minimum
value is equivalent to the copositivity of the matrix @ [6, Proposition 1.3] and
to the nonnegativity of all Pareto eigenvalues of @ [0, Theorem 4.3]. As far
as we are aware there are no methods for finding the Pareto spectra by using
the intrinsic geometrical properties of the sphere, hence our study is expected
to open new perspectives for detecting the copositivity of a symmetric matrix.
More problems that deal with “spherical” constraints can be found in [7].
Optimization problems posed on the sphere have a specific underlying alge-
braic structure that could be exploited to greatly reduce the cost of obtaining the

solutions; see ﬂg, ,B,,, !

. It is worth to point out that when a quadratic
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function is spherically quasi-convex, then a spherical strict local minimizer is
equal to a spherical strict global minimizer. Therefore, it is natural to consider
the problem of determining the spherically quasi-convex quadratic functions on
spherically convex sets. The goal of the paper is to present necessary conditions
and sufficient conditions for quadratic functions which are spherically quasi-
convex on spherical convex sets. As a particular case, we exhibit several such
results for the spherical positive orthant.

The paper can be considered as a first spherical analogue for the study of
quasi-convexity of quadratic functions. Without the aim of completeness, we list
here some of the main papers about the quasi-convexity of quadratic functions:
0l 14 b hd [

The remainder of this paper is organized as follows. In Section Bl we re-
call some notations and basic results used throughout the paper. In Section
we present some general properties of spherically quasi-convex functions on
spherically convex sets. In Section ] we present some conditions characteriz-
ing quadratic spherically quasi-convex functions on a general spherically convex
set. In Section ] we present some properties of quadratic functions defined
in the spherical positive orthant. We conclude this paper by making some final

remarks in Section

2. Basics results

In this section we present the notations and the auxiliary results used through-
out the paper. Let R™ be the n-dimensional Euclidean space with the canonical
inner product (-, -) and norm ||-||. The set of all m x n matrices with real entries
is denoted by R™*™ and R" = R"*!. Denote by R? the nonnegative orthant

and by R? , the positive orthant, that is,
R} ={z = (xl,...,acn)T:xl >0,...,2, >0}

and

Rf__‘_:{x:(xl,...,xn)T:xl>O,...,zn>0}.
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Denote by e’ the i-th canonical unit vector in R™. A set K is called a cone if it
is invariant under the multiplication with positive scalars and a convex cone if
it is a cone which is also a convex set. The dual cone of a cone K C R™ is the
cone K*:={z € R" : (x,y) >0, Vye KL}. A cone K C R" is called pointed if
KnN{—=K} C {0}, or equivalently, if K does not contain straight lines through the
origin. Any pointed closed convex cone with nonempty interior will be called
proper cone. The cone K is called subdual if I C K*, superdual if * C K and
self-dual if K* = KC. The matrix I,, denotes the n x n identity matrix. Recall
that A = (a;;) € R™*™ is positive if a;; > 0 and nonnegative if a;; > 0 for all

i, = 1,...,n. A matrix A € R"*" is reducible if there is permutation matrix

P € R" "™ 50 that
Bi1 B

0 B

PTAP =

Bi € Rmxm, By € R(nfm)x(nfm)’ Bis € Rmx(nfm)’ m <n.

A matrix A € R™*™ is irreducible if it not reducible. In the following we state a
version of Perron-Frobenius theorem for both positive matrices and nonnegative
irreducible matrices, its proof can be found in , Theorem 8.2.11] and ,
Theorem 8.4.4], respectively.

Theorem 1. Let A € R™*™ be either nonnegative and irreducible or positive.
Then A has a dominant eigenvalue Apqar(A) € R with associated eigenvector

v € R™ which satisfies the following properties:
i) The eigenvalue \par(A) > 0 and its associated eigenvector v € R, ;
1) The eigenvalue Apqr(A) > 0 has multiplicity one;

iit) BEvery other eigenvalue X of A is less that Apaq.(A) in absolute value, i.e,

Al < Amaz(A);

it1) There are no other positive or non-negative eigenvectors of A except pos-

itive multiples of v.



Recall that A € R™*™ is copositive if (Az,xz) > 0 for all 2 € R’} and a
Z-matriz is a matrix with nonpositive off-diagonal elements. Let K C R™ be
a pointed closed convex cone with nonempty interior, the K-Z-property of a
matrix A € R™*™ means that (Az,y) <0 for all (x,y) € C(K), where C(K) :=
{(z,y) eR"xR": x € K, y € K*, (x,y) =0}. If z = (21,...,2,) " € R", then
diag(x) will denote an n x n diagonal matrix with (i,7)-th entry equal to z;, for
i =1,...,n. Throughout the paper the tangent hyperplane of the n-dimensional

Buclidean sphere S*~1 at a point 2 € S*~! is denoted by
T,.S" ' :={veR" : (x,v) =0},

The intrinsic distance on the sphere between two arbitrary points x,y € S*~!
is defined by
d(x,y) := arccos(z, y). (2)

It can be shown that (S"~!,d) is a complete metric space, so that d(z,y) > 0
for all x,y € S* !, and d(x,y) = 0 if and only if x = y. It is also easy to check
that d(x,y) < 7 for all 2,y € S*"1, and d(x,y) = 7 if and only if + = —y. The
intersection curve of a plane though the origin of R” with the sphere S*~! is
called a geodesic. If x,5 € S*~! are such that y # z and y # —x, then the

unique segment of minimal geodesic from to x to y is

(z,y) sin(td(z, y))) . Sintd(z.y))
1—<x,y>2 1—<$,y>2

Ys telo, 1].
(3)

Let z € S" ! and v € TS ! such that |[v|| = 1. The minimal segment of

Yoy (t) = (cos(td(%y)) -

geodesic connecting x to —x, starting at x with velocity v at x is given by
Yaf—a} (t) := cos(t) x + sin(t) v, t e |0, m. (4)

Let Q C S"~! be a spherically open set (i.e., a set open with respect to the in-
duced topology in S"~1). The gradient on the sphere of a differentiable function
f:Q — R at apoint = € Q is the vector defined by

grad f(z) := [I, — 22"] Df(x) = Df(z) — (Df(2), 2) z, (5)
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where D f(x) € R™ is the usual gradient of f at x € Q. Let D C R™ be an open
set, I C R an open interval, Q@ C S~ ! a spherically open set and v : I —
a geodesic segment. If f : D — R is a differentiable function, then, since

~'(t) € Tv(t)S”’l for all ¢t € I, the equality (@) implies

%f(v(t)) = (grad f(v(1)),7'(t)) = (Df(v(1)),~'(t)), Vtel  (6)

Definition 2. The set C C S"! is said to be spherically convex if for all z,

y € C all the minimal geodesic segments joining x to y are contained in C.

Example 3. The set Sy = {(z1,...,2,) € S" 1 1 21 >0,...,2, > 0} is a

closed spherically convex set.

We assume for convenience that from now on all spherically convex sets
are nonempty proper subsets of the sphere. For each closet set A C S*7 1, let

K4 C R™ be the cone spanned by A, namely,
Ka:={tr :x €A, t€[0,+0)}. (7)

Clearly, K 4 is the smallest closed cone which contains A. In the next proposition
we exhibit a relationship of spherically convex sets with the cones spanned by

them; for the proof see [19].

Proposition 4. The set C is spherically convex if and only if the cone K¢ is

convex and pointed.

Let C € S*! be a spherically convex set. A function f : C — R is said to be
spherically convex (respectively, strictly spherically convex) if for all minimal
geodesic segment v : [0,1] — C, the composition f o~ : [0,1] — R is convex
(respectively, strictly convex) in the usual sense.

We end this section by stating some standard notations. We denote the
spherically open and the spherically closed ball with radius § > 0 and center
in x € S by Bs(z) :== {y € S" ! : d(z,y) < 6} and Bs(z) := {y € S*7 1 :
d(z,y) < d}, respectively. The sub-level sets of a function f: R™ D D — R are
denoted by

[f<c:={zeD: f(zx)<c}, ceR. (8)
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3. Spherically quasi-convex functions on spherically convex sets

In this section we study general properties of quasi-convex functions on the
sphere. In particular, we present first order characterizations of differentiable
quasi-convex functions on the sphere. Several results of this section have already
appeared in ﬂﬂ], but here these results have more explicit statements and proofs.
It is worth to remark that the quasi-convexity concept generalizes the convexity

one, which was extensively studied in u] Let us start by defining this concept.

Definition 5. Let C C S"~! be a spherically convex set. A function f:C — R
is said to be spherically quasi-convex (respectively, strictly spherically quasi-
convex) if for all minimal geodesic segment v : [0,1] — C, the composition
fovy:]0,1] = R is quasi-convex (respectively, strictly quasi-convez) in the usual
sense, d.e., f(y(t)) < max{f(7(0)), f(v(1))} for all t € [0,1], (respectively,
F(3(8)) < masc{ £((0)), F(x(1))} for allt € 0,1]).

Naturally, from the above definition, it follows that spherically convex (re-
spectively, strictly spherically convex) functions are spherically quasi-convex

Eespectively, strictly spherically quasi-convex), but the converse is not true; see

.

Proposition 6. Let C C S"~! be a spherically convex set. A function f:C — R
is spherically quasi-convex if and only if the sub-level sets [f < ¢| are spherically

convex for all c € R.

Proof. Assume that f is spherically quasi-convex and ¢ € R. Take z,y € [f < (]
and 7 : [0,1] — S™~! the minimal geodesic such that v(0) = = to (1) = y, see
@) and ). Since f is a spherically quasi-convex function and z,y € [f < ¢] we
have f(v(t)) < max{f(7(0)), f(v(1))} < ¢ for all t € [0,1], which implies that
~v(t) € [f < ] for all t € [0,1]. Hence we conclude that [f < ¢] is a spherically
convex set for all ¢ € R. Conversely, we assume that [f < ¢] is spherically convex
for all c € R. Let 7 : [0,1] — C be a minimal geodesic segment. Since [f < ] is

a spherically convex set, we have () € [f < ¢] for all ¢ € [0, 1], which implies
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F(v(#)) < max{f(y(0)), f(v(1))} for all ¢ € [0,1]. Therefore, f is a spherically

quasi-convex function and the proof is concluded. O

Proposition 7. LetC C S"~! be spherically convex and f : C — R be spherically
quasi-convez. If x* € C is a strict local minimizer of f, then x* is also a strict

global minimizer of f in C.

Proof. If x* is a strict local minimizer of f, then there exists a number § > 0

such that
fz) > f(x*), VaeBsa)\{z"'}={yeC : 0<d(y,a™) <d}. (9)

Assume by contradiction that z* is not a strict global minimizer of f in C. Thus,
there exists T € C with Z # a* such that f(Z) < f(«*). Since C' is spherically
convex, we can take a minimal geodesic segment « : [0,1] — C joining z* and
z, let’s say, v(0) = «* and (1) = z. Considering that f is spherically quasi-
convex we have f(y(t)) < max{f(z*), f(Z)} = f(z*) for all t € [0,1]. On the
other hand, for ¢ sufficiently small we have v(t) € Bs(z*). Therefore, the last
inequality contradicts (@) and the proof is concluded. O

Proposition 8. Let C C S™ ! be a spherically convex set and f : C — R
be a strictly spherically quasi-convex function. Then f has at most one local

manimizer which is also a global minimizer of f.

Proof. Assume by contradiction that f has two local minimizers z*,Z € C with
T # x*. Thus, we can take a minimal geodesic segment v : [0,1] — C joining
x* and Z, let’s say, 7(0) = z* and (1) = Z. Due to f being strictly spheri-
cally quasi-convex f(v(t)) < max{f(z*), f(Z)} for all ¢t € [0,1]. Since we can
take ¢ sufficiently close to 0 or 1, the last inequality contradicts the assumption
that x*,Z are two distinct local minimizers. Thus, f has at most one local
minimizer. Since f is strictly quasi-convex, the local minimizer is strict. There-
fore, Proposition [0 implies that the local minimizer is global and the proof is

concluded. O
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Proposition 9. Let C C S~ be an open spherically convez set and f : C — R

be a differentiable function. Then f is spherically quasi-convez if and only if

f(x) < fly) = (Df(y),z) — (z,y){(Df(y),y) <0, Vayel.  (10)

Proof. Let v : I — C be a geodesic segment and consider the composition
fo~y : I — R. The usual characterization of scalar quasi-convex functions

implies that f o~ is quasi-convex if and only if

FO1) < F0(0) = & (T (h 1) <0, ¥hmel ()

On the other hand, for each z,y € C with y # « we have from (@) that ~,, is

the minimal geodesic segment from @ = 7,,(0) to y = 7., (1) and

arccos(x, y)
- <£L’, y>2

Note that letting = v(t1) and y = 7(t2) we have that v, (t) = v(t1 +t(t2—t1)).

’Y:IDy(l) = (ny — In) S TySn_17 Y 7& —.

Therefore, by using (6 we conclude that the condition in (IIJ) is equivalent to
([IQ) and the proof of the proposition follows. O

4. Spherically quasi-convex quadratic functions on spherically convex

sets

In this section our aim is to present some conditions characterizing quadratic
spherically quasi-convex functions on a general spherically convex set. For that
we need some definitions: From now on we assume that I C R"™ is a proper
subdual cone, C = S"~1Nint(K) is an open spherically convex set and A = AT ¢

R™ ™ with the associated quadratic function q4 : C — R defined by
qga(z) = (Ax, x). (12)

We also need the restriction on int K of the Rayleigh quotient function pa :

int £ — R defined by
(Azx, x)

EE (13)

palz) =
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In the following propositions we present some equivalent characterizations of
the convexity of g4 defined by ([I2)) on spherically convex sets. Our first result

is the following proposition.

Proposition 10. Let g4 and @4 be the functions defined in (I2) and (3],

respectively. The following statements are equivalent:

(a) The quadratic function qa is spherically quasi-conve;

(b) (Az,y) < (v, y) max {ga(2), qa(y)} for all z,y € "1 NK;

(c) <24;’y?;> < max{pa(z), pa(y)} for all z,y € K with (z,y) # 0.

Proof. First of all, we assume that item (a) holds. Let z,y € C. Thus, either

qga(z) < qa(y) or ga(y) < ga(z). Hence, by using Proposition [0 we conclude
that either (Ay,x) < (z,y)qa(y) or (Ax,y) < (z,y)qa(z). Thus, since A = AT
implies (Ax,y) = (Ay,x), taking into account that K is a subdual cone and

hence (z,y) > 0, we have

(Az,y) < max{(z,y)qa(z), (x,9)q4(y)} = (z,y) max{qa(z),qa(y)}, V x,y € C.

Therefore, by continuity we extend the above inequality to all z,y € S~ ' N K
and, then item (b) holds. Conversely, we assume that item (b) holds. Let
x,y € C satisfying ga(z) < qa(y). Then, by the inequality in item (b) and
considering that K is a subdual cone, we have (Az,y) < (z,y)qa(y). Hence,
by using Proposition [@ we conclude that g4 is spherically quasi-convex and the
proof of the equivalence between (a) and (b) is complete.

To establish the equivalence between (b) and (c), we assume first that item
(b) holds. Let z,y € K with (z,y) # 0. Then, = # 0 and y # 0. Moreover, we
have

wi=-2_eslnKk, wvi=-2L eslnk.

el o]
Hence, by using the inequality in item (b) with x = u and y = v, we obtain the

inequality in item (c). Conversely, suppose that (c) holds. Let x,y € S"" ' N K.
First assume that (x,y) # 0. Since, ||z|| = |ly|| = 1, from the inequality in item

(¢) we conclude that
(Az, y)
(z,y)

<max{qa(x), ga(y)}.

10
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Due to K being a subdual cone, we have (x,y) > 0, and hence the last inequality
is equivalent to the inequality in item (b). Now, assume that (x,y) = 0. Then,
take two sequences {z*}, {y*} C C such that limj_, 1o 2% = 2, lim_, 1o ¥* =y
and (z*,y*) # 0. Since K is a subdual cone, we have (¥ y*) > 0 for all
k =1,2,.... Therefore, considering that |z¥|| = ||y*|| = 1 for all k = 1,2,...,

we can apply again the inequality in item (c¢) to conclude
<Axk7yk> < <xka yk> max {QA(xk)a QA(yk)} ’ k= 17 27 BRI

By tending with k to infinity, we conclude that the inequality in item (b) also
holds for (x,y) = 0 and the proof of the equivalence between (b) and (c) is
complete. O

Corollary 11. Assume that K is a self-dual cone. If the quadratic function qa
1s spherically quasi-convex, then A has the K-Z-property.

Proof. Let z,y € R"xR" such that x € K,y € K* and (x,y) =0. Ifx =0ory =
0 we have (Az,y) = 0. Thus, assume that x # 0 and y # 0. Considering that
K is self-dual we have z/||z||, y/|y|| € S*~! N K. Thus, since g4 is spherically
quasi-convex and (z/||z||, y/|ly|]l) = 0, we obtain, from items (a) and (b) of
Proposition [[0} that (Az,y) < 0. Therefore, A has the K-Z-property and the

proof is concluded. O

Theorem 12. The function qa defined in [A2) is spherically quasi-conver if
and only if pa defined in [I3)) is quasi-convex.

Proof. For c € R, let [ga < ¢] :={y€C : ga(r) <c} and [pa < ] = {z €
int(IC) : pa(z) < ¢} be the sublevel sets of g4 and ¢4, respectively, where
¢ € R. Let Kig,<¢ be the cone spanned by [g4 < ¢]. Since C = S"~' Nint(K),
we conclude that x € int K if and only if x/||x|| € C. Hence, the definitions of

[ga < ] and [pa < ¢] imply that
IC[qASC] = [SDA < C]~ (14)

Now, we assume that g4 is spherically quasi-convex. Thus, from Poposition

we conclude that [g4 < ¢] is spherically convex for all ¢ € R. Hence, it follows

11
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from Proposition Hl that the cone Kjq, <. is convex and pointed, which implies
from (I4) that [pa < c] is convex for all ¢ € R. Therefore, ¢4 is quasi-convex.
Conversely, assume that ¢4 is quasi-convex. Thus, [pa < ¢] is convex for
all ¢ € R. On the other hand, since K is a proper subdual cone, int K is
pointed. Thus, considering that [p4 < ¢] C int K is a cone, it is also a pointed
cone. Hence, from (I4)) it follows that K4, <) is a pointed convex cone. Hence,
Proposition dlimplies that [ga < ¢] is spherically convex for all ¢ € R. Therefore,
by using Proposition [Gl we conclude that g4 is spherically quasi-convex and the

proof is completed. O

Corollary 13. Assume that {x € int(K) : (Acx,z) < 0} # &, where ¢ € R
and A. == A —cl,,. If qa defined in ([I2)) is spherically quasi-convex, then the

cone

{xek: (A, x) <0}, (15)
1S convez.

Proof. Assume that g, is spherically quasi-convex. Hence Theorem [[2] implies
that ¢4 is quasi-convex and then [pa < (] is convex for all ¢ € R. Since

{z e int(K) : (A.z,x) <0} # & we conclude that
closure({z € int(K) : (Acx,z) <0})={z e K : (A.x,z) <0}

where “closure” is the topological closure operator of a set. Thus, considering

that [pa < ¢ ={z € int(K) : (A.z,z) <0}), we obtain that
closure (jpa <¢]) ={zr € £ : (Acz,z) <0},

Taking into account that [pa < ¢] is convex, the set closure ([pa < ¢]) is also

convex. Therefore, last equality implies that the set in (3] is convex. O

4.1. Spherically quasi-conver quadratic functions on the spherical positive or-

thant

In this section we present some properties of a quadratic function defined in

the spherical positive orthant, which corresponds to K = R’!. We know that if A

12
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has only one eigenvalue, then ¢4 is constant and, consequently, it is spherically
quasi-convex. Therefore, throughout this section we assume that A has at least
two distinct eigenvalues. The domains C and int(KC) of ga and @4, respectively
are given by

We recall that g4 and pa are defined in (I2) and ([[3)), respectively. Next we

present a technical lemma which will be useful in the sequel.

Lemma 14. Let n > 2 and V = [v! v2 v3 - "] € R™*" be an orthogonal
matriz, A = VTAV and A = diag(\1,...,\,). Assume that A} < Ay < ... <

M. If o1 € RY and ¢ ¢ (A2, Ay) then the sublevel set [p4 < c] is convex.

Proof. By using that VV ' =1, and A = VT AV we obtain from the definition
([@3) that

[@ASC]{zGRﬁ_,_: i(x\ic)@i,x)ng}. (17)
i=1
We will show that [pa < ¢] is convex for all ¢ ¢ [A2, \,). If ¢ < Ay, then since
vt v?, ..., v™ are linearly independent, we conclude from (I7) that [pa < ¢| =
{0} and therefore it is convex. If ¢ = Ay, then from (I7) we conclude that
[pa <] =8NR7Y,, where S :={z € R" : (v*,2) =0, ..., (v",z) =0}, and
hence [pa < c] is convex. Assume that \; < ¢ < A\g. By letting y = V''z, i.e.,
y; = (v',x), for i = 1,...,n, and since v! € R%, and x € R, , we have y; >0

and from (7)) we obtain that [pa <] = LNV TR",, where

L= {y(yl,...,yn)ER": ylz\/92y§+...+9ny%},

i — ¢
;=" i=2...n
C—)\l ! "

Since £ and V'R’ | are convex sets, we conclude that [p4 < ¢] is convex. If

¢ > A, then [pg < ] =R7, is convex, which concludes the proof. O

Lemma 15. Let A\ be an eigenvalue of A. If A\, — A is copositive and )\ < ¢,
then

[pa < =Ry,
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and consequently it is a convex set.

Proof. Let ¢ € R and [pa < ] = {z € R}, : (Az,z) — c|lz||> < 0}. Since
A < ¢ and M, — A is copositive, we have (Az,x) — c||z]|?> < (Az,z) — \|z|? =

(A= A,)z,z) <0 for all # € R, , which implies that [pa < c] =R7, . O

The next theorem exhibits a series of implications and, in particular, condi-

tions which imply that the quadratic function ¢4 is spherically quasi-convex.

Theorem 16. Let A € R™™™ be a symmetric matriz and let A1 < Ay < ... < A\,

its eigenvalues. Consider the following statements:

(i) qa is spherically quasi-convexz.
(i) A is a Z-matriz.
(iii) Aol — A is copositive and there exists an eigenvector vl € R? of A cor-
responding to the eigenvalue A1 of A.
(v) A is a Z-matriz and Ao > ay; for any i € {1,2,...,n}.
(v) A is a Z-matriz, \y < Ay and Ny > a;; for alli € {1,2,...,n}.

(vi) A is an irreducible Z-matriz and Ny > ay; for all i € {1,2,... ,n}.

Then the following implications hold:

(v)
4
(v) < (i) = (i) = (i)
T
(vi)
Proof.

(v)=-(iil)«=(vi): It is easy to verify that Ao, — A is nonnegative and hence
copositive. Moreover, Perron-Frobenius theorem applied to the matrix Ao [, — A
implies that there exists an eigenvector v!' € R? corresponding to the largest
eigenvalue Ao — A\ of A\o1,, — A, which is also the eigenvector of A corresponding

to )\1.

14
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(ii)=(1): If ¢ < Ay, then Lemma [I4] implies that [p4 < ¢ is convex. If
¢ > Az, then from Lemma [[5] we have [p4 < ¢] = R"} ,, which is convex. Hence,
[pa < ¢] is convex for all ¢ € R. Therefore, by using Theorem [[2, we conclude
that g4 is spherically quasi-convex function.

(i)=(ii): From Corollary 1, it follows that A has the R’}-Z-property. It is
easy to check that this is equivalent to A being a Z-matrix.

(iii)=(iv): Since (iii) = (i) = (ii), it follows that A is a Z-matrix. Since
Aol, — A is copositive it follows that its diagonal elements are nonnegative.
Hence, \y > a;; for all i € {1,2,...,n}.

O

Corollary 17. Let n > 2 and Ay,..., A\, € R be the eigenvalues of A. Assume
that —A is a positive matriz, A\ < Ao < ... < Xy, and 0 < Xy . Then qa is

spherically quasi-convex.

Proof. First note that the matrix A21,, — A is a positive matrix and Ao — A1 > 0
is its largest eigenvalue. Thus, Theorem [I] implies that the eigenvalue Ao — A;
has the associated eigenvector v! € R . Since (Ao, — A)v! = (A — Ap)v!

we have Av! = \v!'. Hence v!

is also an eigenvector of A associated to A;.
Therefore, considering that A is a Z-matrix, v! € R”, A\; < Ay and Ay > ay; for
all i € {1,2...,n}, it follows from Theorem [I6] (v)=-(i) that g4 is spherically

quasi-convex. O

In the following two examples we use Theorem [I@] (iii)=(i) to present a class

of quadratic quasi-convex functions defined in the spherical positive orthant.

Example 18. Let n > 3 and V = [v! v? v® ... v"] € R™™™ be an orthogonal
matriz, A =V TAV and A := diag(\, s, ..., p,v), where \,pu,v € R. Then qa

18 a spherically quasi-convex, whenever

vl — l/:ih)"\GRﬁ, A< p<v, (18)
where [v"] := (|}, ..., |v"|). Indeed, by using that VV' ' =1, and A=V TAV,

15
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after some calculations we conclude that

_ V—=H, 5
(Az, ) — pll|® = (p = A) [=(v,2)* + = L ? (19)

Thus, using the condition in (I8) and considering that x € R}, , we have

_<U1,JZ>2 + :_7'U'<Un’x>2 < :i/; [_<|Un|’x>2 + (v",x}Q] <0.

Hence, by combining the last inequality with [I9), we conclude that pl, — A
is copositive. Therefore, since v € R we can apply Theorem [I8 (iii)= (i)
with Ao = p to conclude that qa is a spherically quasi-convezr function. For
instance, taking A\ < (A +v)/2 < p < v the vectors v! = (e! +e")/v/2,0? =
e, ., b=l = (el — ™) /V/2, satisfy [F).

Example 19. Let n > 3 and V = [v! v? v® ... v"] € R™*" be an orthogonal
matriz, A =V AV and A = diag(\1,...,\,). Then qa is a spherically quasi-
convex, whenever

2

(n—2)

vh=(ofu) €RYL M <A< <A St (A2 = M),
(20)
where a := min{v} #0: i =1,...,n}. Indeed, by using that VV'' = I,, and

the definition of the matrixz A, we obtain that
(Az,2) = Xef|z]* = (A = A2) (01, 2)% + (A3 = A2) (0%, )% +- -+ (A = A2) (0", )%,

Since dg — A1 > 0 and 0 < Aj — Ay < Ay — g for all j = 3,...,n, the last

equality becomes

(4z,2) = dallal < (ha = 0) | =(h2)* + P2 (000" -+ (07,2)?) | (2)

On the other hand, by using that v} € Ry and v} >« foralli=1,...,n, we
obtain that

(v',2)? = (viz1 + - + vpan)?

> (@14 ) > 02@] o 4a) =2l (22)

n
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for allz € Ry Moreover, taking into account that ||v7|| =1 for all j = 3,...,n,

it follows from the Cauchy-Schwarz inequality, that
(0%, 2)? 4 (0 ) < PPl 4 R Pl < (- 2)]|2)f?

for all x € R} Thus, combining the last inequalities with 21) and @22) and
considering that the last inequality in @0Q) is equivalent to —a? + (n — 2)(\, —
X2)/ (A2 — A1) <0, we have

An — A2
Ao — A1
for all x € RY. Hence, we conclude that \oI, — A is copositive. There-
1

(Az,2) = Doflz]|* < (A2 = M) | —0® + (n — 2) lz* <0

fore, since v= € R is the eigenvector of A corresponding to the eigenvalue
A1, we apply Theorem [IA (iii)= (i), to conclude that qa is spherically quasi-
convex function. For instance, n >3, A =V TAV, A = diag(\1,...,\,) and

V=[vl v? 03 - 0" € R where a = 1//n,

1 IR F 1 1 o n .
Vo= = e, v = : — |le —(n+1—yj)e + e'l,
\/’7; Vit 1—j)+(n+1-j)? ;

forj=2,...onand Ay < A < ... < Ay < Ao+ (1/[n(n —2)]) (A2 — A1), satisfy
the orthogonality of V' and the condition (20]).

In the next theorem we establish the characterization for quasi-convex quadratic
functions g4 on the spherical positive orthant where A is symmetric having only

two distinct eigenvalues.

Theorem 20. Let n > 3 and A € R™™™ be a symmetric matriz with only two
distinct eigenvalues, such that its smallest one has multiplicity one. Then, qa s
spherically quasi-convez if and only if there is an eigenvector of A corresponding
to the smallest eigenvalue with all components nonnegative.

Proof. Let A := (a;;) € R™™, A1, Aa, ..., A, be the eigenvalues of A correspond-

2,...,v", respectively. Then, we

ing to an orthonormal set of eigenvectors v*, v
can assume without lose of generality that A\ =: A < p:= Ay =--- = \,,. Thus,

we have

A=VAVT, V=t o? .. 0" € RV A :=diag(\, p, ..., p) € R™™,
(23)
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First we assume that g4 is a spherically quasi-convex function. The matrix A

can be equivalently written as follows

where D := (d;;) € R™*™ has all entries 0 except the di; entry which is 1. Then
() and (@3) imply
aij = (A= pvjoj i (25)

Since g4 is spherically quasi-convex and ¢! € C = S"~1 N R%, for all i =
1,...,n, by using item (b) of Proposition we conclude that a;; < 0 for
all i,7 = 1,...,n with ¢ # j. Thus, since A < u, we obtain form (25 that
0 < wjvj for all i # j, which implies v € R’} or —v' € R%. Therefore, there
is an eigenvector corresponding to the smallest eigenvalue with all components
nonnegative. Conversely, assume that v' € R’ . Then, applying Lemma [4] with
A=A < pu=X ==\, we conclude that [p4 < ¢] is convex for all ¢ € R,
and hence ¢4 is quasi-convex. Therefore, by using Theorem [[2] we conclude

that ¢4 is spherically quasi-convex. O

In the following example we present a class of matrices satisfying the as-

sumptions of Theorem

Example 21. Let v € R} and define the Householder matriv H = I, —
20vT /||v||?. The matriz H is nonsingular and symmetric. Moreover, Hv = —v
and letting E := {u € R™ : (v,u) = 0} we have Hu = u for all w € E. Since
the dimension of E is n — 1, we conclude that —1 and 1 are eigenvalues of H
with multiplicities one and n — 1, respectively. Furthermore, the eigenvector
corresponding to the smallest eigenvalue of H has all components nonnegative.

Therefore, Theorem[2Q implies that qp(x) = (Hx, x) is spherically quasi-conver.

In order to give a complete characterization of the spherical quasi-convezity
of qa for the case when A is diagonal, in the following result we start with
a necessary condition for g4 to be spherically quasi-convex on the spherical

positive orthant.
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Lemma 22. Letn >3, C = S"'n R, and A € R™"™ be a nonsingular
diagonal matrixz. If qa is spherically quasi-convex, then A has only two distinct

etgenvalues, such that its smallest one has multiplicity one.

Proof. The proof will be made by contradiction. First we assume that A has
at least three distinct eigenvalues, among which exactly two are negative, or
at least two distinct eigenvalues, among which exactly one is negative and has

multiplicity greater than one, i.e.,
Aet = —\jel, Ae? = —)\ge?,  Aed = \3e?, A, Ao, Az >0 (26)

with —A; < —Xa <0< Az 0r =X\ = —Xs < 0 < A3 and e', €2, e? are canonical
vectors of R™. Define the following two auxiliary vectors
Ai
Az’
Hence, [26) and 1) imply that (Av!,v!) = 0 and (Av?,v?) = 0 and since

1 2

vli=el tie?, v? = e? + tye?, t; = 1=1,2. (27)

vl,v? € R", we conclude that vl v? € {x eR} : (Az,z) < 0}. However,

using again (20) and ([Z17) we obtain that
(A" + 0,0t +0?%) =24/ M > 0,

and then v* +v? ¢ {z € R} : (Az,z) <0}. Thus, {z € R? : (Az,z) <0} is
not convex. Finally, assume that A has at least three distinct eigenvalues or at
least two distinct ones with the smallest one having multiplicity greater than
one. Let A, u, v be eigenvalues of A such that A < u < v or A =p < v. Take a
constant ¢ € R such that u < ¢ < v. Letting A, := A — cI,, we conclude that
A—c,pu—c,v—care eigenvalues of A, and satisfy A\ —c<pu—c<0<v-—c
or A\—c = pu—c <0 < v—c Hence by the first part of the proof, with
A, in the role of A, we conclude that {z € R : (A.z,z) <0} is not convex.
On the other hand, due to e’ € R” and (Ae’,e’) = X\ — ¢ < 0, for some i, we
obtain that {:z: eRY, : (Acx,x) < O} # &. Thus, applying Corollary [[3] with
K = R? and taking into account that {x eRY @ (Acx,z) < 0} is not convex,
we conclude that g4 is not spherically quasi-convex, which is absurd and the

proof is complete. O
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To make the paper self-contained we state the result of H, Theorem 1]
explicitly here:

Theorem 23. LetC = S”flﬁR:ﬁ_,_ and A € R™™ ™ be a symmetric matriz. Then
qa is spherically convex if and only if there exists A € R such that A = AI,,. In

this case qa is a constant function.

The next result gives a full characterization for ¢4 to be spherically quasi-
convex quadratic function on the spherical positive orthant, where A is a diago-
nal matriz. The proof of this result is a combination of Theorem 20, Lemma 22|
and Theorem Before presenting the result we need the following definition:
A function is called merely spherically quasi-convex if it is spherically quasi-

convex, but it is not spherically convex.

Theorem 24. Let n > 3 and A € R™ ™ be a nonsingular diagonal matriz.
Then qa is merely spherically quasi-convez if and only if A has only two eigen-
values, such that its smallest one has multiplicity one and has a corresponding

etgenvector with all components nonnegative.

We end this section by showing that, if a symmetric matrix A has three eigen-
vectors in the nonnegative orthant associated to at least two distinct eigenvalues,

then the associated quadratic function ¢4 cannot be spherically quasi-convex.

Lemma 25. Letn > 3 and v', v?,v3 € R™ be distinct eigenvectors of a symmet-
ric matrix A associated to the eigenvalues A1, Ao, A3 € R, respectively, among
which at least two are distinct. If qa is spherically quasi-convez, then v¢ ¢ R7

for some i =1,2,3.

Proof. Assume by contradiction that v',v?,v* € R”. Without loss of generality
we can also assume that |[vf| = 1, for i = 1,2,3. We have three possibilities:
Al < Ao < A3, A1 = Ao < Az or A < Ay = A3. We start by analyzing the
possibilities A\ < Ay < A3 or A1 = Ay < A3. First we assume that \; < Ay <

0 < Az or \; = Ay < 0 < A3. Define the following vectors

[—A [—A
wh = vl 41103, w? == v? +t90°, ty = —1, ty 1= 4/ 22, (28)
A3 A3
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We have (v?,v7) = 0 for all i, j = 1,2,3 with i # j, and since
Avt = \ol, Av? = \ov?,  Av® = \303, vttt e RY, (29)

we conclude from (28) that (Aw!, w') =0 and (Aw? w?) = 0. Moreover, since
vl v 0? e R? we conclude that wh,w? € {x eRY @ (Az,z) < O}. On the

other hand, by using ([2Z9) and (28]), we obtain that
(A(w' +w?), w' +w?) =24/ A\ > 0,

and then w' + w? ¢ {z € R} : (Az,z) <0}. Thus, {z € R} : (Az,z) <0}
is not a convex cone. For the general case, take ¢ € R such that Ay < ¢ < A3.
Letting A. := A — cl,, we conclude that A\ — ¢, Ao — ¢, A\3 — ¢ are eigen-
values of A. and satisfying \{ —¢ < Mg —¢c < 0 < A3 —cor A\ —¢c =
Ao —c < 0 < A3 — ¢ with the three corresponding orthonormal eigenvec-
tors v, 02,03 € R?. Hence, by the first part of the proof, with A, in the
role of A, we conclude that the cone {x eR} : (Acx,x) < 0} is not convex.
On the other hand, due to v' € R and (Av',v') = A\ — ¢ < 0, we have
{ac eRY, : (Aex,z) < 0} # @. Thus, applying Corollary [[3] with K = R’
and taking into account that {x eR} : (Acx,x) < 0} is not convex, we con-
clude that g4 is not spherically quasi-convex, which is absurd. To analyze the
possibility Ay < Ay = Ag, first assume that Ay < 0 < Ay = A3 and define the

vectors

[ A [ A
w' = tio! 403, w? = tyv! 4+ 03, ty = 22 ) to = R )
-\ -1

and then proceed as above to obtain again a contradiction. Therefore, v’ ¢ R7

for some i = 1,2,3 and the proof is complete. O

5. Final remarks

This paper is a continuation of M, , ], where intrinsic properties of the
spherically convex sets and functions were studied. As far as we know this is

the first study of spherically quasi-convex quadratic functions. As an even more
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challenging problem, we will work towards developing efficient algorithms for
constrained optimization on spherically convex sets. Minimizing a quadratic
function on the spherical nonnegative orthant is of particular interest because
the nonnegativity of the minimum value is equivalent to the copositivity of the
corresponding matrix E, Proposition 1.3] and to the nonnegativity of its Pareto
eigenvalues E, Theorem 4.3]. Considering the intrinsic geometrical properties

of the sphere will open interesting perspectives for detecting the copositivity of

a matrix. We foresee further progress in these topics in the near future.
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