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COMPARISON PRINCIPLE FOR STOCHASTIC HEAT
EQUATION ON R¢

By LE CHEN* AND JINGYU HuaNncf

University of Nevada, Las Vegas® and University of Utah!

We establish the strong comparison principle and strict positivity
of solutions to the following nonlinear stochastic heat equation on R?

(% - %A) u(t,z) = p(u(t,x)) M(t, z),

for measure-valued initial data, where M is a spatially homogeneous
Gaussian noise that is white in time and p is Lipschitz continu-
ous. These results are obtained under the condition that fRd(l +
|€]2)*~ L f(d€) < oo for some a € (0,1], where f is the spectral mea-
sure of the noise. The weak comparison principle and nonnegativity
of solutions to the same equation are obtained under Dalang’s con-
dition, i.e., « = 0. As some intermediate results, we obtain handy
upper bounds for LP(Q2)-moments of u(t,z) for all p > 2, and also
prove that u is a.s. Holder continuous with order o — € in space and
/2 — € in time for any small € > 0.

1. Introduction. In this paper, we study the sample-path comparison
principle, or simply comparison principle of the solutions to the following
stochastic heat equation (SHE) with rough initial conditions,

(3 _ ;A> u(t,z) = plu(t, z)) M(t,2), zeRY, >0,

uw(0,-) = p(-)-

In this equation, p is assumed to be a globally Lipschitz continuous function.
The linear case, i.e., p(u) = Au, is called the parabolic Anderson model
(PAM) [3]. The noise M is a Gaussian noise that is white in time and
homogeneously colored in space. Informally,

(1.1)

E [M(t, 2)M(s,y)| = do(t — ) f(z —y)
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2 L. CHEN AND J. HUANG

where §p is the Dirac delta measure with unit mass at zero and f is a
“correlation function” i.e., a nonnegative and nonnegative definite function
that is not identically zero. The Fourier transform of f is denoted by f

A~

f&) =Ff)= /R exp (—i & - x) f(x)dz.

In general, f is again a nonnegative and nonnegative definite measure, which
is usually called the spectral measure. The precise meaning of the “rough
initial conditions/data” are specified as follows. We first note that by the
Jordan decomposition, any signed Borel measure p can be decomposed as
W= py — p— where py are two non-negative Borel measures with disjoint
support. Denote |u| := 4 + p—. The rough initial data refers to any signed
Borel measure p such that

(1.2) / e_“|x‘2\,u\(dx) < 400, foralla>0,
Rd

where |z| = (/2% + -+ 4+ 2% denotes the Euclidean norm. It is easy to see

that condition (1.2) is equivalent to the condition that the solution to the
homogeneous equation — Jo(¢, z) defined in (1.6) below — exists for all £ > 0
and x € R%.

The comparison principle refers to the property that if two initial con-
ditions are ordered, then the corresponding solutions to the stochastic par-
tial differential equations are also ordered. For any Borel measure p on
R?, “u > 0” has its obvious meaning that x is a nonnegative measure and
“u > 07 refers to the fact that © > 0 and p is nonvanishing, i.e., i # 0. Let uy
and wug be two solutions starting from two measures py and p9, respectively.
We say that (1.1) satisfies the weak comparison principle if uy (t,x) < us(t, )
a.s. for all t > 0 and = € R? whenever iy < pg. Similarly, we say that (1.1)
satisfies the strong comparison principle if uy(t,z) < ug(t,x) for all t > 0
and z € R? a.s. whenever 1 < po. Note that when p(u) = Au, it is relatively
easier to establish the weak comparison principle since the solution can be
approximated by its regularized version, which admits a Feynman-Kac for-
mula; see [16, 17, 19].

Most strong comparison principles are obtained through Mueller’s origi-
nal work [20], where he proved the case when d = 1, M is the space-time
white noise, p(u) = |u|? (for all v < 1), and the initial data is a bounded
function. In [23], Shiga studied the same equation as that in [20] except that
p is assumed to be Lipschitz and there can be a drift term. By using con-
centration of measure arguments for discrete directed polymers in Gaussian
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environments, Flores established in [13] the strict positivity of solution to
1-d PAM with Dirac delta initial data. Following arguments by Mueller and
Shiga, Chen and Kim extended these results in [8] to allow both fractional
Laplace operators and rough initial data. Recently, by using paracontrolled
distributions, Gubinelli and Perkowski gave an intrinsic proof of the strict
positivity; see [15]. Their proof does not depend on the details of noise,
though they require the initial data to be a function that is strict positive
anywhere.

When d > 2, in order to study a random field solution, the noise has to
be colored in space, where “colored” means “correlated”. Equation (1.1) has
been much studied since the introduction by Dawson and Salehi [12] as a
model for the growth of a population in a random environment. In [10, 11],
it is shown that if the initial condition is a bounded function, and under
some integrability condition on f , now called Dalang’s condition, i.e.,

(1.3)

T(B) := (2m) ¢ /Rd ﬁf—l(-dé)]Q < +oo for some and hence for all 3 > 0,

there is a unique random field solution to equation (1.1). This equation has
been extensively studied; see, e.g., [6, 14, 16, 19]. Recently, Chen and Kim
showed that Dalang’s condition (1.3) also guarantees an L?(2)-continuous
random field solution starting from rough initial conditions; see [7]. To the
best of our knowledge, comparison principle in this setting is much less
known, though people believe that it is true. In [24], Tessitore and Zabczyk
proved the strict positivity for the case when f belongs to LP (RY) for some
p € [1,d/(d—2)). Clearly, this condition excludes the important Riesz kernel
case, i.e., f(z) = |2|7P with 8 € (0,2 A d). Indeed, we will show that under
Dalang’s condition (1.3), if p(0) = 0, then the solution u(t,z) starting from
any nonnegative rough initial data is a.s. nonnegative for any ¢t > 0 and
x € R Moreover, if the nonnegative rough initial data is nonvanishing and
f satisfies

N

(1.4) / (1—{](3210‘ < 0o, for some a € (0,1],
R4

then we are able to establish the strict positivity of u(t,z) through the
following small-ball probability estimate:

P (u(t,z) < ) < Aexp (—A|loge[* (log| loge)' ") .
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Similar small-ball probabilities in various settings can be found in [8, 9,
13, 21]. These nonnegativity statements can be translated into comparison
statements by considering v = w1 — us.

Condition (1.4) is natural since in a recent paper [6], it is shown that
Dalang’s condition (1.3) alone cannot guarantee the existence of a continuous
version of the solution. There might be solutions that behave so badly that
they may hit zero. Whether this phenomenon does happen is still not clear
to us and it is left for future exploration. For the moment, we are content
with this slightly stronger condition (1.4). Indeed, if the initial condition is
a bounded function, Sanz-Solé and Sarra [22] showed that condition (1.4)
guarantees that the solution is a.s. Holder continuous with order v — € in
space and «/2—e¢ in time for any small € > 0. In this paper, we have extended
this result for rough initial conditions. The space-time white noise case is
proved in [5].

In all these studies, the moment bounds/formulas play an important role.
The upper bounds for the second moments under Dalang’s condition (1.3)
for rough initial conditions is obtained in [7]. In this paper, we extend this
bound to obtain similar upper bounds for all p-th moments, p > 2. Using
these moments upper bounds, we establish the (weak) comparison principle.
Note that similar moment upper bounds have also been recently obtained by
the second author [18]. By contrast, the major effort of [7] is to obtain some
nontrivial lower bounds for the second moments. Note when p(u) = Au,
the p-th moment admits a Feynman-Kac representation, which has been ex-
ploited to study the intermittency phenomenon in [16, 17, 19].

In the rest of this introduction, we will first give the precise definition of
the solution and recall the existence/uniqueness result in Section 1.1. The
main results are stated in Section 1.2. Then we give an outline of the rest
of the paper in Section 1.3.

1.1. Definition and existence of a solution. Recall that a spatially homo-
geneous Gaussian noise that is white in time is an L?(§2)-valued mean zero
Gaussian process on a complete probability space (2, F,P)

{Fw): vece ((0,00) xR |,
such that

BLFW)F@)] = [ ds [ ts.0)00) @ - paady

Let By(R?) be the collection of Borel measurable sets with finite Lebesgue
measure. As in Dalang-Walsh theory [10, 25], one can extend F' to a o-finite
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L%(Q)-valued martingale measure B+ F(B) defined for B € By(Ry x RY),
where Ry := [0, 00). Then define

My(B) := F ([0,t] x B), B € By(R%).

Let (F¢,t > 0) be the natural filtration generated by M.(-) and augmented
by all P-null sets A/ in F, i.e.,

F ::a(Ms(A): 0<s<tAch (Rd>) VN, t>0,

Then for any adapted, jointly measurable (with respect to B ((0, o0) X }Rd) X
F) random field {X (t,z) : t > 0,2 € R%} such that for all integers p > 2,

/Ooods//RQddxdy HX(S,y)X(S’;U)Hgf(xiy) < oo,

the stochastic integral

/ T [ X(s,y)M(ds, dy)
0 R4

is well-defined in the sense of Dalang-Walsh. Here we only require the joint-
measurability instead of predictability; see Proposition 2.2 in [7] for this case
or Proposition 3.1 in [4] for the space-time white noise case. Throughout this
paper, ||-|[, denotes the LP(£2)-norm.

The solution to (1.1) is understood in the mild form

(1.5) u(t,x) = Jo(t,x) + /0 9 G(t— s,z —y)p(u(s,y))M(ds,dy).

Here Jy(t, z) denotes the solution to the homogeneous equation

(1.6) Jo(t, @) == (u*G(t,)) (x) := y G(t,z — y)u(dy)
where

_ - |z[?
(1.7) G(t,z) = (2nt)~ Y% exp (—%) .
Denote

I(t,x) == //[O,t]x]Rd G(t— s,z —y)p(u(s,y))M(ds,dy).

The above stochastic integral is understood in the sense of Walsh [10, 25].
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DEFINITION 1.1. A process u = (u(t,z), (t,z) € (0,00) x R?) is called
a random field solution to (1.1) if

(1) w is adapted, i.e., for all (¢,z) € (0,00) x R%, u(t,z) is Fy-measurable;

(2) w is jointly measurable with respect to B ((0,00) x RY) x F;

(3) ||I(t,2)||y < +oo for all (¢,2) € (0,00) x RY;

(4) Iis L?(Q)-continuous, i.e., the function (¢,x) ~— I(t, z) mapping (0, 00) x
R into L2(Q) is continuous;

(5) wu satisfies (1.5) a.s., for all (t,z) € (0,00) x RY,

Definition 1.1 does not require a random field solution to have a pathwise
continuous version. The L?(Q)-continuity in condition (4) is a much weaker
condition than the condition of having continuous sample path. Actually,
one can construct a discontinuous solution as in [6]. On the other hand,
from Definition 1.1 one can find sufficient conditions for both the admissible
initial data and the admissible correlation function f, which is the content
of the following theorem:

THEOREM 1.2 (Theorem 2.4 in [7]). If the initial data p satisfies (1.2),
then under Dalang’s condition (1.3), SPDE (1.1) has a unique (in the sense
of versions) random field solution {u(t,x) 1> 0,z € Rd} starting from p.
This solution is L?(2)-continuous.

The existence of the random field solution (except the L?(Q)-continuity)
has also been obtained recently by the second author in [18]. Note that the
L?(2)-continuity that comes with Theorem 1.2 is too weak to be useful in
this paper. When we need the pathwise continuity, we will instead work
under a stronger condition — (1.4) — than Dalang’s condition (1.3).

1.2. Statements of the main results. We will prove seven theorems as
follows:

THEOREM 1.3 (Weak comparison principle). Assume that f satisfies
Dalang’s condition (1.3). Let uy and uz be two solutions to (1.1) with the
initial measures py and ug that satisfy (1.2), respectively. If uy < po, then

(1.8) P (uy(t,x) < ug(t,z)) =1, forallt>0 andz € R?.
Moreover, if the paths of ui(t,z) and us(t,z) are a.s. continuous, then

(1.9) P (ul(t,x) < wug(t,z) for allt >0 and x € Rd) =1.
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If p(0) = 0, then u = 0 is the unique solution to (1.1) starting from p = 0.
Hence, we have the following corollary:

COROLLARY 1.4 (Nonnegativity). Assume that f satisfies Dalang’s con-
dition (1.3) and p(0) = 0. Let u be the solution to (1.1) with the initial
measure j that satisfies (1.2). If u > 0, then

(1.10) P (u(t,z) >0)=1, forallt>0 andz e R?.

Moreover, if the path of u(t,x) are a.s. continuous, then
(1.11) P(u(t,aj) >0 forallt>0 cmd:UG]Rd> =1.

THEOREM 1.5 (Strong comparison principle). Assume that [ satisfies
(1.4) for some v € (0,1]. Let u; and ug be two (continuous versions of the)
solutions to (1.1) with the initial data py and pe, respectively. Then the fact
p1 < po tmplies

(1.12) P (ul(t,x) < wua(t,x) for allt >0 and x € Rd) =1

Note that by Theorem 1.8 below, under the assumptions of Theorem 1.5,
the solution to (1.1) has a continuous version.

THEOREM 1.6 (Strict positivity). Assume that f satisfies (1.4) for some
a € (0,1] and p(0) = 0. Let u be the solution to (1.1) with initial measure
p > 0 that satisfies (1.2). Then for any compact set K C (0,00) x R?, there
exists a finite constant A > 0 which only depends on K such that for all
€ > 0 small enough,

(1.13) P ( inf u(t,z) < e> < Aexp <—A| log €| (log | loge|)1+a) :
(t,x)eK

In order to establish the above results, we need to prove the following four
theorems, which are of interest by themselves. The first result is a general
moment bound. This provides us with a very handy tool in studying various
properties of the solution to (1.1). This result extends the previous work [7]
from the two-point correlation function to higher moments. Let Lip, > 0 be
the Lipschitz constant for p. See Section 2 for the proof.

THEOREM 1.7 (Moment bounds).  Under Dalang’s condition (1.3), if the
initial data p is a signed measure that satisfies (1.2), then the solution u to
(1.1) for any given t >0 and x € R? is in LP(Q), p > 2, and

19 o)l < [s+VE (Gl ) @)] B (555)"2,
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where $ = |p(0)|/ Lip, and v, = 32pLip/2) and H(t;~yp) is defined in (2.4)
below. Moreover, if for some o € (0,1] condition (1.4) is satisfied, then
when p > 2 is large enough, there exists some constant C' > 0 such that

(115)  [Ju(t,2)ll, < C| S+ (lul * G(t,) (@) | exp (€ Lip/*p/ot) .

The second result is about the sample-path regularity under (1.4) for
rough initial data. This result is used to obtain a large deviation estimates
in proving the strong comparison principle. See Section 3 for its proof.

THEOREM 1.8 (Holder regularity). Suppose that p is any measure that
satisfies (1.2) and f satisfies (1.4) for some a € (0,1]. Then the solution
to (1.1) starting from p has a version which is a.s. f1-Hélder continuous in
time and Bo-Hélder continuous in space on (0,00) x R? for all

B1€(0,a/2) and P2 € (0,a).

The third theorem consists of two approximation results, which are used
to establish the weak comparison principle. The first one says that we can
approximate a solution starting from rough initial data by solutions starting
from smooth and bounded initial conditions. This result allows us to pass
from the weak comparison principle for L>(R%)-valued initial data to that
for rough initial data. In the second approximation, we mollify the noise and
establish an uniform L?(Q)-limit. See Section 4 for the proof.

THEOREM 1.9 (Two approximations). Assume that f satisfies Dalang’s
condition (1.3).
(1) Suppose that the initial measure p satisfies (1.2). If u and ue are the
solutions to (1.1) starting from p and ((ue)*G(e, -))(x), respectively, where

(1.16) Ve() = Lyppi<1/ey + (L + 1€ = [2]) Uit jecia|<141/e)»

then
lim ||u(t,x) — uc(t, )|, =0, for allt >0 and x € R%.
e—04
(2) Let ¢ be any continuous, nonnegative and nonnegative definite function
on R® with compact support such that fRd ¢(x)dz = 1. Let u be the solution
to (1.1) starting from bounded initial data, i.e., p(dzx) = g(z)dx with g €
L®(RY). If i, is the solution to the following mollified equation

0

(1.17) o

i () = %Aae(t, 2) + pliie(t, 2)) ME(,7) |
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with the same initial condition (0, ) = p as u, where
(1.18) M¢(ds,dz) = de(r —y)M(ds, dy)dz,
Rd

and ¢.(z) = e %¢p(x/€), then

(1.19) lim sup ||u(t,z) — @c(t, z)|l, =0, for allt>0.

e—04 rERd

REMARK 1.10. One can always find one example of such function ¢ in
part (2) of Theorem 1.9, e.g., ¢(z) = Hf-l:l (1 — [xi]) W)z, <1y whose Fourier
transform is nonnegative: ¢(¢) = 2¢ H?:l gj_g(l —cos(;)) > 0.

The last result shows that the solution u(t,z) to (1.1) converges to its
initial data p weakly as ¢ — 0. This result is used to establish the strong
comparison principle for measure-valued initial data given that for function-
valued initial data. See Section 5 for the proof. Let C.(R%) be the set of
continuous functions with compact support.

THEOREM 1.11.  Under Dalang’s condition (1.3), if u is the solution to
(1.1) starting from a measure p that satisfies (1.2), then, for all ¢ € C.(RY),

(1.20) lim u(t, z)p(x)de = o(x)u(dz) in L*(9).
t—0 JRd R4

Finally, let us give some more explanations on the reason that we need to
work under the stronger condition (1.4) instead of Dalang’s condition (1.3).
Actually, as one can see, Lemma 7.2 below will play a key role in the proof
of the main result — the strong comparison principle. This lemma tells us
that for small time step, i.e., for large m, with high probability the solution
in one time step will not change too much. (Then one can argue using the
Markov property that if the initial data is positive somewhere, this property
can be propagated to the whole space-time plane.) Hence, this kind of result
(Lemma 7.2) has to do with the regularity of the solution. Indeed, the proof
of Lemma 7.2, as one can see, consists of an optimization of two competing
terms, one from the moment growth rate (Theorem 1.7) and the other from
the Holder continuity (Theorem 1.8). Under (1.3), the dependence on p in
(1.14) is implicit, while under (1.4) it becomes explicit and hence very easy
to handle. However, this is not the reason why we assume (1.4). As shown in
[6], under (1.3) alone one can construction a densely blow-up solution, i.e.,
for any small time step, the solution may have a drastic change. To avoid
such undesirable behavior, one has to use a stronger condition than Dalang’s
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condition (1.3). Condition (1.4) turns out to be both general enough (which
can cover the Riesz kernel case) and very convenient, and most of all, it
guarantees a pathwise continuous solution.

1.3. Outline of the paper. This paper is organized as follows: We first
prove the moment bounds, Theorem 1.7, in Section 2. Using these moment
bounds, we proceed to establish the Holder regularity, Theorem 1.8, in Sec-
tion 3. Then in Section 4 we prove Theorem 1.9 for the two approximations.
The weak limit as t goes to zero, i.e., Theorem 1.11, is proved in Section 5.
With this preparation, we prove the weak comparison principle, Theorem
1.3, in Section 6. Finally, in Section 7 we prove both the strong comparison
principle (Theorem 1.5) and the strict positivity (Theorem 1.6). Some tech-
nical lemmas are given in Appendix. Throughout this paper, C' will denote
a generic constant which may vary at each occurrence.

2. Moment bounds (Proof of Theorem 1.7). We first introduce
some notation following [7]. Denote

(2.1) k(t) :== f(2)G(t, z)dz.
R4
By the Fourier transform, this function can be written in the following form

(2.2) k(t) := (2m)" /fdf exp< |§|2)

Define ho(t) := 1 and for n > 1,

(2.3) hn (£) = /O ds 1 (s)k(t — 5.

Let
(2.4) H(t;) = Z'y"hn(t), for all v > 0.

This function is defined through the correlation function f. The following
lemma, tells us that this function has an exponential bound.

LEMMA 2.1 (Lemma 2.5 in [7] or Lemma 3.8 in [2]). For allt > 0 and
v > 0, recalling that Y(5) is defined in (1.3), it holds that

1
(2.5) lim sup — log H(t;7y) < inf {ﬁ >0: T(28) < }
t—oo b 2’}/
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The following lemma will play a key role in our Picard iteration to obtain
the upper bounds for the p-th moment. Interested readers may want to
compare it with Lemma A.1 below. While Lemma A.1 is appropriate for
dealing with the two-point correlation function, the corresponding recursion
for the p-point (p > 2) correlation function will be much more complicated.
Instead if one only needs some upper bounds for the p-th moment, the
following lemma will do the job.

LEMMA 2.2.  Suppose that i is a signed measure that satisfies (1.2) and
recall that Jo(t,z) is the solution to the homogeneous equation (see (1.6)).
If a nonnegative (measurable) function g : Ry x R? — R satisfies that for
allt >0 and x € RY,

t
[as [ ott=sa-p60-s0-m
0 RQd

X fy1 —y2)9(5,y1)9(s, y2)dy1dys < +o0

and
t
(2.6) g(t,;zc)2 < Jg(t,:l:) + )\2/0 dS/de Gt—s,x—y1)G(t — s,z —y2)
x f(y1 —y2)9(s,91)9(s, y2)dy1dys,
then
(2.7) g(t,x) < (|p| = G(t, ")) () H(t;2X)1/2,

PrOOF. We prove this lemma using Picard iteration. We need only to
prove the case when the inequality in (2.2) is an equality. Let

go(t, z) = (lpl * G(t,-)) (x),

and for n > 1,

t
G (1) = J2(t,2) 42 / ds / Gt — s, — )Gt — 5,2 — y)
0 RQd

X gn—1(8,Y1)gn—1(5,y2) f(y1 — y2)dy1dys.

(2.8)

For v = 2)\2, we claim that

n 1/2
(2.9) gn(t,x) < go(t, ) (Z 'yihi(t)> , foralln>0.
i=0
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It is clear that (2.9) holds for n = 0. Suppose that (2.9) is true for n > 0.
Notice that

t
Giatr) =Ta) + X [ [ Gl s.a -Gt — 50— w)in - w)
R?

X gn(8,y1)gn (s, y2)dsdy1dys
= J3(t,x) + N2 I(t,x).

By the induction assumption,

t
I(t,x) S/ ds //2 dyrdys f(y1 — y2)G(t — s, —y1)G(t — s,z — y2)

0 R2d

x |[Jo(s,y1)| |Jo(s, y2) <ZV hi( )

t

:/ ds //2d dyidyz f(y1 — y2)G(t — 8,2 —y1)G(t — s,z — y2)
0 R
x //R% |pf(dz1)[pel(d22) G (s, 41 — 21)G (s, y2 — 22) <Z Vihi(s)> :
i=0

Because (see [4, Lemma 5.4])

s(t—s) sy—(t—s)x
t t

(2.10) G(s,x)G(t—s,y) =G < > G(t,z +y),

we see that
Gt—s,x—y1)G(s,y1—21) = G(t,x—21)G (

Hence,

I(t, x) S/O ds (Z 7ihi($)> //Rw dyrdyz f(y1 — y2)
=0

xG(S(t_s),yl—zl—i(x—zl)>

t

XG<S(t;S),y222i($22)>

< / /R @)l (d22) Gl — )G — =)
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By the Fourier transform, the above double integral dy;dys is equal to

s(tt—s) )

% (21— 22) -

(2m)y ¢ [ Fde) exp <z’t -
Rd

Since f is nonnegative, this integral is bounded by

e [ frag e ().

Hence,

I(t,2) < ga(t, ) / ds (th ) [ fages (—s“t‘s)w)-

Then using the fact that ¢ — h;(¢) is nondecreasing (see Lemma 2.6 in [7]),
by Lemma B.1 with 8 = |£]?/2, we see that

I(t,z) <2 g2(t,x / ds (Z’y hi( ) (2m)~¢ /Rd £(d€) exp (-

Then by (2.2) and (2.3), we see that

I(t,z) <2 ga(t,x / ds (Z’yzh ) (t—s)=2 gg(t,x)z:fhiﬂ(t).

=0
Therefore,
n ) n+1 .
a1 (tx) < g5(t ) + 2075 (1 2) Y A hipa () < J5(t,2) Y ' ha(t)
=0 =0

This proves (2.9). Finally,

1/2 00 1/2
g(t.x) < lim go(t, (Zv hi( ) = go(t,z) (ZWM(O) :
1=0

which completes the proof of Lemma 2.2. ]
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PROOF OF THEOREM 1.7. The unique solution in L?(£2) has been estab-
lished in [7]. We will prove the moment bounds in three steps.

Step 1. Now we prove this moment bound using Picard iteration. Let

uo(t, ) = Jo(t, x),

and for n > 1,

(2.11) up(t,z) = Jo(t,x) + /0 y Gt — s,z —y)p(un—1(s,y))M(ds,dy).

Since p is Lipschitz, by denoting < = |p(0)|/ Lip,,

o (X)1l, < Lip, lIs+X] 1|, < Lip, /2 (c2+ [1X]12) .

Because by the Burkholder-Davis-Gundy inequality and linear growth con-
dition of p,

+Junta(t, 2|,
t
<T242J3(t, ) —|—8p/ / G(t—s,x—y1)G(t— s,z —1y2)
0 R2d
x f(yr = y2) llp(un(s, y))ll, lo(un(s, y2))|l, dsdyidys

24272, x)—|—16pL1pp/ / G(t—s,z—y1)G(t — s,z —y2)
R2d

X Fn = y2) /S + (s, 1) [24/52 + llun(s, o) [2dsdyrdys,

we can apply the same induction arguments as those in the proof of Lemma
2.2 with \? = 16pLip/2) and gn(t,z) = \/?2—|—||un(t,x)||§ and Jy(t, ) re-
placed by € +v/2Jy(t, ) to conclude that for all n > 0,

un(t, 2], < /2 + lun(t, 2)] 2
" 1/2
(2.12) <f(<+f (|p| * G(t, )(Z 32pLip?)’ i(t)) :
=0

Step 2. In this step, we will show that {u,(t,z), n € N} defined in (2.11)
is a Cauchy sequence in LP(§2). Without loss of generality, we may assume
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that p > 0, otherwise one may simply replace p by |u| at each occurrence
of p. This will then imply the moment bound in (1.14). Denote

Fo(t, ) = |[un41(t, 2) — un(tax)Hp'
Then
t
Fa(t,x) §8pLip§/ ds // dyrdys G(t — s, —y1)G(t — 5,2 — y2)
0 R2d
X f(y1 — y2) Fu1(s,y1) Fn1(s, y2),
forn > 1, and

F§(t,x) = |lus(t,z) = Jo(t, 2)[

t
§8pLip§/ ds // dy1dys G(t — s,z —y1)G(t — s, — y2)
0 R2d
x f(y1 = y2)Jo(s,y1)Jo(s, y2).

Then by setting F_1(t,x) := Jo(t,x) and v = 16pLip?,, one can apply the
same induction arguments in the proof of Lemma 2.2 to conclude that

1/2
ZFt:E <J0tx<27h ) < 00.

n=0

Therefore, {u,(t,x), n € N} is a Cauchy sequence in LP(Q2) and

lu(t, ©)[|, = lm_[fun(t, z)]]

P plieo P

n 1/2
< lim (s+v2J(t,2)) <Z<32pLip§)ihi<t>>
=0

= <€+\/§Jo(t,:n)) H (t; 32pLip2)1/2 < 0.

This proves (1.14).

Step 3. In this step, we will prove (1.15). Notice that in this case for § > 0,

_ (274 1 f(dg)
=6 /R (B+IE2) (8 +1¢1)'

c f(d¢) f(d¢) (1 1)
= B </£|<1 pi-e i /|£|>1 |§\2(1_°‘)> =¢ B - pe)
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From now on fix the constant C' on the right-hand side of the above inequal-
ities. If p is large enough such that 32p Lipz C > 1, then

1 1 1 2C 1
Clot | <oo3 & <7
B pe 32p Lip; p* ~ 32pLip;
— p> (C64pLipz) Ve _, Bp-

Then an application of Lemma 2.1 shows that

. 1 .
lim sup n log H (t;32p Llpg) < Bp.

t—o00

Hence, the function e™»* H (t; 32p Lip/%) is a continuous function on [0, 0o].
Therefore, for some constant ¢’ > 0, e ' H(t; 32p Lipz) < (' for all t > 0.
This proves (1.15) and also completes the whole proof of Theorem 1.7. [J

3. Holder regularity (Proof of Theorem 1.8). We first prove the
following lemma.

LEMMA 3.1. For alla € (0,1], z,y € R? and t' >t > 0, we have that

(3.1) G(t,x) = G(t,y)| < :/2 [G(2t,2) + G(2t, y)] [z — y|,
and
(3.2) |G(t, ) — G(t',x)| < Ot %G (4t',2) (' — 1)/

PROOF. By the scaling property, for (3.1), it suffices to prove that
|G(1,2) = G(L,y)| < C[G(2,2) + G(2,y)] [z — y|*.

We may assume that |z| < |y|. Choosing Z € R? such that |Z| = |z| and
y = ax for some a > 1, i,e, Z, y and the origin are on the same line. By the
mean-value theorem, for some ¢ € [0,1] and £ = ¢z + (1 — ¢)y,

G(1,2) = G(Ly)=|G(1,z) - G(1,y)| < G(1, ][z — y| < CG(2,§)[x — y|
Then by the choice of Z, we see that

G20z -yl < CIG2,7) + G2, y)]lz -yl < C[G2,2) + G(2,y)] [z —y|.
Therefore,

G(L2) = G(Ly)| = |G(1,2) = G(1,y)|* |G(L,2) - G(L,y)|*
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< ClG(2,2) + G2y |z —y|* |G(2,2) + G(2,y)[
=C[G(2,2) + G(2,y)] [z — y|*
where we have applied the inequality that is just obtained to the factor
|G(1,z) — G(1,y)|* and we have used the fact 0 < G(1,z) < CG(2,x) for
the other factor. This proves (3.1).
As for (3.2), notice that
G(t,z) — G(t', )]

a2 B

=7 —
e 2t —e 2t

||

< (2m)~4/? )t—d/z N (t/)—d/Q‘ 5 1 (2m) 42 ()2
()<l )

‘t—d/2 _ (t/)—d/2’ _ ‘t—d/Q B (t/)—d/z‘1‘7 ‘t—d/z B (t/)—d/QP

<C [Qt—d/ﬂk7 [(t_d/2_1 + (t’)_d/Q_l) = t’l}7

(3.3) < Ct P — ).

— 4d/2 ’tfd/2 B (t/)fd/Z‘ G(t,z) + ()~

For any ~ € (0, 1), because t' > t,

By (3.1), for all o € (0, 1],
o (:72) - ()l
<C [G <27 \2) +G <2, \;})] || ‘fl/? — ()12 “
<CG (2, x) || |12 — (1)~ 1/2 “

\/77
= Cc¥*a (2t z) |z|*

[0}

t71/2 - (tl)71/2

By the concavity of the square root, we see that

12 ()12 = Vi =/t L VUt

Vi TV
Hence,
‘G (1, jz) -G (17 j?) ’ ECt_a/Q(t’)(d_o‘)/2G (22:_/’ ZL‘) |ZL"a(t, _ t)a/Q
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<CtoPYI2G (4t x) (¢ — )2,

The bound in (3.2) is proved by taking v = «/2 in (3.3) and using the fact
that G(t,x) < CG(4t', z). This completes the proof of Lemma 3.1. O

PROOF OF THEOREM 1.8.. Denote the stochastic integral in (1.5) by
I(t,z). Set < = |p(0)|/Lip,. We need only to prove the Hélder regular-
ity for Z(¢, ). Fix n > 1. For all (t,z) and (¢, 2') € [1/n,n] x R? with ¢’ > t,
we see that

||Z(t2) = Tt 2)|[2 < CL(t, 2, 2') + Clo(t, ¥, 7)) + Cly(t, ¥, 2),

where
t
Ii(t,x,2") I/ ds // dyrdyz f(y1 — y2)
0 R2d
(3.4) % |Gt — 5,2 —y2) — G(t — s,2' — y0)| /22 + I[uls,9)| 2

X |Gt — 5,2 y2) = Gt — 5,2' — y2)] /& + [Juls, w2)|[2.
t
Lt t',z") :/ ds // dy1dy2 f(y1 — y2)
0 R2d
(3.5) < |Gt — s,0" — 1) = G — 5,2 — y2)| /2 + [ us,p) |2

< |Gt — 5,0 — o) = G = 5,2 — y2)]| \/2 4 us, ) 2

and

t/
I3(t, ¢, a) :/ ds // dyrdys f(y1 — y2)
t R2d
(3.6) x Gt — s,a' —y0)\J2 + [[u(s.m)| 2

x Gt —s,a — yz)\/f2 + ||U(5,?JZ)H;27‘

Note that when < # 0, from the moment bounds in (1.14), by choosing
f(dz) = V2u(de) +cdz and  Jo(t,z) := V2Jo(t,z) 43,

one can reduce it to the case that ¢ = 0, i.e., p(0) = 0. Hence, in the
following, we only need to consider the case that < = 0. We will study these
three increments in three steps.
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Step 1. In this step, we study I;. We apply the moment bound (1.14) to
(3.4), it follows that

t
hito,a) < CH(y) [ ds [ dndys fon - )
0 R
X ‘G(t—s,x—yl) - G(t— s,x'—yl)}
X ‘G(t—s,:z:—yg) —G(t—s,w'—yg)}
<[] (@) Gls, v — 2G5, 0~ 22).
RQ

Here we have used the definition of Jy(t,z) and the fact that H(s,~,) is
nondecreasing in s, see Lemma 2.6 in [7]. By Lemma 3.1 and and (2.10), for
all a € (0,1),

G(t—s,2 —y1) — G(t — s,2" — )|
o — 2’|

<C[GQ(t—s),x— ) + G2t —s),2" —y1)] {52

and
G(s,y1 — 21) ‘G(t —s,x—1y1) — Gt —s,2’ — yl){
< CG(2s,y1 — 21) [G(2(t —s),z—1y1)+ G2t —s),2 — yl)]

|z — 2’|

2s(t — s)
(=)

t

=C

G(Qtvl'_zl)G< »y1—21—j($—21)>

+ G2t 2" — )G (%(tt_s),yl — 2] — ;(m/ — 21)> ] .

A similar bound holds for the expression with respect to y» and z9. Expand-
ing the product of the two bounds, we will get a sum of four terms,

txm ta::n

'M%

where, for example,

Lia(t,z, o)

<Clz — !201// p(dz1)p(dz2) / dS// dyrdyz (11 —y2)( 5
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2s(t — s s
(t)vyl — 21— t($—z1)>

2s(t — s)
t

x G(2t,x — z1)G <

X G(Qt,x'—ZQ)G< yY2 — 22 — i($—22)> )

and similarly for Iy ;, ¢ = 2,3, 4. Because
t
|FIG(t, -+ w)](&)| < exp <—2|§2> ., for all w € RY,
we see that

t
Li(tz,2') <Clx —2'|* //}R?d ,u(dzl),u(dZQ)/O ds y f(de) !

(t—s)*

X G(2t,x — 21)G(2t,x — z3) exp (—QS(t =9 !§\2>

2t = 5)
exp (— 2= g]?)
t—s

t
=Clz :c/|2aJ0(2t,x)Jo(2t,$’)/ ds [ f(d¢)
0 R4
By Lemma B.1 with g(s) = s~/ and 8 = |¢|? (g is nonincreasing),

t A exp (—@]52) t R 1 ,
[ as [ e —g—sm= <2 [as [ rae) Sexn (—sief)

t A
<2t [Las [ f(ag) e (=s(ls? + 1)

A~

7(de)
= C/Rd 1+ [epa

Hence,

Il,l(t7 Z, m/) < C’ZE B {L'/ 20{J0(2t7 x)JO(2t7 xl) /]Rd (1—’_f|(£dé;1_a'

One can obtain similar bounds for all the other three terms. Therefore,
f(d¢)
Li(t,z, ') < Clz — 2'|*“[Jo(2t, z) + Jo(2t, 2’ 2/ —_—
( ) < C| [Jo(2t,2) + Jo(2t,2")] o A+ )

Step 2. Now we consider the time increment Iy. By (1.14),

t
Ly(t,t,2)) SC/{) ds //]R?d dydys ‘G(t — s, —y1) — Gt —s,2" — yl)‘
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X |Gt — 5,2’ —y2) = G(t' — 5,2 — y2)| f(y1 — y2)Jo(s,y1) Jo(s, y2)

=C //Rd p(dzy)p(dze) /Ot ds //de dyidyz f(y1 — y2)

x G(s,y1 — 21) }G(t — 5,0’ — Y1) — G(t/ — 5,0’ — yl)‘
x G(s,y2 — 22) }G(t — 5,0’ — Y2) — G(t/ — 5,0’ — yz)‘ .

Applying (3.2), using the fact that G(s,y; — 21) < CG(4s,y1 — z1) and then
applying (2.10), we see that

G(s,y1 — 21)|G(t — s, 2" —y1) — Gt — 8,2 — 1)
<C(t — s)"*2G(s,y1 — 21)GAWH — ), 2 — ) (£ — )/
<C(t — s)"*2G(4s, 1 — 21)GAWX — 5),2" — 1) (¢ — )"/

21)

G <4S(t/ k) I Y z1)> (' =)

<C(t — 5)™ 2G4t 2 — t,
Therefore,
I2 (t7 t,a 113',)

<C(t' —t)* // p(dzr)p(dze) G4t 2" — 21)G (4, 2" — 29)

/ds (t—s)~ // dyrdya f(y1 — y2)

x G <43<t’_3),y1 o - ;(x - z1)> G <48(t/_8),y2 g — (- 22))

t t t
<Ot —t)* //2d p(dz1)p(dze) G4t 2" — 21)G(4t' 2" — 29)
R

/ ds (t —s)~ / f d¢) exp< e U )|5|2>
=C(t' —t)*J3(4t', 2') /Rd f(df)/otds (t—s)_o‘exp( Asli )£I2>

where in the second inequality above we have used the fact that

exp (-2 ie) < emp (1)

since t' > t. By the same arguments as those in Step 1,

R t
B(t.t o) < O =0 Bata') [ F(a) [ as s exp (<2sl¢P)

R
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R ¢
” f(dﬁ)/ ds s “exp (—23 (1 + ]5\2))
0

Step 3. As for I3, by the moment bound (1.14) and (2.10),

< Ot — D24t o) /

I3(t,t', 2")

t/
§C’/ ds // dyrdys G(t' — s,2" —y1)G(t' — 5,2’ — y2)
R2d

x f(y1 — y2)Jo(s,y1)Jo(s, y2)

—C// (dz1)p(dz2) / dS// dyrdyz f(y1 —y2)

X G(s,y1 —21)G(t' — s,2" — y1)G(s,y2 — 22)G(t — 5,2’ — ya)

t/
—0// (dz1)pu(dz)G(t, 2" — 21)G x—ZQ/dS// dyrdyz f(y1 — y2)
s(t' — s) s s(t' —s)
(a2 -2) 6 (L a6 - )

gC//Rd,u(dzl)u(sz)G(t’,x'zl)G(t’,x’ZQ)/t ds g f(dé)

X exp <—S(tlt,s)|€!2>

t R
=CJ3 (', ) /t ds g f(d€) exp (—

st —s)
t/

Notice that for any « € (0, 1],

< [ase (<1 (e gy + 20

<c /t "dsexp (—t(tlt,_ Dy !5\2))

1—exp< t(t —t) (1_'_‘5‘ )>
1+|§|2
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(t(t;f_t) (1+ |5\2))a el

< =

B 14 [¢]? 1+t
Therefore,

[(d€)

3.7 Iyt t, 2y <O —t)*J2(t', o' / L.
( ) 3( ) = ( ) 0( ) Rd (1 + |£|2)1*0¢
Combining these three cases and applying the Kolmogorov’s continuity the-
orem, we have completed the proof of Theorem 1.8. O

4. One approximation result (Proof of Theorem 1.9).

PrROOF OF THEOREM 1.9. (1) By Theorem 1.2, we see that both u and
u. are well-defined random field solutions to (1.1). Let ve(t, z) = u(t, x) —
u(t, ) and p(ve) := p(ve+u)—p(u). It is clear that p is a Lipschitz continuous
function satisfying 5(0) = 0 and Lip; = Lip,. Then v, is a solution to (1.1)
with p replaced by p starting from g := (( ¥e) * G(e, -)) (x) — p. Denote

Je(t,z) = (pe x G(t,-))(x) and  ge(t,z,2") = |E [ve(t, z)ve(t, )] .
Then g satisfies the following integral equation

ge(t,z,2") < |J(t, )

—i—Llpp/ ds//de (t—s,z—y)G(t—s,2’ —y)

x fly—vy)g(s,y,y")dydy'.
By Lemma A.1, we see that

ge(t,m,2') < |Je(t, ) Je(t,2')]

+C/ ds/ G(t—s,2—y)G(t—s,2" — )
R2d
< fly =y Je(s,1/) Je(s,y)|dydy’.

Notice that

[(lp el + |G(E+€,-) = G(E,)]) (2) + (Intpe — pl * G, -)) ()]
[(pl # |G+ €,) = G(&,)]) (@) + (Ippe — ul + G2, -)) ()] -

Because for any € € (0,t), |G(t +¢,7) — G(t,x)| < CG(2t,z) for all € RY
uniformly in €, and because |upe — p| < |u|, we see that

[ Je(t, @) < C (Jul * G(2t,-)) (2) + (|ul * G(E, ) ().
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Then one can apply the dominated convergence theorem twice to conclude
that

lim g(t,2,2") = 0,

e—0

which completes the proof of part (1) of Theorem 1.9.

(2) Since u and . start from the same initial data, we see that
E {(u(t .ZL') - ’&E(ta x))2i|
t 2
< ([ [ 6 s ) buten) - plics. )] Mds.an)

' 2
2 ( /0 [ Gt = s,z = y)plic(s,y)) (M(ds,dy) = M (ds, dy))>
=11(t,¢) + Ia(t, €).

For I (t,€), using the Lipschitz condition on p and since the initial condition
is bounded, we obtain that

Lt <C /O [ Gt =5).)f () sup B [(uls, 2) = (s, 2))°] dyds

= C/Ot ds k(2(t — s)) sup E [(u(s,z) — ae(s,z))ﬂ ;

z€R4

where k(-) function is defined in (2.1). As for I5(t,€), we have that
E( |6~ s.o = wplactspias.dy)
0 JR4
[ 6t s it s, dy>>
0 JR4
([ [ 6t s ptats. s )
< [ L6t s = potacts. oy - Dnstas.aziay

([ [ 6t s potats. s )

<[] 6t = s = wotas.onts - ) Mas.a)
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t

=E / ds //2d dyrdyz G(t — s, — y1)p(te(s,91))G(t — 8,7 — y2) p(ie(s, y2))
0 R
X / dz ¢e(y2 — 2) f(y1 — Z)>

Rd

t
=E /0 ds //ﬂw dyidys f(y1 — y2)G(t — 5,2 — y1)p(te(s, y1))

X G(t — 5,2 — y2) p(tc(s, y?))) )

where we have applied the stochastic Fubini theorem and f¢(z) := (¢¢ * f) ().
In the same way, we can get

’ [(/Ot G = s @ —y)plic(s,y)) M*(ds, dy))2]

= E(/Ot ds //RM dy1dys G(t — 5,2 — y1)p(tc(s, y1))

X G(t — s,z —y2)p(te(s,y2)) [ (1 — yz)>,

where f9¢(x) := (¢e * ¢pe * f) (x). Since ¢ is nonnegative definite, the kernel
function f¢€ is nonnegative and nonnegative definite. Moreover, due to

2 2
/ e M g(2)da| < ( qb(x)dx) =1,
Rd Rd

fo° satisfies Dalang’s condition (1.3). From the above calculation, we see
that the spatial correlation function for the noise M€ is f“¢(x). Notice that

~ ~ 2
6(0) = [ @00 = o [ faideren (<151)

< om [ fragew (-55) = heo,

for all € > 0. Therefore, by Theorem 1.7,

(41)  6e(6)* = 9(e)* =

sup sup ||te(s, )]y < sup l|u(s,x)|]y < oco.
€>0 (s,z)€[0,t]xR4 (s,2)€[0,t] x R4

Thus,

¢
Is(t,€) §C/ / G(t—s,z—y)G(t—s,x—2)
0 R2d
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y—2z)—2f(y—2)+ f(y — 2)| dydzds

o
—c [ [ 6t = 5).liw - 20w + £ w)ldyds
0 JRd
<c [ [ et -0l - Fulas
o [ [ a0l - 1 wlads

= [ aCL DI - W+ C [ o) - Wi,

where the function g(¢,|z|) is defined in Lemma B.4. Because f is nonnega-
tive and

t
/ g(4t, ly]) f(y)dy —/ / G(4s,y)f(y)dyds —/ k(4s)ds < hy(4t) < oo,
R4 0

part (2) of Lemma B.5 implies that lim._,g I2(¢,€) = 0. Hence an application
of Gronwall’s lemma shows that

lim sup E {(u(t, z) — u(t, z))2] =0,

e—04 2€Rd

which completes the proof of Theorem 1.9. O
5. A weak limit (Proof of Theorem 1.11).

PROOF OF THEOREM 1.11. Fix ¢ € C.(RY). Let I(t,z) be the stochastic
integral part of (1.5). We only need to prove that

lim dz I(t,z)é(z) =0 in L*(Q).

t—04 Rd

Denote L(t) := [, I(t,z)p(x)dx. By the stochastic Fubini theorem (see [25,
Theorem 2 6 p. 296)),

-/ t L ([ a0 6t s o) plats s, ap),

Hence, by 1t0’s isometry and the linear growth condition on p,

t
E [L(t)Q] < Lipz/ ds // dyr1dys f(y1 — y2) // dzidze
0 RQd ]R2d

X \/62 +lu(s, y)|[3G(t — 5,21 — y1)|d(z1))|
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X \J32 +[[us, 2| 3G — 5,23 — o)l b(2)]
where € = |p(0)|/ Lip,. Then by the moment bounds (1.14),

<(J/ ds// dyrdyz f(y1 — 12 // dzidzg
< \JL+ B3(s.) Gt — 5,210 — 1))
X1+ TR5,2) Glt = 5,05 — )] 0(22)].

Assume that ¢ < 1/2. By considering pu.(dz) = p(dz) + dz and setting
Ji(t, ) = (s * G(t,-)) (x), we see that

1+ J3(t,x) < J2(t, ).

Because for some constant C' > 0, |¢(x)| < CG(1, ) for all z € R% we can
apply the semigroup property to get

t
E[L(t)*] < C/O ds //RM dyrdys f(y1 — y2) Ju(s,91)G({t +1 = 5,91)
X Ju(5,y2)G(t +1 — s,y2).

Then by a similar argument as those in the proof of Lemma 2.2, we see that

Fa) [ as ep (L= i)

E [L(t)?] §CJf(t+1,x)/ P

R
<caerin) [ fae [ as ew(-3le?).

where the last inequality is due to ¢ < 1/2. Since the above double integral
is finite for t = 1/2, by the dominated convergence theorem, we see that this
double integral goes to zero as ¢ — 0. This completes the proof. O

6. Weak comparison principle (Proof of Theorem 1.3).

PROOF OF THEOREM 1.3. We begin by noting that (1.9) is an immediate
consequence of (1.8). So we only need to prove (1.8). The proof consists of
four steps. Both the setup and Steps 1 & 4 of the proof follow the same lines
as those in the proof of Theorem 1.1 in [8] with some minor changes. The
main difference lies in Step 2 and Step 3.

Now we set up some notation in the proof. We view the G(¢,z) as an
operator, denoted by G(t), as follows:

(6.1) G(t)f(z) = (G(t,-) * f)(x) .
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Let I be the identity operator: If(x) := (§ % f)(x) = f(x). Set

62 -CELY
Let

€ _ ey —t = (t/e)n . —t/e €
(6.3) G(t) = exp(tA9) =e™¢ Y - Glne) =T+ R(1),

n=0

where the operator R¢(¢) has a density, denoted by R®(¢,x), which is equal
to

(6.4) Re(t,z) =e ") Mc(ne, z).

n=1

For € > 0 and x € R?, denote
t
(6.5) M:(t) = / G(e,z —y)M(ds,dy), fort>0.
0 JRd

Denote M¢(t) = %M;(t). Then the quadratic variation of dME(t) is

d(M(t)) = / o Gle,x — )G,z — y2) f(y1 — y2)dy1dyadt

:/ el f(dg)at .
Rd
Consider the following stochastic partial differential equation

—ue(t, ) = Auc(t t,2))ML(t), t>0,2€R?
(6.6) oy Ue(t: @) ue(t, ) + plue(t, z)) M (1), o € RY,
U5(0,$):(M*G(6,))(IE), ‘TERd'

Since p is Lipschitz continuous and A€ is a bounded operator, (6.6) has a

unique strong solution

(6.7) uc(t,z) = (u*Gle,-)) () —i—/o dsAfuc(s,x) —1—/0 p(ue(s,x))dME(s) .

We proceed the proof in three steps. We fix ¢ > 0 and assume that € €
(0,1 At).

Step 1: Let w1(t,z) and wu2(t,x) be the solutions to (6.6) with initial
data (u1 * G(e,-))(x) and (u2 * G(e,-))(x), respectively. Following exactly
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the same lines as those in Step 1 of the proof in [8], we can prove that
Ve(t, ) == uea(t, x) — ue(t, x) satisfies

(6.8) P(ve(t,x) >0, for every t >0 and z € Rd> =1.

Actually, one can construct a sequence of C?(R) functions ¥,, as in [8] such
that

(6.9) U, (z) 1T —(zA0)=:V(z), V¥ (x)z1¥(z), 0<I(x)z?<2/n.

Then we apply 1t6’s formula to ¥, (ve(¢, x)) and take the expectation on both
sides to remove the martingale part. The third property in (6.9) ensures that
the quadratic variation part goes to zero as n — oo. Using the other two
properties in (6.9), we see that by passing to the limit, it holds that

Bt o)< ¢ [ ds [ dyGlea—pERup).

Then one can apply Gronwall’s lemma to sup,cgd E [¥(ve(s,))] to conclude
that E [(v(t,z))] = 0 for all ¢ > 0 and = € R%. This implies (6.8).

Step 2. In this step we consider the case that the initial condition is bounded
nonnegative function, i.e., u(dz) = g(x)da where g(x) > 0 and g € L>°(R%).
We also assume that the covariance function f satisfies condition (1.4) with
a=1,i.e.,

f(d¢) < oo
Rd

Let u¢(t, z) be the solution to (1.1) starting from ue(0,z) := (u * G(e,-)) ().
The aim of this step is to prove

(6.10) lim sup ||uc(t,z) —u(t,z)||3 =0, forallt>0.

e—0 rERd

Notice that ue(t,z) can be written in the following mild form using the
kernel of G¢(t):

et 2) = (ue(0,) % G(t,)) () + /0 e~/ p(uy (3, 2))AM (s)
+ / RE(t— s, — y)plue(s,4))ADM(s)
0 R4

= (ue(Ow)*Ge(tw))(ﬂf)Jr/o e~ p(u (s, ) d Mg (s)
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t
+ / / < RE(t — s,z — z)p(uc(s, 2))G(e,y — z)dz> M (ds, dy).
0 Jrd \JRd
The boundedness of the initial data implies that

(6.11) A; := sup sup sup ||u€(s,m)|]% vV Hu(s,x)”% < 00.
€€(0,1] s€[0,t] zcR4

By the assumption on p, we have the following estimate:
6
lue(t,2) = ut,2)|3 < C Y In(tw;e),
n=1

where

L(t, ;€)= ((ue(0, ) % G(t, ) () — u(0,-) * G(t, ) (x))*

o(t,z5€) = / ds/Rd eIl e~ fde),

and I3(t,x;€), Iy(t, x;€), I5(t,x;€), I(t, z; €) are, respectively, equal to

t 2
/ / / RE(t — 5, — 2) [p(ue(s,2)) — plu(s, 2))] Gle,y — 2)d=M(ds, dy)]|
0 JR4 JRd 2
t 2
/ / / RE(t — 5,2 — 2) [p(u(s, 2)) — plu(s,4))] Cle,y — 2)d=M(ds,dy)|| ,
0 JR4 JRA 2
t 2
/ / (RE(t— s,z —2) — G(t — s,z — 2)) p(u(s,y))G(e,y — z)dzM (ds,dy)|| ,
R4 JRA 2
2

[ (66 = s =) = Gt = 5.0 = 2)) pluls ) Glesy — 2)a=M (s dy)

2

Since p has a bounded density, we see that

I (t, x;€)
< COf(ue(0,) * G(t,-)) () — (w(0,) * G(L,-)) (z)]
< O (ue(0,) * [G(t,-) = G(¢,)]) () + C (u(0,) x |G(t +¢,-) = G(L,)]) (z)

<c(etr [ Rt =Gl [ 160+ e - Gealds).
Rd ]Rd

Then by Lemma B.3 and the fact that log(1 + z) < \/z, we see that

(6.12) sup sup Ii(s,z;¢) < C (e_t/6 + \/e/t> .

x€RA s€(0,¢]
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As for Iy, we see that

L(t,z;€) = / el S (1 — 72 fde) < S / flde) < Ce,
Rd 2 2 Rd
which implies that

(6.13) sup sup Ia(s,z;e) < Ce.
zeR4 s€(0,t]

The term I3 will contribute to the recursion. By (6.11),

I3(t, z;€)

<E[/ ds// dyidys f(y1 — y2)

<[ e R s ) [l 1))~ s, 2))) Glen — 1)
R
X / dzg R(t — s,z — 22) [p(ue(s, 22)) — p(u(s, 22))] G(€, y2 — 22)

<C/ ds suﬂg”uesz —ussz// dyidye f(y1 — y2)
(R(t—s,-) xG(e,")) (x —y1) (R(t —s,-) xG(e,")) (x — y2)

< C/ ds sup ||uc(s,2) —u(s,2)||3,
z€R4

where in the last line we used Lemma B.2. As for Iy,

/ ds // dy1dys f(y1 — y2)

9 ( [, s B s = 1) lu(s,)) = plus, )] Gl — zn)

Iy(t, x;€)

=E

([ oo R0 = 5. ) (s, 2)) = plus )] G<e,y2—zz>)]

<C/ ds// dyrdye f(y1 — 12 // dz1dzo

X RE(t — s,z — z1) [|u(s, 21) — u(s, )|, G(e, 41 — 21)
X Rﬁ(t - 8T = 22) Hu(SVZQ) - (Svy2)|’2 (67 Y2 — 2)‘
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Then by the Hélder continuity of u (see the proof of Theorem 1.8), we have
that

¢
Iy(t, x5e) < C/ ds // dyidys f(y1 —12) // dz1dzs
0 R2d RQd

X R(t — 5,2 — 2z1)[21 — 11|G (e, 51 — 21)
X RE(t — s,x — z9)|22 — y2|G(€,y2 — 22)

/ dS// dyrdyz f(y1 — 2 // dz1dzo

X RE(t — s, — 21)G(2€,y1 — 21)R(t — s, @ — 22)G(2¢,y2 — 22)
< Ce,

where the last inequality is due to Lemma B.2 and the second inequality is
due to the following inequality with oo = 1:
(6.14)

|21 —y1]|Y |22 —y2| “G (€, y1 — 21) G (€, y2 — 22) < CeG(2¢,y1 —21)G(2€, y2 —22) ,

for all « € (0, 1]. Hence,

(6.15) sup sup I4(s,z;¢€) < Ce.
z€R4 s€[0,t]

Now let’s consider I5,

I5(t, z;€)

/ds// dyrdyz f(y1 — y2)

X </]Rd dz1 (R (t — s,z —21) — G(t — s,z — z1)) p(u(s,y1))G(€e, y1 — z1)>

=K

X (/ dzo (RE(t — 8,0 — 29) — G(t — 8,20 — 23)) p(u(s, 22))G (€, y2 — 22)> ]

<C/ dS// dyrdye f(y1 — 12 // dz1dzo

X |R(t—s,x—2z1) —G(t —s,x — z1)| G(e, y1 — 21)
X |R(t — s, — 22) — G(t — s, & — 22)| G(€, y2 — 22)

< C/ ds // dz1dzo |R(s,21) — G(s,21)| |R (s, 22) — G(s, 22)|
R2d

X //2d dyrdyz f(y1 — y2)G(e,y1 — o+ 21)G(6, y2 — o + 22)
R



COMPARISON PRINCIPLE FOR SHE ON R¢ 33

t
= C/ ds // dledZQ |R(s,21) — G(s,z1)| |R(s,22) — G(8, 22)| fae(z1 — 22),
0 R?

where foc(2) = (f * G(2¢,-))(2). Hence,

t

I5(t, z;€) SC/ ds/ dz1dze |R (s, z1) — G(s, 21)]
0 Rd
x / dzy (RE(5,23) + G5, 22)) faelz1 — 22).

R
Notice that by the assumption of f in this step,
/ (R6(5722)+G(5>Z2)>f26(z1 — z2)dzp

Rd
< [ (R + Gl aea)dz
R4

:/Rd (e_s/E Z (Sf’) eHIP o ) e P fag) < c.

n=1

Thus, according to Lemma B.3, we have

t (/2
I5(t, z;€) SC/ 675/64-17 < Cef?,
0 s1/2

Thus,

(6.16) sup sup Is(s,z;¢) < C /2.
z€R s€(0,t]

Now we study Is. By Lemma 3.1,

Is(t,x;€)
=K [/0 ds //R?d dy1dys f(y1 — y2)p(u(s,y1))p(u(s, y2))
X </]Rd dz1 (Gt —s,x —2z1) —G(t — s,z —y1)) G(e,y1 — Z1))

X </}Rdd21 (G(t — s, — z2) —G(t—s,x—yg))G(e,yz—22)>]

¢
< C'/ ds // dyidye f(y1 — y2) // dz1dz
0 R2d R2d

X |Gt —s,x—21) — Gt — s,z —y1)| G(e,y1 — 1)



34 L. CHEN AND J. HUANG

X |Gt —s,x— 2z3) — G(t — s,x — y2)| G(€, y2 — 22)

<C'/ ds t_sl/Q// dyrdys f(y1 — y2) // dz1dz

x|z —yiP[G2(E = 5),2 = 21) + G2(t = 8), 2 — y1)] Gle,yn — 21)
X |z = | 2 [G(2(t = 5), @ — 22) + G2t = 5),2 — y2)] Gle, y2 — 22).

Then by (6.14) with a = 1/2 and by the semigroup property,

Is(t, z;€) < 061/2/ d831/2// dyrdy2 f(y1 — e // dz1dzo

X [G(2s,x — z1) + G(2s,x — y1)] G(2€,y1 — 21)
X [G(2s,x — z2) + G(2s,2 — y2)] G(2€,y2 — 22)

2061/2/ d51/2// dyrdys f(y1 — v2)
S
X G(2(s+e€),x —y1)G(2(s +€),x — y2)
1 ~
< 02 /0 ds 75 / I fag)

f(de)
e /R e =0

Thus,

(6.17) sup sup Ig(s,z;€) < Ce/?.
x€RA s€[0,t]

Therefore, by setting

M(t;e) = sup |luc(t,y) —u(t,y)|f3,
y€ER4

we have shown that
M(t;e) < C (61/2 +ete 4 \/%) + C'/OtM(s;e)ds.
Then an application of Gronwall’s lemma shows that
M(tie) < C (61/2 +e et \/%)Jrce“ /Ot (61/2 +e ¥y \/6/78) ds — 0,

as € — 0. This proves (6.10).
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Step 3 In this step we still work under the same assumption on the initial
condition as in Step 2, i.e., u(dx) = g(z)dz with ¢ > 0 and g € L=°(R?), but
we assume that the covariance function f satisfies Dalang’s condition (1.3).
Choose a nonnegative and nonnegative definite function ¢ as in part (2) of
Theorem 1.9 (see also Remark 1.10). Let w and u. be the solutions to (1.1)
and (1.17), respectively, with the same initial data . From the proof of part
(2) of Theorem 1.9, we see that the spatial covariance function for M€ is
(f * de * &) (x). We claim that (f * P * @) (x) satisfies (1.4) with « = 1.
Indeed, because ¢(z) < CG(1,x), we have that ¢.(z) < CG(e?,x) and

[ Fagidor=c // F( — y)e () e (y)dady

<C fl@ = y)G(,2)G(e, y)dzdy
R24d

=C [ f(y)G(2€,y)dy = Ck(2€%) < o0,
R4
where k(-) is defined in (2.1). Hence, by Step 2, we see that

P (uc(t,z) >0) =1, forallt>0and z € R%

Part (2) of Theorem 1.9 implies that ue(t,x) converges to u(t,x) a.s., for
each t > 0 and x € R?. Therefore,

P (u(t,z) >0) =1, forallt>0andz e R%

Finally, suppose that u;(dz) = g;(z)dr with g; € L>(RY), i = 1,2. Let u.;
be the solutions of (1.17) driven by M€ and starting from initial conditions
pi- If gi(z) < go(w) for almost all # € R? then by Step 1, v(t,z) :=
Ue2(t, ) —ue1(t,z) >0 as. for all £ > 0 and = € R This step implies that
ve(t, ) converges to v(t,x) = ua(t,x) — uy(t,z) in L3(Q) for all ¢t > 0 and
x € R Therefore, v(t, z) is nonnegative a.s., i.e.,

P(ul(t, x) < w(t,x)) =1, forallt >0 and 2 € R?,

Step 4. Now we assume that the initial data p; and pe are measures
that satisfy (1.2). Recall the definition of ¢, in (1.16). For € > 0, let uc,
i =1,2, be the solutions to (1.1) starting from ([pi10e] * G(e,-)) (x). Denote
v(t, ) = ua(t,x) — ui(t,x) and ve(t, z) = ue2(t,x) — ue1(t, z). Because e
is a continuous function with compact support on R, the initial data for
ue,i(t, ) are bounded functions. By Step 3, we have that

P(ve(t,x) > 0) —1, forallt>0,zcRande> 0.
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Then part (1) of Theorem 1.9 implies that
]P’(v(t, x) > O) =1, forall t > 0 and x € R%.
This completes the whole proof of Theorem 1.3. O

7. Strong comparison principle and strict positivity (Proofs of
Theorems 1.5 & 1.6). We need some lemmas. Denote Q(r) = [—7,7]%,
i.e., a d-dimensional centered cube in R of radius r.

LEMMA 7.1. Let £ > 0. For allt > 0 and M > 0, there exists some
constants 1 < my = mo(t, M) < oo and v > 0 such that for all m > my,
s € [L i] and z € R,

2m’ m
(7.1) (G(s7 ) * ]IQ(K)) (x) > fy]IQ(e_i_%)(aj) .

PROOF. Since the d-dimensional heat kernel can be factored as a product
of one-dimensional heat kernel, so the proof will be parallel with the proof
of Lemma 4.1 in [8]. We will not repeat it here. O

LEMMA 7.2. Let £ >0,t >0, and M > 0. Assume that (1.4) holds for
some o € (0,1]. If p(0) = 0 and p(dx) = Ny (z)dz, then there are some
finite constants © := ©(B,Lip,,t) > 0, 8 >0, and mg > 0 such that for all
m = mo,

t t p
]P’(u(s,:r) > ﬂ]IQ(H%)(x) for all o <s< - and x € R )
>1—exp (—@ma (log m)HO‘) .

PROOF. This proof follows similar arguments as those in the proof of
Lemma 4.3 in [8]. Here we only give a sketch of it. Denote S := S} ¢ a1 1=
{(s,y) 15 <s<LyeQ(l+ %)} By Lemma 7.1, for some 3 > 0,

tot 4
. . > - .
(7.2) (uxG(s,-)) () > 2/6]IQ(£+J\W/{)(1:) for all s € [Qm’ m] and x € R
Then the stochastic integral part I(¢, z) of the mild solution in (1.5) satisfies

t t
P(u(s,x) < B]IQ(H%) for some By <s< - and z € Rd>

g[P’(I(s,:B) < —f for some (s,x) € S)



COMPARISON PRINCIPLE FOR SHE ON R¢ 37

<P ( sup |I(s,2)] > 5) <R ( sup u<s,x>rp> .
( (

87$)ES S,%)ES

Denote 7 =t/m and S’ := {(s,y) : 0 < s < t/m, |y| < £+ M/m}. Using the
fact that I(0,2) =0 for all z € R?, we see that for all 0 < n < 1 — 6d

ap’
p
IE( sup I(s,z) ) SE( sup
(s,2)eS (s,x),(s",x')€S’

an

T2

I(s,x) — I(s,2")
(Jz —a/|*+|s — s’|°‘/2)7’

p)
We are interested in, and hence assume in the following, the case when
p = O([mlogm|*) as m — oo; see (7.3) below. Since our initial condition is

bounded, by (1.15), an application of the Kolmogorov’s continuity theorem
shows that for large p,

& atl ]. a
ﬁpE< sup ’I(S,l’)!p> <COT2P1eCP T < Clexp <2ap7710g (1) —i—szlT) .
(s,x)eS

Since p is large, we may choose 17 = 1/2. Hence, the exponent in the right-
hand side of the above inequalities becomes

1 a
f(p) := zaplog (1) + Cp%T.

Some elementary calculation shows that f(p) is minimized at

o e (we) - ()

Hence, for some positive constants A and ©,

min f(p) < f() = —Om log(m)]""*  with p' = A [mlog(m)]".

This completes the proof of Lemma 7.2. O

PROOF OF THEOREM 1.5. This proof follows the same arguments as those
in the proof of Theorem 1.3 in [8]. Here we only give a sketch of the proof.
Interested readers are referred to [8] for details.

Let u(t,z) := ua(t, z) —uy(t,x) and denote p(u) = p(u+uy)—p(uy). Then
it is not hard to see that wu(t,z) is a solution to (1.1) with the nonlinear
function p and the initial data p := ps — puy. Note that p is a Lipschitz
continuous function with the same Lipschitz constant as for p and p(0) = 0.
For simplicity, we will use p instead of p. By the weak comparison principle,
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we only need to consider the case when p has compact support and show
that u(t,z) > 0 for all t > 0 and = € R?, a.s.

Case I. We fist assume that p(dr) = Tg(,dz for some £ > 0. Denote
(7.4) c¢(m) = exp (—O m®*[log(m)]'T*) ,

where O is a constant defined in Lemma 7.2. We comment that due to a
version mismatch in [8], By should be defined separately, i.e.,

Ap = {u(s,x) > ﬁkﬂlls;cn(x) for all s € [(21{: i Ut, (k + 1)? and z € ]Rd} ,
m

2m
for all £ > 0,
2 1
By = {u(s,x) > ﬂkH]IS;n(x) for all s € [kt, (k—l_)t] and x € Rd} )
m 2m

for all £k > 1 and
t d
By = {u <2m’x> > B]ISSn(x) forall z €¢ R } ,

where

See Figure 1 for an illustration of the schema.
By an argument using the strong Markov property, one can show that

P (A | Fitym) =1 —c(m), as. on Ay for 0<k<m-—1,
which implies
P(Ag | Ag—1N---NAy) >1—c(m), foralll <k<m-—1.

Notice that the fact that Ag C By implies that P(By) > P(Ag) > 1 — ¢(m).
By similar arguments as those for Ay, one can show that

P(Bk|Bk—1N---NBy)>1—c¢(m), foralll <k <m-—1.
Then,

P (No<k<m—1[Ak N Bg]) 21— (1 = P(No<k<m—14k)) — (1 — P (No<k<m—1Bk))

> 1
> (1= c(m))" " "P(Ag) + (1 = c(m))"~'P(Bo) — 1
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t

[t/2,1]  [~M/2, M/2] m=4
t
A3
L (2m—1)t
k=3 5 o
3 3t
A, t m
k=2 o
By 2
A m
k=1 : 2
B .
k = o
=0 f ! 3
| B |
f f f f f f x
. (m=1)M --- 0 — M —/ 0 Y4 0+ M oy (m—1)M
m m m m

Fig 1: Induction schema for the strong comparison principle in the one-
spatial dimension case.

(7.5) >2(1 —c¢(m))™ — 1.
Therefore, for all t > 0 and M > 0,
P(U(S,SL') >0 forallt/2<s<tandz€ Q(M/Z))

> lim IP’( No<k<m—1 [Ax N By] )

m—ro0
> lim 2(1 —¢(m))™ —1=1.
m—ro0
Since t and M are arbitrary, this completes the proof for the case when

u(dm) = I[Q(g)d([.

Case II. Now for general initial data u, we only need to prove that for
each € > 0,

(7.6) P (u(t,a:) >0fort>eand z € ]Rd) =1.

Fix € > 0. Denote V (¢, x) := u(t + €,z). By the Markov property, V (¢, x)

solves (1.1) with the time-shifted noise M,(t,z) := M (t+ ¢, z) starting from
V(0,z) = u(e, x), ie.,

(7.7)
V(t,x) = (u(e,0) * G(t,-)) (z) + //[0 e p(V(s,y))G(t — s,x — y)M(ds, dy).
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We first prove by contradiction that
(7.8) P (u(e,x) =0, for all x € Rd) =0.

Notice that by Theorem 1.8, the function = — w(t,z) is Holder continu-
ous over R? a.s. The weak comparison principle (Theorem 1.3) shows that
u(t,x) > 0 a.s. Hence, if (7.8) is not true, then by the Markov property
and the strong comparison principle in Case I, at all times n € [0, €], with
some strict positive probability, u(n, x) = 0 for all z € R?, which contradicts
Theorem 1.11 as 1 goes to zero. Therefore, there exists a sample space €/
with P(Q') = 1 such that for each w € )/, there exists € R? such that
u(e, z,w) > 0.

Since u(e, z,w) is continuous at x, one can find two nonnegative constants
¢ = c(w) and 8 = B(w) such that u(e,y,w) > Bl g (y) for all y € R,
Then Case I implies that

P (Vw(t,x) >0forallt>0and z € Rd> =1,

where V, is the solution to (7.7) starting from u(e, z,w). Therefore, (7.6) is
true. This completes the proof of Theorem 1.5. O

PROOF OF THEOREM 1.6. Following the proof of Theorem 1.5, since K
is compact, we can choose 7,7, N > 0 such that K C [n,T] x Q(N). Let 3,
A and By, be as in the proof of Theorem 1.5, we have

P( inf t m)<1-P(nN m-1 (AN B
((t,g)leKu(?x)<ﬁ >_ < ogkgm-1 Ak k)>

<2[1 = (1 =¢(m))™],

where ¢(m) is a positive quantity defined in (7.4). Then we use the fact that
(1—2)™ >1—ma for all x > 0 and m > 1 to conclude that for some ©’
slightly bigger than the © in (7.4),

P ( inf wu(t,z) < 5’”) <2mc(m) < exp (—@'mo‘ (log m)1+°‘) .

(t,x)eK

Finally, by taking m = |log €|, we complete the proof of Theorem 1.6. [
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APPENDIX A: RECURSION ON THE TWO-POINT CORRELATION

We have encountered two types of recursions. One is (2.6), which is used
in the proof of Theorem 1.7; the other is (A.4) below, which is used in the
proof of Theorem 1.9. Lemma A.1 below is sharper than Lemma 2.2 and is
used in [7] to obtain lower bounds for the second moment.

We need to introduce some notation. For h,w : R, x R3? i R, define the
(asymmetric convolution) operation “t>", which depends on f, as follows

(h>w) (t,z,2';y) : /ds//RQddzdz h(t—s,x— 2,2 — 25y — (2 = 2'))
(A.1) xw(s,z,2"sy) fly — (2 = 2')),

or equivalently, by change of variables,

(h>w) (t,z,2";y) == /0 ds //R?d dzdz h(s,z,2";y — [(x — 2) — (2 — 2")])
(A.2) xw(t—s,x—z,2 —2"y) fly—[(z —2) — (' = 2')]).
This operation is associative (see Lemma B.1 in [7])

(h>w)>0)(tz,25y) = (h> (w>v)) (¢ z,25y).

We use the convention that for functions h defined on R, x R2? when

applying the operation > to h, it is meant for h'(t,x,2';y) := h(t, z,2’).
For t > 0 and z,2’,y € RY, define recursively:

G(t,z)G(t, ") ifn=20

(Lo Ln—1) (t,z,2"5y). forn > 1.

Ln(t) Z, LU/; y) = {

For A € R, Lemma 2.7 of [7] ensures that the following series is well defined
(A.3)  Ka(t,x,2'5y) Z)\Q D Ltz 25 y) < Lot z, 2’V H (5 202).

Then the upper bounds for the two-point correlation function in Theorem
2.4 of [7] can be summarized as the following lemma.

LEMMA A.1.  Suppose that g : Ry xR?? i R is some measurable function
such that (Lo > |g|) (t,z,2';0) < 0o for allt > 0 and x, " € R2. If for some
nonnegative function J, : Ry xR2® — Ry and X\ > 0, g satisfies the following
integral inequality

(A4) g(t,z, 2"y <J.(t,x,2) 4—/\2/ds//R2 9(8,y1,Y2)
X f(yr —y2)G(t — 8,0 —y1)G(t — 5,2 — ya2)dy1dya,
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then
(A.5) gt,z, o) < Ju(t,z,2") + (Ky > Ji) (¢, 2,275 0).

In particular,

t
ot asa) Tt 2') + H(t:2)2) / ds / T.(5, 71, y2)
(A6) 0 RQd

X G(t = s, —y1)G(t — s,2" — y2) f(y1 — y2)dyrdys.
If the inequality (A.4) is an equality, then (A.5) is also an equality.

PROOF. This lemma is proved using Picard iteration. We first prove the
case when the inequality (A.4) is an equality. Notice that (A.4) (with in-
equality replaced by equality) can be written as

gtz 2"y = Ju(t,z,2") + )\2(£0 > g)(t, z,2';0).
Let

J(t,z, x) ifn=0,
Ju(t,z,2") + N2 (Lo > gn-1) (t,z,2;0) for n > 1.

(A7) gu(t,z,2') = {

Then by the associativity of the operator >, we see that

n—1
gn(t’ T, I‘/) = ‘]*(t’ x, xl) + Z )\2(k+1) ([,k > J*) (ty Z, 517,; O)
k=0

Therefore,

g(t,.’l},l‘/) = lim gn(t,a:,a}/) - J*(tvxa xl) + Z >‘2(k+1) (ﬁk > J*) (t7 CC,JZ/; 0)

n—00
k=0

= J.(t,z,2") + (Kx > J.) (t,z,2';0)
< Ju(t,z,2") + H(t;202) (Lo > ) (t, x, 23 0),

where the last step is due to (A.3). This proves the equality case.

We proceed to prove the inequality case. Let g. (¢, z, ") be the solution to
(A.4) with the inequality replaced by equality. Since g satisfies the inequality
(A.4), by denoting F(t,z,2') := g(t,z,2') — g«(t,x,2’), we need only show
that ' < 0. Notice that

F(t,z,2') < ? (Lo > F) (t,z,2';0).
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Apply the asymmetric convolution with respect to A2Ly on the both sides
of the above inequality to see that

A2 (Lo F) (ta,2';0) < M (L1 > F) (t,z,2';0),

where we have used the associativity of > (see Lemma B.1 in [7]). Combining
the above two inequalities we see that

F(t,z,2') < M\ (Ly > F) (t,z,2';0).
In this way, one can show by induction that
F(t,z,2') < N2 (L, > F) (t,2,4';0), for all k € N,
Now we are going to send k to +o0o. Because (see Lemma 2.7 of [7])
0 < Li(t,x,2'sy) < 28h, () Lo(t, z,2'),
for all t >0, z,2’,y € R? and k € N, we see that
(A.8) MR (Lp > F) (t,x,2";0)| < (2A)Fhi(t) (Lo > | F|) (t, x, 275 0).

By the integrability of g, (Lo > |F|) (t,x,2';0) < oo. Lemma 2.1 implies that

H(t;20%) = 302 0 (202)*hy(t) < oo. Hence, the right-hand side of (A.8) goes

to zero as k — oo. Therefore, F(t,x,2") < 0, which completes the proof. []
APPENDIX B: SOME TECHNICAL LEMMAS

In this section, we list some technical lemmas that are used in the paper.

LEMMA B.1.  Ifg(t) is a monotone function over [0,T], then for all B > 0
and t € (0,77,

(B.1) /Otg(t — s)exp <—2ﬁ8(’i_5)> ds = /Otg(s) exp (-255(’5_3)> ds

t

t
2/ g(s)e*ﬁ(tfs)ds if g is nondecreasing,
(B.2) < 0

t
2/ g(s)e Psds if g is nonincreasing.
0

PRrROOF. Equality (B.1) is clear by change of variables. We first assume
that g(t) is nondecreasing in [0, T]. Denote the integral by I. Then

. /Ot/Qg(s) exp (—253(1_3)) ds + /t/:g(s) exp <—2*85(i_5)) ds



44 L. CHEN AND J. HUANG
t/2 ¢
< /0 g(s) exp (—fBs) ds + //2g<s> exp (—B(t — s)) ds
t
t

< / gt — 3) exp (—B(t — ) ds + / 9(s) exp (—B(t — 5)) ds

t/2 t/2

<2 /t/Qg(S) exp (—6(t — s))ds

<2 /0 g(s) exp (—B(t — s)) ds.

If g is nonincreasing in [0, 7], we simply replace the above g(s) by g(t — s)
thanks to (B.1). This proves Lemma B.1. O

LEMMA B.2. Let R¢ be defined in (6.4). If f satisfies (1.4) with o = 1,
then there exists a constant C > 0 such that for all0 < s, e <t and x € RY,

J i Fon =) (B = 5. 2 Gle) @ = )
X (R(t —s,-) % G(e,")) (x —y2) < C.

PRrROOF. Denote the integral by I. Using the Fourier transform we have

=) (=

_ 2(t—s) > ( P )m 7(n+m)e‘£|2 ~
e D D AL

n,m=1
o] m-+n
2(t—s) t—s 1
<Ce =« —_
= e n;ZI < € > n!m!
Letting n + m = k and using the fact that
k-1
1 1 .5
n!(k —n)! B 5(2 —2),

1

3
I

we see that the above double sum is equal to

> - s\F 1 X (t—s\" 2k 2(t—s)
S5 : oy,
€ n!(k —n)! =\ e k!

k=1n=1 ’

which proves Lemma B.2. O

LEMMA B.3. There exists a finite constant C > 0 such that

1/2
(B.3) \RE(t,2) — G(t, 2)|dz < e V¢ 4 C (f) ,
R t
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and

(B.4) G(t+e,2) = G(t,2)ldz < Clog (145 |
R4 t
for alle >0 and t > 0.

PROOF. Because !%G(t,x)’ < Ct1G(2t,x), we see that for any t and ¢
such that 0 <t < ¢/,

t/
|G(t’,x)—G(t,m)|d:r§/ dx/ ds|gG(s,x)|
Rd Rd t Js
t/

<C [ dz | dss'G(2s,x)
Rd t

< Clog (t'/t).

The rest of the proof will follow exactly the same lines as those in the proof
of Lemma 8.2 in [8] and we will not repeat here. O

LEMMA B.4.  The function g(t, x) fo (27s) —d/2 oxp ( ) ds, fort,z >
0, satisfies the following properties,

(1) x — g(t,x) is strictly decreasing functions on z € (0, 00).

(2) If d = 1, then g(t,z) doesn’t blow up at x = 0 and g(t,z) < g(t,0) =
V2t/m. If d > 2, then g(t,z) blows up at © = 0.

(3) If d = 1,2, then for all ® > 0 and t > 0,

(B.5) / g(t,|z))?dz < .
Rd
(4) If d > 3, then for all 0 < 0 < ﬁ and t > 0, (B.5) holds.
ProoF. (1) It is clear x — g(¢, x) is nonincreasing on (0, c0) because
o t 2
%g(t,x) = —/0 (27s)~ d/Qgexp ( ;C > ds <0, forax>0.

(2) If d = 1, then by (1), we see that g(t,x) < g(t,0) = y/2t/7. By change
of variables z = 22/(2s),

L ooa (& )
(B.6) g(t,x) = 5ajz® - /2 e “z2 “dz.
T 22
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If d = 2, then the integral in (B.6) blows up as x — 0. When d > 3,

2—d/ e 75520y = I'(d/2 - 1)x2—d
0

27Td/2

which blows up as x — 0.
(3) Ifd=1,forallt >0 and x >0,

1 w2 [t V2ot g2

t,x) < e 2t —ds = —e 2t
g(t,7) <= s NG
which shows (B.5) for d = 1. If d = 2, then
1 > —z,—1
g(t,z) = — e “z 'dz.
Then by 'Hopital’s rule,
12
) g(t, ) 1 —e w2z g
lim ———— = — lim ——%—~ = —,
x—04 log(1/z)  2ma—04 —1/x T

Hence, this case is proved by noting that for z > 1,

_3
2

1 o) L 3 1 1;2 0 B (2t)3/2 7&
- < == *dz < .
g(t,x) 277/ e ?z72dz < 5 (275) /ﬂ e *dz < 5—¢

5%
(4) For d > 3, note that there is a constant Cy > 0 which only depends on
d such that z%_2e_z < Cde_% for all z > 0. Then for z > 1,

L ogg [T . 4y Ca [ _: Cq _a°
g(t,m)zQﬂ_d/Qm LQ e %22 dz§27rd/2 2 ¢ 2dz§me it
2t

2t

this shows that for any 6 > 0,
(B.8) / g(t,|z))0dz < co.
|z[>1

The restriction that 6 < % comes from the integrability on |z| < 1, which
is clear from the upper bound of g(¢,z) in (B.7). O

LEMMA B.5. Recall the function g(t,z) is defined in Lemma B.4. Let
¢ € Ce(RY) be an arbitrary mollifier such that [z,(z)dz = 1. Denote
Ye(x) = e Up(x/€). For each fized t > 0, suppose that h : R? — R, is a
nonnegative and measurable function such that

/ h(z)g(2t,|z|)dz < co.
R4

Then the following statements hold:
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(1) For anyn > 0, there exists ¢ € C.(RY) such that
swp [ git.Jal) blz) - 9(a)| do <,
€€(0,v/1) /R?

where ge(t, |z]) = [ga g(t, ly))e(z — y)dy.
(2) By denoting he(x) = (h * 1¢)(x), we have that

lim [ g(¢, |z|) |h(x) — he(z)|dz = 0.

e—0 Rd

PrROOF. Without loss of generality, we may assume that ¢ = 1.
(1) Fix n > 0. It is clear that for some constant C' > 0, we have

Y(z) < CG(1,x), for all z € RY.

Hence, v (z) < CG(€?, x), which implies that
1
aLla) <€ [ ayG@a-y) [ dsGlsy)
Rd 0
1
= C’/ ds G(s + €%, x)
0

14¢2
(B.9) = C/ ds G(s,x) < Cg(2,|z|),

where the last inequality is due to the definition of g(¢, x) and € € (0, 1). Since
h is nonnegative, it is known that one can find a monotone nondecreasing
sequence {s;} of simple functions such that s;(z) 1 h(z) pointwise; see, e.g.,
Theorem 1.44 in [1]. Hence, by the dominated convergence theorem,

sup / ge(L, |z]) [n(z) — s (z)| dz < C/ 9(2, |z]) [h(z) = sj(2)|dz — 0
€€(0,1) JRd R
as j — oo. Therefore, for some s € {s;},

sup [ gLl o) — s(o)] do < 2.

e€(0,1) JR

Now we choose and fix ¢ > 1 such that

(B.10) C(g,d,q) == /Rd g(t,|z])¥dz < co.

This is possible thanks to Lemma B.4: ¢ > 1 can be any number for d = 1,2

and ¢ € (1,7%) for d > 3. Since s is a simple function with bounded
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support, by Lusin’s theorem (see e.g., Theorem 1.42 (f) in [1]) there exists
¢ € C.(R?) such that

|9(2)| < I8l oo (ray, forall z € R4
and
—-p
vol ({z e R 6(2) £ s(0) }) <77 (4C I8l o) Clos d.0)7)

where 1/p+1/g =1 and C is as in (B.9). Thus, using (B.9),

sup [ g1, Jal) s(z) = ()] da

e€(0,1)

<c / 902, lal) [s(z) — 6(z)| da

<2C ||5HL°°(R’1) /Rd ]I{Z‘ERdl d)(:v);és(x)}g(Q’ |z[)dz
1

1 1
P q
< 2C ||8||L°°(Rd) (/Rd ]I{xERd¢($)7é8(w)}dx> </]Rd 9(27 |x|)qd$>

<

N3

(2) For any n > 0, we can write

/ he() — h(x)lg(L, |2])dz
R

:/Rd
:/Rd
+ [

[ [ vde = tote) — nia dy‘ o(1, |z])da
R4 R4

=L+1,+I3.

[ e =) ) = h(a)) 0. el

[ e =) )~ 006)] (1. etz

[ e = 1) 60) — ool ay o, el

For Iy, choose ¢ € C(R?) according to (1), such that I; < Z. From the
proof of (1) it is obvious that with the same choice of ¢, I3 < %. For Iy,
since v is compactly supported, we may choose ¢y > 0 such that whenever
0 < € < €9, we have Iy < 7 because of the uniform continuity of ¢. O
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