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LOCAL CONVERGENCE AND STABILITY
OF TIGHT BRIDGE-ADDABLE GRAPH CLASSES

G. CHAPUY AND G. PERARNAU

ABSTRACT. A class of graphs is bridge-addable if given a graph G in the class,
any graph obtained by adding an edge between two connected components of
G is also in the class. The authors recently proved a conjecture of McDiarmid,
Steger, and Welsh stating that if G is bridge-addable and G, is a uniform
n-vertex graph from G, then G, is connected with probability at least (1 +
on(1))e~1/2, The constant e~ /2 is best possible since it is reached for the
class of all forests.

In this paper we prove a form of uniqueness in this statement: if G is a
bridge-addable class and the random graph G, is connected with probability
close to e=1/2, then Gy, is asymptotically close to a uniform n-vertex random
forest in a local sense. For example, if the probability converges to e=1/2, then
Grn converges in the sense of Benjamini-Schramm to the uniformly infinite
random forest Foo. This result is reminiscent of so-called “stability results” in
extremal graph theory, with the difference that here the stable extremum is
not a graph but a graph class.

1. INTRODUCTION AND MAIN RESULTS

In this paper all graphs are simple. A graph is labeled if its vertex set is of
the form {1,...,n} for some n > 1. An unlabeled graph is an equivalence class
of labeled graphs by relabeling. Unless mentioned otherwise, graphs in this pa-
per are labeled. A class of (labeled) graphs G is bridge-addable if given a graph
G in the class, and an edge e of G whose endpoints belong to two distinct con-
nected components, then G U {e} is also in the class. Examples of bridge-addable
classes include planar graphs, graphs that admit a perfect matching, forests, or
H-free graphs where H is any 2-edge connected graph (see many more examples
in [ABMR12, CP15]).

McDiarmid, Steger and Welsh [MSWO06] conjectured that every bridge-addable
class of graphs with n vertices contains at least a proportion (1 + 0,(1))e"/? of
connected graphs. This has recently been proved by the authors. In the next
statement and later, we denote by G,, the set of graphs in G with n vertices, and
by G,, a uniformly random element of G,,. Herein, we will refer to statements and
equations from [CP15] as they are numbered in there.

Theorem A. [[CP15, Theorem 2]] For every ¢ > 0, there exists ng such that for
every bridge-addable class G and every n > ng, we have

(1.1) Pr (G, is connected) > (1 — e)e™ /2,
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2 G. CHAPUY AND G. PERARNAU

If G is the class of all forests, then Theorem A is asymptotically tight, since, as
shown in [Rénb9], if F), is a uniformly random forest on n vertices, then, as n tends
to infinity,

(1.2) Pr (F, is connected) — e~ /2,

The aim of this paper is to show that any bridge-addable class of graphs that comes
close to achieving the constant e~/2 is “close” to a uniformly random forest in a
local sense.

Definition 1.1. For any ¢ > 0, we say that a bridge-addable class of graphs G is
C-tight with respect to connectivity (or simply (-tight) if there exists ny such that
for every n > ng we have

Pr (G, is connected) < (14 ¢)e™ /2,
where we recall that GG, is chosen uniformly at random from G,,.

If H is a graph we let |H| be its number of vertices. We denote by U the set
of unlabeled, unrooted trees and by T the set of unlabeled, rooted trees, i.e. trees
with a marked vertex called the root. For every unrooted tree U € U, we denote by
Aut, (U) the number of automorphisms of U, and for every rooted tree T € T, we
denote by Aut,.(T) the number of automorphisms of T' that fix its root. Moreover
given k unrooted trees Uy, ..., Uy in U, we denote by Aut,(Us,...,Uy) the number
of automorphisms of the forest formed by disjoint copies of Uy, ..., Uk.

Given a graph H, we let Small(H) denote the graph formed by all the compo-
nents of H that are not the largest one (in case of a tie, we say that the largest
component of the graph is the one with the largest vertex label among all candi-
dates). In what follows, we will always see Small(H) as an unlabeled graph. Given
a graph G and a rooted tree T € T, we let «“(T') be the number of pendant copies
of the tree T in G. More precisely, a“(T) is the number of vertices v of G' having
the following property: there is at least one cut-edge e incident to v, and if we
remove the such cut-edge that separates v from the largest possible component,
the vertex v lies in a component of the graph that is a tree, rooted at v, which is
isomorphic to T'. The following is classical and the proof is omitted.

Theorem B. Let F),, be a uniformly random forest with n vertices. Then, for any
fixed unlabeled unrooted forest f we have as n tends to infinity,

e_lfl
Aut, ()’
where = denotes unlabeled graph isomorphism. Moreover, p, is a probability
distribution on the set of unlabeled unrooted forests.

For any fixed rooted tree 1" € T we have as n tends to infinity,

Fy, =T

a’(T) (p) e
2 ao(T) i = ——— .

n () Aut,.(T)
where (p) indicates convergence in probability. Moreover ao, is a probability mea-
sure on 7T .

(1.3) Pr(Small(F,) = f) — peo(f) 1= e~ 1/2

(1.4)

Our main result states that, if G is bridge-addable and G,, satisfies an approxi-
mate version of (1.2), then it also satisfies an approximate version of (1.3) and (1.4).
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Theorem 1.2 (Main result). For every e, > 0, there exist { > 0 and ng such
that for every (-tight bridge-addable class G and every n > ng, the following holds.

i) For every unlabeled unrooted forest f,
‘Pr(Small(Gn) =f) - poo(f)‘ <e.

it) If T is the set of unlabeled rooted trees,

% (T)

Pr(VTGT:

aOO(T)‘<77> >1—€.

Remark 1.3. Theorem 1.2, can be viewed both as a uniqueness result (since it
states that in the limit, and through the lens of local observables, the class of forests
is the only one to reach the optimum value e~/ 2) and as a stability result (since
it also states that the only classes than come close to the extremal value e~ /2 are
close to forests, again through local observables of random graphs). Here we use
the terminology “stability result” on purpose, by analogy with the field of extremal
graph theory.

Our main result suggests that the question of stability of extremal graph classes,
with respect to appropriate graph limit topologies (here, local convergence), should
be further examined.

A bridge-addable class G is tight if it is (-tight for any ¢ > 0, that is to say, as

n tends to infinity,
Pr(G,, is connected) — e~ /2

Theorem 1.2 has the following consequence for tight bridge-addable classes.

Corollary 1.4. Let G be a tight bridge-addable class of graphs. Then,
(d)

(1.5) Small(Gr) — poo -
and, for any unlabelled rooted tree T € T,

Gn (T
(1.6) O‘T() @ 4 (T).

Let V,, be a uniformly random vertex in G,,. Then for a given T' € T, condi-
tionally to G, the quantity a%»(T)/n is the probability that there is a copy of T
hanging from V,,. Readers familiar with the Benjamini-Schramm (BS) convergence
of rooted graphs will note the similarity with this notion (see [BS01, Lov12]).

It easily follows from a similar statement for random trees proved in [Ald98]
that if £, is a uniformly random forest on n vertices rooted at a uniformly random
vertex V,,, then

(Fns Vi) = (Foos Vio)

in distribution in the BS-sense, where (Fi, Vo) is the “uniformly random infinite
rooted forest” (which we could also have called “uniformly random infinite rooted
tree”, since it is almost surely a tree). Namely, (Fi,Vs) can be constructed
as follows. Consider a semi-infinite path, starting at a vertex V., and identify
each vertex of this path with the root of an independent Galton-Watson tree with
offspring distribution Poisson(1). In our context, passing from pendant trees to
balls is an easy task, and one can deduce the following from Corollary 1.4.
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Corollary 1.5. Let G be a tight bridge-addable graph class. Let G, be a uniformly
random graph from G, and let V,, be a uniformly random vertex of G,. Then
(Gn, Vi) converges to (Fxo, Voo) in distribution in the Benjamini-Schramm sense.

Remark 1.6. Our main theorem asserts that (-tight bridge-addable classes are
“locally similar” to random forests in some precise sense. However, they can be
very different from other perspectives. For example, consider the class G of graphs
defined as follows. G, is the smallest bridge-addable class containing the graph on
{1,...,n} in which all edges between vertices in {1,...,|n?/3|} are present and all
other vertices are isolated. Then G = U,>1G,, is a bridge-addable class, and it is
easy to see that it is tight (see Appendix A for more details). However a uniformly
random element of G,, is very different from a random forest. In particular, almost
all edges of G, belong to a clique of size [n?/3].

Remark 1.7. Our results do not imply that random graphs from tight bride-
addable classes look like random forests in a ”global” sense. Following the lines of
the example of Remark 1.6, let G,, be the smallest bridge-addable class on {1,...,n}
containing the graph where the vertices in {1, ..., [n%3|} induce a path and all the
other ones are isolated. Then G = U,>1G,, is a tight bridge-addable class. Never-
theless, the diameter of the random graph G,, is at least |n?/3 |, while the diameter
of the largest tree in a uniformly random n-vertex forest is of order y/n. Moreover,
when renormalized by a scaling factor of n=2/3, G,, converges for the Gromov-
Hausdorff topology to a real interval and not to the CRT (Continuum Random
Tree, see [Ald93]). However, it may be true in general that typical distances in
tight bridge-addable classes are of order \/n. We leave this question open.

We conclude this list of results with a simpler statement that does not require
the full strength of our main theorems (it is a relatively easy consequence of the
results of [CP15], and we will prove it in Section 2).

Theorem 1.8. Let G be a tight bridge-addable class and G, a uniformly random
graph from G, . Then for any k > 0, we have
—12 20

k!
In other words, the number of connected components of G,, converges in distribution
to 1+ Poisson(1/2).

Pr (G, has k+ 1 connected components) — e

Structure of the paper. The proof of our main result roughly follows the one
of Theorem A, which we proved in [CP15]. Very loosely speaking we show that
for a class to be (-tight, some form of tightness has to occur in each intermediate
inequality proven in [CP15]. As the length of the present paper shows, there is
however quite an important amount of work to be done to achieve this goal.

We start in Section 2 by proving elementary results about the number of com-
ponents (including Theorem 1.8) and we introduce some notions that will play a
crucial role in the rest of the proof. Importantly, in Section 2.2, we introduce
the partitioning of the space that underlies our technique of local double-counting
from [CP15]. In particular we define the notion of “box” that we use in order to
partition each graph class according to the local structure of the graphs it contains.

Sections 3 and 4 occupy the most important part of the paper. In Section 3, we
prove an analogue of Theorem 1.2 under the assumption that all elements of G are
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forests. This is done in several steps. In 3.1 we define the notion of “good boxes”
and we prove that most of the mass in tight bridge-addable graph classes is localized
inside good boxes. These good boxes have the property that they locally realize the
extremal value of the optimization problem introduced in [CP15]. This optimization
problem expresses some ratios inherited from a double-counting strategy in terms
of parameters that record the local structure of the graphs. In 3.2 we study the
stability of this problem and deduce that for good boxes, all parameters have to be
close to the unique extremum value (closely related to the quantities ao and peo
appearing in Theorem 1.2). In 3.3 we use these facts to prove a version of our main
result when the graph G,, has one or two components. In 3.4 we use an induction
on the number of components to conclude the proof, in the case of forests.

In Section 4, we address the case of general bridge-addable graph classes. In 4.1
we prove that (-tight bridge-addable classes tend to have many removable edges
(edges that when deleted from a graph in the class, give rise to a graph in the class),
and in 4.2 we use this property and the results of Section 3 to conclude the proof
of Theorem 1.2. We conclude with the proof of Corollary 1.5. Finally, Appendix A
gives more details about the example of Remark 1.6.

2. FIRST RESULTS AND SET-UP FOR THE PROOF

In this section, we obtain our first results and we introduce important notions
and notation used in the whole paper. In 2.1 we study the number of connected
components and we prove Theorem 1.8. In 2.2, we define the partitioning of the
space that underlies our technique of local double-counting. Finally in 2.3, we give
a few precisions for the use of quantifiers in the rest of the paper.

2.1. Number of components in bridge-addable graph classes. Through the
rest of the paper, for a bridge-addable class of graphs G and for i > 1, we denote
by gﬁf) the set of n-vertex graphs in G having i connected components. An elegant
double-counting argument going back to [MSWO06] asserts that for all ¢ > 1, and
n > 1 we have

(2.1) i- ‘QEJH)‘ < ‘QEZ')

The main achievement of [CP15] was to improve this bound by a factor %, asymp-
totically.

Lemma C ([CP15, Proposition 5]). For every n and every m, if G is a bridge-
addable class and n is large enough, we have for every i < m,

. 1 .
(2.2 16 < (54 0) 01
The following lemma provides a converse inequality to (2.2) for (-tight classes.
It directly implies Theorem 1.8.

Lemma 2.1. For every n and every m there exists ¢ such that for every (-tight
bridge-addable class G and provided n is large enough, we have for every i < m,

1 S 1 )
(5-n) 1081 <ilgf 1 < (5 +0) 169
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Proof. The second inequality is precisely Lemma C.

To prove the first inequality, we proceed by contradiction. Fix n and m and
assume that for every ¢ > 0 there exist a (-tight bridge-addable class G, a large
enough n, and an 7, < m such that

2.3 il < (5 - 0) 645

Let g > m be an integer that we will choose later. By Lemma C, if n is large
enough, (2.2) holds with n = ¢ for any 7 < ig. Also, since G is (-tight, provided
that n, is large enough, we have

[
|Gn. |

Noting fi(x) :=>_,; “;—J,, we can now bound the inverse of the probability that G,,,
is connected as follows
i*—1

|gn* < Z

1 — 1
GV T = 6t

(2.4) <1+ Qe 2.

69 & 16 [
TRy

M

(1)
i>ig+1 |Gn.

1=1x

i*fll 1 7 70 1 1 il—n
<X a3+ rXalare) Htrmw.

2
2

where for the last term we used the bound (2.1). Thus,

1_
Bl < et = /2 0432 = 1) (124 O = o126 + )
I Y.
1 n+¢ . ‘
< et IEC D+ )

< et 4 (& —1)e? —nfm(1/2) + fis (1) .
We now choose ¢ small enough with respect to 7 and m such that 2 f,,(1/2) >

(¢ —1+ 2()61/27 and we choose 7g large enough with respect to m, in such a way
that 3 f(1/2) > fi,(1). These choices fix the value n, as above, and we finally get
the bound

(1)
Tl o2 e 2 2ge 2,
However, since n, is arbitrarily large, we obtain a contradiction with (2.4). O

2.2. Partitioning the graph class into highly structured subclasses. We
now introduce a partitioning of G,, in terms of some local statistics, which requires
the following set-up modeled on [CP15, proof of Prop 4].

For ¢ > 1, we let T<, (resp., U<;) to denote the set of rooted (resp., unrooted)
trees of order at most £. An important role will be played by the two sets

Ue :=U<pery 5 Toi=Tek,,
where the two constants € and k,, whose value may vary along the course of the
paper, will in fine be chosen very small and very large, respectively. We will use the

elements of U, and T, as “test graphs” to measure the shape of small components
and the statistics of pendant subtrees in G,,.
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For £ > 1, we write & = {0,...,n —1}7<¢. For a € &, and w > 1 (width), we

define the box [a]* C &, and its g-neighborhood [a]; as the parallelepipeds:

[V :={d" €&, : VT €T, a(T) < (T) < aT) +w},
[afy =={d €&, : VT €T, a(T)—q < (T) <(T) +w+q} .

Note that here, and elsewhere in the paper, we slightly abuse notation by using
both the letter a to denote an element of & and the notation a to denote the
function a® : T — & that counts the number of pendant trees of a given shape in
the graph G.

If S,, denotes a set of graphs (where the letter S could carry other decorations),
we let S, (o]« be the set of graphs G in S,, such that (a®(T))re7. € [a]*, and we
use the same notation with [a]y’.

Also, for every forest {Uy, ..., Uy}, we denote by S, 1V Uk} the set of graphs G
in S, such that Small(G) is isomorphic to {Uy,...U;}. While we denote a forest
by {Ui,...,Ux}, one should understand it as an unordered multiset of unrooted

trees. We use the notation SY for S,{LU}, where U € U.

2.3. Notation and quantifiers in the proof. Each statement in Sections 3 and 4
involves several variables and the relative dependency between them plays a sub-
tle role in the proof. We have carefully made all quantifiers explicit in all the
statements. However, the reader can use the following inequalities to clarify the
hierarchy of (small) parameters used in Sections 3 and 4,

1 1 1 1
KK K KK e=—"<K 7K pKv
n w k. q

(2.5) VLKL KO L L0, 0101k 1ju <,

where the notation a < b < 1 has to be read as: In each statement involving both
variables a and b, there exists a non-decreasing function f : (0,1] — (0, 1] such that
the statement holds for every 0 < a < b < 1 such that a < f(b). For example,
the order in which the quantifiers appear in the statement of Lemma 2.1 above
correspond to the notation

1 1

Sl —.

n m
Note that 1/n is the leftmost quantity appearing in (2.5). Indeed, throughout the
paper, n will be taken arbitrarily large with respect to all the other constants.

During the proof, we will use the notation a = b=+ p to denote that b — u < a <
b+ p.

2.4. Evaluation of generating functions of trees and forests. In this subsec-
tion we recall two classical evaluations of generating functions of trees and forests
that we will use several times in our proofs. Let T(z) = >, o, 22" be the ex-
ponential generating function of rooted labelled trees by the number of vertices,
so t, = n"" L. Let F(z) = ano %z” be the exponential generating function of
unrooted labelled forests by the number of vertices; by convention fy = 1.

Lemma 2.2. Both T(z) and F(z) have radius of convergence e~1, and both are
finite at their main singularity z = e~1, where we have T(e™) =1 and F(e ') =
e'/2. Moreover for z in a slit neighbourhood of e=' we have

(2.6) T(z)=1+0(V1—ze).
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The proof is a classical exercise in analytic combinatorics.

3. THEOREM 1.2 FOR BRIDGE-ADDABLE CLASSES OF FORESTS

Balister, Bollobds and Gerke [BBG08, Lemma 2.1] proposed an elegant argument
that reduces the proof of Theorem A to the case where all graphs in G are forests.
As we will see in the next section, their idea can be adapted to the present context.
We will therefore start by proving Theorem 1.2 for classes G composed of forests.

Throughout the rest of Section 3, we will assume that all graphs in
G are forests.

3.1. Good and bad boxes. The main concern of the paper [CP15] was to obtain
a version of the double-counting argument of Section 2.1 that is local in the sense
that it relates cardinalities of graphs corresponding to fixed boxes.

In order to select a collection of boxes, we will focus on the graphs in G,, that
have either one or two connected components. We will use the notation A,, := gﬁ}’
and B, = 7(12).

Given € and k,, [CP15, Lemma 17] asserts that there exist integers K and w
(independent of G and of n) and a set of K disjoint boxes of width w in &, , denoted
{[Bi]“, 1 <i < K}, such that if ¢ = q. := [e 1] and if n is large enough, then the
g-neighbourhoods of boxes form a partition of &,

K
(3.1) By =&,
=1

where [ denotes disjoint union, such that for each U € U, we have
K

(3.2) Z 1B} 1,01 = (1= €)|B].
i=1

Note that from (3.1), the boxes [3;]* are 2g-apart from each other, and yet (3.2)
ensures that they capture a proportion at least (1 — ¢) of the set BY for each
U € U.. We now fix such a set of boxes ([5;]*)1<i<kx and we will use them through
Section 3, keeping in mind that K = K (e, k) and w = w(e, k), depend on e and
k4 but neither on G nor on n.

In the present paper, one of the main tasks consists in showing that the global
estimates obtained in [CP15], such as Lemma C, can be “lowered” down to boxes
for (-tight classes. This is not true for every box in &, , but it will be for certain
boxes that contain most of the graphs in the class. For every v and every €, we say
that a box [a]™ is (v, €)-good (or simply good) if the two following conditions hold.

i) 1Bujayel = (3 =) - [An,fagy |, and

i) > vau. \Bff,[a]m <Bn a1 | -
Note that Property i) is a local version of the first inequality of Lemma 2.1 for
i = 1, while Property ii) ensures that the number of graphs in sets that we do not
control, is small.

We will be interested in the boxes among the [5;]" that are (v, €)-good,
Goody e :={t e {1,...,K}: [B:]" is (7, €)-good} .

An important step in the proof of Theorem 1.2 is the following result.
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Lemma 3.1. For every v and every n, if € < eg(v,m) and if k. > ko(€), then there
exists ¢ such that for every (-tight bridge-addable class G and every large enough
n, we have

ZiiGood%6 |A’”7[Bi]}f| <7
| An| ’

and

Eigcoodw Bn,[ﬁi]W|
Bl _
Proof. Let € > 0 (to be fixed later). Up to setting k. and n large enough, we can

use Equation (16) in [CP15] for each 1 <i < K,

1
Z ‘Bﬁ[ﬂi]w| < 2 ’ |An,[5i]:1“

Uel.

1
(143¢) < (2 + 26) . |An7[5i];u .

Moreover, provided that n is large enough, we have (Equation (17) in [CP15])
(33) > IBII < 2|4
UgU.
From the last two inequalities, we have
1
(3.4) > Bujsgel < 2eAn] + (2 + 26> > Al
i€Good,, e i€Goody, e

Let S and T be the sets of indices i ¢ Good, . such that ;] violates i) and ii)
respectively. Using (3.3), we have

1 1 2¢
D Bupsgel 3= D IBlgel 2 X IBI < A
ieT ier | vau. 7 Ve, v

From the previous equation it follows that

> Basael <Y 1Busgel + Y 1Byl

iZGood, . €S €T
1 2e
(3.5) <({3-7 Yo Muael+ = 1Al
. Y
1€ Good .

Using (3.4) and (3.5), we get
(v + 2¢) Z | A, 8.2 < (7 + 2¢) Z | A, 872 + Z 1B, 5, |

i¢Good, 1¢Good, 1¢Good

K
+ Z |Bn,[ﬁi]w — Z |B’ﬂa[51]“’
=1

i€Good,, .

1
<(Y+2) Y IAn,[sz;|+<2—v> > Mg

1¢Good~ ¢ 1¢Good, .

K
1 4e
+ (2 + 26) Yo ugsgl+ > [Anl = 1B, -
=1

i€Good, e
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The last inequality can be simplified as

K K
1 4e
(v+20) > sl < (2 + 26) > [ Anisgel =D 1Bugel + — [An]
. . . v
i¢Good., . i=1 i=1
K
1  Ge
(3.6) < (2 + 7) [Anl = 1B g0 ] -
i=1
where we used that the [3;]; are disjoint. Using (3.2) and (3.3), we have
K K
D Bugpel 23 D 1Bl
i1 i=1 Ueld.

2 (1 - 6)(|Bn| - 2€|~An|)
> (1—¢)|Bn| —2¢|A,] .

Finally, Lemma 2.1 with ¢ = 1 and 7 replaced by €, implies that if { is small
enough, G is (-tight and n is large enough, then the last quantity is larger than
(1/2 — 4e) | A,

We now choose €g = 4. Going back to (3.6), if € < €y, we get

10e n
(3.7) > Al < 7 -

NN -An < An )
i¢Good ¥ + 2€) [Anl 2| |

which proves the first part of the lemma.
For the second part of the lemma, we use (3.5) and Lemma 2.1 with 7 replaced
by €, to get

ZzﬁéGood%6 ‘an[ﬁi]“’ (% - ’Y) Zié(}ood%e |A"»[ﬁi]f,“ + %|A"‘
B - (3 =€) x|
By (3.7), we conclude
Zii(}ood%e Bn,[ﬁi]“’ (% - /Y) g|An| + %|An|
< 1 <7 U
1By (3 =€) [An]

3.2. Stability of the extremum for the optimization problem. The goal of
this subsection is to estimate the ratio between |BnU’[a]u, and |~An,[a]"; |, when [a]®
is a good box and U € U..

In order to do that, we will need to return to the original “optimization prob-
lem” introduced in [CP15]. Namely, we will study certain functionals of the ratios
\Bg’[a]w |/|An [ |, or more precisely of the variables (2Y )ueu., defined by (3.8)
below. We will proceed as follows. Lemma 3.2 gives the “constraints” of the opti-
mization problem, by showing that the variables zf,J » have to be close to a certain
domain D; Lemma 3.3 shows that if [a]" is good, then the “objective function” of
the optimization problem has to be close to its optimal value given these constraints
(which was proved to be 1 in [CP15]). Then Lemma 3.4 proves a form of unique-
ness of the extremum. From these three lemmas we deduce the main results of this
subsection: if [a]* is good, then (zf,)ueu, is close to pso(U) for each unrooted
tree U of bounded size (Proposition 3.5) and if [a]" is good, then «(T")/n is close
to axo(T) for each rooted tree T of bounded size (Proposition 3.6)
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Apart from the proof of Lemma 3.1 already given, the proofs of Lemmas 3.2
3.3-3.4 are the part of the present paper that rely the most on [CP15]. Indeed, we
will refer to several technical statements therein in our proofs. This will no longer
be the case in the next sections.

Following [CP15], given e (hence U,) we define a U -admissible decomposition of
T as an increasing sequence T = (T});<, of labeled trees

TiCc---CT,=T,

for some ¢ > 1 called the length, such that T; € U, and, for each 2 < i < /,
T; is obtained by joining T;_1 by an edge e; to some tree U; € U.. The weight
of T with respect to z = (2Y)yey. € (Ry )Y is defined as w(T,z) = Hle 2Vi,
where U; = T; \ T;—1 as an unrooted tree (here we use the convention Ty = 0).
The mazimum weight of T with respect to z, denoted by w(T, z), is defined as the
maximum of w(T, z) over all the U.-admissible decompositions T of 7.

We now use w(T,z) to define the following partition functions,

w(T,z) w(U,z)
Y(z) := — Y¥(z) := —
o Aut,.(T) 5 Aut,, (U)
w(T, z) w(U,z
Yr. (z) = — Yy (z) := —
e Aut,.(T) = Aut,, (U)
w(T,z) ~ 2V
Yep(z) == —_— \ (z) := A
TeT, Aut,.(T) i Aut,, (U)

Furthermore, we define the domain of convergence of Y'(z) as follows,
D:={z¢c (Ry)* Y (z) < o0} .

It is important to note that there is an implicit dependence of w(T, z) on € (via Ue-
admissible decompositions). Hence, all the partition functions defined above (and
their respective domains) also depend on e. In order to keep the notation light we
do not make this dependence explicit.

Let j := (1)yew, be the all-one vector of length |U|. Given a choice of n, to each
o € &, we assign a vector zpn o = (2] 4 )veu, € (R4 )¢, where

BY, .
(3.8) Vo= Autu(U)M (1 - |U> ,

n,o
’ | A, [a]w n

where ¢ = [e71] as before and w = w(e, k) is chosen as in Section 3.1.

Lemma 3.2. For every & and every e, if k. > ko(e,&) and n is large enough, then
for every a € &, we have that z, o —&§j € D.

Proof. For the sake of contradiction, assume that there exist £ and e such that
for every kg there exists k > kg such that for every large enough n there exists
O 1 € & with
Znan, —S3ED .

For a given k > kg, let z; be a limit point of the sequence (Zn,an,k)nzb Since D
is closed downwards (Lemma 13 in [CP15]), then z; — gj ¢ D.

Moreover, by Corollary 12 in [CP15], we have Y<i(zz) < 1. As in [CPL5,
Lemma 16], this implies that any limit point z., of (zg)k>k, satisfies z., € D.
This is a contradiction with the fact that z; — % j ¢ D for every k > ko. [
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The following lemma shows that if [a]® is (v, €)-good, then the evaluation of Y*
in a point close to z, 4 is close to 4 (which was shown in [CP15] to be the maximum
of Y“ on D).

Lemma 3.3. For every p, every € and every £ such that £ < 1/e, if v < yo(p, ),
E<&(p,e), ke > ko(e, &) and n is large enough, then for every box [a]¥ which is
(7, €)-good the following holds for z := 2, o, — &£j: we have z € D,

1
Y42)> = —p,
(2) 5P

and for every U € U<y, we have

|W(U72) - 2U‘ <p.

Proof. Let 7o := {5 and & := 2\14ps|€!' Consider « € &, such that the box [ is
(7, €)-good. Using the properties i) and ii) of good boxes, and (3.8), we have

v _ ol
Z |Bn,[o¢]w| ( n )

Uel.

YIZ (Zn,a) = —

- 2V - 1
v Aut,, (U) ‘An,[a]g’ |

| U]
>wmawu—v>0—»)
A g n

Z(;v)ﬂw<1;J
2%—%7

provided that n is large enough. Now, since Yﬁe (z) is a finite sum, we have
Y/ZZ (2) > i/z}[i (Zn,a) - §|ue| .
Together with the previous inequality and the choice of vy and &y, this implies

S 1 1 p
(39 V@) > L (el ) > -
By definition of maximum weight, for every U € U, we have w(U,z) > zY, which
directly implies Y;{ (z) > Y;¢ (z). We thus conclude the first part of the lemma,

~ 1 1
Vi) > YR () > Vi) > -2 s o).
Observe that this is true even if z € D, since then the LHS is infinite.

By Lemma 3.2, we can choose kg = ko(€, &) such that if k., > ko and n is large
enough, we have z € D. The choice of k, and n is suitable for all vectors in &, .
Then, Lemma 14 in [CP15] implies that Y}} (z) < Y*(2) < 5. Together with (3.9),
for every U € U. we have

W)= 2
Aut, (U) 7

w(U',z) — 2V
X:( )

> |V (2) — Vi (2)| = Aut, (U

=[>

U’'el.

where the last inequality follows since w(U’,2) > 2V for each tree U’ € U,. Since
Aut, (U) < 21, it follows that

lw(U,2) — 29| < p. O
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The next lemma states that if z belongs to D and Y*(z) is close to 3, then

w(T,z) is close to eIl for every T with bounded size.

Lemma 3.4. For every v and every £, if p < po(v,£), then for every e, everyz € D
that satisfies Y"(z) > % —p, and every T € T<y, we have

(3.10) lw(T,2) —e Tl < v

Proof. Let Y¢(z) be the partition function of trees rooted at an edge, where each
tree is weighted by its maximal weight. As noted in [CP15], a classical trick known
as the dissymmetry theorem [BLL9S8] implies that

Y z)=Y(z) —Y"(z).
Together with the hypothesis of the lemma and the fact that y —1/2 < y?/2 for all
y € R, this implies
1
Y(2) =Y(2) = Y"(2) <Y(2) = 1/2+p < 5(V(2)) +,

For every pair of vertex rooted trees T7,To € T, let f(T1,T5) be the edge-rooted
tree obtained by adding an edge (the root) connecting the roots of T and T5. We
have the following supermultiplicativity property:

w(f(Ty,T3),z) — w(Th,z)w(Ts,2) > 0.

Also observe that the number of automorphisms of f(T7,T5) that fix the rooted
edge (as an ordered edge!), is precisely Aut,(77)Aut,(T2). Thus, for any pair
Ry,Rs €T, we have

p>Ve(z) %(Y(Z))2 _ Z w(f(T1,T2),2z) — w(Th,z)w(Ts, z)

T TeT Aut,(Th)Aut, (T»)
(3.11) w(f(R17R2)3z) 7W(R1)Z)W(R27Z) .
- | B! [Ral!
Let e be the tree composed of a single vertex and define x = x(z) := w(e,2z) =

z* € R4. Observe that since z € D, we have z < 1 (otherwise Y (z) = oo since
w(T,z) > z!T!). Using (3.11) with Ry = e, for every T € T,

w(f(T,O),Z) <z- UJ(T,Z) tp- ‘T“a

and induction on |7T'| implies that for every T' € T we have
IT|
2 < w(T2) <o+ |T)p < (2 + (TINHT)

Note that if |T| < ¢, then (p\T|‘)%\ < ¢(l)pt, for some ¢(f) > 0. Consider
x = (2!"Nyey, and x, = ((z + c(0)p )IUN .. By the definition of x, note
that w(T,x) = 7!, therefore w(T,x) < w(T,z) and since z € D, by Lemma 14

in [CP15], we have
1
Y¥x) <Y"(z) < 3
This implies z < e~! (otherwise Y*(x) would not converge). Similarly w(7T,x,) =

(2 + ¢(£)p?)IT!, and using the hypothesis of the lemma, we have

1 u u
P SYU() S V()
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By Equation (2.6) in Lemma 2.2, this implies that z+c(¢)pt > e=*—0(y/c(£)p' /7).
Given v and ¢, we can now set po(v,¢) small enough such that for p < po(v,£) we
have > e~ ! (1 —y), with y = min{”T?Z, 1}, and p < 5. We then have, for every
T € T<y,

e _y<e Ma—y|T))<e 1T (1 - y)m < 2Tl <w(T,z)<z!Tl4p|T|'<e T4
where we used that (1 — y)¢ is convex for y € [0, 1]. O

Finally, we can prove estimates for the ratios between |BY (ogw | and | Ap (q]u | for
good boxes [a]* and unrooted trees U with bounded size.

Proposition 3.5. For every ¥, every € and every £ such that £ < 1/e, if v <
Y0 (9, £), ke > ko(9,€,£) and n is large enough, then for every box [a]¥ which is
(7, €)-good and every U € U<,

1B o] eIVl

(A foge]  Auty (D)

Proof. Let us first fix the constants that we will need in the proof. For v := ¢/4,
we let pg = po(v,€) be the value obtained from Lemma 3.4. For p := min{po, v},
we let vo = Y0(p,£), &0 = &o(p, €, £) be the values obtained from Lemma 3.3. For
¢ = min{&, v}, we let kg = ko(e,&)(= ko(9,¢,£)) be the value obtained from
Lemma 3.3. Now fix k., > kg and consider n large enough. Note that once k., and
n are chosen, the space &, is well-determined.

Let z = z,, o — £j as before. For a given U € U<y, we observe

12V, -2V <e<9/4.

n,o

<.

By Lemma 3.3, if [a]* is (7, €)-good, we have
12V —w(U,2)| < p<9/4.
The same lemma also implies that z € D and that Y*(z) > 1 — p. Thus, 2 satisfies
the hypothesis of Lemma 3.4, which implies
lw(U,2) —e V| <v=20/4.
Using the previous three inequalities and (3.8), we conclude
o (1 1) et

= "_9
Auty(U) =

U _
B el el

‘An,[a]'}]" ‘ B Autu(U)

provided that n is large enough. In the last inequality we used that zU_ < 1 (this

n,a
can be obtained using a similar argument as the one used to obtain (2.1)). O

Proposition 3.6. For ecvery ¥, every € and every £ such € < 1/e, if v < vo(9, ),
kv > ko(0,¢,0) and n is large enough, then for every box [a]” which is (v, €)-good
and every T € T<y

a(T) e~ ITl
n Aut(T)
Proof. Again, let us start by fixing the constants that we will need in the proof.
For v := we let pg = po(v,¢) be the value obtained from Lemma 3.4. For

<.

9
4T<e]?
p < po, we let vo = vo(p, ) (= 10(9,£)), &0 = &o(p, €,£) be the values obtained from
Lemma 3.3.
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Observe that, if we fix T € T<, the function w(T,z) is a piecewise polynomial
in the set of variables {2V : U € U.} that it is continuous at every point of (R, )He.
Since D is bounded, there exists £; such that for every £ < & and every z at
distance at most 1 from D (in the ¢, norm), we have

9
w(T,z) —w(T,z—&j)| < —— .
o) ~ (T2~ )] < g7

For ¢ := min{&, &1}, we let kg = ko(e, &) (= ko(,€,£)) be the value obtained
from Lemma 3.3. Fix k. > ko and consider n large enough. By Lemma 3.3, if [a]™
is (7, €)-good and we write 2 := z,, o — &j, we have 2 € D and Y"(2) > % — p. Thus,
z satisfies the hypothesis of Lemma 3.4 and we have

)
,A — 7|T| < = .
lw(T,z) —e | < v 7]

Using the previous inequalities, we obtain

v
2|T<el

By Lemma 11 in [CP15], there exists a constant C' that does not depend on n such
that

(T, Zn,0) = €| < Jw(T,2n0) = (T, 2)| + |w(T,2) — e T1] <

=]
(3.12) a(T) > wT,zna) C > e 2 ’
n Aut, (T)  n = Aut,(T) 3|T<|
where the last inequality holds provided n is large enough. This proves one side of
the inequality in the statement.
By Lemma 2.2, if we let ¢ be large enough with respect to ¥, we have that
e |7l U

(3.13) S
TeTe, Aut,.(T) 3

We can assume that ¢ > ¢, up to increasing the value of k, and n.
For the sake of contradiction, suppose that there exists T € T<; such that

Q(ZO) Ai;:g“lo) + 9. Then, using (3.12), (3.13) and the properties of Ty, we get
a(T) eIl 29
T Dl S R Y
TeTee n TeTe. Aut,.(T) 3
thus obtaining a contradiction and concluding the proof of the lemma. (Il

3.3. Proof of Theorem 1.2 for classes of forests: the case of 1 or 2 con-
nected components. For every d and every ¢, consider the set of vectors in &

that are 0-close to the distribution as, (recall that for T € T, axo(T) = %);
that is,

=5 |B(T)
(3.14) E(0,0) =€l T aoo(T)| < 6, for every T € T<y ¢ .

In what follows, for every set of graphs &, every £ > 1 and every 8 € &, we let
Sn. be the set of graphs G in S, such that a%(T) = B(T) for all T € T<,.
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Proposition 3.7. For every 61 and every U € U, there exists ¢ such that for every
(-tight class G of forests and every large enough n, we have

|BU‘ o172 e\l
|Gy Aut, (U)

<0.

Moreover, for every 01, every d, every { and every U € U, there exists ( such that
for every (-tight class G of forests and every large enough n, we have

ZBEE(&,@)
]|

Bf{]
s -1 <6, .

Proof. We start by fixing the constants needed in the proof. For ¢ := 6;/8 and
¢ = |U|, we let v9 = 10(,£) be the constant obtained from Proposition 3.5. Fix
v < 7. Forn:= 62 , we let €9 = €(y,n) be the constant obtained from Lemma 3.1.
For ¢ := min{ey, 1/¢,601/8}, we let ko(V,¢,¢) be the maximum of the constants
obtained from Lemma 3.1 and Proposition 3.5. Fix k. > k. Let ¢ be the minimum
between the constant obtained from Lemma 3.1 and 6;/8. Let n be large enough
with respect to all the previous parameters.

Now that € and k. are fixed, we consider as before the family U. C U of unrooted
trees of order at most [¢~!] and the family 7. C T of all rooted trees of order at
most k.. We also let w and K, and the collection of boxes {[8;]",1 <1i < K} be
defined (relatively to the values of € and k) as in Section 3.1. We recall that these
boxes satisfy (3.2), and using (3.1) we note that Efil [ A, (8:12 ] = |An|.

We can write,

BU —|U|
| n|_ —-1/2 € ’ + €

—|U
e Z |B ﬂz]“" _e 12 ¢ vl
|Gl Aut, (U) |G Aut, (U)

i=1

< Z |B7[l],[ﬁi]“’ _’_L Z |BU |
= 1Gn |Gn| n,[Bi]®

i¢Good. "l ieGood., .

172 e~ 1UI 971
Aut, (U) 8

By Proposition 3.5, for every i € Good, . and every U € U<, we have

\BU | ;IU\ |A || < ﬁ
mie | R o) Ml =g
By Lemma 3.1, we have
1BY 5.1 1B 5.0 | 0
Z (B Z l,g[ﬂl] <p=-,
1¢Good~ ‘gn| i¢Good, . | n| 4



LOCAL CONVERGENCE AND STABILITY OF TIGHT BRIDGE-ADDABLE CLASSES 17

Let M be the number of boxes [5;]* that are non-empty. Clearly, M < |G,]|.
Therefore,
U —|U]|
|5 | _e12_ ¢ '
|Gl Aut, (U)

01 01 M e*|U‘ 1 67‘U| 01
< = ol | = /2 71
=1 TRG T | A (0)]G] ieg% Mgzl | = | T
< ﬁ + ‘-Anl EieGood.yy€ ‘Aﬂ,[@]jj’l _em1/2 e~ Ul
-2 |Gl Ayl Aut, (U) -

Again, by Lemma 3.1 and using that S = | |Ap,(8:12 | = [An|, we have

2 igGood,. [An.[8.1¥ ] b1

z:ieGood%E An7[ﬁi]1qu| Y1
Al =T

| An|

Since G is a (-tight bridge-addable class, by definition, using Theorem A and pro-
vided that n is large enough, we obtain

< Al
|G

—1l =

(1=¢e ' <(1+Q)e M2,

Since ¢ < 60,/8, we obtain

BY| i eV 61 0 01 _1y2_elY
L2 B (8 (14D L

G ¢ Awm | S22 T\Uts) Ut ¢ AuL )
01 01 ~1/2 67|U‘

S S VL

=2 T Ao =0

This concludes the proof of the first part of the proposition.

For the second part, let us proceed by contradiction. Suppose that there exist
0, 0, £ and U € U, such that for every ( there exists (-tight class G and a large
enough n with

sezn [BLs] ey
B| '
or equivalently,
> 8¢s(5,0) Bg[ﬂ‘

3.15 —_— >0
19 8]

Note that by the first part of the proposition with §; small enough, we have that

U —
‘Igzll is arbitrarily close to e~/ 2A3T(U), for ¢ small and n large enough. Thus,

there exists a uniform constant ¢(U) > 0 such that |‘ga > ¢(U), and (3.15) is

well-defined.

Let n = 0c(U) and let 9 = §/2. As in the first part of the proposition, we
can choose 7, €, k., ( and n, such that Lemma 3.1 and Proposition 3.6 can be
applied. We skip the details of this setting. We will again consider the set of boxes
{[8:]¥ : 1 <i< K} of &, fixed in Section 3.1. For every o € &, , we consider its
canonical projection 7(«) onto & obtained by selecting the first || coordinates of
a.
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Claim. Let o € [5;]", for some i € Good . Then w(a) € Z(6, 7).

Proof of the Claim. By Proposition 3.6 and since [3;]* is (v, €)-good, for every T €
T<¢ we have

Bi(T) e
‘ n Aut,(7)

Since a € [5,]", for every T € T<i,, we have |3;(T) — a(T)| < w. The choice of

Bi(T) (T) s s :
B -2 < g, if n large enough. Since

<.

w does not depend on n, and thus,
{ < k., for every T € T<; we have

a(T) eIl )
- v+ - <.
n Aut,(T) v 3
We conclude that 7(«) € Z(6, £), which proves the claim. O

As a direct corollary of the claim, we get

U
Bnﬁ‘ < Zié(}ood%E B

U
n,|

ZB¢5(6,€)

Bilv
|87 - =
By Lemma 3.1, it follows that
U U
Zﬁ(;ZE(zS,Z) Bn,B‘ |B,] Zigcoodw Bn,[ﬂi]w 1B
U S U : = U -1 S 9 )
187 1B |Bn| 187

where we have used |BY (8w | < |Bn,[s,]w|; giving a contradiction with (3.15).
]

3.4. Proof of Theorem 1.2 for classes of forests. We now prove the main
result of this section, Theorem 3.8, that is equivalent to our main theorem for
bridge-addable classes of forests.

We say that an edge e in a graph G € G is removable if the graph G' = G \ e is
in G. For a subclass H C G and a rooted tree T € T, we define p(H,T) to be the
probability that given a uniformly random graph H € H, and a uniformly random
pendant copy of T in H, the graph H' obtained by deleting the edge that connects
the pendant copy of T to the rest of the graph belongs to G (and not only to H).
We do a slight abuse of notation by writing p(G,T) for p({G},T), for each G € G.
Also, in the cases where p(G,T) is not well-defined (that is, if G has no pendant
copy of T'), we interpret the probability as 1.

Recall the definition of Z(d, ) given in (3.14), and recall from Section 2.2 that
we use the notation {Uy,Us, ..., U} to denote the forest formed by a multiset of
k unrooted trees.

Theorem 3.8. For every k > 1, every 0y and every Uy, ..., Uy € U, there exists
such that for every (-tight class G of forests and every large enough n, we have

( | g§+1,{U17...,Uk} e e Sk Ui )
3.16 — — e~ < 0 .
|G| Aut, (Uy, ..., Uy)
Moreover, for every k, every £, every 0y, every 6 and every Uy,..., Uy € U, there

exists ¢ such that for every (-tight class G of forests and every large enough n, we
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have

> Bez(5,0) gs?/rsl’{Ul """ o

g£+1a{U17~--7Uk}

(3.17) — 1] < 6.

Proof of Theorem 3.8, first part. We prove the first statement of the theorem by
induction. Proposition 3.7 proves the case k = 1. Assume that the statement is
true for k — 1 and let us show it for k. Fix Uy,...,U; € U and let u = max |U;].

We consider the following total order on the subsets of {1,...,n}; for every
Vi, Vo C{1,...,n} we have V; < Vi if |V1| < |Va| or |V4| = |V2| and Vi precedes Vs
in lexicographical order.

Let m(Uy, ..., Uy) be the number of graphs isomorphic to Uy, among Uy, . .., Ug.
Observe that

(318) Autu(Ul, ey Uk) = m(Ul, ceey Uk)Autu(Uk)Autu(Ul, ey Uk—l) .

For every subset of vertices W C {1,...,n}, we use G[W] to denote the graph
induced by W in G. For every unlabeled graph U, the notation G[W] = U, not
only denotes graph isomorphism, but also that W induces a maximal connected
component in G.

Given disjoint sets V1,...,Vix_1 C {1,...,n}, consider the graph class

HVa, .., Vier) = {GI{1,...,n\UEZ V] - G €6, GV = UL, ... ,GVioi] = Up_1} -

In order to avoid considering the same tuple multiple times, we define the set of
(k — 1)-tuples of disjoint subsets as follows,

(3.19) V={(V4,...,Vi1), Vi C{1,...,n} disjoint; if U; = U; then V; < V;} .

We write H = U(Vl,...,kal)EVH(‘/lv ceey Vk—l)-

Since G,, is a bridge-addable class on {1, ..., n}, then we have that H(V7,...,Vi_1)
(for every (Vi,...,Vk_1) € V) is also a bridge-addable class on {1,...,n}\ U=}V,
It is worth stressing here that |{1,...,n} \ USZ}V;| > n — (k — 1)u is large enough
(provided n is large enough), and thus, our previous results can be applied to these
classes of graphs.

Consider the graphs in G,, with £ + 1 components such that the k smallest ones
are isomorphic to Uy, ..., Uy and where one component isomorphic to Uy, is marked.
By counting these graphs in two ways, for n large enough, we have

= Z |H2’Uk(V1,...,Vk_1)| .
(Vl,‘“,Vk_l)GV

(320)  m(Uy,...,Uk) ‘ggﬂvwh...,vk}

Therefore,
gk+17{U1-,--~7Uk}

B 1 Z (|H2’Uk(V1,...,Vk_1)|

|Gl mU, U)o 40 G\ (Ve Vi)
(3.21) . |H(Vla"-aVk—1)| . |H(1)(Vlv"'vvk—1)|)
[HO Vi, Vi) |Gnl
Thus it suffices to estimate the three ratios in the sum above.
Let 6; := %’“ and 0,_1 := %. Let (; be the constant obtained from Proposi-

tion 3.7 with 6, and U = Uy. Let (s be the constant obtained by induction with
k—1, 0,1 and Uy,...,Us_1. We set (o := min{(y, Co, 5, k72 }.
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Let us first show that most of graphs in H are in classes H(V1, ..., Vix—_1) that are
close to be tight. Let Vo C V be the set of (k — 1)-tuples such that H(Vi,..., Vi_1)
satisfies

(3.22) Pr(H € H(Vi,...,Vi_1) connected) > (14 ¢o)e /2,
and let Ho = Uy, vi_yevo H(Vi, oo, Vi),
Claim. There exists (3 such that if G is (3-tight and n is large enough, we have
[Ho| < ColH] -
Proof of the Claim. For any (k — 1)-tuple of trees (Wq, Wa, ..., Wi_1), we define
TJWy, oo, Wi Vi, ooy Vielr) =
={G[{1,...,n}\UZ}Vi]: G € G, GIVi] =W1,...,G[Vi1] = Wi_1} .

As in (3.19) to avoid problems of multiplicity, we define the following subsets that
generalize V),

V(Wl, .. -7Wk71) = {(Vl,. . -7Vk71)7 Vi C {1, . ,n} disjoint; if W, = Wj then V; < ‘/J} .

We stress here that for any non-empty class J(Wq,..., Wr_1;V1,...,Vk_1) such
that H(V1, ..., Vk_1) is non-empty, we have |W;| < u, for every 1 < i < k—1. Asbe-
fore, we note that J(W1,..., Wi_1;V1,...,Vx_1) is bridge-addable. We will write
j(Wl, ceey Wk—l) = U(V1,...,Vk71)EV(W1,..A,Wk71)j(W1’ e WiV Vk—l) and

j: U j(Wl7"'7Wk71)7
{Wi,...Wi_1}
where the union is taken over multisets of trees {Wi,...,W;_1} and where for
each multiset an arbitrary ordered tuple (W7,...,Wj_1) is chosen. Thus, J can

be understood as the set of graphs in G,, with at least k¥ components where exactly
k — 1 of the non-largest ones are marked. In particular,

(3.23) |T| = Z (’“ Zi; 1) G+

320

Let n = CS’ and m such that me_k % < nand m > k. By Lemma 2.1 there
exists ¢4 such that if G is (4-tight and n is large enough, for every 1 < i < m we
have

i i—1
97 _ (3)

|Gnl (i —1)!

Moreover, using the previous bound and (2.1), if i > m,

9] _ G +¢)"
Gl = G D)}
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Therefore from (3.23) we obtain

14 3kt —k (L4 3)) 1 m—k+1 1
\T| = (2(k 501))' Z M + <2 +C§’> Z = Gl
’ j=0 J: jomek

l:l: 3 k—1 5
- (2(k<01))! (/2250 2 20) 1G]

2
(324) = (1 = fo) /2P|

since (o < k72 and (o is a small constant.

Now we set (3 := min {%,g}. Fix Wi,...,Wi_1. Since T (Wi, ..., Wi_1)
is a disjoint union of bridge-addable classes (J(W1,...,Wr_1;V1,...,Vi_1), for
each (V1,...,Vi_1)) of graphs with n — Zf;ll |W;| > n — (k — 1)u vertices, if n is
large enough, by Theorem A applied to each class J (W1, ..., Wi_1;Vi,..., Vk_1),
we have

|T (Wi, .., Wi1)] < (14 G)el/?|gh W Wi}

@ 1/2| ok AWi,....Wi_1}
3.25 < (1 AW s W1}y
(3.25) _( T TopaE ) © GF |
Since there are at most (u*)* multisets of unrooted trees {W71, ..., W} of order at

most u, from (3.24) and (3.25), we have that for every Wy,..., Wj_1,
T (Wh,o Wimn)| 2 (1= G /5)et /2| G T Wi

This holds in particular for H = J(Us,...,Uk_1), implying

(3.26) |G Uil < (14§ f4)e ™ 1]

since (p is a small constant.
For the sake of contradiction assume now that |Hg| > (o|H].

Since H \ Hy is a disjoint union of bridge-addable classes on n — Zf;ll |U;| >
n — (k — 1)u vertices, provided that n is large enough, Theorem A implies Pr(H €
H\ Ho connected) > (1—(3)e~ /2. Moreover, by definition of Hg, we have Pr(H €
Ho connected) > (14 (y)e™ /2. We obtain
GEAVLUk—1}| — Pr(H € H connected)|H|
=Pr(H eH \ Ho connected)|H \ Ho|+Pr(H € H, connected)|Ho|
> (1= G)[H \ Hol + (1+ Co)[Hol) e~/
> (1+ ¢ — G+ CoGs) e V2H|
> (1+¢3/2) e 2m]
which gives a contradiction with (3.26). This concludes the proof of the claim. O

We now set ¢ := min{{p, (3}, where (3 is the one given by the previous claim.
Let (Vi,...,Vi_1) € V\ Vo; that is, the class H(Vi,...,Vi_1) is (p-tight (and
thus, also (;-tight). By Proposition 3.7 applied to the class H(Vi, ..., Vi_1), with
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the chosen 6, and U = Uy, and since the class is (;-tight and its elements have at
least n — 25;11 [Vj| > n — (k — 1)u vertices, we have
(H2UR (Vi Vied)| 12 e~ Ukl N O

HOV, .., Vil Aut, (Uy) — 8
Since H(V1, ..., Vk_1) is bridge-addable and since (Vi,...,Vi_1) € V\ Vy, by The-
orem A and by definition of V)

[H(V1, ooy Viesr)]
|[HO(Vy, .o, Vi)
We proceed to bound the contribution of classes indexed by Vy. Using again the
previous claim,

(3.29)

(3.27)

(3.28) =e2(1+¢) .

S MO WA, V)] < [Hol < GolH|

(Vl,...,Vk,1)6V0
< Co(1—Co)7HH N\ Hol
<k Y HOMa Vil
(Vi Vi 1) EV\ Vo

where the last inequality comes from (3.28) and the fact that (j is a small constant.
Therefore,

Gr Ul = YT OV Vi)
(Vl ..... Vk,1)€V
= (1£2¢) > HD (A, Vi)

(Vl,...,Vk_l)EV\Vo
Using the induction hypothesis for k — 1, with the chosen 0,_1 and Uy, ..., Ug_1,
and since G is (o-tight and its elements have at least n — 25;11 Vil >n—(k—1)u
vertices, it follows that
E{U1,....Uk—1}
DV, ..., Vi ’gn
Z ‘H ( 1, s Vi l)l :(1i2<—0)_1

v ey, 190 G,
= U 6
=(14+2¢)"! -1/2 e i—k
i (e Auty (U, ..., Ug-1) ~ 8
k=177,
(330) —_ 671/2 e Zi:l IUz‘ ek‘

+—.
Autu(Ul,...,Uk,l) 4
We are now ready to estimate (3.21). We rewrite (3.21) as

gﬁ+17{U1,~~7Uk} 1
|G| - m(Ul,...,Uk)(

where Xy, and Xy\y, are the contribution to the sum of the elements indexed by
Vo and by V \ Vy, respectively.

To estimate Xy,, we note that |H(Vi,...,Vi_1)| < e|HM(V4,...,Vi_1)|, since
the class H(Vi,...,Vik_1) is bridge-addable and using Theorem 2.5 in [MSWO05].

ZV@ + ZV\VO) .
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Using (3.29), we obtain

€Co|7'[| Qk
Yy, < <30 < —.
Yo S g S G <5
To estimate Yy y,, we use (3.27), (3.28) and (3.30), to obtain that
e~ Z?:l Ui | %

Sy, = e 2 +
VWo =€ Nty (Un)Aute (Us, ..., Us_1) 2

Using the previous two estimates and (3.18), we get

g11i+17{U1,...,Uk} 1 e o T, (U]
Gl om0 ¢ At Un) At (O, Oy O
_ 12 ¢ X Uil 19
B Aut,(Ur,...,Ug)
0

Proof of Theorem 3.8, second part. We use induction on k. For k = 1, the state-
ment we want to prove is directly given by Proposition 3.7. Assume now that the
statement is true for k — 1.

Set 6, := e~ 1/2 ?,;:u, 0i. By the induction hypothesis, for ¢, ;1 := %, Op—1 =

26 and Uy, ...,Uk_1, there exists (x_1 such that if n is large enough, we have
E Ut Ug—1} R
1) 2 pgzsi1.) |Inip O
gk,{U1,~~7Uk—l} 8

Since the first part of the theorem for £ is already proved, we use it to estimate the

ratio between Gi T {Ur-Urt anq Qﬁ’{fh """ Ur=1} For the first one we use the first
part of the theorem for k& with 6 := % and Uy, ..., Uy and the corresponding ;.

For the second one we use, as before, the first part of the theorem for £ — 1 with
Orx—1 and Uy, ..., Ui_1 and the corresponding (x_1. Set ¢ := min{{x_1,(;} and let
n be large enough.

Using (3.18), it follows that

k N
k+1,{Uy,..., U, 71/2 e~ =1 U]
‘gn U k}‘ o € Aut,, (Uy,...,Uy) - 0k/8
kA{U1,....Us—1}| —yvk=1 v, A
g —1/2__e” Zi=1 7i
| n | e~ 1/ F T (P frary i@k/8

3.32 e 1 L
( ’ ) o m(Ul,...,kal)Autu(Uk) ( 3) ’

Let T1,...,Ts be all the possible rooted versions of the unrooted tree Uy. Observe
that |T;| = |Ux| and that

ZS: L U
P Aut.(T;)  Aut,(Ug)

(3.33)

Recall the definition of p(H,T) given at the beginning of Section 3.4. We per-

form an exact double-counting argument between the graphs in gﬁ’{U““’U"'*l}
. k4+1{Uy,....Ux} __ - ] : kAU, Uk—1} . .

and in G, using p(G, T;) with G € G, , similar to the one

used in Section 2.1. In one direction, for any such graph G, we have exactly
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i a%(T;)p(G, T;) ways to construct a graph G € ghriAUL- Ui} by removing
an edge. In the other direction, there are exactly m(Uy, ..., Ug)|Uk|(n— Zle |U;|)

k,{Ul ..... k?-‘rl,{Ul,‘..,Uk
Gn

ways to obtain a graph in U=} from one in Gn } by adding an

edge. Therefore, we have
> > o%(T)p(G, T))
kAUL,..., Up_1} i=1

k
Uj|> g

=1

(3.34) =m(Uy,...,Us)|Uy]| <n—

Using (3.32) and (3.33), it follows that

ZGGQQ{UL---,UJCA} Sl a%(T)p(G,T;)
n‘gﬁy{Ul ,,,,, Uk—1}|

m(U.... UV (n = Sy [U]) g0
n|gfiv{U17---,Uk71}‘

k _
_ n—2> Ul . |Uke V] 1:|:%
n Aut,, (Ug) 3

5 =T
s (153
— Aut,(T;) 2
provided that n is large enough.
Since for every G € G,,, >.i_, a%(T;)p(G, T;) < n, it follows that

s kAU, Us_ E{Ur, Us_
S petart) (Xim BTG 1) ) gt
n|g57{U17~-,Uk71}|

(3.35)

5 —|Ti] 0

= e 1:|:57k )

— Aut,.(T;) 8

=1
If G’ is obtained from G by removing an edge that creates a component isomorphic
to Uy, then [a%(T) — oS (T)| < |Ux| < u for every T € T. Therefore, if G €
kUi Uk=1d o1 some B € E(0p_1,0), then G' € gET1UL-Usd ig quch that

o € 2(0,0) (recall that 6,_; = §/2), provided that n is large enough. We thus
obtain a local version of (3.34)

Z <Z5(Ti)p(g7]j:/{3Ulek_l}’Ti)) . ‘gsngl,‘..,Uk_lﬂ

BEE(35_1,6) \i=1

k
Sm(Ul,...,Uk)Uk|<n—ZUj|> DA

=1 BEE(3,0)
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Using (3.35), the last inequality and (3.32), it follows that

>, eIl (1 - 59k>
P Aut,(T;) 8

1 k {U U1} k{UL,....Us_1}
S k,{Ul Un_ 1} Z (Z/B ! bt ,TZ)> : |gn76 ' M ‘
nlgn |,@E

E(0k—1,0)
_ k
< Ul Z (n—20i |Uj|)|Uk||gk+1 {1V} (1 N 9k>
k1, {00
k+1,{U1,...,Us
U |e~1Ux] . 2o Bes(5.0) |gn,—; { ' ’"}| —_ 0
~ Aut, (Ug) |gk+1:{U1,m,Uk}| 3
k+1,{U1,....,U
B e |7l ZBG 6.0 9.5 okl 1 O
Z Aut ‘gﬁ+1 {U1, Uk}| + 3 )
Where we used (3.33) for the last equality. We conclude,
k+1,{U1,...,U
Toez0l9ns ML
|g71§+1 AU, Uk}| =+ Yk
which finishes the proof of the theorem. [l

4. FROM CLASSES OF FORESTS TO CLASSES OF GRAPHS

In this section we extend our results from bridge-addable classes of forests to
general bridge-addable classes. In 4.1 we prove that graphs in (-tight bridge-addable
classes tend to have many removable edges, and in 4.2 we use this property and the
results of Section 3 to conclude the proof of Theorem 1.2. We conclude with the
proof of Corollary 1.5.

4.1. Removable edges in tight bridge-addable classes of graphs. A 2-block
of a graph G is a maximal 2-edge-connected graph (we assume that the graph
composed of a single vertex is also 2-edge-connected). Every graph admits a unique
decomposition into 2-blocks, joined by edges in a tree-like fashion.

For a graph class G,,, we can consider the coarsest partition

(4.1) G = M

into subclasses Hi} ] , ’HE ]7 ... such that every two graphs in the same subclass have
the same 2-blocks. By construction, if G, is bridge-addable, then every subclass
7—[%] is also bridge-addable.

For each such subclass H, we assume that we have chosen, arbitrarily and once
and for all, a spanning tree for each 2-block of the graphs in H. We denote by
F3 the class of forests obtained by replacing each 2-block with the corresponding
spanning tree in each graph in . This is well-defined, since, by construction,
graphs in the same subclass have the same 2-blocks. Moreover, the class Fy is
also bridge-addable and the component structure (number and size) of each graph
H € H is preserved in the corresponding forest Fy € F. This construction was
introduced in [BBGO08], to which we refer for more details.
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The next lemma states that most graphs in a (-tight belong to subclasses ’Hg]
that are themselves close to be tight.

Lemma 4.1. For every (g > 0 there exists ¢ > 0 such that if n is large enough, for
any bridge-addable class G that is (-tight, the following is true. Let 7—[7[11},7-[5], .
be the partition of G, in bridge-addable subclasses defined above and let S, ((o) be
the set of values i such that

(4.2) Pr(H, € Hl connected) < (1+ ¢o)e V2,

where H,, € ’Hg] denotes a uniformly random graph in ’H%]. Then we have

(4.3) W > (1= 606l -

iESn(CO)

Proof. The proof is direct by an averaging argument in a similar way as in the
claim inside the proof of Theorem 3.8. O

A vertex v in Gy, is connected to the bulk of G, through a cut-edge, if there is a
cut-edge e incident to v such after removing e, the newly created component not
containing v has size at least 3n/4. Note that for each v € {1,...,n} there is at
most one edge e with this property. The connected component containing v after
removing e is called a pendant graph. The edge e can a priori be removable or
not, and if it is we say that v is connected to the bulk of G, through a removable
cut-edge.

Lemma 4.2. For every 0, there exist ( and { such that provided that n is large
enough, for every (-tight bridge-addable class G, we have that if G, is a graph
chosen uniformly at random in G,, and V, is a vertex chosen uniformly at random
in G, with probability at least 1 — 0, V,, is connected to the bulk of G,, through a
removable cut-edge and the corresponding pendant graph has order at most £.

Proof. We first prove the lemma for bridge-addable classes of forests and then we
transfer it to general bridge-addable classes of graphs.

Assume that G, is composed of forests. We first show that there exists ¢ such
that if G,, is a graph chosen uniformly at random from G,, then with probability
at least (1 —6/4) we have that p(G,,T) > 1 —60/4 for every T € T<¢. Then we will
prove that with probability at least 1 — 8, most of the pendant trees in G,, have
size at most £.

From Lemma 2.2, we can choose £ large enough such that

oI o= S U] 9

14
—_el/2 >1——.
TR A DI DR v i ki T
k=0 {Uy,....Ux}EU<,

TeT<e

Let T € T<, be a given rooted tree, we now show that p(G,,T) > 1—6/4. Let A
be the size of the equivalence class of the root of T' (the number of vertices where
T can be re-rooted giving rise to a rooted tree isomorphic to T'). For every k < ¢
and every Uy, ..., Uy of order at most ¢ such that Uy is the unrooted version of T,
we will write the ratio between |Q§+1’{U1"”’U’“}| and |G,| in two ways. We select ¢
small enough and n large enough, such that we can apply Theorem 3.8 for every
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k<, for 0, =0 (to be fixed later) and for every Uy, ..., Uy of size at most £. If G
is (-tight, we obtain
k+1,{Uy,...,.Ur} _Zle |U; | ~
—|Qn | =e /2 c +6.
|Gnl Aut, (Uq,...,Ug)

As before, we perform an exact local double-counting argument with the dif-

ference that now we only count those graphs G’ € QQH’{U“”’U’“} that can be
obtained from G € gﬁ’{U"“"U’H} by removing an edge from where a copy of T is
pendant. This can only be done if Uy is the unrooted version of T and if the edge
that connects T' to the rest of G is removable. Moreover, if G’ is obtained from

G in such a way, for every Ty € T<; we have |a%(Ty) — oS (Tp)| < |T| < ‘%". In

one direction, given a graph G € GrtUrUs=1) there are exactly p(G,T)a%(T)
many such ways to obtain a graph in g’,i“’{Ul"“’U’“}, and in the other one, ex-

actly Am(Uy,...,Ux)(n— 2?21 |U;|) many ones. Applying Theorem 3.8 twice with
0, =0 and 6 = 9~/27 if ¢ is small enough and n is large enough, then if G is (-tight,
we obtain

|Qlf+1’{Ul""’U'“}| 1 k+1,{U1,....Up}
7 s Lyeeny ke Y
TR SR, e )
BEE(5,0)
= =1
|Gn|m (U, ..., Uy) BER0.0) Gegh U Vi) (n—>25=1 [U;)A
k{UrL,. . Us_
. 1 gk,{Ul,...,U;@fﬂ’ p(gn,é ! * 1}7T)ﬂ(T) 1 é
= G, 0 2 [ A
n LYk BEE(@,@) (TL Z]:l ‘ J |)

< 1 G T (G ) (eI +6)(1+6)

— m(Uy,...,Ug) |G| A Aut,.(T)

1 e 25;11 |U1‘ ~ 7|Uk‘ ~
<= _|el2 0 Ty ——(1 0
= (U, U (6 At oy ) PO D ey 39

e~ izt U]

—1/2

< . ) -
< Rt Oy PO D 50)

where G/, is the class formed by the union of Qs:éUl’”"U’“’l} for 5 € Z(4,£). In the

previous inequalities we have used that Aut, (Uy) = AAut,.(T) and (3.33).
Combining these two expressions and since |G| > (1 — 0~)|eri’{U1 """ U’“’l}| (by

Theorem 3.8), we obtain that for every rooted tree T' € T<y,

(4.4) p(GEAVLUkaad iy > 1 80

Now we set 6 := 06_“24'1)/10. Applying Theorem 3.8 for every k < £, 0, = 6 and

Ui, ...,Us, and using the definition of ¢

4 ‘gs—‘rl,{Ul,.“,Uk}‘ _

D

k=0Un,...,Ux €EU<,

e~ Ziz1 Uil

¢
—1/2 _ éz él Y4
Gl SO DI Auty (U1, ..., Ur) ()

k=0Ui,...,Ux€U<,

(4.5) >1-

ol >

)
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By averaging (4.4) over all k and Uy, ..., Uk_1 and using the last equation, for every
T € T<¢, we obtain

which proves the first part.

Let us now show that there are many removable edges that isolate a tree of size
at most ¢. Choose G, uniformly at random from G,, and then choose V,, uniformly
at random from {1,...,n}. Let A; be the event that V,, is connected to the bulk
of G, through a removable cut-edge and let A5 be the event that the pendant tree
rooted at V,, has order at most £. We want to show that Pr(A4; N A4y) >1—6.

Again, by applying Theorem 3.8 for every k < ¢, 0, = 0 and Uy, ...,U, and
using (4.5), we obtain

4
Z |gn,5|ZZ Z Z |g::;1,{U1,...,Uk}|

BEE(S,4) k=0Ui,...,Ur€U<, BEE(,L)

y4
> Z Z |g5+1,{U1,...,U,€}| o ée(géy

k=0Uy,....,Ux€U<,
> (1-6/4)|G,) -

Moreover, for every 5 € Z(4,£) and by our choice of ¢, we have that ZTGTQ B(I) >
eI T -

dreT, i (T §¢° > 1 —0/5. Tt follows that Pr(Az) > 1—60/2.

Assume that A, holds. Let T,, be the pendant tree rooted at V,, and note that
T, =T, for some T € T<y. By (4.6), the probability that the cut-edge that connects
V., to the bulk of G,, is removable is p(G,,, T) > 1—60/4. Thus, Pr(A4; | A3) > 1-6/4.

We conclude that

(4.7)
Pr(A; N As) = 1 — Pr(A; UAz) > 1 — (Pr(A3) + Pr(A; | A)) > 1 36/4,

which concludes the proof of the theorem when all graphs in G are forests.

In order to extend the result to general classes of graphs, we use the approach
introduced in [BBGO8]. Let G be a general class of graphs and let /HLH, LZ], ... be
the partition of G, into subclasses defined at the beginning of this section. Given
Co (to be fixed later), we let S,, = S,,((o) be the set of indices given by Lemma 4.1,
and we fix an index 7 € S,,. We let H := H%] be the corresponding subclass of G,,
and we let F3 be the corresponding class of forests. We observe that Fy is (o-tight
and bridge-addable.

Since Lemma 4.2 holds for classes of forests, we can apply it to 5. Note that if
a cut-edge is removable for a forest Fy € Fy, then the edge does not belong to any
of the 2-blocks of the corresponding graph H € #. This implies that this cut-edge
is also removable for H € H. Moreover, if its removal in Fy results in a tree of size
at most £, then its removal in H results in a graph of size at most £. Therefore,
the result obtained in (4.7) for Fy naturally transfers to the class H, provided we
change “trees” by “graphs” in what results after deleting a removable edge.

Moreover, if we choose (y small enough with respect to 6, then there exists ¢
such that if G is (-tight and n is large enough, by (4.3), at least (1 —6/4)|G,,| graphs
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in G,, are in subclasses ’HLf] with ¢ € S,,. Thus, the lemma also holds for general
classes of graphs G,. |

For every class G,, and every t > 1, if GG, is chosen uniformly at random from
G, and V,, is chosen uniformly at random from {1,...,n}, then let ¢(G,,t) be the
probability that V,, is connected to the bulk of G,, through a removable cut-edge
and the corresponding pendant graph is a tree of order at most t. Observe that
if G is a subclass of forests, Lemma 4.2 implies that for every 6, and under some
conditions, there exists ¢ such that ¢(G,,¢) > 1 — 6. Next lemma shows that the
same holds for general classes of graphs.

Lemma 4.3. For every 9, there exist ¢ and t, such that if G is a (-tight bridge-
addable class and n is large enough, then q(Gp,t) > 1 — 9.

Proof. Given G € G,, and a vertex v € {1,...,n} that is connected to the bulk
of G through a cut-edge e, we denote by X¢(v) the pendant graph (containing v)
obtained when deleting e from G. Given G,, chosen uniformly at random from G,
and V;, chosen uniformly at random from {1,...,n}, as before, we define A; as the
event that V,, is connected to the bulk of G,, through a removable cut-edge and
As as the event that X (V) has order at most t. Also, let A3 be the event that
Xeg, (V,,) is a tree. It is implicit in the definition of A2 and As that V,, should
be connected to the bulk of G, through a cut-edge, so in particular Xq, (V;,) is
well-defined. Note that

q(gn, t) = PI‘(Al N AQ n Ag) = PI'(Al n Ag) - PI'(Al n AQ ﬂA73)
(48) Z PI'(Al N Ag) - PI'(A2 ﬂfg) .

so we will proceed by bounding the last two probabilities.
We again consider the partition of G,, into subclasses ”HE ], E], ... defined above.
Given (o (to be fixed later), there exists ¢ such that for every (-tight class G, if

n is large enough, we can consider S, = S, ({p) to be the set of indices given by
Lemma 4.1. We let H := ’H?[i] be the corresponding subclass of G,,, for some 7 € .S,,,
and Fy be corresponding class of forests.

By Lemma 4.2 with § = 9/3, if (o is small enough and, n and ¢ are large
enough, since H is a (p-tight bridge-addable class of graphs with n vertices, then
the probability that a uniformly chosen vertex W;, from a uniformly chosen forest F;,
in F connects to the bulk of F,, through a removable cut-edge and that Xp (W),)
is a tree of order at most ¢, is at least 1 — /3. If this is the case, as we argued
before, this edge is also a removable cut-edge in the graph in H that corresponds
to Fy,. Thus, using (4.3) and provided that (y is small enough with respect to ¥,

(49) PI‘(AlmAQ)Z].—g—C()Z].—g.

It remains to obtain an upper bound on Pr(A; N A3). Using Lemma 4.2 again
with 05 = %, and if (j is small enough and n and ¢ are large enough, since H is (p-
tight, the probability that a uniformly chosen vertex W,, from a uniformly chosen
forest F, in Fy is connected to the bulk of F;, through a removable cut-edge, is at
least 1 — %. Using (4.3) again and provided that (p is small enough with respect

to ¥ and t, we obtain

(4.10) Pr(A)) < 2
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We claim that

(4.11) Pr(A; N Az) <tPr(4;) .
Assuming that (4.11) holds, together with (4.9) and with (4.10), we obtain
9 9

>1—2_Z>1_9.
q(Gn,t) > 5 52 Y

Thus, it only remains to prove (4.11). For this we observe that if Ay N A3 holds,
then X¢, (V,,) contains at least one vertex V,, which is not connected to the bulk
of G,, through a cut-edge (since X, (V,,) is a well-defined pendant graph, but it
is not a tree). Moreover since As holds, the graph distance between V,, and V! is
less than t. Conversely, it is easy to see that given any vertex v’, there are at most
t vertices v at distance at less than ¢ from v’ that are connected to the bulk of G,,
through a cut-edge and such that X¢, (v) contains v'. The inequality (4.11) thus
follows by double-counting such pairs of vertices. O

4.2. Proof of our main results.

We finally show our main theorem.

Proof of Theorem 1.2. Let us first prove i). We will first prove that for every k,
every 6 and every Uy, ..., Uy, and if { is small enough and n large enough, then for
every (-tight bridge-addable class G, we have

k+1,{Un1,....U} R ‘
(112 S A L Y
|gn| Autu(Ul,...,Uk)
As before we consider the partition of G, into subclasses HQ], E ], .... Given

o (to be fixed later), there exists ¢ such that for every (-tight class G, if n is large
enough, we can consider the set S,, = S, (o) given by Lemma 4.1.
Let H = ’H%] for ¢ € S, and let F4 be the corresponding (p-tight class of forests.

We can apply Theorem 3.8 for the given k, 0 = g, and the given Uy,...,Ug. If

(o is small enough and n is large enough, and since Fy is {p-tight, (4.12) holds for
F.
It follows that
GEH UL U | - Z ‘(Hg])k+1,{U1,...,U;€} + (oGl
JESn
k+1,{U1,...,U
= 3 |F et £ Gl
JESn "
=i Ui
=22 + 0, Fol
<e Aut, (U1, Uy) k) jezs P | £ ColGnl

- Uil
= e 2C 10, ) (14 ) |Gl £ GolGal
Autu(U17"'7Uk) ; ! !

-2 Uil
o P — +0
(e Auto (U, ..., Up) ) 1Gnl

provided that ¢y is small enough with respect to 6. This proves (4.12).
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To prove the first part of the theorem, let k. be large enough such that

e_ Zi'c:] |Uz‘

K.
41 -1/2 >1- 5.
(4.13) e kz=0{ul .... %Eu% Auty(Uy,...,Up) = 4
The existence of such a k, is, again, guaranteed by Lemma 2.2.
If f is an unrooted unlabeled forest composed of trees Uy, ..., U, then
’gs-',-l,{Ul,...,Uk}
Pr(Small(G,) =f) = G

We choose 0 := ek:,.?kE /2.

Let f; be a forest composed of at most k, trees of size at most k., then (4.12)
gives that |Pr(Small(G,) = f1) — peo(f1)] < €.

Let f5 be a forest with either more than k., trees or where at least one of the trees
has size larger than k.. Since p. is a probability distribution, by (4.13) we have
Doo(f2) < €/4. Since ) ¢ Pr(Small(G,) = f) = 1, using again (4.12) and (4.13), we
have

[Pr(Small(G,) = f2) — poo(f2)| < Pr(Small(G,) = f2) + poo(f2)

k. ‘gﬁ+17{Ulg--»’Uk}
<1- L —
<1-> X o

k=0 {Uy,...,.Ux }EU<,

+ Poso (fZ)

<e/A+ Ok pe/a=c.
This concludes the proof of 7).

We next prove the following property, from which i) follows directly.
i11) for every €, n, there exists ¢ such that for every (-tight bridge-addable class
G and every n large enough, if £ is a fixed unrooted unlabeled forest,

G (T)

Pr (Small(Gn) =f;vIeT:

—am(T)’ < 77) —pm(f)’ <e.

We first prove that for every 6,n, k,£ and Uy, ..., Uy, and provided that ¢ is small
enough and n large enough, we have

Zﬁea(n 0) gs?’wlwﬂk}
(4.14) |gk+1,{U1,...,Uk}| 21-9.
Recall the partition of G,, into subclasses "Hg] , ’Hg}, ... . As before, let H := ”H%]

for i € S, and let F3 be the corresponding class of forests. Applying the second
part of Theorem 3.8 with 8, = 0/4 and 6 = /2 to the class Fy, we see that if ¢,
is small enough and n large enough, then at least (1 — 6/2)|H*+1{UrUk}| graphs
G € HFFLUL U} gatisty oo € 2(6,0).

Theorem 3.8 also shows that there exists ¢; > 0 such that |H’€+1’{U1""’U’“}| >
c1|H|. By Lemma 4.3 with ¢ := ¢; min{6/4,0}, if (o is small enough and n large
enough there exists ¢ such that with probability at least 1 — ¢}, a random vertex in
a random graph of H is connected via a removable cut-edge and the corresponding
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pendant graph is a tree of order at most t. We can choose ¢t > ¢. (Note that by
doing so, we only increase the former probability.)

Therefore, if H,, is a random graph in H*¥+1{U1Us} with probability at least
1—-0/2—9Y/c; >1—360/4, for every T € T<y,

ot (T) eIl eIl
n Aut.(7) Eo£0= Aut,.(T) £20.

In other words, with probability at least 1—360/4, we have afi» € Z(2§,¢) = Z(n, {).

By i), we have that |g’;+1’{U1""’U’°}| > ¢2|G,|, for some constant ¢y > 0. There-
fore, there are at most §—°|Qﬁ+1’{U1""’U’“}| graphs in classes ’HE] that are not (p-
tight. We conclude that, provided (p is small enough, the probability that a
graph G, chosen at random from GRFAULUi} gatisfies aCn € E(n,£), is at least
1—-36/4 —(o/ca > 1 — 6. This proves (4.14).

Let A(k,v) the event that for every T € T<j we have % —ax(T)| < v (we

might write & = oo where T<oc = T).
Since we have already proved i), we have that for every unrooted unlabeled forest
f with small components Uy, ..., Uy, then

(4.15) Pr (A(co,n), Small(G,) = f) < Pr(Small(G,) =f) < poo(f) + €.
By Lemma 2.2, if k, is large enough, then

Let T" ¢ T<j, and choose p = nk; %+ /4. As before, by the properties of k. we
have that as(T") < /4 and, conditional on A(k., p), oS (T) < n/4+ pkk- =n/2.

This implies that, conditional on A(k., p), then A(k.,n) implies A(oco,n).
If f is an unrooted unlabeled forest with small components Uy,...,Uy, us-

ing (4.14), we have that for every 6,
P (A(oo,n) | Small(Gy,) =f£)
> P (A(oo,n) | Small(G,) = £, A(k«, p)) - P (A(k«, p) | Small(G,,) = 1)
> P (A(k«,n) | Small(G,) = £, Ak, p)) - P (A(ks, p) | Small(G,,) = f)
GFH1ATL Uk}| gk+1,{U1,.,.,U,€}|

n,B ZﬁGE(p,k*) n,B
k+1,{U1,....U k+1,{01,....U
> pez(ok.) [Gng {00 |GE AT Uk
k+1,{U1,....,Us}
_ Xpestmp) |np T
- k+1,{U1,...,Ux}
|gn |

_ ZBEE(n,k*)

>1-6.
By i), we may assume that Pr(Small(G,) = f) > po(f) — €/2. Choosing 6 := €/2,
we conclude
P (A(o0,n), Small(Gy) =f) = P (A(c0,n) | Small(G,,) =) P (Small(G,) =)
> (1= 0)(poo(f) — €/2) = poo(f) — €.

Together with (4.15), this proves i), which directly proves éi). This concludes the
proof of Theorem 1.2. O
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Corollary 1.5 is a simple consequence of our theorem. We conclude the paper
with a detailed proof of it.

Proof of Corollary 1.5. Let G be a graph on {1,...,n}, v € {1,...,n} and r > 1.
The ball of radius r centred at v, Bg »(v), is the graph induced in G by all vertices
at distance at most r from v.

The hull of radius r, Hg,(v) is the union of Bg,,(v) with all the connected
components of G'\ Bg,-(v) that are of size smaller than %, but are not components
of G. We view the hull H¢ ,(v) as a graph with a root (the vertex v) and a set,
possibly empty, of exit vertices (the vertices to which component(s) of size larger
than % are attached). Note that the exit vertices are necessarily at distance r from
the root. We extend the definition of hulls to infinite graphs, by replacing the
condition “size smaller than %7 by the condition “finite size”.

For k > 0, let 7,5 be the set of (unlabeled) trees with a marked root, and k
marked distinct vertices at distance r from the root (exit vertices). For T' € T,
and a rooted graph (G,v), we write Hg »(v) = T if the hull Hg ,(v) is isomorphic
to T as an unlabeled graph, where the isomorphism preserves the root and the exit
vertices (in particular this implies that Hg ,(v) has k exit vertices). Then it is
easy to see from the definition of (Fi, Vi) that we have, for any » > 1,k > 0 and
T Tk,

Pr(Hr, (Vo) =T) = ¢ (T) ,
where
eTITl if k=1
0 ifk#1,
where Autyq.n(T) is the number of automorphisms of T' preserving the path from
the root to the exit vertex. Moreover, for any r > 1 we have

(4.16) ) g =1.
E>0TET 1
Let r > 1 and fix T € 7,1, with root u and exit vertex w. Let T" be the element
of 7 obtained by re-rooting the tree T' at w, and let m be the number of copies of
the vertex u in T". Then, clearly, there are at least ma®(T") vertices v € {1,...,n}
such that Hg ,(v) = T. We thus have,

1
Goo(T) = { Autpain (1)

G T’
Pr(He, (V)= 1) > ")
n
where V is a uniformly random vertex in G. Now let G be a tight bridge-addable
graph class, and, for every n > 1, let G,, be a uniformly random graph in G,, and
let V;, be a uniformly random vertex in G,,. By averaging over graphs in G,, and

using the second part of Corollary 1.4 we obtain
(4.17)
ma % (T)

liminf Pr (Hg, »(V,,) =T) > liminf E (
n n n

) > mane(T") = guo(T) |

where for the last equality we used mAutyq,(T) = Aut,.(T”). Now since the events
Hg, »(Vn) =T for T € Ug>oT, are disjoint, we have

Z Z Pr(Hg, (Vo) =T)<1.

k>0 TET,
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From (4.16) and (4.17) we thus get that, for any r, k and T' € 7, we have
(4.18) limPr(Hg, (Vo) =T) = goo(T) .

The last equation implies that, for any rooted graph By of radius r (where the
radius is the greatest distance from a vertex to the root), we have

(4.19) limPr (Bg, »(V,) = Bo) = Pr(Br, (Vo) = Bo) .
To see this, note that for every rooted graph B, we have

Pr(Br, (Vo) =B)=Y_ > Pr(Hp_, (Vo) =T),
k>0TeT, i
T>B

where T'> B means that Br,(v) = B, where v is the root of T
It follows from this equality that for any B, any r > 1 and any €, we can
choose a finite subset 77 C Ug>7; 1 such that ZTGT,,TDB Pr(Hp, ,(Voo)=T) >
Pr (Br,_ »(Vx) = B) — €. Using (4.18), it follows that
liminf Pr (Bg, »(V,,) = B) > liminf Z Pr(Hg, (Vo) =T)
" " TeT' T>B
> ) Pr(He (Vo) =T)
TeT' T>B
>Pr (B, (Vo) =B) —¢€.
Since this is true for any € > 0, we thus have proved

(4.20) liminf Pr (Bg,, (V) = B) > Pr (Br_ » (Vo)
n

B) .
It follows that
1> liminf Y Pr(Bg, (Vo) =B) > Y Pr(Br, (Vo) =B) =1,
n
B B

where the sums are taken over all rooted graphs B of radius r, and using (4.20),
Equation (4.19) holds for every Bg. This concludes the proof of Corollary 1.5.
O
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APPENDIX A. MORE DETAILS ON THE EXAMPLE GIVEN IN REMARK 1.6

Let F,, be the class of graphs defined in Remark 1.6, and write k,, := (nQ/ 3. In
this section we prove that Fp is tight.

For i > k > 1 let a; ) be the number of connected graphs on {1,...,4} that
induce a clique on {1,...,k}, and such that contracting this clique gives a tree.
Thus the number of connected graphs in our class F,, is, by definition, equal to
@n,k,- Note that @;j equals to the number of rooted forests on {1,...,:} with k&
components rooted at 1,2,...k. Thus ( )az . is the number of rooted forests on
{1,...,4} with k& components and no condition on the location of the roots, which
is classically equal to (z:i)z’_k We thus get:

Qg = kit =F L

Observe that:

~ G—k—1 i—k
(A1) ik T 1,(1_1) .

iy (E+ 1)k 4 i+1

The number g, of all elements in the class F,, is given by:

9n a; kn, f]
A2 L —— __tsln 4]
(4.2) ey Rl D oy Al
20> kn

where f; counts unrooted labeled forests, with fo = 1. In the sum, ¢ is interpreted
as the number of vertices in the connected component containing the clique, and
we have distributed the labeling binomial (" kn ) among factors.

As F(z) = Zn>0 {3 z" and by Lemma 2.2, given € we can choose ¢ small enough
i<io fJ 27 > el/2(1 —¢) for any z > e~! — 4. Also,
given § and jp, for n large enough, we ‘have from (A.1) that for any i larger than
n — j()Z

and jo large enough such that )

_ o
_ az,kn/(.z En)! Sel_g.
i1k, /(0 +1 = kn)!

We can now lower bound the sum (A.2) by keeping the contribution of relatively
small values of j. More precisely, for n large enough, we have:

(A2)> > CEET U

= == En)! g!
ank
- n_ ' Z
J7<Jjo
&n,kn
> m61/2(1—6)~

Given ¢, consider € = (/2. If n is large enough and F,, is a uniformly random graph
in F,,, we thus have

Pr(F, is connected) = Snkn <e V21—t <1+ V2

In
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Since this is true for every ¢, the class F is tight.
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