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Abstract

In this paper, we study the mean field limit of weakly interacting particles with memory that
are governed by a system of non-Markovian Langevin equations. Under the assumption of quasi-
Markovianity (i.e. that the memory in the system can be described using a finite number of auxiliary
processes), we pass to the mean field limit to obtain the corresponding McKean-Vlasov equation in
an extended phase space. For the case of a quadratic confining potential and a quadratic (Curie-
Weiss) interaction, we obtain the fundamental solution (Green’s function). For nonconvex confining
potentials, we characterize the stationary state(s) of the McKean-Vlasov equation, and we show that
the bifurcation diagram of the stationary problem is independent of the memory in the system. In
addition, we show that the McKean-Vlasov equation for the non-Markovian dynamics can be written
in the GENERIC formalism and we study convergence to equilibrium and the Markovian asymptotic
limit.

1 Introduction

Many systems in nature and in applications can be modeled using systems of interacting particles—or
agents—that are possibly subject to thermal noise. Standard examples include plasma physics and galactic
dynamics [BT08]; more recent applications are dynamical density functional theory [GNST12, GPK12],
mathematical biology [FS17, LS16] and even mathematical models in the social sciences [GPY17, MT14].
As examples of models of interacting agents in a noisy environment that appear in the social sciences
we mention the modelling of cooperative behavior [Daw83], risk management [GPY13] and opinion
formation [GPY17].

For weakly interacting diffusions, i.e. when the strength of the interaction is inversely proportional to
the number of particles, the mean field limit for the empirical measure has been studied rigorously, under
quite general assumptions, see e.g. [DG87, G8s, Oel84]. The mean field dynamics is described by the
so-called McKean-Vlasov equation, which is a nonlinear, nonlocal Fokker-Planck type equation [McK66,
McK67, BKRS15]. This equation has been studied extensively and many things are known, including
well-posedness of the evolution PDE [CJLW17], convergence to equilibrium, (non)uniqueness of the
invariant measure and phase transitions. For example, it is by now well known that, for nonconvex
confining potentials and a quadratic (Curie-Weiss type) interaction term-the so-called Desai-Zwanzig
model [DZ78], there exist more than one invariant measures at low temperatures [Daw83, Shi87, Tugl4].
Similar results of nonuniqueness of the stationary state at low temperatures have been also obtained for
McKean-Vlasov equations modeling opinion formation [WLEC17, CP10] as well as for the Desai-Zwanzig
model in a two-scale potential [GP18].

*h.duong@bham.ac.uk
tg.pavliotis@imperial.ac.uk



Most works on the study of the McKean-Vlasov equation are concerned with the equation that is
obtained in the mean field limit of weakly interacting overdamped or underdamped Langevin dynamics.
The McKean-Vlasov equation corresponding to weakly interacting overdamped Langevin dynamics is
a (nonlinear and nonlocal) uniformly elliptic parabolic PDE and many of its properties are by now
well understood, see for instance [CMV03, CMVO06] and references therein. For weakly interacting
underdamped Langevin diffusions, the corresponding McKean-Vlasov equation is not uniformly elliptic
but, rather, hypoelliptic. However, many results are also known in this case, see for instance [DV01, Vil09]
and references therein. A recent result that is particularly relevant for the present work is that the
invariant measure(s) of the McKean-Vlasov equation in phase space have a product measure structure
and, in particular that the overdamped and underdamped McKean-Vlasov dynamics exhibit the same
phase transitions [DT16]. One of the goals of this paper is to extend this result to McKean-Vlasov
equations corresponding to non-Markovian Langevin dynamics.

To our knowledge, the mean field limit of interacting particles that are driven by colored noise, or
that have memory is much less studied. Both problems are quite interesting from a modeling perspective,
given that noise in many physical systems exhibits a nontrivial (spatiotemporal) correlation structure,
and that many interesting dynamical systems are non-Markovian. As examples where colored noise and
non-Markovianity play an important role, we mention colloidal systems and polymer dynamics [Sno07]
and nonequilibrium systems and active matter [FNC*16, MKD17]. The presence of non-white noise and
of memory renders the analysis more complicated, since, even for a finite number of interacting agents,
the corresponding Fokker-Planck equation does not have a gradient structure (for colored noise) and it
is necessarily degenerate (for systems with memory [OP11]). The main goal of this paper is to study the
mean field limit and the properties of the resulting McKean-Vlasov equation for non-Markovian weakly
interacting particle systems, under the assumption that the memory (or non-trivial correlation structure
of the noise) can be described by means of a finite number of auxiliary processes—the so-called quasi-
Markovian assumption [Pav14][Ch. 8]. The study of mean field limits for weakly interacting particles
driven by colored noise will be presented elsewhere.

Finite dimensional, and in particular, low dimensional stochastic systems with memory and or/colored
noise have been studied extensively in the literature. We mention the work on noise induced transitions
for Langevin equations driven by colored noise [HL84, HJ95] and the study of the generalized Langevin
equation, including the rigorous derivation of such non-Markovian equations for particles coupled to one
or more heat baths [RB06] and the references therein, [Pav14][Ch. 8], the study of the ergodic properties
of such systems [Tro77], of their long time behaviour [EPRB99], etc.

The starting point of the present work is the following particle system

dQ;(t) = P(t)dt (1a)
N
AP(1) = ~V(Qut) di — 1 D" VU(Qilt) — Qs(0) dt + AT Z(r) di (1)

Here, i =1,...,N, (Q:, P;, Z;) € R? x R x R¥™ =: X; \ € R¥™*4 and A € R¥™X9™ are given matrices
with A being symmetric positive definite; 8 > 0 is the inverse temperature; and V,U : R — R are
confining and interaction potentials, respectively.

This diffusion process in the extended phase space X is equivalent to the system of weakly interacting
generalized Langevin equations,

Ql:_vv(QZ)_%quU(Ql_Q7)_Z/O ’yij(t—S)Qj(S)dS-‘rFi(t), iZl,...N, (2)

where F'(t) = (Fi(t),... Fn(t)) is a mean zero, Gaussian, stationary process with autocorrelation function
E(Fi(t) Fj(s)) = B~ i (t — 5).

We can obtain the Markovian dynamics (1) from the generalized Langevin dynamics (2), under the
assumption that the autocorrelation functions [’yij(t — s)]i’jzlw,m are given by a linear combination of
exponential functions [OP11]. In this case, the memory of the system can be described by adding a



finite number of auxiliary statinary Ornstein-Uhlenbeck processes. Approximating arbitrary Gaussian
stationary processes by a Markovian process in a rigorous, systematic and algorithmic way is still an
open problem, related to the so-called stochastic realization problem [DM76, LP85], see also [Kup04].
A recent approach to this problem, based on the representation of the noise by an infinite dimensional
Ornstein-Uhlenbeck process is presented in [Ngul8], see also [Ott11]. We plan to return to the combined
Markovian approximation—mean field limit in future work.

It is possible to study the hydrodynamic (mean field) limit, i.e. to show that the empirical measure

N
1
PN = > 0@u (0.0 Zu(t)

i=1

converges to the solution of
Bip = — divg(pp) + div, [(qu(q) + V.U plg) — ATz)p} +div, [(p)\ + Az)p} + 571 div,(AV.p), (3)

where the convolution VU * p is defined by (V,U % p)(q) = [ VU(q—q")p(d',p',2") dq' dp'dz'. We will
refer to Equation (3) as the generalized McKean-Viasov equation (GLMYV) for p = p(t,q,p,z). It is the
forward Kolmogorov (Fokker-PLanck) equation associated to the following generalized McKean-Vlasov
SDE

dQ(t) = P(t)dt, (4a)
dP(t) = —VV(Q(t))dt — VU * p:(Q;)dt + N Z(t) dt, (4b)
dZ(t) = —Pt)\dt — AZ(t) + /28~ LAdW (t). (4c)

where p; = Law(Q(t), P(t), Z(t)). The rigorous passage from the particle approximation (1) to the gener-
alized McKean-Vlasov SDE (4) and the mean field limit for small Lipschitz interactions, can be justified,
in principle, using the coupling approach developed in [BGM10], see also [Duol5]. The smallness restric-
tion on the interaction can be removed using the results presented in [Mon17]. These papers consider the
case of interacting underdamped Langevin dynamics, but it should be possible to use similar techniques
in order to study rigorously the mean field limit for the generalized Langevin interacting dynamics. We
mention that the system interacting particles that we study in this paper is similar to systems of inter-
acting nonlinear oscillators, coupled to two heat baths at different temperatures [EPRB99]. Two related
equations that also play an important role in this work are the overdamped McKean-Vlasov equation,

B = div [(VV VU p)p} 87 1Ap,
and the underdamped McKean-Viasov equation
Op = —divy(pp) + divy [(VqV(q) + VU * P(Q))P} + 7y divy [pp} + 87 App.

The generalized Langevin equation, i.e. Equation (4) in the absence of an interaction potential (U = 0),
has been studied extensively. In particular, the ergodic properties and the hypoelliptic and hypocoercive
structure of the dynamics and of the corresponding Fokker-Planck equation have been analyzed in [OP11]
where the homogenization and overdamped limits are also studied. Another recent paper that has
motivated this work is [DLPS17] where the overdamped limit of the underdamped McKean-Vlasov
equation has been derived using variational and large deviations approach. In this paper, we generalize
these aforementioned results to Equation (4) for a quite broad class of confining and interaction potentials.
We obtain the fundamental solution (Green’s function) for the generalized McKean-Vlasov equation (3)
for the case of a quadratic confining potential and a quadratic (Curie-Weiss) interaction. For nonconvex
confining potentials, we characterize its stationary state(s) showing that the bifurcation diagram of the
stationary problem is independent of the memory in the system. In addition, we study convergence to
equilibrium and the Markovian asymptotic limit for both the finite system (1) and Equation (3) using the
formal perturbation expansions method developed in [PS08, Pav14]. Furthermore, we demonstrate that
Equation (3) shares a similar GENERIC (General Equation for NonEquilibrium Reversible-Irreversible
Coupling [Ott05]) structure, which is a well-established formalism for non-equilibrium thermodynamical



systems unifying both reversible and irreversible dynamics, with the overdamped and underdamped
McKean-Vlasov equations.

The rest of the paper is organized as follows. In Section 2, we calculate the spectrum of the Fokker-
Planck operator associated to the finite system (1) and construct the fundamental solution to the mean
field equation (3) in the case of quadratic confining and interaction potentials. In Section 3 we study
nonconvex confining potentials. We provide a characterization of stationary states, study phase transition
and show convergence to a stationary state. In Section 4 we recast the generalized McKean-Vlasov
equation into the GENERIC framework, obtaining an alternative derivation of its stationary solutions.
In Section 5 we study the white noise limit for the generalized McKean-Vlasov dynamics, both for particle
system and for the mean field limit. Finally, a brief summary of the results obtained in this paper and
discussion on future work are presented in Section 6.

2 Quadratic confining and interaction potentials: calculation of
the fundamental solution, spectral analysis and convergence
to equilibrium

In this section, we compute and compare the spectrum of the three operators associated to the over-

damped McKean-Vlasov dynamics, the underdamped McKean-Vlasov dynamics and the generalized

McKean-Vlasov (gMV) dynamics. In particular, in Section 2.1 we study the finite dimensional problem,

and in Section 2.2 we calculate the spectrum and the fundamental solution of the mean field PDEs, for
quadratic interaction and confining potentials.

2.1 Finitely many weakly interacting particles

We consider the following N-particle weakly interacting particle systems where the dynamics of the
i-particle (¢ = 1,..., N) depends on the average interaction with all other particles.

e The overdamped McKean-Vlasov (oMV) dynamics

dX; = -VV(X dt——ZVUX — X;)dt + /28-1dW;. (5)

e The underdamped McKean-Vlasov (uMV) dynamics

P, = —-VV(Q dt——ZVU — Q) dt — yP;dt + \/2yn~1dW;. (6b)

e The generalized McKean-Vlasov (gMV) dynamics

dQ;, = P dt, (7a)
AP, = —VV(Q;)dt — — ZVU — Q) dt + Az, dt, (7b)
dZ; = —P\dt— AZ;dt+ /2B-1AdW;. (7¢)
In this section we consider the case where both the external and interacting potentials are quadratic
1 1
V(§) = §w252 and U(§) = 577252- (8)

In this case, all the dynamics can be written in the form of a (possibly degenerate) Ornstein-Ulenbeck
process [MPP02, LB07, OPPS15]

dyN = BNYN dt +/28-1DN dW¥, (9)

with the corresponding state spaces, drift and diffusion matrices (written using block matrices):



e The quadratic oMV dynamics

Vv = (X1,...,Xn) € RN QNyy = Lanwan;
_(w2 4 N]GIWQ) L2
BN, = : . : c RIN XN
%772 —(oﬂ n N]\71n2>

e The quadratic uMV dynamics

0 I 00
yﬁvjv:(Ql,...,QN,Pl,...,PN)GRQdN, BiVMV: 3 D7]J,VMV: .
By | = 0]~

e The quadratic gMV dynamics
YN =@Q1,....QN. Pr,... . PN, 2}, 2, 2y, Z3) € REFMIAN,

0 I 0 ... 0 00 0 0

BN, 0 D VI 00 0 0

BéVJWV — 0 A1 —ay ... 0 , DéV]VIV _ 0 o 0
0 —XAn 0 ... —ap 00 0 ... anm

2.1.1 Calculation of the spectrum and of the fundamental solution

The quadratic cases are of special interest because we can characterize the spectrum of the dynamics
explicitly enabling us to compare their spectrum and rates of convergence to equilibrium. Our analysis
will be based on the result in [MPP02, OPPS15] on the description of the spectrum of general hypoelliptic
quadratic systems. Before introducing the result, we need to recall the relevant concept of hypoellipticity.
We consider the following general Ornstein-Ulenbeck operator

P = Bz -V +div(DV), z¢cR% (10)

where B and D are real d X d-matrices, with D symmetric positive semi-definite. We say that P is a
hypoelliptic Ornstein-Uhlenbeck operator if one of the following equivalent conditions (thus all of them)
holds

(i) The symmetric positive semidefinite matrices

¢
Dt:/ e*BDesB" ds (11)
0

are nonsingular for some (equivalently, for all) ¢ > 0, i.e., det Dy > 0.

(ii) The Kalman rank condition holds
Rank[B|D?] = d

where [B|Dz2] = [D2,BDz,...,B%1Dz] is the d x d* matrix obtained by writing consecutively
the columns of the matrices BI D2 (j=0,...,d—1) with Dz the symmetric positive semi-definite
matrix given by the square root of D.

(iii) The Hérmander condition holds, i.e., the Lie algebra generated by Yp, X1, ..., X4 has full rank at
every point in R?,
vz eRY, RankL(Xy,...,Xq Yo)(z) =d,
with
d
Yy:=Bz-V, X,= ZDijawj,i =1,....d.

Jj=1



It is known that [Kol34, LB07] when the Ornstein-Ulenbeck operator P in (10) is hypoelliptic, then it
has a smooth fundamental solution T'(¢, z,y) given explicitly by

D(t,2.y) = L= BT (@ Py, (12)

1
m) /et D; P ( 1

where D, is given by Equation (11). Furthermore, it admits a unique invariant measure that is absolutely
continuous with respect to the Lebesgue measure du(z) = p(z) dz with

— 1 1 T -1
p(l’)— (47T)d/1\/(mexp( 4.T Doo .’E)’

where
o0 T
Doo:/ e*BDe’B ds.
0

We will make use of the following result.
Proposition 2.1 ( [MPP02, OPPS15]). Suppose that
P = Bz -V +div(DV), z¢€R%

is a hypoelliptic Ornstein-Ulenbeck operator that has the invariant measure dy(x) = p(x)dz. Then the
spectrum of the operator P : Li — Li equipped with the domain

—_ 2. 2
D(P)={u€ L, : Pue L,},
is only composed of eigenvalues with finite algebraic multiplicities given by
o(P) = { Y Ma:he N}. (13)
A€o (B)

We note that in [MPP02] the spectrum in all LT, spaces is calculated. By direct verification, see
for instance [OPPS12, Section 4.2] for such a verification for similar models, one can show that all the
quadratic systems considered in the previous section are hypoelliptic. To characterize their spectrum,
according to Proposition 2.1, we need to calculate eigenvalues of their corresponding drift matrices B.

e Spectrum of the quadratic oMV dynamics. The eigenvalues of B, can be found by direct com-

putation:
o(Bly) = {—w? —(w* +7°)}.
Thus
o(LNv) = {—w?k1 — (W2 +17P)ky : ki, ko € N}

e Spectrum of the quadratic uMV dynamics. Let o be an eigenvalue of B/, that is, there exist

£1,& € RN such that
(e, )8
B —v) \& Tl3.

This implies that & = a&; and BY); &1 — v& = M. Substituting the former into latter, we get
Bowvér = ala+ )6
Thus a(a + ) is an eigenvalue of BY, ., from which we deduce that
ala+9)=—w* o ala+y)=—(w+17).
Solving these equations we find

—v £ V7P - Aw? -7+ V7 - AW +7?)

a1 9 = and Q34 = D) . (14)

The spectrum of the quadratic uMV dynamics is then given by

4
o (LNy) = {Zkza ks eN,izl,...,4}.

i=1



o Spectrum of the quadratic gMV dynamics. Similarly, let v be an eigenvalue of BéVMV, that is, for
some &1,&2,C1, ..., Cm € RV it holds

0 I 0 ... 0 & &
BN, 0 Mo A & &
O —)\1 _al O <1 = U gl
0 —Am 0 L —ay Cm Cm
This is equivalent to the system
&2 =&,
Bvé + 200 NG = véa,
—Aj&2 — ay(; =v¢; forall j=1,...,m.

By substituting the first and the last m equations into the second one, we get

Bﬁvle”(V-Fi % )51-
j=1

l/—|-04j

2

It follows that 1/(1/ + Z;n:1 uija) is an eigenvalue of BJJ\\}V. Thus, we have
J

viv—+ J ):—w2 or V(V—|— J ):—w2—|— 2.
( ;V—i-ozj ;V—i—aj ( )

In general these equations, which are equivalent to two polynomial equations of degree m + 2, can
not be solved explicitly. Suppose that vq,..., V42 and Vpy,43, ..., Vomia are solutions to the first
and second equations, respectively. Then the spectrum of the quadratic gMV dynamics is given by

2m—+4

a(L;VMV)z{ 3" vk ok eN,j:I,...72m+4}.
j=1

Remark 2.2. From the calculation of the spectrum of the Fokker-Planck operator and by applying
[OPPS15, Theorem 2.7] it follows that we have exponentially fast convergence to equilibrium in the L?-
space weighted by the invariant measure. This is also true in L! at least for the overdamped McKean-
Vlasov equation, see [Tam87].

O

2.2 The mean field PDE

The mean-field limits of the quadratic systems considered in Section 2.1 can be written in a common
form

dX(t)=BX(t)dt + K(X(t) — (X(t)))dt + V 2D%dW(t), (15)

for suitable matrices B, K and D with D symmetric positive semidefinite. Here (X (¢)) denotes the
average of X (t) with respect to its own law.

In this section, we will obtain the fundamental solution of the Fokker-Planck equation associated to
the SDE (15) which is given by

{atp(x, t) = —div (Bxp(x, t)) —div (fRn K(x —a")p(2',t) de’ p(z, t)) + div (DVp(x, t)),

16
p(x,0) = d(x — o). 1)

Proposition 2.3. The solution of the initial value problem (16), i.e. the Green’s function of the Fokker-
Planck operator, is given by,

plx,t) = : [ -

(2m)n/2\/det Q(t) P

5970w — m(t)zo) - (&~ mlt)zo)|. ety



where the mean vector and the covariance matriz are given, respectively, by
t
m(t) =e? and Qt) = 2/ 2B D s, (18)
0

Proof. Equation (16) is a nonlinear nonlocal degenerate partial differential equation. Since the law of the
finite particle system corresponding to (15) when starting at a deterministic initial condition is Gaussian,
its mean-field limit is also Gaussian. Therefore, we look for the fundamental solution to (16) of the form
of a multivariate Gaussian distribution with time-dependent mean and covariance matrix

! ex
(2m)"/2 /det (1)

1 __
pla,t) = p| - 527 O —m()wo) - (@ — m(t)ao) . (19)
We will find the mean m(t) and the variance Q(t) by requiring that p(x,t) satisfies Equation (16). Let
us define

— 597 (e~ (o) - (o = m(t)zo) + (0) (20)

where s(t) = § logdet Q(t) + % log(2m). The logarithmic transformation has been used previously in the
literature, particularly in optimal control [Fle82]. Substituting p = exp(—g) in (16), we can rewrite the
equation in terms of ¢ as follows

g(z,t) == —log p(z,t)

0g=—(B+ K)x-Vg+ D :V:g—DVg-Vg+h(t)-Vg+ Tr(B+ K), (21)

where the notation : denotes the Frobenius inner product of two matrices A: B =}, A;; B;j = = Tr(A”B)
and
t) = /K:U’p(m’, t) da’

(2w "/2\/detQ /

:Km() Zo

x’ exp %Qil(t)(x' —m(t)xg) - (2" — m(t)xo)} dx’

To find Q and m we set equal the corresponding terms in two sides of (21). Using the explicit formula
(20) of g, we compute the left-hand side of (21), which is the time-derivative of g

g = %&(Q‘l(t))x cx = 9(Q7H(B)m(t))xo - + %at (m(t)TQ‘l(t)m(t))wo “xo + Ops(t). (22)
Since Vg = Q7 1(t)(x — m(t)zo), VZ2g= Q7 1(t), the right-hand side of (21) is given by
—(B+K)x-Vg+D:V?)—DVg-Vg+h(t)-Vg+ Tr(B + K)
= -9 ' ()(B+ K)z - (x —m(t)zo) — Q1 (1) DQ™ (1) (x — m(t)xo) - (x — m(t)o)
+ Q7Y () Km(t)xo - (x — m(t)ze) + D : Q71 (t) — Tr(B + K)
=[- o wB+K) - WP (W)]wx — [~ mt)T QT W)(B + K)
—om®TQ () DQ \m(t) — Q‘le(t)}xo x

- [m(t)Tgl(t)DQ*(t)m(t) + m(t)TQ*(t)Km(t)] 2o -0+ D : Q7L (¢) + Te(B + K).

(23)

By comparing (22) and (23) we obtain the following equations
%Q7 () =2~ Q'W(B+K) - Q' (1)DQ (1), (24)
o(Q” (t)m(t)) m(t)' Q7 (1)(B + K) —2m<t>TQ (HDQ ' m(t) - QT Km(t),  (25)
AumHTQ T (Hm(1)) = —2|m(H)T Q1 (HDQ " (B)m(t) + m()T Q7 (K m(t)] (26)
s(t)=D: Q' (t) + Tr(B + K). (27)



We will solve these equations together with the initial value datum Q(0) = 0,m(0) = I and s(0) =
2 log(2m). Equation (24) is a nonlinear Riccati-type equation for Q~'(¢). We use the following formula
for the derivative of the inverse of a matrix

dA~L(t)
dt

— _A—l(t)%(f)ml(t).

Applying this formula for Q(t) and using (24) we get

8;Q(t) = — Q1) (Q (1)) Q(t) = —2Q(t) [ - Q' ()(B+K)-Q ' (1)DQ (1) Q1)
—2[D+ B+ K)Q(t)} . (28)

Using Duhamel’s formula we obtain
t t
o(t) =2 / A=) BT D s = 2 / e BHE) D s, (29)
0 0

From (24) and (25) we deduce that
Oym(t) = Bm(t), (30)

which yields m(t) = e*B. From (24) and (30), we have
2e(m()T Q7 (H)m(t)) = Bym(t)" Q7 (t)m(t) +m(t)T 0 (QT (1))m(t) + m()" Q7 (t)dym(t)
— 2 [m(t)Tgl(t)Dgfl(t)m(t) n m(t)TQ’l(t)Km(t)} :
which is exactly (26). In other words, (26) is a consequence of (24) and (25). Similarly we show now

that (27) is also redundant as a consequence of (28). In fact, applying the formula for the derivative of
the determinant of a matrix we get

Os(t) = %ﬁt log det Q(t) = ;atdg(t?(t)
= %Tr<Q_1(t)8tQ(t))

(28)

Te[Q 7 (1)(D + (B + K)Q()]
=D:Q'(t)+ Tr(B + K),

which is indeed (27), as claimed. In conclusion, we find that
t
o(t) = 2/ B Dds and m(t) = e'P.
0

O

Remark 2.4.

1) By taking d =1, B = —v, K = k and D = @Q we recover the known result [Fra05, Equation (3.166)]
for the Shimizu-Yamada model (the overdamped McKean-Vlasov equation with quadratic interaction
and confining potentials).

2) Suppose that . = S+ A is an infinitesimal generator of a diffusion process that possesses an invariant
measure po, and satisfies

S§=8" A=-A"in L’ and Spe =0= Ap.

Then the following relation holds [Pav14, Chapter 4]:

L (fpo) = (Sf — Af)poo, (31)
From this relation one can find the fundamental solution to the forward Fokker-Plank equation, Z*p = 0,
from that of the backward Fokker-Planck equation, .Z f = 0, and vice versa. O



3 Nonconvex potentials: stationary solutions, phase transition
and convergence to equilibrium

For non-convex confining potentials and for the Curie-Weiss quadratic interaction potential, it is well
known that the the McKean-Vlasov equation exhibits a continuous phase transition [Daw83]: at suffi-
ciently high temperatures only one stationary distribution exists, corresponding to zero mean (magne-
tization order parameter), whereas at low temperatures this mean zero state becomes unstable and two
new branches emerge (for the Landau quadratic potential), corresponding to a nonzero magnetization.
A natural question is whether the addition of inertia, i.e. the underdamped McKean-Vlasov equation,
or the addition of memory in the system can change the structure of this pitchfork bifurcation. This
problem was studied for the underdamped McKean-Vlasov equation in [DT16], where it was shown that
the presence of inertia does not change the bifurcation diagram. In this section we show that this is the
case also for the generalized McKean-Vlasov dynamics.

In this section, we make the following assumptions on the confining potential V', the interaction
potential U and the initial data pg. They are made in order to rely on the results in [Tugl3a, Tugl3b,
DT18].

Assumption 3.1. (i) V € C®(R%); V(q) > C4lq|* — Calq|? for some positive constants Cy and Cy;
|VV(q)| < K|gq|*™ for some positive constants m and K; V2V (q) > 0 when ¢ ¢ K for some compact
subset K C RY. Finally, ‘ ‘lim V2V (q) = +oo.

q|—+oo

(ii) U is nonnegative and there exists an even, positive and convex polynomial function G with
deg(G) =: 2n > 2 such that U(q) = G(|q|).

(iii) The initial measure pp admits a C°°-continuous density with respect to the Lebesgue measure
and has a finite entropy. Furthermore, its 8r2-th moment with respect to the variable ¢, where
r:= max {m, n}, and its second moment with respect to the variable p are finite.

3.1 Stationary solutions: characterization and phase transition

We first provide a characterization of stationary solutions to Equation (3), i.e., solution to the following
equation

Klplp =0, (32)
where
Ko = = divy(pp) + div, |[(VyV(a) + VU * p(a) = A72)p)
+div, [(p)\ n Az)p} ¥ 51 div.(AV.p), (33)

for a given p € L'(X). Note that in writing K[p]p in (32) (and throughout the paper), by abuse of
notation, we identify a measure that has a Lebesgue density with its density. For a given pu, the operator
K[u]p is linear in p which can be seen as the linearization of the (quadratic) operator K[p]p around the
state L.

We start by showing that the stationary McKean-Vlasov equation (32) can be rewritten as a nonlinear
integral equation. This reformulation of the stationary Fokker-Planck equation is well known for the
overdamped McKean-Vlasov equation, see, e.g. [Tam84|[Lem. 4.1, Thm. 4.1].

Proposition 3.2. If there exists a solution ps € L1 (X) N L>(X) to Equation (32) then

1 Ll
poolds s 2) = — exp [—6 (7 + -tV + (U poo)(Q)) : (34)
where Z is the normalization constant
2 212
7= [ o |- (B + B v+ )] ax (35)
X

Conversely, any probability measure whose density satisfies (34) is a stationary solution to (3).
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In the proof of Proposition 3.2 below we will need the following divergence theorem in the whole
space [GGS10, Section 4.5.2]:

Theorem 3.3. Let F be a C! vector field in R™. Assume that |[F||; < oo and || div F||; < co. Then
/ div Fdx = 0.

Proof of Proposition 3.2. The converse statement is obviously verified by direct computations. We adapt
the proof of a similar statement for the underdamped McKean-Vlasov equation from [DT16, Proposition
1] and [Dre87, Proposition 1& 2] to prove the necessary condition for the generalized McKean-Vlasov
equation . It consists of two steps. Due to the presence of the additional variable z, Step 1 below will
be more involved than those in aforementioned papers.

Step 1: The linearized equation. We first consider the linearized equation

Kp :=Klu]p =0, (36)

where € L' (RY x R? x R%™) is given. We define

1 1
H.(q,p,2) = §|p|2 + Vg + §HZ||2 + (U *p)(g) and (37a)
0 —I 0
] = I 0 _\T c R(2d+m)><(2d+m). (37b)
0 X 0

Then Equation (36) can be written in a compact form as
Klulp = div[JVH,p] + div.[A(zp + 7' V.p)] = 0,

where the div and V in the first term are with respect to the full variable x = (g, p, 2).
We prove the following claim: define

2 2
flans) =g oo |0 (1 + EE 4 vig 00 ui)| = J oxni-m,),

where Z is the normalization constant, Z = fx e P dz, and
A ::{u :X = R:g:=uf"'/? satisfies that g € C, |JVH,g?| < oo, || div(JVH,g?)| < oo
|£2gAV. (7 2g) | <00 & [[div(f'2gAV.(F~/2g))s < oo},

Then f is the unique solution in A to the linearized equation (36). The conditions in .4 will ensure
later the application of Theorem 3.3. To verify f € A it is sufficient to show that [|[JVHf]||; < co. This
is true under Assumption 3.1 on the confining and interaction potentials. In addition, straightforward
computations give

div[JVH, f] = JVH,, - Vf + fdiv(JVH,) = —BJVH,, - VHf =0 and div,[A(zf + 87V, f] =0,

where we have used the antisymmetry of J and the fact that V.f = —fzf. Therefore, K[u]f = 0.
Suppose that there exists another solution f € A to Equation (36). We need to prove that f = f. Let
g:=ffY2 ie., f=gf'/?. We have

div[JVH, f] = IVH,, - V(g f'/?) = fY/2IVH, - Vg + gIVH,, - V2 = fY/2]VH, - Vg = /2 div[JVH,g],
where we have used the fact that JH, - V f1/2 = fgfl/Qq]]H# - VH,, = 0. Furthermore,
div.[A(zf + 871V )] = div.[A(=f + 57V (£ 1/2))]
= div. [A(=] + 87 9./ 2g) + B 29, 1)

— B div, [Afvz(f_l/zg) ,

11



since zf + B lgf V2V, f = 2f —gf Y/?fz = zf — 2f = 0. Therefore, we obtain that
Klulf = f*? div[JVH,g] + 57" divs [Asz(f‘”Qg)]
We now define
Qg := —f VK[l f = —div[JVH,g] — 1 f~1/2 div, {Afvz(f‘mg)}
We have Qg = 0. On the other hand, we have

0=(Qg,9)12 =~ /X (diV[JVHug] + BT div, [Afvz(f—lﬂg)pgdx
— 5 | AvIVEL R ax+ [ iAo g axs 570 [ FAVL(F ) VL0 2 dx
X x %

— g /X FAV.(f~V2) - V. (f~V/2g) dx.

We note that the first two integrals vanish because f € A and Theorem 3.3. Since the matrix A is
positive definite, it follows that V,(f~'/2g) = 0, i.e., f~%/2g = h(q,p) for some function h. Hence

f=9f"?= fh(q,p) and
0 = K[ulf = Kipl(Fh) = div[IVE,,(£h)] + div.[A(zfh + BV, (fh))] = FIVH, - Vh + hK[uf.

This implies that
0=JVH,  -Vh =V,H, Vh+ (-VH, +AV.H,) - V,h,

hence V,h = V,h = 0, i.e., h is a constant. Since ||f||z: = || f|lz1 = 1, h must be 1 and therefore f = f
as required.

Step 2: the nonlinear equation. Now suppose that p., satisfies the (nonlinear) stationary equa-
tion (32), i.e., K[poo]poo = 0. According to Step 1, ps must satisfy

) L+ V(g) + U  pocla) )
- Jx exp [_ﬁ <% H22H2 Vg + U+ poo(Q)>:| =

which is the claimed statement. O

; (38)

As a direct consequence of Proposition 3.2 we obtain the following corollary, which is a natural
generalization of the fact that the invariant measures of the finite dimensional underdamped Langevin
and generalized Langevin dynamics are product measures.

Corollary 3.4. The number of stationary states of the overdamped, underdamped and generalized
Mckean-Viasov equations is the same.

Proof. Stationary solutions of the overdamped, the underdamped and the generalized McKean-Vlasov
equations satisfy the following integral equations

oMV __
P =

prtt = A = pac’,
Jxexp |—p @ +Vi(g) +U * poo(q))} dx  [paexp | — @) dp
and
MV exp [—6 (% + 4 vig U poo(q))} exp ( - ”2”2) exp ( - %)
pIMV

= [ exp [—B (@ + @ +V(g)+ U x poo(q)” dx - Jma €xp ( - @) dz [pqexp ( - %) dp

respectively. Due to the separability of the variables p and z in the above formulas, the number of
stationary solutions of the underdamped the generalized McKean-Vlasov equations are the same as that
of the overdamped Mckean-Vlasov equation. O

12



Remark 3.5. A consequence of Corollary 3.4 is that, for nonconvex confining potentials, and for the
Curie-Weiss quadratic interaction potential, the bifurcation diagrams and even the critical temperature—
see, e.g. [Daw83][Result II, Remark 3.3.1]-are the same for the overdamped, underdamped and general-
ized McKean-Vlasov dynamics. O

Remark 3.6. (Effect of colored noise on the structure of phase transitions)
The McKean-Vlasov dynamics with colored noise is given by

dX(t) = =VV(X(t))dt—VU(X(t))* p:dt + ondt, (39a)
dn(t) = =an(t)dt+/2aB-1dW(t), (39Db)

where p; = Law (X (t),n(t)), 0, a are given positive constants. The Fokker-Planck equation associated to
the SDE (39) is given by

0
8—/; = div, |:(VV(J}) +VU(q) xp+ 5n)p} + a(divn(n,o) + ﬁ_lAnp). (40)
There does not appear to be an obvious gradient structure for Equation (40). An invariant measure
Poo = Poo(2,n) dxdn to (40) satisfies

div, [(VV(.%‘) + VU () * poo + 6n)poo} + a(divn(npoo) + ﬁ_lAnpoo) =0.

It implies that p,, can not be written in the form

pli) = 27 e [ = (Vi) + U o) + L2,

For this reason, the effect of colored noise on the structure of phase transitions turns out to be nontrivial.
We will study this problem in a forthcoming work. O

3.2 Convergence to equilibrium

In this section, we prove that (sufficiently smooth) solutions to the generalized McKean-Vlasov equation
converge to a stationary solution using the free energy approach developed in [BCS97], see also [DT18]. In
this paper we do not address the problem of well-posedness and regularity of solutions to the generalized
McKean-Vlasov equation. However, we note that under Assumption 3.1, the McKean-Vlasov equation
has a smooth solution [HT10, Lemma 2.1] (see also [McK67, Tam84]). In the absence of an interaction
potential, the (linear) underdamped McKean-Vlasov and the generalized McKean-Vlasov equations are
hypoelliptic [OP11] and, for smooth confining potentials, it is possible to prove regularity results for their
solution [OP11]. In the presence of an interaction potential, for, say, smooth and bounded interaction
potentials and for smooth initial data, regularity of solutions follows from the results in, e.g. [OP11].
For more general classes of sufficiently smooth interaction potentials, it should be possible, in principle,
to adapt the techniques of [BCS97, BD95] to show that a solution to the generalised McKean-Vlasov
equation is sufficiently smooth so that the computations in this section can be fully justified; but this
issue is out of the scope of the present paper and we leave it for future study.
We consider the following free energy functional

Fo) =57 [togp+ [ [P+ V(@ + 5107]o

1
+3 / Ulg—q)pld' 0, 2" )pla,p, 2) dq'dp'dz" dgdpd=
1 2 1 2 1 —1
= [ [5Ipl+ V(@) + 511zl + SU o+ 57 1og ) (41)

and define h(t) := F(p(-,t)).
The following lemma establishes useful properties of the free energy functional F(-) and of its time
derivative along the flow p(-).

Lemma 3.7. The following assertions hold
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(1) F is bounded from below.

(2) h is a decreasing function of time and its time derivative is given by
h(t) = — /A(z\/ﬁ—i— 287V /p) - (24/p+ 2871V, /p) < 0. (42)

(8) The limit t_l>1_|rrnoQ h(t) is well-defined.

Proof. We start with proving that the free energy functional is bounded from below. In fact, since U > 0
2
and inf cpa (V(q) - %) > (7 > —oo we have

2 2 2
F(p)ZCl—i—/{%ﬁ-%-&-” 2l p+ B8~ /plogp

= Cy + B H(pllp) —
>C1—Cy > —0Q,

where p = Z% exp ( — /3(@ + % + @)) with Z; being the normalization constant, Co = In Z1, and
H(p||p) > 0 is the relative entropy between p(x)dz and p which is defined by

Hpllp) = /1og (Zg;)p(X) dx.

It is well known that H(p||p) > 0, see for instance [DE97, Lemma 1.4.1]. Next we prove the second
assertion. Using H and J defined in (37a), Equation (3) can be written as

Op = —div [JVHp} + div, [A(zp +B7V.p)|,

where div on the right hand side of the above equation denotes the divergence with respect to x = (g, p, 2).
This representation is more convenient for the following computations:

h(t) = R (1)
/ H+ 8 (log p+ 1)]0p
_ / [H+ﬁfllogp} : [—div(JVHp)+divz(Azp+ B1AV,p)
= / [JH Hp+ B~1IVH - vp} — (Azp+ B71AV.p) - V.(H + 5 log p)
-

- / %A(Zp +B71V.p) - (2p+ BTV 2p)

— / A(zy/p + 2BV /p) - (24/p + 2871V /D),

N

where to obtain the equality (x) we have used the fact that the square-bracket in the line above vanishes
due to the antisymmetry of J and integration by parts while the last equality follows from (x) using the
property that V.,/p = Z;g. Finally, the last assertion is a direct consequence of the first and second
ones. O

Corollary 3.8. For any T > 0, we have

T
lim / /X A(z/p®) + 2871V \/p®) - (24/p®) + 2871V \/p®) dxds = 0 (43)

t—o0 0

where p® is defined by p(s,x) := p(t + s5,%).
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Proof. For any given T > 0, by part (iii) of Lemma 3.7, we have

T

lim [ h(t+s)ds = lim (h(t+T) = h(t)) = 0.

t—o0 0

On the other hand, by part (ii), we get

T T
0= tlim h(t + s)ds = tlim / / A2/ p® + 2871V /p®) - (24/p®) + 2871V ,/p(®)) dx ds
which proves the statement of the corollary. O

Given any sequence {t,} — oo, we will denote by p" the function p(*») (cf. the definition of p® for
a given time t given in Corollary 3.8). The following lemma establishes compactness properties of the
sequence {p"}.

Lemma 3.9. The following assertions hold:

(1) The two sequences {Q7, n € N} and {Q5 , n € N}, defined in

711::/ p"log p" L yn>1 dx,
b'q

and

"o s 1 ) n
2._/X< oty +V(q)+2U*p)p dx

are uniformly bounded in time.
(2) The sequence of densities {p™, n € N} is relatively compact in C([0;T], L*(X)).

Proof. The proof of this lemma follows the same lines as that of [DT18, Lemma 3.5] and [Lemma 5.2]
[BCS97]; hence we omit it here. O

Lemma 3.10. Let ¢ € C?*(R) with ¢” € L>=(R) and £(0) = 0. Then the following equation holds in the
sense of distribution on (0,T) x X

B0 Kinle(o) = () (o€ () — £(0)) — B €"(1) AV 20 V- (44)

where the operator K is defined in (33).

Proof. The proof follows the lines of [BCS97, Lemma 3.9]. We sketch the main idea here. Multiplying
the equation %p — K[p]p = 0 with &'(p), we obtain

B0 (Kiolo)e () = 0. (45)

Direct computations and using the following identities

div.(Azp)¢'(p) = div.(AzE(p)) — Tr(A)(E(p) — €' (p)),

and
din (szp)fl(P) = divz(szg(p)) - §/I(P)szp : Vzp7
yield:
(K[p]p) €'(p) = Klpl&(p) — Tr(A)(E(p) — p&'(p)) — §"(p)AV=p - V2p. (46)
Substituting (46) into (45) we obtain (44). O

Proposition 3.11. There exists a function p> € C([0,T]; L' (X)) such that
lim p"=p> in C([0,T], L'(X)),

n—-+oo

and the following assertions hold
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(1) \/p= solves the following equation

RV a S NSRS (47)

(2) p™ is a stationary solution to Equation (3) and is of the form
_ g l=1?

exp Bl
oo | - 5(EE

lp|?

V(@) +Uxh>(g))]
V(g)+U hoo(q)ﬂ dx

+ -+
p>(q,p, 2) = e ; (48)
+ B +

where h*° satisfies

exp [ - 6(V(q) + U * h“(q))}

" e |- 8(V(@ +Uxh=(q))|dg’

Proof. By Lemma 3.9 there exists a subsequence of {¢,}, which we denote with the same index, and a
function p> € C([0,T]; L*(X)) such that

pr = p im0, T, LN (X)).
As a consequence
Vot 2 /p in L2([0,T] x X)).

We now derive the limiting equation for 1/p>. To focus on the main idea, we provide a formal derivation
here. Applying Lemma 3.10 to £(p™) = /p™ we obtain

Lg = K[p"]Vp" = ( )f+ AVE;’;;ZZ”", (49)

in the sense of distribution. We wish to pass to the limit n — oo in this equation. For which we need
appropriate compactness properties. Equation (43) implies that

lim H—Az zp" — AV \/p Ll([OT x)

t—o0

In addition, similarly as in [Tugl3a, Tugl3b], we can prove that {VF x p™(q)} converges uniformly on
each compact set towards VF * p™(q). We now pass to the limit n — oo in Equation (49) to get

8?—K[p°°}x//7’°= ( ELC JAz VD™,

which proves (47). This derivation can be made rigorous following the lines of [BCS97, Proof of Theorem
1.2] by applying Lemma 3.10 to & (p") = /p™ + € — 1/¢ instead of the square root function; then passing
first to n — oo and then to e — 0. We omit the details here and proceed to the second part of the
proposition. From (43), we get that

gz\/pTo VLR =0, (50)

112

in the sense of distributions on [0, 7] x X. Multiplying (50) with exp (ﬂ\lz

V. [exp (6”4”2”2)\/@} =0,

in the sense of distribution on [0,7] x X, which implies that there exists a function ¢*(t,q,p) €
LL _([0,T] x R? x R?) such that

loc
2 2
V= =g>(t,q,p exp( BH:H ) ie., p>(t,q,p,z) =g>=(t,q,p) exp(— /BH%”) (51)

) we obtain
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Substituting this representation to Equation (47) we obtain the following equation for /g™

a\ggf = —div, (pv5®) + div, (VV(0) + VU g (@)V57 ) = ATz (Vpn/5 + gp\/r”) (52)

Since g*° is independent of z, we must have

B
5PVIF + Vg% = 0.
This implies that there is a function h*(t,q) € L{ ([0,T] x RY) such that

loc
Blpl®
2

97(t.q.p) = h™(t.q)exp (= =L ). (53)

Substituting this back into (52) we get

ovVh>e
ot

—p- (VoVh< + g(qu) + VU 5 b (q))VR).
Since h*° is independent of p, we must have that

OV h>®
ot

= VIS + 2 (V(g) + VU B (@) VA =0,
which implies that A* solves

exp [ = B(V(@) + U+ h=(q))]

h*> = . (54)
Juaoxp | = B(V(q) + U h>(a))| da
Substituting (54) and (53) back to (51) we obtain that
2 2 2 0o
N exp | = B(15E + B+ V(g + U n>(g))]

P> (ap,2) = EEE ;

Jxexo | = B + B2 4 vi(g) + U «h<(q))] dx
where h*® solves (54). According to Proposition 3.2, p™ is a stationary solution to Equation (3). O

4 GENERIC formulation of the GLMV

In this section, we recast the overdamped, underdamped and generalized McKean-Vlasov equations into
the GENERIC (General Equation for Non-Equilibrium Reversible-Irreversible Coupling) formalism, thus
putting them in a common framework. In addition, using the GENERIC formulation, we can rederive
formulas for their stationary states obtained in Section 3.

4.1 The GENERIC framework

As suggested by its name, in the GENERIC framework an evolution equation for an unknown z in a state
space Z is decomposed into the sum of a reversible dynamics and an irreversible dynamics as follows

0z 0E(z2) 05(z)
5= L@ + M@ (55)
———

reversible dynamics  irreversible dynamics

In the above equation, L,M are two operators, E,S : Z — R are two functionals that are respectively
callled energy and entropy functionals, %, % are appropriate derivatives of E and S (such as either the
Fréchet derivative or a gradient with respect to some inner product). The GENERIC framework imposes

the following conditions on {L, M, E,S}, which are called the GENERIC building blocks,
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(C1) L =L(z) is, for each z, antisymmetric operator satisfying the Jacobi identity

{H{F1, Fabo, Fabo + {{F2, Fa}o, Fijo + {{F3,F1}., F2}L = 0, (56)
for all functions F;: Z — R, i = 1,2, 3, where the Poisson bracket {-, -} is defined via
6F | 6G
F.G}:= — -L—. 57
{F.Gh bz 0z (57)

(C2) M = M(z) is symmetric and positive semidefinite.
(C3) The following degeneracy condition holds

0S =

— =0, M—=0. 58

0z ’ 0z (58)
Being formulated in the GENERIC framework, an evolution equation automatically justifies the first
and second laws of thermodynamics, i.e., along its solutions energy is conserved while entropy is non-
decreasing. Indeed, they are direct consequences of the above conditions:

dE(z(t)) OE dz OE [ 6E 65\ OE 6E OE 65
@ wad a \tuML ) tata Mg =0
dS(z(t)) 65 dz 65 ([ SE  6S\ 6 . 85
— 2.2 L= ) =2=2_M2=>0.
dt 0z dt 0z L6Z+M62 0z M(Sz 20

In addition, in the GENERIC framework, equilibria can be obtained by the maximum entropy principle:
they are the maximizers of the entropy S under the constraint that the energy is constant E(z) = Eg
[0OG97, Miell]. Define ®(z) = S(z) — AM(E(z) — Eg) for some A € R, which plays the role of a Lagrange
multiplier. The states zo, that maximize the entropy under the constraint E(z) = Ej are solutions to

0P(z)
oz : - 0’
E(Z) = Eo7

§S(z) _ A(SE(Z)
{ oz oz (59)

which is equivalent to

E(Z) = EQ.

Furthermore, since ®(z;) is also a nondecreasing function of time, it follows that all solutions z; of the
GENERIC equation (55) converge to zo, as t — oo. We refer to [0G97, Property 3] for more detailed
discussion.

In the next sections, we recast the MV dynamics, the VFP dynamics and the GLMV dynamics into
the GENERIC framework and we use Equation (59) to establish formulas for their stationary solutions
recovering the results in the previous section.

4.2 GENERIC formulation of the generalized McKean-Vlasov equation

It has been known that both the overdamped and underdamped McKean-Vlasov equations are Wasser-
stein gradient flows [CMV03, CMV06]. More recently, in [DPZ13] it was shown that the underdamped
McKean-Vlasov equation can be cast into the GENERIC framework. In this section, we apply the
technique therein for the generalized McKean-Vlasov equation. To this end, we need to construct the
building block {Z,L, M, E,S} and verify Conditions (C'1) — (C3) in the previous section.

Let p be a smooth solution of the the generalized McKean-Vlasov equation (3). We define

_ [l 1 12112
H(p) = / (7 +V(g)+5(Uxp)+ ?)pdx. (60)
Let us introduce an auxiliary time-dependent variable e whose evolution is given by
Se= () = [ Az zpdx - 5THA) (61)
6= g o) = z-zpdx .
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We now show that the coupled system for the variables (p,e),

5 (7 = div(pJVH,) + B~ div(pAV . log p) + div(pAz)
“\e —B7'Tr(A) + [Az-zpdx ’

can be formulated in the GENERIC framework. We construct the building blocks as follows

z=(pe), Z=Pa(X)xR, E(pe)=H(p)+e, S(pe)=-5" /plogp+ e

o= (Y 0). md Mo = (e )

where the operators defining L and M are given by
L€ = div (pwg), M, ¢ = — div(pAV.E), M,er = rdiv (pAz)

Mepfz—/Az~VZ§pdx7 Meer:r/Az.Zpdx

(62)

with J being the antisymmetric matrix defined in (37a). We compute the first variations of E and S:

E _ (Vig++Uxp+ 0 _ (H, 85 _ (=B (logp+1)
0z 1 1)’ 0z 1 :

Thus the GENERIC equation associated to these blocks is given by

p\ _, oE S (LyH, —B7M,,(logp + 1) + M1
O (e) o Léz T Mdz o 0 T —BilMep(logp—&— 1)+ M1

_ (div(pv]]OVHp)> . < B~1div(pAV. log p) + div(pAz)) )

B~ [pAz-V logpdx+ [Az-zpdx

_ (div(pIVH,) + B~ div(pAV ;. log p) + div(pAz)
- B~ [pAz-V logpdx+ [ Az zpdx ’

(63)

which is indeed the system (62). By straight but lengthy computations one can verify all the conditions

imposed on the GENERIC framework for the building blocks constructed above.

4.3 Invariant measures

We now look for stationary solutions of the coupled system (62) using (59). A stationary solution z,, =
(Poos €oo ), Where po is a probability measure, of (3)-(61) maximizes the entropy S(z) under the constraints
that E(z) is a constant and that [ p(dgdp) = 1. Define ®(z) = S(z) — A1 (E(z) — Eo) — X2( fp2a p(dgdp) — 1)

for some A1, Ay € R then (poo, €x0) satisfies the following equation

50(z) _
oz _O’

E(z) = Eo,
[ poo(dgdpdz) = 1.

Using the computations in (63), we have

3®(z)  85(z) \ 0E(z) (X2 _ (=B '(ogp+1) — MH, — Ao
oz oz 15z 0/ 1-X '

Therefore, equation (64) becomes

—B71(log poo + 1) = MH,__ + Ao,
1= A,

H, + e = Eo,

J poo(dgdp) = 1.
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Substituting A1 = 1 into the first equation and then combining with the last equation, we obtain that
Poo Satisfies

exp(— g, ) o0 (-8 + L +Usp+ B
Poc = = .
fexp(—ﬁHpm)dx fexp(—ﬁ(V()—&—lp‘ —|—U*p+” H2))
This is exactly Equation (34) obtained in Section 3. Similarly we can derive the formula in Corollary
3.4 for a stationary solution pZf'” of the VFP dynamics using its GENERIC formulation in [DPZ13].

5 White noise (Markovian) limits

In this section, we derive the underdamped McKean-Vlasov dynamics from the white noise (Markovian)
limit of the generalized McKean-Vlasov dynamics both for the particle system and for the mean-field
PDE. We apply the formal perturbation expansions method developed in [PS08, Pav14].

5.1 From the generalized to the underdamped Langevin equations

We will derive (6) from (7) in the limit of vanishing correlation time of the noise which corresponds to
rescaling A and A in (7) according to A — A/e and A +— A/e?. The SDE (7) becomes

dQ: = Pedt, (65a)
N
dPf = —VV(Q%)dt — 1 > VU(QF - Q) dt + I\t ze ar (65b)
1 1 N j_l K2 J 5 1 ’
1 1 1
dZZ8 — _g‘PzE)‘dt_ E—QAZZ dt + g\/ 2571Asz (650)

Proposition 5.1. Let {Q5, PF, Z:} be the solution of (65), and assume that the matriz A is invertible.
Then (Q5(t), PE(t)) converges weakly to the solution of the Viasov-Fokker-Planck equation (6), where the
friction coefficient is given by the formula

v =\ AT, (66)

Proof. We rewrite (65) in a compact matrix form

dQ° = Pt (67a)
. ~ 1 o

dpP® = F(Q)dt—i—g)\TZedt, (67b)
. 1. 1, 1 .

dzs = —EP‘S)\dt—gAZEdt—i—g\/%’—lAdW. (67c)

where we have used the following notation

Qs:( ia"'aQiV)Ta PE:(PIE""’P]‘SV)Tv ZAE:(Zlga"WZ]EV)Tv W:(Wla---va)Na

and
1N
FQ) = (-VV(@ NZVUQ ST DR @) -
The backward Kolmogorov equation associated to (67) is
ou® 1 1
E = (;ZO + ggl + gg)u, (68)
with
Ly = —A2-V:+p7'A: D3
L o= ANEVy—pr-Vs,

L = p-Vi+ F(G)- V.
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We seek for a solution to (68) in the form of a power series expansion in &:
u® = ug + eug + 2ug + . ...

By substituting this expansion into (68) and equating powers of e, we obtain the following sequence of
equations

foU(] = O, (69&)
—Zu1 = L, (69b)
730“2 = flul + fQUQ — %, (69C)

It follows from the first equation (69a) that to leading order, the solution of the Kolmogorov equation
is independent of the auxiliary variables 2, ug = u(g, p,t). The solvability of the second equation (69b)
reads

_Bz? 54
Luge zIFI7 gz = 0,

RdmN

which is fulfilled since L ug = AT 2 - Vu, thus

Lruge~ 2 I12I° gz = / (A2 Vpu) e 2517 gz — 0.

RdmN RdmN

Equation (69b) becomes
—%our =A% Vyu

The solution to this equation is
ui(q,p,t) = A7\ Viu.

Note that in the above equation, we ignore the part of the solution that lies in the null space of % since
it will not affect the limiting equation. The solvability condition for the third equation (69c) gives

/ (glul + Sou — @) (27r5—1)dmNe—§Hz‘H2 &= 0.

ot
Since Yu — % is independent of Z, we deduce from the above solvability equation that
% = Dou+ /(flul)(2w5*1)dmNe*§H5H2 dz. (70)

We compute the second term on the right-hand side of (70) using the properties of Gaussian distributions:
/(.,sflul)(%ﬁ—l)dm%-%W dz = (A, A1)\ ( — P Vu+ B_lAﬁu).

Substituting this calculation back into (70) we obtain that u satisfies the following PDE

9]

a%‘ = Veu+F(G) - Vou+ <A,A—1A>(—ﬁ : vﬁuw-mﬁu).
This is exactly the backward Kolmogorov equation of the Vlasov-Fokker-Planck system (6) with v =
(A A7) O

5.2 From the generalized McKean-Vlasov equation to the underdamped
Mckean-Vlasov equation at the mean-field level

Under the same rescaling, A — \/e and A — A/<2, as in the previous section system (4) becomes

dQ°(t) = P(t)dt, (71a)
dPE(t) = —VV(QE(t))dt—VqU*pi(Qf)dt—k%)\TZE(t) dt, (71b)
dZE(t) = —éPE(t))\dt—g%AZE(t)—k%\/Qﬁ*lAdW(t). (71c)
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Proposition 5.2. Let (Q%, P¢, Z¢) be the solution of (71), and assume that the matriz A is invertible.
Then (Q°, P?) converges weakly to the solution of the Vlasov-Fokker-Planck equation

dQ(t) = P(t)dt, (72a)
dP(t) = —-VV(Q())dt— VU x*p(Q(t))dt —yP(t)dt + /2y~ 1dW (¢), (72Db)
where the friction coefficient is given by formula (66).
The Fokker-Planck equation associated to the McKean SDE (71) is

op°
ot

L
= Vst + (V@) + V,U(0) %) Vot + 1 (= XT2 V0" 4 pA - Vop?)

+ ;2 (divp(Azps) +p71 diV(AVpps)>
- (w+laia)r -
According to Proposition 3.2, an invariant measure po, of the equation (71), if it exists, satisfies

exp [ =8 (4 + B+ Vi) + U pel0)]

poo(q,p, Z) = > > . (74>
Jexp [— B (% +EE 4+ V(g + U+ poo(q))} dqdpdz
We define the function f¢(q,p, z,t) through
p°(4,p, 2, t) = pec (¢, 0, 2) [*(q, D, 2, 1). (75)
Lemma 5.3. The function f€(q,p,z,t) defined in (75) satisfies the equation
8 €
VS (YY) + Y U(0) # () - Vol 4 B VU(@) # pocl1 )
1 T 5 € i 5 -1 3z €
(=N A VL) 4 (= Az VafT 4 57 div (AVLF))
N 1 . 1 N L.
= (.,2”2 + ggl + szo)f : (76)

Proof. For simplicity of notation, we drop the superscript € on f¢. From the definition of f and po, we
compute

szp _ VZJEZ):O) _ szpoof::oonf _ ﬂfpm;ptopoovzf — Bant V;f. (77)
Therefore, we obtain
Lop =25 (pof) = div, {Ap(z - B‘lv;pﬂ
T 57 div. (p0AV- )
= 57 (Vapoe - AV + poc div.(AV..1))
= oo~ Az Vof 4 57 div.(AV. ). (78)
We proceed with £} p:
Lip =L (fpoe) = =Nz Vp(fpoc) + DA~ Vo (fpoo)
- poo( T2V, f + pA- vzf) 4 (-T2 Vppoo + DA~ Vapoo)
zpoo(—)\Tz-fo—i-p)\-sz). (79)
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Finally we compute .25 p:

Lyp=25(fp)
=—p - Ve(fps) + (VV(q) + VaU(q) * pr) - Vp(fpoo)
== ([Vypoo + pVaf) + (VV(q) + VoU(q) % pt) - (fVppoo + pooVipf)

[ —p- (=BI(VV(2) + VU(q) % poc) + Vo f) + (VV(9) + VoU(q) * pr) - (= Bfp+ fo)} Poc
= [ —p-Vof +(VV(Q) +VoU(q) % pt) - Vi f + Bfp-VU(q) * (poc — Pt)} Poo- (80)

Substituting (78),(79) and (80) into (73) we obtain

0
= b Vo + (YV(@) + V,U(a) * (fpoe)) - Vof + 57p- VU (@) % prcll  f)
1 1
+5( ATz Vo f + pA- Vf) ( Az -V, f + B~ div,(AV, f)),
which is equation (76). This completes the proof of the lemma. O

We are now ready to prove Proposition 5.2.

Proof of Proposition 5.2 . We use the perturbation expansion method similarly as the proof of Proposi-
tion 5.1. We look for a solution to (76) of the form

f€=f0+€f1+52f2+....

Substituting this expansion into (76) and equating powers of ¢ we obtain the following sequence of
equations

Zofo = 0, (81a)
~%f = Zifo, (81b)

. 0fo
~%fs = Dofo+ hhi- G,

(81c)

It follows from equation (81a) that fy is independent of z:

fo=1flap,1).
We compute the right-hand side of (81b):
Lifo=-N2-V,f.
Thus equation (81b) becomes R
Lofi =Xz V,f.
This equation satisfies the solvability condition since ATz - V, f is orthogonal to the null space of .,220*

2|12
which consists of functions of the form e=#'3~ u(q, p). Therefore, it has a unique solution, up to a term
in the null space of %,
f1 = 7ZA71)\ . fo

From this expression we can compute
Af =N ATN(228,f b Vpf ) (82)

The solvability condition for equation (81c) is that its right-hand side must be orthogonal to the null of
Ly, e,
of

[(Gar -Gy z o

(83)
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Since L f — % does not depends on z, we conclude from (83) that

% =5f + /(j1f1)Z_1e_5Hz2”2 dz. (84)

Since f does not depend on z and due to the separability of variables in p., the first term in the
right-hand of (84) can be simplified to

j&f =P vqf + (VV(Q) + qu(Q) * (fﬁoo)) : vpf +Bfp- VU(Q) * /300(1 - f)7

where poo satisfies

poc(¢,D) = (85)

The second term in the right-hand side of (84) can be computed using (82)

2
[E1

/(.i%fl)Z_le_'B : dz:)\TA_l)\(ﬁ_lApf—prf).

Substituting the above computation back to (84), we obtain that

O D Vo f TV (@)U (@) (7)) Vi + 650 TU(@) (1= ) AT AN (57 8y f -V, f).

We define p(g, p,t) through
p(q;p;t) = f(q,p,t)Poo (4, P)-

Then analogously as in Lemma 5.3, we conclude that p(q, p,t) satisfies the Fokker-Planck equation asso-
ciated to the Vlasov-Fokker-Planck dynamics (72) with the friction coefficient v given by v = AT A1\
We thus complete the proof of Proposition 5.2. O

6 Discussion and Future work

In this paper we studied the generalized McKean-Vlasov equation, that arises as the mean field limit
of a system of interacting non-Markovian Langevin equations, under the assumption that the memory
in the system can be described by introducing a finite number of auxiliary variables. We provided
explicit formulas for the fundamental solution of the McKean-Vlasov equation for quadratic confining
and interaction potentials, we studied the form of stationary states and we showed that no additional
stationary states appear due to the memory in the system. Furthermore, we showed, under appropriate
assumptions on the confining and interaction potentials, exponentially fast convergence to an equilibrium,
we showed how the generalized McKean-Vlasov equation can be written in the GENERIC form and we
studied the white noise limit.

As mentioned in the introduction section, the starting point of the present work is a system of
weakly interacting diffusions in an extended phase space, where the finite number of auxiliary processes
describe the memory of the system. Perhaps, a more natural starting point would be a system of weakly
interacting particles that is coupled to one or more heat baths, e.g. the model studied in [EPRB99], but
for weakly interacting nonlinear oscillators. Passing to the mean field limit and eliminating the heat bath
variables are two operations that do not commute, in general. The rigorous study of the combined mean
field and thermodynamic limits in, e.g. a Kac-Zwanzig type model [FKM65, GKS04] is an interesting
and difficult problem that we will leave for further study.

Other possible extensions of the present work include: first, the rigorous proof of a propagation of
chaos result for non-Markovian interacting Langevin equations in particular without the quasi-Markovianity
assumption; second, the development of a complete existence and uniqueness of solutions theory for the
generalized McKean-Vlasov equation; in addition, the study of non-Markovian interacting processes
without the quasi-Markovianity assumption; and finally the study of the effect of coloured noise on the
McKean-Vlasov dynamics, and in particular on the number and type of phase transitions.
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