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ABSTRACT

‘We provide sufficient conditions for a set £ c R™ to be a non-universal dif-
ferentiability set, i.e. to be contained in the set of points of non-differentiability
of a real-valued Lipschitz function. These conditions are motivated by a
description of the ideal generated by sets of non-differentiability of Lips-
chitz self-maps of R™ given by Alberti, Csoérnyei and Preiss, which even-
tually led to the result of Jones and Csornyei that for every Lebesgue null
set E in R™ there is a Lipschitz map f : R™ — R" not differentiable at
any point of E, even though for n > 1 and for Lipschitz functions from
R™ to R there exist Lebesgue null universal differentiability sets. Among
other results, we show that the new class of Lebesgue null sets introduced
here contains all uniformly purely unrectifiable sets and gives a quanti-
fied version of the result about non-differentiability in directions outside
decomposability bundle with respect to a Radon measure.

* The research leading to these results has received funding from the European
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also acknowledges the support of the EPSRC grant EP/N027531/1 and of the
National Science Foundation under Grant No. DMS-1440140 while the author
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1. Introduction and main results

A recent surge of interest in validity of Rademacher’s theorem on almost every-
where differentiability of Lipschitz maps of R" to R™ arose from several new
results and approaches. For infinite-dimensional Banach spaces there were suc-
cessful attempts to obtain its analogues for the notion of Gateaux derivative,
for results and references see [6, Chapter 6], and some results for the stronger
notion of Fréchet derivative to which a recent monograph [17] is devoted. In
another direction, Pansu [20] obtained an almost everywhere result for Lips-
chitz maps between Carnot groups, and Cheeger [7] generalised Rademacher’s
theorem to Lipschitz functions on metric measure spaces.

Here we contribute to this research in the direction started by a result of
[22] that, in terms of the size of differentiability sets of real-valued Lipschitz
functions on R?, Rademacher’s theorem is not sharp: there is a Lebesgue null set
in R? containing points of differentiability of any real-valued Lipschitz function
on R2. Following [12, 13], where it was shown how unexpectedly small such sets
may be, they are now called universal differentiability sets. The analogues of
universal differentiability sets were recently introduced and investigated in the
Heisenberg group [21].

The present paper introduces cone unrectifiable sets, which are a novel class
of Lebesgue null sets, wider than that of uniformly purely unrectifiable sets
(see Definition 1.7 and Remark 1.8) and shows that cone unrectifiable sets arise
naturally in the study of sets in which Lipschitz functions may have no points
of differentiability. As an application of our results, we strengthen and quantify
the result of [4, Theorem 4.1] on non-differentiability with respect to arbitrary
Radon measures, and demonstrate that the uniformly purely unrectifiable sets
are non-universal differentiability sets in the strongest possible sense, see The-
orem 1.13. Our main result is the following theorem.

THEOREM 1.1: If E c R"™ is cone unrectifiable, then there is a Lipschitz function
f:R"™ - R that is non-differentiable at any point of E.

The non-differentiability sets of Lipschitz maps R™ — R™, m > n were first
completely described in geometric measure theoretical terms in [3] (see [1, 2] for
a published less formal description), and then [8] showed that this description
gives precisely the Lebesgue null sets in R". Hence Rademacher’s theorem is
sharp for maps into spaces of the same or higher dimension. This result was
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complemented in [24] where it was proved that whenever m < n, there is a
Lebesgue null set in R™ containing points of differentiability of any Lipschitz
map R"” - R™. We will return to the description originally introduced in [3]
later as it forms the main starting point of what we do in the present paper.

The problem we address in this paper stems from the above results: can one
give a geometric measure theoretical description of non-differentiability sets of
Lipschitz maps of R™ to R? Notice that this is a question about sets and not
about measures: if we are given a o-finite Borel measure p in R™ that is singular
with respect to the Lebesgue measure, we may use [3] and [8] to find a Lipschitz
p-almost everywhere non-differentiable mapping f = (f1,..., fn) : R” - R™ and
observe that for a random choice of a; € (0,1) the real-valued function Y1 a; f;
is Lipschitz and p-almost everywhere non-differentiable. This argument appears
both in [3] and [4], and moreover [4] simplifies the general arguments of [3] in
the special case of differentiability p-almost everywhere; notice also that in this
case even the results of [8] may be demonstrated by a more accessible proof
given in [11] (which is based on different ideas).

A further question (not addressed in the present paper) one may wish to
consider is to give a description of sets on which a typical Lipschitz mapping is
non-differentiable. The first such result was obtained in [25] for n = 1, and a
recent paper [19] deals with a more restrictive full non-differentiability of typical
Lipschitz functions f: R™ - R™ with m > n.

We will now state our results and explain them in more detail. Their proofs
will be given in Section 3. The short Section 4 contains two examples whose
meaning will also be discussed here.

The main concept that we use is based on the notion of width that has been,
together with several variants, introduced in [3].

Definition 1.2: Suppose e € R" \ {0} and « € (0,1]. We let C. o be the cone
{z € R" : (z,e) > a|z|||e|} and T, the set of Lipschitz curves such that
v'(t) € Ce,q for almost every t € R. The (e, a)-width of an open set G c R" is
defined by

(1.1) We,o(G) = sup{H (G ny(~00,00)) 1y €T 0},
and of any F c R" by

(1.2) We o (F) = inf{w, o(G) : G2 E,G is open}.
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For the sake of completeness, when e =0 or a > 1 we let we o (E) =0 for every
E cR™. Of course, these cases have no bearing on what we do.

Notice that, as [3] points out, for constructions of Lipschitz functions, where
values of w, o matter only for arbitrarily small o, the number « in Definition 1.2
may be replaced by any quantity or function that may attain arbitrarily small
positive values. For example [4] replaces it by cosa, which is a bound on the
angle between 7/(t) and e and so is geometrically natural, but for us has the
disadvantage that values of o that matter, namely those for which the cone C.
is close to a half-space, are close to 7/2 rather than to zero.

Many variants of Definition 1.2 that are easily seen or shown to be equivalent
to the one given here may be found in [23, Definition 1.1 and Remark 1.2].
A rather useful variant is that I'c , may be defined as the collection of v €
C*(R,R") satisfying |v/(¢))] =1 and /() € C, o for every t.

Perhaps the most interesting modification of Definition 1.2 comes from a so
far unpublished result of Mathé and allows taking Borel sets G both in (1.1)
and (1.2). Tt is not exactly equivalent with ours, but has the properties that a
set of (e, ) width zero according to M&thé has (e, ) width zero according to
the above definition for every a > 8, and a set of (e,a) width zero according
to the above definition has (e, ) width zero according to Méthé. We have not
used this, since our constructions, like that of [3], use that width is determined
by open sets, and so the only difference would be that an appropriate version
of Definition 1.2 would be called Méathé’s Theorem.

Terms like “cone null” have been used for sets that are defined with the help
of the notion of width. We follow this trend in our main notion, introduced
in Definition 1.7. Before coming to it, we recall the main starting motivation
behind what we do, namely the following definition from [2] and a special case
of their result (proved in [3]) which is most relevant for us.

Definition 1.3 (see [2, Definition 1.11]): A map 7 of a subset E of R™ to the
Grassmanian G(k,n) is said to be a k-dimensional tangent field of E if

1.3 WealT € E:7(x) N Coq ={0}} =0 for every e ¢ R" and « > 0.
( : , y

Obviously, if F is a k-dimensional embedded C! submanifold of R”, its tan-
gent field 7(x) satisfies (1.3). However, the following theorem proved in [2, 3]
shows that many non-smooth sets admit a k-dimensional tangent field. Be-
fore stating it, we notice that Definition 1.3 uses the value « in two different
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meanings and so it is sensitive on the choice of the notion of width. As a
more detailed discussion of this will appear in [3], we just point out that the
use of Mathé’s width and the width from Definition 1.2 are equivalent. The
only case to treat is when Definition 1.2 holds in Méthé’s sense. Assuming
Weap{z € E: 7(x) N Cep,, = {0}} = 0 in Mathé’s sense for all k > 1, where
0<ap <a<land ap > a, we conclude that in the sense of Definition 1.2
we have weo{z € E : 7(x) N Ce, = {0}} = 0 for all & > 1. Hence writ-
ing {x e E:7(x)nCeq ={0}} =Upii{x € E:7(x)nCeq, = {0}}, we get
Weolt € E:7(x)NCe o ={0}}=0.

THEOREM 1.4 (see [2, Theorem 1.12]): A set E c R" is contained in a non-
differentiability set of a Lipschitz map R™ — R™ for some, or any, m > n if and
only if it admits an (n - 1)-dimensional tangent field. If n = 2, this holds if and
only of E is Lebesgue null.

As already mentioned, in the last assertion of Theorem 1.4 the assumption
n = 2 was removed in [8]. Notice also that the general case of Theorem 1.4
says that the existence of k-dimensional tangent fields is similarly related to the
existence of functions that at every point of the set can be differentiable in the
direction of linear subspaces of dimension at most k only.

Based on these results, we conjecture that sets of non-differentiability of real-
valued Lipschitz functions may be described as those for which there is an
(n-1)-dimensional tangent field satisfying conditions that make it in some sense
closer to being “genuinely” (n - 1)-dimensional. We do not have a more pre-
cise conjecture, but a simple consequence of our main results, Theorem 1.1 and
Theorem 1.9, is that sets for which there exists a continuous (n—1)-dimensional
tangent field are indeed sets of non-differentiability of real-valued Lipschitz func-
tions.

Since for the real-valued case only the tangent fields of codimension one are
relevant, we base our approach on an obvious variant of Definition 1.3 that uses
the normal fields instead of tangent fields. More interestingly, having in mind
conditions similar to continuity of the normal field, we can define the normal
vectors pointwise, while in general no pointwise definition of tangent fields from
Definition 1.3 is known. A highly interesting exception to this is the special
case when we are interested in measures supported by a set admitting a k-
dimensional tangent field where [4] provides an interesting pointwise definition
of the tangent field at almost every point.
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Since our “normal vectors” are not exactly those orthogonal to the tangent
field from Definition 1.3, we do not actually call them “normal vectors” and
instead use just notation N'(E,x) for their collection.

Definition 1.5: For x € E c R™ let

N(E,z):={eeR": (Ve >0)(Ir>0)we(B(z,7)n E) =0}.

Remark 1.6: Although we will not use it directly, we remark that N'(E,z) is a
linear subspace of R™ for any x € E. This follows from results on “joining cones”
in [3], but we describe a quick argument based on the result of Mathé. Since
M (E,x) = N(E,z) for each X € R, we conclude that every nonzero e from the
linear span of NV(E,x) can be written as e = ¥, e; where ¢; € N(E,z) ~ {0}.
Suppose € > 0 is fixed and v € I', . belongs to C*(R) and satisfies |v/(¢)|| = 1 for
all t € R (cf. remarks after Definition 1.2). Let o = iefe]/ % [e;| and find § >0
such that we, o (ENnB(z,d)) = 0 for each 7. From Definition 1.2 we see that there
is a Borel (in fact G5) set G o E such that we, (GnB(x,d)) = 0 for every i. Fix
now any ¢ € R and notice that there exists an ¢ such that (y/(¢),e;) > 2a]e;]|.
By continuity of 4’ there is a 7 > 0 such that for this particular ¢ we have
(v'(s),e:) > a]e;| whenever s € (¢t —7,t+ 7). Hence we, o(Gn B(x,§)) =0 for
this 7 implies |y 1 (GnB(z,8))n(t-7,t+7)| = 0. Finally, existence of such 7 >0
for each ¢ € R allows us to conclude that |[y~1(G n B(x,6))| = 0. As this holds
for every v € Te o, we get we (G B(x,0)) =0.

Definition 1.7: A set E c R™ satisfying N'(E,z) # {0} for every z € E is said to
be cone unrectifiable.

Remark 1.8: Of course any cone unrectifiable set is Lebesgue null. A ba-
sic example of cone unrectifiable sets E c¢ R™ is provided by those for which
N(E,z) =R" for every x € E. Such sets are called uniformly purely unrectifi-
able. By the result of Andras M&thé alluded to above these are precisely those
sets that are contained in a Borel 1-purely unrectifiable set, i.e., in a Borel set
B whose intersection with any C* curve has one-dimensional Hausdorff mea-
sure zero. The arguments used to prove Remark 1.6 simplify their definition in
another way: FE is uniformly purely unrectifiable if and only if thereis 0 <n <1
such that we, (E) = 0 for every unit vector e (this is used as a definition of a
uniformly purely unrectifiable set in [9]). In Example 4.4 we point out that a
similar simplification of the notion of cone unrectifiable sets is false: given any
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e+ 0and ne(0,1), we construct a set F which does not satisfy the conclusions
of Theorem 1.1 but is of (e, n)-width zero.

We are now ready to state the main results of this paper. First, we state
Theorem 1.1 again:

THEOREM (Theorem 1.1): If E c R™ is cone unrectifiable, then there is a Lips-
chitz function f:R™ — R that is non-differentiable at any point of E.

There are various ways of stating that non-differentiability of a function f at
a given point x is rather strong. The most usual one is by comparing the upper
and lower directional derivatives of f at x defined by
r+ty) - f(x
D* f(x:y) = limsup M
N0

and
f(z+ty) - f(2)
t b

respectively. An even stronger non-differentiability statement is obtained by

D, f(x;y) = 111&1&11“

showing that close to z, f may be approximated by many linear functions. Our
next result shows that the non-differentiability statement of Theorem 1.1 may
be strengthened in this way.

THEOREM 1.9: For every cone unrectifiable set E c R™ and every € > 0 there
are a Lipschitz function f : R™ - R with Lip(f) < 1+¢ and a continuous function
u:E - {2eR":|z| <e} such that

(1.4) liminf sup lf(z+y) - f(z) - (e +u(z),y)|

r~O [yl r

=0

whenever z € E and e e N(E,z) has |le| < 1. In particular,
D" f(3y) = D. f(w;y) 2 2sup{(e,y) : e € N (B, 2), [e] <1}

whenever x € E and y € R™.
Additionally, if E is contained in {x : w(x) > 0}, where w : R® - [0, 00) is
continuous, then f may be chosen in such a way that |f| < w.

For a set E admitting an (n — 1)-dimensional continuous tangent we obvi-
ously have N'(E,z) > 7(x)* # {0}. Hence such sets are cone unrectifiable and
so are sets of non-differentiability of a real valued Lipschitz function. More
interestingly, having countably many cone unrectifiable sets, we may try to add
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the functions obtained from Theorem 1.9 to get a function non-differentiable at
the points of the union. However, addition of non-differentiable functions may
create new points of differentiability. To solve this problem we employ the idea
that Zahorski [27] used in his precise description of non-differentiability sets of
Lipschitz functions on the real line as Gs,-sets of measure zero; it is based on
the simple observation that the sum of a differentiable and a non-differentiable
function is non-differentiable. For this we need the function f obtained in The-
orem 1.9 to be differentiable outside F, in other words, to have that E coincides
with the set of points where f is not differentiable. This is however not possible
in general as shown in Example 4.2. In the following two Corollaries we solve
this difficulty by making a special assumption that the sets we consider are F,.

COROLLARY 1.10: Suppose E = U, Ex, ¢ R", where Ej, are disjoint cone unrec-
tifiable F, sets, and let Ny := N'(E),x)n B(0,1) when x € Ej,. Then there is a
Lipschitz f : R™ — R such that

e f is differentiable at every x € R" \ E;
e for every x € E there is ¢ > 0 such that for every y € R™,

D" f(x;y) - Dy f(wsy) 2 ¢ s%)(e,y),

so, in particular, f is not differentiable at x.

If we are not interested in estimates of the difference of the upper and lower
derivatives, Corollary 1.10 gives the following more naturally sounding state-

ment.

COROLLARY 1.11: For any E c R" that is a countable union of cone unrectifi-
able F, sets there is a Lipschitz function f : R™ — R that is non-differentiable
at any point of E and is differentiable at any point of its complement E°.

The next Corollary 1.12 contains the constructions of p-almost everywhere
non-differentiable functions from [3] and [4, Theorem 4.1]. Given a Radon mea-
sure 4 in R"™, these authors assign to p-a.a. points a linear subspace T'(z) of R™
that in certain sense represents the directions of curves on which p is “seen”.
For [3], the definition of “seen” is exactly the assumption of Corollary 1.12
while [4] bases the definition on a related but different property and shows in
[4, Lemma 7.5] that the assumption of Corollary 1.12 is satisfied. Hence Corol-
lary 1.12 gives a quantified generalisation of [4, Theorem 4.1]. It is, however,
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important to point out that both these references define the linear space T'(z)
which is in a natural sense smallest, and this allows them to obtain also a coun-
terpart to Corollary 1.12 that every Lipschitz function is p-a.e. differentiable
in the direction of T'(xz). We also notice that the constructions of p-almost
everywhere non-differentiable Lipschitz functions have been strengthened in a
different direction by [18] where the authors produce functions that y-a.e. admit
any blow-up behaviour permitted by the differentiability results.

COROLLARY 1.12: Let u be a Radon measure on R"™ and T a p-measurable
map of R™ to U;,_o G(n,m) such that for every unit vector e and 0 < a < 1,
the set {x : Ce o nT(x) = {0}} is the union of a pu-null set and a set E with
We,o (E) = 0. Then there is a real valued Lipschitz function f on R™ such that
for p-a.e. x € R™ there is ¢ > 0 such that D* f(xz,v) — D, f(x,v) > cdist(v, T (x))
for every v e R™.

Our final result deals with the uniformly purely unrectifiable sets introduced
in Remark 1.8. For such sets the statement of Theorem 1.9 concerning upper
and lower derivatives is shown in [3]. We prove a stronger result, namely that
these sets are non-universal differentiability sets in the strongest possible sense,
which corresponds to having € = 0 in Theorem 1.9. However, in Example 4.1
we demonstrate that such an improvement is specific to the case of uniformly
purely unrectifiable sets even when E c R? is compact, for each x € E the set
N(E,z) is a one-dimensional linear subspace of R? and the map x — N (FE, x)

is continuous.
THEOREM 1.13: For every uniformly purely unrectifiable set E c R™ there is a
real valued 1-Lipschitz function f on R™ such that

+ — —
(w5 int sup LG9 =@ = (e.p)

O ly|<r r

=0

for every x € E and e € R™ with |le| < 1. In particular, D* f(z;y) = |y| and
D, f(z;y) = -|ly| for every x € E and y € R™.

2. Technical lemmas

We will work in the space R™ equipped with the Euclidean norm |- |. Most of
the notation we use is standard; the open and closed balls will be denoted by
B(x,r) and B(w,7), respectively. Since we will often need to use the distance
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of a point to the complement of an open set, we will simplify the notation for
it: for an open G c R" we let

(2.1) pa(x) =dist(z, R" \ G).

As usual, the Lipschitz constant of a real-valued function f defined on a set
E c R™ is the smallest constant Lip(f, E') € [0, oo], or just Lip(f) when E = R",
such that |f(y) - f(z)| < Lip(f, E)|y — | for all z,y € E, and functions with
Lip(f) < ¢ will be termed c-Lipschitz. The space of Lipschitz functions on R",
those for which Lip(f) < oo, will be denoted by Lip(R™). We will also use the
pointwise Lipschitz constants defined by Lip,, (f) = limsup, . |f(y) - f(2)|/|y-
z| and often use the following well known fact.

LEMMA 2.1: For any f:R™ - R, it holds that Lip(f) = sup g~ Lip, (f).

Proof. It suffices to handle the case n = 1 when it follows, for example, from
the considerably more general Theorem 4.5 in [26, Chapter IX]. ]

The following lemma allows us to modify the functions we are constructing so
that they become smooth on suitable subsets of R™. A similar lemma is proved
in [3], and in [4], although the authors of the latter paper could have used more
general [5, Theorem 1] or [16, Corollary 16]. We need a slightly more technical
variant of results from these references.

Recall that for any collection B of open sets in R™ there is a C'*° partition
of unity of order n subordinated to it, that is a collection of C'* functions
e :R" > [0,1], k=1,2,..., such that

e cach spt(py) is a compact subset of some B € B,

o > vr(x) =1 for every x € UB,

e for each x € UB there is r > 0 such that B(x,r) nspt(ypg) # @ for at most
n + 1 values of k.

LEMMA 2.2: Suppose H c R" is open, g : R®™ — R is Lipschitz, ® : H - R"
and £ : H — [0,00) are continuous and bounded, and |g'(z) - ®(z)| < &(x)
for almost every x € H. Then for every continuous w : H — (0, 00) there is a
Lipschitz function f:R™ - R such that

(i) f(z)=g(x) forx ¢ Hn{£ >0} and |f(x) — g(z)| < w(z) for x € H;
(i) feCY*(H) and ||f'(z) - ®(2)| < &(2)(1 +w(x)) for z € H;
(i) Lip(f) < max(Lip(g),5up,ers (|B(2)] + £(2)(1 +w(2)))-
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Proof. Let U := Hn{¢ > 0}, extend £ and w to (possibly discontinuous) functions
defined on all of R™ by letting £(z) = w(z) = 0 for x ¢ H and let wo(z) :=
2 min(1,¢(x)w(z),w(z), pf; (). Let B be the family of balls B(z,r) such that
2 €U and r < wo(x). Choose (¢r)k>1 forming a locally finite C*® partition of
unity on U subordinate to B, and denote my =1 + |[¢}, ] co-

As, for example, in [14, Appendix C.4], let n be the standard C'*°-smooth
mollifier in R™ and define n,(x) := n(x/s)/s". For each k choose s > 0 small
enough so that the convolution fj = g * 15, satisfies for every = € spt(yx),

o [fu(2) - g(x)] < 27" mj wo (2);
o [fr(z) - @(2)] < &(x) +wo(x).

Define f : R™ = R by f(z) = ¥ fu(z)ex(z) for z € U and f(x) = g(z) for

x ¢ U. Since each fryy is in C1(U), we have f e C*(U). Also, for all z € R",

(2.2) [ (z) - g(2)] < wo(x)

since for z ¢ U both sides are zero, and for x € U,
() = g(@)] < D0 Ifu(2) = g(@)lpr(z) < 3 wo(2)pr(2) < wo(w).
k k

Since wp < w and wy(z) =0 for z ¢ U, (i) holds.
We show that f is differentiable at every x € H and

(2.3) [f'(2) - @(2)] < &(x) + 2wo ().
To see this for z € U, we use Y pr(x) =1 and Y, ¢} (z) = 0 to infer that
f(@)-2(x) = Zk:(fé(x) - ®(x))pr(x) + zk:(fk(x) - 9(x)) ¢k (@),

hence

1@ - #(@)] < S 1) = 2@ or(@) + D) - 9@lloi(2)]
< %(f(x) +wolz))on(a) + ; 2~ Lo ()

<&(x) + 2wo ().
To see (2.3) for z € H ~ U, we infer from the assumptions on g, ® and & that
g is differentiable at x and ¢’(x) = ®(x). Since (f - g)'(z) = 0 because (2.2)
gives |f(y) = g(y)| < wo(y) < pir(y) < |y —[? for all y € R, we get that f is
differentiable at z and f'(x) = ¢'(z) = ().
Clearly, (2.3) and the inequality 2wo(z) < £(z)w(x) show the second state-
ment of (ii).
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To prove (iii), we infer from (2.2) that Lip,(f) < Lip(g) for x ¢ R* \ U, and
from (2.3) that
Lip, (f) <sup(|@(y)[ +&(y) + 2wo(y)) <sup([@(y) ] +£(y) (1 +w(y)))
yeU yeH
for € U. Thus (iii) holds by Lemma 2.1 and, since its right side is finite, we
also see that f is Lipschitz.

We already know that f is differentiable at every y € H and f’ is continuous
at every y e U. If y e H\ U, (2.3) shows that lim,_,(f'(xz) - ®(x)) = 0. Since
® is continuous at y, it follows that f’ is continuous at y. Hence f € C1(H),
which is the last statement we needed to prove. |

The next simple Lemma is used to show that the functions we construct may
be approximated by linear ones in the way required in equation (1.4) of our
main result, Theorem 1.9.

LEMMA 2.3: Suppose that H c R™ is open, g : R® - R belongs to C'(H),
w:R™ > [0, 00) is continuous and strictly positive on H, and n € (0,1]. Then
there is a function £ : R™ — [0, c0) such that
(i) €€ C(R",[0,00)) nC(H,(0,00)) and & < Lw;
(ii) if x € H and h: R™ — R satisfies |h — g| < 2€, there is 0 < r < w(z) such
that |h(z +y) — h(x) - {¢’'(z),y)| < nr whenever |y| < r.

Proof. Let ¥ be the set of functions 1 : R” — [0,00) satisfying Lip(¢)) < 1,
0 < < smin(pg,w,1), and |g'(y) - ¢'(2)| < 3n whenever € H and max(|y -
x|, |z — z||) < ¥(x). Since 0 € U, p(x) = sup{y(x) : ¥ € ¥} is well-defined.
We also have ¢ € U since for any x,y, z satisfying x € H and max(|y — z|, |z -
z|) < ¢(z) there is ¥ € ¥ such that max(||y — z||, |z - z|) < ¥(x) and hence
I¢'(y) - /()] < 4.

Let x € H. Since both py and w are continuous and strictly positive at x,
there is € > 0 such that %min(pH,w,l) > ¢ on B(z,e). Then the function
e 2 (y) == max(0,e - |y — z||) satisfies 1., = 0 outside B(x,) and 0 < 9. ,(y) <
e < smin(pg(y),w(y),1) for y € B(z,e). Hence 1., belongs to ¥ and we
infer that ¢(x) > ¢ (x) = ¢ > 0. Consequently, ¢ is strictly positive on H.
Furthermore,

lg(@+y) —g(2) = (g @)l <yl sup Ng'(2) - g'(@)] < 3nllyl
=<B(z,lyl)

whenever x € H and ||y| < ¢(x).
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Letting £(z) = $5m¢(x), we see that (i) holds. To prove (i), given z € H,
we let r := ¢(x), observe that 0 < r < w(z) and use that Lip(¢) < 557 and
&(z) = s5mr to estimate

h(z +y) - h(x) = (g (2),y)|
<2 (z+y) +26(2) +lg(z +y) - g(z) ~ (g (2), )|
<4¢(x) + 2Lip(&) |y[ + 3mly]
< g+ gulyl + ulyl < nr
whenever |y|| < 7 = ¢(z), and so whenever |y|| < &(x). n

The following Lemmas 2.4 and 2.6 modify corresponding lemmas from [3] in
a way suitable for our applications. A special version of Lemma 2.4, which does
not suffice for our purposes, can be found also in [4, Lemmas 4.12-4.14]. Since
[3] is not yet available, we provide full proofs.

LEMMA 2.4: Given € > 0 there is ¥ € (0,1) such that the following holds.
For every E c R™, every unit vector e € R" such that w. 9(E) = 0 and every
continuous w : R™ — [0, 00) which is strictly positive on E, there is a Lipschitz
function g : R™ — R such that 0 < g <w, Lip(g) < 1+ ¢ and there is an open set
H > E contained in {w > 0} such that |¢'(z) —e| < € for Lebesgue almost all
reH.

Proof. Let ¥ = sin3, where 0 < 8 < /2, be such that tan < £/2. Denote
G = {z : w(x) > 0} and choose ¢ € C=(R"™), k > 1, with compact support
contained in G that form a locally finite partition of unity on G. Let € > 0 be
such that ¥, ex[¢h || < €/2 and e (x) < 27¥ min(1, pZ (x),w(z)) for each k> 1
and all z € R™.

Using values ¢, which we have just defined, find open sets Gj such that
G > Gy 2 E and we 9(Gy) < ei. For each z € R™ we put

(2.4) gk(x) = sup{’Hl(Gk Ny(-00,b]) —s:veley, 520, v(b) =z + se}
and show that

(i) 0<gr(x) <ep;
(i) |gr(x +y) — gx(2)| < |yl tan 8 when y is perpendicular to e;

)

)

(iil) gx(z) < grp(x +7re) < grp(x) +r for every r > 0;

(iv) gr(z +7re) = gi(x) +r when [z,x + re] c Gi;
)

(v) gk is a Lipschitz function and Lip(gg) < 1 + tan §;
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(vi) |gi.(x)—e| < tan B for almost every x € G.

The first inequality in (i) is obvious by considering in (2.4), s = 0 and any
v el y with v(b) = x, and the second is immediate from we 9(Gg) < k.

If y # 0 is orthogonal to e, and v, b, s come from (2.4), we let r := ||y| and
9 = y/r and redefine v on (b,00) by y(b+t) = v(b) + (tcot 8)y + te for ¢ > 0.
Using (2.4) for gi(z +y) with " :=b+rtan 8 and s’ := s + rtan 3, we get

gr(x +y) 2 g (2) —rtan f = gp(x) - |y[ tan 5.
To get a lower estimate for gx(z) apply the above to the vector -y added to
T+ y:

gr(x) = gr(x +y —y) 2 gr(z +y) — [y tan 5.
This verifies (ii).

Now consider z’ = z + re where r > 0. Since any 7 used for ' may be used
for  with y(b) = 2 + (r + s)e, we get grp(x) > gr(z’) — r. For the rest of (iii)
and for (iv), note that as any « used in (2.4) for x may be redefined by letting
v(b+1t) =z +se+te for t >0, we get

ge(a") 2 H (G ny(=00,b+7]) =5 > H' (G ny(=00,b]) = s

for all v satisfying (2.4), so gx(z') > gx(x), and this verifies (iii). If [z,2'] =
[z,2 +re] c G and r < s, the same argument shows that

ge(z") > HY (Grny(—o00,b+5]) = (s—1) > (H'(Gr ny(~00,b]) = 5) +,
and if r > s, then

gr (@) > " (Grny(=o0,b+7]) = H (Gr ny(=00,b+5]) + (r—s)
> (’Hl(G;€ Ny(-00,b]) =) +r

for all such v. Hence in both cases gx(z') > gi(x) + 7, which, together with (iii),
implies equality in (iv).

The statements (ii)—(iv) imply that gy, is Lipschitz and for almost every z, 0 <
Dgi(x;e) <1, the equality Dgy(z;e) = 1 is satisfied for x € Gy, and [Dgg(z;y)| <
|y|| tan 8 for y perpendicular to e. This gives both (v) and (vi).

Let g:= Y. grgk. Since by (i) one has 0 < gy < 27" min(1, %, w) for every

k=1
k > 1, we conclude that 0 < g < w and Lip,(g) = 0 for « ¢ G. Since the sum
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defining ¢ is locally finite, g is locally Lipschitz on G and by (v) and (i) for
almost every = € G,

lg' ()] < Zk: lgr () | ox () + Zk:gk(fv)l\wk(x)\l <1+tanf+ Zk:é‘k lerl <1+e.

Hence Lip,(g) < 1+ ¢ for every 2 € G, and we infer from Lemma 2.1 that
Lip(g) < 1+e.

Let H := N Uk, where Uy, := (G ~ spt(pr)) UGy, are open. Then E c N, G
H c G and H is open because the complements of the Uy in GG are closed in G
and their collection is locally finite in G since G\ Uy, ¢ spt(py). Finally, by (vi)
for almost every = € H,

lg'(x) —e] < Ek: lgx(z) = ellpn () + Zk:gk(x)\lwk(w)\l <tan 3+ ;akl\%l\ <e.

Definition 2.5: Since we will need to use Lemma 2.4 for several values of ¢ at
the same time, we introduce a function ¥ : (0,00) — (0, 00) such that 9(o) is

the value of ¥ from Lemma 2.4 for ¢ = %U.

LEMMA 2.6: Suppose E ¢ R", the functions w : R™ - [0,00) and ¢ : R"™ - [0, 1]
are continuous, w >0 on E, e e R", 0 > 0 and w, 9(,)(E n{yp >0}) =0. Then
there exist functions f : R™ - R and ¢ : R™ - [0,1] and an open set H c R"
such that
(i) Ec Hc{x:w(x)>0} and f e Lip(R") nC*(H);

(ii) |f(z)| <w(x)|e]| for all x € R™ and f(zx) =0 when ¢(z) =0;

(iil) [f'(2) =¥ (z)e]| < oliusoy(2) L0y (7)]e] for almost all x € R™;

(iv) 0<op(x) < o(2)ys0y(x) for 2 € R and ¢(x) = p(x) for x € H.

Proof. If e =0 or o > 1, it suffices to let f:=0, ¥ := ¢ and H := {w > 0}. So we
assume |e]| =1 and o < 1, let € := ¢/7 and pick an integer k € [6/c,7/c].

Let wy := 3 min(l,w), Gy := {w > 0}, Hy := Gon {p > 0} and, whenever
H;_1 has been defined for some i = 1,...,k, let G; := H;_1 n{p > i/k} and use
Lemma 2.4 with continuous w;(x) = % min(w, pg, ), where pg, is defined by (2.1),
to find a Lipschitz function g; : R™ — R and nested open sets H; c G; ¢ H;
such that for each 1 <i <k,

(a) Lip(g;) <1+¢€ and |g;| < %min(w,péi);

(b) G;ioH;>G;nE and |gi(z) —e| < for a.e. x € H;.

Let g := %Zﬁl gi- Then by (a), Lip(g) < 1 +¢ and |g| < 3 min(w, pg, ). For
any z € G find the biggest j = j(z) € {0,1,...,k} with 2 € G;; since G}, = &,
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we have j(z) < k- 1. Define ¥(x) = min((j(x) + 2)/k, p(x)); and for z ¢ Gy let
P(x) =0. Clearly, 0 <9 < plg, on R™, which is the first statement of (iv). For
any x € Hy it holds ¢(x) € (j(z),](m)w], ie. 0 <v(x)-j(x)/k < 2/k. Define
now
k
H= _Uo{ﬂf €Hj:p(x) <(G+2)/k}
j=
and notice that 1(x) = p(z) whenever x € H. Indeed, if x € H; is such that
o(x) < (j +2)/k, then H; c G; implies j(z) > j, so J(x% > ﬁ > (),
hence by definition ¥(x) = ¢(z), and this verifies (iv). Also, E c H since
Ec U o(Hj~ Gjy1) from (b), and for z € H; \ Gj;; we have j(x) = j and so
p(x) < (G+1)/k < (j+2)/k. Since it is clear that H is open and w > 0 on H
because H c Gy, we conclude that the first part of (i) is satisfied for E, H and
w. We are now left to define the Lipschitz function f and verify the remaining
part of (i), and also (ii) and (iii).
Note that for almost all 2 € Gy (where ¢ > 1/k), all g; are differentiable at x
and the estimate in (b) is satisfied whenever x € H; and 1 <i < k. Consider any
such x € G;. To estimate g'(x), notice that for such x we have j = j(z) > 1 and

e if 1 <i<j, then z € H; and so |g}(z) —e| <& by (b);
e if i >j+1, then ¢ G; and so g;(z) =0 by (a).

Hence, for almost all x € G
lg'(2) = (2)e] < |9 (x) = Fre| + Ee]
7 Z lgi(z) = ell + g5 (x)]) + &
é
Tk

<5p(x).

IN

I/\

<

k\U\

Since ¢'(x) = 0 outside G1, we get | ¢’ (z) - (z)e| = ¥(z) for z ¢ G;. Using that
¥ =0 outside Hy and ¢ < ¢ < § for x € Hy \ Gy we infer that |g'(z) - ¢ (x)e| <
min(4,¢(z)) outside G1 and conclude [¢'(z) — ¥ (x)e| < 5min(3,¢(z)) for
almost all x e R™.

Using Lemma 2.2 with ®(x) = ¢(x)e, £(x) := 5min(%,<p(x)) and @&(x) =
%min(w(m),gp(m),pfq), we find Lipschitz f : R® - R such that f ¢ C'(H),
If(2) —g(2)] < @(x) and ||f'(x) —P(x)e| < &(x)(1 +d(x)) for all z € H. Since
f € C1(H), the remaining condition of (i) is satisfied. Finally, the conditions
(i) and (iii) hold since |f] < |f - g|+|g| < £ min(w, ¢) + 3 min(w, pg, ) < Wlius0},
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and || f'(z) — ¥ (x)e| < 6min(%,g0(ac)) < olyusop(z) and =g =0and ¢ =0
outside G = {w > 0}. |

In a rather straightforward way, we will use Lemma 2.6 recursively to obtain
the main tool for our construction of a function non-differentiable at points of
a given set F.

LEMMA 2.7: Suppose E ¢ Hy c R™, Hy is open, fy € Lip(R™) n C*(Hy) and
wo € C(R™,[0,00)) n C(Hy,(0,00)). Suppose further that for k > 1 we are
given vectors ey, € B(0,1), functions ¢y € C(R",[0,1]) and oy > 0 such that
Wey (o) (E N {or >0}) =0. Then for each j > 1 there are sets H; ¢ R" and
functions f;,w;,¢; : R™ - R such that
(i) Hj is open, Ec Hj c H;_; and f; € Lip(R") n C*(H;);
(i) w; e C(R™,[0,00)) nC(H,,(0,00)) and w; < %min(l,wj_l,p%,j);
(iti) |fj = fj-1l Swj-1 and fj(x) = fj-1(z) when ¢;(z) = 0;
(iv) if h : R™ - R and |h - f;| < 2w, then for every x € H; one may find
0 <r <wj_1(x) such that supy, |, |h(z +y) - h(z) = (fi(z),y)| < oj7;
(v) ¢ :R" > [0,1], 0<¢p; <y, , and ;= ¢; on Hj;
(Vi) [£j () = fia (@) = v(2)e; | < 01,501 (x) for every x € E;
(vit) |[fj () = 2] < [ fo(@) + iy vi@)ei = 2] + Ei_y 0ilp,50) (%) for any z € R"
and a.e. x € R™.

Proof. Replacing wy by %min(l,wo, pfqo) if necessary, we may and will assume
that wg < %min(l, p%,o) and observe that then Hy = {wo > 0}. Assume j > 1 and
an open set H;_1 o E, a function f;_; € Lip(R") n C*(H;-1), and a function
wj-1 € C(R™,[0,00)) n C(E,(0,00)) such that H;_; = {wj_1 > 0}, have been
already defined; this is certainly the case for j = 1. We will now explain how
to construct functions f;,w;,v; and sets H; such that conditions (i)-(vi) of the
present lemma are satisfied. Notice that once we construct these objects, we
have an open set H; > E and a function f; € Lip(R™) n C'(H;) from (i), and
a function w; € C(R",[0,00)) nC(E,(0,0)) satisfying w; < min(1, p%{j) for all
z € R™ from (ii). This will allow us recursively to construct all required objects
so that (i)—(vi) hold, and then we will finish the proof by showing that (vii)
holds as well.

By Lemma 2.6 find g;,%; and H; c R™ such that

(a) Hjis open, E c Hj c H;_; and g € Lip(R™) n C'(H;);

(b) lgj(x)| <wj_1(x)|e;|| for all 2 e R™ and g;(x) = 0 when ¢;(z) = 0;
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(c) Hgg(ac) —-j(z)ej| <o ILHj_l(x)]l{wpo} (z)]e;| for almost all x € R™;

(d) 0<9(x) <pj(z)lp, ,(x) for x € R™ and 1;(x) = p;(x) for € Hj.

Here we used that H;_; = {w;_1 >0} to obtain conditions (a)-(d) directly from
conditions (i)—(iv) of Lemma 2.6.

Let f; := fj-1 + g;, then (a) and (b) imply (i) and (iii), respectively. By
Lemma 2.3 we may find &; € C(R",[0,00))nC(H,, (0,00)) having the property
that whenever z € H; and h : R" — R satisfies |h — f;| < &;, there is 0 < r <
wj-1(z) such that |h(z +y) - h(x) - (f;(z),y)| < njr whenever |ly| <. Letting
wj = %min(wj,fj,p%[j), we have (ii) and (iv). Clearly, (v) is the same as (d),
and (c) implies that

(2.5) 1£5 (@) = fioa (@) = j(2)e; ] < 051,50 ()
for almost every x € R". From this, since f}, f;_; and v; = p; are continuous
on the open set H; > E, we have (vi).

By the recursive use of the above construction we have defined Hj}, f;,w; and
1; such that (i)—(vi) hold. The last required statement (vii) follows by using
(2.5) to estimate, for almost every x € R™,

1) - 2] < | () + jzlwmc)ei o)+ Z 1)~ £y () - a(@)es]

j j
< Hfé(x)+;¢i(x)€i—z\|+;Ji1{w>0}(w)~ "

We will use Lemma 2.7 to prove the two key results, Theorem 1.9 and Theo-
rem 1.13. To prove the former, we will choose the objects required in Lemma 2.7
using the following combination of suitable partitions of unity.

LEMMA 2.8: Suppose E c R" is cone unrectifiable and € > 0. Then there
exist sequences of positive numbers o; > 0, vectors e¢; € B(0,1) and continuous
functions ¢; : R™ - [0, 1], such that
() Ziz101lspe(p) <€
(i) we, w(o) (£ n{pr>0}) =0 for each | > 1;
(ii) ifz e E, ee N(E,z) and |e| < 1, then for every n >0 there are arbitrarily
large | such that o; <, |e—¢;| <n and ¢;(x) = 1.

Proof. For x € E, e ¢ N(E,z) and any o > 0 there exists, by definition of the
cone unrectifiable set, a radius §(z,e,0) > 0 such that we (o) (£ N Bgeo) =0,
where By ¢ = B(z,6(z,e,0)).
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We may suppose € = 1/p for some p € N (so that 1/¢ is a positive integer). For
each i > 1 we let g; := 277 and 7; := 37" (n+ 1), For each pair of i > 1 and
j=1,...,3";™ choose e; ; € B(0,1) such that B(0,1) c U; B(ei,j,e;) for every
fixed i > 1. Let

E;j:={xecE:(eec N(E,z))|e-e; | <&},

so that of course U; Ej, j = E for each fixed iy > 1. For each pair (ig, jo) find a
partition of unity {¢;, jo.x : k> 1} of order n subordinated to

{By,uﬁ ‘Y€ Eio,jo’ u EN(E7y)» Hu ~ €ig,jo H <&y, 0 = Tio}'

Order the triples (i,7,k) into a single sequence (i(1),j(1),k(1)), and let
oy = min(l, (n+ 1)@i(l)7j(l)7k(l)) and oy := ;). Also, observing that spt(y;) =
spt(iy,jy.ky)s find 1 € Ejq) 0y and e € N(E,y;) such that spt(y;) c
By, ;,0,- Notice for future reference that |e; —e;y oyl < €iry-

We show that the Lemma holds with the o, ¢; and ¢; defined above.

To prove (i), observe that for each fixed iy > 1 and zp € R™ there are at
most 3"¢;"(n + 1) pairs (j,k) for which x¢ € spt(y;, ;). Notice also that oy is
constant and equal 7;, over all [ with the same value of i(l) = ig. Hence

Zgl]lspt(w)(xO) < 23”62"(71 + ].)Ti < Zc‘fi <e.
1 i i

The statement (ii) is immediate from we, 9(5,)(E N By e,,0,) = 0 and the
inclusion spt(y;) € By, e;,01-

Finally, suppose = € E, e € N(E,x), |e| <1, n >0 and Iy € N. Let ig >
max{i(1);l < lp} be such that ¢;, < n/2. For any i > ig there is j such that
le —eij| < e < e, <n/2. Then x € E;; and since the partition of unity
{@ijr : k> 1} is of order n, there is k such that ¢; j x(z) > 1/(n+1). This
implies ¢;(x) = 1 for [ satisfying (¢,7,k) = (i(1),75(1),k(1)). Then ! > Iy and
01=Ti <&;,50 [e—e] <|e—e; ;]

+|e; ;—eill < 2e; <n, so (iii) holds as well. n

Our second use of Lemma 2.7, to prove Theorem 1.13, will be more straight-
forward: we use it to construct functions that will approximate the required
function.

LEMMA 2.9: Suppose E ¢ H c R™, E is uniformly purely unrectifiable, H is

open, w € C(R™,[0,00)) nC(H,(0,00)) and f € Lip(R") n C'(H). Then for

every e € R"™ and n > 0 there are g,& : R™ - R and an open set U c R" such that
(i) EcUcH, £eC(R™,[0,00)) nC(U,(0,00)) and € < 2w;



20 OLGA MALEVA AND DAVID PREISS Isr. J. Math.

(ii) |g - f| <w, Lip(g) < max(Lip(f), e|) +n and g € C*(U);
(iii) ifz € F and a function h : R™ — R satisfies |h—g| < 2€, there is 0 < r < w(x)
such that sup, ¢, [h(z +y) - h(z) = (e, y)| < nr.

Proof. Let o =n/8(n+1). Since f e C'(H) and E c H, for each z € E there is
8z >0 such that | f'(y) - f'(2)] < 47 for y,z € By := B(x,4,). Find a partition
of unity {7 : k > 1} of order n subordinated to {B, : x € E} and choose z} € E
such that spt(yx) ¢ By, -

Set Hy = H, wg = %w, fo=f, on=0, 1 =~f'(x1r) e N(E,z1), €2 = € €
N(E,z), and par_1 = pay = Yk. Since E is uniformly purely unrectifiable, the
hypothesis of Lemma 2.7 is satisfied, and so find fi, wg, Hy and ¥y, k > 1, such
that the statements (i)—(vii) of Lemma 2.7 hold (we leave out (iv) and (vi) as
we do not use them here):

(a) Hy is open, E c Hy, c Hy,_1 and f, € Lip(R™) n C*(H});

and a.e. x e R™.

By (b) and (c), the sequence of Lipschitz functions (fy) converges to a func-
tion g:R™ - R and |g - f| <w. For every x at which f'(z) exists write

2%
(2.6) fl(z) + Zl vi(x)e; = af'(x) + be + v,

where a = 1= i ¥oi1(2), b= Ly ¢ai(2), v = Ty i (2) (f'(2) = f'(22)).-
Using ¥;v; <1 as it is a partition of unity, and (d) to get
(2.7) 0<tho; <@oilp,, | =@2i-1lu,, , <VP2ic1 < Y2i-1 =V,
we see that a,b>0, a+b=1+ Y% (g (x) = 1i_1) () <1, and

Joll < 3 (@) (@) = f' (@),

€A

where A = {i:x e spt(v;)}. Recall that spt(~;) c By,, and by the definition of
the ball B,, we have | f'(z) - f'(z;)| < n for z € B,,, hence |[v| < 1n. Thus we
conclude from (2.6) that for almost all z € R™ and all k> 1

(2.8) ‘ < max(Lip(f), [e]) +n/4.

2k
f'(z) + ;wi(l’)ei
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Since for every x there are at most 2(n + 1) values of i with ¢;(x) # 0, we see
that Y2%, ol{pis01(z) <2(n+1)o = 3n for any k > 1, and infer from (e) with
z =0 and (2.8) that for a.e. x,

2k 2k
| for (@) < (£ () + ;wi(fc)eiﬂ + ;01{%>o}($) < max(Lip(f), [e]) + 37-

Since, by (a), for is Lipschitz, we conclude Lip(for) < max(Lip(f), |e]) +n for
each k, and so (ii) holds.

For each x € E there is a neighbourhood where all but a finite number of the
functions @y’s are zero, so we can find r, > 0 and k, € N such that B(z,r,)n
sptoy = @ for k > ky. Let U, := B(x,r;) n Hy,, where Hy, o E 5 x is defined
in (a), and define an open set U := Ugyep Uy. As x € U, ¢ H,, ¢ Hy = H for
any x € I/, we conclude that F c U c H, this verifies the first two statements
of (i). By (c), g = fr on B(x,r;) > U, for every k > k,; hence g € C*(U,) by
(a) as U, ¢ Hy,, and so g € C1(U). Thus Lemma 2.3 applied to U, g,w and %77
provides a continuous function £ : R™ — [0, c0) such that (i) holds and for every
x € EcU and h:R" - R satisfying |h — g| < 2¢, there is 0 < 7 < w(x) such that
(2.9) sup h(z +y) - h(z) = {g'(x), )| < 30

yl<r
Observe now that for « € E we have « € H; for any i > 1, hence ¢;(x) = ¢;(x) for
any 7 > 1 by (d). Together with definition of k, this implies that Zle o1 () =
S @aio1(2) = £ vi(2) = Yy vi(x) = 1 for any k > k,, hence for such k the
constants a, b from (2.6) satisfy a = 0 and, similarly, b = 1. Using equation (2.6)
and recalling that v] < 37, we get | f/(z) + Y2 pi(x)ei —ef = || < 1n for any
k > k,. With k = k, we have g = fo, on U,, hence using (e) with z = e it follows

2k 2k
lg'(x) = el = |l for(2) — el < |f"(2) + ;wi(w)ei —ef+o ; Lip.503(2) < 31,

and by combining this with (2.9), we obtain (iii). |

3. Proofs of main results

Proof of Theorem 1.9. Recall that we are given a cone unrectifiable set £ c R™.
We are also given € > 0 and a continuous function w > 0 such that E c {z :
w(x) > 0}; if w is not given, we set w =1 everywhere on R™.

We begin by finding numbers o3, > 0, vectors e;, € B(0,1) and continuous
functions ¢ : R™ > [0,1], k=1,2,..., such that
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(A) Yk orlgpi(pn) <6

(B) we,,0(00)(E 0 {epr>0}) =05

(C) ifzeE,ee N(E,z) and |e| <1, then for every n > 0 there are arbitrarily
large k such that oop_1 <1, ||e — e2p—1] <1 and pop_1(x) = 1;

(D) for every k> 1, po = pog—1 and ea = —€95_1-

For this, it suffices to take &;, é; and ¢; from Lemma 2.8 with ¢ replaced by /2

and let 09-1 = 09 := 0y, Pai-1 = P21 = P, €21 = € and ey = —€;.
We set fo := 0, Hp = {w > 0}, wg := 3 min(1,w,p} ) and use Lemma 2.7 to

find fj,(;u‘j,Hj,@bj, j = 1,2,... such that

(E) Hj is open, Ec H; c Hj_q and f; € Lip(R™) n C'(H;);

(F) wj e C(R™,[0,00)) nC(H,,(0,00)) and w; < %min(l,wj_l,p%[j);

G) |fj = fi-1l fwj-1 and f;(2) = fj-1(x) when ¢;(x) = 0;

H) if h : R® - R and |h - f;| € 2w, then for every x € H; one may find
0 <7 <wj-1(x) such that supy, |, [h(z +y) = h(z) = (fj(x),y)| < oj7;

(I) ¥j:R™ > [0,1], 0<4p; <l , and 9 = ¢; on Hj;

(3) 1£5(2) = £11 () = ()65 £ 03 L0y (0) for every o € B

(K) 177e) — 21 < L) + By (e - 2] + Sy 0l sy () for all = € 7

and a.e. x € R".

(
(

Notice that (F) implies w; < 29w, for j > 4, and so also w; < 277. Conse-
quently, by (G), f; converge uniformly to a function f:R"™ - R and |f - f;| <
Z;fj w; < 2w;. We show that f has the required properties.

Notice that (I) and (D) imply that

1/’21‘—1(@621—1 + ﬂfzi(x)@m = —(1/121'—1(93) - Z/Jzi(m))]lH%_z\H%(I)ezu

and this vector has norm at most 1p,, ,<m,, (), as condition (I) implies 0 <
w2i < QPZiJngi,l = 9021‘_1]111[21.71 < w2i—1 < ¥2i-1 <1 (Cf (27)) Hence (K) with
z=0and (A) give

k 2k
1)) =[S Wi (@)eai + dais@eaio)| + Doil iy (@

k 2k
< 2; L, oy, () + z; oilps0(z) <1+e

for almost every x. Since (E) shows that foy, is Lipschitz, Lip(fax) < 1+¢, and
we conclude that Lip(f) <1+e.
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For every i > 1 and x € F ¢ Hy; ¢ Hy;_1, (I), (D) and (J) imply

| £3:(2) = f3:-2() |
= [(f35(2) = f3i-1(2) = p2i(@)ea) + (f3;-1(2) = [2i-2(x) = pai-1(2)e2i-1) |
< 02112501 (7) + 02111 {150 (2).
Since ¥; 01,50y (x) < € by (A), the restrictions of f3; to E' converge pointwise
to a function u: E - R™ and |u(z)| < ¢ for z € E.
Suppose = € E, e e N(E,z), |le| <1 and n > 0. By (C) there is k such that
22 <, | (@)~ u(@)] < 2, e eapen] < 0, o < 2y and o (2) = 1.
Since x € E ¢ Hagy1, the latter immediately implies o541 (2) = 1 by (I). Since

|f = fara1| < 2woper and (J) gives [f3,,1(x) = (f3(2) + e2n41)| < O2per, we
conclude that (H) provides 0 < r < wop(x) < 272k < n such that for every

lyll <7,

[f(z+y) = () = (u(z) +e,y)|
<|f(w+y) = (@) = (forar (@) )| + [ forn () = (for () + eania) ]
+ [ far (@) = w(@) |yl + lezksr —elly]

<(O2k+1 + O2ps1 + /4 +0/d)r <nr.
Since 1 > 0 may be arbitrarily small,

(3.1) lminf sup M)~ (@) ~{eru(@).y)l

O |yl<r r

=0,

which is the main statement we wished to prove. The estimate of the lower and
upper derivatives is an immediate consequence: if e e N (E,z) and |e| < 1, we
use (3.1) for e and —e to infer

D f(z;y) - Do f(z5y) 2 (e + u(z),y) - (e +u(z),y) =2(e,y). W

Proof of Corollary 1.10. We are given E = U1 E ¢ R"® where Ej, are disjoint
cone unrectifiable F, sets, and N, = N'(Eg,z) n B(0,1) for x € E}.

Write Ej, = Uj»1 Hy,; where Hy ; are closed cone unrectifiable sets, and let
Fr; = Ui; Hys and Ey; = Hy; \ Fij, so that Ej ; are pairwise disjoint
over all (k,7). Let ¢y ; = 277 and wy;(z) = ¢, min(1,dist*(x, Fy j)). By
Theorem 1.9 there are Lipschitz functions fi ; : R™ — R such that Lip(fz ;) < 2,
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| fk,j| < wk,; and

D" fij(23y) = Do fij(2;9) 2 25up{(e,y) : e e N (Ey 5, ), Jle] < 1}

> 2 sup fe.y)
eeN,

for x € Hy, ; and y € R”; the last inequality follows from N, c N'(Ej ;, x).
Apply Lemma 2.2 to w = wyj+1, H = {wgj+1 > 0}, g = fxj, ® = 0 and
¢ = 2 to find Lipschitz functions gy j : R" — R such that gy ; € C*{wg j+1 > 0},
\9k,; = fr.jl < wk j+1 and Lip(gg,;) < 3. We observe that gy ; is differentiable at
every = ¢ Hy, ;. Indeed, for such an x, if wy ;(z) =0, i.e. x € Fy j ¢ Fy j41, then
9r,j (@) = frj(x) = 0 as wij(2) = wi a1 () = 0, and |gr; (y)] < 2cx5]y - z]* <
ly — z|?, using upper estimates for |gx ; — fi ;| and |fx |, and = € Fy j ¢ F ji1;
hence g; ;(x) = 0. If, however, z ¢ Hy ; and wy j(x) > 0, then = ¢ Ey ; U Fy ;,
hence wg j+1(z) > 0 and so it follows that gx ; is C* on a neighbourhood of z.
We also observe that for every z € Hy ; and y € R"”, we have = € F}, j;1, and
therefore |gy j(y) = fr,j(y)| < ¢k j+1]y — z||* and hence gy ;(z) = fr ;(x) and
(3:2) D grj(w;y) = Digrj(w;y) = D fij(3y) = Do frj(3y) 2 2 sup (e, y).

eeN,

Summarising, g, ; is differentiable at every x ¢ Hy ; and is not differentiable at
any x € Hy_;j, moreover, it satisfies (3.2) at such points x.
We let f := Z Cstgst and hyj = Z Cs.19s,t- Since for any (s,t),

(s,t) (s,t)#(k,5)
if x ¢ Hst, then the function g, is differentiable at z, and since we have

X (s,t) Lip(cs,1gs.t) < 00, we infer that f is differentiable at any z ¢ | ) Hs+ = E
(st)
and hy ; is differentiable at any x € Hy ; u (R" \ E).

Let z € Ej and find j such that x € Hy, ;. Then for every y e R", D* gy, ;(z;y) -
Dy gy, j(z;y) > 2sup.cp, (€,y) by (3.2), and so, since f = ck jgr,; + hr,j and hy
is differentiable at z, we conclude that

D* f(x;y) = Dy f(z3y) > 2c1 st;l;(e,y% n
eeN,

Proof of Corollary 1.11. We are given a set £ c R™ that is a countable union
of (not necessarily disjoint) cone unrectifiable F, sets. Since each of these
F, sets is a countable union of closed cone unrectifiable sets, we can write
E = U7, F where Fj, are closed and cone unrectifiable. Hence E = U7, Ex
where Ey, == Fi,\U,« Ij are disjoint cone unrectifiable F;,; sets, and it suffices to
take the function f obtained from Corollary 1.10 used with these sets F. |
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Proof of Corollary 1.12. We are given a Radon measure p on R™ and a u-
measurable map T : R™ - U}, _, G(n,m) such that for every unit vector e and
a € (0,1), the set {x: Ce o nT(z) = {0}}, where Ce o = {u: |[{u,e)| > aful}, is
the union of a p-null set and a set E with we o(E) = 0. We show that there are
cone unrectifiable F), sets Ej, such that u(R" Uy Ex) = 0 and T'(z)* c N (z, Ey)
for every = € Ej. Then the function f from Corollary 1.10 will have all the re-
quired properties.

By Lusin’s Theorem, p-almost all of R™ is covered by the union of disjoint
closed sets F}j such that for each k, the restriction of T to F} is continuous.
For every rational a € (0,1) and w from a countable dense subset @ of the unit
sphere in R™ write {z : Cy,o nT(x) = {0}} = Zy o U Ey o, where p(Z, o) =0
and wy,o(Fyu) = 0. Letting Ej be F, subsets of Fi \ Uy o Zu,o satisfying
w(Fy N Ex) =0, we just need to show that T'(z)* ¢ N(z, Ey) for x € Ey. For
this, assume z € Ey, ¢ € T(x)* and € € (0,1), and choose u € @ and rational
a € (0,1) so that C.. c Cy o and Cy o nT(z) = {0}. By continuity of T on
Fy, there is 7 > 0 such that C\, o nT(y) = {0} for every y € B(z,r) n F}. Hence
B(z,7) N E}y, c By o and we (B(z,r) N Ey) < wyo(Eya) = 0. |

Proof of Theorem 1.13. Let E be the given uniformly purely unrectifiable set.
Pick a sequence e), dense in the unit ball of R™ such that |ey| < 1-27*.

Let fo=0, Hy=R", wp =1 and n; = 2751 When fr_1, Hp_1 and wg_1 have
been defined, we use Lemma 2.9 to find fi, Hy and wy := £ such that

(a) Ec Hyc Hy_1, w, € C(R™,[0,00)) nC(U, (0,00)) and wy, < swp-1;

() 1k = fr-1| € wi1, Lin(fr) < max(Lip(fr-1), lex]) +ne and fi € O (Hy);

(¢) if z € E and h : R" - R satisfies |h — fi| < 2wy, there is 0 < r < wi_1(x)
such that supy, |, [M(z +y) - h(z) - (ex, y)| < nir.

Notice that wy = 1 and the last inequality in (a) imply w; < 277k, and
wi < 27% for j > k> 0. From (b) we see by induction that Lip(f) < 1 -27%"1

27*+1 implies that f; converge to some

Hence the inequality |fr — fr-1] < wg-1 <
£:R" > R with Lip(f) < 1.

Given any = € E, e € R" with |e| < 1, and € > 0, there are arbitrarily
large k such that |e; —e|| < € and 7, < e. Inferring from (b) that |f - fx| <
YR rws < 252 27 wy < 2wy, we use (c) to find 0 < r < w1 (z) < 27! such
that sup, |, |f(z+y) - f(x) = (ex, y)| < nkr <er. Since |ex —e| <&, we conclude
that supy, <, [f(z +y) - f(z) - (e,y)| < 2er. As e >0 is arbitrary and k may be
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arbitrarily large,

bint sup @) = 1@) - (e

O |y|<r r

=0,

which is the statement (1.5) of the Theorem. The estimate of upper and lower
derivatives follows by using this with e = y/||y| and e = —y/|y|| to get D* f(x;y) >
ly| and D, f(z;y) < —|ly|, respectively. n

4. Examples

The argument behind our first example has already been used many times,
starting with [22], to find points of differentiability or almost differentiability
of Lipschitz functions. See, e.g., [10, 13] or [4, Example 4.7] for an example
showing that in Corollary 1.12 the constant ¢ = ¢(z) cannot be bounded away

from zero.

EXAMPLE 4.1: There is a compact set E c R? and a continuous mapping « €
E —e,e{eeR?: |e| =1} such that N(E,x) = {te, : t ¢ R} for every v € E and
whenever f : R? - R has Lip(f) < 1, there is x € E such that Df(x,e;) < 1.
Consequently, in Theorem 1.9 we cannot take € = 0.

Proof. Let ¢ : R - R be a C! function such that ¢(-1) = p(1) =0, ¢/(-1) =
©'(1) =0 and @(s) >0 for s # £1. Denote ¢ =0 and ¢y, = p/k, and let

E:={(s,0k(s)):s€e[-1,1], k=0,+1,+2,...}.

Forx e E, x = (s,1(s)) let u, and e, denote the unit vectors in the directions of
(1,5 (s)) and (¢} (s),1), respectively. Then e, € N(E,x) and, since ¢'(-1) =
(1) =0, the map = € E — e, is continuous.

Suppose f : R? » R has Lip(f) < 1. Consider any x € E ~ {(-1,0),(1,0)}
such that a:= f'(x,u,) exists and D f(z;e;) = 1. Then

lim sup flx+tey) —tf(m - atuy)
t—0

p L) @)y S o)~ f(2)

t—0 t

=limsu =1+d%

t—0

Honee A ) — J( )| a®
. . flx+tey) — f(z— atuy, a®+1
1>Li > limsu = ,
p(f) = msup S T et Vil
which gives f'(z,u,) = 0.
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If f is a function satisfying the conclusion of Theorem 1.9 with € = 0, then
for every k, x = (s,pr(s)) satisfies the above assumptions for a.e. s € (-1,1).
Since f is Lipschitz, we infer that s — f(s,pr(s)) is constant on [-1,1], and
hence f is constant on E. Consequently, when s € (-1,1) and z = (s,¢0(s)),
e, = (0,1) and so lims,q |(f(z+te,) - f(x))/t] < lims,o dist(x +te,, E)/[t| = 0, as
dist(z+tey, E)/[t| < (k+1)/(2k‘(k:+1)) =1/(2k) when |t| is between p(z)/(k+1)
and ¢(x)/k. This contradicts Df(z;e,) = 1. |

Our second example is related to Zahorski’s description of non-differentiability
sets of real-valued functions of a real variable which was already mentioned in
the introductory remarks to Corollaries 1.10 and 1.11. Recall first that the set
of points of non-differentiability of any real-valued function f:R™ — R is easily
seen to be of the type Gs,: just write it as

U M {z:(3r>0)3u,veB(z,r))|f(x+u) - f(z+v) - (e,u—-v)|>er}

e>0 ecR™

where & runs over positive rational numbers and e over elements of a dense
countable subset of R™. The main argument in Zahorski’s [27] proof of the
converse when n =1 (both in the general and in the Lipschitz case) constructs,
for a given Gs Lebesgue null set £ c R, a function f: R — R with Lip(f) =1
which is differentiable at every point of R\ E and at every point of E has upper
derivative 1 and lower derivative —1. (For a more modern treatment of this
construction see [15].)

While it is not clear what an exact analogy of Zahorski’s result for n > 1
should be, one may at least hope that its analogy holds for uniformly purely
unrectifiable sets, namely that for every uniformly purely unrectifiable G, set
E c R” there is a Lipschitz function f : R® - R such that F is precisely
the set of points at which f in non-differentiable in any direction. We do not
know whether this is true or not, but the following example shows that in this
situation the argument based on uniform discrepancy between upper and lower
derivatives fails in a very strong sense. Recalling that every uniformly purely
unrectifiable set is contained in a Ggs uniformly purely unrectifiable set, the
example provides a Gy uniformly purely unrectifiable set such that not only
for it, but even for any bigger G uniformly purely unrectifiable set there is no
function analogous to the one from Zahorski’s main argument.
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EXAMPLE 4.2: There is a uniformly purely unrectifiable set A c R? such that
for any set E > A and any ¢ > 0 there is no Lipschitz function f :R? - R such
that

(a) D*f(x;y) - Dy f(x;y) > c|y| for every x € E and y € R?;
(b) f is differentiable at every point x of R*\ E.

Proof. By [9] there is a universal differentiability set D c R?, i.e., a set such
that every real-valued Lipschitz function on R? has a point of differentiability
belonging to D, such that there is a Lipschitz h: R? - R for which the set A of
points x € D such that h is differentiable at x, is uniformly purely unrectifiable.
Suppose E > A and Lipschitz f : R? — R satisfy (a) and (b). For a small
€€ (O,c/(4Lip(h))) consider the function g := f +¢h. If z € E, (a) shows that
for some y € R, D*g(x;y) — Dyg(z;y) > (¢ —2eLip(h))|y| >0. fx e DNE, g is
the sum of the function f that is differentiable at = and of the function eh that
is non-differentiable at x; hence it is non-differentiable at x. Consequently, the
Lipschitz function g has no point of differentiability at D, contradicting that D
is a universal differentiability set. i

Remark 4.3: The reason for considering a uniform non-differentiability condi-
tion such as (a) was explained in the text before the Example. Notice that,
if (a) were replaced just by non-differentiability of f at every point of E, the
statement of the Example would be false: we would use Theorem 1.13 to find
a function ¢ that is non-differentiable at every point of A and define E as the
non-differentiability set of g. On the other hand, it is easy to find uniformly
purely unrectifiable sets E 5 A for which there is no Lipschitz function non-
differentiable exactly at points of F, as such E need not be Gs,. For the set A
from [9] which was used in the proof of the Example 4.2 we can take E = A as it
is not difficult to see that A is not Gs,, although it is F,s since A is the intersec-
tion of D with the set of points of differentiability of h and D used in [9] is Gs.
It may be of interest to notice that the fact that A is not a non-differentiability
set of any Lipschitz function f may be seen directly from the properties of A, D
and h: for any such f the Lipschitz function f + h would be non-differentiable
at any z € D\ A as f is differentiable and & is not differentiable at such x; and
f+h would be non-differentiable at any x € A as f is not differentiable and h is
differentiable at such . As in the proof of the Example 4.2, this a contradiction
as D is a universal differentiability set.
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Our final example is related to the already pointed out fact that E is uniformly
purely unrectifiable if and only if there is 0 < < 1 such that w.,(E) = 0
for every unit vector e. When considering general non-differentiability sets, a
natural analogy of this statement would say that for any set E c R™ satisfying
We,y(E) = 0 for some unit vector e and some 0 < 7 < 1 there is a real-valued
Lipschitz function f on R™ that is non-differentiable at any point of E. We
show here that this is false; recall however that [3] shows (directly, not using
[8]) that for any such set E there is an R™-valued Lipschitz function f on R”
that is non-differentiable at any point of E.

EXAMPLE 4.4: For every n € (0,1) and a unit vector e € R? there is a universal
differentiability set E ¢ R? such that we,,(E) = 0.

Proof. Let L; be an enumeration of all rational lines in R", J be the set of those
indexes j for which the direction u of L; satisfies [(u,e)| < 37 and £;; > 0 be
such that Y, ;e; ; < oo. It is easy to see that E = ; Ujes{z : dist(z, L;) <&}
satisfies we ,,(F) = 0. The fact that E is a universal differentiability set has
been often mentioned, but does not seem to be documented in the literature.
We therefore explain the argument.

Recall from [12], [13] or [22] that, given any Lipschitz g : R” - R, a procedure
leading to a point of differentiability of g may be described as follows. One
starts with an arbitrary dp > 0 and (xg, ep) from the set D of pairs (z,u) where
x € R", w is a unit vector, and there is j = j(z,u) such that x € L; and u
is the direction of L. Recursively, when (zy,er) has been defined, one first
chooses an arbitrarily small dg41 > 0 and then (zg11,ex+1) € D satisfying rather
delicate conditions about which we need to know only that xpy1 € B(2g,0k+1),
Dg(xg41,ex1) = Dg(ag, er) and that they imply that the sequence z, converges
to a point of differentiability of g.

Returning to our set F, given any Lipschitz f: R™ - R, choose (zg,e0) € D
so that |(eg,e)| < in and let g(z) = f(x) + c(z,e0) with ¢ > 64Lip(f)/n?;
the choice of such large ¢ guarantees that Dg(x,u) > Dg(xo;ep) implies 0 <
1-(u,eq) < (D f(;u) - Df(wo;e0)) < 2Lip(f)/c < 5517, so that [u—eo| < 17,
hence [(u,e)| < |u - eo| + [{eo,€)| < 7. This will imply that in the recur-
sive construction ji := j(xg,ex) € J, and so we can choose dry1 such that
B(xp,0k41) C B(Lj,¢€k,j.) N B(zk, ). Hence the limit of the z, which is
a differentiability point of g and so of f, belongs to F. n
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