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Highlights 

 

 An analytical model for predicting metal profiles through a novel process, differential 

velocity sideways extrusion (DVSE), is proposed. 

 

 The extrusion force, material flow velocity over the die orifice, extrudate curvature, and 

effective strain are determined. 

 

 The theoretical results are verified with experimental and FEM results. 
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Abstract 

An analytical upper-bound-based model for predicting curvature of bent metal alloy profiles 

obtained through a novel extrusion process, differential velocity sideways extrusion (DVSE), 

previously proposed by the authors, has been first-time proposed. Finite element modelling and 

simulation and model material experiments, which were validated by extrusion of AA1050, have 

been performed to determine the geometry of the deformation zone and assess the accuracy of the 

analytical model. The extrusion force, curvature, and effective strain predicted by the analytical 

method agreed well with results from model material experiments and FE simulation. It was shown 

that the punch with a lower velocity experiences a lower extrusion force, which increases both with 

increase of its velocity and the extrusion ratio. The extrusion force on the faster punch with a 

constant velocity v1 changes quite slightly with the increase of the velocity v2 of the slower punch. 

Various values of curvature, which decrease with the increase of the punch velocity ratio v2/v1 and 

the decrease of the extrusion ratio, can be achieved through the DVSE process. DVSE is a novel 

process which leads to larger effective strain per pass than that in the equal channel angular 

extrusion (ECAE).  

Keywords: Metal alloy profiles/sections; Bending; Curvature; Extrusion; Analytical analysis; 

Upper-bond method 
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Nomenclature 

              diameter of the billet  

              diameter of the extruded profile 

             differential volume element of the plastic deformation zone (PDZ) 

               height of the dead metal zone (DMZ) 

             initial and final shear yield stresses of the material 

 ̅        mean shear yield stress of the material 

         constant friction factor 

            extrusion forces of the upper and lower punches 

           upper bound of extrusion forces of the upper and lower punches 

              bending radius of the profile 

               cross-sectional area of the billet 

             cross-sectional areas of the related profile 

             areas of frictional and velocity discontinuity surfaces 

          amount of velocity discontinuity 

            extrusion velocities of the upper and lower punches 

            maximum and minimum material flow velocities across the die exit aperture 

            velocities at the volume (mass) centre of the related profile 

 ̇   ̇       external and internal power supplies 

 ̇  
  ̇     power dissipated on the frictional and velocity discontinuity surfaces 

 ̅   ̅        coordinates of the volume (mass) centre of the related profile 

 

Greek symbols: 

         angles in the hodograph 

               engineering shear strain 

  ̇          strain rate tensor 

               bending curvature of the extruded profile 

         extrusion ratio 

               eccentricity ratio 
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1. Introduction  

Reducing the weight of metal components used in land, sea and air conveyances leads to reducing 

fuel consumption and therefore decreasing CO2 emissions. Aluminium alloy profiles with various 

cross-sections are extensively used as construction elements in industrial manufacturing for the 

production of ultra-light structures, on account of their good combination of light weight and high 

strength. This is also because they can achieve the construction of complex, often aerodynamically 

shaped structures with little or no welding and cutting required, thus enhancing productivity [1-4]. 

Taking into account the demand for reduced aerodynamic resistance as well as improved aesthetics, 

the availability of precisely shaped curved aluminium alloy profiles with high performance 

properties is very attractive. 

Conventional curved profile forming methods normally start with the manufacture of  semi-finished 

straight profiles, by shape rolling or extrusion, followed by subsequent  bending procedures such as; 

stretch bending, rotary draw bending, press bending, or roll bending (three-, four-, and six-roll 

processes). However, these production methods have the disadvantage of being two stages and also 

incurring springback and cross-sectional distortion in the second stage bending operation [5-10]. 

Recently, several novel integrated extrusion-bending methods have been proposed. The first one is 

curved profile extrusion (CPE) developed by Kleiner et al. [11,12] in which the hot metal billets are 

directly formed into continuous profiles/sections and bent simultaneously, thus greatly improving 

productivity. This process is based on the conventional straight extrusion process, with bending 

apparatus installed directly after the die exit to deflect the extruded profile to the prescribed 

curvature. Muller et al. [13,14] proposed a method in which  a segmented regulating guiding device  

composed of serially placed bending discs is positioned at the die exit to bend the extruded straight 

profile. Since curvature is generated at the die exit where the material is still in the fully plastic 

state, this forming process produces profiles/sections with no springback, reduced residual stresses, 

and minimal cross-sectional distortion. Another way of achieving extrusion-bending integration is 

by utilising an inclined die, through which the material flow velocity distribution along the profile 

cross-section in the deformation zone can be adjusted. Shiraishi et al. [15-17] proposed a novel 

integrated extrusion-bending forming method for producing curved profiles, in which a billet is 

extruded through a die aperture inclined towards the central axis of the container at a predetermined 

angle. Experiments were carried out using plasticine as billets and it was found that by adjusting the 

inclination angle of the die aperture, the curvature of the extruded profile can be varied, and greater 

inclination angle leads to increased curvature. 

The authors have proposed a new extrusion-bending process, differential velocity sideways 

extrusion (DVSE) [18,19]. The basic principle of this method is that profiles are bent in an 
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extrusion die orifice due to a velocity gradient across the cross-section of the extrudate. The 

velocity gradient is achieved by controlling the velocities of punches at each end of the billet work-

piece. It has been shown that curvature of extrudate is dependent on the ratio of velocities of the two 

extrusion punches and the extrusion ratio. For a particular extrusion ratio, velocity ratio can be 

chosen to produce a particular curvature. An analytical model for predicting curvature of extrudate 

needs to be established for a deeper understanding and wider application of the DVSE forming 

method. The upper bound method has been extensively used to predict the forming force, optimise 

the forming process, analyse the deformation characteristic of the material in the extrusion of 

profiles, ring rolling and forging processes, and to determine and minimise the exit profile curvature 

in the extrusion process of non-symmetrical profiles [20-25], etc. It is considered to be suitable for 

analysing the complicated deformation characteristics of the DVSE process and to estimate the 

distribution of the profile curvature, both of which are influenced by several process parameters. 

In this paper, an analytical model, based on the upper bound method, for estimating the distribution 

of extrusion force, curvature and effective strain of the extruded profile formed by DVSE, is 

developed. Finite element and physical models from practical experiments, have been used to assess 

the validity of the analytical model. The effects of punch velocity ratio, and extrusion ratio on 

extrusion force, curvature and effective strain of the formed profile, have been analysed in detail. 

The findings provide understanding needed for industrial exploitation of the DVSE process. 

2. Theoretical model  

2.1. Upper bound model 

The upper bound model is formulated for a material extruded through circular orifices using the 

DVSE process.  As shown as a section in Fig. 1a, consider a cylindrical container in which a billet, 

forced by a punch at each end, is extruded sideways through a circular die. The corresponding 

punch velocities and extrusion forces are   ,    and   ,   , respectively. The initial diameters of the 

billet and the container bore are both   , the diameters of extruded profile and die exit aperture are 

both   . For a rigid-plastic material, amongst all kinematically admissible velocity fields, the actual 

one minimizes the internal power required for material deformation: 

 ̇  ∫      ̇    
 ∫           

 ∫            
 ∫          

                                                (1) 

where   is the current shear yield stress of the material,   is the constant friction factor,     and 

  ̇  are the stress and strain rate tensors respectively,   is the volume of the plastic deformation zone, 

   and    are the areas of velocity discontinuity and frictional surfaces respectively,    is the area 
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where tension may occur,    is the amount of velocity discontinuity on the frictional and 

discontinuity surfaces,    and    are the velocity and traction applied on   , respectively. 

Figure 1b shows a two dimensional deformation model considered on diametral planes of container 

and die. Based on the experimental and modelling results (see Section 4.1), the dead metal zone 

(DMZ) can be reasonably regarded as a triangle      in this plane (the boundaries of the DMZ are 

simplified from the arc curves to straight lines, as the height BF of the dead zone is relatively small) 

whose central extension line BG divides the plastic deformation zone (PDZ) and the exit die 

channel into two parts; namely AB of length     and CB of length (   )  , respectively. Here 

the variable    (       )  represents the effect of       on the PDZ and DMZ for a given 

extrusion ratio  . The material flowing into these two parts comes from both upper and lower 

regions of the container. The area of the DMZ and the position of line BG vary with values of       

and  . When          line BG is in the centre of the die exit channel. As       decreases, it 

moves towards the side which has a lower extrusion velocity (  ). As shown in Fig. 1b, the volume 

considered for analysis is divided into five regions. Regions I~IV are the PDZ in which the material 

undergoes plastic deformation, region V is the DMZ. A simple shear model is used here, thus the 

PDZ is considered as consisting of several single shear planes [26-27]. That is, the modes of 

deformation are composed of rigid blocks of material separated by the velocity discontinuity planes 

AE, EF, AF, CD, DF and CF.  

Upper-bound solutions are obtained utilizing hodographs involving velocity discontinuities which 

are linear and occur only in the tangential direction along velocity discontinuity planes [26-27]. 

Figure 1c shows a solution utilizing a kinematically admissible hodograph. Before entering regions 

I and II, the material moves as a rigid body with the velocities    and    in the direction MO1 and 

PO2 until encountering the velocity discontinuities       and       at surfaces AE and CD, and are 

constrained to move in directions MN and PQ with velocities    and     respectively, at oblique 

angles β and θ to the die exit. Then.    and     further encounter velocity discontinuities       and 

      at surfaces EF and DF, and are forced to enter regions III and IV with velocities    and    in 

the hypothetical horizontal direction. It should be noted that    and    are the mean velocities of 

regions III and IV, since there is no velocity discontinuity between regions III and IV, and the 

velocity for the material flowing out of the die exit should be gradient where the upper side has the 

maximum velocity    , the lower side has the minimum velocity     and the boundary FG has the 

continuous velocity   . The die exit channel of the DVSE is sufficiently short [19] to ensure the 

differential velocities are not compromised by friction of the die bearing land. To calculate the area 

of the velocity discontinuity plane precisely and thus obtain accurate upper bond predictions, the 
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three-dimensional deformation model has been used, as shown in Fig. 2. From volume constancy, 

the material flow velocities    and    at the centres of volume (mass) of the profiles coming out of 

regions III, IV are found as 

   
  

  
                                                                                                                                                              ( ) 

   
  

  
                                                                                                                                                              ( ) 

where 

   
   

 

 
                                                                                                                                                             ( ) 

   
  

 

 
[       (    )]  √    (  

 

 
)  
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)  

                                                                                          ( ) 

   ,    and    are the cross-sectional areas of the billet and the related profile, respectively. The 

detailed derivation can be seen in Appendix A. 

The actual apparent extrusion ratio   is defined by 

     (   ⁄   )    
    

                                                                                                                            ( )                                                                                                               

The first term in the right side of Eq. (1) is the internal power consumed in the PDZ. For a simple 

shear model, as the PDZ is considered as the single shear plane shape [26-27], only shear strain 

exists in the PDZ, then  

∫      ̇    
  ∫  ̅√

 

 
  ̇   ̇     

 ∫  ̅ ̇   
 

                                                                                      ( )                                                                                  

where  ̅ is the mean shear yield strength of the material,   ̇ is the equivalent engineering shear strain 

rate. Here we consider only cases where modes of deformation are composed of rigid blocks of 

material separated by planes of velocity discontinuity [26-27], i.e.     , then ∫  ̅ ̇   
 

  . So, 

the first term in the right side of Eq. (1) can be neglected.  

The second term in the right side of Eq. (1) can be separated into three parts ①–③ as follows. The 

detailed derivation can be seen in Appendix B. 

Part ①–The power dissipated at the PDZ boundaries AE and EF when the material enters region I:  
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 ̇    ∫  ̅            
                                                                                                                                    ( )                                                                                                                                 

where               are velocity discontinuity variables, 

              ( AES  EFS            ) are areas of velocity discontinuity planes. From the geometry 

and velocity relationships in Figs. 1b-c,       and       can be written as 

              

 

   
                                                                                                                            (  ) 

     
(       )

    
 

(     
 

   
)

    
√(    )      

                                                                 (  ) 

Here, variable       (       )  represents the height of the DMZ. We only consider the 

case        thus        .The related areas of velocity discontinuity planes are 

     AES  
   

 

 
                                                                                                                                         (  ) 

     EFS  
   

 
√(    )      

                                                                                                     (  ) 

where       as an approximation, is treated as an ellipse whose two axial lengths are    and 

√(    )      
   (line EF in Fig. 1b). 

Part ②–The power dissipated at PDZ boundaries CD and DF when the material enters region II: 

 ̇    ∫  ̅            
                                                                                                                                  (  )                                                                                                                               

where               are velocity discontinuity variables, 

              ( CDS  DFS            )   are areas of velocity discontinuity planes. Similarly,        

      and the related areas of velocity discontinuity planes are determined from Figs. 1b-c as 

              

 

(   )  
                                                                                                                (  ) 

     
(       )

    
 

(     
 

(   )  
)

    
√(    )  (   )   

                                         (  ) 

     CDS  
   

 

 
                                                                                                                                         (  ) 
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     DFS  
   

 
√(    )  (   )   

                                                                                         (  ) 

Part ③–The power dissipated at the PDZ and DMZ boundaries AF and CF: 

 ̇    ∫  ̅            
                                                                                                                                  (  )                                                                                                                                          

where                are velocity discontinuity variables, 

              ( AF FS    CF FS              ) are areas of velocity discontinuity planes which are 

expressed as 

         
  

    
 

  

   

√       
                                                                                                     (  ) 

          
  

    
 

  

(   )  

√   (   )   
                                                                             (  ) 

     AF FS    
 

 
√      √       

                                                                                                (  ) 

     CF FS    
 

 
√      √   (   )   

                                                                                      (  ) 

The third term in the right side of Eq. (1) is the internal power dissipated by friction and can be 

broken into four parts ①–④. The detailed derivation can be seen in Appendix B. 

Part ①–The power dissipated on friction between the material in regions I, II and die front and 

back walls: 

 ̇   
 ∫   ̅            

                                                                                                                             (  )                                                                                                                                 

where               are velocity discontinuity variables obtained before in Eqs. (20)-(21), 

              (                                     ) are the areas of frictional surfaces which can 

be represented by 

                  
      

 
                                                                                                                 (  ) 

                  
 (   )    

 
                                                                                                    (  ) 
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Part ②–The power dissipated on friction between the material in regions III, IV and die front and 

back walls: 

 ̇   
 ∫                

                                                                                                                            (  )                                                                                                                               

where    is the yield strength of the material after it has experienced plastic deformation,     

      are velocity discontinuity variables obtained before in Eqs. (2)-(3),                 (        

                                    )  are the areas of frictional surfaces which can be given by 

                    

 
     

 
(       (  
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(     

  

  
 (   )      

   √    

  
) 

(  ) 

                     

 
(   )    

 
(       (  

  

  
))  

 (   )    

 
     

   √    

  
       (  ) 

Part ③–The power dissipated on friction between the material in the die exit channel and die walls: 

 ̇   
 ∫                

                                                                                                                            (  )                                                                                                                  

where           are related velocity discontinuity variables which are obtained before in Eqs. 

(2)-(3),                     (                                                  ) are the areas of 

frictional surfaces which can be obtained as 

                           

 
    

 
(   √  

    
 )  

 (   )  

 
(   √  

    
     (     (    )))

     (       (    ))                                                                                              (  ) 

                           

 
 (   )  

 
(   √  

    
     (     (    )))            (    ) 

(  ) 

where    is the length of the die bearing land.  
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Part ④–The power dissipated on friction between the material before it enters the PDZ region and 

die front and back walls is 

 ̇   
 ∫                

                                                                                                                            (  )                                                                                                                         

where    is the initial yield shear strength of the material,           are velocity discontinuities  

which are constants,          ,      are the frictional surfaces of the entrance channel with 

respect to      . Therefore, 

 ̇   
       (         )                                                                                                                     (  )                                                                                                                                       

where       are the transient billet lengths with velocities       respectively, in the entrance 

channel. 

In the DVSE process there is no external tension; so, the last term is equal to zero. Further, in every 

instance the last term in the right side of Eq. (1) is  ∫          
  

. The total internal power 

consumed for the process  ̇  can be calculated by summing the various components as 

 ̇   ̇    ̇  
  ̇     ̇     ̇     ̇   

  ̇   
  ̇   

  ̇   
                                          (  )                                               

For a given extrusion ratio    and punch velocity ratio       , parameter       is fixed at any 

extrusion time, material coefficients ( ̅      ) and the dead zone height    (       )  are also 

constants determined by the experiment, the total power in equation above is a function of the 

eccentricity ratio  . According to the upper-bound theorem, the actual solution for   is obtained 

when  ̇  given in Eq. (35) reaches a minimum, i.e. differentiating the total power with respect to   

and set the derivative equal to zero:              

  ̇ 

  
                                                                                                                                                               (  ) 

The external supplied energy rate is  

 ̇  ∫       
  

                                                                                                                            (  ) 

According to the upper bound theorem, the upper-bound solution is equal to or higher than the 

actually required force in metal forming process. That is, the total power consumed for the process 

is supplied by the upper bound of the external force, therefore we have 
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 ̇       ̇                                                                                                                                 (  )                                                                                                         

This states that the external work done is equal to the internal energy consumed. Here,  ̇  ,     and 

    are the upper bound solutions on  ̇ ,    and   , respectively. Minimising     and     with 

respect to parameter   determines the best upper bound on the value of    and   .  

2.2. Determination of the extrudate bending curvature 

Figure 3 illustrates the linear velocity distribution in the circular exit die, which is divided into two 

parts, namely     and (   )  . The extrudates flowing out of these two parts per unit time can 

be regarded as two ‘‘prisms’’ determined by the axial velocity   , whose centres of volume (mass) 

are O3 and O4 with axial material flow velocities    and   , respectively. These velocities    and    

are defined in Eqs. (2)-(3). The y-coordinates of the centres of volume (mass) of the axial velocity 

prisms can be given by 

 ̅  
∫    
  

  
 

∫         

    
                                                                                                                         (  ) 

 ̅  
∫    
  

  
 

∫         

    
                                                                                                                          (  ) 

where       are the related volumes and         are surface elements. Using geometrical relations 

between parameters of Fig. 3, the curvature radius and curvature of the exit profile have been 

obtained using the following equations: 

   
 ̅     ̅   

     
                                                                                                                                           (  ) 

  
 

  
                                                                                                                                                               (  ) 

The detailed derivation can be seen in Appendix C. 

3. Experimental and modelling methods 

The model material plasticine and aluminium alloy 1050 (AA1050), annealed at 450
o
C for 1 hour, 

were used for the practical experiments. Uniaxial compression tests were first conducted on the 

aluminium alloy, for a 50% reduction in height on specimens of 12mm in height and 8 mm in 

diameter at room temperature (23°C), giving an initial shear yield value of 13MPa and a stress-

strain relation as              , from which a final shear yield strength of 91MPa and a mean 

shear flow stress of 74MPa were obtained. The obtained true stress-strain data were also used in the 
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material model of the finite element analysis. Figures 4a-b show the designed and manufactured 

extrusion die set used for experiments [19]. The die set was split into two halves to facilitate easy 

removal of the extruded profiles. The container bore was 25.6mm in diameter and 150mm in height. 

Billets were 25.4mm in diameter and 130mm in length. The die orifices were circular, the length of 

the die bearing land was 2mm. The die set was made of AISI H13 hot work tool steel hardened and 

tempered to 50HRC. The assembled die set was positioned on a 2500kN Instron hydraulic press 

together with a double action mechanism which enabled the ratio of velocities of the punches to be 

varied; the velocity of the upper punch being that of the press. The specific illustration of the 

kinematics of the double-action mechanism can be seen in Fig. 4c [19], where the following 

relationship existed; v2/v1= v2p/v1p=LO/UO=LL’/UU’.  

To study deformation flow patterns, billets were cut into two halves lengthwise and square grids of 

2mm×2mm were scribed on the diametral plane of one of the halves. The halves of aluminium 

billets were glued together and to reduce friction billets were coated with Omega-35 lubricant 

before being loaded into the container of the die set. The experimental method for model material 

plasticine was the same as that of our previous work [19]. The process was also modelled using the 

finite element software Deform-3D. A friction coefficient of 0.16 was used in the FE modelling, 

which was determined by comparing modelling results with extrusion tests of the AA1050 under a 

series of friction coefficients. 

The parameters varied during the experiments and modelling were the diameter    of the die 

orifice, and    of the lower punch. The velocity of the upper punch was fixed at     mm/s, and    

had values, 0, 0.333mm/s, 0.5mm/s, 0.667mm/s and 1mm/s, to give velocity ratio       values of, 

0, 1/3, 1/2, 2/3, and 1. The limiting situation which gave the maximum curvature occurred when the 

velocity ratio      =0, namely the velocity of the lower punch was zero. This situation was of great 

significance since the test data was easily obtained from the actual extrusion process, and also it 

defined one forming limit of the profile curvature for a certain extrusion ratio. Therefore, the 

modelling was first performed to study the effect of the extrusion ratio for the case of cold extrusion 

of round bars at        , which could then be validated by the test data. Practical verification 

extrusion tests with AA1050, were carried out using the same process parameters as those adopted 

in the modelling. 

4. Results and discussion 

4.1. Validation of modelling results-curvatures, flow patterns, load-displacement curves  

A comparison of curvatures and flow lines in AA1050 round bars and plasticine at velocity ratio 

        and extrusion ratios             are shown in Fig. 5. The obtained curvature images 
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for the FE modelling are not separately shown here, which can be seen in Sections 4.3-4.4 in 

combination with the results of material flow velocity and effective strain distributions. It can be 

seen from Fig. 5 that the extrudates are smoothly curved and apparently without defect or change in 

section diameter. A reasonably good agreement in curvature is achieved, though the curvature of 

AA1050 bar at higher extrusion ratio        is slightly larger than those obtained by the 

plasticine experiment and FE modelling, the latter two are basically the same. This deviation is a 

result of the tool set expanding more at the higher extrusion pressures needed for aluminium, which 

affects the material flow at the die exit aperture. As can be seen in Fig. 5 that burrs of the AA1050 

extrudates occur especially for the case of       , due to the two halves of the die set parting 

slightly at high extrusion pressures. Grid distortions and dead metal zone (DMZ) are also similar for 

both aluminium and plasticine. Thus, the accuracy of the model material experiments is confirmed 

by extrusion tests of the AA1050. A dead metal zone, of near triangular shape, is situated against 

the container wall opposite the die exit orifice. Flow across sections of extrudates is not 

symmetrical and therefore curvature arises. The apex for the dead metal zone coincides with the 

dividing line of matirials flowing into the extrudate, which is not on its centre-line but is closer to 

the side nearest the slower moving punch.  

The load-displacement curves obtained from FE modelling and extrusion tests using AA1050 are 

compared in Fig. 6, for velocity ratio          and extrusion ratios            , respectively. 

Results from upper bound calculations are also plotted. It can be seen that a good agreement 

between the theoretical model, modelling and tests is achieved. Thus, the accuracy of the FE 

modelling is confirmed by the test data. It should be noticed that the extrusion forces at the initial 

stage obtained from the tests are lower than those predicted by FE modelling. As the strokes 

proceeds, the difference gradually decreases and modelled and experimental maximum extrusion 

forces at the stable stage become very close. This initial deviation is due to the fact that, in the 

experiments, the diameter of the billet is slightly smaller than that of the extrusion container, thus 

upsetting occurs first. However, in FE modelling the billet and the extrusion container are of the 

same diameter. Also it can be seen that the extrusion forces predicted by the upper bound method 

are greater than both those from FE modelling and practical tests, which is to be expected from 

upper bound theory. The gradual decrease in load with stroke is because of decreased frictional 

surface area in the container as extrusion proceeds. 

4.2. Comparison of theoretical and experimental extrusion force 

The theoretical and numerical extrusion force vs. velocity ratio curves are compared in Fig. 7, for 

velocity ratio            and extrusion ratios              respectively. The stroke value 
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where the extrusion force    for the upper punch reaches peak value, was firstly obtained from FE 

modelling, then the theoretical extrusion force was calculated using this stroke. The extrusion force 

   for the lower punch at this extrusion moment was also extracted. These results show a good 

agreement between the theoretical model, FE modelling and experiments, though the theoretical 

values are always slightly greater. As shown in Fig. 7, extrusion forces of both upper and lower 

punches increase as the increase of the extrusion ratio and velocity ratio. However, the increase of 

the extrusion force of the upper punch with a constant velocity    is much slower than that of the 

lower punch, especially when          . The upper punch has a bigger extrusion force than that 

of the lower punch when        , since the extrusion force    for the lower punch has not 

reached the maximum value yet when    reaches peak value. The difference in the extrusion force 

gradually decreases as        (       )  increases, and the two extrusion forces become equal when 

the velocity ratio is 1.  

4.3. Comparison of theoretical and experimental extrudate curvature 

The material flow velocity distribution at the die exit obtained from FE modelling is shown in Fig. 

8. It is compared with that obtained from theoretical analysis, as illustrated in Fig. 9a. The bending 

curvature obtained from FE modelling and plasticine extrusion experiments, is shown in Fig. 9b. 

These were estimated by fitting the resulting images with perfect circles of the same scale. After 

getting the radius    of the circle, the curvature can be obtained as     . The curvature predicted 

from the theoretical model is also plotted for comparison. It is clearly seen from Figs. 9a-b that a 

good agreement on predicted velocities between the theoretical model and FE modelling exists. 

Greater extrusion ratio   and smaller velocity ratio        leads to an increased velocity gradient at 

the die exit and thus greater curvature, although the theoretically predicted curvature is slightly 

greater than that from FE modelling and plasticine extrusion experiments due to the predicted 

velocity gradient being slightly greater, especially when          . The curvature difference can 

also be seen from Fig. 8 that the radius of the curvature related circle which is circled by the 

velocity gradient lines is slightly smaller than that of the bending profile itself for all cases of    

    . This curvature difference gradually decreases as the extrusion ratio   decreases and the 

velocity ratio        increases, which is in accordance with that shown in Fig. 9b.  

4.4. Comparison of theoretical and experimental effective strain  

As discussed before, the cross-section of material in the die exit aperture can be divided into two 

parts and the material flowing into these two parts comes from the corresponding two extrusion 

punches. The profile is therefore regarded as being composed of two parts; the inside bending part 

closer to the slower punch and the outside bending part closer to the faster punch. The flow of 
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material into the die exit aperture has a similarity to that experienced by material in the non-equal 

channel angular extrusion (N-EACE) process, depending on the eccentricity ratio  . To calculate 

the eccentricity ratio  , the dead zone height    (       ) was firstly obtained from plasticine 

extrusion experiments and FE modelling as shown in Fig. 10a. It can be seen that   decreases 

nonlinearly with increase of punch velocity ratio       and extrusion ratio   , and the following 

relation is obtained by curve fitting: 

   (
  

  
  )  (     (  

  

  
)         )

 

                                                                                (  ) 

Substituting Eq. (43) into Eq. (36), the eccentricity ratio variable   can be obtained as shown in Fig. 

10b. The results obtained from plasticine extrusion experiments and FE modelling are also 

illustrated for comparison. It can be seen that a reasonably good agreement is achieved though there 

are some small differences when   is close to 0.5, considering the error is inevitably produced since 

  from experiments and FE modelling is manually measured.  

For a N-ECAE die without rounding of the corners at the intersection of the channels, the simple 

shear model gives the value of shear strain in one pass as [27] 

                                                                                                                                                     (  )                                                                 

where    and    are the angles of the intersection plane with the entry and exit channels, 

respectively. For a 90
o
 NECAE die, the value of effective strain can be calculated from Eq. (44) as 

    √  (           ) √                                                                                                              (  )                                                    

where    and    are diameters of the entry channel and the exit channel, respectively. Here, 

             is the same for all velocity ratios and extrusion ratios, however, as discussed 

before the die exit can be divided into two parts, which vary with the variation of the velocity ratio 

       for a given extrusion ratio  . Only the effective strain of outside bending part of the profile is 

calculated here, thus       , where   is shown in Fig. 10b. Since bending occurs with shear 

deformation, to minimise the effect of bending on element deformation, only the effective strain in 

the neutral plane (~1/2   ) of the outside bending part of the profile is extracted from FE 

modelling. The areas above and below the neutral plane have almost equal effective strain which is 

greater than that of the neutral plane, as shown in Fig. 11. The comparison of the effective strain is 

shown in Fig. 12. It can be seen that the effective strain obtained from FE modelling is slightly 

greater than that of theory and plasticine extrusion experiments, though the bending curvature 

obtained from FE modelling is slightly lower. This may be due to the fact that Eq. (45) is essentially 

obtained from the simple shear model where only shear strain is considered during the deformation 
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zone of ECAE or N-ECAE, also it is actually more applicable to the plane strain case, however the 

DVSE considered here is a three dimensional extrusion process, and bending is accompanied with 

extrusion as well [19]. The effective strain in per pass of a 90 degree ECAE die is   √       

given by the simple shear model [28], thus DVSE results in greater effective strain level than that 

per pass in ECAE.  

5. Conclusions 

An analytical model based on the upper bound theory has been first-time proposed to analyse a 

novel extrusion process, differential velocity sideways extrusion (DVSE), previously proposed by 

the authors for forming curved profiles. The extrusion force, extrudate curvature, and effective 

strain predicted by the analytical model were in good agreement with modelling and experimental 

results, it was found that the lower punch produces a lower extrusion force due to its lower velocity 

v2, but increases with increase of its velocity, particularly at low values of velocity ratio, less than 

   . The force on the faster upper punch with a constant velocity v1 changes only slightly with the 

increase of the velocity   . Bending curvature of the extruded profiles can be adjusted in the DVSE 

process; they decrease with the decrease of extrusion ratio and increase of velocity ratio      . 

DVSE is a novel process which results in greater effective strain level than that per pass in the equal 

channel angular extrusion (ECAE).  
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Appendix A 

Referring to Fig. A1, the following relationships can be obtained as 
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Appendix B 

The velocity discontinuity planes between the PDZ and DMZ are established in Fig. B1 as 

       and       . The area of        is given by 

       √                                                                                                                                            (  ) 

   √       
                                                                                                                                           (  ) 
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Similarly, the area of        is given by 

CF FS   
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 √ 

 
 (   )   

 
                                                                              (  )

 

The frictional surfaces between the PDZ and die front and back walls are established in Fig. 2 as 

     and      . The areas of      and       are given by 

             
 

 

   

 
    

      

 
                                                                                                      (  ) 

Similarly, the areas of      and      can be given by 

             
 

 

   

 
(   )   

 (   )    

 
                                                                              (  ) 

The frictional surfaces between the regions III, IV and die front and back walls are established in 

Fig. 2 as               and              . The surface          on the cylinder of diameter 

   is shown in Fig. B2, which is surrounded by the intersecting line of the two cylinders. Any point 

on the intersecting line     can be expressed in the O1-x-y coordinate system as 
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where point K and    can be obtained by substituting     , and     , respectively: 
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A surface element on the          is given by 
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       (  
  

  
)                                                                                                                                   (   ) 

 ̂      (   )   (       (  
  

  
))                                                                                   (   ) 

The areas of       and          are given by 
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Similarly, the areas of       and         can be given by 
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The surface         on the cylinder of diameter    is shown in Fig. B3, which is surrounded by 

the intersecting line of the two cylinders. Any point on the intersecting line      can be expressed 

in the D-x-y coordinate system as 
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where point    can be obtained by substituting          (    ) (Eq. (A3).) into Eq. (B19). 

A surface element on the         is given by 
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Appendix C 

Figure 3 shows the linear velocity distribution in a circular zone. In this figure,    is the diameter 

of the zone and    and    are the axial velocities at coordinates  ̅  and  ̅ , respectively.    is the 

radius of the exit profile curvature. Assume after a finite time element     the extrudates at points 

      move     and    , due to         the exit profile will not come out straight and will 

have a bending angle      the following kinematic relations exist: 

                                                                                                                                                               (  ) 

                                                                                                                                                               (  ) 

The related geometrical relations are  

       (    ̅ )                                                                                                                                      (  ) 

       (    ̅ )                                                                                                                                       (  ) 

Substituting Eqs. (C3)-(C4) into Eqs. (C1)-(C2), the curvature radius of the exit profile is given by 

   
  ̅     ̅   

     
                                                                                                                                          (  ) 

The y-coordinates of the centres of volume (mass) of the axial velocity prisms can be expressed as 
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According to the law of conservation of mass: 
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Substituting Eqs. (C8)-(C9) into Eq. (C6),  ̅  is implicitly expressed as 

 ̅  
∫         

    
 

 

    
∫   √(

  

 
)
 

   (
     

 ̅ 
    )   

  
 

 (  
 
 
)  

 
 (     )

 ̅     
,
 (  

 
 
)  

 
*(

  

 
)
 

 (  
 

 
)
 

  
 +

 
 

 
  

 

  
*(  

 

 
)  *(

  

 
)
 

 (  
 

 
)
 

  
 +

 
 

 (
  

 
)
 

(
 

 
      (    )+-

 
   

     
[(
  

 
)  (  

 

 
)
 

  
 ]

 
                                                                                    (   ) 

Thus  ̅  can be obtained by numerically solving the following equation: 
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    ( ) ̅    ( )                                                                                                                          (   ) 

where   ̅    is the positive root,   ( )   ( ) are only functions of   which are expressed as 
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 ̅  can be obtained similarly. Then         can be given by substituting          into Eq. (C9). 
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Figures and Tables  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

    

Fig. 1. (a) Schematic of the differential velocity sideways extrusion (DVSE) process, (b) two dimensional 

deformation model, (c) the related hodograph. 

 

 

 

Fig. 2. The three dimensional model of velocity discontinuity and frictional surfaces in the DVSE process. 

 

 

  

(a)                                   (b)                                   (c)                                   
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Fig. 3. The linear velocity distribution in the circular exit die and the bending curvature. 
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(a) 

 

                                   (b)                                                                                                      (c) 

Fig. 4. (a) Designed and manufactured split extrusion dies, (b) extrusion die and double-action mechanism 

assembled on the 2500kN Instron universal hydraulic press, (c) illustration of the kinematics of the double-

action mechanism [19]. 
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                 (a) Extrusion ratio λ=1.61                                    (b) Extrusion ratio λ=2.87 

Fig. 5. Comparison of the curvature, grid distortion, and dead metal zone (DMZ) of extruded round bars 

obtained from the extrusion of AA1050 and model material plasticine at punch velocity ratio v2/v1=0 and 

extrusion ratios (a) λ=1.61 and (b) λ=2.87.  
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Fig. 6. Comparison of the load-displacement curve obtained from cold extrusion of AA1050, FE modelling 

and theory, at velocity ratio v2/v1=0 and extrusion ratios λ=1.61, 2.87, respectively. 

 

 

  

 

 

Fig. 7. Comparison of the extrusion force obtained from the extrusion of AA1050, FE modelling and theory, 

at velocity ratios v2/v1=0~1 and extrusion ratios λ=1.61, 2.87, respectively  
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(a) λ=2.87, v2/v1=0 (b) λ=1.61, v2/v1=0 (c) λ=1.61, v2/v1=1/3 (d) λ=1.61, v2/v1=1 

  

 

  

   

 

 

 

 

Fig. 8. Simulated material flow velocity distribution of the extruded round bars across the die exit. 

 

 

     

       (a)                                                                                        (b) 

Fig. 9. Comparison of (a) the maximum and minimum material flow velocities across the die exit and (b) the 

curvature obtained from theory, FE modelling and plasticine extrusion experiments. 
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        (a)                                                                                        (b) 

Fig. 10. Variation of (a) the dead zone height and (b) the eccentricity ratio   at velocity ratios v2/v1=0~1 and 

extrusion ratios λ=1.61, 2.87, respectively. 

 

 

 

(a) λ=2.87, v2/v1=0 (b) λ=1.61, v2/v1=0 (c) λ=1.61, v2/v1=1/3 (d) λ=1.61, v2/v1=1 

  
  

 
  

 

 

 

Fig. 11. Effective strain contours of extruded bars. 
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Fig. 12. Comparison of the effective strain of the outside bending region of the profile obtained from theory, 

FE modelling and plasticine extrusion experiments. 
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Fig. A1. Cross-section of the extruded profile or the die exit channel 

 

 

 

 

 

 

 

Fig. B1.  The velocity discontinuity planes        and       of the DMZ boundaries 
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Fig. B2. The surface          on the cylinder of diameter    surrounded by the intersecting line of the two 

cylinders 
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Fig. B3. The surface         on the cylinder of diameter    surrounded by the intersecting line of the two 

cylinders 
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