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ON THE STRUCTURE OF ORIENTED GRAPHS AND DIGRAPHS WITH
FORBIDDEN TOURNAMENTS OR CYCLES

DANIELA KUHN, DERYK OSTHUS, TIMOTHY TOWNSEND, YI ZHAO

ABSTRACT. Motivated by his work on the classification of countable homogeneous oriented graphs,
Cherlin asked about the typical structure of oriented graphs (i) without a transitive triangle, or
(ii) without an oriented triangle. We give an answer to these questions (which is not quite the
predicted one). Our approach is based on the recent ‘hypergraph containers’ method, developed
independently by Saxton and Thomason as well as by Balogh, Morris and Samotij. Moreover, our
results generalise to forbidden transitive tournaments and forbidden oriented cycles of any order,
and also apply to digraphs. Along the way we prove several stability results for extremal digraph
problems, which we believe are of independent interest.

1. INTRODUCTION

1.1. H-free graphs. Given a fixed graph H, a graph is called H-free if it does not contain H as a
(not necessarily induced) subgraph. In 1976 Erdés, Kleitman and Rothschild [17] asymptotically
determined the logarithm of the number of Kj-free graphs on n vertices, for every £ > 3. This
was strengthened by Kolaitis, Promel and Rothschild [20], who showed that almost all Kj-free
graphs are (k — 1)-partite, for every k > 3 (the case k = 3 of this was already proved in [17]). This
was one of the starting points for a vast body of work concerning the number and structure of
H-free graphs on n vertices (see, e.g. [5, 6, 7, 9, 11, 16, 20, 23, 25]). The strongest of these results
essentially state that for a large class of graphs H, and any H € H, almost all H-free graphs have
a similar structure to that of the extremal H-free graph. More recently, some related results have
been proved for hypergraphs (see, e.g. [10, 24]).

However, the corresponding questions for digraphs and oriented graphs are almost all wide open,
and are the subject of this paper. Until now the only results of the above type for oriented graphs
were proved by Balogh, Bollobds and Morris [3, 4] who classified the possible ‘growth speeds’ of
oriented graphs with a given property. Moreover Robinson [26, 27], and independently Stanley [30],
counted the number of acyclic digraphs. A related problem was considered by Alon and Yuster [2],
who determined maxg D(G, T') over all n-vertex graphs G for sufficiently large n, where 7' is a fixed
tournament and D(G,T') denotes the number of T-free orientations of G (note that > . D(G,T)
is the number of T-free oriented graphs on n vertices).

1.2. Oriented graphs and digraphs with forbidden tournaments or cycles. A digraph is
a pair (V, E) where V is a set of vertices and F is a set of ordered pairs of distinct vertices in
V' (note that this means that in a digraph we do not allow loops or multiple edges in the same
direction). An oriented graph is a digraph with at most one edge between two vertices, so may
be considered as an orientation of a simple undirected graph. A tournament is an orientation of a
complete graph. We denote a transitive tournament on k vertices by 7}, and a directed cycle on
k vertices by Cy. We only consider labelled graphs and digraphs.
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Given a class of graphs A, we let A,, denote the set of all graphs in A that have precisely n

vertices, and we say that almost all graphs in A have property B if
. {G € A, : G has property B}|

lim =

n—00 ’An|

1.

Clearly any transitive tournament is Ci-free for any k, and any bipartite digraph is T3-free. In
1998 Cherlin [13] gave a classification of countable homogeneous oriented graphs. He remarked
that ‘the striking work of [20] does not appear to go over to the directed case’ and made the
following conjectures.!

Conjecture 1.1 (Cherlin).

(i) Almost all Ts-free oriented graphs are tripartite.
(i1) Almost all Cs-free oriented graphs are acyclic, i.e. they are subgraphs of transitive tourna-
ments.

Our first main result not only verifies part (i) of this conjecture, but shows for all k¥ > 2 that
almost all Ty y1-free oriented graphs are k-partite. Note that in particular this shows that in fact
almost all T3-free oriented graphs are actually even bipartite. We also prove the analogous result
for digraphs.

Theorem 1.2. Let k € N with k > 2. Then the following hold.

(i) Almost all Ty11-free oriented graphs are k-partite.
(ii) Almost all Ty1-free digraphs are k-partite.

Theorem 1.2 can be viewed as a directed version of the theorem of Kolaitis, Prémel and Roth-
schild [20] mentioned earlier. Note also that (i) means that the typical structure of a T3-free
oriented graph is not close to that of the extremal T3-free oriented graph: it is easy to see that
the latter is the blow up of a directed triangle (this fact was probably the motivation for Conjec-
ture 1.1(i)).

Our next main result shows in particular that part (ii) of Conjecture 1.1 is in fact false. We
actually show something stronger, namely that for all £ > 3 and for almost all C-free oriented
graphs on n vertices, the number of edges we must change in order to get an acyclic oriented
graph is Q(n/logn). We also prove an analogous version of this result for digraphs. However,
Conjecture 1.1(ii) is not too far from being true, as we prove also that almost all Cy-free oriented
graphs are close to acyclic, in the sense that we only need to change sub-quadratically many edges
in order to obtain an acyclic oriented graph. In the case when k is even we prove an analogous
version of this result for digraphs too. We also obtain a (less restrictive) structural result for odd
k.

In order to state the theorem precisely we need to introduce a little terminology. Given a
labelled digraph or oriented graph G with vertex labels 1,...,n and an ordering o : [n] — [n], a
backwards edge in G with respect to this ordering is any edge directed from a vertex labelled i to
a vertex labelled j, where o(i) > o(j). A transitive-optimal ordering of G is any ordering of V(G)
that minimises the number of backwards edges in G with respect to the ordering. We say that a
directed graph is a transitive-bipartite blow up if it can be obtained from a transitive tournament by
replacing some of its vertices by complete balanced bipartite digraphs. More formally, a directed
graph G = (V, E) is a transitive-bipartite blow up if V' admits a partition Aj,...,A; such that
for all i, € [t] with ¢ < j, the graph induced on G by A; is either a single vertex or a complete
balanced bipartite digraph (with edges in both directions) and the edges in E between A; and A;
are precisely those edges directed from A; to A; (and no others).

INote that oriented graphs are referred to as digraphs in [13].
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Theorem 1.3. Let k,n € N with k > 3. There exists ¢ > 0 such that for every a > 0 the following
hold.

(i) Almost all Cy-free oriented graphs on n vertices have between cn/logn and an? backwards
edges in a transitive-optimal ordering.
(ii) Almost all Cy-free digraphs onn vertices have at least cn/logn backwards edges in a transitive-
optimal ordering. Moreover,
(a) if k is even then almost all Cy-free digraphs on n vertices have at most an? backwards
edges in a transitive-optimal ordering,
(b) if k is odd then almost all Cy-free digraphs on n vertices can be made into a subgraph of
a transitive-bipartite blow up by changing at most an? edges.

We believe that in fact almost all Ci-free oriented graphs have linearly many backwards edges,
and that an analogous result holds for Cj-free digraphs in the case when k is even.

Conjecture 1.4. Let k,n € N with k > 3. Then the following hold.

(i) Almost all Cy-free oriented graphs on n vertices have ©(n) backwards edges in a transitive-
optimal ordering.

(ii) If k is even then almost all Cy-free digraphs on n vertices have ©(n) backwards edges in a
transitive-optimal ordering.

It is not clear to us what to expect in the case when k is odd.

Question 1.5. Suppose that k is odd and o > 0. Do almost all Cy-free digraphs on n vertices
have at most an® backwards edges in a transitive-optimal ordering?

An undirected version of Theorem 1.3 for forbidden odd cycles was proved by Lamken and
Rothschild [21], who showed that for odd k, almost all Cj-free graphs are bipartite. (So the
situation for oriented graphs is very different from the undirected one.) For even k the undirected
problem is far more difficult. Despite major recent progress by Morris and Saxton [22] the problem
of counting the number of C-free graphs is still open for even k.

We remark that in Theorem 1.2 we actually get exponential bounds on the proportion of T, 1-
free oriented graphs and digraphs that are not k-partite. We also get similar exponential bounds
in Theorem 1.3.

1.3. Sketch of proofs. A key tool in our proofs is a recent and very powerful result of Saxton
and Thomason [28] as well as Balogh, Morris and Samotij [8], which gives an upper bound on the
number of independent sets in certain hypergraphs. Briefly, the result states that under suitable
conditions on a uniform hypergraph G, there is a small collection C of small subsets (known as
containers) of V(G) such that every independent set of vertices in G is a subset of some element of
C. We will use the formulation of Saxton and Thomason [28]. The precise statement of this result
(Theorem 3.2) is deferred until Section 3. Roughly speaking, the use of hypergraph containers
allows us to reduce an asymptotic counting problem to an extremal problem. It should be noted
that the method of hypergraph containers is much more general than Theorem 3.2. Saxton and
Thomason [29] also gave a short proof of a somewhat weaker version of Theorem 3.2, which would
still have been sufficient for our purposes.

Our approach to proving our main results is as follows. Firstly, in Section 3 we use the main
result of [28] to derive a container result which is applicable to digraphs. Then in Section 4 we
apply this digraph containers result in a relatively standard way to show that almost all Ty 1-free
oriented graphs, and almost all Ty i-free digraphs, are close to k-partite (see Lemma 4.5). In
Section 5 we combine Lemma 4.5 with an inductive argument to prove the results on the exact
structure of typical Ty 1-free oriented graphs and digraphs given by Theorem 1.2.

In Section 6 we use the digraph containers result to show that almost all Cy-free oriented graphs
are close to acyclic, and that the analogous result for digraphs holds in the case when k& is even (see



4 DANIELA KUHN, DERYK OSTHUS, TIMOTHY TOWNSEND, YI ZHAO

Lemma 6.8(i), (ii)). For odd k we show that almost all Ci-free digraphs are close to a subgraph
of a transitive-bipartite blow up (see Lemma 6.8(iii)). Finally, in Section 7 we complete the proof
of Theorem 1.3 by giving a lower bound on the number of backwards edges in Ci-free oriented
graphs and digraphs, the upper bounds in Theorem 1.3 being given by Lemma 6.8.

As part of the proofs in Sections 4 and 6 we prove several stability results on digraphs which
we believe are of independent interest:

(i) Suppose k € N and G is a Ty 1-free digraph on n vertices with e(G) > exg;(n, Ti1) — o(n?).
Then G is close to a complete balanced k-partite digraph. (See Lemma 4.3).
(ii) Suppose k € N with k& > 4 and k even, and suppose G is a Cy-free digraph on n vertices with
e(Q) > exgi(n,Ck) — o(n?). Then G is close to a transitive tournament. (See Lemma 6.5).
(iii) Suppose k € N with £ > 3 and k odd, and suppose G is a Ci-free digraph on n vertices
with e(G) > exg;(n,Cr) — o(n?). Then G is close to a transitive-bipartite blow up. (See
Lemma 6.6).

Here exg;(n, H) denotes the maximum number of edges among all H-free digraphs on n vertices.
The corresponding Turdn type results which determine exg;(n, H) for H = Ty and H = Cj
were proved by Brown and Harary [12] and Héggkvist and Thomassen [19] respectively. These
stability results are used in the proofs of Theorems 1.2(ii) and 1.3(ii). We actually prove ‘weighted’
generalisations of (i) and (ii) which can be used to prove the assertions about oriented graphs in
Theorems 1.2(i) and 1.3(i).

Before starting on any of this however, we lay out some notation and set out some useful tools
in Section 2, below.

2. NOTATION AND TOOLS

For a set X we let X(") denote the set of all (unordered) subsets of X of size 7. An r-uniform
hypergraph, or r-graph, is a pair (V, E) where V is a set of vertices and E C v G = (V, E)
is a graph, digraph, oriented graph or r-graph, we let V(G) := V, E(G) := E, v(G) := |V(G)],
and e(G) := |E(G)|. For a digraph G = (V, E) define A°(G) as the maximum of d*(v) and d~(v)
among all v € V. We write uv for the edge directed from u to v. For a vertex v € V, define
the out-neighbourhood of v in G to be NZ (v) := {u € V : vu € E}, and similarly define the
in-neighbourhood of v in G to be N (v) := {u € V : uwv € E}. Given a set U C V, we sometimes
also write N} (v) := N (v) NU and define Nj; (v) similarly. For disjoint subsets U,U’ C V we let
G[U,U’] denote the subdigraph of G with vertex set U U U’ whose edge set consists of all edges
between U and U’ in G (in both directions). We let e(U,U’) := e(G[U,U’]). If Q is a k-partition of
[n] with partition classes Vi ..., Vi, and G is a (di)graph or oriented graph with vertex set [n], we
say that @ is a k-partition of G if for every i € [k] we have that E(G) contains no edges uv with
u,v € V;. We assume k-partitions to be unordered unless otherwise stated. For two digraphs G and
G’ on vertex set [n], we write G = G’ £ en? if G can be obtained from G’ by changing (i.e. adding,
deleting, or changing the orientation of) at most en? edges. Given an r-graph H = (V, E) and
o€ V@ where 0 <d <r—1,let dy(o) := |{e € E : 0 C e}| be the degree of o in H. We
may simply write d(o) for dg (o) when it is obvious which r-graph H we are working with. The
average vertex degree of H is defined to be (1/|V|) >, cy dg({v}). Given an oriented graph H and
a digraph H’,
let f(n, H) denote the number of labelled H-free oriented graphs on n vertices,
let T'(n, k) denote the number of labelled k-partite oriented graphs on n vertices,
let f*(n, H') denote the number of labelled H'-free digraphs on n vertices,
let T*(n, k) denote the number of labelled k-partite digraphs on n vertices.

In some proofs, given a,b € R with 0 < a,b < 1, we will use the notation a < b to mean that we
can find an increasing function ¢ for which all of the conditions in the proof are satisfied whenever
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a < g(b). Throughout the paper we write log z to mean log, =, and we assume all graphs, oriented
graphs, and digraphs to be labelled unless otherwise stated. We also assume all large numbers to
be integers, so that we may sometimes omit floors and ceilings for the sake of clarity.

We define H(p) := —plogp — (1 — p)log(1l — p), the binary entropy function. The following
bound will prove useful to us. For n > 1 and 0 < p < 1/2,

(2.1) <§7; n) _ L’ff C) < oHGm

i=0
In a number of our proofs we shall also use the following Chernoff bound.

Theorem 2.1 (Chernoff bound). Let X have binomial distribution and let a > 0. Then

P(X < E[X] —a) < exp <—2E“[2X]) .

3. DIGRAPH CONTAINERS

Our main tool is Theorem 3.2 from [28]. Given a hypergraph G satisfying certain degree condi-
tions, it gives a small set of almost independent sets in G (containers) which together contain all
independent sets of G. In our applications the vertex set of G will be the edge set of the complete
digraph, and the hyperedges will correspond to copies of the forbidden subdigraph. To formulate
the degree conditions we need the following definition.

Definition 3.1. Let G be an r-graph on n vertices with average verter degree d. Let T > 0. Given
veV(G) and 1 < j<rmn, let

d9(v) := max{d(o) : v € 0 C V(Q), o] = j}.
If d > 0 we define 6; = 0;(7) by the equation

6,70 " nd = Z d9) (v).
veV(G)

Then the co-degree function §(G,T) is defined by
0(G,T) = 9(3)-1 Z 2_(];1)6]-.
j=2

If d = 0 we define 6(G, 1) := 0.

Theorem 3.2. [28, Corollary 2.7] Suppose that 0 < & < % and T < Wlﬂlr' Let G be an r-graph
with vertexr set [n] satisfying 6(G,7) < 157. Then there exists a constant ¢ = c(r) and a collection

C of subsets of [n] with the following properties.

(a) For every independent set I of G there exists C € C such that I C C.
(b) e(G[C]) < ee(G) for all C € C.
(c) log|C| < clog(2)nrlog(L).

We will apply Theorem 3.2 to prove Theorem 3.3 below, which is a digraph analogue to [28,
Theorem 1.3]. To state this we need the following definitions. Given a digraph G = (V| E), let
f1(G) be the number of pairs u,v € V such that exactly one of uv and vu is an edge of G, and let
f2(G) be the number of pairs u,v € V such that both wv and vu are edges of G. The following
definition of the weighted size of G will be crucial in this paper. For a € R with a > 1 we define

ea(G) == a- fo(G) + f1(G).

This definition allows for a unified approach to extremal problems on oriented graphs and digraphs.
We will be mainly interested in the cases a = 2 and a = log 3. The former is useful because each
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digraph G contains 4F2(G)2f1(G) = 9e2(G) (labelled) subdigraphs, and the latter is useful because
each digraph G contains 3/2(6)2/1(G) = 9€10e3(C) (labelled) oriented subgraphs. Given a digraph
H, define the weighted Turdn number ex,(n, H) as the maximum e, (G) among all H-free digraphs
G on n vertices. (So exa(n, H) equals exy;(n, H) which was defined in Section 1.3.) For A,B CV
we will sometimes write e, (A, B) to denote e,(G[A, B).

Given an oriented graph H with e(H) > 2, we let

e(H) -1

H) = —_—
m(H) H/gg}ez%)liﬂ)x v(H") —2

Theorem 3.3. Let H be an oriented graph with h := v(H) and e(H) > 2, and let a € R with
a > 1. For every € > 0, there exists ¢ > 0 such that for all sufficiently large N, there exists a
collection C of digraphs on vertex set [N] with the following properties.

(a) For every H-free digraph I on [N] there exists G € C such that I C G.

(b) Every digraph G € C contains at most eN" copies of H, and e,(G) < ex,(N, H) +eN2.

(c) log|C| < eN2?1/m(H) Jog N,

Note that in (a), since I, G are labelled digraphs, I C G means that I is contained in G in the
labelled sense, i.e. the copy of I in G has the same vertex labels as I.

The following corollary is a straightforward consequence of Theorem 3.3. We will not use it
elsewhere in the paper, but we include it to illustrate what one can achieve even just with a
‘direct’ application of Theorem 3.3.

Corollary 3.4. For every oriented graph H with e(H) > 2, we have f(n,H) = 9Xiog 3(n,H)+o(n?)
and f*(n,H) = gexa(n,H)+o(n?)

Proof. We only prove the first part here; the proof of the second part is almost identical.
Clearly f(n, H) > 2¢%0s3(H) By Theorem 3.3, for every ¢ > 0 there is a collection C of digraphs
on [n] satisfying properties (a)—(c). We know that every digraph G € C contains 2¢°&3(%) oriented

subgraphs. Since each H-free oriented graph is contained in some G € C, and |C| < gen?~1/mUD logn_

f(n, H) < Z 2610g3(G) < 2ex10g3(n,H)+sn2+o(n2)'
GeC
We are done by letting € — 0. O

It is not possible to extend Theorem 3.3 or Corollary 3.4 to all digraphs H. For example, let
DK3 denote the double triangle (which consists of three vertices and all possible ordered pairs as
edges). Assume that n is even and let AU B be a balanced partition of [n]. Let G denote the
family of all digraphs G on [n] such that G[A] and G[B] are oriented graphs. It is clear that no
G € G contains a copy of DK3, and |G| = on?/232("}?) (there are 2 choices for each of the n?/2
ordered pairs between A and B and there are 3 choices for each of the ("42) unordered pairs on
either A or B). Furthermore, it is easy to see that exy(n, DK3) = %2 + 2("42) (and the digraphs
in G with the maximum number of edges are extremal digraphs). Thus

n/2

2 n
F*(n, DK3) > |G| = 27 32('%) s 25 +2("4) — gexa(n.DEs).

The proof of Theorem 3.3 is similar to that of [28, Theorem 1.3]. We first define the hypergraph
D(N, H), which will play the role of G in Theorem 3.2.

Definition 3.5. Let H be an oriented graph, let r := e(H) and let N € N. The r-graph D(N, H)
has vertex set U = ([N]x [N])\{(4,7) : i € [N]}, where B € U") is an edge whenever B, considered
as a digraph with vertices in [N], is isomorphic to H.
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We wish to apply Theorem 3.2 to D(N, H). To do this we require an upper bound on 6 (D(N, H), 7)
for some suitable value of 7. We give one in the following lemma, the proof of which is identical
to that of [28, Lemma 9.2] and is therefore omitted here.

Lemma 3.6. Let H be an oriented graph with r := e(H) > 2, and let v < 1. For N sufficiently
large, & (D(N, H),fy_lN_l/m(H)) < r2ru(H)12y.

We now state a supersaturation result, which we will use to bound the number of edges in
containers. It is the digraph analogue of the well-known supersaturation result of Erdés and
Simonovits [18]. Its proof is almost the same, and is omitted here.

Lemma 3.7 (Supersaturation). Let H be a digraph on h vertices, and let a € R with a > 1. For
any € > 0, there exists § > 0 such that the following holds for all sufficiently large n. For any
digraph G on n vertices, if G contains at most 6n" copies of H, then eq(G) < exq(n, H) 4+ en?.

We may now apply Theorem 3.2 to D(N, H), using Lemmas 3.6 and 3.7, to obtain Theorem 3.3.
The details of this are identical to the proof of Theorem 1.3 in [28] and are omitted here.

4. ROUGH STRUCTURE OF TYPICAL Tk+1—FREE ORIENTED GRAPHS AND DIGRAPHS

In this section we prove a stability result for T}, q-free digraphs. We apply this (together with
Theorem 3.3) at the end of this section to determine the ‘rough’ structure of typical Tji-free
oriented graphs and digraphs.

The Turdn graph Tug(n) is the largest complete k-partite graph on n vertices (thus each vertex
class has |n/k]| or [n/k] vertices). Let tx(n) := e(Tug(n)). Let DTx(n) be the digraph obtained
from Tug(n) by replacing each edge of Tug(n) by two edges of opposite directions. Obviously, for
all k € N, DTy(n) is Tiy1-free so exq(n, Tky1) > eq(DTk(n)) = a - tg(n). In Lemma 4.1 below we
show that DTy(n) is the unique extremal digraph for Tj,1. This result is not needed for any of
our proofs, but we believe it is of independent interest, in addition to being useful for illustrating
the general proof method of Lemma 4.3. Note that the case a = 2 of Lemma 4.1 is already due to
Brown and Harary [12].

Lemma 4.1. Let a € R with 3/2 < a < 2 and let k,n € N. Then ex,(n,Tp+1) = a - t(n), and
DTy(n) is the unique extremal Tyy1-free digraph on n vertices.

Proof. Note that DTy (n) is the unique k-partite digraph D on n vertices which maximises
eq(D). Moreover, e,(DTy(n)) = a - tx(n). Thus, it suffices to show that for every non-k-partite
Ty11-free digraph G on n vertices, there exists a k-partite digraph H on the same vertex set such
that e,(G) < eq(H).

We prove this by induction on k. This is trivial for the base case k = 1, as the only Tb-
free digraph is the empty graph. Suppose that £ > 1 and that the claim holds for £k — 1. Let
G = (V, E) be a non-k-partite Tj1-free digraph on n vertices. Without loss of generality, suppose
that d*(z) = A%(Q) for some vertex z € V. Let S := N (x) and T := V' \ S. Since G is T} 1-free
we have that G[S] is Ty-free. By induction hypothesis, either (i) there is a (k — 1)-partite digraph
H’' on S such that e,(G[S]) < eq,(H'), or (ii) G[S] is (k — 1)-partite and hence there is trivially
a (k — 1)-partite digraph H' on S such that e,(G[S]) = e,(H'). Next we want to replace all the
edges inside T" with edges between S and T as follows. Suppose y, z € T with yz € E. Then there
arey’, 2’ € S with yy' € F and /2 ¢ E otherwise d* (y) > |S|+1 or d~(z) > |S| + 1, contradicting
the assumption A%(G) = d*(x) = |S|. We now replace yz with 33’ and 2’z. By the definition of
eq(+), and since a < 2, the gain of adding the edges yy’ and 2’z is at least 2(a — 1), while the loss of
removing yz is at most one. Thus, since a > 3/2, we have that e,(G) increases by 2a —3 > 0. Note
that this procedure does not change the in-degree or out-degree of any vertex in T'. We repeat this
for every edge inside T. At the end we obtain a digraph G’ with no edge inside T. We replace
G'[S] = G[S] with the (k — 1)-partite digraph H’ obtained before to obtain a k-partite digraph
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H. We now consider the two cases (i) and (ii) discussed previously. If e,(G[S]) < e, (H’) then it
is clear that e,(G) < eq(H), and we are done. Otherwise, G[S] is (k — 1)-partite. In this case,
since G is not k-partite, there must be an edge inside T', so that there exists y, z as above. Hence
eq(G) < eq(G"), and so clearly e,(G) < e,(H) in this case too, as required. O

We now prove a stability version of Lemma 4.1. The proof idea builds on that of Lemma 4.1.
The proof will also make use of the following proposition, which can be proved by a simple but
tedious calculation, which we omit here.

Proposition 4.2. Let k,n € N withn > k > 2 and let s > 0. Suppose G is a k-partite graph on
n vertices in which some vertex class A satisfies |A —n/k| > s. Then

e(G) < ty(n) — s (g - k:)

Lemma 4.3 (Stability). Let a € R with 3/2 < a < 2 and let k € N. For any 3 > 0 there exists
v > 0 such that the following holds for all sufficiently large n. If a digraph G on n wvertices is
Thi1-free, and eq(G) > exq(n, Tpr1) — yn?, then G = DTy (n) £ Bn?.

Proof. Choose 7 and ng such that 1/ny < v < 3, and consider any n > ng. We follow the
proof of Lemma 4.1, in which we fix a vertex z € V with d*(z) = A°(G), and let S := N*(z)
and T := V' \ S, and proceed by induction on k. Again, the base case k = 1 is trivial as the only
Ty-free digraph is the empty graph. Let m; be the number of edges of G[T], and let m2 be the
number of non-edges between T and S (in G).

Let G’ be the digraph obtained from G by replacing each edge inside T with two edges between
T and S as in the proof of Lemma 4.1. Then

(4.1) ea(G) < ea(G') — (2a — 3)my.

Since there are my — 2m; non-edges between T and S in G’; and adding any one of them would
increase e,(G’) by at least a — 1 (since a < 2), we have that

(4.2) eq(G") < |T||S|a + eq(G[S]) — (mg — 2my)(a — 1).
Let
(4.3) m3 = exq(|S], Tk) — eq(G[S]).

Then m3 > 0 because G[S] is Tj-free.
Let H be the k-partite digraph obtained from DTj_1(|S|) (on S) by adding the vertex set T°
together with all the edges (in both directions) between S and T'. Then

(1.4) calH) = T(|Sla+ exa(IS], Th).
Altogether, this gives that

(4.1)

ea(@) < eq(G) — (2a — 3)my (452) IT||S|a + ea(G[S]) — (m2 — 2my)(a — 1) — (2a — 3)my

4.3

711510 + exa(|S], Ti)) — ms — (ma2 — 2m1)(a — 1) — (2a — 3)ma

4.4

(44 ea(H) —mg — (mga —2my)(a—1) — (2a — 3)my.
Let s := ||T| — %|. By Proposition 4.2 we have that if s > 4k then exq(n,Typ11) > a - tx(n) >
ea(H) + as?/4. So if s > 4k then

CLS2

eq(G) < exq(n, Tyi1) — 4 M- (mg —2my)(a —1) — (2a — 3)my,

and if s < 4k then
ea(G) < exq(n,Tpr1) — msg — (mg — 2my)(a — 1) — (2a — 3)m;.
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In either case, since ex,(n,Tii1) — Yn? < e (G) by assumption, we have that m; < ﬁn%

me < (5 + 2213)712, ma < yn?, and s? < 4yn?/a.

Recall that e,(G[S]) = ex4(|S],Tk) — m3. Hence we have by induction hypothesis that, since
v < B and |S| = A%G) is sufficiently large, G[S] = DT)_1(]S]) &+ (8/2)|S|?>. Note that we can
obtain the digraph DTy(n) from G by removing m; edges inside T, adding ms edges between T
and S, changing at most (3/2)n? edges inside S, and changing the adjacency of at most s vertices.

Thus

G = DTy(n) = (mq + mo + (6/2)n* + 2sn),
and so we have that G = DTy (n) & fn?, as required. O

We also need the Digraph Removal Lemma of Alon and Shapira [1].

Lemma 4.4 (Removal Lemma). For any fixed digraph H on h wvertices, and any vy > 0 there
exists € > 0 such that the following holds for all sufficiently large n. If a digraph G on n vertices
contains at most e'n" copies of H, then G can be made H-free by deleting at most yn? edges.

We are now ready to combine Theorem 3.3 with Lemma 4.3 to show that almost all T} -free
oriented graphs and almost all Ty 1-free digraphs are almost k-partite.

Lemma 4.5. For every k € N with k > 2 and any a > 0 there exists € > 0 such that the following
holds for all sufficiently large n.

(i) All but at most f(n, Tk+1)2_5"2 Ti+1-free oriented graphs on n vertices can be made k-partite
by changing at most an® edges.

(i1) All but at most f*(n, Tk+1)2_5”2 Ti1-free digraphs on n wvertices can be made k-partite by
changing at most an? edges.

Proof. We only prove (i) here; the proof of (ii) is almost identical. Let a :=log3. Choose ng € N
and e,7, 8 > 0 such that 1/ng < e € v < 8 < «,1/k. Let ¢’ := 2¢ and n > ny. By Theorem 3.3
(with Ti11,n and €’ taking the roles of H, N and ¢ respectively) there is a collection C of digraphs
on vertex set [n] satisfying properties (a)—(c). In particular, by (a), every Tj.1-free oriented graph
on vertex set [n] is contained in some digraph G € C. Let C; be the family of all those G € C for
which elo3(G) > exiog3(n, Tit1) — € n?. Then the number of (labelled) T} 1-free oriented graphs
not contained in some G € C; is at most

|C| 2eX10g3(n,Tk+1)7E/n2 S Qignzf(n, Tk+1)7

£

because |C| < on*” /, by (c), and f(n, Thy) > 2¢%0s3(Tht1) - Thus it suffices to show that every
digraph G € C; satisfies G = DTy(n) = an?. By (b), each G € C; contains at most 'n**! copies
of Ty41. Thus by Lemma 4.4 we obtain a Ty -free digraph G’ after deleting at most yn? edges
from G. Then ejo53(G’) > exiog3(n, Ti+1) — (€' +7)n?. We next apply Lemma 4.3 to G’ and derive
that G’ = DTy(n) & n?. As a result, the original digraph G satisfies G = DT}, (n) £ (8 + v)n?,
and hence G = DTy (n) £+ an? as required. O

5. EXACT STRUCTURE OF TYPICAL Tk+1—FREE ORIENTED GRAPHS AND DIGRAPHS

From Section 4 we know that a typical T 1-free oriented graph is almost k-partite (and similarly
for digraphs). In this section we use this information to show inductively that we can omit the
‘almost’ in this statement (see Lemma 5.6 and the proof of Theorem 1.2 at the end of this section).
The use of induction to obtain such exact results from approximate ones has been a useful tool in
the past (already used in [17]), but involves obstacles which are specific to the problem at hand.
Lemma 5.6 relies on several simple observations about the typical structure of almost k-partite
oriented graphs and digraphs (see Lemmas 5.2, 5.4 and 5.5).
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Recall that t;(n) denotes the maximum number of edges in a k-partite (undirected) graph on
n vertices, i.e. the number of edges in the k-partite Turdn graph on n vertices. We say that a k-
partition of vertices is balanced if the sizes of any two partition classes differ by at most one. Given
a k-partition @ of [n] with partition classes Vi,...,Vk, and a graph, oriented graph or digraph
G = (V, E) on vertex set [n], and an edge e = uv € E with u € V; and v € V}, we call e a crossing
edge if ¢ # j. In Lemma 5.1 below we give upper and lower bounds on T'(n,k) and T%(n, k), in
terms of tx(n) (recall that T'(n, k) and T*(n, k) were defined in Section 2). Lemma 5.1 is used in
the proof of Theorem 1.2.

Lemma 5.1. Let k > 2. For sufficiently large n we have the following:
.\ kn3ste(n) n n n n
() St < g ([, [ )35 < T(n, k) < ke300,

2kInk—1 = s

(ii) kn4tk(m) < T*(n,k:) < kn4tk(n)‘

2kInk—1

Proof. We only prove (i) here; the proof of (ii) is similar. For the upper bound note that k"
counts the number of ordered k-partitions of [n], and that for each such k-partition ¢ the number
of oriented graphs for which every edge is a crossing edge with respect to @ is at most 3% (™).

For the lower bound we will count the number of (unordered) balanced k-partitions. Each such
k-partition gives rise to 3% (") Ek-partite oriented graphs. Since the vertex classes of a balanced

k-partition of [n] have sizes L%J Yy L"+,§_1J, the number of such k-partitions is

Mm nL”*’ﬁ*J)

We now show that for any given balanced k-partition @), almost all k-partite oriented graphs for
which @ is a k-partition have no other possible k-partitions. Given a balanced k-partition @ of
[n] with partition classes Aj,..., A, consider a random oriented graph where for each potential
crossing edge we choose the edge to be either directed one way, directed the other way, or not
present, each with probability 1/3, independently. So each k-partite oriented graph for which @ is
a k-partition is equally likely to be generated. Given a set of vertices A in a digraph G, we define
their common out-neighbourhood N*(A) := (,c4 N (v). By Theorem 2.1 we have that almost
all graphs in the probability space satisfy the following:

«) whenever £ < k and i € [k] and vy,...,vs € V(G) \ A;, we have that
(c)
INT ({1, ..., 0}) N A > (n/k)(1/3)7.

We now claim that if a k-partite oriented graph G has k-partition @) and satisfies (a) then @ is
the unique k-partition of G. Indeed, suppose that @’ is a k-partition of G with vertex classes

b, Al We will show that Q" = Q. Consider any k vertices vi,...,v; that are such that
G[{v1,...,v}] is a transitive tournament. Such a set of k vertices exists by («). Clearly no two of
these vertices can be in the same vertex class of Q or Q'. Without loss of generality let us assume
that v; € A; and v; € A} for every i € [k]. Define N; := N*({v1,...,vx} \ {v;}). Since N; is the
common out-neighbourhood of {vy,...,vx} \ {v;} it must be that NN; is a subset of 4; and a subset
of Al. Note that @ and Q" agree on all vertices so far assigned to a partition class of Q. Now
consider any vertex w not yet assigned to a partition class of @', and suppose w € A; for some
j € [k]. For every i € [k] with ¢ # j we have by («) that

IN*(w) AN = INF(fw, v, o\ {d) 0 Al > (n/k)(1/3)FH > 1.

This together with the previous observation that N; C A implies that w ¢ A{. So w € A’. Since
w was an arbitrary unassigned vertex we have that A; = A} for every ¢ € [k], and so @ = @', which
implies the claim. This completes the proof of the middle inequality in Lemma 5.1.
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To prove the first inequality note that if a; + - - -4 ax = n then ( " ak) is maximised by taking

at,...,

aj = L%AJ for every j € [k]. This implies that

= 2 ) 5 (g )

al+--+ap=n

which in turn implies the first inequality in Lemma 5.1, and hence completes the proof. U

For a given oriented graph or digraph G on vertex set [n] we call a k-partition @ of [n] optimal
if the number of non-crossing edges in G with respect to ) is at most the number of non-crossing
edges in G with respect to Q' for every other k-partition @' of [n].

Given k > 2 and > 0 we define F'(n,Ti11,n) to be the set of all labelled T} 1-free oriented
graphs on n vertices that have at most nn? non-crossing edges in an optimal k-partition. We
define Fg(n,Tky1,m) € F(n,Tky1,n) to be the set of all such oriented graphs for which @ is
an optimal k-partition. Similarly, we define F*(n,Tky1,n) to be the set of all labelled T} -free
digraphs on n vertices that have at most nn? non-crossing edges in an optimal k-partition, and we
define Fé(n, Tyi1,m) € F*(n,Txy1,m) to be the set of all such digraphs for which @ is an optimal
k-partition. Define

f(naTk+177’) = |F(n7Tk+1777)’ and fQ(naTk—i-lan) = |FQ(n7Tk+1)77)’7

and similarly
S (0, Thqa,m) o= |F*(n, Tryr,m)| and (1, Thy1,m) = [FG(n, Trga, )]
Then Lemma 4.5 implies that for every 1 > 0 there exists &’ > 0 such that

(51)  f(n,Ths1) < F(0, Trar, )L +275")  and  f* (0, Ter) < (0, Togr, m)(1+27™)

for all sufficiently large n. (So &' = 2e, where ¢ is as given by Lemma 4.5.)

Given an oriented graph or digraph G on vertex set V and disjoint subsets U, U’ C V we let
e¢(U,U") denote the number of edges in E(G) directed from vertices in U to vertices in U’. For
convenience we will sometimes write € (U, U’) for (U, U’) if this creates no ambiguity. Given
k € N, n,pn > 0, and a k-partition @ of [n] with vertex classes A1, ..., Ag, we define Fg(n,n, p)
(respectively F¢y(n,m, p)) to be the set of all labelled oriented (respectively directed) graphs on n
vertices for which @ is an optimal k-partition and that satisfy the following:

(F1) the number of non-crossing edges with respect to @Q is at most nn?,

(FQ) if Ul - Az and Uj - Aj with |Ul‘, |UJ| > un for distinct ’i,j S [ki], then ?(UZ, Uj), ?(Uj, Ul) >
|Uil|U;1/6,

(F3) ||4;] — n/k| < pn for every i € [k].

Note that property (F2) is similar to the property that the bipartite graph on vertex classes A;, A;

whose edges are directed from A; to A; is p-regular of density at least 1/6 (and similarly for edges

directed from A; to A;) and that the ‘reduced graph’ R that has vertex set {41, ..., A} and edges

between pairs that are p-regular of density at least 1/6 is a complete digraph.

Define Fg(n,Ty+1,7, 1) to be the set of all oriented graphs in Fg(n,n, 1) that are T} q-free.
Similarly define Fc*g(n,TkH,n,u) to be the set of all digraphs in Fé(n,n,,u) that are T} -free.
Note that FQ (n7 Tk+1, UR M) - Fés (na Tk’+17 n, :u) Define fQ(n7 Tk+17 , /-L) = ‘FQ(TL, Tk+17 n, /.L)’ and
fé(na Tk+17 m, :u) = ’Fé(nv Tk+17 n, :u’)|

The next lemma shows that fg(n,Tyy1,7) and fo(n, Tk41,7, 1) are asymptotically equal for any
k-partition @) and suitable parameter values, (and similarly for fé(n, Tk+1,m) and 15 (n, Thy1,m, ).

Lemma 5.2. Let k > 2 and let 0 < n,pu < 1 be such that p? > 24H(n). There exists an integer
ng = no(u, k) such that the following hold for all n > ng and for every k-partition Q of [n]:
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2.2

(1) fQ(n? Tk-i-lv 77) - fQ(n7 Tk-i-l’ m, //J) < Btk(n)iﬁ
(H) fé(n7 Tk+17 77) - fé(n7 Tk+17 mn, M) S 4tk(n)_%

Proof. We only prove (i) here; the proof of (ii) is similar. We choose ng such that 1/ng < u,1/k.
We wish to count the number of G € Fg(n,Ti11,1) \ Fo(n, Ti41,7, it). Let Q have vertex classes
Ay, ..., Ap. The number of ways that at most nn? non-crossing edges can be placed is at most

<mn?) ~

If ||A;| — n/k| > pn for some i € [k] then by Proposition 4.2 the number of possible crossing
edges is at most
2,2
tk(n) — pun (% - k:) < tg(n) — ,u3n
We can conclude that the number of G € Fg(n, Ti11,1) \ Fo(n, Tiy1,n, ) that fail to satisfy (F'3)
is at most

oH(mn? gty (n)—p?n?/3

Every G € Fgo(n,Tit1,n) \ Fo(n, Tky1,m, 1) that satisfies property (F3) must fail to satisfy
property (F2). For a given choice of at most nn? non-crossing edges, consider the random oriented
graph H where for each possible crossing edge with respect to () we choose the edge to be either
directed in one direction, directed in the other direction, or not present, each with probability
1/3, independently. Note that the total number of ways to choose the crossing edges is at most
3" and each possible configuration of crossing edges is equally likely. So an upper bound on
the number of G € Fg(n, Ty41,m) \ Fo(n, Tx+1,7m, 1) that fail to satisfy property (F2) is

2H(’7)"23t’f(")IP’(H on Ay, ..., Ay fails to satisfy (F2)).
Note that the number of choices for U; C A; and U; C A; as in property (F2) is at most (2")? and
that E(eg (U;, Uj)) = |Uil|U;|/3 > p?n?/3. Hence by Theorem 2.1 we get that

E(eg(U;, U 2,2
P(H on Ay, ..., Ay fails to satisfy (F2)) < (2")2 exp <(€H(Z’U]))) < 2?"exp <_#QZ> .

So summing these upper bounds gives us that

277,2
fQ (TL, Tk:-‘rla 77) - fQ (TL, Tk-‘rla mn, :u’) < 2H(n)n23tk(n) <3_#2n2/3 + 22ne_u24>

u2n2

2 2
t -2 (] —logs 2)92n+1 t -
<3 k(")?, 51— (logg e—logg )2 n+ <3 k(n)— Y56 ,

where we use that p? > 24H(n) and that 1/ng < p. O

The following proposition allows us to find many disjoint copies of T}, in any graph in £ (n,m, w).
It will be useful in proving Lemmas 5.4 and 5.6. We omit the proof, since it amounts to embedding
a small oriented subgraph into the u-regular blow-up of a complete digraph which can be done
greedily (see e.g. [15, Lemma 7.5.2] for the ‘undirected’ argument).

Proposition 5.3. Let n,k € N, let n,u > 0, let Q be a k-partition of [n] with vertex classes
Ay, ..., A, and suppose G € Fé(n, n, ). For everyi € [k] let B; C A; with |B;| > 12¥2un. Let o
be a permutation of [k]. Then G contains a copy of Tj, on vertices vy, ..., v where for all distinct
i,7 € [k] we have that v; € B; and that there is an edge from v; to v; if and only if o(i) < o(j).

We now show that in an optimal partition each vertex is contained in only a small number of
non-crossing edges.
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Lemma 5.4. Let n,k > 2, let n,u > 0, let Q be a k-partition of [n] with vertex classes Ay, ..., Ag,
and suppose G € Fé(n,TkH, n,p). Then for every i € [k] and every x € A; we have that

\le(xﬂ + [Ny (z)] < 125729,m.

Proof. Suppose not, so that there exists x € A;, for some i € [k], such that \N;‘: (@)|+|Ny, ()] >
128=224n. Since Q is an optimal k-partition of G, it must be that

INE @)+ N3 ()] > [N @)] + N7 (@)] > 12 22n

for every j € [k].

For every j € [k] define B; to be N:{j (x) if ]N:{]_ (x)] > \NKJ_ (z)|, and Ny, () otherwise. So
|B;| > 128=2un. Let JT be the set of all j € [k] such that B; = N;{j (x), and let J~ := [k] \ J™.
Fix a permutation o of [k] with the property that o(i) < o(j) whenever i € J~ and j € J*. Now
Proposition 5.3 implies that G contains a copy of T} on vertices vy, ..., v, where for all distinct
i,j € [k] we have that v; € B; and that the edge between v; and v; is directed towards v; if and
only if o(i) < o(j). By the definition of o, z together with this copy of T} forms a copy of Tj1.
This is a contradiction, since G € Fé(n, Tk+1,1m, 1), and so this completes the proof. O

The following result shows that an optimal partition of a graph does not change too much upon
the removal of just two vertices from the graph.

Lemma 5.5. Let k > 2, and let 0 < p < 1/(3k*)'2 and 0 < n < p?/3. There exists an integer
no = no(p, k) such that the following holds for all n > ng. Let Q be a partition of [n] with vertex
classes Ay, ..., Ar and let x,y be distinct elements of A1. Then there is a set P of k-partitions of
[n) \ {z, y}, with |P| < 6“2/3”, such that, for every G € Fé(n,TkH, n, 1), every optimal k-partition
of G —{x,y} is an element of P.

Proof. First note that, for any G € Fé(n, Tk+1,m, 1), we have by definition that the number of

non-crossing edges in G with respect to @ is at most 7n?. So certainly the number of non-crossing
edges in G — {z,y} with respect to the partition A; \ {z,y}, As..., Ay is at most nn?.

Consider an arbitrary k-partition Bj, ..., By of [n]\ {z,y}. We claim that if there exists i € [k]
and distinct j, j* € [k] such that |A; N B;[,[Ay N B;| > pn, then for any G € F§(n, Tit1,7, 1) the
number of non-crossing edges in G — {x, y} with respect to the partition By, ..., By is larger than
nn? (and hence By, ..., By cannot be an optimal k-partition of G — {z,y}). Indeed, if we find such
i,7,7" then by (F2) we have that the number of non-crossing edges in G — {x, y} with respect to
the partition Bq,..., By is at least

1
eq(B;) > eq(AjNB;,AjyNB;) >2- é(un)2 > T]n2,

which proves the claim.
We let P be the set of all k-partitions of [n] \ {z,y} for which no such 4, j, ' exist. So by the
above claim we have that for every G € F§)(n, Tj11,7, 1), every optimal k-partition of G — {z, y}

is an element of P. So it remains to show that |P| < e#**n Consider an element of P with

partition classes By, ..., By. For every i € [k], let S; := {j : |[A; N B;| > pn}. Note that for every
i € [k] we have that |S;| < 1, by definition of P. Note also that |A;| > n/k — un > kun for every
Jj € [k], and thus for every i € [k] we have that |S;| = 1. Let A} := Ay \ {z,y} and let A := A,
for every i € {2,...,k}. So every element of P can be obtained by starting with the k-partition
Al ..., A}, applying a permutation of [k] to the partition class labels, and then for every ordered
pair of partition classes moving at most un elements from the first partition class to the second.
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Hence, since |A;| < n/k + pun < 2n/k, we have that

2

-1\ ¥ iy, (k1) ik?n
|P| < k! 2n/k < Kk!'| pun 2en/k < k‘!(,un)k2 1 < eu2/3n7
< un un #2

as required. 0

Define F)(n, Ti+1,7) to be the set of all oriented graphs in Fg(n, Tk+1,7) that have at least one
non-crossing edge with respect to ). Define fb(n,TkH,n) = |Fé2(n,Tk+1,n)|. Similarly define
Fél (n, Tk+1,m) to be the set of all digraphs in F{(n, Ty+1,7) that have at least one non-crossing
edge with respect to @, and define fg?/ (n,Tgy1,m) = |F5/(n,Tk+1, n)|. In the following result we

use Lemmas 4.5, 5.2, 5.4 and 5.5 to give upper bounds on fg,(n, Tk+1,7) and fél(n,TkH,n) for
any k-partition ) and suitable parameter values.

Lemma 5.6. For all k > 2 there existn > 0 and C' € N such that for alln € N and all k-partitions
Q of [n] the following hold.

(i) fh(n, Thsr,m) < 32,

(i) o (n, Ths1,m) < A2,
Proof. We only prove (i) here; the proof of (ii) is similar. Choose C,ng € N and €, 7, u > 0 such
that

1/C < 1/ng<e<n<p<l/k.

Define Fy(n,Ti+1) to be the set of all T} -free oriented graphs on n vertices for which @ is an
optimal k-partition, and define fo(n, Try1) = [Fo(n, Tht1)]-

The proof proceeds by induction on n. In fact, in addition to (i) we will inductively show that

(5.2) Fa(n, Tisr) < 3500 (1 + c27m),

The result holds trivially for n < ng since 1/C < 1/ng. So let n > ng and let us assume that for
every k-partition @ of [n — 2] we have that

(5.3) for(n —2,Tiyy) < 3*072) (14 C277002)),

Let Q have partition classes A1, ..., Ai. Define Fé)(n,TkH,n,,u) to be the set of all graphs in
Fo(n, Tk41,7, 1) that have at least one non-crossing edge with respect to . Define fé? (n, Thy1,m, )
\FC’Q (n, Tx41,m, p)|. We will first find an upper bound for f’Q(n, Ti+1,m, p). We will find this bound
in four steps. Note that (F3) implies that f5(n,Tii1,7m,1) = 0 unless |[A;| — n/k| < un, so we
may assume that this inequality holds.

Step 1: Let B; be the number of ways to choose a single non-crossing edge xy with respect to Q.
Then B; < n?. Let A; be the partition class of Q) containing z and .

Step 2: Let Bs be the number of ways to choose the edges that do not have an endpoint in {x, y}.

By Lemma 5.5 there is a set P of k-partitions of [n]\ {z, y}, with |P| < e"*’*n_such that, for every
G € Fo(n,Tk+1,m, 1), every optimal k-partition of G — {z,y} is an element of P. So we have by
our inductive hypothesis that

(5:3)

5.3 ,
By < Y for(n—2,Tigr) < et”"m30=D (1 4 0271n=2)) < =D gen'n,
Q'eP
Step 3: Let B3 be the number of possible ways to construct the edges between x,y and the
vertices outside A;. Let U be the set of edges chosen in Step 2. One can view U as a subset of the

edge set of a graph G in Fc’g("v Ti+1,7m, 1t). Let U’ be the subset of U consisting of all those edges
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in U that do not have an endpoint in A;. So U’ can be viewed as the edge set of a subgraph G’ of
G with G’ € FQ(n — |A;],57, 311), where the set of partition classes of Q is {A1, ..., Ay} \ {4;}. By
repeatedly applying Proposition 5.3 to G’ we can find at least n/k — un — 12733 un vertex-disjoint
copies of T, in G', each with precisely one vertex in each of the A; for j # . Consider the 2(k—1)
potential edges between x,y and the vertices of any such T3 _1. If we wish for our graph to remain
Ty41-free then not all of the possible 32(k—1) gets of such edges are allowed. So since the number
of vertices outside A; not contained in one of these Ty_; is at most (k — 1)(2un + 12¥733un) <
1'/?nlogs e/2, we have that

Bs < (32(1%1) _ 1)"/k 32(n'/*nlogge/2) _ <32(k71) <1 _ 372k))”/’“ o/ ?n < 3255 n  ~5ig o'/ 2n

Step 4: Let By be the number of possible ways to construct the edges between x,y and the other
vertices in A;. Note that by Lemma 5.4, 2 and y each have at most 12¥722un neighbours inside
A;, and for each of these the edge between them may be oriented in either direction. So since
|Ai| < n, we have that

2 2
By < n 9126=22un 2 < n 9125=22un 2 9126=22un 2
1=\ < 12k22um = \12822un

k—2
< 2e 1257 4un < ut/2n
< 7121%2” <e .

In Steps 1-4 we have considered all possible edges, and so fé(n, Tyy1,m, 1) < By - By - Bg - By.
Together with the fact that tx(n) > tx(n — 2) + 2((k — 1)/k)(n — 2) this implies that
(5.4) fo(n, Tiy1,m,p) < n23tk(n=2) C:32((k=1)/k)n g3u'/Zn o —n/(K9")
< gte(n) (rp—n/ (2k9%) < gtr(n) og=3mm,

Now, note that since Fg(n, Tky1,n, 14), Fé(n, Tt1,m) C Fo(n, Tk+1,m) we have that

Jo(n, Tiey1,m) = |1Fo(n, Tew1,m) 0 FQ(n, Tigr, n, )| + [FG (1, Tog1,m) \ Fo(n, Thgr,m, )|
= [F4(n, Teyr,m, )| + [ FG (0, T, m) \ FQ(n, Tiey1,m, 1)
<|FG (1, Theyrsm, )| + [Fo(n, Thy1,m) \ FQ(n, Tiyr,m, )]
= fo(n, Tes1,m, 1) + (fo(n, Tey1,m) — fo(n, Thgr,m, 1)) -
This together with Lemma 5.2(i) gives us that

2,2 (5.4)
fb <n7 Tk+17 77) S fé? (n7 Tk+17 m, M) + 3tk(n)_% S 3tk(n)C2_nn7

which proves (i). So it remains to prove (5.2).

Note that the number of graphs in Fg(n, Tj1,n, i) for which every edge is a crossing edge with
respect to @ is at most 3% Since fon, Tyr1,m, p) — fc’g(n, Tk+1,7m, 1) is precisely the number of
such graphs, we have that

fo(n, Tiyr,m, 1) — fo(n, Thgr,m, ) < 300,
This together with (5.4) implies that
fo(n, Thegr,m, p) < 3500 (14 C27%m) .

Together with Lemma 5.2(i) this implies that

271,2
(55) fQ(n7 Tk+1> 77) S fQ(n7 Tk-i—l’ m, //J) + 3tk(n)_% S 3tk(n) (1 + 02_277”) .
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On the other hand, Lemma 4.5(i) implies that

(5.1)
F(n, Tisr) = F0. Tegrn) < F(n,Thp1)275" <0 2f (0, Thar, )27
(5.5) 2
< angtk(n) (14_02721711) 9—en < 3tk(n)C27277n.

Now this together with (5.5) implies that
fQ(na Tk—i—l) < fQ(ank?-‘rlvn) + (f(n7Tk+1) - f(ank-‘rl’ 77)) < 3tk(n) (1 + 02_17”) .
This completes the proof of (5.2). O
We can now finally prove Theorem 1.2 using Lemmas 5.1 and 5.6 together with the bounds
in (5.1).

Proof of Theorem 1.2. We only prove (i) here; the proof of (ii) is similar. Let n, C' be given by
Lemma 5.6 and choose ng and € such that 1/ng < ¢ < n,1/k. Consider any n > ng and let Q be
the set of all k-partitions of [n]. Note that

f/(naTk-‘rlaT/) < Z f/Q(na Tk+1,77)-
QeQ

So by Lemma 5.6(i) and the fact that |Q| < k™ we have that
f/(n7 Tk+17 77) < antk(n)C2inn
Recall from (5.1) that

f(nuTk:—‘rl) < f(n,Tk+1777)(1 + 275”2)’
Together with the fact that f(n,Tki1,m) = f'(n,Tk+1,m) + T(n,k) and the upper bound in
Lemma 5.1(i), this implies that

f(?’L, Tk+l) - T(na k) S f/(n7 Tk+17 77) + f(n7 TkJrlv 77)2_2n
= f'(n, Tis1,m) + (f (0, Tesr,m) + Tn, k)27
< knatm o= 4 grgte(n)(1 4 c2mmmy2-en’,

Now the lower bound in Lemma 5.1(i) gives us that f(n,Tx+1) — T'(n,k) = o(T(n,k)). So
f(n,Tiy1) = T(n, k)(1 + o(1)), as required. O

2

6. ROUGH STRUCTURE OF TYPICAL Cji-FREE ORIENTED GRAPHS AND DIGRAPHS

In this section we prove several stability results for Cj-free digraphs (Lemmas 6.4, 6.5 and 6.6).
These are used (together with Theorem 3.3) at the end of the section to determine the ‘rough’
structure of typical Cy-free oriented graphs and digraphs.

We will make use of the following definitions. For disjoint sets of vertices A, A’, we define
I?(A, A’) to be the oriented graph on vertex set AU A’ with edge set consisting of all the |A||A’|
edges that are directed from A to A’. Given a digraph G, A C V(G) and z € V(G) \ A, we say

that G[A,{z}] is an in-star if G[A,{z}] = ?(A, {z}), and we say that G[A,{z}] is an out-star
if G[A,{z}] = K({z},A). The following proposition will prove useful to us many times in this
section.

Proposition 6.1. Let a € R with 1 < a < 2, let k € N with k > 2 and let G be a Cyy1-free
digraph. Suppose G contains a copy C of Cy with vertex set A C V(G), and let z € V(G) \ A.
Then the following hold:

(i) ea(A, {z}) <k,

(ii) if G[A,{x}] is not an in-star or an out-star, then eq(A,{z}) <k —2+a,
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(iii) of G[A,{z}] is not an in-star or an out-star, and contains no double edges, then eq(A,{x}) <
k—1.

Suppose moreover that for some £ € {k — 1,k}, G contains a copy C' of Cy with vertex set

A" CV(G), where AN A" = 1. Then the following hold:

(iv) ealA, 4') < K,

(v) if G[A, A] ¢ {K (A, A), K (A, A)}, then ea(A, A)) < kf —2 + a,

(vi) if G[A, A'] ¢ {[?(A,A’),[?}(A’,A)}, and moreover G[A, A’] contains no double edges, then
eq(AA)) <kl —1.

Proof. Write C = vjvy...v. For i € [k] let Q; := {v;x,zv;y1}, where vgy1 := v;. Since G is
Cr+1-free we have that |[E(G) N Q;| < 1 for every i € [k]. Hence e(A, {z}) < k. We can now prove
(1)—(vi).

(i) This follows since e, (A, {z}) < e(A,{z}) < k.

(ii) Suppose that G[A, {x}] is not an in-star or an out-star. Note that if for some j € [k] we have
that E(G)NQ; = 0 then, since |E(G)NQ;| < 1for alli € [k], eo(A4,{z}) <e(A4,{z}) <k-1<
k—2+a as required. So we may assume that |[E(G)NQ;| = 1 for every i € [k]. Since G[A, {x}]
is not an in-star or an out-star, there exists some j € [k] such that E(G) N Q; = {zvj11}
and E(G) N Qj+1 = {vjy1x}; that is, there exists a double edge in G[A,{z}]. So since
e(G[A,{z}]) < k we have that e,(A, {z}) <k — 2+ a, as required.

(iii) Suppose that G[A, {z}] is not an in-star or an out-star, and contains no double edges. Just as
in the proof of (ii), we have that if |E(G)NQ;| = 1 for every i € [k] then there exists a double
edge in G[A,{z}]. So we may assume that for some j € [k] we have that E(G) N Q; = 0.
This implies that e, (A, {z}) < e(4,{z}) < k — 1, as required.

(iv) This is immediate from (i).

(v) Suppose that G[A, A'] ¢ {?(A, A’),?(A’,A)}. We claim that there exists z € A’ such
that G[A, {z}] is not an in-star or an out-star. Indeed, suppose not. Then since G[A, A] ¢
{I_%(A, A'), K(A', A)}, there must exist distinct vertices 3/, 2’ € A’ such that G[A, {y'}] is an
in-star and G[A,{z'}] is an out-star. Let P’ be the subpath of C’ from 3’ to z’. Thus P’
has length s for some 1 < s < k — 1. Let y,z € A be not necessarily distinct vertices such
that the subpath P of C from y to z has length k — s — 1. Then yPzy P'z'y is a copy of
Ck+1 in G, which contradicts the assumption that G is Cyyi-free. Hence there does exist
x € A such that G[A,{z}] is not an in-star or an out-star. So by (i) and (ii) we have that
eqa(A, A") < kl — 2+ a as required.

(vi) This proof is almost identical to that of (v), just using (iii) instead of (ii), and so is omitted.

O

For k € N define T; . (up to isomorphism) to be the digraph on vertex set [n] with all edges ij
where i < j and all eages ji where i < j and [(i —1)/k| = [(j —1)/k]. So if n = sk for some
s € Nthen T ; .. 1s obtained from T§ by blowing up each vertex to a copy of the complete digraph
DK;. Note that T;k is Cyy1-free, and for all a € R with 1 < a < 2 we have that

(6.1) ea(TF,) = (Z) + [%J <’;> (@a—1) + (” - ’Qf [ZJ) (a—1).

We will first show that 77, is an extremal digraph for Cj . The resulting formula for ex,(n, Cr41)

will be used in the proofs of Lemmas 6.4 and 6.5, but we will not refer to T : . itself again. Note
that the case a = 2 of Lemma 6.2 corresponds to finding the digraph Turdn number of Cy.1, and
is already due to Haggkvist and Thomassen [19].
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Lemma 6.2. Leta €¢ R with1 <a <2 and let kK € N. Then
exq(n, Cry1) = ea(T;k).

Proof.  The proof proceeds by induction on k. The case k = 1 is trivial. So suppose G is
a Cgyq-free digraph on n vertices for some & > 1. The proof now proceeds by induction on n.
The cases n = 1,...,k are trivial. So suppose n > k. Note that if G is also Ci-free then by our
inductive hypothesis on k,

eq(G) < €G<T;k71) < €a(T;k)-

Otherwise, G contains a copy of Cy, say on vertex set A C V(G). So by Proposition 6.1(i) we
have that e, (A, {z}) < k for every x € V(G) \ A. Hence e,(A,V(G) \ A) < k(n — k). Note that
by our inductive hypothesis on n, e,(G[V(G) \ A]) < e.(T", ;). Hence,

ea(G) = ea(GIV(G)\ A]) + e.(A,V(G) \ A) + eqa(G[A])

() L710-C v

k> (a—1)+ (n —k LkJ) (a—1)= ea(TJrk).
2 2 m
So indeed ex4(n, Cky1

ea(T; 1) as required. O

We will next prove three stability results for Cji-free digraphs. The first will cover the case
1 < a < 2 (where a, as usual, is the parameter in the definition of the weighted size of a digraph)
and will be used to prove a structural result on Cjyiq-free oriented graphs. The second covers
the case a = 2 and k odd, and will be used to prove an analogous structural result on Cjy,1-free
digraphs for odd k. The third covers the case a = 2 and k even, and will be used to prove a (less
restrictive) structural result on Cj1-free digraphs for even k. The proofs of the first two of these
stability results will make use of a result of Chudnovsky, Seymour and Sullivan [14], which we
state below. To do so we need to introduce the following notation. Let 5(G) denote the number
of backwards edges in G with respect to a transitive-optimal ordering of G. Let v(G) denote the
number of unordered non-adjacent pairs of vertices in (; that is unordered pairs u,v of vertices
such that uwv ¢ E(G) and vu ¢ E(G).

Lemma 6.3. [14] Let G be a {Cq, Cs}-free digraph. Then B(G) < v(G).

It is conjectured in [14] that in fact B(G) < v(G)/2 for all {Cy, C3}-free digraphs G. If true,
this would be best possible.

Lemma 6.4 (Stability when a < 2). Let a € R with 1 < a < 2 and let k € N with k > 2. Then
for all € > 0 there exist 6 > 0 and ng € N such that every Cyi1-free digraph G on n > ng vertices
with

eqo(G) > <n> — on?
2
satisfies G = T), & en?.

Proof. We prove the lemma via the following claim.

Claim: Let k € N with k > 2 and let ¢ > 0. Suppose that there exist &' > 0 and njy € N such that
every {Cy, Cii1}-free digraph G on n' > ny, vertices with

/
eqa(G) > (T;) — §'n'?
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satisfies G = Ty & en/(2k%). Then there exist § > 0 and ng € N such that every Cyi-free
digraph G on n > ng vertices with

ea(G) > (Z) — on?

satisfies G = T, &+ en?.

In order to check that the claim implies the lemma, we proceed by induction on k. For the base
case k = 2 the assumption of the claim is satisfied, since if & := ¢/(4k?) and if G is a {Cy, C3}-free
digraph on n’ vertices with e,(G) > (’;l) — 0'n’? then «(G) < ¢§'n'?, and so applying Lemma 6.3
yields the assumption of the claim. So the conclusion of the claim holds, which is precisely the
statement of the lemma for £ = 2. For k£ > 2 the assumption of the claim is satisfied by the
inductive hypothesis (since any {C}, Cx11 }-free digraph is certainly a Cj-free digraph) and so the
conclusion of the claim holds, which is precisely the statement of the lemma for k. So by induction
the lemma holds and we are done.

Thus it remains to prove the claim. (Note that, apart from in the base case k = 2, in the
above argument it would suffice for the assumption in the statement of the claim to refer to Cj-
free digraphs, rather than {C}, Ci41}-free digraphs. As such, this claim is stronger than strictly
necessary for our purposes, since the assumption is weaker. However, this approach allows us to
prove the base case at the same time as the inductive step, and so yields a shorter proof.)

Proof of claim: Choose § and ng such that 1/ng < 6 < 1/k,2 —a,¢" and 1/ng < 1/nj,e. Let
G be a Cyyq-free digraph on n > ng vertices with

(6.2) ea(G) > (Z) — on2.

Let t > 0 denote the maximum number of vertex-disjoint copies of C, in G. Let C = {C*,...,C"}
be a set of ¢ vertex-disjoint copies of Cy in G. Let Vi := V(CYHU---UV(C*) and V5 := V(G)\ Vi.
Let ny := |V1| and ng := |V3|. Note that G[Va] is Cj-free.

Note that Proposition 6.1(i) implies that e,(Vi,V2) < ming, since G is Ciii-free. Also, for
i =1,2, since G[V;] is Cy41-free, Lemma 6.2 and (6.1) together imply that

o) < exani ) = (73) + [ 2] () -0+ (7 W)w —y= () o

(The last inequality holds since 1/ng < 6 < 1/k.) Together with (6.2) this implies that

(6.3) ea(G[V1]) = ea(G) — ea(V1, V2) — ea(G[V2])
(o) () (3)
and similarly that
(6.4) c0(GIVA]) = ea(G) — Vi, V) — GV 2 (') = 200,
and that
(6.5) ea(V1,Va) = €a(G) — ea(G[V1]) — €q(G[V3]) > ning — 3602

We now consider the digraph G’ defined on vertex set [t]U V3 as follows. Firstly, G'[Va] := G[Va].
For vertices 4, j € [t] we have that ij € E(G’) if and only if G[V(C?), V(C9)] = K (V(C?),V(CY)).
For a vertex x € V3 and an element i € [t] we have that iz € E(G’) if and only if G[V(C?), {x}] is
an in-star and that xi € E(G’) if and only if G[V (C?),{z}] is an out-star.
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Note that by Proposition 6.1(iv), e,(G[V (C?), V(C7)]) < k? (for all i # j). Moreover, Proposi-
tion 6.1(v) implies that if 4,5 € [t] and ij,ji ¢ E(G'[[t]) then e.(G[V(CY),V(CY)]) < k? — 2 + a.
Let s := (5) — ea(G'[[t]]) = (5) — e(G'[[t]]). Then

(6.6) (7;1> — 26n? (653) ea(G[V1]) = A;] ea(GIV(CYH, V(CH]) + z[:] ea(G[V(C
< (”;) — 5( :j +t<§) (a—1).

Thus s(2 — a) < 36n?, i.e

) > (t 30m?
2

Similarly, Proposition 6.1(ii) implies that if i € [f] and z € Vu and iz,zi ¢ E(G'[[t]]) then
eqo(G[V(C"),{z}]) <k — 2+ a. So we have that

ea(G'[[t], V) E’ tny —

So recalling that e, (G'[Va]) = e4(G[Vz]) we have that

(6.7) al ) = a1t + eal V) + e 11 V) 5 (t+z ) e

Since t 4+ ng > n/k we have that t + ny > nj, and that 86n?/(2 — a) < §'(t + n2)?, and hence by
(6.7) that

(6.8) ea(G') > (t *2”2) — &' (t +na)>.

We now claim that G’ must be {Cf, Ck41 }-free. Indeed, suppose not. If G’ contains a copy of
Cl+1 then it is clear that G also contains a copy of Ck11, contradicting our assumption. So we
may assume that G’ contains a copy of Cj. Since G'[V2] = G[V3] is C-free by construction, the
vertex set of any copy of Cj in G’ must contain some ¢ € [t]. But then G would clearly contain
a copy of Cj1 using two of the vertices in V(C?), again contradicting our assumption that G is
Cri1-free. So G’ is {Ck, Cyy1}-free, as claimed.

Thus by (6.8) and the assumption in the statement of the claim we have that G' = Ty, e(t +
n2)?/(2k?). Together with the definition of G’ this implies that G = T}, & en?, as required. This
completes the proof of the claim, and hence completes the proof of the lemma. O

The rough strategy of the next proof is similar to that of Lemma 6.4.

Lemma 6.5 (Stability when a = 2 and k is odd). Let k € N with k > 3 and k odd. Then for all
€ > 0 there exist 6 > 0 and ng € N such that every Cyi1-free digraph G on n > ng vertices with

e(G) > (Z) — on?
satisfies G = T), & en?.

Proof. We prove the lemma via the following claim.

Claim: Let k € N with k > 3 and k odd, and let ¢ > 0. Suppose that there exist &' > 0 and
ny € N such that every {Cy_1, Cy}-free digraph G on n’ > n{, vertices with

e(G) > (”;’) — §'n"
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satisfies G = Ty & en/(2k%). Then there exist § > 0 and ng € N such that every Cyi-free
digraph G on n > ng vertices with
e(G) > <Z> — on?

In order to check that the claim implies the lemma, we proceed by induction on ¢ := (k4 1)/2.
The argument is similar to that in the proof of Lemma 6.4. (As before, Lemma 6.3 implies that
in the base case ¢ = 2 of the induction, the assumption of the claim holds.)

Proof of claim: Choose § and ng such that 1/ng < § < 1/k,0" and 1/ng < 1/n{,e. Let G be a
Cl41-free digraph on n > ng vertices with

(6.9) e(G) > (;‘) — on?.

Let t > 0 denote the maximum number of vertex-disjoint copies of C, in G. Let C = {C*, ..., C'}
be a set of t vertex-disjoint copies of Cy in G. Let V; := V(CY)U---UV(C?) and n; := |V4]. Now
let t* > 0 denote the maximum number of vertex-disjoint copies of Cy_1 in G[V \ V;]. Let C* =
{C}, ..., 0O} be aset of t* vertex-disjoint copies of Cj,_1 in G[V\V;]. Let Vo := V(CHu---UV(CY)
and ng = |Va|. Let V3 := V(G) \ (V1 U V2) and n3 := |V3|. Note that G[V2 U V3] is Cj-free and
that G[V3] is {Ck_1, Cj }-free.

Proposition 6.1(i) implies that e(V1, V2) < ning and that e(V1, V3) < ning, since G is Cyy1-free,
and that e(Va, V3) < nans, since G[Va U V3] is Cy-free. Also, similarly to the proof of Lemma 6.4
we use Lemma 6.2 to get that e(G[Vi]) < (%) 4+ dn? for i = 1,2, 3. Together with (6.9) this implies
that

satisfies G = T, £ en?.

e(GV1]) = e(G) — e(V1, V2) — e(V1, V3) — e(V2, V3) — e(G[V2]) — e(G[V3])

(5)-5) - (7)) (3 49

and similarly that e(G[V2]) > () — 36n?, and that e(G[V3]) > (") — 36n?, and that e(V;,V;) >
ninj — 46n? for all i,j € {1,2,3}, i # j.

We now consider the digraph G’ defined on vertex set ([t] x {0}) U ([t*] x {1}) U V3 as follows.
Firstly, for every vertex v € V(G’) define f(v) to be {v} if v € V3, to be V(C?) ifv = (i,0) € [t]x{0},
and to be V(C?) if v = (i,1) € [t*] x {1}. Now let G'[V5] := G[V3] and for vertices u,v € V(G’)
with [{u,v} NV3] <1 define uv € E(G’) if and only if G[f(u), f(v)] = ?(f(u),f(v))

Note that by the K&vari-Sés-Turdn theorem, G contains at most dn? double edges, since G
is Cyy1-free and k + 1 is even, and 1/n9 < § < 1/k. Note also that by Proposition 6.1(iv), if
u,v € [t] x {0} then e(G[f(u), f(v)]) < k2. If, moreover, uv, vu ¢ E(G'[[t] x {0}]) and G[f(u), f(v)]
contains no double edge, then by Proposition 6.1(vi) we have that e(G[f(u), f(v)]) < k* —1. Using
that e(G[Vi]) > ("4}) — 36n? one can now argue similarly as in (6.6) to see that

o(G[1]  {0}) = (2) 5o,

Also, Proposition 6.1(iv) implies that if u € [¢t] x {0} and v € [t*] x {1} then e(G[f(u), f(v)]) <
k(k —1). If, moreover, uv,vu ¢ E(G'[[t] x {0}, [t*] x {1}]) and G[f(u), f(v)] contains no double
edge, then by Proposition 6.1(vi) we have that e(G[f(u), f(v)]) < k(k — 1) — 1. Using that
e(V1,Va) > ning — 46n? one can again argue similarly as in (6.6) to see that

e(G'[[t] x {0}, [t*] x {1}]) > tt* — 5on>.

AV
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Furthermore, Proposition 6.1(i) implies that if u € [t] x {0} and v € V5 then e(G[f(u), f(v)]) < k.
If, moreover, uv,vu ¢ E(G'[[t] x {0}, V3]) and G[f(u), f(v)] contains no double edge, then by
Proposition 6.1(iii) we have that e(G[f(u), f(v)]) < k — 1. Using that e(Vi, V3) > ning — 46n? one
can again argue similarly as in (6.6) to see that

e(G'[[t] x {0}, V3]) > tnz — 5on?.

Using that G[V, U V3] is Ck-free, in a similar way we get that e(G'[[t*] x {1}])
that e(G'[[t*] x {1}, V3]) > t*n3 — 56n%. So recalling that e(G'[V3]) = e(G[V3])
have that

(6.10) e(G") = e(G'[[t] x {0}]) + e(G'[[t"] x {1}]) + e(G"[V3])
+e(G[t] x {0}, [t7] x {1}]) + e(G'[[t] x {0}, VA]) + e(G'[[t"] x {1}], Va)

> (t * t2+ "3> — 2862,

Since t + t* + ng > n/k, we have that t + t* + n3 > n{, and that 286n? < §'(t + t* + n3)?, and
hence by (6.10) that

(6.11) e(G) > (

We now claim that G’ must be {Cy_1, C }-free. Indeed, suppose not. If G’ contains a copy of
C then since G'[V3] = G[V3] is Ci-free by construction, the vertex set of such a copy of C, in G’
must contain some u € ([t] x {0}) U ([t*] x {1}). But then G would clearly contain a copy of Ck1
using two of the vertices in f(u), contradicting our assumption that G is Cyy1-free. Similarly, if
G’ contains a copy of Cj_; then since G[V3] is Ck_1-free by construction, the vertex set of such
a copy of Cx_1 in G’ must contain some u € ([t] x {0}) U ([t*] x {1}). If there exists such a
u € [t] x {0} then G would clearly contain a copy of Cj41 using three of the vertices in f(u), since
|f(w)| = k > 3. Otherwise, there exists u € [t*] x {1} and a copy of Cy_1 in G’ that uses u but
no vertices in [¢t] x {0}. But then G[V5 U V3] would clearly contain a copy of Cj using two of the
vertices in f(u), contradicting our previous observation that G[Va U V3] is Cp-free.

So G’ is {Ck—1,Cy }-free, as claimed. Thus by (6.11) and the assumption in the statement of
the claim we have that G’ = Ty yns £ (t + t* 4+ n3)?/(2k?). Together with the definition of G’
this implies that G = T}, & en?, as required. This completes the proof of the claim, and hence
completes the proof of the lemma. O

(g) —56n? and

(ng) — 36n?% we

>
=

t 4 t*
+ 2+ nS) —(5’(t+t*+n3)2.

We now prove a digraph stability result for forbidden odd cycles. Here both the Turan and the
stability results allow for a richer structure than in the previous two lemmas: For even k, a near
extremal graph can be obtained from a transitive tournament by blowing up some of its vertices
into complete bipartite graphs of arbitrary size (see Section 1 for the precise definition). This
makes the proof more difficult than the previous two.

Lemma 6.6 (Stability when a = 2 and k is even). Let k € N be even. Then for all € > 0 there
exist § > 0 and ng € N such that every Ci41-free digraph G on n > ng vertices with

n
(6.12) e(G) > <2) — on?
can be made into a transitive-bipartite blow up by changing at most en® edges.

To give an idea of the proof, consider the triangle-free case k = 2. In this case, we first consider
a maximal collection A of disjoint double edges in G. It is easy to see that for almost all pairs of
(double) edges ujug, vivy € A, either (i) G[{u1,uz,v1,v2}] is a complete balanced bipartite digraph
or (ii) G contains all four possible edges from {uj,us} to {vi,v2} (or vice versa). We consider
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the following auxiliary ‘semi-oriented graph’ G’ whose vertex set is A. In case (i), we include an
(undirected) red edge between ujus and vive in G'. In case (ii), we include a blue edge directed
from ujug to vive in G’ (or vice versa). Omne can now show that the red edges induce a set of
disjoint almost complete graphs R in G’. We then contract each such red almost complete graph
R into a vertex vg to obtain an oriented graph J (vertices of G’ which are not involved in any of
these R are also retained in J). So all edges of J are blue. Crucially, it turns out that J is close
to a tramsitive tournament. Moreover, in G each vg corresponds to an almost complete bipartite
digraph, so altogether this shows that the subgraph of G induced by the edges in A is close to a
transitive-bipartite blow up. One can generalize this argument to incorporate the vertices of G
not covered by edges in A (these will only be incident to blue edges in G’ and J and not to any
red ones).

To formalize the above argument, we make use of the following definitions. A semi-oriented
graph is obtained from an undirected graph by first colouring each of the edges either red or
blue and then giving an orientation to each of the blue edges. So a semi-oriented graph is a pair
G = (V,E), where V is a set of vertices and F is a set of coloured edges, some of which are
red and undirected and the rest of which are blue and directed. We define basic notions such as
induced subgraphs of G in the obvious way. Given a vertex v € V' we denote the set of all vertices
z € V for which there is a blue directed edge vz € E by N (v). We call the vertices in N (v)
blue out-neighbours of v. We define the sets N (v) of blue in-neighbours of v and NZ4(v) of red
neighbours of v in a similar way. If x € Ng(v) U N (v) we say that x is a blue neighbour of v.

We denote the complete bipartite digraph (with edges in both directions) with vertex classes
of sizes a and b by DK,;. The following simple proposition will also be used in the proof of
Lemma 6.6. We omit its straightforward proof, the details of which can be found in [31].

Proposition 6.7. Let k € N be even and let G be a Cyy1-free digraph. Suppose G contains a copy
of DKy, 12 with vertex classes A, B. Then the following hold.

(i) Suppose z € V(G)\(AUB). Then e(G[{z}, AUB]) < k, with equality only if G[{zx}, AUB| =

({z}, AUB) or G[{z}, AUB] = K(AU B, {x}) or G[{z} UAU B] = DKy o1 /-

(ii) Suppose G contains another copy of DK}, 9 1,9 with vertez classes C, D such that (CUD)N(AU
B) =10. Thene(G[CUD, AUB]) < k?, with equality only if GICUD, AUB] = I?(CUD,AUB)
or GICUD,AUB] = KE(AUB,CUD) or GICUDUAU B] = DKy

Proof of Lemma 6.6. Choose ng,d,£1,e2 such that 1/np < 0 € g1 < g3 < 1/k,e. Let G be a
Chy1-free digraph on n > ng vertices which satisfies (6.12).

Let t > 0 denote the maximum number of vertex-disjoint copies of DK} /12 in G. Let A =
{A',... A} be a collection of vertex sets of ¢ vertex-disjoint copies of DKyox/2 in G. Let
Vi:=A'U.--UA" and let V5 := V(G) \ V1. Note that G[V3] is DK}/ jo-free, and hence by the
Kévari-Sés-Turdn theorem G[V3] contains at most dn? double edges.

Claim 1: For each i € [t] there are at most 65%/?n vertices © € Vs for which G[A* U {z}] =
DKyjo k241

Indeed, suppose that there exists a set X of more than 65'/2n such vertices. Proposition 6.7(ii)
and the fact that 1/ng < §,1/k together imply that e(G[V4]) < (";1‘) +0n2. Moreover, e(V, Va) <
[V1]|Va| by Proposition 6.7(i). Together with our previous observation that G[V3] contains at most

én? double edges and (6.12) this implies that e(G[X]) > (‘é(') — 36n2. But this means that there
are r,y € X such that zy € E(G) and such that both z and y are joined with double edges to the
same vertex class of G[A’] = DK}, 9 1,/2, which contradicts the fact that G is Cy1-free.

Let G* be the digraph obtained from G by deleting the at most on? double edges in G[V5]
and deleting the double edges between A’ and all the vertices z € V5 for which G[A' U {z}] =
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DKy o 1/241 (for each i € [t]). By Claim 1, for each i € [t], the number of the latter double edges
is at most 66'/2n - k/2 = 3k6'/?n. Thus

(6.12)
(613) (6°) 2 (@) —2 (302 + 3ot ) 2 (1) vt

Consider the semi-oriented graph G’ = (V’, E') where V' := AUV3 and the edge set E’ is defined
as follows. Firstly, for every vertex v € V' define f(v) to be v if v € A, and to be%v} if v e Vs,
If u,v € V' then there is a blue edge in E’ directed from u to v if G[f(u), f(v)] = K (f(u), f(v)).
If u,v € A then there is a red edge in E' between u and v if G[f(u) U f(v)] = DKy So
G'[Va] = G*[Va].

Note that, since G is Cyy1-free, G’ cannot contain any copy of Cj 1 which contains at least one
blue edge and in which all the blue edges are oriented consistently (as any such copy of Ci41 in
G’ would correspond to a Ci11 in G).

Let VJ denote the set of all vertices v € V’ for which there are at least §'/*n vertices u € V’
such that G’ does not contain an edge between v and u. Note that Proposition 6.7 together with
(6.13) implies that |E’| > (“g') —76Y/2n2. Hence |V{| < 156Y*n. Let G" .= G' =V, V" :=V'\ V}
and E" := E(G").

Claim 2:

(a) For every vertex v € V" there are at most §'/*n vertices u € V" such that G" does not
contain an edge between v and wu.

(b) G" does not contain a triangle vow such that both uwv and vw are red edges and wu is a
blue edge.

(¢) G" does not contain a triangle vvw such that uv is a red edge and both vw and wu are
(directed) blue edges.

Indeed, (a) is clear from the definition of G”, while (b) and (c) follow easily from the fact that G
is Cy41-free.

Given ¢,¢ € N, we say that U C V" is a red (q,¢')-clique if |[U| > ¢’ and |U \ N5 (u)| < ¢ for
allueU.

Claim 3: Suppose that R is a red (6'/*n,e1n)-clique. Then the following hold.

(a) G"[R] does not contain a blue edge.
(b) No vertex v € V" \ R has both a red and a blue neighbour in R.
(c) No vertex v € V" \ R has both a blue in-neighbour and a blue out-neighbour in R.

Suppose that R' is another red ((51/471, ein)-clique such that RN R = 0. Then the following hold.

(d) G” cannot contain both a red edge and a blue edge between R and R'.
(e) G cannot contain both a directed blue edge from some vertex in R to some vertex in R’
and a directed blue edge from some vertex in R’ to some vertex in R.

First note that (a) follows immediately from Claim 2(b) and the definition of a red (6'/*n, e1n)-
clique. To prove (b), suppose that some vertex v € V"\ R has both a red and a blue neighbour in
R. Claim 2(a) and the fact that |R| > e;n imply that either v has at least e1n/3 red neighbours in
R or at least e1n/3 blue neighbours in R (or both). Suppose that the former holds (the argument
for the latter is similar). Let u € R be a blue neighbour of v. Since R is a red (5'/*n, e1n)-clique,
all but at most 6'/*n < e1n/3 vertices of R are red neighbours of u. So there exists a red neighbour
' € R of u which is also a red neighbour of v. Then the triangle uwu'v contradicts Claim 2(b).
This proves (b). The argument for (c) is similar. (d) follows from (b) and Claim 2(a), while (e)
follows from (b), (c¢) and Claim 2(a).
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Claim 4: There exists a collection R of pairwise disjoint red (51/471, ein)-cliques such that, writing

Vi for the set of all those vertices in V" covered by these red (51/4n,€1n)—cliques, the following
holds:

(a) For every R € R and every v € R all red neighbours of v lie in R.
(b) Every v € V' \ Vg has less than e1n red neighbours (and all of these lie in V" \ Vg ).

To prove Claim 4, let R be a collection of pairwise disjoint red ((51/ 4n, e1n)-cliques such that the
set Vi of all those vertices in V" covered by these red (51/ 4n, e1n)-cliques is maximal and, subject
to this condition, such that |R| is minimal. We will show that R is as required in Claim 4.

To prove that Claim 4(a) holds, suppose first that there is some vertex x € V”\ Vx that has a red
neighbour in some R € R. Then Claims 2(a) and 3(b) together imply that [(RU{z})\ N&i(z)| <
6Y/*n. Moreover, by Claims 2(a) and 3(a),(b) we have that |(RU {z}) \ N&d(v)| < 6'/%n for every
v € R. So RU{z} is a red (6'/*n,e1n)-clique, contradicting our choice of R.

Suppose next that there are distinct R, R’ € R such that G” contains a red edge between R
and R’. Then Claims 3(a),(d) imply that G"[R U R'] does not contain a blue edge. Together with
Claim 2(a) this implies that R U R’ is a red (6'/4n, e1n)-clique, again contradicting our choice of
R. Altogether this proves Claim 4(a).

To check Claim 4(b), suppose that some v € V”\ Vi has at least e1n red neighbours. Claim 2(b)
implies that G”[Ng (v)] cannot contain a blue edge. Together with Claim 2(a) this implies that
G"[N&t(v)] is a red (6Y/4n,e1n)-clique. But Claim 4(a) implies that N (v) C€ V" \ Vg, contra-
dicting our choice of R. This completes the proof of Claim 4.

Let G"” be the semi-oriented graph obtained from G” by deleting all the red edges which are
not covered by some R € R. Note that by Claim 4(b) at most e1n? red edges are deleted. Let .J
be the oriented graph obtained from G” by contracting each R € R into a single vertex vg. So
V(J) consists of all these vertices vy as well as all the vertices in V" \ Vg. Let Jy := J[V"\ Vg] =
G"[V"\ Vg] and let Jy := J — V(J3). Claims 3(c),(e) and Claim 4(a) together imply that J is
indeed an oriented graph. Moreover, by Claim 2(a) J; is a tournament and J[V(J1),V(J2)] is a
bipartite tournament (i.e. for all vg € V(J1) and v € V(J3) either vgv or vug is a directed edge
of J).

Claim 5:

(a) J does not contain a copy of C3 having at least one vertex in V (Jy).
(b) Ji is a transitive tournament.
(c) J can be made into a transitive tournament by changing at most ean? edges in E(Jz).

Suppose that (a) does not hold and let zyvr be a copy of Cs in J. We only consider the case
when x € V(J1) and y € V(Jz); the other cases are similar. So let R' € R be such that z = vp.
Claim 2(a) and the definition of J together imply that R’ contains a blue in-neighbour z’ of y (in
G"). Moreover, Claims 2(a) and 3(c),(e) imply that |R\ N5, ()] < 6%/4n and |R\ NS, (y)| < 6'/*n.
Together with the fact that R is a red (51/ 4n,e1n)-clique this implies that R contains a path
P =u...v of length k — 2 where u € N, (y) and v € N, (2'). So Px'y is a Cj,1 in G” in which
all the blue edges are oriented consistently. Using the fact that the edge v’ is blue, it is now easy
to see that Pz'y corresponds to a Cj11 in G, a contradiction. This proves (a). (b) follows from
(a) and our previous observation that J; is a tournament.

It remains to prove (c). Note that e(Jz) > ("722‘) — 2¢1n? by Claim 2(a) and the definition of J
(and of G"). Moreover, Jo = G"”'[V"\ Vg] is a Cky1-free oriented graph. So Lemma 6.4 implies
that Jo = Tj, + gon?. Let o9 : V(J2) — [|J2]] be a transitive-optimal ordering of the vertices
of Jo. Let r := |J;1| = |R| and let vg,,...vg, be the unique transitive ordering of the vertices of
J1. We claim that for every vertex x € V(J2) there exists an index i, € [r]| such that all the vg,
with ¢ <14, are in-neighbours of x in J while all the vg, with ¢ > i, are out-neighbours of x in J.
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(Indeed, suppose not. Since J[V(J1),V(J2)] is a bipartite tournament this implies that there are
indices 7 < j such that vg, is an out-neighbour of z in J and v, is an in-neighbour of x in J. But
then zvg,vR; is a copy of C3 contradicting (a).) For each i € [r] let X; := {z € V(J2) : iy = i}.
Note that there are no indices 7 < j such that J contains a directed edge from some vertex x € X
to some vertex 2’ € X; (otherwise zz'vg,., would be a copy of C3 contradicting (a)). Consider the
vertex ordering o obtained from vg,,...,vg, by including all the vertices in X; between vg, and
UR,,, in the ordering induced by o3 (for each i € [r]). This vertex ordering shows that (c) holds.

Recall that for each R € R the set |J R is a subset of V(G) of size k|R|.

Claim 6: Each red (6'/*n,e1n)-clique R € R satisfies G[J R] = DK \Rrjkj2,|rik/2 T 61/5n2.

To prove Claim 6, pick v € R and write N3¢ (v) N R = {vy,...,vs}. Recall that v corresponds to a
copy of DK}, 912 in G, and let A and B denote the vertex classes of this copy. Similarly, each v;
corresponds to a copy of DK}, /50 in G. Let A; and B; denote its vertex classes. Recall from the
definition of G” that G[AU A; U BU B;| = DK}, .. By swapping A; and B; if necessary, we may
assume that the vertex classes of this copy of DK} j, are AU A; and BU B;. Since G is Cjy1-free,
neither G[A; U --- U A,] nor G[By U --- U B,| contains an edge. Thus whenever v;v; is a red edge
in G” then G[A; UA; U B; U Bj] is a copy of DK}, with vertex classes A; U A; and B; U B;. But
since R is a red (6'/%n, e1n)-clique, for each i € [s] all but at most 0'/*n vertices in {v1, ..., v}
are red neighbours of v; and |R \ {v1,...,vs}| < 6Y*n. Thus G[JR] = DK\gjkj2,|rjk/2 T §1/5n2,
as required.

Using Claims 5(c) and 6 it is now straightforward to check that G can be made into a transitive-
bipartite blow up by changing at most en? edges. O

We now have all the tools we need to show that almost all Cy-free oriented graphs are close to
acyclic, and that for all even k almost all C-free digraphs are close to acyclic, and that for all odd
k almost all Ci-free digraphs are close to a transitive-bipartite blow up. The proof of Lemma 6.8
is almost identical to that of Lemma 4.5, using Lemmas 6.4, 6.5 and 6.6 instead of Lemma 4.3,
and so is omitted here.

Lemma 6.8. For every k € N with k > 3 and any a > 0 there exists € > 0 such that the following
holds for all sufficiently large n.

(i) All but at most f(n, C’k)2_5”2 C).-free oriented graphs on n vertices can be made into subgraphs
of T,, by changing at most an? edges.
(ii) If k is even then all but at most f*(n,Cy)2~"" Cy-free digraphs on n vertices can be made
into subgraphs of Ty, by changing at most an?® edges.
(iii) If k is odd then all but at most f*(n,Cy)27="" Cy-free digraphs on n vertices can be made
into a subgraph of a transitive-bipartite blow up by changing at most an? edges.

7. TypPiCAL Cj,-FREE ORIENTED GRAPHS AND DIGRAPHS ARE NOT ACYCLIC

Let O, 1 be the set of all labelled Cy-free oriented graphs on n vertices and let O; . be the set of
all labelled Cj-free digraphs on n vertices. We show that almost all graphs in O,, j, and almost all
graphs in O , have at least cn/logn backwards edges in a transitive-optimal ordering, for some
constant ¢ > 0. Let On.kr be the set of all labelled Cj-free oriented graphs on n vertices with
exactly 7 backwards edges in a transitive-optimal ordering. Let O, <, := Uz'e 0.1,..|7]} On. ks
and define the digraph analogues O}, , . and O} ; . in a similar way.

Lemma 7.1. Let k > 3 and let n € N be sufficiently large. Then

. 14
(1) ’On,k,n/213‘ > 2n/2 ‘On,k,gn/(214 logn)‘;

.. 214
(i) |O;§,k,n/213| > 2/ |Oz,k,gn/(2l4 logn)|'
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Note that Lemma 7.1 together with Lemma 6.8 immediately yields Theorem 1.3.

Proof of Lemma 7.1. We only prove the case k = 3 of (i) here; the proofs for (ii) and the case
k > 3 are very similar. Let mg := [n/2'3]. Fix m; € Z with 0 < m; < may/(2logn). For every
oriented graph G fix some transitive-optimal ordering o¢ : V(G) — [n].

Consider an auxiliary bipartite graph H with vertex classes Oy, 3.,, and O,, 3 0 whose edge set is
defined as follows. Let there be an edge in H between A € O,, 3, and B € Oy, 3 if the graph B
can be obtained from the graph A by deleting the m; backwards edges with respect to o 4. Note
that every graph generated in this way from a graph A € O,, 3.5, belongs to Oy, 3, so A certainly
has at least one neighbour in O, 3.

We claim that, in H, a graph B € O, 3 has at most (”;L/l 2) 2™ neighbours in Oy, 3,,. Indeed,
any graph in Oy, 3., that can generate B in the described way can be obtained from B by choosing
exactly my of the at most n?/2 pairs of vertices that have no edge between them in B, and then
adding edges between them with some orientations (for which there are 2™ possibilities).

Together with our previous observation that, in H, every graph A € O, 3,,, has at least one
neighbour in O, 3, this implies that

2/2) g
00 1Ouamls Y dons)= 3 doy., (B) < (Ol (/)2

Aeon,&ml BEOn,B,O

For a graph G € O, 30 we define a flippable 4-set in G' to be any set of 4 vertices, with labels
w,x,y, z say, satisfying the following:

e the vertices w, x,y, z are consecutive in the ordering og; that is og(w) + 3 = og(z) + 2 =
JG(y) +1= UG(Z)a
e o¢(w) — 1 is divisible by 4.
Note that every graph in O,, 3 has [n/4] flippable 4-sets.

Now consider an auxiliary bipartite graph H' with vertex classes Oy, 30 and Oy, 3 m, Whose edge
set is defined as follows. Let there be an edge in H' between B € Oy, 30 and C' € Oy, 3 m, if the
graph C' can be obtained from the graph B by choosing exactly mqy flippable 4-sets in B with
respect to op and, for each flippable 4-set w, x, y, z chosen, deleting all edges between the vertices
w, x,y,z and then adding the edges of a 4-cycle wzyz. Note that every graph generated in this
way from a graph B € O,, 30 belongs to O, 3 .-

We claim that, in H', a graph B € O,, 3 has exactly (L%;H) neighbours in Oy, 3 m,. Indeed, the
neighbours of B are precisely those graphs generated by choosing exactly mq of the exactly |n/4]
flippable 4-sets in B with respect to op, and then changing the edges between pairs of vertices in
these flippable 4-sets in the described way. Each choice of ms flippable 4-sets generates a different
graph. So the claim holds.

We claim also that, in H', a graph C' € O, 3.m, has at most 28m2 peighbours in On,30. Indeed,
first note that any graph in O, 3,,, with at least one neighbour in O, 30 contains exactly ms
induced 4-cycles. Any graph in O,, 3 that can generate C' in the described way can be obtained
from C' by choosing for each of the mo induced 4-cycles an ordering of the 4 vertices respecting the
order of the 4-cycle (of which there are 4), and then changing the edges between pairs of vertices
in these 4-cycles to some transitive configuration with respect to the chosen ordering (for which
there are 20 possibilities). So indeed the claim holds.

So using these degree bounds gives us that

n/4 m
72 100l (") = X donsn (B = X do,s(C) < 10mamiz

2
BGOn,S,O CEOn,S,mQ
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Now (7.1) and (7.2) together imply that

‘On,&mz‘ > (L?r{jj)

7.3 .
( ) ‘On,3,m1 ‘ - (”2/2) 2m198ms
mi

Since n is sufficiently large we have that (L%;H) > (%)T@ and (";/1 2) 2m1 < p?™ . Hence the
right hand side of (7.3) is at least

meo mo mo ( n )_ mo
n n_2m1 > n N T — 2m2 log My lognlogn vy
2117n2 — 2117712 —

So this together with (7.3) gives us that |Op3m,| > 2%|Op3m,| for any integer 0 < m; <
ma/(2logn). So since n is sufficiently large,

2m2 14
|On737m2| > T‘On,&gmz/@logn)‘ = 2n/2 ’On,S,sz/@logn)’v

as required. ]
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