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ADAPTIVE FEM WITH COARSE INITIAL MESH
GUARANTEES OPTIMAL CONVERGENCE RATES FOR
COMPACTLY PERTURBED ELLIPTIC PROBLEMS

ALEX BESPALOV, ALEXANDER HABERL, AND DIRK PRAETORIUS

ABSTRACT. We prove that for compactly perturbed elliptic problems, where the corre-
sponding bilinear form satisfies a Garding inequality, adaptive mesh-refinement is capa-
ble of overcoming the preasymptotic behavior and eventually leads to convergence with
optimal algebraic rates. As an important consequence of our analysis, one does not have
to deal with the a priori assumption that the underlying meshes are sufficiently fine.
Hence, the overall conclusion of our results is that adaptivity has stabilizing effects and
can overcome possibly pessimistic restrictions on the meshes. In particular, our analysis
covers adaptive mesh-refinement for the finite element discretization of the Helmholtz
equation from where our interest originated.

1. INTRODUCTION

1.1. Adaptive mesh-refining algorithms. A posteriori error estimation and related
adaptive mesh-refinement is one fundamental column of finite element analysis. On the
one hand, the a posterori error estimator allows to monitor whether the numerical solution
is sufficiently accurate, even though the exact solution is unknown. On the other hand,
its local contributions allow to adapt the underlying triangulation to resolve possible
singularities most effectively. In recent years, the mathematical understanding of adaptive
mesh-refinement has matured. It is now known that adaptive finite element methods
(AFEM) of the type

(1) [ SOLVE | — [ESTIMATE | — [MARK| = [REFINE |

converge with optimal algebraic rate; see [Doér96, MNS00, BDD04, Ste07, CKNSO0S,
FFP14] to mention some milestones for conforming AFEM for linear second-order elliptic
PDEs and [CFPP14] for some axiomatic approach. Essentially, only problems satisfying
the Lax-Milgram theorem have been treated [Dor96, MNS00, BDDO04, Ste07, CKNSO08].
In a more general case of compactly perturbed elliptic problems, existing results have the
limitation that the initial mesh has to be sufficiently fine [MN05, CN12, FFP14|. On the
other hand, numerical examples in the engineering literature suggest that adaptive mesh-
refinement performs well even if the initial mesh is coarse (see, e.g., [SH96, BI98, BI99|
in the case of the Helmholtz equation). The purpose of this work is to bridge this gap at
least for conforming elements.

Key words and phrases. adaptive mesh-refinement, optimal convergence rates, a posteriori error esti-
mate, Helmholtz equation.
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1.2. Model problem. Let Q C R? be a polygonal resp. polyhedral Lipschitz domain,
d>2. Let (f, g) = [, fgdx denote the L?(2) scalar product. Suppose that a(-,-) is a
symmetric, continuous, and elliptic bilinear form on H := H}(2) and that K : H}(Q) —
L?(2) is a continuous linear operator. Given f € L*(Q), we suppose that the variational
formulation

(2) b(u,v) :==a(u,v) + (Ku,v)=(f,v) foralveH

admits a unique solution u € H. Possible examples include the weak formulation of the
Helmholtz equation

(3) —Au—r*u= fin Q subject to u =0 on 09,

2 2

where k° € R is not an eigenvalue of —A and Ku = —~k“u, as well as more general
diffusion problems with convection and reaction

(4) —div(AVu) +b-Vu+cu= fin Q subject to u =0 on 01,
for given coefficients ¢ € L>(Q), b € L®(Q)¢, and A € L>®(Q)¥? where A(x) € RZXY

is symmetric and uniformly positive definite. We note that homogeneous Dirichlet coyn-
ditions are only considered for the ease of presentation, while (inhomogeneous) mixed
Dirichlet-Neumann-Robin boundary conditions can be included as in [FPP14, AFK*13,
CFPP14].

We consider standard finite element spaces based on regular triangulations 7, of €.

For some fixed polynomial degree p > 1, let
S'(T.) :={Ve€C(Q) : VT €T, V.| is a polynomial of degree < p}

be the usual finite element space of globally continuous piecewise polynomials and X, :=
SP(T,) N HY(Q) be the corresponding conforming subspace of H}(2). Then, the discrete
formulation reads as follows: Find U, € &, such that

(5) b(Us,Ve) = (f, Vs) forall V, € A,.

Let he € L>®(Q) denote the local mesh-size function defined by h,|r := |T'|/¢ for all
T € 7T,. Note that he|7 behaves like the diameter of the element 7' € T, on shape-regular
meshes. In general, (5) may fail to allow for a (unique) solution U, € A,. However,
existence and uniqueness are guaranteed if 7, is sufficiently fine (see Corollary 4), e.g.,
| Pelloe() < H < 1. Therefore, we employ one step of uniform refinement if (5) does
not allow for a unique solution U, € A,.

1.3. Contributions of present work. Given an initial triangulation 7y, a typical adap-
tive algorithm (1) generates a sequence of refined meshes 7; with corresponding nested
spaces X, C X1 C H for all £ > 0. We stress that unlike prior works [MN05, CN12,
FFP14], our adaptive algorithm (Algorithm 7) will not be given any information on
whether the current mesh is sufficiently fine to allow for a unique solution. In particular,
we do not assume that the given initial mesh 7y (and, in fact, any adaptive mesh 7,
generated by our algorithm) is sufficiently fine. Nevertheless, we derive similar results as
for uniformly elliptic problems (see, e.g., [CKNS08, FFP14, CFPP14] and the references
therein), i.e., we prove linear convergence (Theorem 19) with optimal algebraic conver-
gence rates (Theorem 26). More precisely, the framework and the main contributions of
the present work can be summarized as follows:

e We consider a fixed mesh-refinement strategy that satisfies certain abstract as-
sumptions (Section 2.2 and Section 4.1) which are met, e.g., for newest vertex

bisection [Ste08, KPP13|.
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e We consider a fixed a posteriori error estimation strategy which satisfies the sta-
bility property on non-refined element domains (Al), the reduction property on
refined element domains (A2), and the reliabilty property (A3) as well as the
discrete reliability property (A4).

e Under the above assumptions on the mesh-refinement and the error estimation
strategy, we formulate our variant (Algorithm 7) of the adaptive loop (1), where
marking is based on the Dérfler marking criterion introduced in [Dér96] with some
adaptivity parameter 0 < 6 < 1.

e If the “discrete” limit space X := |J,2, X satisfies an assumption (A5) which
can be ensured by expanding the set of marked elements in the Dorfler marking
strategy (Section 3.2), we prove linear convergence (Theorem 19) for any 0 < 6 <
1.

e Starting from an index L € Ny, we prove that the Céa lemma is valid for the
a(+, -)-induced energy norm and ¢ > L, and the corresponding quasi-optimality
constants converge to 1 as ¢ — oo (Theorem 20).

e If additionally 0 < § < 1 is sufficiently small and X, = H (which can be ensured
by the expanded Dérfler marking strategy mentioned above), we prove optimal
algebraic convergence rates (Theorem 26). While our presentation employs the
estimator-based approximation classes from [CFPP14], Section 4.2 also discusses
the relation to the approximation classes based on the total error from [CKNSO08|.

We note that the entire analysis of this work applies to general situations, where H
is a separable Hilbert space over K € {R,C}, X, C H are conforming subspaces, and
IC:H — H* is a compact operator; see Section 2.1.

1.4. Outline. Section 2 provides the abstract framework of our analysis (Section 2.1-
2.2) and gives a precise statement of the adaptive algorithm (Section 2.4). Section 2.3
adapts [CFPP14] to the present setting and formulates certain properties of the error
estimator. Section 3 proves convergence of the adaptive algorithm. Following [FFP14],
we first prove plain convergence (Section 3.1) and then derive linear convergence (Sec-
tion 3.3). Finally, we address the validity of the Céa lemma (Section 3.4). Optimal
algebraic convergence rates are the topic of Section 4, where we also discuss the involved
approximation classes (Section 4.2). In the final Section 5, we present numerical results
for the 2D Helmholtz equation that underpin the developed theory.

Notation. We use < to abbreviate < up to some (generic) multiplicative constant
which is clear from the context. Moreover, ~ abbreviates that both estimates < and 2
hold. Throughout, the mesh-dependence of (discrete) quantities is explicitly stated by
use of appropriate indices, e.g., U, is the discrete solution for the triangulation 7, and 7,
is the error estimator with respect to the triangulation 7.

2. ADAPTIVE ALGORITHM

2.1. Abstract setting. The model problem from Section 1.2 can be recast in the fol-
lowing abstract setting. Let H be a separable Hilbert space over K € {R,C}. For
each triangulation 7, with local mesh-size h, € L>*(Q2), let X, C H be a conforming
finite-dimensional subspace. Suppose that a(-,-) is a hermitian, continuous, and elliptic
sesquilinear form on H, i.e., there exists some constant o > 0 such that

(6) allvl3 < a(v,v) forall v € H.

In particular, the a(-, -)-induced energy norm ||v[|* := a(v,v) is an equivalent norm on H,

ie., v ~ ||v]y for all v € H. Let H* be the dual space of H, and let (-, -) denote the
3



corresponding duality pairing. Suppose that I : H — H* is a compact linear operator
and f € H*. In the remainder of this work, we consider the weak formulation (2) as well
as its discretization (5) within the above abstract framework.

The next proposition is an improved version of [SS11, Theorem 4.2.9]. Even though
the result appears to be well-known, we did not find the precise statement in the litera-
ture. We note that a similar result is proved in [BS08, Theorem 5.7.6] under additional
regularity assumptions for the dual problem. Instead, our proof below proceeds with-
out considering the dual problem, and hence no additional regularity assumptions are
needed. For these reasons and for the convenience of the reader, we include the following
statement together with its proof.

Proposition 1. Suppose well-posedness of (2), i.e.,

(7) VweH [w=0 <= (WeH bwv)=0)].
Suppose that (Xp)een, 15 a dense sequence of discrete subspaces Xy C H, i.e.,
(8) zlggo {min v =Villsg =0 forallv e H.

Then, there exists some index {4 € Ng such that for all discrete subspaces Xy C H with
Xe O A, the following holds: There exists v > 0 which depends only on X,,, such that
the inf-sup constant of X, is uniformly bounded from below, i.e.,

b(We, Va)|

9 Yo := inf sup @ —————— > > 0.
(9) ot v, SO eVl

In particular, the discrete formulation (5) admits a unique solution U, € X,. Moreover,
there holds uniform validity of the Céa lemma, i.e., there is a constant C' > 0 which
depends only on b(-,-) and v but not on X, such that

(10) v = Uslloe < € min [lu =Vl

If the spaces X; are nested, i.e., Xy C Xypyq for all ¢ € Ny, the latter guarantees convergence
lu—Usllp = 0 as { — 0.

Proof. The bilinear form b(-,-) induces the linear and continuous operator
Be: Xy = XF, (BJW,, Va) = b(W,,V,) forall V,,W, € A,

where A&, is an arbitrary discrete subspace of H with dual space X.

Step 1: Discrete inf-sup condition. Since X, is finite dimensional and since we use the
same discrete ansatz and test space, well-posedness of (5) is equivalent to the discrete
inf-sup condition

[b(We, Va)l : | BV |

11 Yo = inf sup ——— 0 = gpp e elld g
() w0 v R T elVallre — wediioy ™ W2l

(Note that (11) implies that B, is injective, and surjectivity follows from finite dimension-
ality of A, i.e., dim X, = dim X < 0o.) Moreover, in this case there holds inequality (10)
with

M b
C:=1+—, where M:= sup M,
Yo verrfo} [[wlla vl
weH\{0}



see, e.g., [Bra01l, Theorem 3.6, Lemma 3.7 or [Dem06, Section 3|. Therefore, it is sufficient
to prove the following assertion:

: [BWe |l 2
12 Iy > 03, € Ny VA, C H with X, O A}, in — > .
(12) ! ° “ wexno Wil
We will prove (12) by contradiction.
Step 2:  Let us assume that (12) is wrong and hence
B We|| x;:
(13) V’Y > ng. c NO dX, C ‘H with X, D Xg. || | al < 7.

WeeXo\{0}  ||[We||

For each {4 = ¢ > 0 and v = 1/¢, we can thus find a discrete subspace X, = /E C H and
an element W, € X, such that

X, DX, |Willy=1, and |BW,

& < 1/¢.

Since the sequence Wg is bounded and without loss of generality, we may assume weak
convergence W, — w € ‘H as { — oo.

Step 3: There holds w = 0. Let ﬁg T H — é/\f\g be the orthogonal projection onto .)?g
and v € ‘H. Then, weak convergence W, — w and b(-,v) € H* prove b(W;,v) — b(w,v)
as { — 0o. Moreover, we employ ||[Wy||lyz = 1 and ||Ppl|y < ||v]| to estimate

[6(We, 0)] < (bW, Pev)| + [6(We, v = Peo)| < | BWel g llellse + M [fo = Prvle
Recall (8) and X, C X, C H. This implies

lv = Pl = min |jv — Vells < min [jo — Vel =% 0.
V,eX, VeeX,

Since ||§4/Wg| @ < 1/¢, we thus conclude that |b(Wg,U>| — 0 as ¢ — oo. Altogether,

b(w,v) = 0 for all v € H and hence w = 0.

Step 4: Assumption (13) yields a contradiction so that (12) follows. Recall ||/Wg||'H =
1. Ellipticity of a(-,-) and the definition of b(-, ) yield

S ) B ~ o~ ~ ~~ o~ o~
IWell3, S a(We, We) < [b(We, Wo)| + [(KWe, Wo)| < | BeWol g + KW -

Recall that compact operators turn weak convergence into strong convergence. Hence
Wi — w =0 in H implies [[KWyl|3+ — 0 as £ — oo. Together with HBgWngZ <1/¢, we

thus obtain the contradiction 1 = |[Wy|j3 — 0 as £ — occ. O

Remark 2. To see that the model problem (2) fits into the abstract framework, recall
that the Rellich theorem provides the compact inclusion H := HL(Q) € L*(Q). Therefore,
the Schauder theorem (see, e.g., [Rud91, Theorem 4.19|) implies the compact inclusion
L*(Q2) @ H*, where duality is understood with respect to the L*(S)) scalar product. There-
fore, the continuous linear operator K : H}(Q) — L*(Q) turns out to be compact as an
operator K : H — H*; see also the discussion in [FFP14].

Remark 3. The work |[FFP14| considers problems, where the left-hand side of (2) is
strongly elliptic on H = H}(Q), i.e., there exists & > 0 such that
(14) allv]l7, < Re(a(v,v) + (Kv, v)) for allv € H.

Suppose that a(w,w) > 0 for all w € H\{0}. We note that (14) then already implies

that a(-,-) is elliptic in the sense of (6), so that the present work generalizes the analysis
5



of |FFP14|. To see that (14) implies (6), we argue by contradiction, i.e., we assume the
following: For all € > 0, there is some v € H with |a(v,v)| < €||v||3,. Choosing e = 1/n,
we obtain a sequence (v,) in H with |a(v,,v,)] < ||vall3,/n. Define wy, == v,/ ||vn]ln.
Without loss of generality, we may thus suppose weak convergence w, — w in H. Weakly
lower semicontinuity proves |a(w,w)| < liminf, . |a(w,,w,)| = 0 and hence w = 0.
Therefore, compactness of K yields |[Kwy||3+ — 0 as n — oo. Finally, ellipticity (14)
gives & = a |lw,l2, < Re (a(wn,w,) + (Kwy,, w,)) < 1/n+ ||[Kwy| —> 0. This
contradicts & > 0, and we hence conclude that (14) implies (6).

2.2. Mesh-refinement. From now on, suppose that 7 is a given initial mesh. Suppose
that refine(-) is a fixed mesh-refinement strategy (e.g., newest vertex bisection [Ste08])
such that given a conforming triangulation 7, and M, C T, the call T, = refine(7,, M,)
returns the coarsest conforming refinement 7, of 7, such that all T € M, have been
refined, i.e.,

e 7, is a conforming triangulation of €2;

e forall T € T, it holdsT:U{T’Eﬁ : T’QT};

o M, CT\Ts;

e the number of elements #7, is minimal amongst all other triangulations 7 which

share the three foregoing properties.

Furthermore, we write 7, € refine(7,) if 7T, is obtained by a finite number of refinement

steps, i.e., there exists n € Ny as well as a finite sequence 7@, ... T of triangulations
and corresponding sets M) C TU) such that

o« T.=TO),

o TUTY = refine(TW), MW) forall j =0,...,n — 1,

o 7.=T",

In particular, 7, € refine(7;). To abbreviate notation, we let T := refine(7y) be the set
of all possible triangulations which can be obtained from 7.

We suppose that the refinement strategy yields a contraction of the local mesh-size
function on refined elements, i.e., there exists 0 < guesn < 1 such that 7, € refine(7,)
implies Ae|7 <mesh ha|r for all T € T,\T,. We note that gues, = 27 /¢ for newest vertex
bisection [Ste08, CKNS0S].

Finally, the following assumptions are clearly satisfied for the model problem from Sec-
tion 1.2, but have to be supposed explicitly in the abstract framework of Section 2.1. First,
each triangulation 7, corresponds to a discrete subspace X, C H, and 7, € refine(7,) im-
plies nestedness X, C AX,. Second, iterated uniform mesh-refinement leads to a dense sub-
space of H, i.e., for 7A6 := Ty and the inductively defined sequence 7AZ+1 = reﬁne(ﬁ, ./\//\lg)
with M\g C 7\2 for all £ € Ny, it holds the following: If #{E e Ny : ./T/l\g = 7\2} = oo (i,
there are infinitly many steps that perform uniform refinement), then H = J,2, .)?g.

Under these assumptions, the following statement holds as an immediate consequence
of Proposition 1.

Corollary 4. Let 7\6 = Ty and ﬁﬂ = reﬁne(ﬁ,./\?g) with M\g - 7\} for all ¢ € Ng.
Suppose that #{E e Ny : ./T/l\g = 7\2} = 00. Then, there exists m € Ny and v > 0
such that for all discrete spaces Xy C H with Xy 2O ??m the related inf-sup constant (9)
satisfies vo > v > 0. In particular, X, admits a unique solution U, € X, of (5) which is
quasi-optimal in the sense of inequality/\(lO). Moreover, the Galerkin solutions Ug € )?g,

for £ > m, yield convergence Zlim |lu— Uyl = 0. 0
— 00
6



2.3. A posteriori error estimation. Let 7, € T = refine(7;). We suppose that given
the solution U, € X, of (5) and T € T,, we can compute some local refinement indicators
(1) > 0 as well as the related a posteriori error estimator

(15) N :=n(T2), where n,(U,) := ( Z n*(T)Q)l/2 for all U, C 7.

TeUy

To prove convergence with optimal algebraic rates for Algorithm 7, we rely on the
following axioms of adaptivity which are slightly generalized when compared to those
of [CFPP14], since we always have to suppose solvability of the related discrete prob-
lem (5).

(A1) Stability on non-refined element domains: There exists Cyyp, > 0 such that
for all 7, € T and all 7, € refine(7,), the following implication holds: Provided
that the discrete solutions U, € X, and U, € X, exist, it holds |7.(7s N 7T;) —
7]*(7: N 7;)} S C(stb ”Uo - U*H?-[-

(A2) Reduction on refined element domains: There exist Cieqg > 0 and 0 < greq <
1 such that for all 7, € T and all 7, € refine(7,), the following implication
holds: Provided that the discrete solutions U, € X, and U, € X, exist, it holds
T(TANT) < Gea 1 (TATe)? + C2 U — U, 2,

(A3) Reliability: There exists C;, > 0 such that for all 7, € T, the following im-
plication holds: Provided that the discrete solution U, € X, exists, it holds
- Uslin < Cly .

(A4) Discrete reliability: There exists C,q > 0 such that for all 7, € T and
all T, € refine(7;), there exists a set R,o C 7T, such that the following im-
plication holds: Provided that the discrete solutions U, € X, and U, € A,
exist, it holds ||Us — Uyl < Crave ' mx(Rys) as well as T,\T. C R,. with
#Ryo < Craa #(T\Ts), where 4 > 0 is the inf-sup constant (9) associated with
X,.

Remark 5. For a general diffusion problem (4) with piecewise Lipschitz diffusion coeffi-
cient A € WH(Ty) for all Ty € Ty and X, := SP(T,) N H(2), the local contributions of
the usual residual error estimator read, for all T € Ty,

(16) nu(T)* = hy || f + div(AVU.) = b VU, = cUul[72¢z) + b [[[(AVUL) - 0] 20700

where [(-) - n] denotes the normal jump over interior facets and hy := |T|/? ~ diam(T).
For the Helmholtz problem (3), these local contributions simplify to
(17) n(T)* = hi |If + AU + 5 Uil ey + br 1 0nUll22 (om0

We note that in either case (A1)—(A4) are already known with Ry = T\ Te, and the cor-
responding constants depend only on uniform shape reqularity of the triangulations T, € T
and the well-posedness of the continuous problem (2); see |[CKNS08, CN12, FFP14].
The error estimator can be extended to mized Dirichlet-Neumann-Robin boundary con-
ditions, where inhomogeneous Dirichlet conditions are discretized by nodal interpolation
ford =2 and p =1, see [FPP14], or by Scott-Zhang interpolation for d > 2 and p > 1,
see [CFPP14|. In any case (Al)—(A4) remain valid [FPP14, CEFPP14]|, but R, consists
of a fived patch of T\ Ts [AFK*13, CFPP14].

Remark 6. In usual situations, reliability (A3) already follows from discrete reliabil-

ity (A4); see Lemma 10 (d) below.
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2.4. Adaptive algorithm. Based on the a posteriori error estimator from the previous
section, we consider the following adaptive algorithm.

Algorithm 7. INPUT: Parameters 0 < 0 <1 and Cpan > 1 as well as initial triangula-
tion Ty with U_y :=0 € Xy and n_q := 1.
ADAPTIVE LOOP: For all ¢ =0,1,2,..., iterate the following steps (1)—(v):
(i) If (5) does not admit a unique solution in Xy, define Uy := Uy € Xy and 1y :=
Ne—1, let Ty = refine(Ty, To) be the uniform refinement of Ty, increase ¢ by 1,
and continue with step (i).
(ii) Compute the unique solution U, € Xy to (5).
(iii) Compute the corresponding indicators ny(T) for all T € Ty.
(iv) Determine a set My C Ty of up to the multiplicative constant Cra minimal
cardinality such that 0n; < ny(M,)?.
(v) Compute Tyyq := refine(Ty, My), increase € by 1, and continue with step (i).

OUTPUT: Sequences of successively refined triangulations Ty, discrete solutions Uy, and
corresponding estimators n;.

Remark 8. o Apart from step (1), Algorithm 7 is the usual adaptive loop based
on the Déorfler marking strategy |Dor96| in step (iv) as used, e.g., in [CKNS08,
FFP14, CFPP14].

o While Cank = 1 requires to sort the indicators and hence leads to log-linear ef-
fort, Stevenson [Ste07| showed that Cpax = 2 allows to determine My in linear
complexity.

To abbreviate notation, we define T := refine(7y) as the set of all possible refinements
of the given initial mesh 7; in Algorithm 7. The following lemma exploits the validity of
Proposition 1 for uniform mesh-refinement (Corollary 4).

Lemma 9. Let (Up)een, be the sequence of discrete solutions generated by Algorithm 7.
Then, there exists a minimal indez by € Ny such that (5) does not admit a unique solution
n Xy for 0 < 0 < Ly, but admits a unique solution Uy, € Xy,. In particular, the corre-
sponding mesh Ty, is the lo-times uniform refinement of Ty. Furthermore, there exists
ty € Ny such that (5) admits a unique solution U, € Xy for all steps ¢ > {1 of Algorithm 7.

Proof. Thanks to Corollary 4, the uniform refinement in step (i) of Algorithm 7 will only
be performed finitely many times. This concludes the proof. O

To prove convergence of Algorithm 7, we need an additional assumption (see (A5) be-
low) which goes beyond the axioms in [CFPP14|. To that end, let us define the “discrete”
limit space X, := U;io X,. Because of nestedness X, C A, for all £ > 0, X, is a closed
subspace of H and hence a Hilbert space.

(A5) Definiteness of b(+,-) on X: For all w € X, the following implication holds:
If b(w,v) =0 for all v € X, then w = 0.

Clearly, (A5) is satisfied if b(-, -) is ellipitic (14). Moreover, note that well-posedness (7)
of (2) implies that (A5) is satisfied, if X, = H. In many generic situations, the identity
X, = H is automatically satisfied, but it may also be enforced explicitly by expanding
the set of marked elements in the Dorfler marking criterion in step (iv) of Algorithm 7;
see Section 3.2 below.

The following technical lemma exploits the validity of (A5).

Lemma 10. Suppose (A1), (A2), (A4), and (A5). Employ the notation of Algorithm 7
for 0 < 0 < 1. Then, there exists 5 € Ny and v > 0 such that for all Ty € refine(7y,)
with Xy C Xy, the following assertion (a) holds:

8




(a) The corresponding inf-sup constant (9) is bounded from below by e > v > 0.
In particular, there exists a unique Galerkin solution Uy € X, to (5) which is
quasi-optimal in the sense of inequality (10).
Moreover, let T, € T and T, € refine(T,) N refine(7Ty,) and suppose that the Galerkin
solution U, € X, exists. Then, there hold the following assertions (b)—(c) with some
additional constant Cron > 0 which depends only on Cyy, Cred, Crel, and y:
(b) uniform discrete reliability, i.e., ||Us — Uyllg < Cra v " 1e(Rse) -
(¢) quasi-monotonicity of error estimator, i.e., 7s < Chon 7x-

If in addition Xy, = H, then the following assertion (d) holds:
(d) discrete reliability (A4) implies reliability (A3), i.e., ||[u — Usll < Crat Y N

Proof. Employ Proposition 1 with H replaced by X.. This proves (a) and provides
{5 € Ny and v > 0 such that the inf-sup constant (9) for all discrete subspaces Xy C X
with Xy O A}, is uniformly bounded from below by 7, > v > 0. Together with (A4),
this also proves (b). Moreover, (b) allows to apply [CFPP14, Lemma 3.5] to obtain the
quasi-monotonicity (c¢). Finally, (d) follows from (b) and [CFPP14, Lemma 3.4, since
uniform refinement yields convergence (see Corollary 4). O

3. CONVERGENCE

3.1. Convergence of adaptive algorithm. This section proves that Algorithm 7 guar-
antees convergence ||u — Uyl — 0 as £ — oc.

Proposition 11. Suppose (A1)—(A5) and 0 < 6 < 1. Employ the notation of Algo-
rithm 7. Then, the “discrete” limit space Xoo = Ujeg Xe contains the exact solution to
problem (2), i.e., u € Xy. Moreover, limy_,o |[u — Upl|lyy = 0 = limy_ 7p-

The proof of Proposition 11 relies on the following estimator reduction which (in a
weaker form) is first found in [CKNS08|.

Lemma 12 (generalized estimator reduction [FPZ16, Lemma 9|). Stability (Al) and
reduction (A2) together with the Dérfler marking strategy from step (iv) of Algorithm 7
imply the following perturbed contraction: For each ¢ € Ny and all T, € refine(Ty.q)
such that the discrete solutions U, € X, and U, € X, exist, it holds 1> < qesi i +
Coest |Ux — Usl|3;. The constants Cesy > 0 and 0 < gesy < 1 depend only on (A1)~(A2) and
on 0 <0 <I1. O

Proof of Proposition 11. Let {5 € Ny be the index defined in Lemma 10. Without loss of
generality, we may assume ¢, = 0 throughout the proof. In order to prove that 1, — 0
as { — oo, we show that each subsequence (7, )ren, of the estimator sequence (7;)een,
contains a further subsequence (’f]gkj) jen, With Mo, — 0 as 7 — oo. According to basic
calculus, this is in fact equivalent to 1, — 0 as £ — oo.

Step 1: Boundedness of estimator sequence. We apply Lemma 10 with ¢, = 0. The
quasi-monotonicity of the error estimator proves 7, < Clon 1o for all £ € Nj.

Step 2: Weak convergence of discrete solutions (subsequence). Recall the a(-, -)-induced
energy norm | - ||. From reliability (A3) and step 1, we infer that

Ul < flull + lu = Uell S lull + sup ne < oo,
JASS}

i.e., the sequence of discrete solutions is uniformly bounded in H. Let (7, )ren, be
an arbitrary subsequence of (1)en, With corresponding discrete solutions U, . Since
Uy, € X, C X, there exists a subsequence (Up, )jen, of (Up, )ren, and some limit
J
9



w € H such that U;, — w weakly in H as j — oo. According to Mazur’s lemma (see,

J
e.g., [Rud91, Theorem 3.12]), convexity and closedness imply that X, is also closed with
respect to the weak topology and hence w € X,,. Let v € X. Let Py : H — X, be the
orthogonal projection with respect to || - |, i.e.,

llv — Po|| = min o — V| forall v € H.
VeeX,

By definition of X, this also implies strong convergence |[v— Pyv| — 0 as £ — co. Recall
that the product of a weakly convergent sequence and a strongly convergent sequence
leads to convergence of the scalar product. Moreover, compact operators turn weak
convergence into strong convergence, i.e., ICngj — Kw strongly in H* as 7 — oco. With
these two observations, we derive

Jj—o0

02 (f. Py v) — a(U, , Py, v) = (KUy, . P v) 255 (f,0) — a(w,v) — (Kw, v).
This proves that the weak limit w € X, solves the Galerkin formulation
(18) a(w,v) + (Kw, vy = (f,v) forallve X,.
Step 3: Strong convergence of discrete solutions (subsequence). Note that H\w—ngj I> =
lw||* — 2 Re a(w, ngj) + |||ngj II*. Therefore, strong convergence [Jw — U, I = 0 is equiv-

alent to weak convergence Uy, — w plus convergence of the norm ||Uj, || — [w|. It thus
J J
only remains to prove the latter. With the previous observations, it holds

WU I? = a(Us,, . Us,)) 2(F . U, ) — (KU, Us, )

j—o0 18

(f, w) — (Kw, w) &

Step 4: Estimator reduction principle (subsequence). Let (T}gkj )jen, denote the estima-
tor subsequence corresponding to (ngj )jen,- With To,,, € reﬁne(ﬁij) and Lemma 12,

a(w, w) = w]*.

it holds 77, S st N7, + Cest HngjH — ngj 13,- Moreover, step 3 implies convergence
7+ J
HUékj_H

is contractive up to a sequence that converges to zero. Therefore, basic calculus (see,
e.g., |JAFLP12, Lemma 2.3]) proves convergence 1, — 0 as j — oo.
J

— UfijH r~ H‘U%H — U, I = 0 as j — oco. Hence, the subsequence (ij )jeNo

Step 5: Estimator convergence (full sequence). We have shown that each subsequence
(M, )ken, Of (Me)een, has a further subsequence (ij)jeNo with 7, — 0 as j — oo. As
noted above, this yields n, — 0 as £ — oo.

Step 6: Strong convergence of discrete solutions (full sequence). Finally, reliabil-
ity (A3) yields ||[u — Ul < nme — 0 as £ — oo and hence concludes the proof. O

Remark 13. Note that the proof of Proposition 11 relies only on (A4)—(A5) to prove
boundedness of the estimator sequence (1;)een, (see step 1 of the proof). Instead, we can
also modify the marking step (iv) of Algorithm 7 so that the assertion of Proposition 11
remains true, if (Al)—(A3) still hold, while (A4)—~(Ab) fail. To this end, consider the

ollowing new marking criterion:
llowing king criteri
(iv) If n¢ > max;—g o1 1;, define My := Ty. Otherwise, determine a set M, C T,
of up to the multiplicative constant Cac minimal cardinality such that 97}? <

1e(Mp)?.

To see that this new marking criterion ensures that (1g)een, s bounded, we argue as

follows:
10



Case 1: Suppose that there exists an M € N such that n, < maxj—o.__¢11; for all
0> M. Then, it even follows that n, < max;—o . m—11; for all £ € Ny,

Case 2: If the assumption of case 1 fails, the new step (iv) of Algorithm 7 enforces
infinitely many steps of uniform refinement. Therefore, Corollary 4 applies and
provides m € Ng and C' > 0 such that all discrete subspaces X, C H with X, O X,
admit a unique solution U, € X, of (5) which is quasi-optimal in the sense of
inequality (10). Since (A1)—(A3) hold, [CFPP14, Lemma 3.5| applies and proves
quasi-monotonicity of the estimator, i.e.,

Ne < Cron s for all T, € refine(T,,) and all T, € refine(7y).

In particular, this implies ny < ChonMm for all £ > m, and therefore n, <
max{Cuon, 1} max;_o__,n; for all ¢ € Ny.
Note that besides step 1 all steps of the proof of Proposition 11 rely only on (A1)—(A3).
Therefore, we obtain n, — 0 as ¢ — oco. In particular, this implies that Case 1 above
is the gemeric case and that optimal convergence rates will not be affected by the new
marking strategy.

3.2. Definiteness on the “discrete” limit space (A5). While (A1)-(A4) only rely
on the a posteriori error estimation strategy, the property (A5) involves the “discrete”
limit space Xo = U,y Ar generated by Algorithm 7 and is hence less accessible for
the numerical analysis. However, recall that H = X, is sufficient to ensure (A5). For
H = H} (), the following lemma provides a simple criterion for the latter identity.

Lemma 14. Let H = Hi(Q) and X, = SY(T;) for some p > 1. Suppose that the
triangulations Ty generated by Algorithm 7 are uniformly shape reqular with ||| @) — 0
as ¢ — oo. Then, Xy = H and hence assumption (Ab) is satisfied.

Proof. Forw € D := H*(Q)NH}(Q), recall the approximation property infy,cx, [|[w — Vi||x
| e | oo (|| D*w]| 120y from, e.g., [BSO8]. This proves
(19) lim inf |[|[w— V|| =0 forallweD.

l—o00 VyeX)

Let v € H and € > 0. Since D is dense within H](£2), choose w € D with |jv — w||y < /2.
According to (19), there exists an index ¢, € Ny such that infy,cy, [|w — Vo||% < /2 for
all ¢ > (,. In particular, the triangle inequality concludes

inf —Villy < lv — inf —Villy < forall £ > /,.
Juf flv— Vel < flo—wll + inf flw ="Vl <e forall £

This proves v € X = Uz?io X, and hence concludes X, = H. O

Remark 15. In many generic situations, ||hg| p~@) — 0 and hence (A5) with Xoo = H
1s automatically verified: Let p > 1 and ¢ > 0 be polynomial degrees. Suppose that
H = Hj(Q) and X, = S§(T;). For f € L*(), let f, € PYT;) := {Vi € L*(Q) : VT €
Te Vit is a polynomial of degree < q} be the L*-best approximation of f in PI(Ty).
Suppose that the error estimator is even reliable in the sense of

(20) lu = Uellgr) + |he(f = fo)llz2c) < Crane  for all £ >0,

where Cye > 0 is independent of {. Note that (20) is well-known for residual error
estimators and elliptic PDFEs with polynomaial coefficients. Suppose that for all ¢ € N
and oll T € Ty it holds ulr & PP(T) or flr & PUT), i.e., the continuous solution or
the given data are not locally polynomial. Then, one can argue by contradiction to see

that convergence ny — 0 as { — oo (see, e.g., Remark 13) implies ||hg| =@ — 0 as
11
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¢ — oo. In particular, it follows from Lemma 14 that assumption (Ab) is satisfied with
X =H. O

The next proposition shows that ||h¢[[1=@) — 0 and hence (A5) with X, = H can
be guaranteed by employing an expanded Dorfler marking strategy in step (iv) of Algo-
rithm 7. We stress that this does not affect optimal convergence behaviour in the sense
of Theorem 26 below.

Proposition 16. Suppose 0 < 6§ < 1. Employ the notation of Algorithm 7. Let C! ., > 0.
For all ¢ € Ny, we suppose that the set M, C Ty in step (iv) of Algorithm 7 is selected as
follows:

o Let M), C Ty be a set of up to the multiplicative constant C) . minimal cardinality
such that 0n7 < ne(M})?.

o Suppose that Tp = {11,...,Tn} is sorted such that |T\| > |To| > --- > |Ty]|.

o With arbitrary 1 < n < #M, define M, := M,U{Ty,...,T,}.
Then, My C Ty is a set of up to the multiplicative constant Cpape = 2C) ., minimal
cardinality such that 0n; < n(M,)?. Moreover, Algorithm 7 guarantees |hy| 1) — 0
as { — oo. In particular, assumption (AD) with X, = H is satisfied for H = H(Q2) and
X = Sy(To).
Proof. The claims on M, are obvious. Recall that refinement leads to a uniform con-
traction of the mesh-size, i.e., hyi1|r < Gmesnhe|r for all T € My C T\ Tpy1. Since each
mesh 7, is a finite set and each step of the adaptive algorithm guarantees that (at least)
the element T € T, with the largest size |T'| ~ (h¢|r)? is refined, this implies necessarily
|hel| oo (@) — 0 as £ — oo. Lemma 14 concludes the proof. O

3.3. Linear convergence of adaptive algorithm. The analysis in this section adapts
and extends some ideas from [FFP14|. We note that the latter work uses strong elliptic-
ity (14) of b(-,-), while we only rely on ellipticity (6) of a(-,-).

Lemma 17 (|[FFP14, Lemma 3.5|). Suppose (A1)—(A5) and 0 < 6 < 1. Employ the
notation of Algorithm 7. Then, the sequences (e;)en and (Eg)een defined by
u—U,
ey = {HUUzﬁH foru# U,

0 else,

Up41—-Us
E, ;= { Ue1=Uelin for Ueyr # Ue,
0 else,

converge weakly to zero, i.e., glim (P, e)=0= élim (¢, Ey) for all p € H*.
— 00 — 00

Proof. We consider the sequence (e;)sen, and note that the claim for (Ey)sen, follows

along the same lines. To prove e, — 0 as ¢ — oo, we show that each subsequence

(€r, )ken, admits a further subsequence (e, )jen, such that e, — 0 as j — oo. Let
J J

(€r, )ren, be a subsequence of (e;)sen,. Due to boundedness |leg, || < 1, there exists a
further subsequence (ey, )jen, such that e, — w € H as j — oo. It remains to show that
J J

w = 0. Note that Uy,u € X, (see Proposition 11) implies ¢, € X, and hence w € X.
Note the Galerkin orthogonality

(21) 0=0bu—U,Vi) =alu—U,V,)+ (K(u—U,), V,) forall V, € X,.
Let n € Nand V,, € X,,. If £, > n and e, # 0, the Galerkin orthogonality proves
b(eq,,, V) = b(u = Uy, Vi) /|lu = Us, [l = 0
12



and hence b(egkj , V) =0 for all ly; > n. With weak convergence, this yields
b(w,V,) = lim b(egkj Vo) =0 forall V, € X, and all n € N,
j—oo

Let v € X. By definition of X, there exists a sequence (V},),en, With V,, € X, and
|lv = V,|lx — 0 as n — oo. Therefore the preceding identity implies b(w,v) = 0 for all
v € Xo. Finally, assumption (A5) concludes w = 0. O

The following quasi-orthogonality (22) is a consequence of Lemma 17 and the Galerkin
orthogonality (21). For elliptic b(-, -), it is proved in [FFP14, Proposition 3.6]. Our proof
essentially follows those ideas, but we use the norm || - || induced by a(-, ) instead of the
quasi-norm induced by b(+, ), if b(+,-) was elliptic. For the convenience of the reader, we
include the most important steps of the proof.

Lemma 18. Suppose (A1)—(A5) and 0 < 0 < 1. Employ the notation of Algorithm 7.
Then, for any 0 < e < 1, there exists {5 € Ny such that

1
1—c¢
Proof. Let ¢ > 0. Let 6 > 0 be a free parameter which is fixed later. Consider the
sequences (€p)sen, and (Ey)een, of Lemma 17. Recall that the compact operator K turns

weak convergence ey, By — 0 in ‘H into strong convergence Key, CE, — 0in H* as { — oo.
For any ¢ > 0, this provides some /3 € N such that

|Cee|lz + ICE||3+ <& for all £ > 43.
For any w € H, this gives
[(K(u—=Ue), w)| = [(Keg, wyl [[u—Uplla < 6 [Ju— Usllp[w]]»

(22) lu = Ueal* + NUesr — Uell* < lu—Uell*  for all £ > ¢5.

as well as
[(K(Uer = Ue), w)| = KKE, w)] U1 = Uellp < 6 |Uesr = Uelll|w]l-
Algebraic computations with the Galerkin orthogonality (21) show
b(u—Upp1,u—Upr1) + b(Up1—=Up, Ups1 —Up) + b(Ups1 —Up,u—Upyq) = b(u—Up, u—Up).
Since [|v||* = a(v,v) = b(v,v) — (Kv, v) for all v € H, this translates to
lw = Upia P + 1Ue2 = Uell® + (K(u = Usa) s w = Upa) + (K(Uer = Us) , Upr — Uy)
+0(Ust1 = Upyu = Upga) = flu = Uel* + (K(u = Up) , u — Up).
The remaining bilinear form b(Uyy 1 — Uy, u — Upyq) is estimated as follows

0(Ues1 = U, u = Upa)l = |a(u = Uspr, Ut = Ue) + (K(Ups1 = Us) , u — Upya)|

L =K =Uen) U1 = Ug) + (K(Uers = Ue) u = Up)|

< 260 [|lu = Upia|lul Uesr = Uelln-
With norm equivalence ||v[|3, < C |Jv||* for all v € H, we thus see
(1= 0C) flu = Uera* + (1 = 6C) [ U1 — Ul
< (140C) lu = Ulf* + 26C [lu = Ups || U1 = Uel.
Finally, the Young inequality 2cab < ca® + cb? for all a, b,c > 0, yields
(1=200) Jlu = Upa |I* + (1 = 20C) |Ussr = Uel* < (1 +6C) Jlu — Ue*.

1+0C - 1
1-26C — 1—¢
13
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The following result was proved in [FFP14| for strongly elliptic problems (14). Here,
we generalize the result by extending it to a more general class of problems. Our proof

follows the ideas of [CKNSO08|.

Theorem 19. Suppose (Al)—(A5) and 0 < 6 < 1. Then, there exist constants 0 <
Qin < 1 and Cyy, > 0 such that the output of Algorithm 7 satisfies Nern < Cingit, ne for all
{,n € Ny with ¢ > {3, where {5 € Ny is the index from Lemma 18.

Proof. Due to norm equivalence || - |3 =~ || - ||, reliability (A3) and estimator reduction
(Lemma 12) also hold with respect to the a(-,-)-induced energy norm || - ||. To simplify
the notation and without loss of generality, we therefore suppose || |5 = || - || throughout
the proof.

Step 1: In this step, we prove that there exist 0 < g;n, A < 1 and /3 € N such that

(23) App1 < qin Ay for all £ > 03, where A?:=|lu— U,|* + An’.

Let £, A > 0 be free parameters which are fixed later. With Lemma 12 and Lemma 18,
we see for £ > (3 = l5(e)

1
Afpr =l = Ul + Ay < 77— lu = Uel® + A dest 0 + (ACost = 1) 101 = Uel]*.

For sufficiently small A (i.e., ACey < 1) and an additional free parameter 6 > 0, reliabil-
ity (A3) yields that

1 1
A2y € u = VP + A < (57— = 60 = Ul + Mgy + C20) 7

1
< max{
1

— 6N, o + C2 5} A2,
— &

rel

Since 0 < qesy < 1, we may choose § > 0 sufficiently small such that 0 < g + C2,0 <

rel

1. Finally choose ¢ > 0 sufficiently small such that 0 < 1/(1 —¢) — d\ < 1. This
concludes (23).
Step 2: We employ the notation of step 1. Induction on n proves Ay, <t A, for all

—lin
¢ > (3 and all n € Ny. Note that reliability (A3) yields n? ~ A%, Combining these two
observations, we conclude the proof. O

3.4. Validity of the Céa lemma. In this section, we show that the discrete solutions
computed in Algorithm 7 are quasi-optimal in the sense of the Céa lemma.

Theorem 20. Suppose (A1)—(A5) and 0 < 0 < 1. Then, there exist Cy > 1 with
lim Cy =1 and £y > 0 such that the output of Algorithm 7 satisfies

{—r00

_ < i — >
(24) bu—Uel < Co min flu—Vill for all > (s,

Proof. Consider the sequences (e;) and (Fy) of Lemma 17. We follow the arguments of
the proof of Lemma 18. Let V, € &A,. With the Galerkin orthogonality (21), it holds

lu—Uell* = blu—Usu—Up) = (K(u—Us), u—Us)
Db = Upyu— Vi) = (K(u— ), u—Up)
= a(u—Upu—Vy)+ (K(u—Up), u—Vy) — (K(u—Uy), u—Up)
< lw = Uelllle = Vell + 1€eellpe- lu — Uellaellw = Vellae + [1Keell - llu — Uelf3,.
With norm equivalence |[v]|3, < C |Jv[|? for all v € H, we thus see

lw = Ul < (1 + ClIKerll3-) flu = Vell + C [[KCegll- [l = Uell-
14
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Rearranging this estimate, we prove

1+C ”IC@@HH*
U < -V
- Ul < 15 Gt = Vi
and conclude (24), since ||Keg||z+ — 0 as £ — oo. O

4. OPTIMAL CONVERGENCE RATES

4.1. Fine properties of mesh-refinement. The proof of optimal convergence rates
requires further properties of the mesh-refinement. First, we suppose that each refined
element is split in at most Cy,, and at least 2 sons. In particular, it holds

(25) H(T\T) +#T. <#7T. forallT, € T and all 7, € refine(7,).

Second, we require the mesh-closure estimate

-1

(26) #To — #7T5 < Cuest Y #M;  for alll €N,
j=0

where the constant Cl e > 1 depends only on the initial mesh 7. Finally, we need the
overlay estimate, i.e., for all triangulations 7 € T and all 7,, 7, € refine(7) there exists
a common refinement T, & 7, € refine(7,) Nrefine(7;) C refine(7) which satisfies

(27) HTe®T,) < H#Te+ #T, — #T.

For newest vertex bisection (NVB), the mesh-closure estimate has first been proved for
d =2 in [BDDO04] and later for d > 2 in [Ste08|. While both works require an additional
admissibility assumption on 7p, [KPP13| proved that this condition is unnecessary for
d = 2. The proof of the overlay estimate is found in [CKNS08, Ste07]. We note that
NVB ensures 2 < Cy,,, < 00, where Cy,, depends only on 7y and d; see [GSS14|. For d = 2,
it holds Cy,, = 4 (see, e.g., [KPP13]). For other mesh-refinement strategies than NVB
which satisfy (25)—(27), we refer to [BN10, MP15] as well as to [CFPP14, Section 2.5].

Lemma 21. NVB guarantees the following properties (a)—(c) which are exploited in our
analysis of optimal convergence rates:

(a) There exists m € N such that the m-times uniform refinement 7A6 of To satisfies

the assertions of Lemma 10 (with Ty, replaced by 7\6) In particular, there holds
the quasi-monotonicity of the estimator, i.e., there exists an independent constant
Chon > 0 such that

Ne < Crmon s for all T, € T and all T, € reﬁne(%) Nrefine(75),

provided that the Galerkin solution U, € X, exists.

(b) Moreover, for all T, € T, the m-times uniform refinement 7. of T, guarantees
7\; € reﬁne(%) and #7\1 < O™ HT,.

(¢) Suppose that Xoo = Ujoy Xe = H (e.g., the expanded Dérfler marking strategy
from Proposition 16 is used). Then, there exists an index {5 € Ny such that
T, € refine(7Tg) for all £ > (5.

Proof. Assertion (a) is a direct consequence of Corollary 4, if we argue as in the proof
of Lemma 10. Assertions (b)—(c) follow from the fact that NVB is based on a binary

refinement rule, where the order of the refinements does not matter [Ste08|. O
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4.2. Approximation classes. For N € Ny and 7 € T, we define

(28) Tn(T) :={T, € refine(T) : #7T. — #T < N and solution U, € X, to (5) exists}.
We note that Ty (7) is finite, but may be empty. However, according to Lemma 21, it
holds Ty (7)) # 0 for all sufficiently large N, e.g., N > C #T. We use the convention

son

ming, ety () M« = 0, if Tn(7T) = 0. For s > 0, we then define

(29) [

= su N +1 min )
4u(T) = SUD <( ) T*ETN(T)??

where 7, is the error estimator corresponding to the optimal triangulation 7, € Tx (7).
Note that [|u|la,¢7) < oo means that starting from 7, a convergence behaviour of 7, =
(’)( (#7})_8) is possible, if the optimal meshes are chosen. To abbreviate notation, we let

(30) Ty :=Tn(To) and |lulla, = [Julla, 7).

Lemma 22. For all T € T and T, € refine(T), it holds

(31) #To = #T + 1< #T0 < H#T (#Te — #T + 1).

Proof. Note that (#Te—#T +1) —#Te/#T = (#Te—#T) (1—1/#T) > 0. Rearranging
the terms, we conclude the upper bound in (31), while the lower bound is obvious. [

Lemma 23. There exists C3 > 0 which depends only on Cyon, m from Lemma 21, and
To, such that for all s > 0 and all T € T, it holds

(32) sup (V1) min 7)< 2 [Jufa.m
N>Cs4#T T«€Tn

as well as

33 su ( N+1 min *> < Chon 2°

( ) Nch#’r ( ) 71€TN(T)77

In particular, there holds equivalence

(34) [ulla,r) <00 <= ulla, < oo

Proof. Step 1: The estimates (32)(33) imply (34). For any M > 0, the sets (Jy_, T
and U%:o Tn(T) are finite. Hence, (32) provides an upper bound to |lu||4, in terms of
||la,¢7), up to some finite summand which depends on M = C3#7T — 1. Therefore,
|| a7y < oo implies ||ul/s, < oo. The converse implication follows analogously.

Step 2: Verification of (32). Let N > 0. Apply Lemma 21 to see that the m-times

uniform refinement 7 of T satisfies #7 < #7 < C™#T = C and T € Te C Teon(T),

i.e., Toyn(T) # 0. Choose Ty € Teyn(T) with ne = ming, et v (7) 7. Then, we estimate
#Te —#To = (#To — #T) + (#T —#To) < (C+ N) +#T <2C + N,

i.e., To € Toctn. By choice of Tg € Teyn(T) and the definition of ||u

204+ N +1\s
—— ) (C+N+1)°n, <2° .
(Fmat) CH+N+D <2 ullam

Since this estimate holds for all N > 0, we obtain (32) with C5 = 2C2?

son*

Step 3: Verification of (33). Let N > 0. Adopt the notation from step 2 and recall

that 7 € Te C Teyn. Choose T, € Teyn with ny = ming, et 7. Define 7; := 7:6971
to ensure that the discrete solution U, € X, exists. Then,

As(T), it follows

(2C+N+1)° min n, <

Ti€Tacy N

(27) -~ ~
BTo —#T < BT+ #To — #T) — #T < #T +C+ N <20 + N,
16



i.e., To € Tocyn(T). Moreover, quasi-monotonicity of the estimator (Lemma 21) yields

(2C+N+1)° min 7, <(2C+ N+1)°n,

71€T20+N(7—)
20+ N + 1\
< CYmon (7> N 1) < mon 2° .
< Coon (gt ) (€ N 4104 < o2l
Since this estimate holds for all N > 0, we obtain (33) again with C5 = 2CZ . O

In the spirit of [CKNS08|, one can also consider approximation classes based on the
so-called total error. Suppose that the Galerkin solution U, € X, of (5) exists. Suppose
that osc, : X, — R are so-called oscillation terms such that the error estimator is reliable
and efficient in the sense of

(35) Cr_el1 ||u - U*”H < < Cer (||u - U*”H + OSC*(U*))-
Then, [CKNSO08] considers

36 U ‘= su (N+1s min inf (||lu — Vi|ly + osc, (V, ) for T € T.

36) lullr o= sup (N +1)7 min  int (= Vel + o5 (V2)
HT—H#TEN

Note that the definition of ||u|/g, () also involves meshes for which the existence of the

discrete solution may fail. Adapting [CFPP14, Theorem 4.4|, we derive the following

result which states that the total error (starting from some arbitrary initial mesh T)

converges with the same algebraic rate as the error estimator.

Lemma 24. Let osc, : X, — R satisfy (35). Suppose that there exists Cose > 0 such that
for all T, € T for which the discrete solution U, € X, of (5) ewists, it holds the following:

o 08¢, 1= 08¢, (Uy) < Cose 1,
o O losc,(V,) <osc(W,) + ||Vi — Willn for all V,, W, € X,.

osc

Then, for all s >0 and all T € T, it holds
ullz, ) <00 = |lulla, < oo.

Proof. We show that ||u|/g,) < oo if and only if ||u|/a,¢7) < co. Then, Lemma 23 will
conclude the proof. R
Step 1. Let T € T and Ty € T from Lemma 21. With C' := (CI", — 1)#7,, the

son

triangulation 7, := T @ 7A6 satisfies #7T, < #T + #7\5 — #To < #T + C and hence
T. € To(T). This proves Tn(T) # () for N > C.
Step 2. We prove that [|ul|s, ) < oo implies ||u||g, ) < oo by showing

37 (V1) min - inf (Jlu—V, 1)) s :
(7 swp (N1 min - inf ([lu = Villu +oscu(Va) ) S llullaur
B #T—#T<N

For N > C, choose T, € Tn(T) with 1, = ming, 7, (7) 7. Then,

i inf -V, Vi) < |lu—U, o(Us) 2 me = i
T. crefine(T) Vi €A, (Il = Vallae + 0se. (V2) < flu e+ osca(Ua) =1 TeTn(r)
HT.—#T<N

This proves (37).
Step 3. We prove that ||u||g, ) < oo implies ||u|a ) < oo by showing

38 su (N+18 min *)S C+1)°||ullg, :
(39) sup (N +1)"_min_0.) < (C 4+ 1) e

Let N > 0. Choose 7, € refine(T) with #7, — #7 < N and (||u — Vi|j3 + osca(V4)) =

infy,cx, (Jlu — Villu + osci(Vi)). Define 75 := T, @ 75 and note that 7o € Tnsc(T).
17



Together with the Céa lemma (10) and our assumptions on the data oscillations, we
obtain for all V, € X,

Mo = [[u = Usllas + 08¢o(Us) S [lu = Us |l + 0sco(Vo) + [|Us = Vol |

(10)
S llw = Uolla +osco(Vo) + flu = Vollw S [lu = Volla + osco(Vo).

~Y

This reveals 7, ~ infy, cx, (||u —Vollu + OSCO(VO)). Together with X, O X,, we derive

N+C+1°_ min _n<(N+C+1)° inf (Ju—V, o(Ve
NV+C+17 min g (N +C+1)° il (flu=Volls + osco(1V2))

N+C+1\s
<({— s B
= ( N+1 ) (N +1)* inf - (||u = Valls + osea(V2))
< (C+ 1)* ||ullg -
This proves (38). -

Remark 25. The assumptions of Lemma 24 are satisfied for residual-based error esti-
mators in the frame of FEM with X, := SP(T,) N H}(Q); see [CKNS08, CN12, FFP14].
For each element T € T, € T, let Fr denote the set of its facets (i.e., edges for d = 2).
For arbitrarily chosen ¢ > p — 1, the data oscillations

(39a) osc, (V,)? = Z osc, (T, V,)?
TeTx

corresponding to the indicators from (16) read, for all T € Ty,
osc, (T, V,)? =h% min | If + div(AVV,) = b- VV, = Vi = Q72

QeP(T

(39D) :
+ hy Qgg%HKAVVU-M-QWAmmr
FeFr

The constant Cose in Lemma 24 then depends on q and p. If A, b, c are piecewise polyno-
maal and if q is chosen sufficiently large, the local contributions simplify to the well-known
data oscillations osc,(T,V,)> = h3 min ||f — fT||%2(T) as for the Laplace problem.
frePuT)

4.3. Main result. The following theorem is the main result of this work. It states
that Algorithm 7 does not only guarantee (linear) convergence, but also the best possible
algebraic convergence rate for the error estimator. In explicit terms, suppose that ||ul/s, <
oo for some s > 0. By definition (29) of the approximation class, there exists a sequence
of meshes 7\2 € T = refine(7y) and corresponding error estimators 7, such that 7, <

(#’ﬁ — #T, + 1)_8 for all ¢ € Ny. Note that these “optimal” triangulations are not
necessarily successive refinements but in general even totally unrelated. Therefore, the
important implication of the following theorem is that indeed the adaptively generated
triangulations 7, yield the same algebraic decay s > 0 if the marking parameter 0 < 6 < 1
is sufficiently small. Overall, Algorithm 7 thus guarantees that the error estimator decays
asymptotically with any possible algebraic rate s > 0.

Theorem 26. Suppose (Al)—(Ab) with Xy, = H (which can, for instance, be enforced

by the expanded Dorfler marking strategy from Proposition 16). Employ the notation of

Algorithm 7. Let 7g > 0 be the lower-bound of the inf-sup constant (9) for the uni-

form refinement 7A6 from Lemma 21. Let l3,05 € Ny be the indices from Lemma 18 and

Lemma 21, respectively. Define lg := max{l3,l5}. Let 0 < 0 < O,y := (14+C2,.C2,/72)7".
18



Then, for all s > 0, it holds that
(40) HU Ay < OO < EIC'opt > 0w/ > 66 e < Copt (#7} o #76 + 1)73.
The constant Copy depends only on #7T4, To, 0, s, and validity of (A1l)—(Ab).

Lemma 27 (optimality of Dorfler marking). Under the assumptions of Theorem 26 and
for all 0 < 0 < Oopt, there exists some 0 < Kopy < 1 such that for all T, € refine(Ty,) and
all To € refine(7y), it holds

(41) e < fiope e = 070 < n(Ra)’,
where R,q is the (enlarged) set of refined elements from (A4).

Proof. According to Lemma 21, the discrete solutions U, € X, and U, € X, exist, and
the discrete reliability property (A4) holds with the uniform constant Cie/7p. Since
stability (A1) holds, we can apply [CFPP14, Proposition 4.12|, and the statement of the
lemma follows. O

Lemma 28. Under the assumptions of Theorem 26, there exist constants Cy,Cy > 0
such that for all £ > {5 and all s > 0, there exists a set Ry C Ty such that the following

holds: If ||ul|a,(7;,) < oo, then it holds

(42) #Re < Co(Collullar)) on
as well as the Daorfler marking criterion

(43) 0n; < 1e(Re)*.

The contant Cy depends only on 0, 7y, and (A1)—(A4), while Cy additionally depends on
#To, and Ty.

Proof. 1f n, = 0, the claim (42)—(43) is satisfied with R, := 7;. Thus, we suppose 7, > 0.

Step 1: Construction of mesh T, and Ry := Ryy. Let & := C_L kopme > 0. Due to
{ > 5, quasi-monotonicity of the estimator (Lemma 21) yields € < kopne; < [|ulla (7, <
co. Choose the minimal N € N such that [ul|a,(7,) < (N 4 1)°. This implies € <
[ulla(7,) < €(N+1)* and hence N > 1. Note that Ty, € Tn(7e;) and hence Ty (7s;) # 0.
Choose T. € Tn(Ty,) with . = Ming, ey (7,) M- Define 7, := 7. @ T;. Recall that all
Te € refine(7,,) and corresponding spaces X, 2O X, provide unique solutions of the
discrete formulation (5). Therefore, we obtain 7, € Ty(7s) with Galerkin solution
U, € X,. Let Ry := Ry, be the set provided by discrete reliability (A4).

Step 2: Optimality of Dorfler marking yields (43). With the quasi-monotonicity of
the estimator (Lemma 21) and the definition of the approximation class (29), the choice
of N yields

(29)
N < Coon”e < Cron(N +1)7°||u

As(Tey) < Coné = KoptTle-
This implies 7, < Kepe7e and hence Lemma 27 proves (43).
Step 3: Verification of (42). The choice Ry = Ry, together with 7y, 7: € refine(7y,)
yields
(A4) (25) (27)
(44> #RZ S Crel#(ﬁ \ 71) S Crel(#ﬁ - #72) S Crel(#,]:: - #725) S CYreljv-

Finally, minimality of N implies

1/s —1/s —1/s
N < HUHA/S(nS)g Ve = Cyn, o
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with C5 := ||u||11<j7;5)(Cr;én/%pt)’l/s = (Cmon/‘f;plt||U||AS(7;5))1/S- Altogether, we thus see

(44) i
#Rf S CrelN < Crelc?)ng .
This proves (42) with C} = C and Cy = Cmon,{;plt_ 0

Proof of Theorem 26. The implication “<=" in (40) follows by definition of the approx-
imation class (cf. [CFPP14, Proposition 4.15]). We thus focus on the implication ”=—"
in (40). To this end, suppose that [lul[s, < co. Lemma 23 then implies ||ul[a, (7, ) < oo
For ¢ > (g = max{/s, (5}, let M, be the set of marked elements in the ¢-th step of Algo-
rithm 7. According to Lemma 28, there exists R, C 7, with (42)—(43). According to the
minimality of M, (see step (iv) in Algorithm 7), it follows

s —1/s
AS(%5))1/ ?76 / :

With the mesh-closure estimate (26) and Cesn > 1, we further obtain

(43) (42)
#MZ S Cmark#RZ < Cmark01<CQHU

¢ ¢
(45)  #Te— #T5, +1 < Cuest Y #M;j < Crnest Conark C1 (Collul| s 73,)) = >y °.
71=Vs J=Ls
Linear convergence (Theorem 19) implies
(46) e < Cingi'n;  forall £y < j < ¢
and hence
—1/s s (—j)/s_—1/s
7; o< Cllir/l ql(in / Mg v

Since there holds 0 < ¢ := qlli/ ® < 1, the geometric series applies and yields

n

14 14 Cl/s
—1/s 1/s —1/s —j in —1/s
an <ot ZQ(Z < 171/3774 .
Jj=le j=0 1 - lin

Combining this estimate with (45), we derive

C(meshctmarkcv s —1/s
#72 - #726 +1< 1—1/5’\1(0111102”,“”1%5(7}5))1/ Tl Y :

lin

Rearranging these terms, we see 1, S (#7¢ — #7Ti, + 1)7°. Lemma 22 yields

6By @Y
#To—#To+1 < $#T0 < #Te (#Te — #7Tes + 1),
This concludes the important implication of (40). O

5. NUMERICAL EXPERIMENTS

In this section, we present two numerical experiments for the 2D Helmholtz equa-
tion (3) that underpin our theoretical findings. We use the lowest-order FEM with
X, = SYT,) N H}(Q) and a residual a posteriori error estimator (see |BISG97| for a
first systematic a posteriori error analysis for the Helmholtz equation and [OPDO05] for a
survey of available error estimation techniques for this problem). In the experiments, we
compare the performance of Algorithm 7 with respect to

e different values of k € {1,2,4,8,16},
e different values of 6 € {0.1,0.2,...,0.9},
e standard Dorfler marking strategy (with Cpac = 1) as well as the expanded

Dorfler marking strategy of Proposition 16 (with Cpai = 2).
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FIGURE 1. Geometry and initial partition 7 in the experiment from Sec-

tion 5.1 (left), where the blue star indicates the node (=1, —t) = (=1, —0.5).

For k = 2, we compare the error estimator for uniform vs. adaptive mesh-
refinement with 6 = 0.2 (right). Uniform mesh-refinement leads to a sub-
optimal convergence rate, while Algorithm 7 with Doérfler marking and
expanded Dorfler marking recovers the optimal convergence rate.

102 10° 104 10° 108 107 102 10° 104 10° 108 107
number of elements N number of elements N

FIGURE 2. Convergence rates for the error estimator in the experiment
from Section 5.1 for different values of x and for marking parameter 6 =
0.2 (left) and # = 0.5 (right). Dashed lines mark uniform refinement,
while solid lines mark the output of Algorithm 7 with expanded Dérfler
marking. The latter recovers optimal convergence rates, while uniform
mesh-refinement does not.

We consider domains € C R? with a single re-entrant corner and corresponding interior
angle a > w. Note that elliptic regularity thus predicts a generic convergence order
O(N—#/2) for the error on uniform meshes with N elements, where 8 = 7/a < 1. On
the other hand, the optimal convergence behavior for lowest-order elements is O(N~1/2)
if the mesh is appropriately refined.

5.1. Experiment with unknown solution. We consider the Z-shaped domain Q C R?
from Figure 1. The marked node has the coordinates (—1, —t) = (—1, —0.5) and deter-

mines the angle « at the re-entrant corner (0,0) which reads o = 27 — arcsin (t/ v1+ t2),
21
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FIGURE 3. Convergence rates for the error estimator in the experiment

from Section 5.1 for uniform and adaptive mesh-refinement with different
values of 6 € {0.1,...,0.9} for kK = 2 (left) and x = 8 (right). For all 6,
adaptive mesh-refinement leads to optimal convergence behavior, while the
preasymptotic behavior increases with k.

i.e., B~ 0.5398. Consider the constant right-hand side f =1 in (3) so that the residual
error estimator is equivalent to the actual error, i.e., . ~ ||u— U/||g1(q). For k = 2,
Figure 1 shows a generically reduced convergence rate for the error estimator on uniform
meshes, while Algorithm 7 with # = 0.2 regains the optimal convergence rate. Empirically,
the results generated by employing the standard Dorfler marking are of no difference to the
results generated by employing the expanded Dorfler marking from Propositon 16. The
same observation is made for other choices of § (not displayed), so that we only consider
the expanded Dorfler marking. Figure 2 compares uniform vs. adaptive mesh-refinement
for fixed 6 € {0.2,0.5} but various k € {1,2,4,8}. As expected, the preasymptotic phase
increases with x. However, adaptive mesh-refinement results in asymptotically optimal
convergence behavior. Figure 3 compares uniform vs. adaptive mesh-refinement for fixed
k€ {2,8} but various # € {0.1,...,0.9}. Although Theorem 26 predicts optimal con-
vergence rates only for small marking parameters 0 < 6 < 0o := (1 + C2,C2))7!, we
observe that Algorithm 7 is stable in #, and any choice of 8 < 0.9 leads to the optimal
convergence behavior. Finally, we observed that Algorithm 7 did never enforce uniform
mesh-refinement in step (i), i.e., throughout the resulting discrete linear systems were
indefinite but regular.

5.2. Experiment with mixed boundary conditions. We consider a Z-shaped domain
with a symmetric opening at the re-entrant corner, see Figure 7. The marked nodes read
(—1,%t) = (—1,£0.25). Analogously to the previous example, we expect a reduced
convergence order O(N~5/2) for uniform mesh-refinement with 3 = 0.5423. We prescribe
the exact solution of the Helmholtz equation in polar coordinates (7, ¢) by

(47) u(z,y) = 2 cos (ﬁ(b)
and define f := —x2u in Q and g := J,u on I'. Note that u has a generic singularity
at the re-entrant corner (0,0) of Q and that u|r, = 0 with the Dirichlet boundary
I'p := conv{(—1,=+t),(0,0)}. Define the Neumann boundary I'y := 9Q\I'p and note
that u is the unique weak solution of the mixed boundary value problem
(48) —Au—k*u= fin Q subject to uw=0onIp and d,u =g on I'y.
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FIGURE 4. Error and error estimator in the experiment from Section 5.2 for
k = 2 (left) and k = 16 (right) for uniform vs. adaptive mesh-refinement
with § = 0.2. In particular, we compare Dorfler marking and expanded
Dérfler marking.

. . . . . > . . . . .
102 10° 104 10° 108 107 102 10° 104 10° 108 107
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FIGURE 5. Convergence rates for the error estimator in the experiment
from Section 5.2 for different values of x and for marking parameter 6 =
0.2 (left) and @ = 0.5 (right). Dashed lines mark uniform refinement,
while solid lines mark the output of Algorithm 7 with expanded Dorfler
marking. The latter recovers optimal convergence rates, while uniform
mesh-refinement does not.

The weak formulation of this problem can be written in the variational formulation (2)
with # = HL(Q) = {v € H(Q) : v|p, = 0 in the sense of traces}. Moreover, since
the exact solution u is given, we can compute the error ||u — U,||g1(q) besides the corre-
sponding error estimator 7,.

The empirical observations are similar to those of Section 5.1; see Figure 4-6. Uniform
mesh-refinement leads to suboptimal convergence behavior for both the error and the error
estimator. Adaptive mesh-refinement resolves the geometric singularity at the re-entrant
corner (see, e.g., Figure 7) and recovers the optimal convergence rate. Algorithm 7
appears to be stable for all 8 € {0.1,...,0.9}. Different choices of x € {1,2,4,8,16}
affect only the preasymptotic phase. Finally, there is no empirical difference between the

standard Dorfler marking and the expanded Dorfler marking.
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FIGURE 6. Convergence rates for the error estimator in the experiment

from Section 5.2 for uniform and adaptive mesh-refinement with different
values of 6 € {0.1,...,0.9} for kK = 2 (left) and x = 16 (right). For all 0,
adaptive mesh-refinement leads to optimal convergence behavior, while the
preasymptotic behavior increases with x.

1 05 0 05 1 1 05 0 05 1 1 05 0 05 1

#T, =110 #Ts = 309 #T15 = 952

FIGURE 7. Adaptively generated meshes 7, in the experiment from Sec-
tion 5.2 for k = 2 and 6 = 0.2.
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