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SARASON CONJECTURE ON THE BERGMAN SPACE
ALEXANDRU ALEMAN, SANDRA POTT, AND MARIA CARMEN REGUERA

ABSTRACT. We provide a counterexample to the Sarason Conjecture for the Bergman space
and present a characterisation of bounded Toeplitz products on the Bergman space in terms
of test functions by means of a dyadic model approach. We also present some results about
two-weighted estimates for the Bergman projection. Finally, we introduce the class B,, and
give sharp estimates for the one-weighted Bergman projection.

1. INTRODUCTION

Let dA denote Lebesgue area measure on the unit disc D, normalized so that the measure
of D equals 1. The Bergman space A?(D) is the closed subspace of analytic functions in the
Hilbert space L*(D,dA). Likewise, the Hardy space H?(T) is the closed subspace of L*(T)
consisting of analytic functions.

The Bergman projection Pg, given by

_ [
Pof(e) = [ LA

is the orthogonal projection from L?*(ID, dA) onto A%(D), while the Riesz projection Pg denotes
the orthogonal projection from L?(T) to H?(T). For each function f € L?(D) we have the
densely defined Bergman space Toeplitz operator Ty on A*(D), given by

Tyu = Ppfu.
In the same way, given f € L*(T), the Hardy space Toeplitz operator 7; on H? is given by
7}” - PRfU7

where u and v are suitable elements in A% and H?, respectively.
For analytic f, it is easy to see that both the Bergman space Toeplitz operator T and the
Hardy space Toeplitz operator T; are bounded, if and only if f is a bounded function on D.
In this paper, we shall study the question as to which pairs of functions f, g € A?(D) give
rise to a bounded Toeplitz product operator

TyTy : A*(D) — A*(D).

2010 Mathematics Subject Classification. Primary: Primary: 47B38, 30H20 Secondary: 42C40,
42A61,42A50 .
Key words and phrases. Bergman spaces, Toeplitz products, two-weight inequalities, Bekollé weights.
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2 A. ALEMAN, S. POTT, AND M.C. REGUERA

This questions has a rich history and interesting connections to Harmonic Analysis, as we
outline below.
Sarason (28] conjectured the following:

Conjecture 1.1 (Sarason Conjecture for the Bergman space). Let f,g € A*(D). Then Ty
is bounded on A*(D), if and only if

(12) b}, = SZEBB(IfIQ)(Z)B(IgIQ)(Z) < 00,

where B denotes the Berezin transform,

£ = 2P
13 By = [ 25 A

Likewise, he conjectured the following for the case of the Hardy space:

Conjecture 1.4 (Sarason Conjecture for the Hardy space). Given f,g € H*(T), T;T; is
bounded in H*(T) if and only if

(1.5) 816157’(|f|2)(2)7’(|g|2)(2) < 00,
where P denotes the Poisson extension.

Both in the Bergman space and the Hardy space case, these questions are closely connected
to very interesting questions in Harmonic Analysis, namely two-weight estimates for the
Bergman projection, respectively the Riesz projection.

Cruz-Uribe observed [7] the following commutative diagram in the case of the Hardy space:

TiTy
HXT) —  H*T)

l |7

Pr

L2<|g|2 J T) — H2(|f’2> T)
Here, My, My on the vertical sides denote multiplication with the respective symbols, and
these operators are isometric by definition of the weights. A similar argument can be made

for the Bergman space,

TyT;
A2D) —  AX(D)
0 M, l I M;
Pg

L(D) — A|f].D)
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again with isometric operators on the vertical sides. One can thus see easily that the top row
of each diagram is bounded, if and only if the bottom row is bounded.
Hence the question on the boundedness of Toeplitz products can be translated to the
problem of boundedness of the two-weighted Bergman projection
1
lg?
respectively boundedness of the two-weighted Riesz projection

(1.7)  Pp:L*D, —) — L*D, |f*)

(L) Ps AT, 1) = TP
in the case of the Hardy space.
This connection motivated the Sarason conjectures 1.1, 1.4 above. Namely, condition (1.2)
is the natural two-weight form of the Békollé-Bonami condition B, for a weight function w
on D [4,5],
sup B(w) () Bw™)() < oc,

zeD
which is equivalent to the boundedness of the one-weighted Bergman projection

(1.9)  Pg: L*D,w) = A*(D,w),
and also to the boundedness of the maximal one-weighted Bergman projection
(1.10) P : L*(D,w) — L*(D,w),

where
e [T
() Py = [ TRl

(see [5]). In the same way, (1.5) is the natural two-weight form of the invariant Muckenhoupt
condition A, for a weight function v ,

sup P (v)(2)P(v™)(2) < o0,

zeD
which is equivalent to the boundedness of the one-weighted Riesz projection

(1.12) Pg: L*(D,v) — L*(D,v),

or equivalently, the one-weighted Hilbert transform H [12].
The problem of classifying those pairs of weights (p,v) for which the two-weighted Riesz
projection

(1.13) Pg: L*(D,p) — L*(D,v),
or equivalently, the two-weighted Hilbert transform is bounded, is a famous problem in

Harmonic Analysis. For a long time, it was conjectured that a version of (1.5) for general
weights (p, v), the joint invariant A, condition

(1.14) iggp(v)(z)P(p’l)(Z) <00



4 A. ALEMAN, S. POTT, AND M.C. REGUERA

characterises (1.13). This would in particular imply Sarason’s conjecture on Hardy spaces.
However, F. Nazarov disproved both this conjecture and the Sarason conjecture 1.4. in 1997
[22]. The two-weight Hilbert transform problem, the problem of characterising boundedness
of (1.13), has been the subject of intense recent research activity, see e.g. [25], [23], [24], [18],
[16], [15] and the references therein.

Sarason’s Conjecture 1.1 for Toeplitz products on Bergman spaces, in contrast, has re-
mained open till now. The purpose of this paper is to provide a counterexample to this
conjecture, depending on a new characterisation of bounded Toeplitz products on Bergman
space by means of natural test function conditions. Our main results can be summarised as
follows:

Theorem 1.15. There exist functions f,g € A*(D) such that by, < oo, but TfT; is not
bounded on A*(D).

Theorem 1.16. Let P4 () be the maximal Bergman projection on the disc D, and let f,g €
A%(D). The following are equivalent
(1) TyT; - A*(D) — A*(D) is bounded;
) Pollg) : LD, |g?) = LD, |f]?) bounded;
) PE(’QP) : LQ(Dv ‘9‘2) - L2<D> ’f‘Q) bounded;
) (a) [1P5 (911 2y s2) < Colllas 2ol
(b) 125 (If PLo) 2@ gy < Collle,llz2,isr2),
for all Carleson boxes Q)1 associated to intervals I € T and with constant Cy uniform
on I.

(2
(3
(4

Here, the first equivalence is Cruz-Uribe’s observation, the second equivalence is proved
in Section 3, and the last equivalence is consequence of the two weight characterization for
dyadic positive operators by Lacey, Sawyer and Uriarte-Tuero [17], details are provided in
Section 2. We will prove Theorem 1.15 in Section 4. Section 5 is devoted to an application
to the proof of sharp estimates for one-weighted Bergman projection.

Sufficient conditions close to Sarason’s condition 1.2 for the boundedness of Toeplitz prod-
ucts in the style of the so-called bump conditions can be found in [33] and in [21].

In spite of the formal similarities of the Sarason conjectures in the Hardy space and in the
Bergman space settings, the problem is quite different in both settings.

Some aspects of the Bergman space setting are easier, because cancellation plays much
less of a role in this setting, as already apparent from the equivalence of (1.9) and (1.10). To
characterise boundedness of Toeplitz products, our strategy is thus to replace Pg by Pj, and
to use established two-weight techniques for dyadic positive operators, via a suitable dyadic
model operator introduced in Section 2. Somewhat surprisingly, it turns out that this is
possible for the weights #, |f]? in (1.6). This is the equivalence of (2) and (3) in Theorem
1.16, which will be proved in Section 3, and allows us to finally characterise the boundedness
of Toeplitz products in Bergman space in terms of test function.

On the other hand, the special role played by weights coming from analytic functions,
which we exploit in Section 3 and which is in contrast to the situation on the Hardy space,
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makes it much more difficult to find a counterexample of the Sarason Conjecture on Bergman
space (1.2). We prove a counterexample to the Sarason conjecture 1.1 in Section 4. For non-
analytic symbols, or even one non-analytic symbol, such examples are much easier to find.
In this case, the function g in Lemma 4.3, the construction of which forms the main part of
the counterexample, can just be replace by 1 — |z|.

2. A DYADIC MODEL FOR THE MAXIMAL BERGMAN PROJECTION

In this section we aim to find a dyadic operator that models the behaviour of the maximal
Bergman projection. To be precise, we find a dyadic averaging operator that is pointwise
comparable to the maximal Bergman projection.

The use of translations of a dyadic system to extend results from a dyadic setting to a
continuous one is a well known tool. These ideas go back to the work of Garnett and Jones
[10], Christ [6] and also Tao Mei [20]. In our case, we will use two of these dyadic systems to
recover the maximal Bergman kernel from dyadic operators.

For g € {0,1/3}, we define

DY .= {[2772rm + 2783, 2772r(m + 1) +278) :m €N, jEN, j >0,0<m < 2/}.

The key fact is that any interval in the torus is contained in one interval belonging to these
two families of dyadic grids, moreover the measure of the two intervals is essentially the same.
We formulate the result below. Its proof is a well-known exercise that the reader can find in
many places, e.g. [20].

Lemma 2.1. Let I be any interval in T. Then there exists an interval K € D? for some
B €40,1/3} such that I C K and |K| < 6|I|.

We define the family of dyadic operators that will control the maximal Bergman projection
(1.11) as the following.

Definition 2.2. Let D” be one of the dyadic grids in T described above. For all z, £ € D,
we define the positive dyadic kernel

Lo, (2)10,(§)
B = —QI\) Q&)
(23) K (276) T Z |I|2 )
IeDs
where )y is the Carleson box associated to I, namely
(24) Qp:= {rew : 1—|I|<r<1and e e I},

and |I| stands for the normalized length of the interval. Associated to this kernel we define
the following dyadic operator

(25) Pif(z) = S (F, |1;?|;>1Q,<z>,

IeDhs

where (-, -) stands for the inner product in L?(DD).
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The following proposition proves the relation between the kernels (2.8) and the dyadic
kernels described in (2.3).

Proposition 2.6. There exist constants C and C such that for every By € {0,1/3}, every
feLl, andz €D,
(27) CPf(z) <Pif(z)<C > P’f(2)

8€{0,1/3}
where P is the mazimal Bergman projection as defined in (1.11) and PP the dyadic operator
described in (2.5).

Proof of Proposition (2.6). Let K(z, ) denote the kernel associated to the maximal Bergman
projection, i.e.,

1
1 — =g

Then it is enough to prove that there exist constants C' and C' such that for every f§, and
every z,& in D we have the following estimates on the kernel,

(2.8) K(z,8) =

(29) CE™(z,¢) <K(z)<C Y K(z¢)
pe{0,1/3}

Let us first prove the left hand side of (2.9). We consider 2z = rge® and £ = spe#0.
Without loss, we can assume that ry < so. We choose Iy € D% to be the minimal interval
such that [Iy| > 1 — ry and e e € ;. Then, it is easy to see that 2, € Qy,. It could
be that such an interval doesn’t exist, in that case the inequality is trivially true. From
2, € @, we can deduce

loimlae _
2.10 1(2) Q1
( ) Z |I|2 Z |]|2 — |]0|2

IeDhs I,IpCI

To conclude the proof of the left hand side, we need to show
(2.11) |1 —2€]* < O,

for some uniform constant C. We can write |1 — z£|* as

— 9 _
(212) |1 - Zf|2 = (1—- 7“050)2 + 4rgsg sinz( 0 5 (‘00),

We distinguish two cases, when (1—7(sp)? is the majorant term, and when 47s sin2(9°_T‘P0)
is the majorant.

(1) Case 1. If (1 — 7950)? > 4rosq sin? (2520 “5#£0), then
11— 2> < 2(1 —roso)? < 8|1,

as desired.
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(2) Case 2. Suppose on the contrary that (1—7r9s9)? < 4rosy sin®(25£2). Since ¢, ¢ €
Iy, we know that |Iy| > [0y — ¢o|. Then

_ 00 —
1= =€ < 8rososin®(—— 20) <216y — wol? < 212,

as desired.

Therefore we have concluded the proof of the left hand side of (2.9). We now turn to the
right hand inequality in (2 9). Once again let us fix 2, € D, and write them as before as
2 = rpe!® and £ = spe’?

It is enough to prove the existence of an interval Iy in T such that z,& € Qp, and |Io|* ~
|1 — z£]%. If such an interval exists, by Lemma 2.1, we find K € D? for some 3 € {0,1/3}
such that Iy C K and |K| < 6|y|. Now the proof of the proposition follows from the set of
inequalities below:

1 _ < 1
1 — z¢]? 1o
< L
~  36|K|?
1o, (2)10,(§)
< C I I
< 0D T
IeD?
KCI
< C Y K29
pe{0,1/3}
Thus we have reduced the problem to prove the existence I interval in T such that z,£ €
Qr, and |Iy|? ~ |1 —2£|?. Notice than we will always have |6y —¢o| < 7, and since | sin z| ~ |z|

for |z| < /2, we have

(2.13) |1 — 2€* ~ (1 — 1080)* + 7050/00 — wol® = (1 — r3)* + |6y — wol*.
by (2.12). Let us choose Iy to be a minimal interval such that
[1o|* = max((1 - 8)*, |60 — @ol*)
and e e¥o € [y It is easy to see that z,& € Q;,. We have to prove that |Iy|> =~ |1 — 2£|%.
But this follows directly from (2.13).

This finishes the proof of the proposition.
O

We now establish two-weight estimates for the maximal Bergman projection. We use a
two-weight characterization of boundedness for general dyadic positive operators in terms of
testing conditions. This characterization was provided by Lacey, Sawyer and Uriarte-Tuero
[17], based on previous work of Eric Sawyer in the continuous case [29,30]. To conclude the
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desired characterization for the maximal Bergman projection, P;;, we will use the the dyadic
result in combination with inequalities (2.7).

There are three equivalent formulations for two weighted inequalities that we will use in
turn. A weight function will be an nonnegative measurable function on R"™, not necessarily
locally integrable. Let w, v be weight functions in R™, let 1 < p < oo and p’ its dual exponent.
We define o := v'?", which is usually called the dual weight of v. Let T be an operator.
Then the following are equivalent:

(1) T: LP(v) — LP(w)
(2) T(o-) : LP(0) — LP(w)
(3) w/PT(cV?'.) . LP s LP.

In this section we will mostly use (2) above, although for the Sarason problem, (3) is more

natural and will frequently appear.

Theorem 2.14. Let D? be a fived dyadic grid in T and let PP as defined in (2.5). Then
PS(w-) : LP(w) — LP(0)
1s bounded, if and only if

1Q p
2.15) | 3 wioy, e, < Cowl@n),
IeDh
ICIy
and
1Q1 p *
(2.16) HZ<01@10’W>1Q1 Lp,(w)ﬁ 00(Qn),
IeDh
ICIy

for all I dyadic interval in D?, where Q represents the Carleson box associated to I and the
constants Cy and C are independent of the intervals I. Moreover, there ezists a constant
¢ > 0 independent of the weights, such that

HPﬁ(w')HLP(w)P—)LP(J) < ¢(Co + Cp).

The proof of Theorem 2.14 in the disc D is essentially the one provided by Lacey, Sawyer
and Uriarte-Tuero in [17]. A simplified version is given by S. Treil in [32]. In the case of the
disc, our dyadic system will be described by the Carleson cubes associated to the intervals
in the dyadic grid D? in T. The details of the proof can be found in an earlier version of this
paper [2], Theorem 3.7, or in the survey paper [27].

We obtain the following corollary, which presents a two weight characterization for the
maximal Bergman projection.

Corollary 2.17. Let P} be the mazimal Bergman projection in the disc D, let 1 < p < oo
and p' its dual exponent and let w, o be two weight functions. Then

Moy P M, LP(D) — LP(D)
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1s bounded, if and only if

(2.18) | Mo Py M (10,0 12) oy < Coll1o,0 || Lomy
and

(2:19) (| M1/ P Moo (1o, 0"") 1 0y < Cillly || ot oy

for any interval I in T, where the constants Cy and C§ are independent of the choice of
interval.
Moreover, there exists a constant ¢ > 0 independent of the weights, such that

||Mw1/pP§M01/p/ S C(Co—f—CS)

As in the introduction, the operators M) stand for the operator of multiplication by the
symbol h.

Proof. We only have to prove one direction. By the first inequality in (2.7), the testing con-
dition (2.18) and (2.19) imply the corresponding testing condition for each PP, and therefore
the uniform boundedness of all P3 by Theorem 2.14. The second inequality in (2.7) now
implies the boundedness of M1/, Py M, ., with the required norm bounds. 0

We note that the positivity of P4 and the left hand-side of (2.7) are crucial here to recover
the non-dyadic case from the dyadic one. This advantage is not present in the case of
cancellative operators such as the Bergman projection itself.

3. P AND P, ARE EQUIVALENT
Given f, g € L*(D), we denote as before
byg = sup B2(|f*)(2) B*(1g*) (2).

zeD

Theorem 3.1. Let f,g € A*(D). Then TT; is bounded on A*(D) if and only if the operator

P}, defined by y
=15 [ 1 aag
is bounded on L*(D).

Notice that the boundedness of PJr on L*(D) is equivalent to the two-weight estimate
PE(lgl*) : L*(lg*) — LA3(|fI*) by (2 ) and (3) in page 8. For the proof of the theorem, we
need some preliminary estimates and begin with a completely elementary lemma which will
play the key role in our argument.

Lemma 3.2. For z,( € D we have
S S,
1= (1-¢2)2  (1-C2)[l— (2P
¢z 1—]2¢ | (1— =)
(-G 21-CeP At

= —Re
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Proof. Let w = (z € D, and note that

1 N 1 2 R 1
= e
1-w)? 1-w? (1-w) (1-w)
1 1 1+w
= R
I—w) U=w) “T-w
and the first identity follows from Re”w = |117| } For the second, we just take the real part
on both sides of the first and use Rer = —|— 21|1 |:"ﬂ||22 O

The next two lemmas deal with estimates for integral operators whose kernels are involved
in the identities above.

Lemma 3.3. For f,g € A*(D), u € L2(]D) and z € D let

2
Chyu(2) = 1) [ lolut |1 A,

32 = 112 [l E=ERE g
() =15 [ lanQ) 400,
Crgulz) = I/I Ju( ’g’ |1 dA(C) -

Then for j =1,2
107 gullz S brgllullz
Moreover, for any measurable set E C D

1/2 1 2 1/2
1C% |91 ]l2 S I1PFlaltelly "oy 2 llg1ely .

and
1C7 4l911Ell2 < brgllglells-

Proof. By the Cauchy-Schwartz inequality we have
(Chgu()| < |f(2)IB2(191*) (2)l|ullz < brgllullz
Similarly,

u _ 1/2
IR O R = ) I

]__
105l <, [ ([ G040 ) aato) <07l

so that
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by a standard estimate for integrals (see for example page 10 in [11]). Another application of
the Cauchy-Schwartz inequality shows that it will suffice to prove the estimate for C’J‘%’ , since
for nonnegative measurable functions u on D we have

Chau()| < (Pfu(2)Ciu(z)
This follows essentially the argument in [1] (proof of Lemma 3.1). Use the inequality |1 —
Aw| < |1 —Zw| + |1 — \z| to obtain
O3 ull <

/ / /|f el Hg|u1( M= AR = 0P )y ndace)

Zw|*1 —ZA[*

2|9u )gu(w)| (L — [AP)?(L — Jw[*)?
///!f )| TEpmTTE dAN)dA(w)dA(z)

///|f ‘glgu )gu(w )I(l—|A|2_>2(1—|w|2)2dA(A)dA<w)dA<z)

11— Aw|*1 — Zw|*

z\gu )lgu(w)|(1 = [AP)*(1 = [w]?)?
s / / / ()] dAN)dA(w)dA(2)

11— dwl|4|1 — Zw|*
_ : g1~ Y §
=2 [ [ B lgu T A A ).

When u = [glv, v > 0, the inequality [g]*B(| f|?) < b7, together with the standard estimate
for integrals mentioned above yield

1Ca901* S Bgllvllc g™l
and choosing v = 1 the result follows. 0

5_8

In what follows we shall use the well known complex differential operators 0 = a , -
Let us also note that if f,g € A*(D) and T;T; is bounded on A*(D) then it is bounded on
L*(D) with the same norm, since for u € L*(D) we have

Tng*u = Tng*PBu 3
where Pg is the Bergman projection.

Lemma 3.4. For f,g € A*>(D) with f(0) =0, u € L*(D) and z € D let

_ [ lau()
Ruz) = | 72 5aA).

and let

Tu(z) = %Ru(z) — (1 = |2)0Ru(z), Su(z) = Ru(z) — %E@Ru(z) .

* 1/2,1/2 1/2
1/ Tg1ills S UTTyl + brolllglells + [PFlalLelly b)) g1slls™
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and
1FSg1ells S TFT51 + brg)llglell2,
for all measurable sets E C .

Proof. Rewrite the first identity in Lemma 3.2 as

S S Col s O ¢ Sl S
AL=CoP T (=02 AL-CeP | (-Gl - CaP
I S T G e 15

0GP ZAl-CoP | -Cap
(1~ [T (1 2P
R TR TR R oS R e

Let M be the operator of multiplication by the independent variable on L*(D), Muv(z) =
2v(z). It is obvious that M is a bounded operator on L?(ID). As it turns out it also satisfies
a bound from below in some cases, namely,

(35)  Nollzzem S 1Molzzem)

and

<
(3.6) HUHL?I_‘Z‘N(TD) ~ HMUHL?I_‘Z‘Q)Q(rD)?

valid for all subharmonic functions v in D and all 0 < r < 1. These estimates can be
easily deduced from the subharmonicity of v. For a measurable function h on D let ¢,(2) =
h(2)/|h(2)], when h(z) # 0, and ¢,(z) = 1 otherwise, and denote by U, the unitary operator
of multiplication by ¢;, on L?(DD). Multiply both sides by |gu(¢)|, integrate on D w.r.t. dA((),

and note that B
_ lgu(¢)[¢
ORu(z) = /D S ZZ|2dA<§) .

Using the above notations we obtain

71Tu(z) = < fIRu(z) — (1~ =) floRu(2)

* * * 1 * *
= —(Uy Ty T3Us M [ul)(2) + —(C gl (2)) + M (C p)" [ (2)
+ (M*MC3 ,M*|ul)(2) .
If we let u = glg then the first estimate in the statement follows directly by Lemma 3.3
together with the fact that b, = b, ; and (3.6). The proof of the second estimate is similar.
We rewrite the second identity in Lemma 3.2 as

1 (SIS et 1 W 1 et S W el A

T—Ce  (1=Co  2M—CoP 20 —Cof | 2l—Ceft
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L A= P)A =[PP+ 1e?) | (==
2|1 — (z|* 2|1 —(z|*
multiply both sides by |gu(()|, integrate on D w.r.t. dA((), and note that

)

(L= 0B = (1 |22 [ ia0)

Thus with the notations above we have
f1Su(z) = —Re(MUTT; U MY ul)(2) + 5 C4 lul(2) + 5 M M(C},)*lul(2)
+ §C§7g\u1(z) + 5(6’]20#(2]\/[ M)ul)(z) + 5 (I = M M)C3 ,M*M|ul)(z).
If we let u = glg then the result follows by another application of Lemma 3.3. 0

With the lemmas in hand we can now proceed to the proof of our theorem.

Proof of Theorem 3.1. Of course, the interesting part is to prove the boundedness of P; P
under the assumption that T;7, is bounded. By Corollary 2.17 it suffices to show that

B7) MPfglala,llz S llgltellz, 151 e, ll2 < /1 ll2,

for all Carleson boxes )y with [ an interval in T. To this end, let us assume first that
f(0) = 0, and that v € L*(D) is compactly supported. We shall focus our attention on the
function

(38) E(z) = (1— |-°08(P;, Ju)}’(=) - Re (méwzgwﬂz))

The standard growth estimate for Bergman space functions (see page 54 in [11]) shows that
under our assumptions we can apply Stokes’ formula and one of the Green’s identities to
conclude that

[ B = [[(Plu080 - 2 + Re (1801~ 1) ) aa(:)
= [PLl R - 3dAc).

so that
(3.9) /D E(2)dA(2) < /D (P |ul2(2)dA(2)

With the notation in Lemma 3.4 we have (P} |u[)*> = |f[*R*u, and a direct computation
gives

E(P;g|u|)2 = f'fR*u + 2|f|?RuORu. .
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In the formulas below we will commit a convenient abuse of notation and write z also for the
identity function on . Use Lemma 3.4 to obtain

%5(P£g|U|)2(Z) = éf(z)f(Z)Rzu(Z)Jr?(l—IZIQ)|f|2(z)3RU(2)53u(2)+2!f|2(z)TU(Z)5RU(Z)-

Obviously, (1 — |z|?)|0Ru| < 2Ru, and 0 RudRu > 0, hence

310) Re (U=EDEE ) < (- PR T REe)

+2(1 — |22)?|f2ORuDRu + 4|2 Ru|Tu| .

Similarly, we compute
d0(Pf lul)? = | f'|?R*u + 4Ref' f RudRu + 2| f[?ORud Ru + 2| f|* Rudd Ru..
and apply Lemma 3.4 to obtain
(3.11) (1= [2[*)200(Pf lul)*(2) = (1 = [2[)*|f'*(2) R*u(2)
+4(1 — |2[*)Re (EW(Z)f(Z)R%(Z)) +2(1 = [2*)?|f[*(2)0Ru(2) O Ru(2)
HAfP(2) R*ulz) — 4(1 = |2)Re (F'(2) f(2) Ru(2)Tu(2)) — 4| f1*(2) Ru(z) Su(2) .
¢From (3.10) and (3.11) we have
(3.12) E > (1—[2[*)*f'*(2) R*u(z) + 3(1 — |2[*)Re (ET(Z)JC(Z)RQU(Z))

+AIfP(2) R*u(z) — A(1 = [2[*)Re (f'(2) f (2) Ru(z)Tu(2))
— 4| f1*(2) Ru(2) Su(z) — 4| f[*(2) Ru(2)|Tu(2)|

Fix § € (%, 1) and use the inequalities

(1~ |22 P12 Rul=) + 3(1 — [#f)Re (%ﬂz)f(zm?u(z)) > — il P R(e)
9 .9 2 1
= — IR — s G AUl

(1=0) (1= [=[*)?|f'[*(2) R*u(2) —4(1—|2[*)Re (f(2) f (2) Ru(2)Tu(z)) > —%IfIQ(Z)ITUV(Z)

that come from completing squares to conclude that
9 4
E(z) > (4 - 4—5)!f!2(Z)Ru2(2) - —!f!Q( )| Tul*(2) — 41 f1*(2) Ru(2) Su(2)
— 4] f[*(2) Ru(2)|Tul(2) — 45| z |f1(2) Ru(2)Cglul(2) -
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Now recall that |f[*R*u = (P} |u])?, and use the previous inequality in (3.9) together with

the Cauchy-Schwartz inequality and the estimates (3.5) and (3.6) to obtain
9

4
(3= 2Pl < = 1/ Tull3 + 411}, lul ] /Sl

Ok
+ 4P lullla S Tulls + 2= 1PF lullla | Cglull2

where k is the constant in (3.5). Now let u = glp for a measurable set £ with E C D. By
the last inequality and the lemmas 3.4 and 3.3 we have

9 x
(313) (3 = I lallelly S (IT5T5 1+ bye)llgLels

* 3/2,1/2
HIPF g el (1T T + byg)llglells + 1P gl sl *bY

Since (3 — 2%) > 0, this immediately implies that
1PFlgl el < (1T Tg Il + brg)llgtelle

The assumption that £ C D is easily removed by an approximation argument and Fatou’s
lemma, while the assumption f(0) = 0 can be removed by another use of (3.5). Finally,
the remaining estimate in (3.7) is obtained by interchanging f and g, so that the proof is
complete. [

g1e]s”

4. A COUNTEREXAMPLE TO SARASON’S CONJECTURE FOR BERGMAN SPACE

Recall that for f,g € A?(D), we have denoted by by, the supremum of the product of the
Berezin transforms of |f|? and |g|>. In this section we will prove Theorem 1.15. The proof
requires several steps. We begin with the following notations. The Dirichlet space D consists
of analytic functions u in D whose derivative belongs to A%(D), and the norm is defined by

[ullp = [u(0)* + [[u'[l5 -
Given f € A*(D) we denote by

2w
V*(f) =suplog — [ |f[’dA,
I ] Jo,

where the supremum is taken over all arcs I C T, and by
§*(f) = sup / | ful?dA.
ullp<1 JD

It is well known and easy to prove that

1) S o(f)-

The fact that these quantities are not comparable was discovered by Stegenga [31] and will
play an essential role in our argument.

The next lemma relates these numbers to the boundedness of Toeplitz products and products
of Berezin transforms.
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Lemma 4.1. Let f € A*(D), and let g be a Lipschitz analytic function in D with
(4.2) g(2)[ =2 c(1—z]),

for some constant ¢ > 0 and all z € D.
(i) If fg € H* and v(f) < oo then by, < oco.
(ii) If T¢Ty is bounded then §(f) < oco.

Proof. (i) Since g is Lipschitz we have

BllaP)e) £ lao)P + (- ey [ = g

Slg)P + (1= aP) /‘1_<zl2 ©

S 9GP + (1= 121) log

- IZ!

Similarly,

sRBATP) $ (- 2 [ XSO OR ) 1 mggpice
S 1718 + -

Moreover, let
Ap(2) =DN{25(1 = [2]) < 1 —2¢| < 21— [2])},
and note that

(1~ [2l)?log ——B(fP)(2) ~ log D / %A
| | 1—|z| Ap(2)
2k (1—|z2])<2 k
2
D D —) / F%dA,
P (<2 2F(1 — |2]) Ap(2)

Each set Ag(z) is contained in a Carleson box of perimeter comparable to 2%(1 — |z]). Indeed7
if 28(1 — |2]) > 3, we take the box to be the whole unit disc and if 2¥(1 — |2]) < 3, we
note that Ax(z) is the intersection of the unit disc with an annulus centered at %, Wthh is
contained in a disc centered at %, of radius comparable to 2¥(1 — |z|). Then it is easy to see
that such a disc is contained in a Carleson box with a comparable perimeter.

2 2 2 2
(on gy + ), P4 S22 + K

which implies

sup(1 = %) log = B/P)(2) S 920 + 115

zeD

Thus
brg SIS+ 1193 +72(f) -
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(ii) Let
1 —
Ru(z) = / W=le)ul) 440y, we 22(D),zeD.
p (1-¢2)
It is well known and easy to show that R is a bounded invertible operator from A%(D) onto
the Dirichlet space D. Moreover, if ¢ satisfies (4.2) we have the obvious inequality

| (z)Ru(2)| < Py Jul(z) .
If T4 T; is bounded then by Theorem 3.1 we have
1PFglulllz < llullz,
for all u € A?(D), hence, by the above argument
Ifoll2 < llvllp

for all v € D, and the proof is complete. 0

We now construct a special Lipschitz function g with the property (4.2).
Consider sequences o = () , where all but finitely many terms are zero, and the remaining
ones are equal to one. Let

=1, N=27% =12
Given a sequence « as above, let
Ty = ZO&j(l - >\j>/\0 cee /\j—l s
j>1
and let F; C R be the closure of the set of points z,. Finally, let E be the preimage of
E; by the conformal map ¢(z) = i+, from the unit disc onto the upper half-plane. The

1—-z
following lemma is a direct application of a result in [8] and was suggested to us by Konstantin
Dyakonov.

Lemma 4.3. There exists a Lipschitz analytic function g in D which satisfies (4.2) and
vanishes on E'U{1}.

Proof. We claim that F satisfies the condition (K) in [8], that is

|I| < supdist(z, F),
z€l

for all arcs I C T. If we assume the claim, then by Theorem 4 in [8] there exists an outer
function w; /5 in D such that

wi ja(2)| ~ dist(z, E)"/?, Wi o(2)| S dist(z, E)YY2  zeD.
If we set ¢ = w? J then clearly,
(1= [2]) < dist(z, E) ~ |g1(2)],  |91(2)] = 2lwijpwipp(2)| S 1, 2 €D,

i.e. ¢y is Lipschitz, vanishes on E and satisfies (4.2). Since 1 ¢ E it follows that g(z) =
(1 — 2)g1(2) has the properties required in the statement.
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To verify the claim, note first that since ¢! is analytic and one-to-one in a neighborhood of
Ey, it will suffice to verify the condition (K') for E; and all intervals I C R. To this end, we
use the obvious inequality

Z >(1 _)\m>/\0"')\m71
4.4) T =su Ui
(44) T (=AM A

<

DN | —

Indeed,

Z >j(1 - Am))\o e )\m,1 )\j 1
= < 1+ 27" < Z(1+277).
(1 _)\j))\O--')\j—l 1 _)‘j m>Zj+1 3

In particular, (4.4) shows that if z, < z3 then there exists j > 1 such that §; — o; = 1, and
Qo = B for m < j. Moreover, in this case we have that

(4.5) Ta+Tp _

Tor| > k(xp — 24),

for some k > 0 independent of «, o/, 3. To see this note that the inequality holds with k = %,
when z, lies outside (24, x5). When x, lies inside this interval, with j given above we have
by (4.4)

T+ 1
TB — X | > 5(1 — >\j))‘0 s )\j—l — Z(l — )\m)>\0 R
m>j
1
> (5 =M= A)A0 - A
L
2 —
> 1+T(x,g To) -

Finally, (4.5) immediately implies (K). If (a,b) is any interval and
dist(a, Ey), dist(b, Ey) > %(b —a),
then (K) holds with constant 5. If
dist(a, Ey), dist(b, Ey) < %(b —a),

we can find z,, x5 € E; such that

1
|z —al,|zg —b] < g(b—a),

1(b — a), so that the result follows from above.

and then % € (a,b), and x5 — x4 > 3

O

Proof of Theorem 1.15. Assume the contrary. Fix a function g as in Lemma 4.3, this function
clearly belongs to A*(D), and consider the space X, consisting of functions f € A*(D) with

LIl = [fglloc +7(f) < o0
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It is obviously a Banach space. By Lemma 4.1 (i) we have by, < oo for all f € X, by
assumption this implies that 7,7 is bounded on A%(D) whenever f € X, and finally, by
Lemma 4.1 (ii) we obtain that §(f) < oo, f € X,. Since the space of functions u € A*(D)
with §(u) < oo and norm given by u — d(u) is at its turn a Banach space, we can apply the
closed graph theorem to conclude that there exists ¢ > 0 such that

(4.6)  o(f) < cllfglloe +(f))

for all f € X,. We will show that this leads to a contradiction.
Recall that ¢(z) = z% is the conformal map from the unit disc onto the upper half-plane.

With the notations preceding Lemma 4.3, D. Stegenga ([31], p. 136) has constructed a
sequence (f,) in A*(D) of the form

271

fulz) = 272, 3 mw(z) ,

where p, = A\g... \,, Imz,;, < 0, with
(4.7)  dist(zpg, Er) = —Imz, ~ pp
such that

(4.8) limsup~(f,) < oo,

n—oo

(4.9)  lim §(fn) = o0,
= 1
4.10) sup2~"?p, — < .
( ) z€D ; |¢(Z) - an|
neN
A simple calculation gives
¢'(z)  _ 2
O(2) =2k (2 + (1 —2)(2 — 07 (zur))
and by (4.7) there exist points (,, € E with

|67 (zni) = Gkl ~ 107 (zat)| = 1 = dist(¢™ (zax), T).

Since g has the properties in Lemma 4.3,that is, it is Lipschitz and vanishes at 1, (., it
follows immediately that
9(2)¢'(2)

for some absolute constant C' > 0, all k,n € N with 1 < k < 2" and all z € D. From
(4.10) we have that f,g are uniformly bounded in H*. Thus by (4.8) we have that (f,)
is a bounded sequence in X, hence (4.9) and (4.6) yield a contradiction which proves the
theorem. UJ

<C,
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5. THE CLASS B,, AND IMPROVED ESTIMATES IN TERMS OF THE BEKOLLE CONSTANT

In our last section we include an application of the two weight result for the maximal
Bergman projection, namely we obtain sharp Békollé estimates by establishing sharp esti-
mates for the testing conditions (2.15) and (2.16). We provide sharper estimates than the
ones discussed by Pott and Reguera in [26].

5.1. The classes B, and B.,. Following Békollé and Bonami [5], we say that a weight, i.e.,
a measurable positive function w, belongs to the class B, for 1 < p < oo, if and only if

p—1
5.1) B,(w):= su wdA 1_pldA> < 00
( ) p( ) Ilntelrjval (|QI| Qr ) <‘QI| Qr

The following result was proved in [26]:

Theorem 5.2. Let w € By be a Bekollé weight with constant By(w) and let Pg be the positive
Bergman projection. Then

(5.3) NP5 fll2w) < CBa(w)|| fllz2(w),

with C independent of the weight w. Moreover, this result is sharp, in the sense that the
power of the Bekollé constant By(w) cannot be improved.

However, in the following we will improve this result by replacing the By constant partially
by an appropriately defined B,, constant.

Definition 5.4. We say that a weight w belongs to the class B, if and only if

1
9.5) Bs(w):= su
(55)  Bao(w) Imtce‘:valw<@f>

M(leI) < o0,

where M stands for the Hardy-Littlewood maximal function over Carleson cubes.

This definition of B, is motivated by the version of the Muckenhoupt A, condition given
by Fujii in [9] and Wilson in [34-36]. This A, definition appears in the recent works of
Lerner [19], Hyténen and Pérez [14] and Hytonen and Lacey [13] among others, where it is
used to find sharp estimates in terms of the Muckenhoupt A, and A, constants.

In particular, B, contains any of the classes B):

Proposition 5.6. Let w be a weight and 1 < p < oco. Then
Boo(w) < By(w).
Proof. Let w € B, and recall that B,(w) = By (v’ )Tl—l, where w' = w'™". Hence for any

Carleson cube Qy,

M<1Q1 )

1/p' .
w) < ( M(lQlw)p/w’) (/ w)
Qr Qr I

M )| 2 ) 0y (@) 00 Q) 7

N

IN
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= ”M||LP’(w’)—>LP’(w')w(QI) < Bp(w’)ﬁw(Q[),

where we have used the estimate (4.7) from [26] for the maximal function in the last line. O

5.2. By, — B, estimates. The main result in this section is the following:

Theorem 5.7. Let w € By be a Bekollé weight with constant By(w) and let Py be the positive
Bergman projection. Then

(58) 1P fllrzquwy < CBa(w)"*(Bag(w)"? + Boo(w ™) )| fll 2wy
with C' independent of the weight w.
Corollary 5.9. The same result holds for the Bergman projection Pg.

The method of proof will be as follows. We will consider the dyadic operators P? and use
Theorem 2.14 to obtain the sharp bound in the Békollé constants, which will be independent
of the choice of the grid. An averaging operation will now yield the desired result.

The following lemma is known for Muckenhoupt A, weights in case that the collection
of cubes appearing in the sum is sparse, this can be found in [14]. In our case, we consider
Carleson cubes associated to a fixed dyadic grid D?. This is a sparse family of cubes on the
disc. The lemma reads as follows.

Lemma 5.10. Let 0 € By, then

(5.11) > 0(Qx) < 2Bu(0)a(Q).

K:KCI

KeD?
Proof. Given K € D, we denote the top-half of the Carleson cube Qx by Tk, that is,
T == {re? : 1—|K| <r <1-]|K|/2and ¢? € K}, and |K| stands for the normalized
length of the interval. Notice that, given I € D?, the top halves Tx where K C I and
K € D7 tile the whole Carleson cube Q.

S oen) = 3 2o
K:KCI K:KCI Qx|
KeDP KeD?8

23 5

K:KcCI
KeDP
2 > M(olg,)dm

K:KclV Tk
KeD#?

< 2B (U)U(QI)

IN

|TK|

IN

We turn to proving the desired bound for the two testing conditions.
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Proof of Theorem 5.7. We use Theorem 2.14 for the weights w and ¢ = w' = w? ~!. We only
have to show the appropriate bounds for the test function conditions, and we will only focus
on one of the conditions, as the study of the other is analogous. In what follows, let I € D?,
all other intervals interfering in this proof also belong to D? . We want to prove

512) | 3 e @], S BB @)

L2(w)

2

1 1
711 QK QK dA
i

where the implicit constant does not depend on the chosen grid D” or the weight w.
o 1o o
H Z <w le _K>
K] 1K K rel

o™ |
K:KCI L2(w) Q1

1 1
711 QK Qx dA
/Q Qr> |K‘> |K’2w

IKKCI

_ lg _ Lo, 1g
—|—2/ (w g, —E W w g, —E) —E —_wdA
Q;K,;CIK:;K, iy TR KK
=D + 20D,

where the terminology for D and OD comes from the diagonal and the off-diagonal. Let
us treat each term in turn.

D — Z w(Qk)* w(Qk)

K2 K
K:KclI
< By(w) Y w(Qx)
K:KCI

< BQ(w>BOO(w_1)7

where the last inequality follows from Lemma 5.10. The off-diagonal term is equally simple,

o (Qr) w(Qk) w(Qk)
op = 3 Y R ERIE

K''K'CI K: KCK'

_ -1 1 wHQk) W(RK)| 112
B Z w ’K'|2 Z |K’2 |K|2 |K|

K:K'CIl K: KCK’
S BZ<w) Z (QK ) ’K/‘g Z |[(|2
K''K'CI K:KCK'
< CBy(w) ) w'(Qx)

K''K'CI
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< 20 By(w)Bao(w™),

where in the second line we have multiplied and divided by |K|? to use the Bekollé constant.

OJ
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