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The large-time solution of Burgers’ equation with
time dependent coefficients. 1. The coefficients are
exponential functions.

J.A. Leach

School of Mathematics, University of Birmingham, Edgbaston, Birmingham, B15 2TT, UK

January 22, 2016

Abstract
In this paper, we consider an initial-value problem for Burgers’ equation with
variable coefficients

ur + D(t) ute = V(b)) Uz, —00 <z <00, t>0,

where z and ¢ represent dimensionless distance and time respectively and ¥(t),
®(t) are given functions of ¢. In particular, we consider the case when the ini-
tial data has algebraic decay as |z| — oo, with u(z,t) — u4 as  — oo and
u(z,t) — u— as * — —oo. The constant states u4 and u— (# uy) are problem
parameters. Two specific initial-value problems are considered. In initial-value
problem 1 we consider the case when ®(¢) = e' and ¥(¢) = 1, while in initial-
value problem 2 we consider the case when ®(t) = 1 and ¥(¢) = e’. The method
of matched asymptotic coordinate expansions is used to obtain the large-t asymp-
totic structure of the solution to both initial-value problems over all parameter
values.

This paper is to appear in Stud. Appl. Math. DOI: 10.1111/sapm.12098.

1 Introduction

In this series of papers we consider the following initial-value problem for Burgers’
equation with variable coefficients, namely,

ug + @) uug = V(t) ugy, —00<z <00, t>0, (1.1)
u(z,0) =up(x), —oo< < o0, (1.2)
u(z,t) — { Um0y, (1.3)

Uy, T — 00,

where u_ and u4(# u_) are parameters and the functions ®(t) and ¥(¢) belong to
one of the classes outlined below. Further, we assume that the initial data ug(z) has
algebraic decay as |z| — oo. Specifically,

A

u_ + L,Y +0 (eilxl) as T — —o00,

uo(z) = "~ (1.4)
R —|z|

u++gﬂ +O(e ) as T — 00,

where Ay (#£ 0), Ag (# 0) and « (> 0) are parameters. We observe that if uy > u_

then Ap > 0 and Ar < 0, whereas if uy < u_ then A < 0 and Ar > 0. We note



that equation (1.1) is a canonical equation combining both convection and diffusion
and as such arises in a wide range of applications.

Regarding the time dependent functions ®(¢) and ¥(t) we will consider the follow-
ing pairs:

(i) B(t) =, V()= 1.

(i) @(¢)
(iii) (t)

1, W(t) =et.
P (-1<6(#0), ¥ =1

Cases (i) and (ii) where the coefficients are exponential in ¢ will be considered in this
current paper while case (iii) when the coefficient of the nonlinear convection term is
algebraic in ¢ will be considered in part II of this series of papers [15]. We observe
that equation (1.1) with ®(t) = ¢! and ¥(t) = 1 (®(t) = 1 and ¥(¢t) = t~1) can
be transformed to case (ii) (case (i)) respectively, by the change of variable 7 = Int.
The more general situation of equation (1.1) with ®(¢) = t* (a > —1) and ¥(t) = 18
(8 > —1) where oo # 8 can be transformed to case (iii) by the change of variables
u=(B+1)7, (B+1)7 =771, where § = 472 (€ (~1,0)).
We note that equation (1.1) is related to the generalized Burgers’ equation

Vr + 00y + f(T)V = Uga, (1.5)
where f(7) = L 1n (%), via the transformation
¢
v(x,T) = %u(z,t), T= / U(s)ds. (1.6)

When f(7) = 0 equation (1.5) reduces to the classical Burgers’ equation
Ur + UlUy = Ugy-

Although this equation is named after J.M. Burgers for his work on the theory of
turbulence [3], the equation had already appeared in the works of A.R Forsyth [10]
and H. Bateman [2] which preceded Burgers work on turbulence. Burgers’ equation is
a canonical equation combining diffusion and nonlinear convection and as such arises
in the modelling of many physical phenomena involving diffusion-convection processes
([25], [6], [21] and [13]). It can be reduced to the heat equation by the Cole-Hopf
transformation ([6] and [13]) and then solved in a straightforward manner.

The generalized Burgers’ equation (1.5) when f(7) # 0 has many applications in
mathematical physics and was introduced in [18]. For example, when f(7) = —1
equation (1.5) gives a model of nonlinear interaction of long wave pumping with short
wave dissipation [12], while when f(r) = 2 (where X is a constant) equation (1.5)
models the propagation of finite-amplitude sound waves in variable area ducts [[8],
[9], [20] and [22]]. However, it has been established in [19] that there is no Bécklund
transformation for the generalized Burgers’ equation (1.5), and hence it is doubtful
that a linearizing transformation like the Cole-Hopf transformation exists in this case.
Therefore, other methods of solution need to be investigated for this important class
of equation.

Our interest in equation (1.1) is motivated by its relationship, via transformation
(1.6), to the generalized Burgers’ equation (1.5). For example, equation (1.1) with
U(t) = e' and ®(t) = 1 (case (ii) above) is related to equation (1.5) with f(r) = I,
whereas equation (1.1) with ¥(¢) = 1 and ®(t) = e’ (case (i) above) is related to
equation (1.5) with f(7) = —1. However, as we shall see it is more convenient for
the analysis presented in this paper to work with equation (1.1) rather than equation
(1.5). We note that equation (1.1) when ®(¢t) = 1 and where the coefficient of uzy
is a function of time was introduced in [14] as a model of viscous effects in sound



waves of finite amplitude, and derived in [11] as a model for the propagation of weakly
nonlinear acoustic waves under the impact of geometrical spreading. It should be
noted that in many applications (see for example, [23] and [5]) the coefficient of u,, is
regularly approximated by a constant when in fact it is a function of time. This class
of generalized Burgers’ equations have also been analyzed by the similarity method in
[7] and [4].

In this present paper we use the method of matched asymptotic coordinate expan-
sions (see for example [26], [16] and [17]) to obtain the complete large-time solution
of initial-value problem (1.1)-(1.4) in cases (i) (when ®(¢) = ¢! and ¥(¢) = 1) and (ii)
(when ®(t) = 1 and ¥(t) = e?) over all parameter values. Throughout we use the
nomenclature of the method of matched asymptotic expansions, as given in [26]. The
large-time structure of the solution of the initial-value problem is obtained by careful
consideration of the asymptotic structures as t — 0 (—oco < z < 00) and as |z| = oo
(t > O(1)). The form of the large-time solution of initial-value problem (1.1)-(1.4)
when ®(t) = e' and ¥(¢) = 1 depends on the problem parameters u; and u_ as
follows:

o When u4 > u_ the solution exhibits the formation of the expansion wave.

o When vy < u_ the solution exhibits the formation of a localized Taylor shock
profile.

In both cases the large-time attractor, the expansion wave or localized Taylor shock
profile, connects u = uy to w = u_. The form of the large-t solution of initial-value
(1.1)-(1.4) when ®(¢t) = 1 and U(¢) = e’ exhibits the formation of an error function
profile connecting v = u4 to u = u_. Full details of these results are given in Section
4. In particular, we have shown in Sections 2 and 3, using the method of matched
coordinate expansions, how the initial data is connected to the large-time attractor for
the given initial-value problem.

2 Initial-value problem 1

In this section we consider the following initial-value problem for Burgers’ equation,
namely,

U + et uug = Ugy, —o0<zT <00, t>0, (2.1)
u(z,0) = uo(z), —o0o<z < o0, (2.2)
u(z,t) — { Yo IOy s, (2.3)

Uy, T — 00,

where u_ and u4(# u_) are parameters. Further, we assume that the initial data
ug(x) has algebraic decay as |z| — oco. Specifically,

u_ + AL +0 (eilxl) as T — —o00,
uo(z) = o (2.4)
u++x—f+0<e*m) as & — 00,
where Ay, (# 0), Ar (# 0) and 7 (> 0) are parameters. In what follows we label initial-
value problem (2.1)-(2.4) as IVP1.
In this section we develop the asymptotic structure of IVP1 as ¢t — oo when
uy > u_ and when uy < u_. We must first begin by examining the asymptotic
structure of the solution of IVP1 as ¢t — 0.



2.1 Asymptotic solution ast — 0

We first consider region I, where z = O(1) as t — 0 and expand the solution to IVP1
as
u(z,t) = uo(z) + wi(2)t + O (£?) (2.5)

as t — 0. On substituting into equation (2.1) and applying (2.2) we readily obtain
(i ) = 1o(2) + [ () — w0 @)y (2)] ¢ + O (£2) (2.)

as t — 0 with z = O(1). Now for x >> 1, expansion (2.5), with (2.4)3, takes the form

A A A A2
u(:c,t)~<u++x—f+...)+<7u+ R0 DAR | A +...)t+... (2.7)

[E'Y“Fl (L"Y“I‘Q x2’)’+1

as t — 0, and we conclude that (2.6) remains uniform for x > 1 as t — 0. We observe
that the ordering of the terms in (2.7) depends on 7, a point we will return to in the
next section. Finally, for (—z) > 1, expansion (2.5), with (2.4)1, takes the form

()~ [ Ar yu-Ap (v + 1AL VA%
R O A A (i = *(—m%ﬂ*"')tg'é')

as t — 0, and we conclude that (2.6) remains uniform for (—z) > 1 as t — 0.
This completes the asymptotic structure as ¢ — 0, with expansion (2.6) of region I
providing a uniform approximation to the solution of IVP1 as ¢t — 0 with z = O(1).

2.2 Asymptotic solution as |z| — oo

We now investigate the structure of the solution to IVP1 as |z| — oo for ¢t = O(1). We
begin be developing the structure of the solution to IVP1 as z — oo with ¢ = O(1).
The form of (2.7) indicates that in this region, region I, we expand as

(o, ) = s + fi(t) " fi(?) " f2(‘t) + fz(:) to (i) (2.9)

Y x’Y+1 ol s

as x — oo with ¢ = O(1). A balancing of terms requires that

2v+1, 0<vy<1,

r= 3, v =1,
y+2, vy>1,
v+2, 0<vy<l,

s = 4, v =1,
2v+1, ~v>1.

On substituting (2.9) into equation (2.1) and solving at each order in turn we find
(after matching with (2.7) as ¢t — 0) that

fot) = Agr,  fi(t) = yuiAge,

,yAi_iet’ 0<vy<1,
fa(t) = u? Are®' + A%e' + 2Apt + (2 — u? ) A, v=1
2
TOTIEAR 02 1y (o + 1) Apt + 208 DAR(2 —02) 4 > 1,

The function f3(t) is only required in what follows in the case v > 1 and for brevity
we do not report f3(t) for 0 <y < 1 or v = 1. We readily obtain that

fa(t) = 'yA?{et, v > 1.



Thus, the structure of (2.9) depends upon whether 0 < v < 1, v = 1 or v > 1.
However, in each case, we observe that expansion (2.9) remains uniform for ¢ > 1
provided that x > €', but expansion (2.9) becomes nonuniform when z = O(e') for
t > 1. We note that when z = O(e') for ¢ > 1 expansion (2.9) fails to provide a
uniform asymptotic approximation to the solution to IVP1 due to the second and
third terms of (2.9) becoming of comparable order.

We conclude be developing the structure of the solution to IVP1 as x — —oo with
t = O(1). The form of (2.8) indicates that in this region, region II~, we expand as

fol) | A®)  h) | fs®) !
(=) + (—a)r 1 + (—z)" + E=5E +o ((—x)é) (2.10)

as ¢ — —oo with t = O(1), and where r and s are as given above. On substituting
(2.10) into equation (2.1) and solving at each order in turn we find (after matching
with (2.8) as ¢ — 0) that

u(z,t) =u_ +

folt)=Ar,  fit) = —yu_Arel,

—yAZet, 0<y <1,
folt) = { uPApe® — Ajet +2Apt+ (2 —u? )AL, v =1,

2
M@Qt +y(y+ 1ALt + %(2 —u?), y>1,

and R
fa(t) = ffyA%et, v > 1.

Thus, the structure of (2.10) again depends upon whether 0 < v <1, vy=1or vy > 1.
However, in each case, we observe that expansion (2.10) remains uniform for ¢ > 1
provided that —z > €', but expansion (2.9) becomes nonuniform when (—z) = O(e")
for t > 1.

At this stage of the analysis we need to consider the cases uy > u_ and uy < u_
separately. We begin by developing the asymptotic structure of IVP1 as t — oo when
Uy > U_.

2.3 Asymptotic solution as t -+ oo when uy > u_

We now investigate the structure of IVP1 as t — oo when uy > u_. We recall from
Section 2.2 that expansions (2.9) and (2.10) of regions IIT (z — oo,t = O(1)) and
II~ (z — —o0,t = O(1)) respectively, continue to remain uniform provided |z| > €.
However, as already noted a nonuniformity develops when |z| = O(e!). We begin by
considering the asymptotic structure as t — oo for > 0. To proceed we introduce a
new region, region III*. To examine region III" we introduce the scaled coordinate

y=xze’, (2.11)
where y = O(1), and look for an expansion of the form

go(y)e™ " + gi(y)e " + o (e7>),
when 0 <y <2,

go()e * + gi(y)te * + ga(y)e * + o0 (e7*),

u(y,t) = uq+ when v =2,
go(y)e™ " + gi(y)te” T 4 ga(y)e T 4 gy(y)e 2t + 0 (e721Y)
when v > 2,

(2.12)
as t — oo with y = O(1). We first consider the case when 0 < v < 2. After
substituting (2.12); into equation (2.1) (when written in terms of y and t), the leading



order problem for go(y) becomes

(y —us)go +790 =0, y >0, (2.13)
AR ’yLLJrAR u2 AR
9o(y) ~ T T yJ;H as Y — 0o, (2.14)

with condition (2.14) arising from matching expansion (2.12); (y > 1) with the far
field expansion (2.9) (z = O(e?)). The solution of (2.13), (2.14) is readily obtained as

gpoy) =Ar(y—uy) ", y>ug. (2.15)

Hence, via (2.15), go(y) develops a singularity as y — (uy)™, and thus expansion
(2.12); becomes nonuniform when y = uy + o(1) as t — oo. On returning to next
order, we obtain the following problem for g;(y), namely

(y — ugp)gh + 2791 = gogo, Y > us, (2.16)
vAZ
91(y) ~ nyl as Yy — 00, (2.17)

with condition (2.17) arising from matching expansion (2.12); (y > 1) with the far
field expansion (2.9) (x = O(e')). The solution of (2.16), (2.17) is readily obtained as

g1(y) =A% (y —uy) BTy s (2.18)

Therefore, we have, via (2.12);, (2.15) and (2.18), that when 0 < 7 < 2 the expansion
in region IIIT has the form

u(y,t) = uy + Ap(y—up) e+ AL (y —up) BT e 4o (7)) (219)

as t — oo with y = O(1)(> u), and where A < 0. We note that expansion (2.19)

becomes nonuniform when
y=us+0 <exp{it}> (2.20)
v+1

as t — 0o. This nonuniformity occurs due to the second and third terms in expansion
(2.19) becoming of the same order when y is given by (2.19).

We next consider v = 2. On substituting (2.12)s into equation (2.1) and solving
at each order in turn, we find in region IIIT (after matching with (2.9)) that

Ape 2" 6Agte 247 3AR(2— 3
RE _ RlE . ( R _ R( :—)) 67415 +o (674t)
(y — uq) (y —uq) (y — uy) (y — uy)

(2.21)
as t — oo with y = O(1) (> uy). Expansion (2.21) becomes nonuniform when y =
up+O0(t71) as t — oo. To investigate this region which we call region P1 we introduce
the scaled variable n = (y — uy)t = O(1) (> 0) and look for an expansion of the form

U’(ya t) = U+ +

u(iy) = wy + Go(mt2e + gu(n)ie + o (15~ ) (2.22)
as t — oo with 7 = O(1) (> 0). On substituting (2.22) into equation (2.1) and solving
at each order in turn, we find (after matching with (2.21) as n — oo) that

2
6;443 + 2:%) t9e 40 (e 4) (2.23)

as t — oo with n = O(1) (> 0), and where Ap < 0. Expansion (2.23) becomes
nonuniform when n = O (te=2/3!) as t — oo [that is, when y = uy + O (e~%/3!), which
is (2.20) with v = 2]. On rewriting expansion (2.23) in terms of y we obtain

A
u('f],t) = u+ —+ n—ft2€72t —+ (

w(y,t) =uy + A (y—uy) 2e 24244 (y—uy) Pe 4o (e™) (2.24)



as t — oo with (y —uy) < 1. We observe that expansion (2.24) is just expansion
(2.19) with v = 2 and therefore region P1 is simply a passive region allowing for the
rearrangement of terms in expansion (2.12),.

Finally, we consider the case when v > 2. On substituting (2.12)3 into equation
(2.1) and solving at each order in turn, we find in region IIIT (after matching with
(2.9)) that

Ar ety vy + 1) AR te— (2t 4 y(v+1)AR(2 - ui) e~ (r+2)t
(y —uy)? (y —uy)+? 2(y — uy )2

’YA%% —2+t — 2t
e o ()

u(ya t) =u4 +

(2.25)

as t — oo with y = O(1) (> u4), and where Agr < 0. Expansion (2.25) becomes

nonuniform when ( 2)
=
=uy +0 (exp {— t})
e (v-1)

as t — oo. To investigate this region which we call region P2 we introduce the scaled

variable n = (y —u4) exp { E’vngt} = O(1) (> 0) and look for an expansion of the form

(v+2) (v+2) (v+2)
u(n8) = ws + (e 1 + galnte E + e B 4o (=B (226)

as t — oo with 7 = O(1) (> 0). On substituting (2.26) into equation (2.1) and solving
at each order in turn, we find (after matching with (2.25) as 7 — o) that

A 1A _(+2)
u(n, t) = uy + Rty Mte Grt
il Uia (2.27)
) 2 '
(A ) it ()

as t — oo with n = O(1) (> 0). Expansion (2.27) becomes nonuniform when n =

O (t_ﬁ) as t — oo. To investigate this region which we call region P3 we introduce
the scaled variable £ = ntﬁ = O(1) (> 0) and look for an expansion of the form

2941 (v 4+2), 2941 (v 4+2),

Wl ) = uy + Go()TTETTT 4 gy (T e G o (1FT eI (2.28)

as t — oo with £ = O(1) (> 0). On substituting (2.28) into equation (2.1) and solving
at each order in turn, we find (after matching with (2.27)) that

(2.29)
as t — oo with £ = O(1) (> 0). Expansion (2.29) becomes nonuniform when £ =
0] (tﬁe_ﬁt> as t — oo [that is, when y = uy + O (exp{—#
We conclude that, regions P2 and P3 are simply passive regions which allow for the

rearrangement of terms in expansion (2.12)s.
Therefore, we encounter a nonuniformity in (2.19) (when 0 < v < 2), (2.23) (when

v = 2) and (2.29) (when v > 2) when y = uy + O(exp{f#

To investigate this region which we call region IV' we introduce the scaled variable

u(€,t) = us+

t}) as t — o0.].

t}) as t — oo.

¢=(y—u4)exp {%t} = O(1) and look for an expansion of the form

w(C,t) = up + F(Qe~ 7t 4o (e*ﬁt) (2.30)



as t — oo with ¢ = O(1). On substitution of (2.30) into equation (2.1) (when written
in terms of ¢ and t) we obtain at leading order

¢ Y o
FF; 1ijF 1Jerfo, 00 < ( < 00, (2.31)
AR "}/AQ
F(¢) ~ o C”fl as (= oo. (2.32)

Condition (2.32) arises from matching expansion (2.30) (¢ > 1) with (2.19) when
0 < v <2, (223) when v = 2 or (2.29) when v > 2. We observe immediately that
equation (2.31) admits the exact solution

F(C):Ca 7OO<<<OO'

Further, it is straightforward to establish that the solution to (2.31), (2.32) (we recall
that in this case Ar < 0) is given by

F((—F)'=Ar, -—-o00<(<o0, (2.33)
where F(¢) < 0 for ¢ € (—00,00), and
ﬁJrlAi as (¢ — oo
F(Q)~q & oy ; ’ 2.34
| { (~ (ARF(OF as (oo .

As ¢ — —oo we move out of region IV into region V where u(y) = O(1) as t — cc.
To examine region V we look for an expansion of the form

u(y,t) = G(y) + 0 (™) (2.35)

as t — oo with y = O(1) (< u4). On substitution of (2.35) into equation (2.1) (when
written in terms of y and t) we obtain at leading order that

Gy(G—y)=0, y<uy, (2.36)
Gly)~y as y— (ug)”, (2.37)

where condition (2.37) is the matching condition with region IV*t. The solution of
(2.36), (2.37) is readily obtained as

Gly) =y, y<us. (2.38)
Therefore, in region V we have that
u(y,t) =y +0 (e (2.39)

as t — oo with y = O(1) (< uy).

We next consider the asymptotic structure as ¢ — oo for x < 0. To proceed we
introduce a new region, region III~. The details of this region follow, after minor
modification, those given for region III* and are not repeated here. Therefore, we
have in region III~ that

u(y,t) =u_+Ap(u- —y) Ye " +o (e ) (2.40)

as t — oo with y = O(1)(€ (—o0,u_)), and where Ay, > 0. Expansion (2.40) becomes
nonuniform when y = u_ + O (exp {—%t}) as t — oo. To investigate this region
which we call region IV~ we introduce the scaled variable ( = (u_ — y) exp {#t} =

O(1) and look for an expansion of the form

w(C,t) =u_ + F(Qe 71l + 0 (efﬁt) (2.41)



u(y,t) 0 (ef”s%t>

m- I\ v vt m"
H H u+ H H

0 (a%ﬁ)

Figure 1: A schematic representation of the asymptotic structure of u(y, t) in the (y, u)
plane as t — oo for IVP1 when uy > u_.

as t — oo with ¢ = O(1). On substitution of (2.41) into equation (2.1) (when written
in terms of ¢ and t) we obtain at leading order

¢ gl
FFe — ———F— ——F = — 2.42
T+ ¢ 5 0, 00 < ¢ < 00, (2.42)
A A2
F(¢) ~ —& - 7oL as (¢ — —oo. (2.43)

0~ o

Condition (2.43) arises from matching expansion (2.41) (—¢ > 1) with (2.40). We
observe immediately that equation (2.42) admits the exact solution F({) = ( for
¢ € (—o0,00). Further, it is straightforward to establish that the solution to (2.42),
(2.43) is given by

F(F-()=AL, —oo<(< oo, (2.44)

where F(¢) > 0 for { € (—00,00), and

L . ﬁ as — —00
F(C) ~ { o7 T o ¢ ) (2.45)

(:—i-Az(f% as ( — 4o0.

As ( — oo we move out of region IV~ into region V, and we conclude by noting that
in region V we have that

u(y,t) =y+0(e™"), u-<y<ug (2.46)

as t — oo. Therefore, region V, where y € (u_,uy), is the expansion region with
expansion (2.46) being given by the expansion wave at leading order.

The asymptotic structure of the solution of IVP1 as ¢t — co when uy > u_ is now
complete. A uniform approximation has been given through regions II*, IIT*, IV+
and V. A schematic representation of the location and thickness of the asymptotic
regions as t — oo is given in the case 0 < v < 2 in Figure 1 (we recall the situation
is slightly more complicated for v > 2 due to the presence of passive regions located
at u4 and u_). The large-t attractor for the solution of IVP1 when uy > u_ is the
expansion wave which allows for the adjustment of the solution form w4 to u_.



2.4 Asymptotic solution as t -+ oo when u; < u_

We now investigate the structure of IVP1 as t — oo when uy < u_. We recall from
Section 2.2 that expansions (2.9) and (2.10) of regions IIT (z — oo,t = O(1)) and
II~ (z — —o0,t = O(1)) respectively, continue to remain uniform provided |z| > €.
However, as already noted a nonuniformity develops when |z| = O(e'). As in Section
2.3, we introduce the scaled coordinate

y=ze (2.47)

where y = O(1), and begin by summarizing the asymptotic structure as ¢ — oo in re-
gions ITIT and III— (the details of which follow, after minor modification, those given
in Section 2.3) and are not repeated here):

Region IIIT
u(y,t) =uy + Ag(y—uy) e +o (e ) (2.48)

as t — oo with y = O(1)(€ (u4,0), and where A > 0.

Region ITI~
u(y,t) =u_+ Ap(u_ —y) Ve " +o (e (2.49)

as t — oo with y = O(1)(€ (—oo,u_)), and where A, < 0.

Clearly, in this case when uy < u_ expansions (2.48) and (2.49) must become
nonuniform as y — «, where @ € (u4,u_) and is to be determined. To examine this
region which we label as region SS we introduce the scaled coordinate

=y —a)p~' =0(1), (2.50)

where ¥(t) = o(1) as t — oo, is an as yet undetermined gauge function, and expand
in the form

u(z,t) =U(2) +o(1) (2.51)

as t — oo with z = O(1). On substituting (2.51) into equation (2.1) (when written
in terms of z and ¢) we find that to obtain the must structured leading order balance
that we require

Y(t) = e 2. (2.52)
At leading order we then obtain
U,,—UU,+aU, =0, —oo<z<o0. (2.53)
On integrating (2.53) we obtain
U2
UZ:7—04U+C’, —00 < z < 00, (2.54)

where C' is a constant of integration. Equation (2.54) is to be solved subject to the
leading order matching conditions

Uy as z — 09,
U(z) {u_ as z — —oo. (2.55)

The solution to (2.54) subject to boundary conditions (2.55) requires that

o= W%_) and C = —5
and is given by the Taylor shock profile (see [25])

wptu) ()

U = 2 2

tanh (wffﬁz + d)c) , —oo<z<oo, (2.56)
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where ¢, is a constant. We note that

uy + (u_ —uy)exp fw,zfd)c) as z — 00,

U(z) ~ (2.57)

u_ — (u_ —uy)exp wz + qbc) as 2z — —o0.

The similarity solution (2.56) represents a wavefront connecting u4 (as z — 00) to u_
(as z = —0o0). This wavefront is steepening as ¢ — oo and has an accelerating velocity
as t — oo when uy # —u_, but is located at y = 0 and is stationary if uy = —u_.
Specifically, we note that when —u_ < uy < u_ the wavefront is accelerating in the
+2 direction, whereas when u; < u_ < —uy the wavefront is accelerating in the —z
direction.

However, we readily observe that matching expansion (2.51) (as z — 00) to expan-

+
sion (2.48) (as y — w ) to next order fails and we require a transition region,

which we label TR*. To examine region TR we introduce the scaled coordinate Z by

_ 2
T e (2.58)
2 U_ — Uy
so that = O(1) as t — oo in region TR [that is, z = —2L—¢ + z]. It is instructive
+

at this point to describe in more detail how (2.58) was obtained. Expansion (2.51)
with (2.57)1 (for z > 1) when written in terms of y is given by

u~ Uy + (u— — ug)exp (— (u- ; ) [y S ;U—F)} et — (Z)c) (2.59)

+
as t — oo. Expansion (2.49) as y — W (as we move into region TW) gives that
u=uy +O(e ") (2.60)

as t — oo. Comparison of the exponentially small terms in expansions (2.59) and
(2.60) then indicates that they are of the same order (that is, of O(e™"") as t — o0)

when ( ) )
U_ + Ut Y —ot —2t
t O
R s

y:

as t — 00, giving the required scaling for the transition region. The form of expansion
(2.56) (for z > 1) then suggests that in region TR' we expand as

w(z,t) =uy + F(@)e " +o (e ) (2.61)

as t — oo with Z = O(1). On substitution of (2.61) into equation (2.1) (when written
in terms of T and ¢) we obtain at leading order that

(u— —uy)

equation (2.62) is to be solved subject to the following matching conditions
% as T — 09,
F(z)~q 7% (o —uy) (2.63)
(u_ —uy)e Pe”— =2 T as T — —oo.
The solution to (2.62), (2.63) is readily obtained as
AR27

(u— —uq)?

d)L _ (u,—u+)§7

F(z) = + (u— —uy)e”%e z , —00 << o0. (2.64)

Therefore, we have in region TR™ that

L AR2Y
e =ns (G

(u_ —uy) _

+ (u_ —up)e Peem 2 . x) e +o(e) (2.65)

11



u(y,t) 0(e™)

m- TR ss (TR m

u(y.t) = us +o(1)

Uy

Figure 2: A schematic representation of the asymptotic structure of u(y,t) in the
(y,u) plane as t — oo for IVP1 when uy < u_. We recall that region SS is located
at y = % (with thickness O (e’Qt) as t — 00), while regions TR* are located at

y =t 4 2 40-20 (with thickness O (e72")) as t — o0.

2 U —Uy

as t — oo with = O(1).
Finally, we conclude this case by noting that matching expansion (2.51) (as z —

—00) to expansion (2.49) (as y — %7) fails and we require a transition region,

which we label TR™. To examine region TR~ we introduce the scaled coordinate & by
Uy + Uu_ 2y

e B, te™ 2 + e 2, (2.66)

so that £ = O(1) as t — oo in region TR™. The details of region TR~ follow, after
minor modification, those given for region TR are are not repeated here. In summary
we have in region TR~ that

Ap27
(u— —uy)?
as t — oo with & = O(1).

The asymptotic structure of the solution of IVP1 as ¢ — oo when u; < u_ is now
complete. A uniform approximation has been given through regions II*, III*, TR+
and SS. A schematic representation of the location and thickness of the asymptotic
regions as t — oo is given in Figure 2. The large-t attractor for the solution of IVP1
when uy > u_ is the Taylor shock profile which allows for the adjustment of the
solution form w4 to u_.

(u_ —u+) 2

— (u_ —uy)ebee” 2 ) e Mto(e)  (267)

)=+

3 Initial-value problem 2

In this section we consider the following initial-value problem for Burgers’ equation,
namely,

Up + Uy = € Uy, —00< T <00, t>0, (3.1)
u(z,0) = uo(z), —o0o<z < o0, (3.2)
u(z,t) — { Yoo BT TO0 s, (3.3)

Uy, T — 00,
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where u_ and u4(# u_) are parameters. Further, we assume that the initial data
uo(x) has algebraic decay as |z| — oco. Specifically,

u_ + AL +0 (eilxl) as T — —o00,
ug(z) = 54—30)7 (3.4)
u++—R+O<67m) as T — 00,
xY
where Ay, (#0), Ar (# 0) and 7 (> 0) are parameters. In what follows we label initial-
value problem (3.1)-(3.4) as IVP2.
In this section we develop the asymptotic structure of the solution of IVP2 as
t — oo. We first note that the asymptotic structure of IVP2 as t — 0 follows that
given in Section 2.1 and is not repeated here. We begin by developing the asymptotic
solution of IVP2 as |z| — oo.

3.1 Asymptotic solution as || — oo

We now investigate the structure of the solution to IVP2 as |z| — oo for t = O(1). We
begin be developing the structure of the solution to IVP1 as z — oo with ¢ = O(1).
The form of (2.7) indicates that in this region, region I, we expand in the form (2.9)
(where r and s are as given in Section 2.2). On substituting (2.9) into equation (3.1)
and solving at each order in turn we find (after matching with (2.7) as t — 0) that

fot) = Ar, f1(t) = yusARgt,

yA%Lt, 0<vy<1,
fa(t) = QARet—i—u%rARtQ—i—A%t—QAR, v =1,
+1u2 A
Yy + 1) Aget + LOFEAR 2 _ o (y 4 AR, 4> 1.
The function f3(¢) is only required in what follows in the case 0 < v < 1 and for
brevity we do not report f3(t) for v > 1 or v = 1. We readily obtain that

(v + DulAr o

f3(t) = y(y+ 1)Age’ + 5

—y(y+1)Ar, 0<~y<l1.

Thus, the structure of (2.9) depends upon whether 0 < v < 1, vy = 1 or v > 1.
When v > 1 expansion (2.9) remains uniform for ¢ > 1 provided = > t~le!, becoming
nonuniform when x = O (t_let) for ¢t > 1. However, when 0 < 7 < 1 expansion

(2.9) remains uniform for ¢ > 1 provided x > trTer s, becoming nonuniform when
=0 (tﬁeﬁ) for ¢t > 1.

We conclude be developing the structure of the solution to IVP1 as x — —oo with
t = O(1). The form of (2.7) indicates that in this region, region II~, we expand as in
Section 2.2 and look for an expansion of the form (2.10). On substituting (2.10) into
equation (3.1) and solving at each order in turn we find (after matching with (2.7) as
t — 0) that

fO(t) = AL, f1(t) = —yu_Art,
folt)y ={ 2Ape’ +uZ Apt® — A7t — 24y, v =1,
2
Yy + D) Aget + AL AL > L
The function f3(t) is only required in what follows in the case 0 < v < 1 and for
brevity we do not report f3(t) for v > 1 or v = 1. We readily obtain that

v+ Du? AL 2

f3(t) =y(y+1)Are’ + 5

—y(v+1)AL, 0<y<lL

13



Thus, the structure of (2.10) depends upon whether 0 <y <1,y =1 or v > 1. When
v > 1 expansion (2.10) remains uniform for ¢ > 1 provided —z > t~!e!, becoming
nonuniform when —z = O (t’let) for ¢ > 1. However, when 0 < v < 1 expansion

.9) remains uniform for ¢ > rovided —x > ﬁeﬁ becoming nonuniform when
2.9 f for ¢t > 1 provided t , g
-z =0 (tﬁeﬁ) for t > 1.

3.2 Asymptotic solution as t — oo

We now investigate the structure of IVP2 as t — oo. We recall from Section 3.1 that
we need to consider the cases v > 1 and 0 < vy < 1 separately. We begin by developing
the large-t structure of the solution of IVP2 when ~ > 1.

33 v>1

In this case expansions (2.9) and (2.10) of regions IIT (z — oo,t = O(1)) and 11
(r — —oo,t = O(1)) respectively, continue to remain uniform provided |z| > t~te’.
However, as already noted a nonuniformity develops when |z| = O(t~!et). We begin
by considering the asymptotic structure as ¢t — oo for z > 0. To proceed we introduce
a new region, region IIIT. To examine region III*T we introduce the scaled coordinate

y=uate, (3.5)
where y = O(1), and look for an expansion of the form
ul(y,t) =y + go(y)tTe T + g ()T o (42 0FI) - (3.6)

as t — oo with y = O(1). On substituting (3.6) into equation (3.1) (when written in
terms of y and t), the leading order problem for go(y) becomes

Y90 +7v90 =0, y>0, (3.7)
A
go(y) ~ y—f as Y — oo, (3-8)

with condition (3.8) arising from matching expansion (3.6) (y > 1) with the far field
expansion (2.9) (z = O(t~te?)). The solution of (3.7), (3.8) is readily obtained as

go(y) = Ary™7, y>0. (3.9)

Hence, via (3.9), go(y) develops a singularity as y — 0T, and thus expansion (3.6)
becomes nonuniform when y = o(1) as t — co. On returning to next order, we obtain
the following problem for g;(y), namely

ygr + (v + g1 = —g5, y >0, (3.10)
yurAr | (v + AR
9i(y) ~ e EE as Yy — o0, (3.11)

with condition (3.11) arising from matching expansion (3.6) (y > 1) with the far field
expansion (2.9) (z = O(t~te?)). The solution of (3.10), (3.11) is readily obtained as

~quiAr | v(y+1)AgR
B y’YJFl y’Y+2

g1(y) . y>0. (3.12)

Therefore, we have, via (3.6), (3.9) and (3.12), that when 7 > 1 the expansion in
region III* has the form

A A 1A
u(y,t) = uy + —ft'ye"yt + <7uj+1R + v —:+2) R> 2= (Dt (t7+2e—(7+1)t>
Y ) Y
(3.13)
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as t — oo with y = O(1)(> 0). We note that expansion (3.13) becomes nonuniform
when

y=0 (te*%) (3.14)

as t — oo [that is, when z = O (e%) as t — oo]. To examine this region which we
label as region SS we introduce the scaled coordinate z by

ste™t =y = zte” 3, (3.15)
where z = O(1) as t — oo, and expand in the form
u(z,t) =U(z) + o(1) (3.16)

as t — oo with z = O(1). On substituting (3.16) into equation (3.1) (when written in
terms of z and t) we find at leading order that

U,, + gUZ =0, —-o0<z<oo. (3.17)
Equation (3.17) is to be solved subject to the leading order matching conditions

Uy as  z — 00,
U(z) {u as z — —oo. (3.18)

The solution to (3.17), (3.18) is then obtained as

Uz) = (s ;uj) S gqu) erf (%) , —00< z <00, (3.19)

where erf[.] is the standard error function (see [1]). We note that

2
uy — Wemus) —le—5 as  z — 00,

U(z) ~ W 2 (3.20)
u_ + W) () le= T as 2 — —oo.
NG

The similarity solution (3.19) connects u4 (as z — o0) to u— (as z = —o0). We
observe that this similarity solution is in a stretching frame of reference.

However, we readily observe that matching expansion (3.16) (as z — 00) to expan-
sion (3.13) (as y — 0) at next order fails and we need a transition region, which we
label TR™. To examine region TR' we introduce the scaled coordinate n by

Int 1
2= /2yt \/_);1 bt (3.21)

as t — oo. It is instructive at this point to describe in more detail how (3.21) was
obtained. Expansion (3.16) with (3.201) gives

w(z,t) ~up — Lﬁ“) exp <%2 - 1nz> (3.22)

as t — oo with z > 1. Expansion (3.13) when written in terms of z gives

t
u(z,t) ~uy + Agexp (—% — ’ylnz) (3.23)

as t — oo. Comparison of the exponentially small terms in expansions (3.22) and
(3.23) requires that

=

2= /2yt + \/_)1::+O(t—

15



as t — 00, giving the required scaling for the transition region. In region TR we then
look for an expansion of the form

u:u+—|—K(77)1f_%e_7775 +0(t_%e_%t) (3.24)

as t — oo with 7 = O(1). On substitution of expansion (3.24) into equation (3.1)
(when written in terms of 7 and ¢) we obtain at leading order

V2
Ky, + TVKW =0, —oo<n<oo. (3.25)

Equation (3.25) has to be solved subject to the matching conditions

Ar
W as 1 — o9,
K(n) ~ (i —u) vz, (3.26)
——T e 2 as 1 — —oo.
2ym
The solution of (3.25), (3.26) is readily obtained as
A _
KW%=( ﬁ—(+ — e ) —00 < 1) < 0. (3.27)
(27)2
We note that if uy > u_ then Ag < 0 and K(n ) < 0 for n € (—o0,00), while if
uy < u_ then Ag > 0 and K(n) > 0 for n € (—00,00). Therefore, in region TR we

have that

U =us + ARW—(UJriu*)e n) e ¥ +0<t7%6777t) (3.28)
(27)2 2T

as t — oo with n = O(1).

We next consider the asymptotic structure as ¢ — oo for x < 0. To proceed we
introduce a new region, region III~. The details of this region follow, after minor
modification, those given for region III* and are not repeated here. Therefore, we
have in region III™ that

e (- LA o
Y —y —y
+o (t’7+26—(’7+1)t>

!
F
=

u(y,t) = u_ +
(3.29)

as t — oo with y = O(1)(< 0).

Finally, we conclude this case by noting that matching expansion (3.16) with (3.19)
(as z — —0o0) to expansion (3.29) (as y — 07) fails and we require a transition region,
which we label TR™. To examine region TR~ we introduce the scaled coordinate 7 by

1 (")/ — ].) hlt .1
z=—4/2712 — — + 7Nt 2 3.30

v ¢ ! (3.30)
so that 7 = O(1) as t — oo in region TR™. The details of region TR~ follow, after
minor modification, those given for region TR are are not repeated here. In summary
we have in region TR™ that

A - W— A ol ot o4 yt
u=1u_—+ ( L7 +(u+ u )e@n) t72e 2 4o (t_ie_T) (3.31)
(2v)= 2T

as t — oo with 7 = O(1).

The asymptotic structure of the solution of IVP2 as t — co when 7 > 1 is now
complete. A uniform approximation has been given through regions II*, III*, TR*
and SS. A schematic representation of the location and thickness of the asymptotic
regions as t — oo is given in Figure 3. The large-t attractor for the solution of IVP2
when v > 1 is the error function which allows for the adjustment of the solution form
Uy to u_.
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i TR S TR m*
u(y,t) =u +o(1) o o
o T
u Y Y

ulyt) = us +o(1)

O(m% |

Figure 3: A schematic representation of the asymptotic structure of u(y, t) in the (y, u)
plane as ¢ — oo for IVP2 when v > 1. Here we illustrate the case when uy < u_.
We recall that y; = —y, = —/27t%2e" % + (v— 1)t%e*% Int.

34 0<vy<1
In this case expansions (2.9) and (2.10) of regions IT™ (z — oo,t = O(1)) and II™ (x —

—o00,t = O(1)) respectively, continue to remain uniform provided |z| > tTeT .
However, as already noted a nonuniformity develops when |z| = O (tﬁeﬁ) We

begin by considering the asymptotic structure as t — oo for x > 0. To proceed we
introduce a new region, region ET. To examine region E* we introduce the scaled
coordinate o .

E=xthiTe 197, (3.32)

where £ = O(1), and look for an expansion of the form

O+,

u(y,t) = us + ho(E)t 7 e T 4 by ()t T e 15
+h2 (g)t%ei (217j—yl)t To (t%ei (217j—yl)t>

(3.33)

as t = oo with y = O(1). On substituting (3.33) into equation (3.1) (when written
in terms of £ and t) and solving at each order in turn, we find (after matching with
(2.9)) that

yu AR
&+t

5
==t

Tt

A (v+1)
u(y, t) = uy + g—ftﬁe* e At

(3.34)

A? 1A (2y+1) (24+1)
+ (;’yfl + 7(7{?:4}3 R) t%ef%t + o0 (t%ei%t>

as t — oo with £ = O(1) (> 0). Expansion (3.34) becomes nonuniform when
£=0 (e )
as t — oo [that is, when x = O (t7'e') as t — oo].

Now, considering the asymptotic structure as ¢ — oo when x < 0 leads us to
introduce region E~ (the details of which follow, after minor modification those given
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for region ET). In region E~ we have that

(Agvtn—we—n—wti(’wls)ffl 2 o~ s
(oA A DALY e ey, g e,
(OB (=

as t — oo with £ = O(1) (< 0). Expansion (3.34) becomes nonuniform when

u(y,t) = u— +
(3.35)

&E=0 (t&67ﬁ>

as t — oo [that is, when z = O (t7'e’) as t — oc].
To examine the asymptotic structure of the solution of IVP2 when £ = o(1) we
proceed by introducing the scaled coordinate y by

Yy = xte” ",

as t — oo with y = O(1). We notice that this is the scaling (3.5) that we encountered
in Section 3.3, with regions E* being passive allowing for the rearrangement of terms.
Therefore, the remaining asymptotic structure of the solution of IVP2 as ¢t — oo when
0 <7 < 1, given by regions III*, TR* and SS, follows that given in Section 3.3 and is
not repeated here. A uniform approximation has been given through regions 11+ E*,
IIT*, TR* and SS. The large-t attractor for the solution of IVP2 when 0 < v < 1 is
the error function which allows for the adjustment of the solution form w4 to u_.

4 Summary

In this paper we have obtained, via the method of matched asymptotic coordinate
expansions, the uniform asymptotic structure of the large-t solution to the initial-value
problems IVP1 and IVP2.

The form of the large-t solution of initial-value problem IVP1 depends on the
problem parameters u, and u_ as follows:

(i) When u4 > u_ the solution exhibits the formation of the expansion wave, where

uy, T >upe
w(@,t) ~ ¢ ze t, u_e' <z <wuyel, (4.1)
u_, x<u_et,

as t — oo.

(ii) When w4 < u_ the solution exhibits the formation of a localized Taylor shock
profile, where

u (s(t) + ze_t,t) _ (uq —;—u_) _ (u— ;U’Jr) tanh (w z+ ¢c>} +o(1)
(4.2)
as t — oo with z = O(1), where z = (x — s(t))e’, ¢. is a constant and
s(t) = wet

as t — oo. In particular, we observe that:

(a) When —u_ < ug < u_ the Taylor shock profile is located at z = s(t) and
is accelerating in the +x direction.
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(b) When uy < u_— < —u4 the Taylor shock profile is located at z = s(¢) and
is accelerating in the —x direction.

(¢) When uy = —u_ the Taylor shock profile is stationary and located at = 0.
In each case the thickness of the localized region is of O(e™") as t — occ.

The large-time asymptotic behaviour of the solution of IVP1 has been considered in
[12] for the case uy = —u_. It is established in [12] that when u; = —1 the solution
of IVP1 tends to the stationary solution, while when u4 = +1 the solution of IVP1
tends to the expansion (or rarefaction) wave. These results being in agreement with
the cases (i) and (ii)(c) above. A full discussion of expansion waves and Taylor shocks
can be found in [25].

The form of the large-t solution of initial-value IVP2 exhibits the formation of an
error function profile, where

u (ze%,t> = [(U+ —;U_) S ;u+) erf (g)} +o(1) (4.3)

as t — oo with z = ze~2 = O(1). We observe that error function profile is in a
stretching frame of reference of thickness O(e%) as t — co. We conclude by noting
that equation (3.1) is of supercylindrical type and has been investigated by a number
of authors (see for example [22] and [24]). In particular, in [22] the global stability of
this solution is established with it being shown that

(uy +u) (u2u+)erf<:ce22>1 ‘—)0 as t— 00,

u(z,t) — 5

uniformly in z. It was noted in [5] and [22] that the leading order term in expansion
(4.3) (when written in terms of x and t) is the error function solution of the old-age
equation

up = gy

It is interesting to note that although the parameter v plays an important role
in the development and structure of the large-t solution of the initial-value problems
considered in this paper it does not appear at leading order in expansions (4.1), (4.2)
and (4.3) (which are dependent only on the constant states u4+ and u_). The correction
terms to these leading order profiles will however depend on the parameter .

Finally, the asymptotic predictions for the large-time attractors for the problems
IVP1 and IVP2 considered are in agreement with the known results for the appli-
cation areas that motivate this work. In particular, in the important area of acoustic
waves (see for example, [5], [8], [11], [9] and [18]) the results presented are in excellent
agreement with the existing results. However, the analysis presented here links for
the first time these large-time attractors to the given initial data through a number
of asymptotic regions giving the complete large-time solution for each initial-value
problem considered over all values of the problem parameters.
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