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DIMENSIONS OF INFINITELY GENERATED SELF-AFFINE SETS AND RESTRICTED DIGIT
SETS FOR SIGNED LUROTH EXPANSIONS

S. VAN GOLDEN, C.KALLE, S. KOMBRINK, AND T. SAMUEL

AsstracT. For countably infinite IFSs on R? consisting of affine contractions with diagonal linear parts, we give
conditions under which the affinity dimension is an upper bound for the Hausdorff dimension and a lower bound for the
lower box-counting dimension. Moreover, we identify a family of countably infinite IFSs for which the Hausdorff and
affinity dimension are equal, and which have full dimension spectrum. The corresponding self-affine sets are related to
restricted digit sets for signed Liiroth expansions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The dimension theory of self-affine sets generated by finite iterated function systems (IFS) has been developed since
the 1980s, when it was investigated for which types of sets the Hausdorff and box-counting dimensions coincide,
see for example [Bed84, McM84]. In 1988 Falconer [Fal88] introduced the affinity dimension, a dimension formula
which purely depends on the singular values of the linear parts of the affine maps in the IFS. It turns out that
for finitely generated self-affine sets in R?, the affinity dimension is an upper bound for the upper box-counting
dimension, which is known to be an upper bound for the Hausdorff dimension. Moreover, Falconer proved that the
Hausdorff dimension is almost surely (with respect to the translation vectors of the affine maps in the IFS) equal
to the minimum of D and the affinity dimension. Fraser [Fral2] later introduced a modified affinity dimension
and showed, for a class of finitely generated box-like self-affine sets satisfying the rectangular open set condition,
that the modified affinity dimension coincides with the box-counting and packing dimensions. More recently,
Morris [Mor18] gave a simple description of the affinity dimension of self-affine sets in case the linear parts of the
contractions consist of diagonal and anti-diagonal matrices. In the diagonal case, under the condition that each
of the canonical projections of the IFS is exponentially separated, Rapaport [Rap23] showed that the Hausdorft
dimension of the self-affine set coincides with the minimum of its affinity dimension and D. The authors of
[KR 14, Jur21] considered the affinity dimension for infinite affine IFSs that are irreducible, meaning the linear parts
of the affine maps do not all preserve a common proper non-trivial linear subspace. They showed that the Hausdorft
and affinity dimensions of the corresponding self-affine sets coincide. Outside of these classes of self-affine sets
the Hausdorff and affinity dimensions do not necessarily coincide. For instance the Hausdorff dimension of the
self-affine set constructed by taking the cross product of the middle %-Cantor set and the middle %-Cantor set equals
%, whereas its affinity dimension is 1!

Conformal infinite IFSs have been studied since the seminal work of Mauldin and Urbanski [MU96]. One of the
differences between finite and infinite conformal IFSs, highlighted in [MU96], is that even under the open set
condition, the Hausdorff and box-counting dimensions of their limit sets need not be equal. Moreover, in contrast
to the finite setting, the limit set of an infinite IFS need not be compact.

In this article we generalise some of the above results to a class of non-irreducible non-conformal infinite IFSs,
for which the projections are not necessarily exponentially separated. More precisely, for a countable collection
{L; : i € I} of diagonal 2 x 2 matrices over R of the form

a; 0
Li - (O bz) 5 |ai|, |bl| € (09 1)’ (11)
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and for r > 0, we set

max{}e/lail”, Xieslbil"} if0<r<l,
Pi(r) = smax{Te/lai - bl Digglbil - lai ™"}y if 1< r <2, (1.2)
Sielai - bi"? if r> 2.

The affinity dimension d(L; | i € I) of {L; : i € I} is defined by

d(L,-|ie1)=inf{r>o : ZZ¢’(LM)<00},

meN uel™

where ¢"(L,) = ¢"(L,....u,)) 1s the singular value function of the matrix product L, - - - L, , see (2.2). For countably
infinite alphabets I we find the following analogue of [Mor18, Corollary 2].

Theorem 1.1. Suppose we have a countable alphabet I and a collection {L; : i € I} of diagonal 2 X 2 matrices, as
given in (1.1), with sup,; max{la;l, |b;]} < 1, then

inf{r >0 Z Z ¢ (L) < oo} =inf{r>0: Py(r) < 1}.

meN uel™

Our next result compares different notions of dimension to the affinity dimension and identifies a large class of
infinite IFSs for which the affinity dimension gives a lower bound for the lower box-counting dimension and an
upper bound for the Hausdorff dimension.

Theorem 1.2. Let I be a countably infinite alphabet and F be the self-affine set of an IFS {A; : i € I} on [0, 1],
where each A; is an affine map with linear part L; as in (1.1), and sup,.; max{|a,|, |b;|} < 1. Then the following hold.

(i) dimg(F) <min{2,d(L; | i € I)};
(ii) If there exists a finite alphabet I, C I such that dimg(F;,) = d(L; | i € ) for all finite alphabets I, with
Iy € I, C I, where Fy, is the limit set of {A; : i € L}, then d(L; | i € I) < dimp(F) < dimp(F) = dimp(F).

Let ;, m; denote the canonical projections onto the first and second coordinate, respectively. The conditions in
Theorem 1.2(ii) hold, for example, when F satisfies the rectangular open set condition (ROSC), see Section 2.2,
and there exists a finite subalphabet I; C I such that either

(i) dimp(mi(Fp,)) = dimp(m2(Fp,)) = 1, or
(ii) dimg(m;(Fy,)) = 1 and |a;| > |b;| for each i € 1.

This is a consequence of [Fral2, Corollaries 2.6 and 2.7] with the fact thatif /; € I, C I, then F;, € F;, € Fy, and
if {A; : i € I} is an infinite IFS satisfying the ROSC, then {A; : i € I'} satisfies the ROSC for I’ C I.

Next we provide a family of planar self-affine sets for which we can simplify the affinity dimension even further.
Considering this family is motivated by questions on number expansions with restrictions on their digits. A famous
example of a restricted digit set is the middle third Cantor set, which is the set of numbers in [0, 1] that have a
ternary expansion without the digit 1. For non-integer base expansions results on restricted digit sets are considered,
for example, in [KSS95, PS95, Lal97, DK09]. For continued fractions, which have infinite digit sets, restricted
digit sets have been extensively studied since the work of Jarnik [Jar28] and Good [Goo41]. The infinite IFSs
we will be concerned with relate to another type of number expansions with an infinite digit set, namely Liiroth
expansions [Liir83]. For x € (0, 1], these are expressions of the form

1
AP ) 43

where d,, € N5, for n € N. There are many known results on Liiroth expansions, for instance, concerning level
sets defined in terms of the frequencies of digits or sets of points with growth rate restrictions on the digits, see for
example [BI09, FLMW10, LWY 18, AGR21, Zho22, FZ23, BK24].

Liiroth expansions can be obtained from the infinite IFS {A; : d € Ns,} where h; : [0,1] — [1/d,1/(d — 1)] is
defined by h,(x) = (x + d)/(d(d — 1)). If x has a Liiroth expansion as in (1.3) with digit sequence (d,)en, then
x = 1im hy o hg, o -0 hy (0).

n—oo

Over the years several generalisations of the Liiroth number system have been proposed. In particular, the authors

of [KKK90, KKK91] considered alternating Liiroth expansions, which are very similar to the ones in (1.3) but the

terms in the series alternate in sign, hence the name. In [BBDK96] it was shown that alternating Liiroth expansions
2



have better approximation properties than Liiroth expansions and a family of number systems was described that
interpolate between the Liiroth and alternating Liiroth systems. The corresponding expansions, which we call
signed Liiroth expansions, are of the form

n-1 d,—1+s,
(_1)2,-=| S P (1.4)
é Hizl di(di - 1)
where s, € {0, 1} and d, € N, for n € N, and where we set 29:1 s; = 0. In [KM22] it was shown that Lebesgue
almost all numbers x € [0, 1] have uncountably many different signed Liiroth expansions and a one-parameter
family of number systems in R? was introduced that generate, for each x, all possible signed Liiroth expansions.

The system from [KM?22] is related to an infinite affine IFS as follows. For each parameter p € (0, 1) consider the
IFS {Afd 1 (s,d) € {0, 1} X Ny,} where Afd : [0, 11> — [0, 1]? is defined, for (w, x) € [0, 1], by

1-s s
. p *(1-p) 0 s
A (w,x) = (LD (w, )T+ )T with LY = 0 (_l)sd(dl—l) and V) = df; . (1.5)
For p € (0,1) and J C {0, 1} X N5, we let ?'Jp denote the self-affine set of the non-irreducible IFS {Af g (s, d)e b

Approximate images of examples of the sets F,” for p = % are shown in Figure 1.

If x has an expansion of the form (1.4) with sign sequence (s,),en € {0, )Y and digit sequence (d,;)en € N§2, then

x = m(lim, 0 Af a © Af 4, 0O Af 4.((0,0))). The maps Ag , correspond to the Liiroth system in the sense that
for each digit sequence (d,;)en,

bio) (}1_}1’{)1O Ag,d, ) Ag,dz 0---0 Ag,d”((O, 0))) = nh_)n;q ha, © hg, 0 -+ 0 hy (0).

Similarly, the maps A’l’, , correspond to the alternating Liiroth system from [KKK90, KKK91]. The collection of all
signed Liiroth expansions is then obtained from all possible compositions of the Liiroth and alternating Liiroth
systems, and the parameter p € (0, 1) governs the weight that is put on each of them, or the probability with which
the maps Af': ¢ are chosen in such a composition.

For J C {0, 1} X Ns,, the projection onto the second coordinate of the limit set of the IFS {Ai 4 (s,d) € J} contains
precisely those numbers x € (0, 1] that have a signed Liiroth expansion in which only digits (s,d) € J occur.
Thereby, selecting different sets J corresponds to placing different restrictions on the digits in the expansions. In
this article we examine the geometry of the restricted digit sets

F; ={x e (0,1] : x has a signed Liiroth expansion with all digits in J}

. N . . (1.6)
= {x € (0,1] : there exists ((Sp, dy))pert € J© with x = m, (hm Afl’d] o Afz’dz 0---0 A‘Smd”((O, 0)))},

as well as the geometry of the self-affine sets ?Jp . Note, F; does not depend on the parameter p, which is why we
have omitted it from the notation. Similar to [BF23, Theorem 4.3], in Theorem 4.5 we obtain expressions for the
Hausdorft, upper box-counting and packing dimensions of F;. Moreover, we use results from [RGU16] to obtain an
expression for the Hausdorft dimension of non-autonomous variants of F';, where the set J describing the restriction
can change at each time step. We use these results in tandem with the results of [Mar54] to show the following.

Theorem 1.3. Let Iy and I, denote two non-empty subsets of Ns, and let J = ({0} X Ip) U ({1} X I). For p € (0, 1),

\P A\1-p
. p . . l l
dimg(F") > 1 + inf re(O,l].(Z(—do(do_l))] (Z(—dl(dl_l))} <1p. (1.7)

do€ly diely
Further, if Iy =1} =1 C Ny and p € (0, 1), then

dimy(FF) = d(L” | (s,d) € J) = 1 + inf{r e@11: ) (;) < 1}. (1.8)
: £\ d(d - 1)

In particular, if 1 is finite, then dimq((F,") = dimp(F,") = dimp(F,") = d(L} , | (s,d) € J).

Theorem 1.3 shows that our family of examples includes finitely and infinitely generated planar self-affine sets that
are not irreducible, whose canonical projections to the x-coordinate are not necessarily exponentially separated, and
for which the Hausdorff and affinity dimensions coincide; complementing the work of [Fral2, KR 14, Jur21, Rap23].
In the finite case this implies that the Hausdorff, packing, box-counting and affinity dimensions all coincide. Figure 1
illustrates approximations of sets ?'Jp with J = {0, 1} x I for various sets /.

Families of finitely generated self-affine sets where the Hausdorff, packing, box-counting and affinity dimensions
coincide were already shown to exist in [MS19]. For planar self-affine sets generated by irreducible infinite IFSs
3



Ips 1 _
= e . 2;»— ;;Z»;_ .-
e - Tg;.;’ a_-:»;;;p
2;—»;2;_
0 1 0 1 0 1
(a) J1 ={0,2),(1,2)} (8) J2 ={(0,2),(1,2),(0,3)} (©) J3 =1{0,1} x {2,4,6}

Ficure 1. The self-affine sets 7, 7 and 7 for p = 1.
1 2 3

it was shown in [KR 14, Jur21] that the Hausdorff and affinity dimensions coincide. Our class of self-affine sets
provides new examples where these equalities hold. Further, in [Mor18] it was proven that the modified affinity
dimension from [Fral2] can be simplified when F is the limit set of a finitely generated affine IFS for which the
linear parts of the affine maps consist of diagonal and anti-diagonal matrices as long as dimg 71 (F) = dimg m,(F).
On our way to proving Theorem 1.3, we show that one can drop the condition dimg 711 (F) = dimg 7, (F) at the
price of having only diagonal matrices and still obtain the same simplification, see Proposition 3.2.

In the above, we discussed dimension results of the sets F; and 7—']‘” for fixed sets J C {0, 1} X N5,. An interesting
related question is, given a real number y € [0, 2] can we find J C {0, 1} X N, such that the dimension of ij
equals y? This question is related to the Texan conjecture [Hen96, MU99], which concerns the density of the
dimensions of bounded type continued fraction sets in [0, 1]. Its resolution [KZ06] has generated a wealth of results
and questions on the topological structure of the dimension spectrum of infinite IFSs. In [CLU19] it was shown
that the dimension spectra of conformal graph directed Markov systems are compact and perfect and that the IFS
resulting from the complex continued fractions algorithm has full dimension spectrum. These results were built on
in [Jur21], where examples of non-irreducible infinite [FSs consisting of affine maps whose dimension spectrum is
neither compact nor perfect were given. Here we show that the self-affine sets 7—7’ have full Hausdorff dimension
spectrum.

Theorem 1.4. For p € (0,1) we have {dimy(?’/’) :J C{0,1} x Ny} =1[0,2].

Outline. In Section 2 we introduce some notation and recall the necessary preliminaries. Section 3 concerns the
results on the affinity dimension of countable collections of diagonal 2 X 2 matrices and the proofs of Theorem 1.1
and Theorem 1.2. In Section 4 we discuss the Hausdorff, upper box-counting and packing dimensions of the
self-affine subsets F; of R and the Hausdorftf dimension of certain non-autonomous versions of F;. These results
will then be used in Section 5 to prove Theorems 1.3 and 1.4.

2. PRELIMINARIES

2.1. Symbolic dynamics. An alphabet I is a countable set of symbols, which we call digits, equipped with the
discrete topology. A word u with digits in / is a finite concatenation of digits u = (iy,.. ., i,) for some n € N and
ijelforall je{l,2,...,n}. Welet I'" denote the set of all words of length m with digits in / and set I* = |, 1.
Let IN = {(i)wey : ix € I for all k € N} denote the set of all (one-sided) infinite sequences with elements in / and
endow 1" with the product topology. With this topology the space I" is metrisable and in the case that [ is finite /!
is also compact. For i, j € N with i < jand w = (wiken € I'' we let wy; jj = (Wi, Wis1s - .., w;) € 77 We use the
same notation if v € I¥ and 1 < i < j < k for some k € N.

2.2. Self-similar sets, self-affine sets, and the open set condition. Fix D € N and let X denote a non-empty
compact subset of RP. If I is a countable alphabet, a family ® = {¢; : i € I} of (non-trivial) contractions ¢; : X — X
is called an iterated function system (IFS). We call @ a finite IFS if I is a finite alphabet and an infinite IFS if I is a
countably infinite alphabet. For any m € N and any finite word u = (uy, up, ..., u,) € I* we let

Gu=¢y, 0,0 0Py, (2.1)

and for w = (wp)ken € I we observe that (o (X)ken forms a nested sequence of non-empty compact sets with
decreasing diameters. By the Cantor Intersection Theorem, (e Puy,,, (X) is a singleton and we denote its only
4



element by 71(w). We call the map 7 : I'' — X the projection map of ® and refer to 7(I""), the image of I'' under 7,
as the limit set of ®. When [ is finite the natural action of ® on the set of compact non-empty subsets of X, defined
via ®(A) = U;e; 9i(A), is a contraction with respect to the Hausdorff metric. By the Banach Contraction Mapping
Principle there exists a unique non-empty set E satisfying ®(E) = E. Moreover, in this setting, E = n(I'").

Independent of / being finite or countably infinite, if the contractions of ® are all similarities, that is, if for all i € 1
there exists ¢; € (0, 1) with |¢;(x) — ¢;(y)| = c;lx — y| for all x,y € X, then we call the limit set of ® self-similar. If
the contractions of @ are affine, that is, if for each i € I there exists a D X D matrix L; whose singular values lie in
(0,1) and a vector v; € RP with ¢;((x1,...,xp)) = (Li(x1,...,xp)T +v)T, for all (x1,...,xp) € X, then we call the
limit set of @ self-affine.

Two natural separation conditions we will use are the open set condition and the rectangular open set condition.
We say that @ satisfies the open set condition (OSC) if there exists a non-empty open subset U of X such that
¢i(U) € U and ¢;(U) N ¢;(U) = 0 for all distinct 7, j € 1. Such sets U will be called feasible open sets for @. For
self-affine sets we sometimes require a slightly stronger separation condition, namely that the OSC is satisfied with
U = (a;,by) X--- X (ap, bp), for some ay,...,ap,b;,...,bp € Rwith a; < by forall k € {1...., D}. We refer to
this latter separation condition as the rectangular open set condition (ROSC).

The above represents the autonomous setting; the contractions in (2.1) are chosen from the same IFS at each time
step. A more general setting is the non-automonous setting, which is where the IFS is allowed to vary at each time
step. Formally, a non-automous self-similar iterated function system (NSIFS) consists of a sequence ® = (®™), o
of self-similar IFSs " = {¢§") : i € I} defined on a common non-empty compact set X C R”.

As in the autonomous case we observe, for (w,)nex € [1nen 17, that (¢$1) 0---0 ¢’£7,3(X))nel\f forms a nested sequence

of non-empty compact sets with decreasing diameters. Therefore (),c;y ¢81) 0--:0 ¢£’}I?(X) is a singleton. As above,
let us denote the element of this singleton by 71(w). We refer to the map 7 : [, I — X as the projection map
of @, and call the image ([ ,,cpr 1) of [T,y I* under x the limit set of ®. Further, we say that the NSIFS ®

satisfies the OSC if ¢" (int(X)) N ¢§.”>(int(X)) = @ for all n € N and all distinct i, j € I™.

In order to obtain dimension estimates on the limit set of an NSIFS, we will assume the OSC and additionally
the uniform contraction condition. The latter means there exists an 7 € (0, 1) such that for each j € N we have
cfjj)cgjt:) e cif:m) < i for all sufficiently large m € N, where wy € I® and where cgfk) denotes the contraction ratio

of the similarity ¢ff3 for each k € N. For further details on NSIFSs we refer the reader to [RGU16].

2.3. Box-counting, Hausdorff, and (modified) affinity dimensions. In this section we introduce the notions of
dimension which we will mainly be concerned with, namely the box-counting, Hausdorff, affinity and modified
affinity dimensions. We will also touch on the packing dimension, but since we do not use its definition directly we
omit it. For more information on these notions of dimension we refer the reader to [Fal97, Fall4].

Fix D € N. The lower and upper box-counting dimensions of a bounded set F C R? are defined by

log(Ns(F —_— log(Ns(F
dim ,(F) = lim inf ogWe(F) — hd Tmp(F) = lim sup 2D
- -0 —log(o) s-0  —log(o)
respectively, where Ns(F) denotes the smallest cardinality of a §-cover of F, or alternatively, the number of closed
squares in a 6-mesh whose intersection with F is non-empty. When dim,(f) and dimg(F) are equal we refer to the
common value as the box-counting dimension of F and denote it by dimg(F’).

Let F be as above and let s and § denote two non-negative real numbers. We define the d-approximate to the
s-dimensional Hausdorff outer measure of F to be ‘Hg(F) =inf{}};diam(U;)* : F C |J; U; and 0 < diam(U,) < 8},
where diam(U;) denotes the diameter of U;. The s-dimensional Hausdorff outer measure of F is given by
H*(F) = lims_,o H;(F) and the Hausdorff dimension of F' is dim¢,(F) = inf{s > 0: H*(F) = 0}, which coincides
with the value sup{s > 0: H*(F) = co}. Note that for a bounded set F C R” these dimensions satisfy the relations
dimg(F) < dim(F) < dimp(F) and dimg (F) < dimp(F) < dimp(F). However, in general, there is no relationship
between the lower box-counting and packing dimensions of a given set.

Let Mp(R) denote the collection of D X D matrices over R. Given L € Mp(R) and i € {1,2,..., D}, we denote the
i-th largest singular value of L, including multiplicities, by «;(L) and we define the singular value function ¢" by

S = ay(Lyax(L) - - ara-1 (L) (@A (L) ! ?f r € (0,D], 2.2
|det(L)|""P if > D,



where [r] = minfk € Z : k > r}. It is through this function that for finite alphabets [ the affinity dimension
d(L; | i € I) of a collection of matrices {L;};c; was defined by Falconer in [Fal88] by setting

d(L:|i€l)=inf {r €(0,D] : Z Z ¢(Ly) < oo}

meN yel™

where for u = (uy,...,u,) € I" withmeNwesetL, =L, ---L,, L,,.

The modified affinity dimension introduced in [Fral2] by Fraser for box-like self-affine sets is a variant of Falconer’s
affinity dimension that relies on knowledge of the dimensions of the projection of the given self-affine set F onto
the coordinate axes. Moreover, it is defined only when the ambient space is R?. Before defining the modified
affinity dimension, we introduce some further notation.

Let ® = {¢; : i € I} be a finite IFS containing affine maps ¢; : [0, 11> — [0, 1]? defined, for i € I and (w, x) € R?, by
¢i(w, x) = (Li(w,x)T +v;)T where L; € M»(R) is a diagonal matrix and v; € R? is a translation vector. Assume that
® satisfies the ROSC and let F C R? denote the limit set of ®. Observe that, under our assumptions, the projections
m1(F) and m(F) are self-similar subsets of R generated by finite IFSs. Assuming that these systems satisfy the
OSC, both dimg(r; (F)) and dimg(r,(F)) exist, see for instance [Hut81]. For u € I we define 7, : R? > R by

{m if diam(m(¢,([0, 11%))) > diam(ma2(¢,([0, 11))),
Ty = (2.3)

my  if diam(r; (4,([0, 11%)) < diam(my(4,([0, 11%))),
and set r(u) = dimp(m,(F)). For r > 0 and u € I" the modified singular value function ¢!, of L, is defined by
Proa (L) = @1 (L) P an (L) . (24)

Note that these definitions are simplified slightly compared to the original definitions in [Fral2], as we will only
consider affine contractions with diagonal linear parts. As a consequence each box-like set in the present article
will be of separated type, meaning each contraction maps horizontal lines to horizontal lines.

In [Fral2] it was shown that for a finite IFS the modified pressure function Ppeq: Roo = R, given by

1/n

Prnoa(r) = ;}1—{20 (Z ‘ptrnod(LM)) (2.5)
uel"

is well defined and strictly decreasing in r. Furthermore, it was shown that there exists a unique 7 € R, which we

will refer to as the modified affinity dimension of F, satisfying Ppoq(f) = 1, and that under the given assumptions

we have dimg(F) = dimp(F) = ¢.

3. AFFINITY DIMENSIONS FOR INFINITE AFFINE IF'Ss WITH DIAGONAL LINEAR PARTS

In this section we prove Theorems 1.1 and 1.2. Following this we show, in Proposition 3.2, that in our setting the
modified affinity dimension from [Fral2] can be simplified. We begin with the proof of Theorem 1.1 where we
utilise ideas from [Mor18].

Proof of Theorem 1.1. Let I be a countable alphabet and {L; : i € I} a collection of diagonal 2 X 2 matrices, as
given in (1.1), with sup,.; max{|a|, [b;|} < 1. Note that the singular value function ¢"(L) of a matrix L, as defined in
(2.2), is non-negative, strictly decreasing and continuous in r, so by the root test,

1/m
dL;iliel) = inf{r >0 lim sup(z gor(Lu)) < 1} .

—00
uel™

For a diagonal matrix L = (8 2) and any r > 0 define the matrix

"0
|6(l)| |b|’) if0<r<i
(r) - |t 0
) _[a 0\ _ lal - | .
L = ( 0 b(r)) = 0 |b| ) |a|r_1 ifl<r < 2
lab”> 0 .
0 abl!”? if2<r

Next, we show ¢"(L) = ||L”|| for each r > 0, where ||| denotes the operator norm on M,(R):
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e For0 < r <1 we have ¢"(L) = a;(L)" = max{lal’, |b"} = ||IL]].
e For 1 < r < 2, since a(L) > a,(L) by definition, we have "‘EIL‘; > 1 and hence (%)”1 < %,
equivalently @ (L)-a (L)™' > a»(L)-a;(L)~". This implies that ¢" (L) = max{lal-|b|""", |b|-la]"~"} = |IL?].
e For r > 2 we have ¢'(L) = |det(L)|"? = |ab|""* = ||IL7|.
Observe furthermore that (LK) = LK™ for diagonal matrices L and K. Therefore, if we return to our collection
of matrices {L; : i € I}, we can unambiguously set L = L(') L(r) (L, ---L; )" foreach u = (i1, ...,iy) € I".
In particular, it follows that

¢ (L,) = ILY||  forany u € I" and r > 0. (3.1

Suppose that for some r > 0 the series Y ;¢; Ll(.’) does not converge in (M>(R), || - ||). In other words, suppose that
Pi(r) = max{};; al ,Z,E, (r)} = oo. In this case, (3.1) implies for m € N that

Z¢r(L”)= Z”Lg)H: Z max{ .. fr) b(’) . bf’)}

uelm uel™ I yeunsim€l
m
> max{ Z (r) . (r) Z b(r) bfr)} = max {Z al(.r), be”} = .
i1 yeeeskm€l ]yl €l i€l iel
Hence lim sup,, o, (3 ,ejm go’(Lu))l/ ™ = P;(r). If on the other hand the series Y, Ll(.r) converges, then

Z Lf.r) = max {Z af.r), Z bl(.r)} = Py(r) < oo.

iel iel iel

For L € M»(R) let |L| denote the sum of the absolute values of the components of L, and observe that |-| is a norm on
M>(R). If L and K are non-negative diagonal matrices we have |L + K| = |L| + |K| and so by the continuity of norms
we have 3.2, Kj| = X.2,|K;| for any sequence (K;); of non-negative diagonal matrices. Note, for a diagonal matrix

a 0
e~ 3
and m € N we have ||L|| = max{|al, |b|} = max{|a|™, |b|"}"/™ = ||IL"||'/™. Since M,(R) is a finite-dimensional vector

space, the norms ||-|| and || are equivalent. Therefore, there exists ¢ > 0 such that ¢'|L| < ||L|| < c|L| for any
L € M>(R). Combining the above yields the following for m € N;

Dy =Y L) < Dlelt=c| Y L0 <Y L] = [Z Lf.r)] =\ >y 3.2)
uel™ uel™ uel™ uel™ uel™ i€l i€l
Likewise
Z ¢ (L) >c? Z | . (3.3)
uel™ iel
Equations (3.2) and (3.3) together imply
1/m
lim sup[z ¢ (L, )J = Z L7l = Pi(r). o
m=eo \yepm iel

We now prove Theorem 1.2. For (i), that is, to show that the affinity dimension is always an upper bound for the
Hausdorff dimension, we follow steps similar to those in the proof for [Fal88, Proposition 5.1].

Proof of Theorem 1.2. For Part (i), since F C R?, we naturally have dimg,(F) < 2. Therefore it is sufficient to show
that dimg(F) < d(L; | i € I). To this end, let § > 0 be given. By the assumption that sup,.; max{|a;l, |b;|} < 1 there
exists some integer ks such that for all sequences u € 1% we have a(L,), @2(L,) < 6. Now take any m > ks and
recall that F' C ¢ Au([O, 11%). For each u € I'*, A,([0,1]%) is a rectangle with side lengths a;(L,) and a»(L,).
This rectangle can be covered by [a(L,)/a2(L,)] squares of side length a,(L,), and hence also by this many circles
of diameter \/Eaz(Lu). Note that, since a(L,)/a2(L,) > 1, we have [a(L,)/a>(L,)] < 2a;(Ly,)/a2(L,). For every
0 < r <2 we have

P < Y25 (Vi) =2(V2) Y arlLaaat) ™ <4 ) L)

uel™ uel™ uel™
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Since this holds for all m > ks, and since ks diverges to infinity as ¢ tends to zero,

0 < H'(F) < 4limsup > ¢'(L,),

m—oo  ATm

for each 0 < r < 2. Now for any r satisfying >, > ,em ¢"(L,) < 0o we have limsup,,_,, > ,em ¢"(L,) < co and
so H'(F) < co. Thus, dimy(F) = inf{r > 0 : H"(F) < oo} <inf{r > 0: 3> | D,cm ¢ (Ly) < 00} =d(L; | i € I).
This concludes the proof of Theorem 1.2 (i).

For Part (ii) observe that P;(r) = sup,.c; gnie Pr(r) for all ¥ > 0 with P;(r) as defined in (1.2). By assumption, for a
finite subset I, with I; € I, € I, we have d(L; | i € I) = dimp(F},) < 2. By Theorem 1.1, P, (r + &) < 1 for all
e > 0andall » > 2, which implies d(L; | i € I) = inf{r > 0 : P;(r) < 1} < 2.
Next, we show that

diLilieD= sup d(L;|iel), (3.4)

I'Cl finite

from which we will conclude the required result. To this end, observe that each of the series in the definition of P;
has positive terms, and thus, P, (r) < Py, (r) for r > 0 and I; C I, C I. Therefore,

diLiliel)= inf{r >0: sup Pr(r)< 1} =inf{r > 0: Pp(r) <1 for all finite I C I}.
I'cl finite

Write Z = SUp;c; ginie d(Li | i € 1') = SUPc; inite inflr > 0 © Pp(r) < 1}. For each finite subset I’ C I we have

Z > inf{r > 0: Pp(r) < 1}, so since Py (r) is strictly decreasing in r we also have P, (Z) < 1. As this holds for all

finite I’ C I, it follows that d(L; | i € I) < Z. Further, for each r > d(L; | i € I) we have P, (r) < 1 for each finite

I’ C I and hence r > Z, from which we conclude that d(L; |i € I) = Z.

For each I} C I we have F;, C F, where Fy, is as in our hypotheses of Theorem 1.2(ii). By the monotonicity of
both the lower box-counting and affinity dimensions, and by (3.4), we have that
dimy(F) > sup dim,(f5,)= sup dimp(F,)= sup d(Lilieh)= sup d(L;|ieh)=d(L;|i€l).
1,Cl finite 1, CI,Cl finite 1,CI,Cl finite I, Cl finite

Since the affine maps we consider are bi-Lipschitz, it follows from [MU96, Theorem 3.1] that
dimp(F) = dimp(F) = dimp(F) = dimg(F).
Thus, under our assumptions, d(L; | i € I) < dim4(F) < di_mB(F) = dimp(F). O

Remark 3.1. In [Fal88, Theorem 5.4] and [Fral2, Theorem 2.4] it is shown that the affinity and modified affinity
dimensions of a finite affine IFS is an upper bound for the upper box-counting dimension of the associated self-affine
set. This result relies on the fact that the singular values of the affine maps in a finite IFS are uniformly bounded
from below by a positive constant. Such a lower bound on the singular values does not exist in general for infinite
IFSs. Thus, the proofs of the aforementioned theorems do not naturally generalise to the case of infinite affine IFSs.

In [Fral2] it was shown that for a class of finitely generated planar box-like self-affine sets the box-counting
and packing dimensions are bounded above by (and when the ROSC is satisfied equal to) the modified affinity
dimension, which is the unique ¢ € R solving Ppoq(¢) = 1, see (2.5). In [Mor18, Proposition 5], for a similar class
of finitely generated planar box-like self-affine sets F', and under the assumption that dimp 7| (F) = dimg m,(F), a
simple expression for Pp,og Was obtained. Next, we show that in the case where we have only diagonal matrices the
same simplification of P, can be obtained no matter the values of dimp 7y (F) and dimg m,(F).

Proposition 3.2. Let I be a finite alphabet and let F be the limit set of an IFS {A; : i € I} where each A; is an affine
contraction on [0, 117 with linear part L; € Mh(R) as given in (1.1). Set r; = dimg(w,(F)) and r, = dimp(m2(F))
and assume {A; : i € I} satisfies the ROSC. Under these assumptions, dimg(F) = dimp(F) = t, where t € Ry is the

unique solution to
max {Zw b, Z|b,-|’2|a,»|’-’2} =1

i€l i€l

Proof. Letu = (i1, ...,i,) € I'" for some m € N. The singular values of L, are a(u) = [];_,la;| and b(u) = [T;_,1b;,.
Recall that #(u) = dimp(7,(F)), where 7, is as in (2.3). Since for j € {1, 2}, r(u) equals r; when a/(L,) corresponds
to the contraction in the j-th coordinate, we obtain for each r > 0 that, with ¢} | as in (2.4),

la@)l™ |bQ)|"™" 0 )
0 b |a(u)l™")

a@) by if a(u) > b(u),

and set 0 = (
b(w)?a(u)~" if a(u) < b(u),

(prrnod (Lu) = {
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Since Ppog(dimp F) = 1 by [Fral2] and dimg F < r| + r,, we need only consider the case r € (0, | + ;]. For r > 0,
Cl(l/t)r' b(u)r—rl _ @ ritra—r
buy2a()=" — \b(u)

a()" b)) "
b(u)2a(u)""2

@roa(Le) = max {a(u)" bw)™", bu)?a(u) "} =1L,

a(u)1b(u) "1

> 1 when a(u) > b(u), and a2

and so for r € (0, r; + rp] we have < 1 otherwise. Thus,

for r € (0,7, + rp]. Following the same steps as in the proof of Theorem 1.1,

max {Z|di|r' bl ™", Z|bi|rz|ai|r—rz} = Z Q(r)

iel i€l iel

1/m
= lim sup[z Prmoa(Lu )J = Pmod(r),

m—o00 uelm

for each r € (0, r; + r;]. The required result now follows from an application of [Fral2, Theorem 2.4]. O

4. Box-COUNTING AND HAUSDORFF DIMENSIONS OF F;

Here we collect and develop results which allow us to compute the box-counting and Hausdorftf dimensions of the
sets F; from (1.6). These results are utilised in our proofs of Theorems 1.3 and 1.4. Recall for (s,d) € {0, 1} X Ny,
the definition of the maps A” : [0, 11> — [0, 17? from (1.5). We will be interested in their second coordinates,
which are the maps ¢, 4 : [0, 1] — [1/d,1/(d — 1)] given by

-D’x N 1 .
dd-1) d-s
(Note that the maps ¢4 correspond to the maps iy from the introduction.) For each J C {0, 1} X Ny,, the IFS
D = {¢;4: (s,d) € J}on [0, 1] consists of similarities and its limit set is precisely the set F;. It is a consequence of
[KM22] that each number in (%, 1] has at least one signed Liiroth expansion for which the corresponding digit pairs
(84, dy) € {0, 1} X Ny, satisfy d, = 2 for all n € N. Consequently, if (0,2), (1,2) € J, then the restricted digit set
corresponding to J contains (%, 1], yielding

dimg(Fy) = dimp(F)) = 1. 4.1)

bs.a(x) =

In all other cases we split our analysis of F} into the cases where J is finite and where J is countably infinite.

4.1. Restricted digit sets with finite alphabets for signed Liiroth expansions. Throughout this section we
assume that J is a finite subset of {0, 1} X N, and that {(0, 2), (1,2)} € J. Since the set F} is self-similar it follows
from [Hut81, Theorem 5.3(1)] that, in case the IFS © satisfies the OSC, the Hausdorff and box-counting dimensions

of F; equal the unique r € R, satisfying
Z LI 4.2)
dd-1) ’

(s,d)eJ

In particular, one can show that the OSC is satisfied when (0, 2), (1,2) ¢ J with feasible open set (0, %). Below we
discuss examples of sets J containing just one of (0, 2) or (1,2) where the OSC is satisfied, Example 4.1, and where
the OSC is not satisfied, Example 4.2.

Example 4.1. Let d € N3 and consider the set J = {(0, 2), (0,d), (1,d)}. The IFS {¢;4 : (s,d) € J} satisfies the
OSC with feasible open set U = ;- (15’(‘)’2((5, ﬁ)), but neither (0, 1) nor (0, 1/2) are feasible open sets. Here ¢8,2
is defined to be the identity. To see that U is a feasible open set for the OSC, we observe that by construction
¢02(U) € U, and that ¢, 4(U) € ¢54((0,1)) = (d, - 1) € U for s € {0,1}. It remains to show that ¢ ,(U),
¢0.4(U) and ¢, 4(U) are pairwise disjoint. Since ¢o(U) € (2, 1), and since ¢ 4(U) and ¢, 4(U) are subsets of
(1. 75) € (0, 3), it suffices to verify that ¢o4(U) N ¢14(U) = 0. To this end, we define U; = UN[0,1] = (5, 75)
and U, = U N [5,1] = U, ¢6,((3, 757)). Observe that the injective maps ¢, and ¢, 4 satisfy ¢o.a(x) = ¢1.4(y) if
and only if y = 1 — x, in which case exactly one of x and y is an element of U; and exactly one of x and y is an
element of U,. As such, ¢o(U) N1 4(U) = 0 if and only if UynN(1—-U;) =0, where by 1 — U; we mean the open
interval (1 — d T d) Recalling that ¢ (x) = —x +5 L for x € [0, 1], we have ¢02(x) 2Ax + Z] 1 21, for k € N.
Thus, for k € N, we have that ¢02( yn 1) < ¢k+1( ) if and only if d*> — 2d — 1 > 0, but this latter inequality holds
since d > 3. This i 1n tandem with the fact that gboz is strictly i mcreasmg implies that, for k,/ € N with k > I, the open
intervals ¢02((d, = 1)) and ¢02((d, - 1)) are disjoint, and if x € ¢0 2((d, - 1)) andy € ¢02((d, = 1)) then x > y. It
remains to show that 1 — U lies strictly in between two such consecutive intervals.
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For this, set k = [log,(d — 1)1 - 1 € N, and note that for this k we have 7+ < 75 2“(11” = (1 + 7)%. and hence

1- é < ﬁ +1- % Since d — 1 is an integer, we have k = [log,(d =2 + 1)] - 1 = [log,(d — 2)] and so we also

have 2* < d — 2. Equivalently, we have 7 < 7 = #:H) = 5(3 + D7 or (5 + )77 < . This yields

1 1 1 1 1 1 1
‘ _ 1o e - — k+1 [~
¢°’2(d—l) 2’<(d—1)+1 2k_l d—1<1 d—2k+1d+1 k1 ¢0,2 (d)

from which we conclude that 1 -U, lies strictly between q)g 2((%, d%)) and ¢’6+21 ((5, ﬁ ) and hence (1-U;)NU, = 0.

Example 4.2. By [Hut81, Theorem 5.3(1)], if J is such that 3 4)c; m > 1, then since F; C [0, 1], the OSC is
not satisfied. This is the case, for instance, when J contains as a strict subset either {(0, 2), (0, 3), (1, 3), (0,4), (1,4)}
or {(1,2),(0,3),(1,3),(0,4),(1,4)}.

We conclude this section by considering the non-autonomous setting in the case both digits (0, 2) and (1, 2) are
omitted entirely. For J = (Jy)renw @ sequence of finite subsets J; C {0, 1} X N3, let Fy denote the limit set of the
NSIFS ({¢s.q : (s,d) € Ji})ren acting on [0, %]. The set Fy coincides with a generalised type of restricted digit set

Fy = {x €[0,1] : x has a signed Liiroth expansion with digits (s, dy) in J; for each k € N}.

Such sets are of particular interest in relation to various questions on the growth rate of the digits dy, as studied for
Liiroth expansions in for instance [JR12, CWW13, AGR21]. We obtain the following result.

Proposition 4.3. If the sequence J = (Jy)ren with Ji C {0, 1} X N3 is of sub-exponential growth, that is, each set
Ji is finite and limy_,, % log#J; = 0O, then

. . IS e 1Y
dlmq{(FJ)—lnf{FE(O,l].llnrll)glf;Z]Og[ Z (d(d—l))]<0}'

k=1 (s,d)ETy

m < é <1
for each x € [0, %] and hence ({¢s.4 : (5,d) € Ji}ren 1s uniformly contracting. Therefore, by [RGU16, Theorem 1.1],

the Hausdorff dimension of Fy equals inf{r > 0 : P(r) < 0}. Here P is the lower pressure function defined by

Proof. Since each ¢, is a similarity, the IFS {¢;4 : (s,d) € Ji} is conformal. Moreover, |¢ : S0 =

: : 1 r\\r
P(r) = liminf — log D M@ 00 B s

m—oo
(1. dV)ET 1 seees(Simsdim)ET

and ||| denotes the supremum norm. For (s;,d;) € Ji, ..., (Sy, dw) € Jp, it holds that

“ 1
[CPEESEEY TP (N g —
B oot o = | | Gy

and so the lower pressure function becomes

1 ’” 1 "
P(r) = liminf — log (—)
moem (sl,dl)eJlgsm,dmam ket \dildi = 1)

1 (1 L)
:11”5£1£fn—110g[1—[ Z (d(d—l))]

k=1 (s.d)eJx

1 1y
:hjﬂgleZlog( Z (d(d—l))]’

k=1 (s.d)ed;

O

For each subset J C {0, 1} x N, and each sequence s = (si)rex € {0, 1} we define the subset F 1s of Fy containing
the numbers x € [0, 1] for which there exists a sequence (dy)ren € Ng’z such that ((sg, di))ken lies in JY and gives a
signed Liiroth expansion for x.

Proposition 4.4. Let Iy and I be finite subsets of Ny, let p € (0,1) and let u, denote the p-Bernoulli measure
on {0, 1} with Hp({s = (51, 82,...) € {0, s =0) =p. If J = ({0} x Ip) U ({1} X 1), then for p,-almost every
sequence s € {0, 1}V it holds that dimq;(F Js) = t, where t € R, is the unique solution to

1 N\’ 1 ' 1-p
do(dy ~ 1) ad-n)| = 43
QJW%*ML%@MPJ] (4.3)
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Proof. Lets = (sp)ren € {0, 1) and set J = (Ji)rew Where Ji = {53} X I, for k € N. By construction the set Fj
coincides with the set Fy. Following similar arguments to Proposition 4.3, we have

dimy(Fjs) = inf {r € (0,1] : iminf — Zlog Z (d(dl— 1)) ] < 0}.
elyk

For n € N define 7¢(s,n) = #{1 < k < n: s, = 0} and observe

" to(s.n) 1 | n—r1o(s,n) 1 r
'Zog{z(d(d—n)] " IOg[Z(dowo—l)) T log(z(dmdl—l))]'

do€ely diel)

Applying the Birkhoff Ergodic Theorem, where the dynamics is driven by the left-shift map on {0, 1}*' and where
we take the indicator function on the set {s = (s, 52,...) € {0, 1} : 5; = 0} for the observable, we obtain
lim,_y o 222 TU(S W = p for up-almost every s € {0, 1}, Hence, for such s,

1 ’ ! r
dimg(Fjs) = i“f{re 0,17 plog[Z (do(do - 1)) ]+ a —p)log[z (d1(d1 - 1)) ] ) 0}

do€ely di€l;

\P n\L-P
. ) 1 1
:1nf{r€(0,1].[;0(—d0(d0_1))] (dlél (—dl(dl—l))] <1}. O

4.2. Restricted digit sets with infinite alphabets for signed Liiroth expansions. We first consider the case when
J € {0, 1} X N3 and then turn to the case when exactly one of (0, 2) or (1,2) lies in J.

Theorem 4.5. If J is a countably infinite subset of {0, 1} X N3, then

dimg,(F)) = inf {r >0: Z (ﬁ) < l} and

(s,d)eJ

dimp(F)) = dimg(F)) = max {dimﬂ(F,),ﬁB ({ﬁ (s,d) € J})} .

Proof. For any (s, d) € J we have ¢, 4([0, 1]) = [d, ym 1] [0, 2] and so the limit set of the IFS {¢,, : (s,d) € J} on
[0, 1] coincides with that of the restricted IFS {¢; 4l0,1/2; : (s, d) € J} on [0, 2] and satisfies the OSC with feasible
open set (0, %). One readily checks that the restricted IFS satisfies the conditions of [MU96, Corollary 3.17] and
thus that dimg(F;) = inf{r > 0 : P(r) < 0}. Here P: R.o — R U {oo} is the pressure function defined, for r > 0, by

o1
P(r) = lim - log( I(psyq, 00 ¢sm,d,,,)/||£o]'
(8151 )sees (S )ET
Since [|(@s, 4, © -+ © Ps,a,) lloo = [They m for any (s1,d,), ..., (Sm,dn) € J, this becomes

1 = 1 "
P(r) = lim —log (—)
e m (sl,dn,.%md,,,)d ket Vi = 1)

1 V) 1y
:,i‘l?on?log{z (d(d ))] =log ), (d(d—l)) '

(s,d)eJ (s,d)eJ

(4.4)

Therefore, P(r) < 0 if and only if };; 4 j(m)’ < 1, yielding the result for the Hausdorff dimension.

The equality of the packing and upper box-counting dimensions follows from [MU96, Theorem 3.1] and the
formula for the upper box-counting dimension is a consequence of [MU99, Theorem 2.11]. O

Remark 4.6. Theorem 4.5 in tandem with [BF23, Theorem 3.5 and Corollary 3.6] yields that if J is a countably
infinite subset of {0, 1} X N3, then for 6 € [0, 1],

max {dim(]—((Fj), dim, ({ﬁ 1 (s,d) € J})} < dim,(Fy)
< dimy(F)) = max {dim«H(F,), dimg ({ﬁ (s,d) € J})} ,
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where dim, and dim, respectively denote the lower and upper intermediate dimensions. Moreover, applying the

same analysis as in [BF23, Theorem 4.3(2)] to the sets F} yields that the maps 6 +— dim,(F;) and 6 dimy(F)) are
continuous at 6 = 0. For a formal definition of the lower and upper intermediate dimensions we refer the reader
to [FFK20], where they were first introduced, and where it was noted that dim,(F) = EG(F ) = dimy(F) when
6 = 0, and dim,(F) = dim4(F) and dimy(F) = dimg(F) when 6 = 1, for any bounded set F C R”.

We treat some examples where the limit set F; has equal Hausdorff and box-counting dimensions as well as
examples where the Hausdorff dimension is strictly smaller than the box-counting dimension.

Example 4.77. Suppose J = ({0, 1} X Ny3) \ S for some finite set S. For any r < l we have

l r 1 r (e8]
(s%éf(d(d_ 1)) : (A%;J(dz) - (A%‘;J ) z; (s%;s -

It therefore follows from Theorem 4.5 that dimg,(Fy) = inf{r : 3 4)e ,(m)’ < 1} > 5. Further, we have that
% = EB({ :neN}) > dlrnB({ : (s,d) € J}), so by Theorem 4.5 we have dimg(F;) = dlmB(Fj)

Example 48. If J C {0, 1} X N>3 is such that { : (s, d) € J} = {J : n € Ny} for some k € N, then
dlmB({ 1 (s,d) e J)) = k+1, see for instance [Fall4 Example 3.1]. Theorem 4.5 in tandem with Remark 4.6

then 1mphes dimp(F}) exists and equals max{dimg(F}), 7 +k}

For instance, if J = {(0,n*) : n € Ns,} for some k € {2,3,4,5,6}, then 2 < 2& = 12 and so for each r < 1,

1 r ) 1 Wll 0 1 o | 1
= = =) —F={|l=|-1>1,
Zlaas) = 2wl =2 s (7)

with  denoting the Riemann -function. It follows that dimg(Fy) > ;7 and hence dlm(}{(F 1) = dimp(F)).

If instead we take J = {(1,n* + 1) : n € Ns,} for some integer k > 7, then for any r > ﬁ we have
T
> =3 ) <Y — =@k - L.
_ k k 2kr
(sd)ej(d(d 1) = (n* + Dn —n

- T wehavethat{(Zkr)—l<{(m—%)—1 sg(%—%)—l < 1 and hence

In particular, for any r > k+ :

dimg(F)) < 7 — 1oz < o7 = dima(F)).

Remark 4.9. Whenever {¢,, : (s,d) € J}, with J countably infinite, satisfies the OSC with a feasible open set
consisting of finitely many open intervals, one could attempt to show that the result of Theorem 4.5 holds by
representing the system as an infinitely generated conformal graph-directed system in the sense of [MUO3] and by
applying the results therein. However, if J is infinite and contains either (0, 2) or (1, 2), but not both, the OSC can
only be satisfied with feasible open set (0, 1) or with a feasible open set consisting of an infinite union of disjoint
open intervals. The former is the case when for each d € N, the alphabet J contains at most one of the digits (0, d)
and (1, d), while the latter is the case whenever there is at least one digit d € N, for which (0, d), (1,d) € J.

To see this, note that if {¢; 4 : (s,d) € J} satisfies the OSC with feasible open set U, then for each (s,d) € J, the
open set U must have a non-empty intersection with ¢, 4([0, 1]) = 4 3 d—l -—]. Hence, assuming J is infinite and U
is a finite union of open intervals, then one of these intervals must be of the form (0, £) for some € € (0, 1]. If
(1,2) € J this means U must also contain the interval 912(00,8) = (1 - %s, 1). If instead (0, 2) € J then U must
contain | Jyen ¢0 ,(0,8) = Uen(1 = zw 2k8 +1- ). In both cases the assumption that U is a finite union of open
intervals yields that U must contain intervals 0, &) and (8, 1) for some € € (0,1] and 6 € [0, 1) However, if d € N,
is such that (0,d), (1,d) € J then ¢,4((0,€)) N ¢1.4((5, 1) = (3> gape + @) N Gs 227 — @) # 0, meaning U is
not a feasible open set for the IFS {¢; 4 : (s,d) € J} to satisfy the OSC.

As a corollary to Theorem 4.5 and [CLU19, Corollary 6.8] we obtain in the following result that the dimension
spectra of the IFSs {¢o4 : d € Nx,} and {¢1 4 : d € N»,} are full, which we utilise in the proof of Theorem 1.4.

Corollary 4.10. For s € {0, 1} we have {dimy(F;) : J C {s} x N5,} = [0, 1].

Proof. By [CLU19, Corollary 6.8], it is sufficient to verify that (i) X en.,., (m)t > ( T 1)) for all k € N3 and
t € (0,1) and (ii) inf{r > 0 : P(t) < 0} = 1 with P as in (4.4) and J = {s} X Ns,. Part (i) follows from the fact that,

for k € N33, the map 1 = Y en, (%)t, where it is well defined on (0, 1], is monotonically decreasing, and

— .. t . . .
that 3 e, % =k -1 2 1. Part (ii) follows from t = 3 e, (m) being monotonically decreasing and

L
Zdew,, g = - =
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5. HAUSDORFF AND AFFINITY DIMENSIONS OF TJP

We now consider the self-affine sets F; P generated by the iterated function systems {Ap a" : (s,d) € J} on [0, 1]? for
countable alphabets J C {0, 1} X Ns,. Notably, each IFS {Ai 4 - (s,d) € J} satisfies the ROSC and the linear part of
each affine map A?  is the diagonal matrix

, (P =py 0
L, = s 1 |-
> 0 U’z
Applying Theorem 1.1 to this setting yields the following expression for the affinity dimension of {L” a - (sd) €T}

Proposition 5.1. Ler J C {0, 1} X Ny, be a finite or countably infinite alphabet satisfying m1(J) = {0, 1} and let
p € (0, 1) arbitrary. The affinity dimension d(Lf,d | (s,d) € J) of{Lf,d 1 (s,d) € J} lies in [1,2] and equals

1\ 1
mf{re(l 2]: max{ Z Pl - p)é(d(d 1)) , Z (p' —p)s)’—‘(d(d_ 1))} < 1}. (5.1)

(s.d)eJ (s,d)eJ

If (@) Y (s.aper m <1lor(b)J =1{0,1} X I for some I C Ns,, or(c) p = %, then this formula simplifies to

(s,d)eJ

1 r—1
: . 1-s K
d(Lf,d | (s,d)eJ)= 1nf{r e (1,2]: Z p (1 -p) (m) < 1}.
Proof. Since by assumption m;(J) = {0, 1}, we have for each 0 < r < 1 that

{Z(p‘ A-pY, ) (d(d 1))}2 ST a-py s Y p T a-pr 2L
(s,d)eJ (s,d)eJ (s,d)eJ (s,d)eJ

This implies that inf{r > 0 : max{¥,, 4c,(p' (1 — p)s)’,z(s’d)ej(m)’} < 1} > 1, and so by Theorem 1.1 the
affinity dimension of {Lf PR C d) € J} is at least 1. Further, for r > 2 we have

pl—X(l _ p)v r/2 pl—S(l _ p)v P +1—
(S%‘éj( dd-1) ) : Z did-1) = Z (d-]) Z d(d—l)

(s,d)eJ demy(J)

Thus, inf{r > 2 : 3\ se J(%)’/ 2 < 1} =2, and so Theorem 1.1 implies the affinity dimension is at most 2 and

equals the quantity given in(5.1).

% > d(dl_]) for all (s,d) € J. Hence

-5 s\~ 1
Z (Pl (1—17)) lm,

(s,d)eJ

For the simplification, note that whenever p = 1/2, we have that p'~5(1 — p)* =

I-5¢1 _ 4\S 1 !
> pma p)(d(d_l)) >

(s,d)eJ

for all r € [1, 2], yielding (c). When p € (0, 1) and Z(S,d)ej m < 1, observe that for r € [1, 2],

DL e a—-py

(s.d)e]

1
d(d )< 2 da-n=b

(s.d)ed
yielding (a). For (b), by symmetry, we may assume that p € (0, 1/2]. For n € Ny, and r € [1, 2], we show that
1

nrl

1
2 (p 7+ (= p) - (5.2)

This inequality holds if and only if n > ¢"~' + (n — ¢)""!, where ¢ = np. Let g,: [0,5] — R be defined by
8(q) =q"+(n—¢)'", and note, by the first derivative test, that g, is maximised at ¢ = 4. This implies for all
g €(0,%], and hence p € (0, 1], that ¢~ + (n — ¢)"~" = g,(¢) < g-(%) = 2(4)""' < 2% = n. By the assumption that

(0,d) € J implies (1,d) € J and vice versa, and using (5.2) with n = d(d — 1), we conclude

1-s s 1 ’*1_ prl+(1_ )rl 1-s syr—1 1
2 Pa-p (a’(d—l)) _Z(d(d—l)) Z dd—-1) = 2, @A =pn) dd-1n °

(s,d)eJ (s,d)eJ




Defining the maps f; (w) = pw and f{(w) = (1 — p)w + p for w € [0, 1] we note that A’;d(w, x) = (ff(w), ¢s.a(x))
for each (w,x) € [0,1]%. As such, the horizontal projection (¥ J" ) is exactly the self-similar set of the IFS
{fY + s € m(D}. In particular, whenever 7 (J) = {0, 1}, we have 7;(¥}) = [0, 1] and hence dimg(r;(F})) = 1.
In the same way, the vertical projection 712(?7' ) equals F, the self-similar set of {¢,, : (s,d) € J} discussed in
Section 4. Under suitable conditions the dimension dimB(ﬂz(TJ‘")) is given by (4.2) when J is finite. With this in

mind we obtain the following result whenever (0, 2), (1,2) ¢ J.

Lemma 5.2. If J C {0,1} X Ny, is a finite alphabet such that either my(J) € Ny3 and m(J) = {0, 1}, or
{(0,2),(1,2)} C J, then dimg(F) = dimp(F}) = d(L‘;d | (s,d) € J) holds for all p € (0, 1).

Proof. 1f {(0,2),(1,2)} € J, then by construction and by (4.1), dimg(nl(Tf)) = dimg(ﬂg(?'f)) = 1, and thus the
result is an application of Proposition 3.2 in combination with the second part of Proposition 5.1. Therefore, let us
consider the case when m5(J) € Nx3 and 71;(J) = {0, 1}. Set r; = dimg(m;(F})) and r, = dimp(72(F)). By the
assumption 71;(J) = {0, 1} we have r; = 1, and by (4.2) together with the assumption m,(J) € N3, which implies
the OSC, r; uniquely solves 3, 4 J(m)’2 = 1. By Proposition 3.2 we have dimp ij = dimp ‘FJP =r’, where »’

solves
1 -1 i 1 2
max{ 2 pls(l_p)s(d(d—l)) P (p”(l_p)s)w(d(d—l)) }:1

(s,d)eJ (s,d)e

=0 (") =0 (r")

Next, we show that 7’ = d(Lf 41 (s,d) € J). For this, note that v{(r), v2(r) are decreasing in r and that

1 ”
va(r2) = Z (—d(d—l)) =1

(s,d)eJ
In particular, since r, < 1, we have v,(r) < 1 for all r > 1. Observe that the assumption m,(J) € N3 implies
Disdel ﬁ < D(s.d)el0, 1}xiss ﬁ = 1. Thus, by the second part of Proposition 5.1, the number r solving
vi(r) = 1 satisfies r > 1. Since both v; and v, are decreasing in r, we deduce that v{(#") > v,(#’) giving v{(#') = 1.

Therefore, it follows from the second part of Proposition 5.1 that r’ = d(Lf J | (s,d) € J). O
Proof of Theorem 1.3. We begin by showing (1.7) and divide the argument into two cases, when J is finite, and
when J is countably infinite. To this end, let us assume that J is finite and let £ = {s e {0, )N : lim,, o0 @ = p},

where 7 is as in the proof of Proposition 4.4. We have seen in the proof of Proposition 4.4 that for all s € E
the Hausdorff dimension of Fj4 does not depend on s € E and is given by the unique ¢ solving (4.3). As in
Section 2.2, let xr : {0, 1}' — [0, 1] denote the projection map given by n(s) = lim, e f% o -+ o f£(0). Observe
that 7r|g : E — n(E) is a bijection, and that y,(E) = 1 by the Birkhoff Ergodic Theorem. Let &, : [0, 1] — [0, 1] be
defined by

£y {f if w € [0, pl,
P ) o

i = % ifwe(p,1],
(so fé’ and flp are the local inverses of £,). Let A denote the Lebesgue measure on the Borel o-algebra of [0, 1] and
denote the left-shift by o : {0, 1} — {0, 1}*'. The dynamical systems ([0, 1], 4, &p) and ({0, 1, Hp, 0) are measure

theoretically isomorphic through the map r : {0, 1Y — [0, 1], see for instance [Fal97], and thus A(7(E)) = 1.

For w € n(E), let (F),, = {x € [0, 1] : (w, x) € 7"} be the vertical fibre of F,” based at w. Since there is a unique
s = (spren € {0, 11 with 7(s) = w and each (w, x) € (Fjp gives a signed Liiroth expansion of x with digit sequence
((Sk, di)iers € JY via (w, x) = limkﬁw(A‘;’]’d] 0---0 Afk’dk)((O, 0)), we have (), = F. Hence, Proposition 4.4
implies dimrﬂ((?_f M) = dimg (Fj-14,)) = 1, for A-almost all w € [0, 1], where 7 € R, uniquely solves

\P 0P
1 1
oLt = _ - =1.
skt

diel
Since ¢ does not depend on w, and since this holds for all w in a set of positive Lebesgue measure (and hence of
Hausdorff dimension 1), it is a direct consequence of [Mar54] that dimq{(?']p ) > 1 +1t, yielding (1.7).

Suppose that J is countably infinite. For n € Ny, and s € {0, 1} let I, = I, N {2,...,n}, and let J,, denote the set
({0} x I, 0) U ({1} X I,,1). Set t, € Ry to be the unique solution to p(ly,, I1 4, 1,) = 1 and observe that (z,)nen,, 1S
a non-decreasing sequence in [0, 1]. This, in tandem with the fact that TJ‘" o) ?}p L2 TJ” for all n € Ny, yields
dimg((F,") 2 sup,, dimg((F,)) = 1 + sup,5 .
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Letting ¢ = sup,,., t,, we observe for n € Ny, that p(lo, I1,, 1) < 1. Taking the limit as n tends to infinity yields
(1.7). To conclude the proof, we show (1.8). Since I, = I} = I, it holds by the second part of Proposition 5.1 that

: -5 s r-1
inf{re(1,2]: Z P -p) (k) <1
(s,d)eJ

d(L?, | (s.d) € J)

1

inf{re(1,2]: Z(m)‘ <1

del

=1 +inf re(o,l]:Z(m)’gl <2.

del
By (1.7), the assumption Iy = I} = I also yields
oY V)
dimy(FP) > 1 +inf{re(0,1]: (—) (—) <1
! L%:I do(do — 1) ‘;“1 di(dy - 1)
0 1
1 r
=1 inf 11 : — | <1 =d(L d .
+inf{re (0,1] ;(d(d_l))_ (LY, | (s.d) € )
This in tandem with Theorem 1.2(i) yields (1.8). Moreover, if I is finite, then Lemma 5.2 in combination with
Theorem 1.2(i) gives that dimy((7,") = dimp(F") = dimp(F") = d(L] | (s,d) € J). m]

Proof of Theorem 1.4. Let t € [0, 1] be chosen arbitrarily. For fixed I € Ny, and s € {0, 1} the limit set of
{¢sq : d € I} equals Fi;x; whereas that of {Af g d € I} equals {s} X Fi;x;, meaning the two have equal Hausdorff

dimensions. By Corollary 4.10 we can find a set I € Ny, such that dimzH(??g]X )= dimﬂ(f f]X ;) = t. With this at

hand, Theorems 1.3 and 4.5 together with Corollary 4.10 imply dimﬂ(f (’)’”X D=1+t O
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