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1 | INTRODUCTION

One of the main research themes in the representation theory of finite groups is to determine
how much information about the algebraic structure of a finite group G can be discovered using
knowledge of its character degrees. A famous result in this line of investigation is the It6—Michler
theorem [13, 20] asserting that a Sylow p-subgroup P of G is abelian and normal in G if, and only
© 2022 The Authors. Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access article

under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
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if, the character degree y(1) is coprime to p for every irreducible character y € Irr(G). Separating
the two conditions (abelian and normal) on the Sylow p-subgroup P in the context of character
degrees has been a challenge for the last few decades. While the commutativity of P is character-
ized by Brauer’s height zero conjecture [19], the aim of this article is to study canonical subsets of
characters whose degrees characterize the normality of P in G.

In [17], Malle and Navarro showed that given a prime p and a Sylow p-subgroup P of G, then
P is normal in G if, and only if, every irreducible constituent of the permutation character (1,)°
has degree coprime to p. At the end of their article, they conjecture a refinement of this result,
proposing that the normality of P may be detected by looking at an even smaller subset of irre-
ducible characters of G, namely those irreducible constituents of (1,)¢ appearing with multiplic-
ity coprime to p. In this article, we verify Malle and Navarro’s prediction.

Theorem A. Let G be a finite group, p be a prime and P € Syl,(G). The following statements are
equivalent.

(i) PisnormalinG.
(ii) Every y € Irr(G) with [ xp, 1p] not divisible by p has degree coprime to p.
(iii) Every y € Irr(G) with [ xp, 1p] not divisible by p satisfies y(x) # 0 for every x € P.

In Section 2, we show that in order to prove Theorem A it is enough to prove the validity of its
statement for all finite simple non-abelian groups. Roughly speaking, for every finite non-abelian
simple group S we must exhibit an irreducible character y of degree divisible by p with trivial
Sylow branching coefficient coprime to p. If P is a Sylow p-subgroup of a finite group G, then
the trivial Sylow branching coefficient of y is the multiplicity [yp, 1p] with which y appears as
a constituent of the permutation character (1,)¢. (We refer the reader to Section 3.1.1 for more
information on Sylow branching coefficients.) The main obstacle in this context comes from sim-
ple alternating groups when p € {2, 3}, as already observed in [17, p.4] and recently remarked by
the same authors in [18], as most other simple groups are handled by applying a result of Granville
and Ono [8] on the existence of p-defect zero characters. We prove the statement of Theorem A
for the remaining alternating groups as a consequence of the following much more general result
concerning symmetric and alternating groups, denoted by €, and ¥, respectively.

Theorem B. Let p be a primeandn € N. Let G € {©,,, 2, }, let P be a Sylow p-subgroup of G and
let B be a p-block of G. Then there exists an irreducible character y of height zero in B such that
[xp,1p] is not divisible by p.

As well as providing the key ingredient for proving Theorem A (note that the character y pro-
vided by Theorem B has degree divisible by p whenever B has non-maximal defect), Theorem B
also contributes to the study of Sylow branching coefficients for symmetric and alternating groups
and, more generally, to the study of the restriction of characters to Sylow subgroups. These topics
have recently been at the centre of investigation for their connections to the McKay Conjecture [4,
712, 24]. In [5], the authors determine those irreducible characters of &,, having non-zero trivial
Sylow branching coefficient. Despite this positivity result, very little is known about the values of
these integers. In this sense, Theorem B represents a first step towards a more precise description
of these Sylow branching coefficients.

The key idea behind the proof of Theorem B is the following. For any given p-block B of &,,
we introduce a virtual character V3, obtained as a certain integer combination of the irreducible
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554 | GIANNELLI ET AL.

characters of height zero in B (see Definition 3.13). Using the language of symmetric functions
together with algebraic-combinatorial techniques, we then show that p does not divide the mul-
tiplicity [(V®)p, 15], and hence deduce that there exists a height zero character in B whose trivial
Sylow branching coefficient is coprime to p.

It is worth mentioning that the virtual characters V5, and more generally the family of virtual
characters introduced in Section 3 below, seem to have further applications to problems involving
signed character sums in symmetric and alternating groups (see [11, p.2] and [21, Section 6]); this
will be the subject of future investigation.

The structure of this article is as follows. In Section 2, we prove Theorem A, assuming that its
statement holds for simple alternating groups. In Section 3, we investigate symmetric and alter-
nating groups specifically, in particular showing that Theorem A holds for these classes of groups
as a consequence of the more general Theorem B.

2 | AREDUCTION TO ALTERNATING SIMPLE GROUPS

The aim of this section is to prove a reduction theorem for Theorem A. We mimic and adapt the
approach used in [17]: we reduce the problem to showing that every finite non-abelian simple
group S possesses a suitable character lying over the trivial character of a Sylow p-subgroup of S
with multiplicity not divisible by p and vanishing on some element of the aforementioned Sylow
p-subgroup. We say that y € Irr(G) vanishes on g € G if y(g) = 0.

We follow the notation of [9] and [22] for characters. Let G be a finite group and p be a prime.
Recall that y € Irr(G) has p-defect zero if p does not divide |G|/ x(1). Note that a non-trivial group
with a normal Sylow p-subgroup P does not possess a p-defect zero character unless P = 1.

Lemma 2.1. Suppose that x € Irr(G) has p-defect zero and let P € Syl,(G). Then:

(i) x(x) = 0 for every non-trivial x € P;
(ii) xp = f - pp where f = [xp,1p] is coprime to p and pp is the regular character of P.

Proof. Part (i) is [9, Theorem 8.17] (also [22, Theorem 4.6]). By (i), we have that

_ 1 _x@®
[xp,1p] = m%%(x) =P

is a positive integer. Write f = [yp,1p]. Then f is coprime to p and yp = f - pp, S0 part (ii)
follows. L]

The next lemma follows from a standard argument.

Lemma 2.2. Let G be a finite group, p be a prime and P € Syl ,(G). Let x € Irt(G) have degree
coprime to p. Then x(x) # 0 for every x € P.

Proof. Consider the ring R of algebraic integers of C. Let M be a maximal ideal of R containing
pR. Let £ € R be a root of unity of order p®. Then (¢ — 1)P" = Omod M. Since R/M is a field,
we obtain that £ = Imod M. Given x € P, write Q = (x). Since yo = 4; + - + Ay Where 1; €

d ‘2 220z '0212697T

Jwouy

UONIPUOD PUE SIS | 341 395 *[E20Z/0T/ZT] U0 ARIGITSUIIUO ABIIM ‘WES | SR 1SS PUy S90.N0S913 WeyBUILLIG JO AISBAIN Ad ¥BSZT SWI/ZTTT OT/0pAIOO Ao

fo

251901 SUOLULOD SATEBID 3|9 11 3U) Ad Pou o0 9.2 SO YO 9N J0 S9N 10} A1 BUIIUO K31 UO



SYLOW BRANCHING COEFFICIENTS AND A CONJECTURE OF MALLE AND NAVARRO 555

Irr(Q), then y(x) is a sum of (1) roots of p-power order and
x(x) = y(1)mod M.
In particular, y(x) #0as M NZ = pZ. O

It is a well-known result of Burnside that every non-linear character of a finite group vanishes
on some element ([22, Corollary 4.2]). Hence the converse of the above lemma holds in p-groups.
However, it is not the case in general that the non-vanishing property on Sylow p-subgroups char-
acterizes characters of degree coprime to p, as shown by SL,(5) for p = 2. A key ingredient in
the proof of Theorem A will be that symmetric and alternating groups satisfy the converse of
Lemma 2.2 (see Theorem 3.16).

We will prove Theorem A of the introduction using the following result on finite non-abelian
simple groups.

Theorem 2.3. Let S be a finite non-abelian simple group of order divisible by a prime p, and let
R € Syl,(S). Then S either possesses a p-defect zero character or there is some Aut(S)-invariant 6 €
Irr(S) such that [0y, 1;] is not divisible by p and 6(x) = 0 for some x € R.

Proof. By [8, Corollary 2], every finite non-abelian simple group possesses a p-defect zero character
unless p = 2 and S is one of the sporadic groups M;,, M,,, M,,, J,, HS, Suz, Ru, Co;, Co;, BM
or an alternating group 2, with 7 < n # 2m? + m, 2m? + m + 2 for any integer m; or p = 3 and
S is either Suz, Co; or 2, with 3n + 1 divisible by some prime g congruent to 2 (mod 3) to an
odd power. For p = 2, let S be a sporadic group not admitting a p-defect zero character. Using [3]
and the command PermChars (CharacterTable("S"), d)), we can compute the permutation
characters (13)° for S € {M;,, M,,, M,,,J,, HS}, where the second argument d is the degree of the
desired permutation character. For S = BM the character (1;)° was computed by Breuer'.

For S € {Suz, Ru, Co;, Co,}, one can compute (1z)° by choosing a maximal subgroup M of S
containing R with the [3] commandMaxes (CharacterTable("S")), computing := (1) with
PermChars, and finally inducing 6 to S. (In the case where S = Co,, choose Co; as a maximal
subgroup.) One can proceed in a similar way to obtain (1;)° whenever S € {Suz, Cos} and p = 3.
(The function PermChars has several strategies to determine candidates for permutation charac-
ters, and the second argument determines which one is chosen. In the case where S = Co; and
p = 3, one should use PermChars (CharacterTable("S"), rec(torso:=[d])) where d is the
degree of the desired permutation character.)

Once we have (1;)° stored in [3], one can easily check that there is some Aut(S)-invariant
0 € Irr(S) with [0y, 1z] coprime to p that vanishes on some p-power order element.

It remains to find 6 for the alternating groups 2, with n > 5 and p € {2, 3}. This is given by
Theorem 3.17. O

The following technical lemma will be useful for reducing the statement of Theorem A.

Lemma 2.4. Let G be a finite group, p be a prime and P € Syl ,,(G). Suppose that N < G is such
thatPN< GandQ=PNN > 1.

T See http://www.math.rwth-aachen.de/homes/sam/ctbllib/doc2/chap8_mj.htm1#X87D11B097D95D027
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(a) Ift € Irr(PN) lies over 1, with multiplicity coprime to p, then so does any y € Irr(G) lying over
T.

(b) IfN hasa p-defect zero character v, then G has an irreducible character y # 1, such that p does
not divide [ xp, 1p] and y vanishes on the non-trivial elements of Q.

Proof. (a) By assumption, m, = [tp,1p] is coprime to p. Write ypy =€ Zlle 7% by Clifford’s the-
orem [9, Theorem 6.2] with x; € G. By the Frattini argument G = NN;(P) and we can choose
X; € Ng(P) (with x; = 1). By [9, Corollary 11.29], y(1)/7(1) = et divides |G : PN|, and hence e
and ¢ are coprime to p. In particular, yp = e Z:zl(z'xi)P =e Z;zl(fp)xi and so [xp,1p] = etm, is
coprime to p.

(b) Note that Q = PN N € Syl,(N). In particular, n, = f - po by Lemma 2.1(ii), where f =
[1g1o] is coprime to p. Note that

™) =) =(f-px)" =f-pp

so that [(1"N)p, 1p] = [f - gy 1o] = f. Write 1N = ¥, 1y o[, T]7. We have seen that

(™, 1:1= Y "N, 7lltp, 1p]
t€lrr(PN)

is coprime to p. Therefore, we can choose 7 € Irr(PN) lying over n and 1, (that is, with
[tn>1]lTp, 1p] # 0), and such that [tp,1p] is not divisible by p. Let y € Irr(G) lie over 7. By part
(a), the multiplicity [xp,1p] is coprime to p. Moreover, y, is a multiple of the sum of the N;(P)-
conjugates of 7, and hence a sum of p-defect zero characters of N. In particular, by Lemma 2.1(i),
x vanishes on every non-trivial element of Q. O

Proof of Theorem A. (i) = (ii): If P < G and y € Irr((1p)°), then y can be seen as a character of
G/P and hence has degree coprime to p.

(ii) = (iii): This implication follows from Lemma 2.2.

(iii) = (i): Suppose that G is a counterexample to the statement of minimal order. Of course
G >1landNg(P) <G.Let1 <M < G. Given y € Irr(G/M) lying above 1p)/,, with multiplicity
coprime to p, we can view y as an irreducible character of G, and then yp;; = mlp,; + A where
p does not divide m and [A, 1p,,] = 0. Note that every irreducible constituent of yp,,; contains M
in its kernel, and hence restricts irreducibly to P. In particular, [ yp,1p] = m is not divisible by p.
By assumption, y does not vanish in P (so in PM /M as a character of G/M). By minimality of G,
we conclude that PM < G. In particular, O p(G) =1.

Let N be a minimal normal subgroup of G and write Q = PN N € Syl,,(N). By the paragraph
above, we have that PN < G. According to [1, 8.2 and 8.3] N is either semisimple or abelian. If N
is abelian, then [1, 8.4] implies that N is an elementary abelian g-group for some prime g. Recall
that O p(G) = 1. We distinguish two cases below.

Case 1: Suppose that p divides the order of N. By the above discussion, we have that N is
semisimple. Let S < N be a minimal normal subgroup of N. Then N = ]'[ir:1 S% where {S9}/_| =
{S9 | g € G} and we may assume g; = 1. In fact, N = x;zlsgi is the direct product of the different
G-conjugates of S (see [10, Lemmas 9.5 and 9.6]). Write R=QnN S € Sylp(S), and note thatR > 1.
Since S is a non-abelian simple group of order divisible by p, by Theorem 2.3 either (a) S has a
p-defect zero character 6 or (b) S has an Aut(S)-invariant 6 € Irr(S) such that p does not divide
[6r,1x] and 8(x) = 0 for some x € R. In each of these cases, define 7 := Xi;_,6% € Irr(N) by [9,
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Definition 4.20 and Theorem 4.21]. Note that N 2 S X --- X S and, under this identification, 7 is
just the direct product of r copies of 6.

In case (a), note that 5 € Irr(N) has p-defect zero. Then Lemma 2.4(b) yields a contradiction.
In case (b), note that the fact that 6 is Aut(S)-invariant implies that » is G-invariant (we refer the
reader to the proof of [23, Lemma 4.1(ii) ], where the p-group hypothesis is superfluous). Moreover,
[10-1o] = [k, 1x]" is not divisible by p and 5(y) = 0 where y = [];_, x% € Q. Since ("), =
(nQ)P contains 1, with multiplicity [7,, 1] coprime to p, we can choose 7 € Irr(PN) lying over
7 such that p does not divide [7p, 1p] arguing as in the proof of Lemma 2.4(b). Let y € Irr(G) lie
over 7. By Lemma 2.4(a), we have that p does not divide [ yp,1p]. As 7 is G-invariant, y, = en and
so y(y) = 0fory € Q C P, yielding a contradiction also in this case.

Case 2: We are left to deal with the case where N is a p’-group. Recall that PN < G, and let
K/N be a minimal normal subgroup of G/N with K C PN. In particular, K/N is an elemen-
tary abelian p-group. Write Q = PN K € Syl ,(K). Then K = NQ and Q = K//N is an elementary
abelian p-group. By the Frattini argument G = KN;(Q) = NN;(Q), and therefore it is easy to see
that Co(N) < G. The fact that Op(G) = 1 forces C(N) to be trivial, and consequently the action
of Q on N is faithful. By [2, Lemma 2.8], there is some 6 € Irr(N) with Ky = N. (Note that the
hypotheses of [2, Lemma 2.8] are fulfilled as Q acts coprimely and faithfully on N, Q is abelian
and N is characteristically simple.) Let 7 = 6% € Irr(K). Then 7 has p-defect zero as a character
of K and Lemma 2.4(b) yields the final contradiction. O

3 | SYLOW BRANCHING COEFFICIENTS OF &, K AND 2,

The main aim of this section is to prove Theorem B. Using Theorem B, we then complete the proof
of Theorem A by showing that Theorem 2.3 holds for alternating groups at the primes 2 and 3.
This is done in Theorem 3.17.

We start by recording some notation and standard facts that will be used throughout this sec-
tion.

3.1 | Preliminaries

For m a natural number we denote by [m] the set {1, 2, ... ,m}. For p a prime, v,(m) denotes the
p-adic valuation of m, thatis, m = p”P(’”)t where p ¢ t. For a finite group G and a prime number
D, wWe write Irrp,(G) ={y € Irr(G) : p } x(1)} for the set of irreducible characters of G of degree
coprime to p. For a p-block B of G, let Irr,(B) denote the set of height zero characters in B. Recall
that if B has defect group D, then the height ht(y) of an irreducible character y is given by ht(y) =
v p( x()+v p(|D|) - vp(lGl). As is customary, we denote by ¢© the conjugacy class of the element
¢ginG.
‘We start by recording a group-theoretical result that will be used in the proof of Theorem B.

Lemma 3.1. Let G be a finite group, let p be a prime and let P € Syl,(G). Let g be an element of P.
Thenv,(IP N g%1) = v,(19°).
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Proof. From the definition of an induced character [9, Chapter 5], we have

ICa(9)l - 19° NPl _|G:P|-1g°nP]|

G _
(lp) (9) = |P| |9G|

We then observe that (1,)°(g) equals the number of fixed left cosets of P in G under the action of
(g) by left multiplication. It follows that (15)¢(g) is coprime to p. The statement then follows. []

3.1.1 | Characters and combinatorics of ©,

We let P(n) denote the set of partitions of n. Given 1 € P(n) (also written 1 F n), we denote its
conjugate by A’. The set Irr(&,)) of ordinary irreducible characters of &,, is naturally in bijection
with P(n). For a partition A € P(n), we denote the corresponding irreducible character of &, by
x*. Given P, a Sylow p-subgroup of &, and ¢ € Irr(P,), we use the notation introduced in [6] by
letting Z; denote the natural number defined by

z = [(xMp, . 9l-

These multiplicities are called Sylow branching coefficients for symmetric groups. In this article,
we will be particularly interested in the case where ¢ = 1, is the trivial character of P,,. We will
sometimes use the symbol Z# to denote pr , to ease the notation.

To each partition 4 = (44, ... ,4;) we magl associate a Young diagram given by [1] = {(i, j) €
NXN:1<i<k, 1< j<A} Thehook of A corresponding to the node (i, j) is denoted by hi,j(/l)
and we let |h; j(/l)l denote its size.

For any e € N, we denote by C,(4) the e-core of the partition A. This is obtained from A by
successively removing hooks of size e (also called e-hooks) until there are no further removable
e-hooks. We say that 4 is an e-core partition if A = C,(4). The leg length of a hook is one less than
the number of rows it occupies. The e-weight of 1 is given by w,(1) = (|A| — |C,(1)])/e. We refer
the reader to [15] or [27] for detailed descriptions of these combinatorial objects.

We record here some useful facts on the degrees of irreducible characters of &,,. Let p be a
prime and let 1 € P(n). An immediate consequence of the hook length formula [14, 20.1] is that
x* has p-defect zero if and only if 1 is a p-core partition. At the other end of the spectrum, the set
of irreducible characters of &,, of degree not divisible by p was completely described in [16]. We
recall this result in language convenient for our purposes.

Lemma 3.2. Let p be a prime and n €N. Let n = Z§:1 a;p" be its p-adic expansion, where
ny>ny>-->n >0and a; €[p—1] forall i € [t]. Let 2 € P(n) and let u = Cpn (1). Then
x'e Irr, (&) ifand only if p € P(n — a,p™) and x* € Ity (©,,_g ,m )

Repeated applications of Lemma 3.2 imply the following statement.

Lemma 3.3. Let n be a natural number, let p be a prime and let 2 € P(n). If |C,(1)| > p then p
divides y*(1).
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SYLOW BRANCHING COEFFICIENTS AND A CONJECTURE OF MALLE AND NAVARRO | 559

The Murnaghan-Nakayama rule [15, 2.4.7] allows us to compute the values of the irreducible
characters of ©,,.

Theorem 3.4 (Murnaghan-Nakayama rule). Letr,n € Nwithr < n. Suppose that mp € ©,, where
p is anr-cycle and 7 is a permutation of the remaining n — r numbers. Then

XA (wp) = Y (1) AWy (),
M

where the sum runs over all partitions u obtained from A by removing an r-hook, and h(A \ w) denotes
the leg length of the hook removed.

The cycle types of elements in &,, are naturally parametrized by the partitions of n. Since the
ordering of cycles is irrelevant, when we refer to cycle types we may sometimes use compositions
rather than partitions of n. We further remark that if o € &, has cycle type given by the compo-
sition a = (1™2" ...), then we say that o contains exactly m; i-cycles, for all i € N. Moreover, its
centralizer has size |C@n(c)| = [Licy ™ - my.

3.1.2 | Characters and blocks of &, and A,

Let p be a prime. It is well known that the p-blocks of &,, are parametrized by p-core partitions [15,
6.1.21]. In this article, we will denote the p-block corresponding to the p-core y by B(y, w), where w
is the natural number such that n = |y| + pw. As explained in [15, 6.2.39], defect groups of B(y, w)
are Sylow p-subgroups of &, ,. Moreover, the set Irry(B(y, w)) can be described as follows.

Lemma 3.5. Let n be a natural number and let p be a prime. Let y be a p-core partition such that
n = |y| + pw, for somew € N. Let pw = Zle a;p" beits p-adic expansion, where ny > n, > --- >
n; >0anda; € [p—1], foralli € [t]. Given A € P(n)and u = Cpm (1), we have that

2" € rrg(B(y.w)) if and only if x* € Trro(B(y, w — a,p™ ).
Proof. This follows from [25, Lemma 3.1]. O

In other words, Lemma 3.5 tells us that y* € Irry(B(y, w)) if and only if there exists a sequence
of partitions A = Ay, 4y, ..., 4, = usuchthat4;,, is obtained by removing a p"1-hook from 4;, and
such that 4, labels an irreducible character of height zero in B(y,w —a,;p™~1). When p = 2, we
have the following.

Lemma 3.6. Let n be a natural number and let A € P(n) be such that 1 # C,(1). If x* is an irre-
ducible character of height zero in its 2-block, then 1 # 1'.

Proof. Let y* € Irr(B(y, w)), for some 2-core y and some w € N. Let 2w = 2" 4 2" 4 ... + 2" be
the binary expansion of 2w where t € Nand n; > n, > --- > n; > 1. By Lemma 3.5, 4 has a unique
2"-hook. Assume for a contradiction that A = A’. Then |h;;(1)] is odd for all i € N. Hence the
unique 2"1-hook of 4 is off the main diagonal, that is, it is h; j(/l) for some i # j. This contradicts
the assumption that A = A’. O

d ‘2 220z '0212697T

Jwouy

UONIPUOD PUE SIS | 341 395 *[E20Z/0T/ZT] U0 ARIGITSUIIUO ABIIM ‘WES | SR 1SS PUy S90.N0S913 WeyBUILLIG JO AISBAIN Ad ¥BSZT SWI/ZTTT OT/0pAIOO Ao

fo

251901 SUOLULOD SATEBID 3|9 11 3U) Ad Pou o0 9.2 SO YO 9N J0 S9N 10} A1 BUIIUO K31 UO



560 | GIANNELLI ET AL.

We now briefly recall a description of the irreducible characters and blocks of alternating
groups, and refer the reader to [26, Section 4] for further detail. Let 1 € P(n). If 1 # 1/, then
O, = ( )(’V)g[” is an irreducible character of 2,,. On the other hand, if 2 = ', then (x*)y, =
@7 + ¢ with g7 € Irr(2,,). All of the irreducible characters of 2, are of one of these two forms.
Turning to blocks, we let B(y, w) be a p-block of &, and we first suppose that p is odd. If w > 0,
then B(y,w) covers a unique block B of 2[,,. Moreover, B(y,w) and B(y’, w) are the only blocks
covering B. If w = 0, then B(y, 0) covers a unique block of 2, unless y = y’. In the latter case,
B(y, 0) covers two blocks of 2, respectively, containing the two irreducible constituents of (Y )y, .
Finally, if B(y, w) covers B, then their defect groups are isomorphic. On the other hand, if p = 2,
then y = y’. In particular, we have that B(y, w) covers a unique block of 2[,, if and only if w > 0.
Moreover, if D is a defect group of B(y, w), then D N A, is a defect group of any 2-block of A,
covered by B(y, w).

3.2 | Virtual characters of ©,

As mentioned in the introduction, the following definition will play a central role in the proof of
Theorem B.

Definition 3.7. Let A be any partition and lete € N. Set n : = || 4+ e. We let V*[e] be the virtual
character of ©,, defined as follows:

Vel 1= Y (=1

where a runs over all partitions of n obtained from A by adding an e-hook. As before, h(a \ 1)
denotes the leg length of the e-hook added.

Example 3.8. Let 1 = (3,1) and e = 3. We observe that A has exactly three addable 3-hooks. In
particular, we have that VGD[3] = y©&1 — (3.22) 4 ,G.19),

‘We describe the values taken by the virtual characters just introduced.

Theorem 3.9. Let A be any partition and let e € N. Let n = || 4+ e and let 0 € ©,,. Suppose that
the disjoint cycle decomposition of o contains exactly k e-cycles. Then

Vlel(0) = ke - y*(z) if k>0,
0 if k=0,

where T € ©,,_, has cycle type equal to that of o except with one fewer e-cycle.

We observe that Theorem 3.9 extends [14, Theorem 21.7]. The result may be known to experts
in the field, but we could not find it in the literature. To prove Theorem 3.9, we use results from
[28], translating between the language of symmetric polynomials and class functions. We briefly
summarize here the relevant notation.

For a partition u, we let s, denote the corresponding Schur function. For e € N, p, denotes
the power sum symmetric function ); x; in indeterminates x;. If u = (uy, 4y, ... , p), then p,,
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is defined to be the product p, p,, - Pu,- The Frobenius characteristic map ch is a ring isomor-
phism between the algebra of class functions of finite symmetric groups and the ring of symmetric
functions (for more detail, see [28, §7.18]). If f is a class function of &,, then

ch(f) = Y z,' f()p, (€RY

ukn

where z, = |C@n(co)| with w € @, an element of cycle type u. In particular, ch(y*) = s, for
any partition 1. Moreover, for all class functions f of &, and g of &, we have that ch satisfies

ch(fog) = ch(f) - ch(g). Here fog denotes the induced class function (f X g)z’”;’é .

Proof of Theorem 3.9. From [28, Theorem 7.17.1], we have that

51 Pe = Z(_l)h(a\l)sa

a

where the sum runs over all partitions « obtained from 4 by adding an e-hook. It is easy to see
from (3.1) that if ch(f) = p,, then f is the class function of &, given by

e if the cycle type of w is (e),
fl@) = :
0 otherwise.

It follows that

ch(x*of) = ch(x") - ch(f) = 53 - pe = Y (=" *\W ch(x®).

Since ch is bijective and linear, we have that y*of = V*[e]. Thus it remains to prove that

1 ke xMz) ifk>o0,
x f)(U)—{O ik = o,

where T € ©,,_, has cycle type equal to that of o except with one fewer e-cycle. Since y*of =
(x* X f)©n+e, this follows directly from [9, (5.1)] and the definition of f given above. O

We now extend Definition 3.7 by allowing the addition of multiple hooks.

Definition 3.10. Let A be any partition. For e, f € N, define

Ve, f] = Y (DD Y (—1)hB\ F,
@ B

Here a runs over all partitions obtained from A by adding an e-hook. For each fixed such «, we
have 8 running over partitions obtained from « by adding an f-hook.

We define V*[e,, e,, ... , e,] analogously for any u € N U {0} and any sequence of natural num-
bersey, ... ,e,. Ifu =0, weset V[ey,... ,e,] 1= x*.
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562 | GIANNELLI ET AL.

Observe that Ve, f] = ¥ (-1)"®\WV[f]. It is then easy to see that Theorem 3.9 implies
Ve, 1= V[f,e]. Similarly, we have that V*[e,, .. ,e,] = V*[e,), ... ,eyq,] foranyp € &,.

Example 3.11. Following on from Example 3.8, we can compute V3)[3, 3], a virtual character
of &

vO[3,3] = (-1)° - VOL[3] + (-1 - VORI [3] 4 (-1 - VO3]
— X(9,1) + X(6,4) ) X(6,2,2) + 2)((6,14) + )((4’4’2) +2 )((3’23’1)

3 7
_ X(3,2,2,1 ) _ X(3,3,2,1,1) + X(S,l ) <>

‘We now turn to the study of the restriction to Sylow p-subgroups of the virtual characters intro-
duced in Definition 3.10. As mentioned at the beginning of Section 3, we will use the symbol P,
to denote a fixed Sylow p-subgroup of ©,,.

Theorem 3.12. Let p be a prime, let n € N and let y be a p-core partition such that |y| < n and
pln—|yl.Letu e NU{O}and ty,... ,t, € Nbesuch thatn — |y| = p"t + --- + p'u. Then

pt [V”[p‘l,... ,p[u]Pn,lpn].

Proof. If |y| = n, then u = 0 and V¥[ph, ..., p'v] = x” is a p-defect zero character. Then p does
not divide [()(V)Pn, lpn] by Lemma 2.1.

We now assume that |y| < nand u > 0. To ease the notation we let e; = p'i, for all i € [u]. We
recall that 7 is zero on every non-trivial element of P|,| since y is a p-core partition. By repeated
applications of Theorem 3.9, we find that V”[ey, ... , e, ] is zero on every element of P, except those
with cycle type (e;, e, ... ,e,,1"7!). Leto € P, havecycle type (e;,e,, ... ,e,, 1"!). Let T be the class
function of P, taking value 1 on those elements with the same cycle type as o and 0 otherwise.
Then V'ley, ... ,e,]p = zT, for some z € N. Thus

[V}'[el,... ey lp s 1p ] =[zT,,1p ] -|P,No "|
o =mi L
On the other hand, from Theorem 3.9 we also have that
Ve, .. e l(0) = /(1) - [] %
i>2
where a; = |{j € [u] : e = i}|. Hence
|C@n(0)|
z= ZTU(U) = Vy[ela ,eu](a) = )(y(l) : W
Therefore, to conclude the proof it suffices to show that
v, W) =7, (71D + v, (1€, (@] ) = 7, (18, + v, (1P, N 1) =0, (32)
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where we have used that v,(|P,|) = v,(|©,]). Since y is a p-core, we have v,(x7 (1)) = v,(|y[D.
Thus (3.2) follows from the Orbit-Stabiliser theorem (giving |&,| = |0©n] - ICs, (o)]) and
Lemma 3.1. O

Starting with Definition 3.7, in this section we introduced a family of virtual characters of &,
and we have studied their properties. The main ingredient of our proof of Theorem B for symmet-
ric groups (Corollary 3.14) is a specific member of this family. We highlight this specific virtual
character in the following definition.

Definition 3.13. Let y be a p-core partition and let n = |y| + wp for some integer w > 0. Let
B = B(y,w) be the p-block of &, labelled by y. Let wp = 3., a;p' with q; €{0,1,..., p — 1} for
each i. We denote by V? the virtual character of &, defined as

VB =V"e,,.. el

where ey, ... ,e, are natural numbers such that |[{j € [u] : e = pl=gq foralli>1,and u =

Y a;.

In other words, the numbers ey, ... ,e, in Definition 3.13 are the various p' appearing in the
p-adic expansion wp = Zi>1 a;p', counted with multiplicity.

We remark that every irreducible character y € Irr(&,,) appearing with non-zero coefficient in
VB belongs to Irry(B). This follows directly from Lemma 3.5.

Corollary 3.14. Theorem B holds when G is a finite symmetric group.

Proof. Let G = ©, and suppose B = B(y,w) for some p-core y and w > 0. If w = 0 then " €
Irry(B) since y is a p-core partition. By Lemma 2.1, p 4 [(x")p,,1p, |-

Now suppose w > 0. Consider the virtual character VB = V7le, ... ,e,], introduced in Defini-
tion 3.13, and note that e; > 1 and ¢, is a power of p for every i € [u]. It follows from Theorem 3.12
that p 4 [(VB) P, 1 Pn]' Hence, there exists an irreducible character y occurring in V? that satisfies
ptl xp,1 Pn]' As remarked after Definition 3.13 we know that y € Irry(B), as desired. O

We are now ready to treat the case of alternating groups, which will conclude the proof of The-
orem B.

Corollary 3.15. Theorem B holds when G is a finite alternating group.

Proof. Let G = A, and suppose B is a p-block of 2A,,. Let B = B(y, w) be a block of &,, covering
B, and let D and D = D n 2, be defect groups of B and B, respectively. Let P € Syl,(&,) and
P:=PnA, €Syl,(A,).

First assume p is odd. Then P = P and D = D. By Corollary 3.14, there exists y* € Irr,(B) such
that p + [(x")p, 1p]. IfA # A/, then g := (x")y, € B.Since y* € Irry(B) we have that ¢ € Irry(B),
as |D| = |D| and p is odd. Moreover, p } [¢p,1p] = [(x*)p,15]. On the other hand, if 1 = A’ then
()(/1)2[” = ¢, +¢; and at least one of ¢ and ¢ belongs to B. Note ¢ (1) = ¢7(1) = %)(’1(1).
Since p is odd we have that both goz and ¢; are height zero characters in their block. Moreover,

PH@)p 151 = [(#])p, 1p] = 3[(XMp, 15].
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Now assume p = 2. First suppose w > 0. Let 2w = 2" + 2"2 4 ... 4+ 2™ be the binary expan-
sion of 2w where t € Nand n; > -+ > n;, > 1. Let VB =vrom, ... 2m]. By Lemma 3.5, every irre-
ducible character y* € Irr(&,,) occurring in the linear combination vB belongs to Irr,(B). More-
over, 1 # A’ for all such characters y* by Lemma 3.6. Since y is self-conjugate, if y* occurs in
VB then so does )(’V. In particular, we can write VB as a sum of terms of the form +( 1+ )(}‘/)
or (y* — x*") for various 1. Since 2 4 [(V2);,1;] by Theorem 3.9, we deduce that 2  [(x*)p, 15] +
[(x*)p,1p]for some y* € Irry(B). Letp := (XM - Since |D| = §|D|,we deduce thatg € Irry(B).
Moreover,

[@p, 1p] = [(XM)p, 1p] + (X" )5, 151

We conclude that 2 } [¢p, 1p], as desired.

Finally, if p = 2 and w = 0, then D = 1 and B contains a unique irreducible character ¢ that is
at the same time of p-defect zero and of height zero in B. By Lemma 2.1, we have that 2 } [pp,1].
The proof is concluded. O

As promised at the start of Section 3, we use Theorem B to prove Theorem 3.17 and thereby
complete the proof of Theorem A. In order to do this, we first show that irreducible characters in
symmetric and alternating groups of degree coprime to p are characterized by the non-vanishing
property on Sylow p-subgroups.

Theorem 3.16. Let G be a finite symmetric or alternating group, p be a prime and P € Syl ,(G).
Then y € Irr(G) has degree coprime to p if and only if y(x) # 0 for every x € P.

Proof. Let y € Irr(G). By Lemma 2.2, we need to prove that if y(x) # 0 for every x € P, then
ptx).

Letn € Nwith p-adic expansionn = ZE=1 a;p"i,wheren; > n, > - >n, >0anda; € [p—1]
for all i € [¢]. Since the theorem holds trivially for n < p, we assume from now on thatn > p. We
call an element g € ©,, a p-adic element if in the disjoint cycle decomposition of ¢ there are q;
cycles of length p" for each i € [t]. We proceed by splitting the proof into two cases according to
G=CG,orG=¥,.

(i) G =©,: Given y € Irr(&,,) with p | (1), we claim that y(g) = 0 for any p-adic element
g € P. We show that the above claim holds by induction on ¢, the p-adic length of n. Let
x = x* for some A F n.

If t = 1, then n = ap® for some a € [p — 1] and k € N. In this setting, g has cycle type
(pk, p*, ..., pX) (that is, g is the product of a cycles of length p¥). Since p divides y*(1), by
Lemma 3.2 we have that |C x(4)| > 0. Equivalently, the pX-weight of A is strictly smaller than
a. Hence it is not possible to successively remove a p*-hooks from 1. Using the Murnaghan-
Nakayama rule, we conclude that y*(¢) = 0.

Let us now assume that t > 2 and that the claim holds for ¢ — 1. In this setting, we
have that g = pzr, where p is the product of a; cycles of length p™ and 7z is a p-adic
element of &,_, ,n . Clearly, the p"-weight w» (1) of 4 is smaller than or equal to a;. If
wpn (A1) < a,, then x*(g) = 0 by the Murnaghan-Nakayama rule. Otherwise, Wpm D=a
and v := Cpn () is a partition of n — a; p™. Since p divides x*(1), Lemma 3.2 implies that
p | x?(1). The inductive hypothesis now guarantees that y”(7r) = 0. This concludes the proof
of our claim, as another application of the Murnaghan-Nakayama rule shows that there
exists k € Z such that y*(¢) = k - x*(xr) = 0.
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SYLOW BRANCHING COEFFICIENTS AND A CONJECTURE OF MALLE AND NAVARRO 565

We can now conclude that if y*(x) # 0 for all x € P, then y* € Irrp/(@n), because we can
always find a p-adic element of &, lying in P.

(i) G=A,: If p is odd then P € Syl (%) is also a Sylow p-subgroup of &,, and hence P
contains a p-adic element ¢. Consider ¢ € Irr(,) with p | ¢(1), and let 1 - n be such
that ¢ is an irreducible constituent of ( )(’1)2[”. If 1#2/, then ¢ =( )(’1)2[" and hence
o(g) = x*(g9) =0, as p divides y*(1). If 1 = A/, then p divides y*(1) = 2¢(1). Let § :=
(Ihy 1 (DI, Thy (D], ..., [hs £(A)]) be the partition of n given by the diagonal hook lengths of
A. We observe that § cannot be equal to the cycle type of ¢. This is clear whenever a; > 2 for
some i € [t], because |hj’j(/1)| > |hj+1,j+1(/1)| for all j € [£ — 1]. On the other hand, ifa; = 1
foralli € [t], then Lemma 3.2 shows that we cannot have | h; ;(1)| = p"i foralli € [¢], because
p divides y*(1). It follows that ¢(g) = %)(}‘(g) =0, by [15, 2.5.13].

If p = 2, then P is a subgroup of index 2 of a Sylow 2-subgroup of ©,,. Let ¢ € Irr(2,,) with 2 | (1)
and let 4 - n be such that ¢ is an irreducible constituent of ( )(’1)2[" . We observe that y*(1) is even.
From Lemma 3.2, we deduce that there exists s € [t] such that |Cy(1)| > n— (2™ + .-+ 4 27).
Let

r=min{s € [t] : [Cos(D)| >n— (2" + - +2%)}

We now pick g € €, of cycle type

(2m, 2" ., 2M) if t is even,
(2m,2m~1 pne—l ons oMYy iftisoddandr =1,

(2m—1 2m=1 2m ons 2Mm) iftisodd andr > 1.

We observe that such a ¢ is an even permutation and therefore can be found in P. More-
over, we have that y*(g) = 0 by the Murnaghan-Nakayama rule. It follows that if 1 # A’ then
¢(9) = x*(g) = 0. Finally, if 1 = A/, then clearly |h; ;(A)] is odd for all i € [¢], hence we cannot
have h; ;(1) = 2" for all i € [t]. Therefore p(g) = %)(A(g) = 0, by [15, 2.5.13]. O

Theorem 3.17. Let p € {2,3}and let n > 5 be a natural number. Let R be a Sylow p-subgroup of 2,
Then U, either possesses a p-defect zero character or there is some Aut(2,,)-invariant 6 € Irr(A,,)
such that [0y, 1] is not divisible by p and 6(x) = 0 for some x € R.

Proof. From Theorem 3.16, we know that for 6 € Irr(2,,) the condition 6(x) = 0 for some x € R
is equivalent to having that p divides 6(1). We also recall that for every n # 6, we have that 0 is
Aut(2,,)-invariant if and only if 6 = ( )(’1)2[" for some partition A of n such that 1 # ',

We distinguish two cases, depending on the value of p € {2, 3}.

(i) p = 2:If n = 6, then both constituents of ( )((3’2’1))2[6 are 2-defect zero irreducible characters
of A,. Suppose now that n # 6. Let y be the following 2-core partition:

{(z, 1) if nisodd,

(3,2,1) if niseven.
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Let 2w = n — |y| and let 2w = 2™ + 2"2 + ... 4+ 2™ be its binary expansion, where ¢t € N and
n, >n, > - >n; 2 1. Let B := B(y,w) be the corresponding 2-block of &,,. By Lemma 3.6,
if y* € Irry(B), then A # A’. Considering as in the proof of Corollary 3.15 the virtual character
Vvr[2m, 2", .. 2™], we deduce that there exists A € P(n) labelling a character in Irr,(B) such
that the sum of Sylow branching coefficients Z* + Z#' is odd. Since |y| > 3, we also have that
x*(1) is even, by Lemma 3.3. We conclude that 9 = ( XA)QI,, is an irreducible character of 2,
with the desired properties, since [0y, 1] = Z* + Z7'.

(ii) p = 3: Direct verification shows that the statement holds for n € {5, 8, 11}. More precisely, the
alternating groups U and g admit 3-defect zero irreducible characters. On the other hand,
6 = (x®21)y  issuch that 3 | 6(1) and 3 } [6g, 1z] where R € Syl;(;,).

Now suppose that n & {5,8,11}. Let y be the following 3-core partition:

(4,2) if n =0 (mod 3),
Yy =1(@3,1) if n =1 (mod 3),
(6,4,2,1,1) if n =2 (mod 3).

Let B be the 3-block of &,, labelled by y. Since y # y’ we have that every irreducible character in
Irry(B) is labelled by a non-self-conjugate partition. By Theorem B, there exists y* € Irr,(B) such
that Z# is coprime to 3. Since |y| > 4 we also have that 3 divides y*(1), by Lemma 3.3. We conclude
that 0 = ( )(’1)9[” is an irreducible character of ,, with the desired properties. O
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