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and degree at least (1/4 + €)n has a Hamilton cycle. This
establishes an approximate version of a conjecture of Jackson
from 1981. We also establish a result related to a conjecture of
Kiihn and Osthus about the Hamiltonicity of regular directed

Keywords:
Hamilton cycle
Robust expander

Regular graphs with suitable degree and connectivity conditions.
Digraph © 2023 The Author(s). Published by Elsevier Inc. This is an
Oriented graph open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).

1. Introduction

A Hamilton cycle in a (directed) graph is a (directed) cycle that visits every vertex
of the (directed) graph. Hamilton cycles are one of the most intensely studied structures
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in graph theory. There is a rich body of results that establish (best-possible) conditions
guaranteeing existence of Hamilton cycles in (directed) graphs. Degree conditions that
guarantee Hamiltonicity have been of particular interest, as well as the trade-off between
degree conditions and other conditions (e.g. various types of connectivity conditions).

In this paper, we are concerned with directed graphs (or digraphs for short) and
oriented graphs. Recall that a digraph can have up to two directed edges between any
pair of vertices (one in each direction), while an oriented graph can have only one.

The seminal result in the area is Dirac’s theorem [2], which states that every graph
on n > 3 vertices with minimum degree at least n/2 contains a Hamilton cycle. The
disjoint union of two cliques of equal size or the slightly imbalanced complete bipartite
graph shows that the bound is best possible. Ghouila-Houri [3] proved the corresponding
result for directed graphs, which states that every digraph on n vertices with minimum
semi-degree (i.e. the smaller of the minimum in- and outdegree) at least n/2 contains
a Hamilton cycle. The bound here is again tight by doubling the edges in the extremal
examples for the graph setting. The proofs of both of these results are relatively short,
while the corresponding result for oriented graphs, due to Keevash, Kiihn, and Osthus [8]
given below, is more difficult and uses the Regularity Lemma together with a stability
method. Again the degree threshold is tight as demonstrated by examples given in [8].

Theorem 1.1. There exists an integer ng such that any oriented graph G on n > ng
vertices with minimum semi-degree 0°(G) > [(3n — 4)/8] contains a Hamilton cycle.

Here we consider the question of minimum degree thesholds for Hamiltonicity in
regular (di)graphs possibly with some mild connectivity constraints. In this direction, for
the undirected setting, Bollobds and Higgkvist (see [4]) independently conjectured that
a t-connected regular graph with degree at least n/(t + 1) is Hamiltonian. That is, the
threshold for Hamiltonicity is significantly reduced compared to Dirac’s Theorem if we
consider regular graphs (with some relatively mild connectivity conditions). Note that the
connectivity conditions without regularity is not enough to guarantee Hamiltonicity due
to the slightly imbalanced complete bipartite graph. Jackson [4] proved the conjecture
for t = 2, while Jung [7] and Jackson, Li, and Zhu [6] gave an example showing the
conjecture does not hold for ¢ > 4. Finally, Kiihn, Lo, Osthus, and Staden [9,10] resolved
the conjecture by proving the case t = 3 for large regular graphs. Results in [17] which
use ideas from [9,10] also show that the algorithmic Hamilton cycle problem behaves
quite differently for dense regular graphs compared to dense graphs.

Jackson conjectured in 1981 that, for oriented graphs, regularity alone is enough to
reduce the semi-degree threshold for Hamiltonicity from [(3n —4)/8] in Theorem 1.1 to
n/4.

Conjecture 1.2 (/5]). For each d > 2, every d-regular oriented graph on n < 4d + 1
vertices has a Hamilton cycle.
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Note that the disjoint union of two regular tournaments shows that the degree bound
above cannot be improved. Furthermore, one cannot reduce the degree bound even if
the oriented graph is strongly 2-connected; see Proposition 1.6. Our main result is an
approximate version of Jackson’s conjecture.

Theorem 1.3. For every € > 0, there exists an integer ng(e) such that every d-reqular
oriented graph on n > ng(e) vertices with d > (1/4 + €)n is Hamiltonian.

Recall that Jackson [4] proved the t = 2 case of the Bollobds—H&ggkvist conjecture,
namely that every 2-connected regular graph of degree at least /3 has a Hamilton cycle.
Kithn and Osthus gave a corresponding conjecture for digraphs.

Conjecture 1.4 ([11]). Every strongly 2-connected d-regular digraph on n vertices with
d > n/3 contains a Hamilton cycle.

We give a counterexample to this conjecture (see Proposition 1.6), but we show that a
slight modification of the conjecture is true. In particular, 2-connectivity is replaced with
the following slightly different condition. We call a digraph G on at least four vertices
strongly well-connected if for any partition (A4, B) of V(G) with |A|,|B| > 2, there exist
two vertex-disjoint edges ab and cd such that a,d € A and b,c € B. Note that the
property of being strongly well-connected and that of being strongly 2-connected are
incomparable?; on the other hand being strongly well-connected is stronger than being
strongly connected but weaker than being strongly 3-connected. Our second result is an
approximate version of a slightly modified statement of Conjecture 1.4.

Theorem 1.5. For every e > 0, there exists an integer ng(e) such that every strongly well-
connected d-regular digraph on n > ng(e) vertices with d > (1/3 + €)n is Hamiltonian.

Note that Kiithn and Osthus [11] give an example that shows the degree bound in
Conjecture 1.4 cannot be reduced, i.e. an example of a strongly 2-connected regular
digraph on n vertices and degree close to n/3. The same example is easily seen to be
strongly well-connected, showing that we cannot take the degree to be smaller than n/3
in Theorem 1.5.

Our methods are based on the robust expanders technique of Kithn and Osthus which
have been used to resolve a number of conjectures (see [12,13]). Any directed dense graph
that is a robust expander automatically contains a Hamilton cycle. An important part
of this paper is to gain an understanding of dense directed graphs that are not robust
expanders. In particular, we are able to construct vertex partitions of such digraphs with
useful expansion properties. Although we do not show it directly, such partitions almost
immediately allow us to construct very long cycles in the required settings (that is cycles

4 A directed cycle (on at least 4 vertices) is strongly well-connected but not strongly 2-connected; see
Proposition 1.6 for the converse example.
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Gy = K, - {ab, ba) G, = K, - {cd, de)

Fig. 1. A strongly 2-connected (n — 1)-regular digraph G on 2n vertices.

that pass through all but a small proportion of the vertices). The remainder of the paper
is devoted to giving delicate balancing arguments to obtain full Hamilton cycles.

The paper is organised as follows. In the next subsection, we give the counterexample
to Conjecture 1.4. In Section 2 we give notation, preliminaries and a sketch proof. In
Section 3 we develop the necessary language of partitions and establish some of their
basic properties. Section 4 is devoted mainly to giving the balancing arguments that
will allow us to construct full Hamilton cycles. Section 5 shows how to combine earlier
results to show that dense directed and oriented graphs with certain vertex partitions
contain Hamilton cycles. In Section 6 we prove Theorems 1.5 and 1.3. We pose some
open problems in Section 7.

1.1. Counterexample to Conjecture 1.4

Proposition 1.6. For n > 3, there exists a strongly 2-connected (n — 1)-reqular digraph
on 2n vertices with no Hamilton cycle. For n > 3, there exists a strongly 2-connected
(n — 1)-regular oriented graph on 4n + 2 vertices with no Hamilton cycle.

Proof. Let G’ be the digraph that is the disjoint union of two complete digraphs G; and
Gs each of size n. Let a,b € V(G1) and ¢,d € V(G2). Let G be the digraph obtained
from G’ by deleting the edges ab, ba, cd, and dec, and adding the edges ac, ¢b, bd, da
(see Fig. 1). Tt is clear that G is a strongly 2-connected (n — 1)-regular digraph on 2n
vertices.

It is easy to see that G has no Hamilton cycle. Indeed, any Hamilton cycle H of G
must use at least one edge inside one of the cliques (since n > 3). Let P be a maximal
path of H inside one of the cliques (say G1) with at least one edge. Let e and e’ be the
edges of H that extend P into G. Then e and ¢’ must be vertex-disjoint edges that cross
between G and G4 in opposite directions. But G does not have such a pair of edges.

The oriented graph is constructed similarly. It is easy to construct a regular tourna-
ment of order 2n 4+ 1 that contains two cycles that together span the tournament and
which have exactly two vertices in common. Indeed, we start with the two directed cycles
with common vertices say a and b. The (undirected) complement is Eulerian, that is, all
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vertices have even degree, and so we orient these edges using an Euler tour. This gives
the desired tournament.

Let G’ be the disjoint union of two such regular tournaments G and G each of order
2n+1. Let Cy and C] be the two directed cycles in G such that V(C1)UV(Cy) = V(G1)
and V(C1) NV(C}) = {a,b}. Similarly, let Cy and C% be two directed cycles in G such
that V(Ca) UV (C%) = V(Ge) and V(Ca) NV (Ch) = {e¢,d}. Let G be obtained from G’
by deleting the edges of C; U C] U Cy U CY, and adding the edges ac, cb, bd, da. It is
easy to check that G is a strongly 2-connected, (n — 1)-regular, oriented graph on 4n + 2
vertices. Note that G is not Hamiltonian by a similar argument as above. 0O

2. Notation and preliminaries

Throughout the paper, we use standard graph theory notation and terminology. For
a digraph G, we denote its vertex set by V(G) and its edge set E(G). For a,b € V(G),
we write ab for the directed edge from a to b. We sometimes write |G| for the number
of vertices in G and e(G) for the number of edges in G. We write H C G to mean H
is a subdigraph of G, i.e. V(H) C V(G) and E(H) C E(G). We sometimes think of
F C E(G) as a subdigraph of G with vertex set consisting of those vertices incident to
edges in F and edge set F. For S C V(G), we write G[S] for the subdigraph of G induced
by S and G — S for the digraph G[V(G) \ S]. For A, B C V(G) not necessarily disjoint,
we define Eg(A, B) :={ab € E(G) : a € A, b € B} and we write G[A, B] for the graph
with vertex set AU B and edge set Eq(A, B). We write eq(A, B) := |Eq(A4, B)|. We
often drop subscripts if these are clear from context. For two digraphs H; and Hs, the
union H; UHj is the digraph with vertex set V/(H1)UV (Hz) and edge set E(Hq)UE(Hs).
We say that an undirected graph G is bipartite with bipartition (A, B) if V(G) = AUB
and E(G) C{ab:a € A, be B}.

For a digraph G and v € V(G), we denote the set of outneighbours and inneigh-
bours of v by NJ (v) and Ng (v) respectively, and we write d5(v) = |NZ(v)| and
di(v) = |Ng (v)] for the out- and indegree of v respectively. For S C V(G) we write
dg(v) == |Ng(v) N S| and d¥(v) := NG (v) N S|. We write §7(G) and 6~ (G) respec-
tively for the minimum out- and indegree of G, and §°(G) := min{6"(G), 5 (G)} for
the minimum semi-degree. Similarly, the maximum semi-degree A%(G) of G is defined
by A%G) := max{A*(G), A~ (G)} where AT(G) and A~ (G) denote the maximum out-
and maximum indegree of G respectively. A digraph is called d-regular if each vertex has
exactly d outneighbours and d inneighbours. For undirected graphs G, we write A(G)
and 0(G) respectively for the maximum degree and the minimum degree. A graph is
called d-regular if each vertex has exactly d neighbours.

A directed path @ in a digraph G is a subdigraph of G where V(Q) = {v1,..., v} for
some k € N and where F(Q) = {v1v2, v2vs, ..., vk—10k }. A directed cycle in G is exactly
the same except that it also includes the edge vivi. A set of vertex-disjoint directed
paths Q@ = {Q1,Q2,...} in G is called a path system in G. We interchangeably think of
Q as a set of vertex-disjoint directed paths in G and as a subgraph of G with vertex set
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V(Q) = U;V(Q;) and edge set E(Q) = U; E(Q;). We sometimes call this subgraph the
graph induced by Q. A matching M in a digraph (or undirected graph) G is a set of
edges M C E(G) such that every vertex of G is incident to at most one edge in M. We
say that a matching M covers S C V(G) if every vertex in S is incident to some edge
in M.

For two sets A and B, the symmetric difference of A and B is the set AAB := (A \
B)U(B\ A). For k € N, we sometimes denote the set {1,2,...,k} by [k]. For =,y € (0,1],
we often use the notation x < y to mean that x is sufficiently small as a function of y
i.e. z < f(y) for some implicitly given non-decreasing function f : (0,1] — (0, 1].

2.1. Tools

We will require Vizing’s theorem for multigraphs in the proof of Lemma 4.1. Let H
be an (undirected) multigraph (without loops). The multiplicity p(H) of H is maximum
number of edges between two vertices of H, and, as usual, A(H) is the maximum degree
of H. A proper k-edge-colouring of H is an assignment of k colours to the edges of H
such that incident edges receive different colours.

Theorem 2.1 ([18]; see e.g. [1]). Any multigraph H has a proper k-edge colouring with
k= A(H)+ u(H) colours. In particular, by taking the largest colour class, there is a
matching in H of size at least e(H)/(A(H) + p(H)).

In Lemma 4.2, we will require a Chernoff inequality for bounding the tail probabilities
of binomial random variables. For a random variable X, write E[X] for the expectation
of X. We write X ~ Bin(n,p) to mean that X is distributed as a binomial random
variable with parameters n and p, that is a random variable that counts the number of
heads in n independent coin flips where the probability of heads is p. In that case we
have E[X] = np and the following bound.

Theorem 2.2 (see [16]). Suppose X1, Xa, ..., X, are independent random variables taking
values in {0,1} and X = X1+ ---+ X,,. Then, for all 0 < § <1, we have

P(X < (1-0)E(X)) < exp (—0°E(X)/2).
In particular, this holds for X ~ Bin(n,p).
2.2. Robust expanders

In this subsection we define robust expanders and discuss some of their useful prop-
erties.

Definition 2.3. Fix a digraph G on n vertices and parameters 0 < v < 7 < 1. For
S C V(@), the robust v-outneighbourhood of S is the set RNI(S) := {v € V(G) :
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INg (v) S| > vn}. We say G is a robust (v, 7)-outezpander if |RN/} (S)| > |S| + vn for
all subsets S C V(G) satisfying 7n < |S] < (1 — 7)n.

If the constant v used is clear from context, we write RNT(S). The notion of robust
expansion has been key to proving numerous conjectures about Hamilton cycles. One
of the starting points is the following seminal result which states that robust expanders
with certain minimum degree condition are Hamiltonian.

Theorem 2.4 ([1/]; see also [15]). Let 1/n < v <7 K v < 1. If G is an n-vertex digraph
with §°(G) > yn such that G is a robust (v, T)-outezpander, then G contains a Hamilton
cycle.

The following straightforward lemma shows that robust expansion is a “robust” prop-
erty, i.e. if G is a robust (v, 7)-outexpander, then adding or deleting a small number of
vertices results in another robust outexpander with slightly worse parameters.

Lemma 2.5 ([9]). Let 0 < v < 7 < 1. Suppose that G is a digraph and U,U’ C V(G)
are such that G[U]| is a robust (v,7)-outexpander and |[UAU'| < v|U|/2. Then, G[U'] is
a robust (v/2,271)-outexpander.

By taking (U,U’) = (V(G) — S,V (G)), Lemma 2.5 has the following corollary.

Corollary 2.6. Let 1/n < v < 7 < 1. If G is an n-vertex digraph and S C V(G)
such that |S| < v|G|/2 and G — S is a robust (v,T)-outexpander then G is a robust
(v/2,27)-outexpander.

The next lemma shows that any digraph G with minimum semi-degree slightly higher
than |G|/2 is a robust outexpander.

Lemma 2.7 ([12]). Let 0 < v < 7 < ¢ < 1 be constants such that € > 2v/7. Let G be a
digraph on n vertices with 6°(G) > (1/2 + &)n. Then, G is a robust (v, T)-outexpander.

In fact we can relax the degree condition in Lemma 2.7 and allow a small number of
vertices to violate the minimum degree condition.

Corollary 2.8. Let 1/n <v,p < 7 < e € a < 1 be constants. If G is an n-vertex digraph
such that d*(v),d™ (v) > (1/2 4 &)n for all but at most pn vertices v € V(G), then G is
a robust (v, T)-outezpander. In particular, if additionally 5°(G) > an, then G contains
a Hamilton cycle.

Proof. Fix v/ and 7’ such that v,p < v/ < 7/ < 7. Let W be the set of vertices v in G
such that min{d*(v),d™ (v)} < (1/2 + &)n. Then, observe that G’ = G — W satisfies

45 (v).dG (0) = (12 4+ — pin > (1/2+ £ - p)|C|
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for all v € V(G’). By our choice of parameters, we can conclude that G’ is a robust
(v, 7")-outexpander by Lemma 2.7 since 7/ < ¢ — p and 20/ /7" < & — p. Moreover, we
have |W| = pn < v'n/2. Therefore, G is a robust (v, 7)-outexpander by Corollary 2.6,
and the result follows by Theorem 2.4. 0O

2.8. Sketch proof

Note that the sketch proof we give below only makes reference to Definition 2.3,
Theorem 2.4, and Lemma 2.7. We will sketch the proof of Theorem 1.5 and then explain
how these ideas are generalised and refined to prove Theorem 1.3.

Let G = (V, E) be an n-vertex, d-regular digraph with d > (1/3+¢)n. If G is a robust
(v, 7)-outexpander (for suitable parameters v and 7), then by Theorem 2.4, we know G
has a Hamilton cycle. So assume G is not a robust (v, 7)-outexpander. We describe a
useful vertex partition of G.

Partitioning non-robust expanders - Since G is not a robust (v, 7)-outexpander we
know by Definition 2.3 that there exists S C V(G) such that 7n < |S] < (1 — 7)n and
RN (S)| < |S|+vn. This immediately gives us a partition of V(G) into four parts given
by

Vi1 = SNRNT(S), Vip=S8\RNT(S),
Vo1 = RNT(S)\'S, Voo =V \ (SURNT(S)).

We see that most outedges from vertices in S go to RNT(.S) by the definition of RNT(S).
Moreover, S and RNT(S) must be of similar size; indeed we already know RN(S) is
not significantly bigger than S, and it cannot be significantly smaller because otherwise
the degrees in RN (S) would be larger than degrees in S violating that G is regular.
Also most outedges of vertices in V'\ S go to V' \ RNT(S) because if many of these edges
went to RNT(S), the degrees in RNT(S) would again be too large violating that G is
regular. All of this is straightforward to show and captured in Lemma 3.6. The structure
we obtain is depicted in Fig. 2. To summarise, we have that

(a) ||~ RN (S)] so |Viz| = [Vaul,

(b) most edges of G are from S to RNT(S) and from V'\ S to V'\ RNT(S). We call these
the good edges of G, and

(c) (b) implies that we must have |S|,|V\ S| £ d so that in particular n/3 5 [S], [V \S|
2n/3

Next we describe the strategy to construct a Hamilton cycle in G using this partition.

Constructing the Hamilton cycle for balanced partitions - We first describe how to
construct the Hamilton cycle in the special case |Viz| = |Va1] > 0. In that case, let
Vie ={z1,..., 21} and Vo = {y1,...,yx}. Consider the two edge-disjoint subgraphs G,
and G2 of G given by (see Fig. 3)



and

A. Lo et al. / Journal of Combinatorial Theory, Series B 164 (2024) 119-160 127

s

Fig. 2. The 4-partition of V(G) with |Vi2| & |V21]|, and directions of the good edges.
G G G:
Fig. 3. The edge-disjoint subgraphs G; and G2 of G.

G1 = (SURNT(S), Eq(S,RN*(9))
= (Vi1 UVig U Va1, E(Via, Vi1) U E(Vi1, Vi1) U E(Vi1, Va1) U E(Vig, Va1)),

G2 = ((V\ S)U(V\RNT(S)), Ec(V\S,V\RNT(S))
= (Voo UVig U Vay, E(Va1,Vag) U E(Vag, Vaz) U E(Vag, Vig) U E(Var, Vi2)).

Suppose we can find

(i)
(i)
(iii)

vertex-disjoint paths Q1,..., Q% in G; that together span V(G1) and where Q} is
from z; to y,(;) for some permutation o on [k],

vertex-disjoint paths Q%,...,Q% in Go that together span V(Gz) and where Q? is
from y; to x,(; for some permutation 7 on [k],

and where the permutation 7o is a cyclic permutation.

Then it is easy to see that the union of these paths forms a Hamilton cycle. We find
these paths as follows.

Consider (7 first. We construct the graph J; from G; by identifying z; with y; for
every i € [k] and keeping all edges (except any self loops). The vertex which replaces x;
and y; is called . From the structure of Gy, it is not hard to see that most vertices in J;
have degree roughly d = (1/3 + ¢)n, while |J1| = |S| § 2n/3 by (c). So most vertices in
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,0 @ Vi

o O

e

Fig. 4. An example illustration of (A) G1, (B) the corresponding graph J; with a Hamilton cycle Hy, and
(C) the vertex-disjoint paths Q1, ..., Qi spanning G; (with & = 3 in this case) corresponding to H;. In
this case o = (231), i.e. the cyclic permutation that sends 1 to 2, 2 to 3, and 3 to 1.

J1 have in- and outdegree at least (1/2+¢/2)|J;|, which implies J; is a robust expander
by Lemma 2.7.° Therefore J; has a Hamilton cycle H; by Theorem 2.4.

Let o be the permutation on [k] where o (i) is the vertex in [k] after ¢ that is visited
by H;. Therefore Hj is the union of paths Ry,..., Ry where R; is from i to o(i), which
corresponds in Gp to the path Q} from z; to Yo(i); these paths can easily be seen to
satisfy (i) (see Fig. 4). Next, we obtain Jy from Gs by identifying the vertex z; with
Yo(i), and labelling the resulting vertex 4, for every i € [k] similarly as for J;. Again,
we find that J, is a robust expander and so has a Hamilton cycle Hy. Let m be the
permutation on [k] such that () is the next vertex in [k] after ¢ visited by Hs. Using
the same argument as before, we obtain paths Q%, ..., Q% satisfying (ii). By our choice
of identification in Jy, and since Hs is a Hamilton cycle, it is easy to see that 7 and o
satisfy (iii).

Constructing the Hamilton cycle for unbalanced partitions - We have seen how to find
the Hamilton cycle when |Via| = |Va1|. If instead we only have (by (a)) that |Via| =~ |Va1],
then we will find vertex-disjoint paths Si,...,S, that use only bad edges (and only a
relatively small number of bad edges) such that “contracting” these paths results in a
slightly modified graph G’ with a slightly modified vertex partition Vi;, V{5, V31, Vi,
which has essentially the same properties as before but also that |V{,| = |V3;|. Here G’ is

5 Any enumeration of the vertices in Vi2 and Va1 would lead to J; being a robust expander.
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not regular, but almost regular; this however is enough for us. So we can find a Hamilton
cycle in G’ using the previous argument, and “uncontracting” the paths Si, ..., S, gives
a Hamilton cycle in G.°

The case of regular oriented graphs - For Theorem 1.3, i.e. when G is an n-vertex
regular oriented graph with degree d > (1/4 + ¢)n, we start by applying the same argu-
ment as before. Recall that we construct digraphs J; and Jo and wish to find Hamilton
cycles in these digraphs. However, whereas before, we could guarantee that both J; and
Ja would be robust expanders, this time we find that (at most) one of them, say Jo
might not be. This is because G and J; have lower degree, and so we cannot necessar-
ily apply Lemma 2.7. It is not too hard to see that the J; are almost regular and so
we can iterate our partition argument on J. In particular we can partition V' (J3) into
four parts Z11, Z12, Za1, Zaa that satisfy slightly modified forms of (a) and (b). Again
if |Z12| = |Z21], then we can create digraphs K; and K» such that Hamilton cycles in
K7 and K, lift to a Hamilton cycle in Js (just as Hamilton cycles in J; and Jo lift to a
Hamilton cycle in G). This time the increase in density is enough to guarantee that both
K5 and K are robust expanders, which gives the desired Hamilton cycle by Theorem 2.4.
If |Z12] # |Z21| then, as before, we need to construct paths whose contraction results
in a modified graph with a modified partition that is balanced. In fact, we need to be
able to find and contract paths in such a way that we simultaneously have |V, = |V4;|
and |Z1,] = |Z%;|. For this purpose, and generally for a cleaner and more transparent
argument, rather than working with two iterations of the 4-partition described earlier,
we work equivalently with a 9-partition of V(G). The required paths are constructed in
Lemma 4.6.

3. Partitions of regular digraphs and oriented graphs

We have seen that (essentially) any dense digraph that is a robust expander is Hamil-
tonian. If the digraph is not a robust expander, then we will see (Lemma 3.6) that the
witness sets to this non-expansion naturally forms a partition of the vertices into 4 parts.
Throughout the paper we will be working with such partitions and their iterations. In
this section, we introduce the language of partitions and establish some of their basic
properties.

Definition 3.1. For a given digraph G and k € N, a partition P, = {V;; : i,j € [k]} of

V(G) is called a k*-partition of V(G) (we allow the sets V;; to be empty). The set of
good edges with respect to Py, is defined as

Gk (Pr, G) := | E(Vix, Vi),

% For Theorem 1.5, these paths are constructed directly in the proof of the theorem in Section 6, but in
the more complicated case of Theorem 1.3, they are constructed in Lemma 4.6.
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where V,, := Uj Vi; and Vi, == J, Vi;. The set of bad edges with respect to Py, is defined
as

By.(Pr, G) := E(G) — Gk(Pk, G) = | E(Viu, Vij).
i£)
We write G;; := G[Vix, Vil

Note that while we define k2-partitions and prove properties for general k, in fact we
only require the cases k = 2, 3. For regular digraphs, we have a useful equality relating
the sizes of different parts in a k2-partition and the number of bad edges.

Proposition 3.2. Let G be a d-regular digraph, k € N, and Py, = {V;; : 4,j € [k]} be a
k2-partition of V(G). Then, for all i € [k], we have

A([Vie| = [Vail) = > (e(Gy5) — e(Gja)) -

J#i
Proof. By considering outneighbours of the vertices in V;,, we can write

d|Vie| = e(Vie, Vii) + Y e(Vix, Vig).-
JFi

Similarly, by considering the inneighbours of the vertices in V,;, we have

d|Vei = e(Vie, Va) + > e(Vis, V).
JFi

By subtracting the second equality from the first one, the result follows. 0O

If the number of bad edges is small compared to E(G), then Proposition 3.2 implies
that V;, and V,; are similar in size.

Corollary 3.3. Let k € N and v be a positive constant. Let G be a d-reqular digraph on n
vertices, and Py, = {Vi; :i,j € [k]} be a k*-partition of V(G). If |Bx(P, G)| < yn?, then
we have ||Vii| — |Vig|| < yn?/d for alli € [k].

Proof. Fix ¢ € [k]. We have

\Z(e(Vi*,V*j) = e(Vjx, Vai)) \ < (e(Vie, Vig) + €(Viw, Vai)) < |Bi(P, G)| < yn?.
J#i J#i

Hence, by Proposition 3.2, we know d| |Vii| — |VM|’ < yn?, so the result follows. O

We will be especially interested in partitions with a small number of bad edges and
where certain parts are not too small.
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Definition 3.4. For a given digraph G on n vertices and positive constants v, 7, and
k € N, we say a k?-partition P, = {V;; : 4,5 € [k]} of V(G) is a (k?, 7,v)-partition if the
following hold:

|B(Pi, G)| < yn? and |V, |Vij| > 7n for all 4, j € [k].

Remark 3.5. In general, the constants v and 7 are taken to satisfy 1/n < v < 7 <
1. When working with regular graphs, we sometimes implicitly take the conclusion of
Corollary 3.3 as a property of a (k?, 7, ~)-partition.

Next, we show that every almost regular digraph which is dense and not a robust
(v, 7)-outexpander admits a (4, 7/2, 4v)-partition.

Lemma 3.6. Let 1/n < v <K 7 <€ a < 1, and G be a digraph on n vertices such that
e(G) > (o —v)n? and A°(G) < an. If G is not a robust (v,7)-outexpander, then G
admits a (4, T, 4v)-partition.

Proof. Assume G is not a robust (v, 7)-outexpander. Then we can find a subset S C V(G)
such that 7n < |S| < (1—7)n and |RN;(S)| < |S|+vn. Let us define Vi; = SNRN(S),
Vi = S — RN/ (S), Va1 = RN/ (S) — S, and Vo = V(G) — (S URN;(S)). Therefore
Vi. = S and Vi = RN} (S). Note that Py = {V;; : 4,7 € [2]} is a 4-partition of V(G).
Moreover, since 7n < |S| < (1 — 7)n, we have |Vi.|, |Vas| > mn.

We first show that |By(P2,G)| < 4vn?. By the definition of RN (S), we know that
every vertex in Vo has fewer than vn inneighbours from Vj,. Thus, we have

e(Vix, Via) < vn? (3.1)
and

e(Vie, Vi1) = e(Vis, V(Q)) — e(Vis, Via) > e(V1,, V(G)) — vn?

=e(Q) — e(Vas, V(G)) — vn?

2 = an|Vi.| — 2vn?. (3.2)

> (a—v)n? — an|Va,| —vn
Since |Vii| = RN, (S)| < |S| + vn = |Vi.| + vn, we have
e(V(G), V1) < an|Via| < (|Vie| +vn)an < an|Vi.| + vn?.
Thus, together with (3.2), we have

e(Var, Vi1) = e(V(G), Va1) — e(Vii, Vi) < 3un®.

Therefore (3.1) implies that |Bz(P2, G)| = e(Vix, Viz) + e(Vax, Via) < 4vn?.
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We now bound |V,1| and |V,z| from below. Let T be the set of vertices with outdegree
at most (a — v/7)n. Then as A°(GQ) < an

(0= v)n? < e(G) < (o — Vi)nlT| + an(n — [T]) = an? — Von|T),
which implies that |T'| < /vn. For {i,j} = [2], recall that |V;.| > 7n and so we have

2 e(v;,'*g V*z) + e(‘/i*7 V*])
=e(Vir, V(G)) = (a = Vu)n|Vi \ T| = (a = Vv)n|Vis|/2
As a result, we obtain |Vi;| > (o — \/¥)n/2 — 4v/7 > 7n, so the result follows. O
One can construct an (£2, 7,~)-partition of G from a (k?, 7,~)-partition of G for £ < k.
Proposition 3.7. Let G be a digraph with a (k?,1,v)-partition Py, = {Vi; : i,j € [k]}.
Let {I,I,...,Is} be a partition of [k] with I, # O for all t € [{]. Fori,j € [{], let

Wirjr = U'L-Gl,il,jtel Vij. Then, Py = {Wy i, ' € [f]} is an (€2, 7,7)-partition of G.

Proof. Let n = |G|. For i’ € [{], note that

Wi = U Wirjr = U Vij = U Vix

j'ele] €1, jE[K] i€l

and so [Wys| > Tn. Similarly, we have |W., /| > tn for all j' € [¢]. Moreover, note that

|B€(PZaG)| = Z e(Wi’*7W*j’) = Z Z e(‘/i*av*j)

@G el i #g .5l A i€l Gely
< S elVi Vag) = IB(Pr, G,
LIE[k]: i#]

so the result follows. O

Next, we show that if a regular digraph is dense and admits a (k?, 7,~)-partition, then
certain unions of parts have size at least roughly the degree of the digraph.

Proposition 3.8. Let 1/n < 7 €« 7 K ¢ €K a < 1, k € N, and G be a d-regular
digraph on n vertices where d > (a + €)n. Suppose that G has a (k?,7,7)-partition
Pr ={Vij 14,5 € [k]}. Then we have |Vii|,|Vii] > d —en/2 for all i € [k]. In particular,
Py is a (K%, o+ €/2,7)-partition for G.
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Proof. Let i € [k]. By looking at the outneighbours of V;., we have

|V ‘ > e(‘/’b*av*l) _ d“/;*| - Zj?éi,je[k] 6(1/1*7‘/*])

2
1Bk (Pr, G| S "
Vi | |Vis|

>d—

>d— > g —enj2
T

since |By(Pk, G)| < yn?, |Vix| > 7n and v < 7 < e. Similarly, we have |V;.| > d —
en/2. O

If a (k%,7,7)-partition has the minimum possible number of bad edges among all
(k2,7,v)-partitions of a digraph, then we give it a special name.

Definition 3.9. Let 1/n < v < 7 < 1, k € N, and G be a digraph on n vertices. A
(k%, 7, v)-partition Py = {Vi; : i, € [k]} of V(G) is called an extremal (k?,T,~)-partition
if B (Px, G) < Bi(P},, G) for all (k?, 7,~)-partitions P}, of V(G).

We establish some useful degree conditions for extremal (k?,7,)-partitions of dense
regular digraphs.

Proposition 3.10. Let 1/n < v < 7 < a < 1, k € N, and G be a d-regular digraph on
n vertices with d > an and an extremal (k*,7,7)-partition Py = {Vi; : i,j € [k]}. Then,
for alli,j € [k] and w € V;j, we have d{, (w) <di (w) and dy;, (w) < dy, (w) for all
*7 * gl * J*

i',j" € [k]. In particular, we have d‘_/_/*(w),da‘/(w) < d/2 for alli #1i and j' # j, and
d;ka’Q (v), d;k(Pk,G)(v) > d/k for allv € V(QG).

Proof. Let € be a constant such that 7 < ¢ < a. Let o/ = o — . Suppose the contrary
and without loss of generality that there exists w € V;; and a € [k] such that d$*u(w) >
dy, (w). Let V}; = Vij\{w}, VJ; = Va; U{w}, and V], = Vi for all (i',5') € [k] x
(KI\{(7,7), (a,j) }. Let Py = {Vji,, : 7', 5" € [k]}. By Proposition 3.8,

Vi =|Vie| —1>d—en/2—1>7mn

since 7 < € < a. Similarly, we have [V;| > 7n. Moreover, for all i’ # i and j' # j, we
know |V}, | > |Vi| > 7n and |V,| > |V.j| > 7n. On the other hand, we obtain

|Br(Py, G)| = |Bi(Pr, G)| — dy,_(w) +dy,_(w) < |B(Py, G|
Hence Pj, is a (k?, 7, v)-partition of G having fewer bad edges than the extremal (K2, 7,7)-

partition Py, which is a contradiction. As a result, for all 1 < #/,j" < k, we have
di: (w) <dj (w)andd,, (w)< dy, (w). The rest of the proof is immediate. O
*i * G *
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For any dense regular oriented graph, we show that certain unions of sets in a (k2, 7, ~)-
partition have strictly positive size.

Proposition 3.11. Let 1/n < 7 < 7 < € < 1 be constants, k € N, and G be a d-regular
oriented graph on n vertices with d > (1/4+¢)n. Suppose that G has a (k?, 7, )-partition
Pr =1{Vij 14,5 € [k]}. Then, for i € [k], we have

|U‘/” U‘/ﬂ’ZT’n

J#i J#

)

Proof. First suppose that k = 2. Without loss of generality, assume V1] < |Va3|, which
gives d — |V11|/2 > d — n/4 > en. By Corollary 3.3, we know that |Via| — |Va1] <
yn?/d < tn. Hence, it suffices to show that |Vis| > 27n. By Proposition 3.8, we have
Vi1 4+ |[Viz] = [Vis] > (1/4 + ¢/2)n. Since 7 < &, we may assume that |Vi1| > n/4.

Then, since G is oriented and d-regular, we can write

d|Vi1] = e(V(G), Vi1) = e(Vi1, Vi1) + e(Viz, Vi1) + e(Vax, Vi1)
< |V11|2/2 + [Vig||Via] + yn?
< Vil - (IVial/2 + [Via| + 4yn).

This implies |Vi2| > d — |V11]/2 — 4yn > (e — 4y)n > 27n as required.
Now, fix k > 3 and define W; = {W}, : a,b € [2]} for all i € [k] where

Wi = Vi, Wiy = U Vij, Wy = U Vii, Wiy = U Vab-
J#i J#i a,b#i

Notice that W; is a (4, 7,v)-partition by Proposition 3.7, so we get |Wi,|, [W&| > mn
from the case k = 2. Then, we obtain

U
i

= |W211| > Tn,

= |W{y| > mn and ’ UVJZ

J#i

so the result follows for any k. O
4. Balancing partitions

Let G be a regular digraph or oriented graph and suppose Py is a (k2, 7, ~)-partition
of G that is “not balanced”, in the sense that |Vi.| # |Vi| for some i € [k]. Then,
Proposition 3.2 implies that any Hamilton cycle C' must contain a number of bad edges
(i.e. edges from By (Py,G)) that depends on the extent of the “imbalance” of P. Since
By(Pk, G) is small (at most yn? edges), when constructing a Hamilton cycle of G, it is
necessary to first pick the edges of By (P, G) that will be in C. Let us write Q for the
bad edges in our target Hamilton cycle, and note that Q is a path system.
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By Proposition 3.2 (applied with d =1 and G = C), we must ensure that Q satisfies
that for all ¢ € [k],

D _IE(Q) N EWVie, Vi)l = D IE(Q) N E(Vi, Vi)l = [Vl = [Vaal-
JFi J#i

A naive approach to construct Q is to take a suitable size matching in each of G;; for
i # j, where as before G;; = G[Vis, V4;]. However, the union of these matchings may not
be a path system since it might contain cycles or might satisfy A°(Q) > 2. The main
purpose of this section is to adapt the naive approach to construct Q; see Lemma 4.10.

Our first goal is to show that given several edge-disjoint subdigraphs of some given
digraph, we are able to pick a relatively large path system from each subdigraph such
that the union of these path systems does not contain a directed cycle; this is Lemma 4.3.
The first two lemmas below are technical results needed to prove this.

Lemma 4.1. Let G be a digraph with A°(G) < d. Let 0 < § < 1, and define the sets
Wt ={weG:d"(w) >0d} and W~ ={w € G : d”(w) > 0d}. Then, there ezists a
matching M satisfying

(i) 40e(M) + W]+ W] > e(G)/d,
(i) 2 ¢ Wt andy ¢ W~ for all zy € E(M),
(ifi) e(M) < e(G)/6d.

Proof. If #d < 1, then we obtain W+ = {w € G : d"(w) > 1}. Then, we have z € W+
for any zy € F(G), which, in particular, implies d|W ™| > e(G). Therefore, we can set
M to be empty in that case. Hence, we may assume 6d > 1. Let H be the multigraph
obtained from G by deleting all the edges ab with either a € W or b € W, and by
making all the edges undirected. Note that we have A(H) + u(H) < 20d + 2 and

e(H) > e(G) —d([W| + [W™)). (4.1)

Then, by Theorem 2.1 (Vizing’s theorem for multigraphs), there exists a matching M;
in H of size at least e(H)/(20d + 2). Moreover, we can assume that e(M;) < e(H)/0d
because otherwise we can remove some edges from M;. Let M be the corresponding
matching in G. Clearly (ii) holds. By using 6d > 1, we obtain

e(H) e(H) e(H)
od 2 9a 2 M Z 5052 Jgq

so (iii) holds. Hence, together with (4.1), we have 40e(M) + |[WT| + [W~| > e(G)/d,
proving (i). O

Now, given some matchings in a graph, we show that one can pick a significant number
of edges from each matching such that all the chosen edges form a matching.
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Lemma 4.2. Let k,r € N and My, Ms, ..., My be matchings with A( iclk] )

<r
Suppose e(M;) > 2(r® + r)2Ink for all i € [k]. Then, there exists a matching H C
Uie[k] M; with |E(H) N M;| > e(M;)/(r? +1) for all i € [K].

Proof. Letting G = ;¢4 Mi, we have A(G) < r. We mark edges of G randomly as
follows. For each vertex v € G, pick an edge incident to v uniformly at random and mark
all other edges incident to v. Do this independently for every vertex v (so some edges may
be marked twice). Then, let H be the graph where all the marked edges are deleted. Note
that H is a matching. We now show that H satisfies the desired property with positive
probability. Observe that the probability of an edge uv surviving into H is at least 1/r?
because the probability of uv being marked due to u is at least 1/r, and independently
the probability of uv being marked due to v is at least 1/r. Moreover, these events are
independent for vertex-disjoint edges. Now, for any i € [k], let X; = Bin(e(M;),1/72).
Since M; is a matching, we have

P (|E(H) N M| < ;@fi) <P (Xi < e(Mi)> .

r2+1

Note that E[X;] = e(M;)/r?. Hence, by Theorem 2.2 (Chernoff bound), we obtain
e(M;) r?
; < = < . )
P<XZT2+1) ]P’(XZTQ_’_1 E[XZ])
<e ]E[X7] o 76(Mi)
xp|—=———— | =exp| —0———"% ] .
=P 2(r2 41)2 P 2(r3 4 1)?

M, 1
Then, by using e(M;) > 2(r® +r)?Ink, we obtain P <|E(H) NM;| < f,g T i) <z for

each i € [k]. Hence, by the union bound, we have

il > .
P (E(H)DMA Z o for all i € [k]) >0

Therefore, there exists a matching H C U
ielk]. O

, e(M;)
iep Mi with [E(H) N M;| = - +21 for all

By using Lemmas 4.1 and 4.2, we will prove an edge selection lemma which will be
used in the proof of Lemma 4.6.

Lemma 4.3. Let k € N with k < 10, let 0 < v < a < 1 be constants, and let G be a
digraph on n wvertices. Let G1,Ga,...,Gy be pairwise edge-disjoint subgraphs of G with
Diem €(Gi) < yn? and A°(G;) < an for each i € [k]. Then, each G; contains a path
system Q; such that ;e Qi is cycle-free and e(Q;) = |e(Gi)/an] for alli € [k].
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Proof. Since v < a, we can choose a constant § with /8y/a < 6 < 1/ (8Ink(k® + k)?).
Then, let us define the sets

W ={weV(G;): da (w) > afn} and W = {w € V(G;) : dg,(w) > afin}.
By Lemma 4.1, for each ¢ € [k], we can find a matching M; in G; with

40e(M;) + [WiT| + W | > e(Gi)an,
Mi Q GZ[V - Wj, vV — W;], €(Ml) S e(Gz)/aGn

For each i, we have either [W,"| + |W,;”| > (e(G;)/an) — 1 or 40e(M;) > 1. In the latter
case, we have e(M;) > 2(k*® + k)?2Ink due to the definition of 6. Let R be the set of
indices ¢ € [k] satisfying 40e(M;) > 1. By applying Lemma 4.2 for the matchings M;
with ¢ € R, we find a matching M C |J,cz M; such that e(M N M;) > e(M;)/(k* + 1)
for all 7 € R. Therefore, we have

e(M O M) + W + W7 | > e(M;) /(K + 1) + W[ + W] |
> 40e(M;) + |Wi+| + W, | > e(G;)/an

for all i € R. On the other hand, if i ¢ R, we know |[W;"| + |[W,7| > (e(G;)/an) — 1,
which, in particular implies |W;"| + |[W,7| > |e(G;)/an]. Write N; = M N M; if i € R,
write N = {J;cp Ni, and set N; = 0 if i ¢ R. Thus, we obtain e(N;) + |W;"| + [W, | >
le(G;)/an] for all i € [k]. By deleting edges in N; or removing vertices from W;" UW,”,
we may assume

e(N;) + W | + |[W, | = le(Gi)/an] for all i € [k].

Let us write W = U,y (W;t UW,”). Note that

[V(IN)UW| < Z (Qe(Ni) + W+ |Wf|) <2 Z(e(Gi)/aOn) < 2vyn/ab.(4.2)
i€[k) i€[k]

We now construct the desired path systems Qg,...Q by induction. Suppose we have
found path systems Q1,. .., Q; for some 0 < j < k such that NU (Uiem Qi) is cycle-free,
and the following hold for all 7 € [j]:

(i) N; € Q; C Gy,
(i) e(Qi) = le(Gi)/an].

If j =k, then we are done. If j < k, then we construct Q,;,; as follows. First, we define
U=V(N)uw)uv (Uie[j] Qi). By using (4.2), we have
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|U| <2yn/ab +2 Z e(Q:) < (2yn/ab) + (2yn/«).
i€[4]

We construct the undirected bipartite graph B with bipartition (A, B) as follows. Let
B =V(G)—U, and let A be the disjoint union of W;j_l and W, ;. We add the edge ab
for each a € th_l and b € B if b € N} (a), and add the edge ab for each a € W, and

b€ Bif a € N (b). Due to the choice of 6, we have

dg(a) > abn — (2yn/af) — (2yn/a)

>ynfa > e( J+1)/Om > |W. +1‘ + |W]+1| > |Al.

Therefore, we can greedily pick a matching in B that covers A. Note that the cor-
responding edges in G with respect to this matching give a path system Q; 41 in
Gj41 containing paths of length one or two with e(Q; ;) = W +1| + [Wi4| and

E(Qj)NE (NUU~ , ) = (). Moreover, each edge in Qj+1 will contain a ver-

tex in Wi 11 UW. ., and one unique vertex not in U. Since z ¢ W. +1 and y ¢ W, for
all zy € Njq1, we can add N;; into Q;+1 to obtain another path system Q;; in G141
with e(Qj41) = [e(Gj+41)/an].

Finally, suppose N U (Uze 1] Q ) =NU (Uie[j] Qi) U Q;41 has a cycle C. Since

NU (Uie[j] Qi) has no cycle, C' contains an edge e in Q}+1. However, e contains a unique

vertex x not in U, that is, 2 has (total) degree 1 in N U (Uie[jﬂ] Qi), a contradiction.
This completes the inductive construction of the Q; and the proof of the lemma. As a
result, N U Uie[j+1] Qi> is cycle-free, and we are done. 0O

Suppose G is an oriented graph and consider a 9-partition {V;; : ¢,j € [3]} of V(G).
For i,j € [3], i # j, we say a path system Q is type-ij if E(Q) C E(Vis, Vij). Our next
lemma describes the structure of the graph which is the union of several path systems
that are of different types. First some further notation.

We denote the set of all type-ij path systems by Q(i, j). Let 8 C U, ,; Q(i,j) be a
set consisting of three path systems of different types. We say 8 is a symmetric 3-set if
either 8N Q(1,2)| =8N Q(2,3)|=18NQB, )| =1or SN Q(2,1)] =8N Q(3,2)] =
ISNQ(1,3)| = 1. Otherwise, we say 8 is an anti-symmetric 3-set. For an anti-symmetric 3-
set 8, if [SN(Q(1,2)UQ(2,3)UQ(3,1))] = 2and |SN(Q(2,1)UQ(3,2)UQ(1,3))| = 1, then
we call the unique path system in SN (Q(2,1) U 9(3,2) U Q(1,3)) a special element of 8.
Similarly, if [8N(Q(1,2)UQ(2,3)UQ(3,1))] = L and |8N(Q(2,1)UQ(3,2)UQ(1,3))| = 2,
then we call the unique path system in §N(Q(1,2)UQ(2,3)UQ(3,1)) as a special element
of §. We will show that the graph induced by 8 has some structural properties if 8 is
a symmetric or anti-symmetric 3-set. First, we need the definition of an anti-directed
path.

Let G be a digraph. A subgraph P of G is called an anti-directed path in G if its edges
can be ordered as E(P) = {ey,ea,...,ex} for some k € N such that
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(i) (e1,e2,...,ex) induces an (undirected) path when we forgot the directions of the
edges, and
(ii) (e1,e2,...,er) does not contain a directed path of length at least two.

An anti-directed path P in G is said to be mazimal if it is not entirely contained in any
other anti-directed path.

Lemma 4.4. Let P3 = {V;; : 4,7 € [3]} be a 9-partition of an oriented graph G. Let 8 be a
set consisting of three path systems in G of different types; thus either § is a symmetric
3-set or an anti-symmetric 3-set. Let H be the graph induced by all the paths in 8. If
S is a symmetric 3-set, then H is the disjoint union of paths and cycles. If 8§ is an
anti-symmetric 3-set with special element S, then E(H) can be partitioned into mazimal
anti-directed paths Q of length at most three with the following properties:

(i) If Q is a mazimal anti-directed path of length two, then Q has a unique edge belonging
to S.

(ii) If Q is a maximal anti-directed path of length three, then each edge of Q belongs to
a distinct path system in 8 where the middle edge belongs to S.

Proof. If § is a symmetric 3-set, without loss of generality, assume 8 = {Qa3, Q31, Q12}
where the path system Q;; is type-ij. Then, for any za3yss € E(Qa3), 31y31 € E(Q31),
Z12y12 € E(Q12), we obtain za3, 231, 12 are all distinct since xa3 € Vau, 31 € Vi,
and x12 € V.. Similarly, we have ya3, Y31, y12 are all distinct. Therefore, for any vertex
v € H, we have d*(v),d” (v) < 1, which implies H is the disjoint union of paths and
cycles.

Let 8§ be an anti-symmetric 3-set. Without loss of generality, it is enough to examine
the cases 8§ = {Qa3, Q12, 13} and 8§ = {Qas, Q12, Qo1 } where Q;; is type-ij. Let us first
examine the case 8§ = {Qa3, Q12, Q13}. Note that Q3 is the special element of 8. For any
Za3yas € E(Qa3), 13y13 € F(Q13), T12y12 € E(Q12), we have a3 € Vau, 13,212 € Vi,
Y12 € Via, Y23, %13 € Vis, which shows that AY(H) < 2. Thus, we can conclude that two
different maximal anti-directed paths in H are edge-disjoint, which implies every edge of
H lies in a unique maximal anti-directed path. Let Q be a maximal anti-directed path
in H of length at least two. Let e;, e;11 be two consecutive edges in Q. It is easy to check
that

(eiseir1) € (E(Qi3) x E(Q12)) U (E(Q12) x E(Q13))
U (E(Q13) x E(Q23)) U (E(Qa3) x E(Q13)).

Therefore, if @ has two edges, property (i) follows. If @ has three consecutive edges
€i,€i+1, €42, then

(€5, €41, €i+2) € E(Q12) x E(Q13) X E(Qa3) or
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(€i,€it1,€i12) € E(Qa3) X E(Q13) X E(Q12).

This shows property (ii), and in particular that the middle of the three edges is in the
special element Q3. Finally, if ) has at least four edges, take any four consecutive edges.
These four edges contain two anti-directed paths of length three and the middle edge
of each of these paths lies in Qi3 from the argument above. Therefore we obtain two
consecutive edges in () both in Q13, which is impossible since Q13 is a path system.

If § = {Qa3, Q12, 21}, it is easy to check that we have d;(v) <2and dg(v) <1 for
all v € V(H). Note that Qs is the special element of 8. As before, we see that E(H)
can be partitioned into maximal anti-directed paths since A°(H) < 2. Also, since each
anti-directed path of length at least three has at least one vertex of indegree two, we
have that all the maximal anti-directed paths in H have at most two edges. Moreover,
if @ is a maximal anti-directed path of length two, say e and f are the edges of @), then
we have either (e, f) € F(Qa23) X E(Q21) or (e, f) € E(Q21) x E(Q23), which completes
the proof. O

We need one more technical proposition before we prove the lemma that shows how
to select the bad edges that will be part of our final Hamilton cycle.

Proposition 4.5. Let t,x1, 29,23, 24,25 € {0,1} be such that
1+ ratxz=t=x1+x4+ 25 (mod 2). (4.3)
Then, one can find m; € {—1,1} for i € [5] with
mi1T1 + moxs + m3xrs =t =mix1 + myxy + msxs.

Proof. Without loss of generality, we can assume x < 3, x4 < x5, and ro+x3 < T4+25.
By (4.3), we must have (x2 + 3,24 + 25) € {(0,0), (1,1),(2,2),(0,2)}.

1. If x0 + 23 = 0 = x4 + x5, then we have t = 1 and x92 = x3 = x4 = x5 = 0. Hence,
we only need myxy = x1, which can be done by choosing m; = 1.

2. If x9 + 23 =1 = x4 + x5, then we have t =1 — 1, 20 = 24 = 0 and z3 = x5 = 1.
Hence, we need mixz; + mg = 1 — x1 = mix; + ms, which can be done by choosing
mg =ms =1, and m; = —1.

3. If o +x3 =2 = x4 + x5, then we have t = z; and 22 = 3 = z4 = x5 = 1. Hence,
we need mix; + mo +ms = 1 = mix1 + mg + ms, which can be done by choosing
my =1, mg=my =1, and mg = ms = —1.

4. If 2o + 23 = 0 and x4 + x5 = 2, then we have t = 21, z9o = z3 =0 and z4 = x5 = 1.
Hence, we need mijz; = x1 = myz1 + myg + ms, which can be done by choosing
my=1ms=—-1,and my =1. O

We are now ready to prove the main result of this section.
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Lemma 4.6. Let 1/n < v < 7 < «a < 1 be some constants, let G be a d-regular
oriented graph on n vertices with d > an and an extremal (9, T,~y)-partition Ps = {V; :
i,j € [3]}. Then, there exists a path system Q in Bs3(P3,G) such that, writing a;; =
|E(Q) N E(Viy, Vij)| for all i # j, we have

(i) e(Q) < 2yn/a, and
(i) aix — as; = |Vis| = [Vig| for all i € [3], where aju =3, aij and @i = 32,4, aji-

Proof. We first give the main idea of the proof. Note that by Proposition 3.2, it suffices
to find a path system Q satisfying

Aix — Axj = Z G(G”)/d — Z E(Gﬂ)/d (44)

i i

for each ¢ € [3]. By Proposition 3.10, we know A(G;;) < d/2, so by using Lemma 4.3,
we can find path systems Q;; in G;; such that UZ—#J— Q,; is cycle-free and e(Q;;) has
roughly 2e(G;;)/d edges. Therefore, we need only (roughly) half of the edges from each
Q,; to satisfy (4.4). Moreover, for each ¢ # j, it makes sense to include edges from only
one of G;; and Gj;. We will choose Q?j C Q;;, where Q(Z-)j has size (roughly) e(Q;;)/2
for three different pairs (i, j) and is empty for the remaining three pairs, by using the
structural properties of |J;; Qi; (ensured by Lemma 4.4) so that AO(Ui# QY) = 1.
Since U, ; Qy; € Uiz Qij is cycle-free, AO(UZ.# QY;) = 1 guarantees that Uiz, Qy; is a
path system. Also, e(lU,; Qy;) is small enough by the construction since e(Uiyg; Qij) <
2|83(P3,G)|/d S 2’}/’11/04.

Let us write n; = |Vix| — |Vii| for i € [3]. Since n; + na + ng = 0, without loss
of generality, we can assume ni,ne > 0. Recall G;; = G[Vi., V], and write m;; =
e(Gij) — e(Gy;) for i,j € 3], ¢ # j. Note that m;; = —m ;. Without loss of generality,
we can assume mis > 0. By Proposition 3.2, we have

dny = miz +miz = miz — ma1, (4.5)

dn2 = Mmooy + mo3 = Moz — M12. (46)

Since nq1,n2 > 0, (4.5) and (4.6) imply that mas > mi2 > ms1. So, it suffices to consider
the cases

M3 > Mi2 > mg1 > 0 and maog > mig > 0 > ma3;.

Let m12 = dx for some z > 0, and write x = s + ¢ where s = |z] and 0 < ¢ < 1.

Case 1: Suppose we have ma3 > mia > mg; > 0. Then, we can write ms; = d(z —ny)
and mo3 = d(z+n2) by using (4.5) and (4.6). Let H = G23UG31UG12. Notice that e(H) <
|B3(P3,G)| < yn?. Also, by Proposition 3.10, we know A%(Ga3), A%(G31),A%(G12) <
d/2. By Lemma 4.3, we can find path systems Qa3 C Gaz, Q31 C G31, Q12 C G2 such
that Qas U Q31 U Q12 has no cycle and
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e(Qa3) = 6(5;223) > % = |2z + 2ns]| > s+ na,
e(Qs1) = 6’2(;;1) > % =2z —2n1] > s —nq,
e(Q12) = 6(;;'223) > % = |2z] > s.

Moreover, by Lemma 4.4, we have Qa3 U Q31 U Q1o is a disjoint union of paths and
cycles since {Qa3, Q31, Q12} is a symmetric 3-set. However, we know it is cycle-free,
which implies it is a path system. Note that (4.5) implies that d(z — ny) = mg; > 0 by
assumption, so we have s —n; > 0. We now define Q by choosing s+ ny edges from Qas,
s —ny edges from Qs1, and s edges from Qp2. Note that

e(G12) + e(Ga3) + e(Gs1) < |B3(Ps, G)| < 2yn

Q)= d/2 STd2 S o

Since asz = § 4+ N9, az1 = S — nq, a2 = s and as; = azs = a3 = 0, the result follows.

Case 2: Suppose we have moz > mys > 0 > mgy. Recall mis = dz. Then, we can write
mi3 = d(n; —x) and ma3 = d(nz2+x) by using (4.5) and (4.6). As with the previous case,
we can find path systems Qo3 C Gag, @13 C G13, Q12 € G2 such that Qo3 U Q13U Q1o
is cycle-free and

€(Q13) =2n1 + |_—233‘J, 6(@23) = |_2$L‘J + 2no, 6(@12) = I_QI‘J, (47)

e(Q13 U Qa3 U Q12) < 2yn/a. (4.8)

Let H be the graph induced by Qa3 U Q13U Q15. Note that Q;3 is the special element of
the anti-symmetric 3-set {Qa3, Q13, Q12}. For simplicity, we write A = 13, B = 23 and
C =12 (so e.g. ma = my3 and G4 = G13). By Lemma 4.4, we can decompose E(H)
into six sets 87 with T' € {ABC, AB, AC, A, B,C'} such that 8¢ is the set of maximal
anti-directed paths of length |T'| containing an edge in each Qg for S € T, e.g. Sspc is

the set of anti-directed paths of length three with one edge in each of Q13, Qs3, Q12.
From the definition of the decomposition, clearly we have

e(Qiz) = e(Qa) = [8apc| + [8ap| + [8ac| + (84,
e(Qa3) = e(9p) = |Sapc| + [8Sas| + 1SB],
e(Q12) = e(Qc) = [Sapc| + 18Sac| + I8c|.

By (4.7), we obtain

2(|SABC| + |8Ac‘) + |8AB| + |SA| + |SC‘
=e(Qa) +e(Qc) =2ny + [—2t] + [2t] (4.9)
18aB| + 88| — 8ac| — |8c| = e(QB) — e(Qc) = 2na. (4.10)
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Hence, letting |Sp| = rp (mod 2) for T € {ABC, AB, AC, A, B,C} where rp € {0,1}
(so |87 | & rr is even), we have the following equivalence by summing (4.9) and (4.10):

rap+ra+re=—[2t] — [-2t] =rac+ra+rp (mod 2).

Since 0 <t < 1, we have —|2t] — |—2¢] € {0,1}. Then, by Proposition 4.5, we can find
iAB,AC, A, 1B,9c € {—1,1} such that

TABTAB +iara +icre = —|2t] — |—2t] =iacrac +iara +iprs. (4.11)

We now construct @ C H as follows. Initializing Q = @), we will add some edges into Q
as follows:

1. Choose (|8Sapc|+ rapc)/2 many paths from Sapc, (|Sap|+iaprap)/2 many
paths from S4p, and (|Sac|+iacrac) /2 many paths from S4¢. For each such
path, we add the unique edge from Q4 C G135 to Q.

2. Take the remaining (|Sapc| — rapc) /2 many paths from 8 4pc. For each such path,
we add the unique edge from Qg C (o3 and the unique edge from Q¢ C G5 to Q.

3. Take the remaining (|Sag| —iaTap) /2 many paths from 8 4 5. For each such path,
we add the unique edge from Qp C Gasz to Q.

4. Take the remaining (|Sac| — iacrac) /2 many paths from 8 4¢. For each such path,
we add the unique edge from Q¢ C G122 to Q.

5. For each T € {A, B, C}, take (|St| + irrr) /2 many paths from 87. Add them to Q.

If A°(Q) > 2, then there exists an anti-directed path Q' of length 2 in Q. This path @’
must be contained in some maximal anti-directed path Q* in Sapc U8 4pUS a¢. Only in
Step 2 do we add more than one edge from a maximal anti-directed path to Q. However,
the two edges added in that case are not incident by Lemma 4.4(ii) as Q13 = Q4 is the
special element. Therefore no such @’ exists, and so A°(Q) < 1. Recall that |JQ C H is
cycle-free and so Q is a path system. By (4.8)

e(Q) <e(H) <2vyn/a.
Note that

2(a15 —ax1) =2(e(QNG12) +e(QNG13)) =2(e(QNQ4) +e(QNQr))
= 2(|SA30| + |8ACD + |8AB| + |SA| + ‘Sc| +4ABTAB +1aTA +icTC

= 277,1,
where the last equality is due to (4.9) and (4.11). Similarly,

2(@2* — (1*2) = 2(e(Qﬂ G23) — e(Qﬂ Glg)) = 2(€(Qﬂ GB) — G(Q n Gc))
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= (|8aB| + 88| — |8ac| — |8¢|) + (iacTac +iBTB — iaBTAB — icTC)

= 2”27

where the last equality is due to (4.10) and (4.11). So we have aj. — a,; = n; and
a2+ — Ax2 = No. Since ny + ng + ng = 0, we deduce that as, — a3 = n3 as required. 0O

The previous lemma shows how to obtain the (path system of) bad edges that will
be part of our final Hamilton cycle. It will be convenient to suitably contract this path
system because the resulting contracted graph will have a “balanced” partition and
finding a Hamilton cycle in the contracted graph will give us a Hamilton cycle in the
original graph by “uncontracting” the path system. We now define the right notion of
contraction and establish some of its properties.

Definition 4.7. Let G be a digraph, k € N, and P, = {V; : i,j € [k]} be a k*partition
of V(G). Let Q be a path system in G. We define the contraction of Q in G with
respect to Py, as follows: for each Q € Q, create a new vertex x associated to @) such that
N~ (x) = Ng (u) and N*(x) = NZ (v) where Q goes from u to v. If u € V;; and v € Vyyjr,
put z into Vi/;. Then, we delete all the vertices in Q. We call P = {V; : 4,5 € [k]} the

resulting partition where V;. is the updated version of V;; for all ¢, j € [k], and we denote

/
J
the resulting graph by G’.

Since we often use the following fact, we state it as a proposition.

Proposition 4.8. Let G be a digraph, Q be a path system in G, and Py = {V;; : i,j € [k]}
be a k2-partition of V(G). If G’ is the graph obtained from G by contracting Q with
respect to Py, and G’ is Hamiltonian, then so is G.

Next we see that the number of bad edges cannot increase from contracting a path
system with respect to the given partition.

Proposition 4.9. Let 1/n < 0,7 < 7 < 1 and k € N be constants. Let G be a digraph
on n vertices, Q be a path system in G, and Py, = {V;; : i,j € [k]} be a k*-partition of
V(G). Let us contract Q with respect to the partition Py. Then, we have |By(P;,,G')| <
|By(Px, G)|. Moreover, if Py is a (k* 1,7)-partition of G and e(Q) < On, then Pj, is a
(k2,7/2,27)-partition of G'.

Proof. Consider a path P € Q that goes from u to v, let = be the created vertex
corresponding to P during the contraction process with = € V. In particular, we have
v € Ve If zy € B (P, G'), then y ¢ Vi and y € Nt (v), which shows vy € By(Py, G).
Similarly, for any bad edge in G’ with respect to Py, we can find a different bad edge in
G with respect to Py, which shows |B, (P}, G')| < |Bk(Pk, G)|.
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Notice that we have |G'| > (1 — 0)n. Also, since we deleted at most 26n vertices and
0 < 7, we have |V/,| > 7n—20n > 7|G’|/2 for all i € [k]. Moreover, we get 2(1 —6)? > 1
since 6 < 1, which implies |By (P}, G')| < yn? < 2v(1 — 60)*n? < 27|G']2. O

We end this section with a lemma which states that if a path system Q in B(Py, G)
satisfies condition (ii) of Lemma 4.6, then the contraction of Q with respect to Py
balances the partition.

Lemma 4.10. Let k € N, and let Py, = {V;; : 4,7 € [k]} be a k*-partition for a digraph G.
Let Q be a path system in By(Pr, G) such that, for alli € [k],

Do aij =Y aji = [Vie = [Vail,

JFi J#i
where a;; denotes the number of edges in E(Q) N E(Vi,Vi;) for all i # j. Then, the
contraction of Q with respect to Py results in a digraph G' with a k*-partition P =
{Vi; i,7 € [k]} such that |V]| = |V;| for alli € [K].

Proof. Let Q = {Q1,Q2,...,Q¢}. Let af; denote the number of edges in E(Q,) N
E(Vi, Vi) forall 1 < p < tand i # j. Conmder a path @, say from u € Vy to
v € V4. Recall that we delete all the vertices in @), and add a new vertex into V., (see
Definition 4.7). By applying Proposition 3.2 with d = 1 and G = @, U {vu}, we obtain

Vie AV(@Qp) = Vi N V(@) =D by = > ab, + 1{i = 2} — 1{i = y}
J#i J#

for each i € [k] since v € V., and u € Viy. By considering the new vertex added into
V.y, we see that the contraction of the path @), leads to a decrease in |V.| — |Vii| by
Zj;ﬁi afj — ZH&Z i Since all the paths in Q can be contracted independently, we have

Vil = Vil = (Vi = Vial) = >0 | D aly =Dl

pelt] \j#i i
= (Viel = [Vai) = | Do ais = > ay
J#i J#i

Since we have >, ; aij — > ;4; aji = |Vis| — [Vii|, the result follows. O
5. Hamilton cycles from partitions
The main goal of this section is to prove that regular directed or oriented graphs of

suitably high degree that admit a (k2,7,)-partition for suitable k,7,~y have a Hamil-
ton cycle. We begin by formally defining certain contracted graphs associated with
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Partition P with |Via| = [Vay| =t > 0, and The digraph J(P, G, #') on the vertex set [t] U Vi1
a proper 1-pair ¢! = (414, ¢.1) with respect to P

Fig. 5. An illustration for how J'(P, G, ¢') is constructed.

4-partitions (i.e. the graphs J; discussed in the sketch proof). These will be used in
this and the next section.

Let H be a (undirected) bipartite graph with bipartition (A4, B) and |A| = |B| = n.
Given a set K of size n and bijections ¢4 : K — A and ¢p : K — B, the identification
of H with respect to (K, da, ¢p) is defined to be the digraph G, where V(G) = K and
for each a,b € K, we have ab € E(G) if and only if ¢4(a)pp(b) € E(H).”

Let G be a digraph and P = {V}; : ¢, j € [2]} be a 4-partition of V(G). For each i € [2],
we define BY(P,G) to be the (undirected) bipartite graph with bipartition (Vi, Vi),
where, for each a € V;, and b € V,;, we have ab € E(B!(P,Q)) if and only if ab € E(G).
(Although V;,. and V,; are not disjoint as subsets of V(G), namely V. N V,; = V;;, we
duplicate any vertices in Vj;, so B (P, G) has |Vi.| + |Vii| vertices.)

Let G be a digraph and P = {V;; : 4,5 € [2]} be a 4-partition of V(G) such that
[Vig| = |Va1| =t > 0. For i € [2], we call ¢' = (¢ix, bsi) a proper i-pair with respect
to P if ¢iw @ [t] U Viy — Vi and ¢u; ¢ [t] U Vi; — Vi are bijections satisfying ¢i.(z) =
b+i(x) = x for all x € Vj;. In this case we define J¢(P, G, ¢") to be the identification
of Bi(P,G) with respect to ([t] U Vii, dix, dsi). Formally, V(T4 (P,G,¢%)) = [t] U Vi
and xy € E(J (P, G, ¢")) if and only if ¢ (2)dsi(y) € E(BY(P,G)). One can think of
TP, G, ¢") as the digraph obtained from G[V;, UV,;] by pairing vertices in Vj, \ V;; with
vertices in V,;\V;; and identifying them, where the pairing is determined by ¢;. and ¢,; if
we pair ¢ € V. \V;; with y € Vi;\Vj;, the identified vertex has the same outneighbours as
x and the same inneighbours as y. Note that there is a one-to-one correspondence between
the edges in J*(P, G, ¢') and those in G[Vi., Vi;]. Fig. 5 illustrates this construction by
a small example.

T If pa(a)pr(a) € E(H) for some a € K, then we will have a loop aa € E(G). The small number of loops
in G play no role in our arguments, but we keep them for convenience so that H and G have the same
number of edges.
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The first proposition shows how Hamiltonicity of J* translates into Hamiltonicity for

G.

Proposition 5.1. Let G be a digraph on n vertices, and let P = {V;; : 4,5 € [2]} be a
4-partition of V(GQ) with |Via| = |Vai| > 0. Suppose that for every i € [2] and every
proper i-pair ¢* with respect to P, we have that J'(P, G, ¢*) is Hamiltonian. Then, G is
Hamiltonian.

Proof. Let |Viz| = |Va1] = t and ¢! be a proper 1-pair with respect to P. Consider a
Hamilton cycle C in J*(P, G, ¢'). Recall that the vertex set of J*(P, G, ¢') is [t]U Vi1.
Let py,...,p; be the order in which the vertices in [t] are visited by C' so that C can be
partitioned into paths Py, ... P; where P. is a path from p, to p,4+1 (with the convention
that p;11 = p1). Each P, corresponds to a path P} in G[V;11UV13UVa1] from ¢1.(p,) € Via
to ¢.1(pry1) € Va1, and moreover the paths P}, ..., P! are vertex-disjoint and span
Vit UVig U Vo

Let ¢? be the proper 2-pair with respect to P satisfying ¢o.(p,) = ¢s1(pri1) € Vi
and ¢.2(pr) = ¢1.(pr) € Vig for all r € [t]. Note that J%(P,G, $?) can be obtained
from G[Va. U Vig] by identifying the start and end points of P! for each r and calling
the resulting vertex p, (here we keep only the inedges of the start point ¢1.(p,-) and the
outedges of the end point ¢.1(p,41)). Since J%(P, G, ¢?) has some Hamilton cycle H,
we see that G also has a Hamilton cycle, obtained by replacing each vertex p, in H with
the path P!. O

Next, we will prove that digraphs admitting a (4,1/3,~)-partition with additional
degree conditions are Hamiltonian. Recall that for a k*-partition Py = {V;; : 4,5 €
[k]} of V(G), the set of good edges was defined as Gp(Pr,G) = UU; E(Vix, Vii) (see
Definition 3.1), and we also think of G (P, G) as the subdigraph of G with the vertex
set consisting of those vertices incident to edges in Gy (Pg, G).

Lemma 5.2. Let 1/n < v, p < & < 1 be constants. Let G be a digraph on n vertices with
a (4,1/3,7)-partition P = {V;; : i,j € [2]}. Suppose that

(i) d 6o (P.c) (V) dg, p oy (v) = (1/3+¢)n holds for all but at most pn vertices v € V(G),
(ii) 8°(G2(P, @) > n/20,
(i) [Vial = [Va| > 0.

Then G is Hamiltonian.

Proof. Let |Via| = |Va1| = ¢ For ¢ € [2], 1
P. Let J; == JY(P,G,¢"). Since |V (J;)| =
P is a (4,1/3,~)-partition), we obtaln n/3
any v € V;;, we have d}'i (v) = gz(P NG

t ' be a proper i-pair with respect to
| > n/3 (the inequality holds because
| | < 2n/3. On the other hand, for

v) and dj (v) = dg P, G)( v). Similarly, for

| V
S
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any r € [t], we have dJ (r) = 92 7;,G)(@*( r)) and d; (r) = dg, P, G)(qﬁ*z( r)). Then,
d'}i (z),d; (z) > (1/2 + €)|Ji| holds for all but at most 3p|J;| vertices x in J; by (i).
Moreover, (ii) implies 6°(.J;) > |J;|/20. Therefore, J; is Hamiltonian for i € [2] by
Corollary 2.8. Hence, the result follows from Proposition 5.1. O

We end this section by showing that every regular oriented graph of sufficiently high
degree that admits a (9, 7, vy)-partition is Hamiltonian.

Lemma 5.3. Let 1/n < v < 7 < £ < 1 be constants. Then every d-reqular oriented
graph G on n vertices with d > (1/4+¢)n and that admits a (9, T,~)-partition is Hamil-
tonian.

Proof. Let P = {V;; : 4,5 € [3]} be an extremal (9, ,y)-partition of G. Firstly, we claim
at least two of the following are true:

(a) ™+ [Vi1| < [Vao| + Vs3] + |Vaz| + |Vaal,
(b) ™n + |Vao| < |Vas| + |Var| + |Vs1] + | Vas),
(¢) Tn+ [Vas| < [Via| + [Vaa| + [Via| + [Var].

If not, then without loss of generality, say (a) and (b) are false. By adding up those
inequalities, we obtain 2rn > 2|Vas| + |V31 U V| + Vi3 U Vas|. However, by Proposi-
tion 3.11, we know |V31 U Vaa|, Vi3 U Vaz| > 7n, so we have a contradiction. Similarly, it
can be easily shown that at least two of the following are true:

(a") Tn < |Via| + [Vaul, (b") T < [Vig| + |Val, (c') ™n < |Vaz| + |Vsal.
Thus, without loss of generality, we can assume that (c) and (a’) hold, that is,
™+ [Vas| < [Vir] + [Vao| + [Viz| + [Va1] and 7n < [Vig| + [Vau]. (5.1)

By Lemma 4.6, there exists a path system Q in Bs(P,G) containing at most 8yn edges
such that 3, aij — >, aji = |Vie| — [Viq| for all i € [3], where a;; = |[E(Vix, Vi) N Q.
We contract Q with respect to P and write G' for the resulting graph and P’ = {V}/; :
i,7 € [3]} for the resulting partition. By Proposition 3.8, P is actually a (9,1/4+¢/2,)-
partition of G, so Proposition 4.9 implies that P’ is a (9,1/8, 2v)-partition for G'. By
Lemma 4.10, we have

VL] = [V > [Vii] = [V(Q)| > n/4 for all i € [3]. (5.2)
Moreover, by using Proposition 3.11, we have

STV =SV > foralli € [3]. (5.3)

i i
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Also, using (5.1) and the facts that v < 7 and e(Q) < 8yn, we have
[Vis| < [VI1]+ [Vaa| + Vo] + [Vay| and [V, + [Voy| > 7n/2. (5.4)
Since |[V(Q)| < 16yn, we have
§°(G") >d—16yn > (1/4 +¢/2)n. (5.5)
Similarly, by Proposition 3.10,%

for any v € V(G'), if v € V, for some a,b € [3],
then d‘za (v), dy,. (v) > d/3 — 167yn. (5.6)

In other words, we have

dgg(P’,G')@)’ dgg(P’,G’)(U) > d/3 —16yn. (5.7)

Let

Wi =Vss,  Wia=VeUVy,
War = V2/3UV1/37 Was :Vl/l UVQIQUVfQUVQ’r

By Proposition 3.7, we have W = {W;; : i,5 € [2]} is a (4,1/8, 2v)-partition for G'.
Furthermore, (5.4) and (5.3) imply that

|W11| S |W22‘ and |W12| = |W21‘ Z TTL/Q.

By Proposition 4.8, if G’ is Hamiltonian then so is G. For i € [2], let ¢ be a proper
i-pair with respect to W. In order to prove the lemma, it is enough to show that J; :=
J'W, G, ¢') is Hamiltonian for i € [2] by Proposition 5.1.

First, for Jy, (5.2) and the fact that |[Wi;| < |Was| imply that

n/4 < Vs, | =[] <|G']/2 < nj2. (5.8)

Let BT (.J1) be the set of vertices in Jy satisfying d7 (z) < (1/24¢/2)|.J1|. Similarly, define
B~ (J1). For any vertex x € V(J1), we have ¢1.(z) € V3, and djl (z) = d;g(gbl*(z)).
Together with (5.5) and (5.8), we deduce that

8 1t is clear that all the vertices of G’ inherited from G satisfy these degree conditions; for the new vertices
in G’ (created from contracting paths), one can easily check in the definition of contraction that the vertices
are placed in such a way that the degree conditions hold.
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[}
v

Bo(W, G| 2 e(d1.(BT (1)), V(G') \ Viy)
(@ (61-2)) — df (61(2)))

2vn

%

>
z€BT(J1)
>

%

(@) —df (@) = D> ((1/4+e/2n—(1/2+¢/2)|0])

z€B*(J1) z€B1(J1)

| BT (J1)|en/4.

Y%

So |Bt(J1)| < 8yn/e and, similarly, | B~ (J1)| < 8yn/e. By (5.8),
1B ()| +[B™(J1)| < 16vn/e < 64y]/1]/2 < /AL,

Thus d} (z),d} (x) > (1/2+¢/2)|J1| holds for all but at most \/y].J1| vertices. Also,
by (5.6), we have §°(J;) > d/3 — 16yn > |J1|/10. Therefore, by Corollary 2.8, J; is
Hamiltonian.

For Jo, we first show that Jo has a (4,1/3, 8v)-partition. By (5.8)

n/2 <[] = |G = V3| < 3n/4, (5.9)
so (5.2) implies that
Vil = Vil = n/4 = |Ja| /3 for i € [2].
Let t := |Wia| = |Way|. Recall that ¢as : [t] U Wag — Wa, and ¢us : [t] U Way — Wio are
bijections satisfying ¢o.(x) = ¢ua(x) = z for all x € Wag, so we have ¢a.(q) € Vi, U VY

and ¢.2(q) € V43 UV/; for any q € [t] since Wio = V35 U VY, and Way = Vi3 U V/5. Then,
we partition [¢] into parts {7}, : 4,7 € [2]} as follows:

Ty = {q € [t] : 2.(q) € Vi3, pu2(q) € V5, },
Tiz = {q € [t] : b2.(q) € Vi3, bu2(q) € Vio},
To1 = {q € [t] : 2.(q) € Va3, bu2(q) € Vi1,
Top = {q € [t] : d2:(q) € V33, du2(q) € Vip}.

Then, let us write Z;; = V;; UT;; for 4,5 € [2], and Z = {Z;; : 4, j € [2]}. Notice that Z is
a partition of V(J2). By using |T11|+|T12| = |V{5], we deduce that | Z1.| = |V, | > |J2|/3.
More generally, for i € {1,2}

| Zis| = | Zi| = Vi, = | J2| /3.
Note that Zio U Zoy D V/, U Vs, # 0 by (5.4). We deduce that |Zi3| = [Z21] > 0.
12 21

On the other hand, for i € {1,2}, we have Z;, = V, UV, U{q € [t] : ¢2.(q) € Vi5}
and Z,; = V{, UV5, U{q € [t] : ¢.2(q) € V3, }. Since ¢a.(x) = ¢u2(z) = x for all
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x € VUV, UV Uy, we see that ¢a. (Vi UV)) = ViUV, and ¢ua (V];UVy;) = Vi, UV;,.
Therefore,

xy € E(Z;«, Z,;) if and only if
022 (2)642(y) € B(VL,, VI;) forall i,j € [2]. (5.10)
Then, we have
&(Zins Zug) = e(VL, VL) for i € [2]. (5.11)
Hence, we obtain

B2(Z, J2)| = e(Vi,, Via) + e(V4,, Vi) < |Bs(P',G")| < 24|G'* < 89|12,

As a result, Z is a (4,1/3, 8y)-partition for Jo with |Z12| = [Za21]| > 0.

Let BT (J2) be the set of vertices in Jy satisfying d;;(zﬁb)(x) < (1/3 4+ ¢/3)|J2].

Similarly, define B~ (J2). Note that dZ;:(z (@) = d'g:(p., oy (@2:(x)) for any vertex
x € V(J2) by (5.10). Moreover, by (5.5) and (5.9), we have §°(G’) > (1/3 + &/2)|.Ja].
Hence, by (5.9), for any vertex z € B*(J), we obtain

0 o o) (02:(2)) > (1/3+ £/2)|To| — (/3 + £/3)| Jo| > e| 1ol /6 > en/12.

Since |B3(P',G")| < |B3(P,G)| < yn?, we find yn? > |BT(J2)|en/12. So |B*(J2)| <
12yn/e and, similarly, |B~(Jz2)| < 12yn/e. As a result, by (5.9), we have

|B*(J2)| + |B™ (Ja)| < 24yn/e < 48y|Js|/e < /Al
On the other hand, by (5.7) and (5.9), for any vertex € V(.J), we obtain
A&, z.0)(@) = A, o gy (P2:(2)) > d/3 — 1670 > | J5|/20.

Similarly, we have dg, - JQ)(:::) > |J2]/20. As a result, the partition Z for the digraph J,
satisfies all the conditions of Lemma 5.2, so we are done. 0O

6. Proofs of main results

In this section, we give the proofs of Theorems 1.5 and 1.3.

Proof of Theorem 1.5. Let € > 0 be a constant. Let G be a strongly well-connected d-
regular digraph on n (sufficiently large) vertices with d > (1/3 + ¢)n. We will show that
G is Hamiltonian. Let v and 7 be constants satisfying 1/n < v < 7 < €. If G is a robust
(v, 7)-outexpander, then we are done by Theorem 2.4. Assume not. Then, G admits a
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(4, 7,4v)-partition by Lemma 3.6. Let P = {V;; : i,j € [2]} be an extremal (4, 7,4v)-
partition for G. Notice that |Vi.|, |Va«| > (1/3 + ¢/2)n by Proposition 3.8. Without loss
of generality, assume |Vi2| > |Va1|. We will choose a path system Q in Ba(P, G) satisfying

|E(Q) N E(Vix, Vi2)| — [E(Q) N E(Vay, Via)| = [Viz| — [Vai]
as follows.

(i) If Vig = Vo1 = 0, then |Vi1], |[Vaz| > (1/3+4¢/2)n. Since G is strongly well-connected,
we can find disjoint edges ab € E(Vi1,Vas) and cd € E(Vaz,Vi1). Then, set Q =
{ab, cd}.

(i) If |[Vig| > |Va1| > 0, then d(|Vig| — [Va1|) = e(Vis, Via) — e(Vax, Vi1) by Propo-
sition 3.2. Hence, we have e(Vi, Vi) > d(|Viz| — |Va1]). By Proposition 3.10,
E(Vix, Viz) induces a subgraph H in G with A°(H) < d/2. Since e(V1., Vi) < 4un?,
by Lemma 4.3, we can find a path system Q' in H with e(Q’) > 2e(Vi., Viz)/d >
2(|Viz2] — |V21]). Then, we remove all but exactly |Viz| — |Va1| edges in Q' to obtain
Q.

(iii) If |[Vi2| > 2 and |Va21| = 0, then as with the previous case, E(Vi., Via) has a path
system Q' containing 2|Vis| edges. We claim Q' has at least one path that starts
in V11 and ends in Va. If not, then any path in @', with s edges say, is incident to
at least s vertices in Via, but since Q' contains more than |Vi3| edges, we have a
contradiction. Next we claim that any path in Q' from V73 to Vag has at most |Vi2]
edges. Indeed, if not, then Q' has a unique path which has |Vi2|+1 edges. But then
Q' has 2|Via| = V12| + 1 edges, contradicting V12| > 2. Using the claims, we can
remove all but exactly |Via| edges in Q' to obtain a path system Q with exactly
[Via| = |Via| — |Va1| edges and where at least one path starts in |Vy1] and ends in
[Vasl.

(iv) If [Vi2| = 1 and |Va1| = 0, let & be the unique vertex in Vi5. By Proposition 3.2, we
have d = dy, | (J:)+d$22 () +e(Vi1, Vag) —e(Vag, V11). Note that, by Proposition 3.10,
we know dy, (x),d{, (x) < d/2.1f dy, (z) = dj, (x) = d/2, then we obtain another
extremal (4, 7,4v)-partition by moving x into Vi1, which results in case (i). If we
have either dy, (r) < d/2 or d‘tn (r) < d/2, then we have e(Vi1, Vaz) > 1. We can
take an arbitrary edge ab € E(V11, Vaz), and set Q = {ab}.

Now we contract this path system Q in G with respect to partition P to obtain a graph
G’ with resulting partition P’ = {V}; : 4, j € [2]}. By Lemma 4.10, we have [V{,| = [V3;].
Moreover, the choice of Q ensures that both V/y, and V4, are nonempty as follows: In
cases (i), (iii), and (iv) we include at least one path from V17 to Vg so that the vertex
created when contracting this path is placed in V;; see Definition 4.7. In case (ii), Va1 is
nonempty and we do not use any vertices from V2; in the path system. Therefore, V/, is
nonempty after the contraction, which also means that VJ, is nonempty as |V{y| = |V3;].
We note that Q has at most 12vn edges since, by construction, Q has at most ||Viz|—|Va1 ]
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edges (except in case (i) where Q has two edges) and |Vi2|—|Va1| < 12vn by Corollary 3.3.
Therefore, we delete at most 24vn vertices, which implies 6°(G’) > d — 24vn. On the
other hand, by Proposition 4.9, we have that P’ is a (4,7/2, 8v)-partition. Also, by
Proposition 3.8, we have

V| > |Vie| — 24vn > (1/3 4 & — 24v)n > |G'|/3

for ¢ € [2]. Similarly, we obtain |V/,| > |G’|/3, so P is a (4,1/3,8v)-partition. Let
B*(G’) be the set of vertices in G’ satisfying 6@2(7,, G,)(x) < (1/3+4¢/3)|G’|. Similarly,
define B~ (G’). Note that §°(G’) > d — 24vn > (1/3 + ¢/2)|G’|. Hence, for any vertex

x € BT(G’'), we obtain
df, pran(@) > (1/3+¢/2)|G'| = (1/3 +¢/3)|G'| > €G] /6.

Since |B2(P',G")| < 8v|G'|?, we have 8&|G'|?> > |BH(G)| - €|G'|/6. So, |BT(G")| <
48v|G'| /e and, similarly, |B~(G")| < 48v|G’|/e. As a result, we obtain

|BT(G")| + |B~(G")| < 96v|G"| /e < Vv|G'.

Moreover, since P is an extremal (4, 7, 4v)-partition and we deleted at most 24vn vertices,
Proposition 3.10 implies that d‘g"z(P, G,)(U),dgz(P, G,)(v) > d/2 — 24vn > |G'|/20 for all
v € V(G'). As a result, P’ satisfies the properties in Lemma 5.2, so G’ is Hamiltonian.

Hence, the result follows by Proposition 4.8. O

Proof of Theorem 1.3. Let € > 0 be a constant. Let G be a d-regular oriented graph on
n (sufficiently large) vertices with d > (1/4 + £)n. We will show that G is Hamiltonian.
Fix constants v and 7 satisfying 1/n <« v < 7 < €. By Theorem 2.4, we are done if G
is a robust (v, 7)-outexpander. Assume not. Then, by Lemma 3.6, G admits an extremal
(4, 7,4v)-partition P = {V;; : 4, j € [2]}. Then, for each i € [2],

Vi, [Vail = (1/4 +/2)n (6.1)

by Proposition 3.8. Also, we have |Via|,|Va1| > 7n by Proposition 3.11. Without loss
of generality, assume |V11| < |Vaz|. Furthermore, by reversing the edges if necessary, we
may assume that |Via| > |Va1|. Let r = [Via]| — |V21]. By Corollary 3.3 and the fact that
|B2(P, Q)| < 4vn?, we obtain

r < 4vn?/d < 16vn. (6.2)

Fix a subset R of Vi of size r. Let W = {W;; : 4,5 € [2]} where W;; = Vj; \ R for
i,7 € [2]. Note that |Vi1] < |Vas| and |Via| > |Va1| imply that |Via| > n/2. Hence

(Wil = [Wia| = (n—1)/2 (6.3)
and |Wi,| = [Wiq| > |Va1] > ™. (6.4)
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We now split into cases depending on whether, for all proper 2-pairs ¢? with respect
to W, the digraph J2(W, G — R, $?) is a robust (v'/2, 7)-outexpander or not.

Case 1: Suppose that, for all 2-pairs ¢? with respect to W, J2(W,G — R, $?) is a
robust (v'/2, 7)-outexpander. Recall that G;; = G[V;s, Vi;]. We have by Proposition 3.2
that

e(G12) > e(G12) — e(Ga1) = d(|Viz| — [Va1]) = dr.

By Proposition 3.10, A°(G12) < d/2. Moreover, we have e(G12) < |B2(P,G)| < 4vn?.
Hence, by Lemma 4.3, G715 has a path system Q with r edges.

We contract @ in G with respect to P to obtain G’ with resulting partition P’ =
{Vi; 24,5 € [2]}. Since |E(Q) N E(G12)| — |E(Q) N E(G21)| = [Viz| — [Va1|, Lemma 4.10
implies that |V{5| = |V3;|. Moreover, by Proposition 3.11, we have |Via], |Va1| > 7n. Since
r < 16vn < Tn, we conclude that |V{,| = |V3;| > 0. By Proposition 4.8, it is enough to
show that G’ is Hamiltonian.

Consider a proper i-pair 1* with respect to P’ for i € [2]. Let J; = J*(P’,G',¢?). To
show that G’ is Hamiltonian, by Proposition 5.1, it suffices to show that [; and J» are
Hamiltonian.

We first prove that J is a robust (#'/2/2,27)-outexpander by showing it is a small
perturbation of J2(W,G — R, $?) for a suitable proper 2-pair ¢ with respect to W,
chosen as follows. Let t = |[Wia| and ¢’ = |V,|. Recall that 92 is a function from [t'] U V3,
to V4, x V/5. Pick ¢? among all proper 2-pairs with respect to W such that | X| is as large
as possible where X is the set of x € ([t] U Wag) N ([t'] U V4,) satisfying ¢2(x) = ?(z).
We define 72 = 72(W, G — R, ¢?).

We have that V(J2) = [t'] U Vg, and V(J?) = [t] U Wy and X C V(J2) NV (T?).
Moreover Jo[X] = J?[X]; to see this, note that for Y := ¢?(X) = ¢?(X) C V(G), the
partitions P’ and W are the same on G'[Y] = (G — R)[Y].

First note that

T2 = [Wia| > (n—1)/2.
Since
(W AVA, |, [Waa AV < 36(Q) + R| = 4r,
we deduce that
([ U Wa2) \ X, [([']U V) \ X < 16
Therefore

V() AV(T?)] < (18] UWaz) \ X| + ([t U V) \ X|
< 32r < 512un < VM2 J?)/2.
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Since J? is a robust (V1/2,T)—outexpander by assumption, we conclude that [J» is a
robust (v'/2/2,27)-outexpander by Lemma 2.5 (where J» U J? plays the role of G).
Also, by Proposition 3.10, we know that d;rQ(p’G), d§2(7>,G) > d/2. Then, since e(Q) = r,
we have dgg(P’,G’)(U)’dag(P/,G/)(v) > d/2 —2r for all v € V(G’), which shows

§°(J2) > d/2 —2r > n/10 > |T2|/10

by using d > (1/4+¢)n, r < 16vn and v < €. Hence, J» is Hamiltonian by Theorem 2.4.

We now show that 7 is Hamiltonian. By (6.1) and (6.2), we have n/4 < |Vi.| —2r <
[VI.| = |J1|. Also, since |V11| < |Vag| and |Via| — [Vai| = r, we have |V{,| < |[Vi| +7 <
(n+7)/24+r<(1/2+7)n as v < 7. Then, we obtain

n/4 < Vi, =|Al < (1/2+7)n.

Similarly as above, by Proposition 3.10, we have §°(Jy) > d/2 — 2r > |71|/10. By
Proposition 4.9, P’ is a (4, 7/2, 8v)-partition of G'. Also

e(J1) = e(Vi,, V1) = 6°(G")|V/.| = [B2(P', &)
> (d — 2r)|V{,| — 8vn* > (d — 64vn)|J;|

as [V/,| = |71 = n/4. Let BT (J1) be the set of vertices in J; satisfying d7, (v) < d—en/4.
Similarly define B~ (J1). Since AY(J1) < d, we obtain

(171 = [BT(A)]) d+ BT ()| (d —en/4) > e(Fr) = (d — 64vn)| T,

which implies 64vn|J;| > |BT(J1)|en/4. Hence, we have |BT(J1)| < 256v|J1|/e, and
similarly, |B~(J1)| < 256v|J:1|/e. As a result, we obtain

|BH ()| + B~ ()] < 512v| 71l /e < Vv| T
as v < e. Hence, for all but at most /v|J1| vertices v € V(J1), we have
d% (v),d; (v) > (d—en/4) > (1/2+¢/3)| Tl

Therefore, J; satisfies the conditions of Corollary 2.8, so it is Hamiltonian.

Case 2: Suppose that there exists a 2-pair ¢ = (¢2«, ¢«2) With respect to W such that
T*W,G — R, ¢?) is not a robust (v'/2, 7)-outexpander. Let 72 = J*(W,G — R, ¢?).
We now show that there is a (9,7/6,200'/2)-partition for G' (so that we can apply
Lemma 5.3).

Note that it suffices to show that G — R admits a (9,7/3, 10v'/2)-partition since |R| =
r < 16wvn (so we can arbitrarily add the vertices of R into those 9 parts, which would
cause a small amount of increase in the number of bad edges). Recall that J? is a digraph
on [t] U Was where t = |W12| = |VV21‘7 and ¢2* : [t] U Wae — Wg*, ¢*2 : [t] U Wae — Wio
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are bijections satisfying ¢o.(7) = dua(x) = @ for all z € Way. First we show J2 is almost
regular, so it admits a (4, 7, 41/ 2)-partition by using Lemma 3.6 since we assumed it is
not a robust (v'/2,7)-outexpander. Note that any partition {U;; : 4,5 € [2]} of V(J?)
also gives a 4-partition for Way. Similarly, {U;; : 4,7 € [2]} partitions Wiy (resp. Way)
into 2 parts depending on y € Uy, or y € U, (resp. y € U, or y € U,o) for each y € [¢],
so we obtain a 9-partition of G — R. Then we show bad edges in this 9-partition (almost)
correspond to Bo(W, G — R), so we can find an upper bound for the number of them.

Let 6 = d/|Ws.|. Remove any loops in J2. Notice that we have |J?| = [Wa,| and
A%J?) < d = 0|Wa,|. Since Wa, = Vo, and W,y = Vio — R, we have by (6.3)

e(T?) > e(Wau, Wia) — n = e(Vay, Waa) —n > d|Wis| — e(Bo(P,G)) — n
> d|Wa.| — vn? —n > (6 — vY/2)|Wa,|2.
By Lemma 3.6, 72 admits a (4,7, 4v/?)-partition Pj = {Uij 4,5 € [2]}. Let X; =
2. (Uix) and Y; = ¢.2(U,;) for i € [2]. Hence we have
|X1|v |X2|7 |Y1|7 |Y2| > 7-|VV2*| > T(’/L - T)/2 > Tn/37 (65)
ec(X1,Y2) + ea (X2, Y1) < Bo(P5, J%) + [Wa| < 5012 Wau?, (6.6)

where we have used (6.3) and (6.2) for the first line. Then, let us define the partition
Z={Z;j i,j € [3]} for G — R as follows:

Z11 =W nNX1NY), Zipa=WunXiNYs, Z3=WynNXi,
Zo1 = Waa NXoNYy, Zap=WanNXaNYs, Zyz=Ws NXo,
Z31 = Wi NY7, Zzz = Wia NYs, Z33 = Wiy.

Notice that, for i € [2]
|Zis] = | Xi| > ™0/3 and | Z,;| = |Y;| > mn/3

by (6.5). Also, by (6.4), we have |Z3.| = |[Wi.| > /3 and |Z.3| = |[W.1] > 7n/3. Note
that

B3(Z,G —R) C Eg(X1,Y2)U Eg(X2,Y1)U U (Eg(Zix, Zy3) U Eq(Z3+, Zj))
§,j£3
= EG(X17Y2) @] EG(X27}/1) U BQ(W, G- R)
g EG(X17Y2) U EG(X27Y1) U BZ(Pa G)7

so (6.6) implies that [B3(Z,G — R)| < 50Y2|Wa,|? 4 4vn? < 100'/2|G — R|?. There-
fore, Z is a (9,7/3,10vY/?)-partition for G — R. Let us distribute the vertices of R into
elements of Z arbitrarily. Since r» < 16vn < 7n, the modified version of Z becomes a
(9,7/6,200/2)-partition for G. Hence, by Lemma 5.3, G is Hamiltonian, as required. O
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7. Conclusion

The main result of this paper is a proof of the approximate version of Jackson’s
conjecture, namely Conjecture 1.2. It remains an open problem to prove this conjecture
exactly. Similarly, it would be interesting (and probably easier) to obtain an exact version
of Theorem 1.5, namely to show that every strongly well-connected n-vertex d-regular
digraph with d > n/3 is Hamiltonian.

Another natural question is to ask for the analogue of Theorem 1.5 for oriented graphs.
By suitably orienting the edges in a non-Hamiltonian 2-connected regular graph on n
vertices with degree close to n/3 (see e.g. [10]), there exist non-Hamiltonian strongly
well-connected regular oriented graphs on n vertices with d close to n/6.

Proposition 7.1. For n € N, there exists a strongly well-connected 3n-regular oriented
graph on 18n + 5 wvertices with no Hamilton cycle (Fig. 6).

Proof. Let Gy, G2 and G5 be vertex-disjoint regular tournaments each on (6n + 1)
vertices. For i € [3], let M; = {:E;y; : j € [2n]} be a matching of size 2n in G;. Define
G to be the oriented graph obtained from UiG[B] (Gi — M;) by adding two new vertices
z and 2’ and edge set {'z, 2y}, 2%, .2/, 2"y}, - i € [3],j € [n]}. Note that G is a 3n-
regular oriented graph on 18n + 5 vertices. We claim that G is strongly well-connected.

zZ

Z/

Fig. 6. A strongly well-connected 3n-regular oriented graph G on 18n + 5 vertices.
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Indeed, G has a cycle with vertex set V(G1) UV (Ga) U {z,2'} and another cycle with
vertex set V(G3)U{z,z'}. The union of these two cycles (which is a subdigraph of G) is
already strongly well-connected; hence G is strongly well-connected. However G is not
Hamiltonian because deleting the two vertices z and 2z’ from G disconnects it into 3
components (whereas deleting any 2 vertices from a Hamilton cycle disconnects it into
at most 2 components). 0O

Are all strongly well-connected d-regular oriented graphs on n vertices with d > n/6
Hamiltonian? We note that a version of this question with “strongly 2-connected” in
place of “strongly well-connected” was asked in [11], but Proposition 1.6 provides a
counterexample for that.

Another interesting direction is to obtain an analogue of the Bollobas—Héaggkvist Con-
jecture (which is discussed in the introduction) for oriented graphs. That is, given ¢t > 3,
determine the minimum value for d such that any strongly ¢-connected d-regular n-vertex
oriented graph is Hamiltonian. For any choice of ¢, we must have d > n/8 by considering
a suitable orientation of the example of Jung and of Jackson, Li, and Zhu (mentioned in
the Section 1), as shown below.

Proposition 7.2. Forn € N, there exists a strongly n-connected 2n-regular oriented graph
on 16n + 1 vertices with no Hamilton cycle.

Proof. Consider a 2n-regular oriented bipartite graph H with vertex classes A and B each
of size 4n. Fix b € B and let N4 (b) = {a],...,a3,} and N5 (b) = {a],...,a;,}. Let Gy
and G2 be regular tournaments each on (4n-+1) vertices. Suppose that V(H), V(G1) and
V(Gy) are pairwise disjoint. For ¢ € [2], let M; = {z’y’ : j € [n]} be a matching of size n
in G;. Define G to be the oriented graph obtained from (H — {b}) UG UG2 by removing
the edges from M; U Ms and adding the edges {x}a?,a;y},x?aﬁn,a;’_nyf 1§ € [n]}.
Note that G is a strongly n-connected 2n-regular oriented graph on 16n + 1 vertices
(Fig. 7). However G is not Hamiltonian as removing A will create 2 + (|B| — 1) > |A]
components. 0O

Are all strongly 3-connected d-regular oriented graphs on n vertices with d > n/8
Hamiltonian?

For digraphs, one can similarly ask whether all strongly well connected (or 3-
connected) d-regular digraphs on n vertices with d > n/3 (or d > n/4, respectively)
Hamiltonian? If the answer is yes, then the value of d is best possible by considering the
digraph analogues of the examples given by Propositions 7.1 and 7.2.

Data availability

No data was used for the research described in the article.
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Fig. 7. A strongly n-connected 2n-regular oriented graph G on 16n + 1 vertices.
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