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GROUPS OF EVEN TYPE WHICH ARE NOT OF
EVEN CHARACTERISTIC,II

KAY MAGAARD AND GERNOT STROTH

1. INTRODUCTION

In this second part of the paper we continue the investigation started
in the first part and finish the classification of the groups of even type,
which are not of even characteristic. More precisely we prove:

Theorem 1.1. Let G be a simple Ko-group of even type. Then either G
is of even characteristic or G = Jy, Coz, M(23), A2, Q7(3) or Qg (3).

Let us recall the notation used in the statement of the theorem.

Definition 1.2. A group G is said to be of even type if the following
hold:

(i) £ C Cy, where L is the set of all components of Cg(z) for all
involutions z € G.
(ii) O(Cg(x)) =1 for every involution z € G.
(iii) G has 2-rank at least 3.

Here we denote by Cy the following set of components of G:

Definition 1.3. [GoLyS1, Definition (12.1)(1)] The set Cy consists of
simple and quasisimple groups.

e The simple groups in Cy are K € Chev(2), L2(9), La(p), p a Fer-
mat or Mersenne prime, L3(3), L4(3), Us(3), G2(3), My, M,
MQQ, MQg, M24, JQ, Jg, J4, H’LS, SUZ, RU, COl, COQ, M(22),
M(23), M(24), Th, Fs, Fi.

e The groups K € Cy with K not simple are those for which
K/Os(K) is a simple group in Cy. But the following quasisim-
ple groups are deleted, i.e. are not in Cy: SLs(q), ¢ odd, 2As,
SL4(3), SU4(3), Sp4(3), and [X]L3(4), with X = Z4, Z4 X Zg
or Z4 X Z4.

Date: February 9, 2015.
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Furthermore we call a group G a Ky—group if any simple factor of
any nontrivial 2-local subgroup of G is either cyclic, a group of Lie
type, an alternating group or one of the 26 sporadic groups.

We now define even characteristic.

Definition 1.4. A group G is said to be of even characteristic, if for a
Sylow 2-subgroup S and all nontrivial 2-local subgroups H of G with
S < H, we have that Cq(O9(H)) C Oo(H).

The main result of the first part of this paper was:

Theorem 1.5. Let G be a simple Ko-group of even type. Then one of
the following holds

e (G is of even characteristic; or

o G =07(3), Q5(3) or Ajg; or

e There is a 2-central involution z such that Cg(z) possesses a
standard subgroup L. Furthermore Cg(L) is cyclic.

In this second part of the paper we start with the statement of Theo-
rem 1.5. We assume that there is some 2-central involution z € G such
that C¢(z) possesses a standard subgroup A,. Furthermore we assume
that G is not isomorphic to J;, C'og or M (23). We then first show that
Z(A,) = 1 and then that A, is a group of Lie type in characteristic
two or is one out of a small list of sporadic groups (Proposition 5.1
and Proposition 5.2). For this we use some classifications of groups
by standard subgroups. At this point our analysis moves away from
Cqs(z) and we construct in Lemma 6.4 and Lemma 6.5 a subgroup
N of G such that N and Ng(A,) share a Sylow 2-subgroup S of G,
Cn(O9(N)) < Oy(N) and N £ Ng(A,). By choosing N minimal with
these properties we achieve that N is a minimal parabolic subgroup in
the sense that we now describe.

We call a subgroup P of a group X a parabolic (subgroup) of X if
1 # |X : P|is odd. A maximal parabolic is a parabolic which is max-
imal in the set of parabolics. In contrast a minimal parabolic P is a
parabolic which is not 2-closed such that there is exactly one class of
maximal subgroups M of P such that |P : M| is odd.

Now using the action of O3(Ca,(z)) on Q4(Z(05(N))) for some 2-
central involution x # z in A,, we get results about the action of
the group N/Cn(21(Z(02(N)))) on 1(Z(0O2(N))). Using this action
we eventually are able to prove that there is some involution ¢ which is
central in N (Lemma 6.11, Lemma 6.12). This is the key for the final
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contradiction. We are able to prove some similarity between z and t.
In particular in Lemma 6.16 we show that Cg(t) also has a standard
subgroup A; isomorphic to A,, but ¢t % z. Then we show that the group
N constructed above corresponds to a minimal parabolic in A, and A;
as well. This at the end shows that A, = A, is centralized by a unique
involution, which would give z = ¢, the final contradiction. Hence for
all 2-central involutions z we have that F*(Cg(2)) = O2(Cg(z)). The
theorem then follows from the following fact ([MaStr, Lemma 2.1]): Let
G be a group and S be a Sylow 2-subgroup. Then G is of even charac-
teristic if and only if Cq(O2(Ca(x))) < O9(Cq(x)) for all involutions
x e Z(9).

2. PRELIMINARIES

In this chapter we collect some results in group theory of general
nature and some properties of the groups involved in the proof of the
main theorem. For convenience of the reader we will also state some
of the preliminary lemmas from the first part, which are used quite
frequently in this second part.

Lemma 2.1. [Glau]| Let G be a nonabelian simple group, z an involu-

tion and z € S € Syly(GQ). Then 2N S # {z}.

Lemma 2.2. (Thompson transfer)[GoLyS2, Lemma 15.16]. Let G be
a group, S € Syly(G), T IS with S =TA, ANT =1, A cyclic. If G
has no subgroup of index two and u s the involution in A, then there
is some g € G with u9 € T and Cs(u?) € Syly(Ce(u9)). In particular
()] < [Cs(u9)].

Lemma 2.3. [GoLyS2, Lemma 24.1] Let R be a p—group , p odd, and E
be an elementary abelian 2-group, acting faithfully on R. Then there is
a subgroup U in RE, such that U is a direct product of dihedral groups
of order 2p and E is a Sylow 2-subgroup of U.

Lemma 2.4. Let Q) be an extraspecial subgroup of a group G, which
is normalized by some element t € G. If |Q : Cq(t)| = 2, then either

t € QCs(Q) or [t, Q] is cyclic.

Proof. Assume t € QCq(Q). Let [t,Q] = (s,Z(Q)) be elementary
abelian. In particular () 2 Qg and so () is generated by involutions. Let
51 be some involution in Q \ C(s). Assume t* = ts. Then t = t*1 =
tss® and so [s,s1] = 1, a contradiction. So ¢ centralizes modulo Z(Q)
any involution in @ \ Cg(s). As @ is generated by such involutions,
together with s, we get that [Q,t] < Z(Q). Then t induces an inner
automorphism and so t € QCqs(Q), a contradiction. d
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Lemma 2.5. Let G = Ly(p), p =2"+1 > 5 a prime, Ag, L3(3) or
M. Then a Sylow 2-subgroup of G is dihedral of order at least 8 or
semidihedral of order 16.

Proof. This is [GoLyS3, Lemma 4.10.5] and [GoLyS3, Table 5.3a] for
M. U

Lemma 2.6. [MaStr, Lemma 2.19] Let L = L4(3), U4(3) or 2U4(3).
Then the following holds:
(i) If = € L\ Z(L) is a 2-central involution, then Oy(CL(z)) =
Qs+ Qs or O3(CL(2)) = Za x Qs Qg in case of L = 2U4(3). In
all cases O3(CL(2)/02(CL(2))) is elementary abelian of order 9
and Cr(2)/O2(CL(2)) acts faithfully on Os(Cp(z)).
(i1) Out(Uy(3)) = Dg and Out(L4(3)) is elementary abelian of or-
der 4.
(ii) If G = Aut(L), L = Uy(3) and x is an involution in G such
that 2° - 32 divides |Cr(x)| then one of the following holds:
() x is contained in L and 2-central,
(8) Cy(x) = PSpy(3), or
(7) Oa2(CL(2)) is elementary abelian and |CL(z)/O2(CL(x))| =
36 and Cr(z)/O2(CL(z)) acts faithfully on Ox(CL(x)).
(iv) Let L = L4(3) or Uy(3). Then |Z(T)| = 2 for T a Sylow 2-
subgroup of L. Let G be a subgroup of Aut(L) containing L
and Ty be a Sylow 2-subgroup of G. If |2 (Z(T1))| > 2, then
L = L4(3) and |G : L| = 2. Furthermore some element t €
0 (Z(Th)) \ L centralizes PSpy(3) : 2 in L.

Lemma 2.7. Let G = G3(2)', G5(3) or M. Then G has ezxactly one

conjugacy class or involutions with representative t and we have:
(i) O*(Cq(t)) = SLa(3) for G = Go(2);

(ii) O*(Cq(t)) =2 SLy(3) x SLy(3) for G = Go(3) and

(111) OQ(Cg(t)) = 21+4Z3 fO?" G = MQQ.

(iv) If i is an outer automorphism of G, then Cg(i) = SLy(3) in
case of G = G5(2)" and L(8) : 3 in case of Go(3).

(v) If i is an outer automorphism of G = May, then Cg(i)
23L3(2) or 24F20.

Proof. As Go(2) = Us(3), we get (i), (ii) and (iv) from [GoLyS3, Table
4.5.1]. The assertions (iii) and (v) follow from [GoLyS3, Table 5.3¢c]. O
Lemma 2.8. Let G = Miy. Then the following holds:

(i) G possesses two conjugacy classes of involutions with represen-
tatives t and u.

(11) 02(Cc(t)) = 21+4Z?,, Cg(u) = 7o X 25.

~



(iii) E(Cg(u)) contains conjugates of t.
(iv) If i is an outer automorphism of G, then Cg(i) = Zy X As.

Proof. (i), (ii), (iv) follow from [GoLyS3, Table 5.3b]. To prove (iii) let
T be a Sylow 2-subgroup of Cg(u) and Ty < G with |17 : T| = 2. As
T" < E(Cg(u)), we get that Z(T7) N E(Cg(u)) # 1 and so E(Cg(u))
contains a 2-central involution. O

Lemma 2.9. Let G = 2F,(2) and i be an involution of G which is not
2-central. Then Cg(i) is of order 2'° - 3. If T is a Sylow 2-subgroup of
Cq(i), then | (Z(T))| = 4.

Proof. By [Shi, Corollary 2] we just have two classes of involutions in
G and so i is uniquely determined. By [Shi, Theorem 2.1] we see that
|Cpy2)(7)] = 2232 and so |C(i)| = 2'°-3. By the Borel-Tits-Theorem
[MaStr, Lemma 2.15] we have that Cg(7) is contained in the parabolic
P, of G, with P,/Oy(P,) = X3. Application of [MaStr, Lemma 2.31]
shows that i € Z3(S), where S is a Sylow 2-subgroup of P; and so
|Co,py(i)] = 2°. Furthermore Z3(S) = Z(05(Cg(1))). As by [MaStr,
Lemma 2.31] C(7) induces 33 on Z3(S), we see that |, (Z(T))| = 4.

O

Lemma 2.10. Let K € Cy be a sporadic simple group and N be a
subgroup of K, N = Lo(p), p a Fermat or Mersenne prime, p > 5,
L5(9), L3(3) or L4(3). Suppose that for a Sylow 2-subgroup S of K
we have S < M < K such that F*(M) = N, then N = Ly(9) and
K= Mll-

Proof. If N = Lo(p), then as M is an automorphism group of N, we
have that S is dihedral. But there is no such sporadic group. Let N =
L4(3). Then Lemma 2.6 implies 26 < |S| < 28. Furthermore 3° divides
the order of K. Inspection of the list in [GoLyS3, Table 5.3] gives a
contradiction. So we have N = L[,(9) or L3(3) and then |S| < 2°.
As K € Cy, we see K = M. As 13 does not divide |My;|, we get
N = Ly(9). O

Lemma 2.11. Let F*(G) = M(22) and t € F*(G) be a 2—central in-
volution. Set Q; = O2(Cp=)(t)). Then Cq(Qy) = Z(Qy). Furthermore
02(Ca(Z(Q1)) = Qv

Proof. This follows from [GoLyS3, Table 5.3t]. O

Lemma 2.12. Let G = Mll; Mgg, Jg, Th, Ru, MQ4, J4, 001, COQ, F2
or Fy, then G = Aut(G).

Proof. This can be found in [GoLyS3, Table 5.3]. O
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Lemma 2.13. If G = Ly(p), p a Fermat or Mersenne prime, p # 5,
G = Ag, L3(3) or Ly(3) and T is a Sylow 2-subgroup of G, then
[ (2(T))] = 2.

Proof. For G = L4(3) this follows by Lemma 2.6. For the remaining
groups it follows by Lemma 2.5 U

Lemma 2.14. Suppose that either G = Jy or G = M(24)'. Let S be a
Sylow 2-subgroup of G. Then Ng(Z2(S)) induces X3 on Zs(S).

Proof. For G = J; the statement can be found in [GoLyS3, Table 5.3g].
So we assume G = M (24)". Then by [Asch, chapter 19] there is a 2-
local subgroup P = 2" Moy, of G, where Oy(P) is the irreducible part
of the Todd-module. We may assume that S < P. Let r be a 2-central
involution in S, then by [GoLyS3, Table 5.3v] Cq(r) = 2171230,(3) : 2.
In particular by [Asch, (19.10)] we have that Cp(r) = 21120334, Ac-
cording to [GoLyS3, Table 5.3¢e] there is some parabolic P; of P con-
taining S with P, = 212176 7;(2). Hence there is some minimal par-
abolic P, < P such that P»/O5(FP,) = X3 and Py, £ Cg(r). Now
11(Z(02(FP2)))| = 4, as |21(Z(S))] = 2 by [MaStr, Lemma 2.33].
Hence Q(Z(03(F,))) = Z2(S) by [MaStr, Lemma 2.35], the assertion
follows. U

Let us repeat the definition of a group of Lie type.

Definition 2.15. A genuine group of Lie type in characteristic p is
a group isomorphic to OP (Cg(c)), where K is a semisimple GF(p)-
algebraic group, GF(p) is the algebraic closure of GF(p), and o is the
Steinberg endomorphism of K, see [GoLyS3, Definition 2.2.2] for de-
tails. A simple group of Lie type in characteristic p is a non-abelian
composition factor of a genuine group of Lie type in characteristic p.

Hypothesis 2.16. [MaStr, Hypothesis 2.27] Let G = G(q), ¢ = 2",
be a simple group of Lie type, G % Sz(q), La(q) or 2Fy(q)’. Let R be a

long root subgroup of G if G 2 Spa,(q), and a short root subgroup if
G = Span(q). Set Xr = Cg(R) and Qg = O2(XR).

Lemma 2.17. [MaStr, Lemma 2.28] Assume Hypothesis 2.16 with G %
Ls(q), Us(q), Spa(2)" or Go(2)'. Let L be a Levi complement in Ng(R).
Then Qr/R has the following L-module structure:
(i) G = L,(q), O¥(L) = SL,_5(q), Qr/R = Vi ® Vi, Vi is the
natural L-module and V5 its dual.
(i) G = O5,(q), OF(L) = D3, _4(q) x L2(q) = L1 X L, Qr/R =
VieVs, Vi, i = 1,2, are natural Li—modules and [Qg, Lo] = Qg.
(iil) G = U,(q), O* (L) = SU,_»(q), Qr/R is the natural module.
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(iv) G = Es(q), O¥ (L) = Lg(q), Qr/R is an irreducible module
with |Qr/R| = ¢*°.

(v) G = %E4(q), O¥ (L) = Us(q), Qr/R is an irreducible module
with |Qr/R| = ¢*°.

(vi) G = E:(q), O (L) = Qf5(q), Qr/R is an irreducible module

(vii) G = Es(q), O (L) = Ez(q), Qr/R is an irreducible module
with |Qr/R| = ¢°°.

(viii) G = Fy(q), O¥ (L) = Sps(q), Qr/R is an extension of the
natural module by a spin module, where the natural module is
contained in Z(Qg), where the natural module is contained in
Z(Qr). Finally Z(Qgr) does not split over R.

(ix) G = 3Dy(q), O¥(L) = Ly(¢*), Qr/R is the 8-dimensional
GF(q)-module for L.

Lemma 2.18. [MaStr, Lemma 2.29] Let K = Sps,(q), n > 3, ¢ = 2™.
We have two root groups Ry and Ry, with

(1) The Levi factor of Nx(Ry) is Span—2(q), O2(Nk(Ry)) is ele-
mentary abelian and Oy(Nk(R1))/ Ry is the natural module.

(2) The Levi factor L of Nk (Rs) is Span—4a(q) X Lo(q), furthermore
Z(0O9(Nk(Ry)))/ Ry is the natural Ly(q)-module, and for n >
2, OQ(NK<R2>)/ = RQ, and OQ(NK(RQ))/Z(OQ(NK(RQ))> 1S a
tensor product of the two natural modules for the two factors
of L. If ¢ > 2, then Z(O3(Nk(Ry))) does not split over Ry as
an Nk (Ry)-module.

Lemma 2.19. [DeSte, 10.10 and page 238] Assume Hypothesis 2.16
with K = G5(2°), e # 1. Let P be the normalizer of the root group
R. Then O'(P) = (2¢)1%1 . SLy(2°). If e # 2, then O'(P)/Qr acts
irreducibly on Qr/R. If e = 2, then P acts irreducibly on Qr/R but
O'(P)/Qr induces a direct sum of two permutation modules for As on
Qr/R.

Let S be a Sylow 2 subgroup of P, then Z5(S) < Qr and K induces the
natural Ls(q)-module on Z5(S).

Lemma 2.20. [MaStr, Lemma 2.40] Let G = L3(q), ¢ = 2", and T be
a Sylow 2-subgroup of G. Then G possesses two parabolics Py, Py which
contain T, such that U; = Oy(P;) is elementary abelian of order q* and
O% (P,)U;) = Lo(q), for i = 1,2. Furthermore P; induces the natural
module on U;, 1 = 1,2, T'= U Uy and any involution of T is contained
in Uy UUs,. Finally there is an automorphism « of G, which normalizes
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Lemma 2.21. [MaStr, Lemma 2.48] Let G = Sps(q), ¢ = 2" > 2,
and T be a Sylow 2-subgroup of G. Then G possesses two parbolics
Py, Py which contain T, such that U; = Oq(P;) is elementary abelian
of order ¢ and P;JU; = GLy(q), for i = 1,2. We have that U; is
an indecomposable module for P; an Z(O% (P;)) = R; is a root group.
Furthermore Z(T) = RiRy =T', T = U Uy and any involution in T is
contained in Uy U Us. There is an automorphism o of G with R = Rs
and P = Ps.

Lemma 2.22. [GoLyS3, Theorem 2.5.1.] Let K be a group of Lie type
over GF(p®) and x € Out(K). Then x = df g with:

(a)
(b)

d is a diagonal automorphism. In particular p{ o(d).

f is a field automorphism. In particular if S is a Sylow p-
subgroup of K normalized by f, then X (t)7 = X (t°), where o is
a field automorphism of GF(p®) and X (t) is a root group in S.
This implies that f also induces a field automorphism on any
parabolic containing S and any Levi complement. Recall that
twisted groups are not defined over GF(p®) but over GF(p*)
or GF(p3¢) and o is an automorphism of this larger field, in
particular f might be trivial on Levi factors, which are defined
over GF(p°).

g 1s a graph automorphism, which comes from a symmetry of
the corresponding Dynkin diagram. We have o(g) = 2 or 3.
The case o(g) = 3 just occurs for K = Qf (p®). Further g =1,
iof K is twisted.

Lemma 2.23. [MaStr, Lemma 2.25] Let G be a group and L = F*(Q)
be a group of Lie type in characteristic two.

(1)
(2)

(3)

If there is an outer automorphism of order 2 of L, which cen-
tralizes a Sylow 2—subgroup of L, then L = Spy(2)’.

Assume that L is a central extension of Spa,(q), Fu(q), 2Fy(q)’
or Sz(q), ¢ = 2", and t is an involution in G\ Z(L).

(i) IfCL(t)/O(CL(t)) has a component K, then K is a central
extension of Span(s), Fu(s), 2Fy(s), s = 2°, or in case of
Spa(q) also Sz(q) is possible. Further F*(L) % Sz(q) or
2Fy(2).

(ii) A Sylow 2-subgroup T of Cp«()(t) is not abelian.

Let L = PSLs(4) and t € G be an involution, which induces
an outer automorphism on L. Then Cp(t) = 3% : Qg, PSLy(7)
or As.

Lemma 2.24. Let G be an automorphism group of a group H = G(q)
of Lie type in characteristic two, G ¥ Lo(q), Span(q), Fu(q), 2Fi(q) or
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G2(2)'. Let S be a Sylow 2-subgroup of G. If Ox(Cq(1(Z(S)))) £ H,
then H = Ls(q) or L4(q).

Proof. We assume H 2 Ls(q). Set R = ,(Z(S N H)). Then we have
that |R| = ¢. By Lemma 2.23 we have Q;(Z(S)) < R. Let now t €
05(Ce(21(Z(S)))). Then we have that [Cy(R),t] < O2(Cy(R)) = Qr.
If H = Us(q), then there is some element w of order ¢ + 1 in H, which
centralizes R and so also €(Z(5)). As by Lemma 2.22 a Sylow 2-
subgroup of the outer automorphism group of H is cyclic and induces
just field automorphism, we see that no such automorphism would cen-
tralize w and so SN H = O3(Ce(21(Z(5)))). So we may assume that
H 2 Us(q). Suppose that also H 2 L,(q). Then Ng(R) is a maximal
parabolic in H, whose structure is given by Lemma 2.17 or Lemma 2.19
in case of H = G(q). Again by Lemma 2.22 we see that field automor-
phisms induce nontrivial automorphisms on the Levi factor of Ny (R).
As no graph automorphism can centralize the Levi factor, we have the
assertion.

So we are left with H = L,(q). We now must have a graph automor-
phism, which centralizes the Levi factor, i.e. the Levi factor admits no
nontrivial graph automorphism, which gives that it has to be Ly(¢) and
so H = L4(q), the assertion. O

Lemma 2.25. [MaStr, Lemma 2.45] Assume Hypothesis 2.16 with G %
Go(2)". Let t be a 2-element which induces an automorphism of G such
that [t,Qr] < Z(Qr), then t is induced by some element from Qg, or
G = Spa(q)'.

Lemma 2.26. Suppose Hypothesis 2.16 with G = Sps(q) or Fy(q),
q=2". Let S be a Sylow 2—subgroup of G with R < Z(S). If t is an
automorphism of G which normalizes S with R* # R then [Qr, t] is not
elementary abelian.

Proof. If G = Spy(q), then by Lemma 2.21 Qr and Qg are the only
maximal elementary abelian subgroups of S, so we are done.

Assume G = Fy(q). Then ¢ normalizes Ng(RR"). We have that Q pQrt =
O2(Ng(RRY)). Further Q gNQ ge is elementary abelian and Q gQ gt /QrN
Qg is a direct sum of two Sp4(q)-modules which are both extensions
of the trivial module by a natural module. Take the preimage U of the
two trivial modules. Then we have that U = (Qr N Qrt)Z(Qr)Z(Qrt)
and Z(U) = Qr N Qget. Further Z(Qgt) induces a group of GF(q)-
transvections on Z(U)Z(Qr). This shows that Cywyzqn)(t) = Z(U)
for all t € Z(Qgt) \ Z(U). In particular all involution are either in
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Z(U)Z(Qr) or Z(U)Z(Qp:). But then (Qr N Qre)Z(Qr) and (Qr N
Qrt)Z(Qrt) are the only maximal elementary abelian subgroups in U,
which again gives that [Qg, t] is not elementary abelian. O

Lemma 2.27. Assume Hypothesis 2.16. Assume further that G %
G2(2)', Ls(2), L3(4), L3(16) or Ls(2). If t € Aut(G) is an involution
with [t, Xr] < Qg, thent € G.

Proof. Suppose that t induces an outer automorphism on G. Suppose
further that Xr/Qgr has a normal subgroup Lg, which is a group of Lie
type in characteristic 2. Then ¢t cannot induce a field automorphism or
a graph/field automorphism, as this has to be nontrivial on Lg. If ¢
induces a graph automorphism, Lz must be of Lie rank at most 1. So
we have that G = Ly(q), Ls(q) or Us(q). In case of L4(q) we have a
cyclic group of order ¢ — 1, which is normal in Xp/Qg. As ¢ > 2 by
assumption, we have that graph automorphisms act nontrivially on this
group. So assume G = L3(q). Now Xr/Qp is cyclic of order (¢ — 1)/d,
where d = ged(3,q—1). Suppose d # g — 1. Then both field- and graph
automorphisms act nontrivially on Xr/Qg. By [AschSe, (19.1)] graph
automorphisms ¢ invert Xz/Qr and field automorphisms ¢ centralize
a subgroup of order r — 1 for 7> = ¢. Hence we see that ¢ must be a
graph/field automorphism. Then ¢ centralizes a group of order r+1 and
inverts a group of order r — 1/d. In particular we must have d = r — 1,
which is 7 = 4, so ¢ = 16, a contradiction as G 2 L3(4) or Ls3(16).
Assume now G = Us(q). Then Xr/Qr is cyclic of order g+ 1/d, where
d = gcd(3,q + 1). As we now have ¢ > 2, we have that Xp/Qg is
nontrivial. Further by [AschSe, (19.8)] we see that [t, Xg] £ Qr. O

Lemma 2.28. Let G = L,(q) or U,(q), S a Sylow 2-subgroup of G,
with center R. Let V be normal in S with |V N Oo(Cq(R))| = ¢3. If
1S Cs(V)] < ¢ then V = Z(Cs(Cgq(Z2(S)))), where Q@ = Oz(Cq(R)).

Proof. We start to prove that V = Z(Cs(Cq(Z2(9)))). If G = U,(q),
then by Lemma 2.17 Q/Z(Q) is a module over GF(¢?). In particular
I[V,Q]/Z(Q)| > ¢* This shows [V, Q] = VNQ. If G = L,(q), then again
by Lemma 2.17 we have that /R is a direct sum of two irreducible
modules over GF(¢q) and so again [V, Q] =V N Q. Hence in both cases
we have that |Q : Co(V)| = ¢* Furthermore as VQ/Q is normal in
S/@Q, we see that S acts on [V, Q]/R and so [S, [V, Q]] < R. This shows
VNQ = Zy(S). In particular V' < Cs(Z2(S5)). As Cq(Z,(S))/Za(5)
is irreducible respectively the direct sum of two irreducible modules
for N 0),0(VQ/Q), we see that [V,Cq(Z5(5))] < R. But as |Q :
Co(V)| = ¢3, we get that [Cq(Z2(S)), V] =1. So V < Cs(Cq(Z2(8S))).
Let now t € S, with [t,Co(Z(5))] = 1. If t € Q, then ¢ induces a
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transvection to Z5(S)/R. But this group of transvections in U,,_2(¢q) and
L,_5(q) is of order ¢ and so t € VQ. Hence V = Z(Cs(Cq(Z2(95)))),
the assertion. O

A 2-local N can fail to be of characteristic 2 in one of two ways. Either
E(N) # 1 or O(N) # 1. The next lemma will become important when
we show in Chapter 6 that O(N) = 1 for all 2-locals containing a Sylow
2-subgroup.

Lemma 2.29. Let F*(G) be a simple group, F*(G) € Cy and let T
be a Sylow 2-subgroup of G. Assume that T normalizes a non-trivial
subgroup U of G of odd order. Then G = L3(3) or My and |U| = 9.

Proof. We always have that T contains a fours group V. Then by co-
prime action we have that

(1) U= (Cu(v)[1#veV)

This we will use in what follows.

If F*(G) is a sporadic simple group we see that F*(G) = M, by going
over the groups in [GoLyS3, Table 5.3]. Suppose now that F*(G) is a
group of Lie type in odd characteristic. If F**(G) = Ly(p), p a Fermat or
Mersenne prime, or Ly(9), we have that the centralizer of an involution
is a 2-group, and so by (1) T" cannot act on U. If F*(G) = L4(3), Us(3)
or GG5(3), then by Lemma 2.6 and Lemma 2.7 centralizer of involu-
tions are {2, 3}-groups. So by (1) U is a 3-group. Then the Borel-Tits-
Theorem [MaStr, Lemma 2.15] implies that UT is contained in some
parabolic subgroup. But obviously none of them contains a full Sylow
2-subgroup. Hence as F*(G) € Cy we are left with F*(H) = L3(3).

So it remains to deal with groups of Lie type in characteristic 2. Then
the assertion follows with [GoLyS3, Corollary 3.1.4]. O

Lemma 2.30. Let G = Ly(3) or Uy(3) and t be a 2-central involution
in G. Then Cg(t) has no normal subgroup Q = Qs.

Proof. For both groups the structure of C(¢) is described in Lemma 2.6.
Hence we have that Oy(Cq(t)) = Qs * Qs. Furthermore there is a sub-
group U = SLy(3) * SLa(3) = Sy xSy normal in Cg(t), with Oy(U) =
O3(Cg(r)). Suppose @ is normal in Cg(r), then Q@ < O5(Cq(r)) and
is normal in U. So @) is one of the two normal quaternion subgroups
05(5;),1 = 1,2, of Oy(U). But Cg(t) contains some element u with
S} = Sy, in particular Oy(S;), i = 1,2, both are not normal in Cg(t).

O
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Lemma 2.31. Let G/Z(G) € M (see [MaStr, Definition 2.51]) with
Z(G) # 1, and assume that G has a 2—central involution z such that
1Cq(2)] = 2% - 3% with b < 2. Then G = 2L3(4), 22L3(4), 2Sps(2),
2U4(3), 2M12; 2M22, 4M22, 252(8) or 2282(8)

Proof. We have z ¢ Z(G). Hence also Cg/zc)(2) is a {2,3}-group.
Now we just go over the groups in M. Let us assume that G is not
one of the groups listed in the conclusion of the lemma. By inspection
of [GoLyS3, Table 5.3] and Lemma 2.17 we see that 5||Cg;z(c)(2)], or
G = Qf (2) and |Cqyz(e)(2)] = 2'%- 3%, which contradicts b < 2. Hence,
G/Z(Q) is as claimed. O

Lemma 2.32. Let G = Lo(p), p an odd prime, Ag, L3(3), M1, L3(4)
or Sz(q), ¢ = 2™. Then G possesses exactly one conjugacy class of
involutions.

Proof. 1f G is isomorphic to Ly (p), Ag, L3(3) or Miq, then by Lemma 2.5
a Sylow 2-subgroup of G is dihedral or semidihedral. Now it is an
easy application of Lemma 2.2 to see that these groups have pre-
cisely one class of involutions. For G = L3(4) the assertion follows
from Lemma 2.20. For G = Sz(q), we get the assertion with [GoLyS4,
Lemma 4.3.4]. O

Lemma 2.33. Let G = 2L3(4), 22L3(4), 25p6(2); 2U4(3), 2M12, 2M22,
4Msy, 252(8) or 2252(8). If there is an element x of order four in G
such that x? € Z(G), then G = 2Sps(2), 2My5 or 4 Mo, .

Proof. Let S be a Sylow 2-subgroup of G. Suppose G' 2 4Ms,. Then
Z(G) is elementary abelian. Further it is enough to deal with the case
of |Z(G)| = 2. As S is not a quaternion group, there are involutions
in S\ Z(G). Hence G/Z(G) has more than one conjugacy class of
involutions. But Uy(3), L3(4), M2 and Sz(8) have just one class of
involutions. So G/Z(G) = Spg(2) or Mjs. O

Lemma 2.34. Let G be a group, LG, L = Ly(3). Assume that Cg(L)
is a cyclic 2-group. Let S be a Sylow 2—subgroup of G and |Q1(Z(S))| =
8. Then Cg(L) < Z(S) and S = Cg(L) x (SN L){(d)) with d € Z(S5).

Proof. By Lemma 2.6 we have that Z(L N S) = (t) and we may as-
sume that there is d € S, which centralizes in L a group PSp4(3) : 2.
Furthermore |G : LC¢(L)| = 2 and td + d, as Ng(S) normalizes S N L
and so centralizes Z(S). Then we have that S = Cg(L) x ((S N L){(d))
and so Cg(L) < Z(9). O

Lemma 2.35. Let G = My or Moy and let x be a 2-central involution
in G. Then |Cg(x)| is divisible by 3 but not by 9. Furthermore Out(G)
1s of order 2.
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Proof. This follows from [GoLyS3, Table 5.3b] and [GoLyS3, Table
5.3¢]. 0

Lemma 2.36. Let G = Spg(2) and x be a 2-central involution, which
is centralized by an elementary abelian group U of order 9. If there
is an elementary abelian subgroup E of order 32 in Cg(z), which is
normalized by U, then x is a transvection on the natural module.

Proof. By the Borel-Tits-Theorem [MaStr, Lemma 2.15] Cg () is con-
tained in one of the parabolics 2°Sp,(2), (2°Qs * Qg)(33 X X3), or
2605(2). As |U| = 9, we have that Cg(x) is contained in one of the first
two parabolics. By Lemma 2.18 we see that the centralizer of a group U
of order 9 in both case is U(x). So we just have to eliminate the second
case. Here U normalizes () = Qg * Qg and so it induces orbits of length
9 on the involutions in @ \ Z(Q). In particular U cannot normalize an

elementary abelian group of order 32, as this group must contain all
involutions of Oy(Cg(x)) and so equals to Oz(Ce(x)). O

Lemma 2.37. Let G = Ly(p), p an odd prime, Ag, L3(3), M1, Sz(q)
or L3(4). Let furthermore t be an involution in G(t), which induces
an outer automorphism on G and S be a Sylow 2-subgroup of G(t).
Then t ~ tx for all x € Q1(Z(Cs(t))), or G = Ag and t induces the
Yig—automorphism.

Proof. If G = My, then by Lemma 2.12 there is no such automor-
phism ¢. The same is true for G = Sz(¢q) by Lemma 2.23(2). If G =
Ly(p) then Aut(G) = PGLy(p) by [GoLyS3, Table 4.5.3]. Now Aut(G)
has a dihedral Sylow 2-subgroup and so all involutions in Aut(G) \ G
are conjugate anyway. If G = L3(3), then by [GoLyS3, Table 4.5.1] ,
we see that Cg(t) = X4 and so Cg(t) = (t) x D, where D = Dg. As t
obviously is not 2-central in S, we see that ¢ ~ tz with (x) = Z(D).

Let G = L3(4). Then by Lemma 2.23(3), Cq(t) = Lo(4), Lo(7) or
32Qs. In all cases C(t) has just one class of involutions and as ¢ is not
2-central, the assertion follows.

So let finally G = Ag. As t is an involution we get with [GoLyS4,
Lemma 4.4.2] that G(t) is isomorphic to PGLy(9) or ¥Xg. In the former
the assertion follows with [GoLyS4, Lemma 4.4.1]. O

Lemma 2.38. Let G = Ag. There is no subgroup H of G, such that
H has abelian Sylow 2-subgroup and |H| is divisible by 3-5- 7.

Proof. Assume false. Let L be a Sylow 7-subgroup of H. The normalizer
of Lin G is of order 21. If Ny (L) = L, we have a normal 7-complement
in H. But then L centralizes a Sylow 5-subgroup, a contradiction. So
we have | Ny (L)| = 21. We get with Sylow’s theorem that |H| = 32-5-7
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or 23-32.5-7. In the latter |G : H| = 8 and so H = Ay, which does not
possess an abelian Sylow 2-subgroup. So we have |H| = 3%-5- 7. Let
T be a Sylow 5-subgroup of H, then Ny(T) = Cy(T), as |H| is odd.
Hence now H has a normal 5-complement and so again 7' centralizes
a Sylow 7-subgroup, a contradiction. U

Lemma 2.39. [Aschl, Theorem A| Let G be a finite group with F*(G) =
L a simple group, T a Sylow 2-subgroup of G and z € Z(T') be an in-
volution. Assume that M = Cg(z) is the unique maximal subgroup of
G which contains T. Then one of the following holds:

(1) L = La(q), ¢ > 5 odd.

(2) ¢ = —1( mod 4) and L = Laony1(q), or ¢ = 1( mod 4) and
L = Uyyi(q), and M contains a normal subgroup SLon(q),
SUsn(q), respectively. In the first case S acts nontrivially on
the Dynkin diagram.l

(3) L = Qani1(q), q odd, n > 2, and M contains a normal subgroup
502 (q).

(4) ¢ = —1( mod 4) and L = Q3.,,(q), or ¢ = 1( mod 4) and
L = Q5..,(q), and M contains a normal subgroup SOz (q).
Further T is not contained in the group Oany2(q) extended by
the group of field automorphisms.

3. SMALL MODULES

In Chapter 6 we will construct a 2-local subgroup N of G, which is
not contained in Cg(z) (with z 2-central), such that N N Cg(z) con-

tains a Sylow 2-subgroup S of Cs(z) and NNCg(2) is the only maximal
subgroup of N which contains S. Finally we will have F'*(N) = Oy(N).

Then we will determine the action of N/Oy(N) on ©4(Z(O2(N))). This
will be a so called small module for N/Oy(N). In this chapter we inves-
tigate small modules in generality. The results obtained will be applied
to determine the acton of N on Q;(Z(O2(N))).

Definition 3.1. Let X be a group, V' be a faithful module over GF(p).
We call V' an

(i) F—module if there is some nontrivial elementary abelian p-sub-
group A of X such that |V : Cy(A4)] < |A];
(ii) F' 4+ 1-module if there is some nontrivial elementary abelian
p-subgroup A of X such that |V : Cy(A)| < 2|A];
(iii) 2F-module if there is some nontrivial elementary abelian p-
subgroup A of X such that [V : Cy(A)] < A%



15

In all cases the group A is called an offender. We call the module V' a
sharp F-module, if for any offender A we have that [V : Cy(A4)| = |A|.

We will call the modules defined in Definition 3.1 small modules.
Here is a typical situation in which F-modules show up.

Lemma 3.2. Let G be a group which acts on a p-group X and S be
a Sylow p-subgroup of XG. Assume that G acts faithfully on W =
N (Z(X)) # N (Z(5)). Then either J(S) < X, and so J(S) is normal
in XG, or W is an F-module for G.

Proof. We may assume that J(S) £ X. Then there is a maximal ele-
mentary abelian subgroup A of S, with A £ X. Now |[ANX||[W|/|W N
Al = |(An X)W| < |A|. This implies that [W/W N A| < |A/AN X].
As WNA < Cw(A), we get that W is an F-module with offender
A/JANX. O

In the next two lemmas we give a classification of some of the small
modules for simple groups using the classification of the finite simple
groups. By a full transvection group we mean the unipotent radical of
the stabilizer of a point or hyperplane of the natural module for SL,(q).
Let X = A,, and V be the permutation module over GF(2). We call the
non trivial irreducible module involved in V' of dimension n — 2 for n
even and dimension n — 1 for n odd, the reduced permutation module.

Lemma 3.3. Let X be a group such that F*(X) is quasisimple and let
V' be an irreducible F*(X)-module over GF(2) which is an F-module
for X. Then F*(X) is classical, Go(q), A,, or 3Ag and one of the
following holds

(1) F*(X) is classical and V is the natural module, or A, and V
18 the irreducible reduced permutation module.

(2) F*(X) = SL,(q) and V is the exterior square of the natural
module or its dual. Further this module is sharp.

(3) F*(X) = Sps(q) or Qfy(q) and V is the spin module or half
spin module, respectively. If F*(X) = Q7,(q), then this module
s sharp.

(4) F*(X) = Ga(q) and V is the natural module or F*(X) = 34,
and V' s the 6-dimensional module. In both cases this is sharp.

(5) X 2 A7 and V is the 4—dimensional module over GF(2).

Proof. [GM], [GM1], [GLM]. O

Lemma 3.4. Let X be a group such that F*(X) is quasisimple and
let V' be a faithful irreducible X -module over GF(2). Suppose that X
is a minimal parabolic (i.e. a Sylow 2-subgroup of X is not normal in
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X but contained in a unique mazximal subgroup of X ) and V is a 2F -
module with offender A such that |V : Cy(A)| < |AJ]2. Then one of the
following holds

(a) V is an F—module, F*(X) = Ly(2") and V is the natural mod-
ule, or F*(X) = Agniq and V' is the irreducible section of the
permutation module.

(b) V' is not an F-module and one of the following holds

(1) F*(X) = SL3(2") and V is the direct sum of the natural
module and its dual. Furthermore X contains some ele-
ment, which induces a graph or graph/field automorphism
on F*(X).

(2) F*(X) = Ly(2%) 2 Q, (2") and V is the orthogonal mod-
ule.

(3) F*(X) = Sps(2") and V is a direct sum of the two 4-
dimensional modules. Furthermore X contains some ele-

ment, which induces a graph automorphism on F*(X).
(4) F*(X) = Ag and |V | =28, V is the spin module.

Proof. 1If V' is irreducible for F*(X) then we get (a), (b)(2) or (b)(4)
by [GM], [GM1], [GLM]. If V is not irreducible for F*(X), then there
is a submodule V; such that V =V, & ---® V,, r > 1 and V; are
X—conjugate irreducible F**(X)-modules.

We will show:

(%) Vi is an F' — module for F*(X){l, where
A is an offender with |V; : Cy, (A)| < |A].

For this assume first that A acts on each V;. Then we see that it in-
duces on at least one V; an F—module offender A/C4(V;) such that
Vi + Cy,(A)| < |A/C4(V;)|. We may assume ¢ = 1. So we can set
A=A/Cy(V}) toget (x). Nowlet W =VA=Vi@®---®V, t > L
Then we have that [A|?> > [W : Cyw(A)| = |Vi : Cy,(B)]|V1]f, where
B = Na(V}). Assume that |V} : Cy,(B)| > |B|. Then t*|B| > |V;|7! >
(2|B|)t~!. This shows t = 2, B # 1 and |V}| = 2|B|. In particular B
induces the full transvection group to a point on V;. As A # B and
there is no outer automorphism of L, (2) centralizing a full transvec-
tion group this is not possible. Hence we have |V} : Cy, (B)| < |B|. Now
with A = B, we again have (x). This finally proves (x).

Using (x) an application of Lemma 3.3 shows that we have (b)(1) or
(3) or F*(X) = A,. In case of A,, as X is a minimal parabolic, we
have n odd. Offenders are transvection groups and so they are sharp.
Hence F*(X) % A,. O
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By Thompson replacement [GoLyS2, Theorem 25.2] F-modules are
also quadratic modules. Hence we now turn to quadratic modules.

Lemma 3.5. [Cher, Theorem 3] Let K be a component of a group X,
Oy(K) =1 and V be a GF(2)-module for X with [V, K| # 1. Suppose
that A < X and [V a,A] = 1 for some 1 # a € A, then one of the
following holds:

(i) [K A< K,

(i) K = SLy(2%), |JA/NA(K)| = 2 and |A/Cs(K)| > 2. Further

[V, (K1) is a direct sum of natural 2 (2%)-modules, or

(i) A# Na(K), |[A/Ca(K)| = 2.
If [K, Al £ K, then A does not act as a quadratic F-module offender
on [V, (K4)].

Lemma 3.6. [Str2] Let X = Spy(q) or 2Fy(q), ¢ = 2™, and V be
an irreducible GF(2)-module. Suppose there is a fours group A in X
with [V, A, Al = 1. If A intersects some root group R nontrivially but
AL R, then X = Spy(q) and V is a natural module.

Lemma 3.7. Let X be a group such that F*(X) is a perfect central
extension of a finite simple group. Suppose there is some elementary
abelian 2-subgroup A of X,|A| > 4, such that for some irreducible
nontrivial faithful module V- over GF(2) we have [V, A, A] = 1. Then:
(i) If F*(X)/Z(F*(X)) is sporadic, then F*(X)/Z(F*(X)) = Ma,
MQQ, M24, JQ, COI, COQ OTSZ. ]f|A| Z 8, then F*(X) = 3'M22.
(i) If F*(X)/Z(F*(X)) is a group of Lie type in odd characteristic
which 1s not also a group of Lie type in even characteristic,
then F*(X) = 3-Uy(3). Furthermore V is the 12-dimensional

module.
(il) If F*(X)/Z(F*(X)) is alternating, then either V is the re-
duced permutation module, a spin module or F*(X) = 3 -
Ag and V is the 6-dimensional module or F*(X) = 3 - Az
and V' is the 12—dimensional module. If |A| > 8, then V is
natural or X = Ag and |V| = 16. If V is the spinmodule
and |A| = 4, then A is conjugate to ((12)(34),(13)(24)) or
((12)(34)(56)(78), (13)(24)(57)(68)). If |A| = 8 then A is con-
Jugate to {(12)(34)(56)(78), (13)(24)(57)(68), (14)(26)(37)(48))

m 2y,

Proof. (i) This is [MeiStr2].

(ii) This is [MeiStr1].

(iii) The first assertion is [MeiStr2]. There the group 3 - A; was for-
gotten. But as J. Hall pointed out there is an embedding 3 - A; <
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3 My < SUg(2), which gives a 6-dimensional module over GF(4) on
which a fours group in 3 - A7 acts quadratically.

For the proof of the second assertion suppose |A| > 4. Let a € A* and k
be the number of fixed points of a. Then there is K < Cx(a), K = Xj.
Furthermore Ccy(o)(K')" is an extension of a 2-group by A,,, m =
(n — k)/2. Now choose a € A with m as big as possible. Suppose
first m > 2. By [MeiStrl, (4.3)] there is no x ~ (12)(34) such that
[[V,a],z] = 1. In particular (A°%(®)) does not contain such an ele-
ment x.

Suppose first [A, Ccy o) (K')] # 1. If m > 5, then A,, is nonsolvable and
50 Ccy (o) ([V, a]) contains an elementary abelian subgroup of O, (Cx (a))
of order 2™~1. But then this group contains a conjugate ¢ of (12)(34).
Now (a,t) acts quadratically, a contradiction.

Let m = 4. Then a ~ (12)(34)(56)(78). Furthermore as we may assume
that no 2 ~ (12)(34) is contained in (A“X(®) we see that A is conjugate
to a subgroup of ((12)(34)(56)(78), (13)(24)(57)(68), (15)(26)(37)(48)).

Let m = 3. Then Cx(K') < ¥g and a ~ (12)(34)(56). We see that
(A9x(9)) has to contain some x ~ (12)(34), a contradiction.

So let [A4, 0% (Coy@w(K"))] = 1. If [A,K'] # 1, then [K',[V,d]] = 1.
If & > 4, then K’ contains some = ~ (12)(34), a contradiction. Let
k < 3. As [A,0%(Coy@w(K")] = 1 and m > 2, there is 2 ~ (12) in
A. But then za has fewer fixed points than a, a contradiction. So we
are left with [A, K'] =1 = [A, Coy(e)(K’)]. But this is impossible with
m > 2.

So we have m < 2 for all a € A*. As there is no fours group of
transpositions we may assume a = (12)(34) € A. Now A > (a,b),
b= (13)(24), (12)(56) or (34). Let b = (12)(56). If [b, K] # 1 then K’
contains no involutions by [MeiStrl, (4.3)]. This shows k£ < 3 and so
A <37 If [b,K’] =1, then even k < 2 and so A < Xg. But for this
group A = ((12)(34), (12)(56)) does not act quadratically on the four
dimensional spin module. Recall that in case of ¥ the natural module
is defined as the module on which ((12)(34), (12)(56)) acts quadrati-
cally.

Assume now b = (34). Then Cx(b

) X 7y X B, 9. If n—2 > 3 then
(12)(56) € [a,Cx(b)]. But then ((34), (1

2)(56)) acts quadratically, a
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contradiction. So n = 5. But ((12), (34)) does not act quadratically on
the natural Ly(4)-module. Hence b = (13)(24), which proves (iii). O

Lemma 3.8. Let A < ¥ be an elementary abelian subgroup of order 8.
Then A does not act quadratically on both of the two 4-dimensional
modules for Y.

Proof. As the two 4-dimensional modules are interchanged by an outer
automorphism of ¥4, which also interchanges the two elementary abelian
subgroups of order 8, it is enough to show that not both act quadrati-
cally on the irreducible part of the permutation module. But the fours
group ((12)(34), (13)(24)) does not act quadratically on the irreducible
permutation module, as the commutator of (12)(34) with the permuta-
tion module, which is (v +wvq, v3+v4), is not centralized by (13)(24). O

For later applications we need some information about central ex-
tensions of some of the small modules.

Lemma 3.9. Let X = A,,n > 5,V be a GF(2)X-module with [V, X]
the natural irreducible permutation module. Assume Cy(X) = 1. Then
V[V, X]| <2, and V = [V, X] if n is odd. Furthermore V is a factor
of the reduced permutation module. In particular V is of dimension
n—1orn—2.

Proof. This will be proved by induction on n. For n = 5 this is well
known as the permutation module is injective. So let n > 5 K =
A, 1, K < X.If n—11is odd, then [V, X] = [V, K] is the permutation
module for K. By induction V = [V, K] @ T. Hence there is v € V' \
[V, X], [v, K] =1, i.e. (vX) = V] is a factor of the permutation module.
Let K1 < K such that K3 = A, 5. Then |Cy(K;) : T| = 2. Now
there is an involution ¢t € X such that ¢t € K but ¢ normalizes K;. As
(K t) = X, we get Cp(t) =1and so T = (v), ie. V} = V.

Let n—1 be even. Then we have a K-chain. 1 < T' < T} < [V, X] <V,
with |T| = 2,71/T the irreducible permutation module for K and
|[Vv, X]/T1| = 2. Now by induction CV/T(K) 7é 1. As CV/T(K> ﬁ
[V, X]/T, we again get some v € V \ [V, X]|,[v, K] = 1, and so V is
a factor of the permutation module. 0

Lemma 3.10. Let F*(G) = Ly(2") and V be a faithful F-module over
GF(2) for G such that Cy(G) = 1. Then V is irreducible.

Proof. If n = 1, then V = [V,G'] & Cy(G’). As Cy(G) = 1 also
Cyv(G') = 1 and so V. = [G',V] is of order 4. So let n > 1. By
Lemma 3.3 we have that there is an irreducible submodule V; in V'
which is the natural Ly(2")-module or n = 2 and it is the permutation
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module for As. In both cases we get |V} : Oy, (A)| = | A| for an offender
A. Hence we see that V' = Cy(A)V;. In particular V/V; is a trivial
Ly(2")-module. By Lemma 3.9 we may assume that V; is the natural
Lo(2™)—modules. Now A is a Sylow 2—subgroup of Lo(2"). Application
of [Hu, (I.17.4)] gives V = V. O

Lemma 3.11. Let X = Q; (q), q even, and V be a module over GF(2)
with [V, X| the natural module and Cy(X) = 1. Then [V, X] = V.

Proof. We have X = X X5, X; & Ly(q), i = 1,2. We may assume
that ¢ > 2, as the assertion is obvious for ¢ = 2. There are w; € X;
with o(w;) = ¢+ 1. If Cpy xj(w1) # 1, then as X, acts nontrivially on
Clv,x)(w1) we get |Cry,xj(w1)] = ¢* and so |[[V, X],w:]| = ¢*. By Schur’s
Lemma [[V, X], wi] is a 1-dimensional module over GF(¢?) for X, and so
Xy < GL1(¢?), a contradiction. Hence w; act fixed point freely on [V, X]
for both ¢ = 1,2. Now choose v; € V'\ [V, X] with [v1,w;] = 1. Then v;
is uniquely determined in the coset [V, X]v;. Since wy and wy commute,
we have v; is centralized by wy. So Cy(w1) = Cy(ws) is normalized by
(Cx(w1),Cx(wq)) > (Xa, X1) = X, which is a contradiction. O

Lemma 3.12. Let F*(G) = Agnyq and V' be a module over GF(2),
which is an 2F -module, with offender A such that |V : Cy(A)| <
|A|?. Assume Cy(G) = 1 and V involves just trivial and nontrivial
irreducible parts of the permutation module. Then we have that V is
the irreducible part of the permutation module.

Proof. 1f we have just one irreducible part of the permutation module in
V', the assertion follows by Lemma 3.9. So we may assume that we have
at least two such modules involved. Let W be the irreducible part of the
permutation module. Then we have that A is an F'~module offender on
W with |W : Cw(A)| < |A]. Then by Thompson replacement [GoLyS1,
Theorem 25.1] there is also a quadratic F-module offender with this
property. Take an involution z € G. On W we have that |[W, z]| = 24,
where u is the number of transpositions in the cycle decomposition of
x. We may assume that {1,2,...,m} is the support of A. Then there
is a subgroup B of A such that |W : Cw(B)| = |W : Cw(R)|, where
R = ((1,2),(3,4),...,(m — 1,m)). But then |W : Cw(R)| = |R|, a
contradiction. O

Lemma 3.13. Let G = Agnyq and S be a Sylow 2—subgroup of G. Let
V' be the irreducible part of the permutation module over GF(2) for G.
Then |Cy(9)] = 2.

Proof. Let W be the module with basis v;, + = 1,...,2" + 1 with
natural G-action on W. Then W =V & W;, Wi the trivial module.
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Choose S < X = Agn, where X is the stabilizer of 1. Then we calculate
immediately that Cy (S) = (v, v+ -+ vany1). As vy € V, we get the
assertion. 0

Lemma 3.14. Let G = Ly(2") or Agniy, n > 2. Let H be a Borel
subgroup in the first case and a subgroup isomorphic to Agn in the
second case. Let V be a GF(2)-module for G such that [V,G] is the
natural module, or G = Ag and [V, G] is the 8—dimensional spin module.
Then one of the following holds:

(i) G = Ly(2™) and Cy(H) = Cy(G).

(il) G = Agnyq and Cy(H) = Cy(S5), S a Sylow 2—subgroup of H.

(i) G = Ay, [V, G] is the 8-dimensional spin module and Cy (H) =

Cy(G).

Proof. We may assume that in all cases V' = [V, G]|Cy(H). As H con-
tains a Sylow 2-subgroup of G we get that V = [V,G]Cy(S). Now
application of [Hu, (I1.17.4)] shows that V' = [V, G] ® Cy(G). In case (i)
and (iii) we have that Cly,¢(H) = 1, so we have that Cy(G) = Cy(H).
In case (ii) by Lemma 3.13 we have that Cly,g(H) = Clv,¢(S5), so we
get Cv(H) = Cv(S) J

Lemma 3.15. Let G = E(G)T, T a Sylow 2-subgroup of G, E(G) =
G1---G,., Gy = Ls(q), q even, or Agnyq. Assume that T acts transi-
tively on the G; and Cq(E(G)) = 1. Let V' be an irreducible faithful
F-module over GF(2) for G. Then V. =V, & --- & V,, V; the natural
module for G;, i =1,...,r, and [V;,G;] =1 fori # j.

Proof. Let A be an offender. We may assume [V, A, A] = 1 by Thomp-
son replacement. Now choose A with |A| minimal. Set A; = Ca(Gy).
Then we may assume A; = 1 or [V : Cy(A4y)| > |Ai]. If [G1, A] £ Gy
we get with Lemma 3.5 that G = GG} and |A/Ca(Gy)| = 2. In
any case (a) has to be an F-module offender on Cy (A;). This shows
A; = 1 and (a) = A. But now a inverts some element of prime or-
der p > 3 in F(G) and so cannot induce a transvection on V. So we
have that [G1, A] < G;. Then G; induces an F—module in Cy (A;).
By Lemma 3.3 we have that there is exactly one nontrivial module W
involved in Cy(A;), the natural one.

Assume that A; # 1. Let B < A be a complement to A; and let
1 # a € A;. As A acts quadratically, we see that [V, a, G| = 1. This
implies [V, G1] < Cy(Ay). If A; = 1, then also [V, G1] < Cy(A;). Hence
in any case [V, G| involves just one nontrivial irreducible module. Now
we have that [V, G1] is centralized by Ga X - - - X G,.. As Cy(E(G)) = 1,
we get that W = [V, G1] is the natural module. But now [V, G,] is the
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natural module for all ¢, as T" acts transitively. Hence V=V, ®--- @V,
with [V;,G;] = 1 for i # j and V; the natural G;-module, the asser-
tion. O

The next two lemmas deal with solvable groups having F' or 2F-
modules.

Lemma 3.16. Let G be a solvable group with Sylow 2—subgroup S and
O5(G) = 1. Assume that S is contained in a unique mazximal subgroup
of G. Let V be a faithful GF(2)-module for G. If V' is an F-module,
then G = O3(G)S.

Proof. If G # F(G)S, then there are maximal subgroups containing
F(G)S and Ng(S N Oy 2(G)), which are different. Hence G = F/(G)S.
Further again by minimality F(G) = O,(G) for some prime p. By
Lemma 2.3 we have a subgroup D = D; x --- x D, of GG such that
the D; are dihedral of order 2p and a Sylow 2-subgroup A of D is
an F-module offender. Hence we have that |V/Cy(D)| < |A|?, as D
is generated by two conjugates of A. Now O,(D) acts faithfully on
V/Cy (D) and so p = 3. O

Lemma 3.17. Let G be a group and V' be a faithful 2F-module over
GF(2) with offender A. Suppose G = O,(G)A with O,(G) = F(G) for
some odd prime p. Then p < 5 and in case of p = 5, we have that
V. Cv(A)| = |A]2. If A is an F-module offender, then p = 3 and
V' Cv(A)] = |A]

Proof. By the Dihedral Lemma 2.3, we may assume that

G=Dyx---xD,,
D; dihedral of order 2p. Now as |V : Cy(A)| < |AJ? or |A] we have that
[V : Cy(G)| < |A]Y, |AJ? respectively.

Hence |[V,0,(G)]] < |A]* < 2 or |[V,0,(G)]| < 2%". In GLy4(2)
elementary abelian subgroups of order p" just exist for p = 3 and
p = 5, while in GLs,(2) they just exist for p = 3. This shows that
p < 5. If p = 5, then we must have that |V : Cy(G)| = 2*" and so
|V : Cy(A)| = |A>. If p = 3 and A is an F-module offender then
[V : Cy(G)] = 22" and so |V : Cy(A)| = |A|. O

Lemma 3.18. Let X = Sz(q) or Ly(q), ¢ > 2 even. Suppose that
X acts on a 2-group U. Let V' be a normal subgroup of U of order 2
and UV be the natural module for X. In case of X = Sz(q) assume
additionally that U contains an elementary abelian subgroup U, with
\U1|> = 2|U|. Then U is abelian.
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Proof. If X = Ly(q), then X acts transitively on (U/V ). As ¢ > 2 we
see that U is not a quaternion group and so there are involutions in
U\ V, so all elements in U are involutions, the assertion.

So let X = Sz(q). We may assume that U is extraspecial. Now ele-
ments of order 5 act fixed point freely on U/V. The existence of U;
guarantees that U is extraspecial of + type. As ¢ = 22"l we get
\U/V| = 28"t and so U is a central product of 4n + 2 dihedral groups.
But as an element of order 5 acts fixed point freely on U/V the number
of dihedral groups must be divisible by four by [MaStr, Lemma 2.9], a
contradiction. d

Lemma 3.19. Let X = Ly(q) or Sz(q), g > 4, q even. Let S € Syl,(X)
and A < 4 (S),|A| > 4. Then there is some g € X with X = (A, A9).

Proof. We have that X acts 2-transitively on a set Q with || = ¢+ 1,
q*> + 1, respectively. For 1 € Q we have that X; = SK, where K is
cyclic of order ¢ — 1 and acts transitively on € (). Further K = X o,
the stabilizer of two points. Finally the stabilizer of any three points is
trivial.

This has the following consequences. Choose 1 # p € K. Then {1,2}
are the two fixed points of p. Hence Nx({p)) contains K as a subgroup
of index two. This shows that K = Cx(p). Let a € S be an involution.
Then a has just one fixed point. This shows that Cx(a) = S, a 2-group.

Now choose (t,a) < A < Q(5),|A| > 4. Choose g € X such that
Nx(K9) = {a,b) for some involution b. Then set U = (a,b,t). Let T
be a Sylow 2-subgroup of U with (a,t) < T. Then T' < Cx(a) = S,
soT =UnNS. If T = Ny(T), we get a normal 2-complement W in
U. But then one of Cy (a), Cw(t), Cw(at) must be nontrivial, which
contradicts the fact that centralizers of involutions are 2-groups. Hence
we have that KNU # 1. Now choose p € KNU of prime order p. As | K|
is coprime to |X : K| and K9 < U, there is some x € U with p* € K9.
Then K9 = Cy(p*). Now K = Cx(p) = K9 ' < U. This shows that
(Q1(5),Q1(5)*) < U. Thus it is enough to show (©;(S),Q:(5)*) = X.

We have that Y = (©,(5), 21(5)7) contains at least ¢+ 1 conjugates
of 4(5). Thus we are done if X = Ly(q), as (2;(S),1(S)?) contains
all conjugates.

So let X = Sz(q). The number of conjugates of €2;(S) in Y is ng+1.
But then ng + 1 | q(q®> + 1). Which gives n = ¢q and so (€,(5)*) <Y,
hence X =Y. U

The next two lemmas show how the 2F-modules will appear later on.
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Lemma 3.20. Let G be a Ko-group with F*(G) = O2(G) #1, A< G
be elementary abelian with A £ O9(G) and A QS for some Sylow
2-subgroup S of G. Then there is some g € G such that one of the
following holds:
(i) g2 € Ng(A), A9 < S, 1# A9, A] < ANAY and |A : Cyx(A9)| =
|Ag . CAQ(A)|.
(ii) With X = (A, A9) the following hold:
(1) X/O5(X) = La(q), Sz(q) or X/Oz(X) is a dihedral group
of order 2u, u odd.
(2) SNX is a Sylow 2—subgroup of X.
B) Y =(ANO0y(X))(AIN0yx(X)) < X.
(4) Y # AN Oy(X).
(5) [A: CaV)[ <Y : Cy(A)lg < [V : Cy(A)?, where ¢ =2
if X/O9(X) is dihedral. Further [Y, al(ANAY) = [Y, A](AN
A9) for alla € A\ Ox(X).
(6) If X/O9(X) is not dihedral, then Y/(A N A9) is a direct
sum of natural modules for X/Os(X).

Proof. We start the proof with some general remarks. Let X be as in
(ii) (1) and (2). Then obviously (3) follows. If (4) would be false, then as
[02(G), A] < O2(G) N A < O5(X)N A, we get that [O2(G), X, X] =1
and so [0*(X),05(G)] = 1, which contradicts Cg(O2(G)) < O2(G).
Hence also (4) holds. Next we see that Cy(A) = ANY and so we see
that Cy/(anas)(A) = (ANY)/(ANAY) and Y/(ANAY) = (Y NA)/(AN
A% B (Y NA9)/(ANAY). So the first assertion in (5) follows. Further we
see that elements of odd order in X act fixed point freely on Y/(ANAY).
Hence [Hi] and [Mar] yield (6) and the second assertion in (5). So to
prove the lemma we may assume that (i) dos not hold. Then to prove
(ii) we just have to prove (1) and (2). In fact when constructing X such
that (1) holds, we immediately will see from this construction that also
(2) holds.

Set G = G/O4(G). We first prove
(*) Suppose there is a subgroup L of G such that |A: Cz(L)| = 2
and A £ Oy({L, A)) then (ii) holds. In particular (ii) holds if
|A| = 2.
As A £ O5((L, A)) there is some w € (L, A), o(w) odd, which is in-
verted by some @ € A\ Cz(L). Then (A, w)/Os({A,w)) = Dyy, u odd.
Set X = (A,w). Then X satisfies (ii)(1). Of course S N X is a Sylow
2-subgroup of X. So (ii)(2) is satisfied. Hence (x) is proved.

If [F(G),A] # 1 then F(G) = (Crg)(B) | |A: B| = 2). Hence there is
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some B with Cppgy(B) # 1 and [Crsy(B), A] # 1. So by (%) (ii) holds.

For the remainder of this proof we will assume that F*(G) = E(G),
G = E(G)A and |A : C4(L)| > 4 for all components L. As [S, A] < A,
we have that A acts quadratically on O2(G). Hence by Lemma 3.5 we
have [L, A] < L or L = SLy(q), q even. In the latter there is some
a € A such that Cpay(a) = Ly = Ly(q) and as A is normal in a Sylow
2-subgroup of (L, A), we have that A; = L; N A is a Sylow 2-subgroup
of Ly. So Ly = (Ay, AY) for suitable g € L,. Hence X = (A, A9) satisfies
(ii)(1) and (2). So from now on we assume that [L, A] < L. We collect
this in

(xx) L = F*(G) is a component, |A] > 4 and if A < U < G, with

SN U a Sylow 2-subgroup of U, then A < O,(U).

Assume first that L is of Lie type in odd characteristic, which is not
also of Lie type in even characteristic. Then by Lemma 3.7 we have
that L/Z(L) = Uy(3). As A < S, there is some 2—central involution s
in A. By (x) we have A < 05(Cp4(s)). As we may generate C 4(s)
by elements g with g € O5(C} 4(5)), then if A is not normal in C} 4(s)
there is such a g with A9 < O,(Cy(s)) and 1 # [A4, A9] < AN AY. Then
also 1 # [A, A9 < ANAY and A9° = A. Obviously |A : C4(A9)| = |AY
Cas(AT)| = |A9 : Cue(A)]. So we may assume A < C; 5(s). As Cp(s)
contains a normal subgroup U = SL(3) *.SLy(3) by Lemma 2.6(i) and
O5(U) = O5(CL(s)), we see that Oy(CL(s)) cannot contain an elemen-
tary abelian subgroup of order at least four which is normal in U. So
A £ L. In particular there is some t € A such that [U,t] < Oo(U). As
(s,t) is normal in C} 4(s), we get that |Cy(t)| is divisible by 2°-3. Then
by Lemma 2.6 we get Cp(t) = PSps(3), contradicting (sx).

Next let L = G(r) be a group of Lie type in even characteristic. Sup-
pose first that A acts nontrivially on the Dynkin diagram. If the rank
is greater than two, then there is a parabolic U of rank two of L such
that A acts nontrivially on F*(U/O,(U)). But this contradicts (#x).
So we may assume that L/Z(L) = Ls(q) or Sps(q)’. Let B be a Borel
subgroup of L, which is normalized by A, then by (x*) we have that
[B, A] < Oo(B). This now gives ¢ = 2. But then we easily see that
[S'N L, A is not abelian, contradicting A < S. So we have that A acts

trivially on the Dynkin diagram.

Let R be a root subgroup in Z(S N L). By (x*) we have that A <
O2(Ng(R)). If CL(R) is generated by elements g with g* € Oy(Nz(R)),
then we either get (i), or (AN:()) is abelian.
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If even A < R, then A < L < L, with L = Ly(r) or Sz(r) and
SN L is a Sylow 2-subgroup of L.

Now we just have to handle rank 1 groups or groups L in which Ny (R)
contains a normal elementary abelian subgroup different from R, in
particular Np(R) does not act irreducibly on O(N.(R))/R. Applica-
tion of Lemma 2.17 shows L/Z (L) = L, (r), Span(r)’, Fu(r) or 2Fy(r).

Suppose L is a rank 1 group. We have that A < O,(BA) for some
Borel subgroup B of L. Hence we have that A < L. Then as |A| > 4,
by Lemma 3.19 we get some g € L such that for X = (A, A9). We have
X/O09(X) = La(q) or Sz(q) and a Sylow 2-subgroup of X is contained
in S and we are done. In particular from now on we may assume that

AZR.

Now assume that L/Z(L) = L,(r), n > 3. Let Py, P,_ be the two par-
abolic subgroups of LA containing SNL which involve L,_(r). We have
that A < Oy(P;) for both i. So we have A < Oy(P;) N Oy(P,—1) = R,

a contradiction.

Next let L/Z(L) = Spon(r), n > 2. Now CL(R) is generated by ele-
ments g with g2 € Oy(CL(R)). By (%) we have A < Z(O5(Ng(R))). We
now may embed A into some L = Sp,(r)’ with SNL a Sylow 2-subgroup
of L. Hence we may assume L 2 Spy(r)'. We apply Lemma 2.21. So we
have two parabolics P;, P, of LA containing S N L. By (*x) we have
A < Oy(P)NOy(P,). As A is not contained in a root subgroup we see
that (A%) = Oy(P,) for i = 1,2. Even in case of r = 2 this is true as
|A] > 2. Let H; be the preimage of P, i.e. H;/O(G) = P;. Now sup-
pose that (AOZ/(H1)> is not abelian. Then there is some conjugate A",
h € O (H,), with 1 # [A, A"] < AN A", As O (H,) is generated by el-
ements h with h? € Ny, (A), we may even choose h such that A"» = A,

so (i) holds. Hence we may suppose that (Ao2/(H")> is abelian for both
i = 1,2. Then we see that Os(H;) < Cs(A)O2(G). As this is true for
both i, we get SN L = Cs(A)O2(G)/02(G). As A acts quadratically
on Oy(G) we may apply Lemma 3.6. Suppose there is a chief factor
V in Oy(G) which is the natural module. We have |[V, A]| = 72, while
|ICy (SN L) =r. As [V, A] is covered by A this is a contradiction. So
we have that Z(L) is nontrivial and acts faithfully on V. This gives
q = 2. By Lemma 3.7 we must have L = 3 - Ag and the 6—dimensional
module is involved in Oy(G). Then by quadratic action we get A < L.
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As A < Oy(P) NOy(Py) and P, N L = Xy, this implies [A| = 2, a
contradiction.

Next let L = Fy(r). We have two root groups R; and Ry in Z(S N L)
and by (xx) A < Z(O9(Ny(Ry))) N Z(O2(N(Ry))). But this group is
contained in some Spy(r) as can be seen in [Shi, (1.5), Proposition 2.2
and Theorem 2.1] and we get the assertion by induction.

Next let L = ?Fy(r). As A acts quadratically we get by Lemma 3.6
that A < R, a contradiction.

Now let L = A,, n > 5. So we may assume n = 7 or n > 9. We
have LA < %,. If n is odd, then there is L < L, L & A,_,, which
is normalized by S. Hence we may assume n to be even right from
the beginning. So n > 10. Let first n = 2™. Then there is a subgroup
L < L normalized by Awith SNL < Land L is a subgroup of index
at most two in Xn ¢ Zy. As n > 16 we have 0,(L) =1 and so we get a
contradiction with (xx). Let mq,...,m, be the dyadic decomposition
of n. Let L be the subgroup of L with SNL < L = LN%,, XX Sy,
By (+x) A centralizes any component X; of L. So as |A] > 2 by (x)
and A acts nontrivially on l~}, we see that A < 3, X Zs. Now we can
embed A into some X, 2 g or 5, which contradicts (*x).

Finally let L be sporadic. By Lemma 3.7 we get that L/Z(L) = Ms,
Msy, Moy, Jo, Coy, Cog, or Suz, recall that by (x) |/_l| > 2. Now we
choose s € Z(SNLNA). By (¥x) we have A < 05(Cg(s)). If there is
some involution g in Cp(s) with [A, A9] # 1, we have (i). So we may as-
sume that (A“c()) is abelian. This gives L/Z(L) = M;, i = 12,22, 24.
If L = M,y there is a subgroup L < LwithSNL< Land L & 24 Ag.
Now by (#%) we have A < Oy(L). But there is no quadratic foursgroup
in O,(L) according to [MeiStr2].

Next let L/Z(L) = My,. Then A normalizes a subgroup P of G/Z(L)
with 244 < P < 2*%. By (x*) we have that A < O,(P). Hence we
may embed A into a subgroup (S)Ls(4). But then () gives a contra-
diction.

So we are left with L = My,. If A £ L, then with [MeiStr2] we see
that A cannot be normalized by SN L, so we have A < L. Now in L
there are two parabolics Py, P, such that P;/Os(P;) = X3. By (%) we
have that A < Oy(Py) N Oy(P,) and so (A1) is elementary abelian
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of order 8. Then this group contains an involution ¢ which acts fixed
point freely on the 12 points moved by L. So CL(i) = Zy x ¥s5. Fur-

ther S contains a Sylow 2-subgroup of C (7). As A < CL(i), we get a
contradiction by (). O

Lemma 3.21. Suppose M and H are Ky — groups with F*(M) =
Oy(M) and F*(H) = O9(H), which are subgroups of some group X . As-
sume further that M contains a Sylow 2—subgroup S of H and Oy(M) <
H. Finally we assume that there is Z I M, Z < Q1(Z(O2(M))) and
Z £ Os(H). Then one of the following holds.

(1) There is some g € H, g*> € Nyg(Z) with Z9 < S < M, Z <
MY, Further 1 # |Z : Cz(Z9)| = |Z9 : Cze(Z)|. In particular
Z 1s an F'-module.
(2) There is some g € H such that for L = (Z, Z9) we have
(i) L/O9(L) = La(q), Sz(q), q even, or Dy, a dihedral group
of order 2u, u odd. Set q = 2 in the latter.
(ii) Set B= 29N 0y(L) < S < M. Then
() For the action of B on Z we have [Z, B, B, B] = 1. If
x € Z\Oy(L), then Cp(z) = BNZ, [z, B][(ZNZ%) =
[Z,Bl(ZNZ%) and |Z : Cz(B)| < q|B/(BNZ)|.
(B) In particular Z is a 2F -module with offender B /(BN
Z) and an F4+1-module in case of ¢ = 2. In all cases
we have |Z : Cz(B)| < |B/(BNZ)|*>. Moreover if B
acts quadratically on Z, then Z is an F—module.

Proof. Up to the last assertion that |Z : Cz(B)| < |B/(B N Z)J?, we
find everything for (1) and (2) in Lemma 3.20 where G = H and A = Z.

So assume |Z : Cz(B)| = |B/(B N Z)?. Then |(Z N Oy(L))(Z9 N
Os(L))/ZNZ9| = ¢*. Hence we have that L/Oy(L) = Ly(q) or L induces
Yson (ZNO9(L))(Z9N05(L))/ZNZ9. In both cases L acts transitively
on ((ZNOy(L))(Z9NOs(L))/Z N Z9)% and so (ZNOx(L))(Z9NOy(L))
is abelian. But then |Z : Cz(B)| = |B/(B N Z)|, a contradiction.

If B acts quadratically we have that [B,Z N Oy(L)] = 1. If L/O5(L)
is dihedral, we get that B induces transvections. In the other case we
see by Lemma 3.20(ii)(6) that |B : BN Oy(H)| > ¢q. Then Z is an
F-module with offender B. U

The last lemma of this chapter is a generalization of Lemma 3.5 to
2F-modules.
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Lemma 3.22. Let the notation be as in Lemma 3.21. Suppose we have
the situation of Lemma 3.21(2). Set B = B/Cy(Z) and suppose there
is a component K of M/Cy(Z) with [K, B] £ K. Then |B| > 4 and
K = L,(2) for somen. Ifa € B with K* # K, then |[Z,a]| = 2" and B
induces the full transvection group on [Z,a|. In particular |Z9 : B| = 2.
Further KK® = KP and B acts faithfully on KK®.

Proof. First we show
() |B| > q.

For this assume |B| < q. Then |(Ox(L)NZ)(02(L)NZ9)/ZNZ9| < ¢*.
In particular (Z, Z9) induces Ls(g) on this group, which gives that all
elements in the factor group are conjugate. As (O2(L)NZ)(O2(L)NZ9)
is generated by involutions, we get that this group is abelian. Further-
more |B| = ¢ and so B is a quadratic F-module offender on Z. By
Lemma 3.5 we get the contradiction that B has to normalize K. This
proves (x).

For b € B set K, = K if [K,b] = 1. If K® # K set Kj, = Cry g0 (b).
Recall that there is always some K as K = K, for b = 1. Hence this
notation makes sense.

Suppose first ¢ > 2. By Lemma 3.20 we know that Y := (ZNO(L))(ZN
O2(L)/(Z N Z9) is a direct sum of natural modules. So let A; < Z9
such that Ay > ZNZ9 |A;: ZNZ9 =qand Ay/Z N Z9 is contained
in one of these modules Vi, say. We have [Z, Ay, A] < Z N Z9.

Let ZNZ9 <V, < Oy(L) with Vo/Z N Z9 = V. Let R be any hy-
perplane in Z N Z9. As |(Z NV3)/R|* = 2|V,/R|, we have the assump-
tions of Lemma 3.18, and so V5/R is abelian. Hence as [A;, Z] < V4,
[Z, A1, A1] < R. As this is true for any hyperplane, we have that A;
acts quadratically on Z. Note that |A;| = ¢ > 2, so by Lemma 3.5 we
have three possibilities

(1) [K,A]] < K.

(2) |A; : C4,(K)| > 2, [K,A]] £ K and K = Ly(2"). Further

[Z, (K41)] is a direct sum of natural Q] (2")-modules.
(3) A1 : Cx,(K)| =2 and [K,A] £ K.

We first show
(4) [Ky, 4] < K, for all b € B. In particular, taking b = 1, we
have that K is normalized by A;.
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This will be done in several steps. We fix notation such that [Kj, A;] £
K, for a certain b. In particular [K}, B] £ K.
(4.1) [Z, K] £ Oa(L).

By way of contradiction assume that [Z, K;] < O(L) N Z. Then B
acts quadratically on [Z, (K)]. Hence we may apply Lemma 3.5 to K
and B. Assume first |B : C5(K3)| = 2. As ¢ > 2, we have Cp(K) # 1
and |Z : Z N Oy(L)] > 4. Then by Lemma 3.21(2) we see that Z N
Oy(L) = [Z,Bl(ZNZ9) = [Z,Cg(K,)]|(ZNZ9). We have that K}, acts on
[Z, C5(Ky)]. By quadratic action we have that [[Z, K3, C5(K3), B] = 1.
As K, < (B%v) we get [[Z, K], C5(Ky), K3 = 1. Obviously we have
Cs(Ky), Ky, [Z, Kp]] = 1. So by the Three-Subgroups-Lemma we ob-
tain [[K,, Z, K], C5(K,p)] = 1 and then also [Z, K}, Cs(K})] = 1, which
again with the Three-Subgroups-Lemma implies [Z, C5(K,), K] = 1.
As [B,05(L) N Z] = [Z,Cp(Ky)], we get [Z N Oz(L), K] = 1. Now
Z, Ky, K;) = 1 and so [Z, K] = 1, a contradiction.

So we have (KP) =2 Qf (2"). As [Z, K;) < Oo(L) by assumption, we get
by Lemma 3.5 and Lemma 3.11 that Z = [Z, K},]Cz(K}). Hence there is
some y € Cz(Kp)\ Oo(L). For this y we see [y, Bl(ZNB) = ZNOy(L).
Then [Z, Ky, B] < [ZN04(L), B] = [y, B, B]. But as [y, K] = 1, also
ly, B, K3] = 1 Hence [Z, Ky, B, K;] = 1, a contradiction as [Z, K} con-
tains natural (K)-modules. So we have shown (4.1).

(42) O () = 1

Assume there is 1 # a € Oy, (K}). Then (K;™) acts on [Z,a]. By qua-
dratic action of A; we have [Z,a, K;] = 1. By the Three-Subgroups-
Lemma we get that [Z, K;] is centralized by a and so by Lemma 3.21
as Cz(a) < O9(L), [Z,K) < O9(L), a contradiction to (4.1). This
proves (4.2).

Now as |A;| > 2 we get with (4.2) that we have (2), so (ngh) ~ OF(2M).
In particular by Lemma 3.5 [Z, (K{")] is a direct sum of natural mod-
ules for Q7 (2"). Let W be the sum of all such modules which are in

Oy(L). Then W is a (K}, Aj)-module. As [Z, K] £ Oy(L) by (4.1)
there is some module V for (K, A;) in Z such that V' £ O,(L) and
V/W is the natural € (2")-module. Choose y € V' \ Oo(L). We have
ly, A )(ZNZ9) = [Z, A))(ZNZ9). As |[V/W, A1]| > |A;| by Lemma 3.5,
we see that VN B L W.

(4.3) b =1 and Cg(K}) = 1. In particular K, = K.

Suppose there is some 1 # a € Cp(K}). Then [a,V N B] = 1. Hence a
centralizes some element in V'\W. As a normalizes Os(L) and (K, A1),
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we see that a normalizes also (K}, A;)-submodules of V| which are
in Oy(L). Hence a normalizes W. So we get [V,a] < V. But now
V/W,a] < V/W, and so [V,a] < W. As [W,a] < Z N Z9, [W,a] is
a sum of natural modules for (K;") and [Z N Z9, A;] = 1, we see that
(W,a] =1. As V £ O9(L) and so V/Cy(a) = [V, a], we have that [V, a]
is a natural module for (K;"). This gives that |[V,d] : [V, a], A]] = 22"
As [[V,a], Ai] = [V,a] N Z9, we see that |V : V N Oy(L)| = 2%". In par-
ticular ¢ > 22", But as C4, (K;) = 1, we have that ¢ = |4;] < 271, As
n > 2, this is a contradiction. This proves (4.3).

(4.4) <KB) = <KA1).
Let By < Z,ZNZ% < By such that By covers another natural module
inY/ZNZ9. Let b € By. If K®# K, then A; normalizes K, by (4.3)

and so K, < (K™1). Hence By normalizes (K41). As B is generated by
such groups, we get (4.4).

Define W and V' as above. If W # 1, then |W/Cy (A1) > 2%". So
Y : Cy(Z9NY)| > 2" and then also |Y : Cy(Z NY)| > 2?" hence
|B| > 2. As C5(K) = 1 by (4.3) we have | B| < 2"*! and n > 1, which
is not possible. So we have that W = 1. Hence V is the natural Qf (2")-
module. Let a € A; such that K¢ # K. Then Cgyxa(a) = K, & K.
Further a Sylow 2-subgroup of K, together with a acts quadratically
on V. As A, acts quadratically we have that A; projects onto K, x (a).
So we have that B centralizes a and then acts on K,. As C(K) = 1
by (4.3), we see that B contains a subgroup B of index two contain-
ing Ay, which acts quadratically on V. As V £ O,(L), we have that
Y : B[B,V](ZN Z9)| < 4. As [[B,V]B,B] = 1, we see that B cen-
tralizes a subgroup of index at most 2¢ in V. Now as V' is not an
F-module for B by Lemma 3.5, we get |B| < ¢, which gives |B| < 2q.
But as ¢ > 2, and |B]| is a power of ¢, we would get A; = B and then B
acts quadratically on Z, which by Lemma 3.21(2) gives that B is an F—
module offender on V', contradicting Lemma 3.5. So we have proved (4).

From (4) we now get that (K4) = K. As B is generated by such
subgroups A;, we have the contradiction [K, B] < K. This shows

(5) ¢=2.

(5.1) There is some K}, such that [K}, B] £ K.

Otherwise, if there is no such Kj then for b =1 we have K, = K and
so [K, B] < K, a contradiction.
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For the remainder of the proof we fix Kj such that it satisfies (5.1).
(52) 2. K] £ Ox(L).

If [Z, K3 < Os(L), then again B acts quadratically on [Z, K;]. Hence by
Lemma 3.5 we have one of the cases (2) or (3) above with A; replaced
by B. Assume |B : C5(K3)| = 2. As |B| > ¢ = 2 by (%) we can choose
1 # a € Cp(Ky). Then (KP) acts on [Z,a]. As |Z : Z N Oy(L)| = 2,
we have that |[Z,a] : [Z,a] N Z9] = 2. Therefore |[Z,a] : Cjz,4(B)| < 2.
If B does not centralize [Z, a], then B induces transvections on [Z, a].
As B does not normalize Kj, this is impossible by Lemma 3.5. Hence
B centralizes [Z,a] and so [[Z,a], K] = 1 for all a € Cp(K,). We
have that [Z,Ca(K)|(Z N Z9) N [Z, K] is a subgroup of index at
most four in [Z, K]. So B centralizes a subgroup of index two in
12, K] /2, K] N [Z, Cp(Ky)], which gives [K,, Z] < [Z,Cp(K)] and
then [Z, K3] = 1, a contradiction.

Hence we are in case (2), i.e. |B : C(K3)| > 2. As before by Lemma 3.5
and Lemma 3.11 there is some y € Cz(K})\O2(L). This shows [y, B](ZN
B) = ZN 0y(L). Now [Z, Ky, B] < [Z N Os(L), B] = [y, B, B]. But as
ly, K] = 1, also [y, B, K3] = 1. In particular [Z, K}, B, K] = 1, a con-
tradiction. So we have (5.2).

Fix a € B with K # K.

(5.3) [Z,a,B] # 1.

Assume [Z, a, B] = 1. Then by Lemma 3.5 either |B : C5(K,)| = 2, or
Ky = Ly(r) and [Z, K3] is a direct sum of orthogonal Q (r)-modules,
r=2".

Suppose the latter. As before let W be the sum of all natural modules
in [Z, K3), which are contained in Oo(L) and V/W be a natural Q ()
module. Then there is y € V\Oy(L) and [B,y|(BNZ) = [Z, B](BNZ).
In particular as |V : VN Oy(L)| = 2, we see that V N B £ W. This
shows that B normalizes V. Now let ¢ € C5(K}). Then we have that
Vie] < W. As [W,¢] < ZNZ9 and [B,Z N Z9 = 1, we get that
[W,c] = 1 or [W,c] is the natural module. But [B, [W,c]] = 1 and so
(K3, [W, c]] = 1, hence [W, ¢] = 1. If ¢ # 1, then [V ¢] is the natural mod-
ule. But we have that |[V, ¢ : [V, ]NZ9| = 2 and so B induces transvec-
tions on [V, ¢], a contradiction. So we have that Cz(K,) =1,ie. b=1
and K, = K. Assume W # 1. In the natural module the centralizer of a
quadratic fours group is just the commutator of this fours group. Hence
we have that Cy (B) = WNZ9. So [W : WNZI| =|WnNZ9| = |WnZ|
and then |B| > |[W/W N Z| > r% As the largest quadratic group
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in O (r) is of order 2r we have |B| < 2r, a contradiction. This im-
plies W = 1. So we have V is the natural module and then B acts
quadratically on V. But [y, B|(ZNZ9) = ZNO(L). As [y, B] < [V, B],
[B,Z N Oy(L)] =1, and so B induces transvections on Z, a contradic-
tion as B does not normalizes K.

So we have | B : C5(Ky)| = 2. As [Z,a, B] = 1 = [Z, B, a] by the Three-
Subgroups-Lemma, we see that [Z, C(K}), K;] = 1. By the Three-
Subgroups-Lemma again we get [K}, Z, Cg(K})] = 1. But as [Z, K] £
Oy(L) by (5.2) this shows Cz(K}) =1 and then |B : BN Z| = 2. Now
B induces transvections on Z and so by Lemma 3.5 B has to normalize
K3, a contradiction. This proves (5.3).

(5.4) We have that Cz(K,) =1 and then b =1 and K, = K.

By (5.3) |B| > 4. As |[Z,a] : [Z,a] N Z9| = 2, B induces transvections
on [Z,a] to a hyperplane. Choose 1 # ¢ € Cg(K,) and assume that
(Z,c, K] = 1. Then also [Z, Ky,c] = 1 and so [Z,K,;] < O9(L), a
contradiction. Hence K}, acts nontrivially on [Z,¢c|. But a induces a
transvection on [Z, ¢|, a contradiction as K # K,. This proves (5.4).
In particular we get

(5.5) If b # 1, then [Ky, B] < K.

Let b € B with (KK®)® # KK“. Then a does not normalize K, a con-
tradiction to (5.5). So we have that KK® = (K5). As [Z,a, B] # 1 by
(5.3), we see that K, = Cxxia(a) = K acts faithfully on [Z, a], and so,

as B induces transvections to a hyperplane, we get by Lemma 3.3 that
K 2 L,(2), Span(2), Q3,(2) or A,. We further have that Cz(K,) = (a)
as Cg(K) =1 by (5.4).

(5.6) |B| > 4.

Assume |B| < 4. Then |[Z,a]| < 4, but K, has to act nontrivially on
[Z,al], a contradiction.

By (5.6) |B| > 4 and B induces at least a fours group of transvec-
tions on [Z,a]. This gives
(5.7) K = L,(2).

It remains to prove that [Z,a] is the natural module. In fact we know
that [Z,a|/Ciz4(K,) is the natural module. We have that |B| < 2".
Then as [Z,a,a] = 1 and |Z : Z N Oy(L)| = 2 we see that |[Z,a] <
|B/{a)| = |B| < 2". This shows that |[Z,a]| = 2™ and B induces the
full transvection group on [Z, a. O
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4. EXAMPLES

In this chapter we show under which circumstances the examples
M (23), Cos, 2:(3), 25 (3) and J; in the main theorem appear. The
group Ajs already appeared in [MaStr, Theorem 1.4].

Lemma 4.1. [MaStr, Lemma 4.15] Let G be a group of even type,
which is not of even characteristic. If G has standard subgroup with
L = 2M(22), then G = M(23).

Lemma 4.2. [Se| Let G be a group of even type, which is not of even
characteristic. Let furthermore L € L be a standard subgroup with L =
2Sps(2). If Ca(L) has cyclic Sylow 2-subgroups, then G = Cos.

Lemma 4.3. Let G be a group of even type, which is not of even
characteristic. Let furthermore L be a standard subgroup of G. Assume
that the following hold:
(1) L= L4(3), Us(3) or 2U4(3) and Cg(L) is a cyclic 2-group.
(2) Ng(L) contains a Sylow 2-subgroup S of G.

Then G = Q4(3) or Qg (3).

Proof. Suppose false. We have that Cg(L) is normal in S, S as in (2),
and so contains a 2-central involution z. By Lemma 2.6 we have that
for an involution ¢ in L \ Z(L) we get O3(Cry(t)) = Zy x Qs * Qs.
Now we choose t such that ¢t € O5(CL(t))". Again by Lemma 2.6 we see
that O3(NL(O2(CL(t)))/O2(CL(t)))) is elementary abelian of order 9.
Let U be the full preimage. Then [U, O2(CL(t))] = @ = Qs*Qs. In par-
ticular Q<C¢,(»)(t) and so we may assume that [S,t] = 1,i.e. t € Z(95).

We have that S centralizes (z,t) and so normalizes U. Now the Frattini
argument provides us with a Sylow 3—subgroup U; of U such that

(*) S = QNs(Uh).

Next we try to determine Oy(Cg(t)). For this we assume that Cg (1) £
N¢(L). Furthermore we first assume that Ce, 1) (O2(Ce(t))) < O2(Ca(t)).
Suppose additionally that there is some 1 # w € U, with [u,Q N
05(Cq(t))] = 1. We have that O9(Cq(t)) < S, so [U1Q, O2(Ci(t))] <
O2(Ce(t)) NULQ < Q. Hence [u, O2(Ci(t))] < Q and we get

[0:(Ca(t)), u] = [02(Ca (1)), u, u] <[Q N OCe(t)),u] = 1,

[
contradicting Ce, ) (O2(Ca(t))) < O2(Cq(t)).
This shows that U; acts faithfully on @ N O2(Ce(t)). Then @ <
O2(Cg(t)). By Lemma 2.6 we have |Cr,)(Q)| = 4. Furthermore we
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have that Out(L) does not contain an elementary abelian group of
order 8 by Lemma 2.6. Hence we see that

| (Z(02(Cq(t))))] < 16.

We set Z = Q(Z(02(Ci(t)))). If (z,t) = Z, we get Ng((z,t)) =
Ces((z,t)) and then the contradiction Cg(t) < Cu(z) < Ng(L). So we
conclude that |Z| > 8. Then [Z,U,] < Z. As Z < S we see [Z,U;] < Q
and so [Z,U;] < QNZ. As [Q N Z U] = 1, we have [Z,U;] = 1.
Furthermore [O2(Cq(t)),U1] < Q. As Cg(Z) < Ng(L), we now see
that U102(Ci(t))/02(Ca(t)) < Ca(t)/O2(Ce(t)). Hence

U102(Ci(t)) < Cq(t).

Let UQ < Ul, |U2’ = 3, with [UQ,Q] = Qg. Then <[Q,U2],U2> =
X = SLy(3). Further t € Z(X). As [O9(Cq(t)), Us] = [Us, Q], we see
X QU05(C;(t)) < Cq(t) and so X < <dCq(t) and for g € Cg(t) we
have either X9 N X = (t) or X = X9. The assertion now follows with
[MaStr, Lemma 3.2].

So we may assume that Cg(O2(Cq(t))) £ Os(Cg(t)). Then
F = B(Calt) # 1

as O(Cg(t)) = 1 by the general assumption. Set 7" = S N F. As-
sume there is 1 # u € Uy with [FNQ,u] = 1. Then Q # FNQ
and F'N @ is normal in Cf(t). By Lemma 2.30 TN Q < (t). We also
have [T,Q] < T'NQ < (t). So [Uy,S] < U,Q and then [T,U;] <
Ul(Q OT) S U1<t> This shows [T, Ul] = [T, Ul,Ul] S [Ul,U1<t>] = 1.
Now T < Cq((U?)) < Cq(Q) and then again T/T N (t) has a cyclic
normal subgroup Cp(t) N T/(t) of index at most 4. This shows that F
is quasisimple.

Assume first [Ceo,)(F),Ui] = 1. As Ceyw(F) is normal in Cg(t),
we get that [Q,Cc,u)(F)] = 1. Hence QU; induces an outer auto-
morphism group on F', which centralizes a Sylow 2-subgroup, contra-
dicting [GoLyS4, Lemma 4.1.1]. So we have that [Cc,,)(F), U] # 1.
If [Q,F] # 1 then we get by Lemma 2.30 that Cq(F) < (t) and
then Q N Coy@(F)F = (t). But then we have the same contradic-
tion as before. So we have that [, F|] = 1. The Frattini argument
now implies that C(t) = F'Neg, 1) (T). Further we have (Cs(Q)/(t))" <
Cs(L)(t)/(t) as Ng(L)/S N L is abelian. So if F'(t)/(t) has nonabelian
Sylow 2-subgroups, we get that (z,t) < F(t) is centralized by Ne @) (T')
and so

CG(t) — CN@(L) (t)F
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We are going to prove the same result if F'(t)/(t) has abelian Sylow
2-subgroups. As F' € Cy we have, that F itself has abelian Sylow 2—
subgroups. In particular ¢ ¢ F. If |, (Z(S))| = 4, then again z € F(t)
and so Ne,w)(T) < Cg(z), as all involutions in F' are conjugate. If
12:(Z(5))| > 4, then by application of Lemma 2.6 we see L = L4(3)
and |Q1(Z(S))| = 8. By Lemma 2.34 we have that S N Cg(L) < Z(95)
and S = Cg(L) x ((SN L)(u)). Hence Cs(Q) = (S N Cq(L))(t, u).
If Coyr)(2) # (2), then z € Z(Ng(Z(S))) and so 29 N Z(S) = {z},
contradicting Lemma 2.1 and Lemma 2.2. So Z(S) = (z,t,u) = Cs(Q).
Hence a Sylow 2-subgroup of F'is contained in Z(.S). Now we have that
Negwy(T) = Np(T)Cey)(T), which gives again

As Q £ F and [Uy, S] < QU; we have Uy N F = 1 and then Cr(z) =

S N F. Hence U; cannot induce nontrivial inner automorphisms on F,
so [F,U;] = 1. This now gives [F,U] = 1. As Cq(t) = Cnym)(t)F
by (xx), we see that @ < O3(Cey)(F)) and then U is normal in
Ceg)(F). Hence as above we construct a subgroup X = SLy(3) in U,
with X I<Cq(t). Again the assertion follows with [MaStr, Lemma 3.2].

So we may assume
Q< F

Let first N be a component with N N @ = 1, then [SN N,Q] <
SANNQE = 1. As [SN F,Q] # 1, there is at least one compo-
nent N with @ N N # 1. We now fix such a component N and set
Fy = (NY). As Q normalizes N we have F| = Ny * Ny * - - - N,, where
x divides |U;| = 9. If x = 9, then, as any N; has an elementary abelian
section of order 4, we have an elementary abelian section of order 28
in Fi, which contradicts the structure of S. Let x = 3. As U; acts on
SN Fy and [SN FLU < [Q,U;] = @, we see by Lemma 2.30 that
Q < Fi. As x = 3 there is 1 # u € Uy, with [V;,u] < N; for all i.
Furthermore we have some element u; € Uy, which acts transitively on
the N; and normalizes S N Fy. As Q < Fy we see [u, N;N S| # 1. As
(SN N;)(uy) is a subgroup, we get that 1 # [S NN, uq] < Q. But then
1((Q N Np){u)| > 26 a contradiction. So we have x = 1 and then U,
normalizes Ny = N. Then (SN N)U; is a subgroup of G. As U; cannot
centralizes all components N with N N Q # 1, we get that there is a
component N with N N Q > ().

The action of U; on ) shows that either Q "N = @ or Q N N is
a quaternion group. Suppose first that () N /N is a quaternion group.
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Then by Lemma 2.30 there is some s € SN L such that N* # N and
N* N @ also is a quaternion group. As Z(N) > (t) [MaStr, Lemma
2.53] implies that N € M. In particular the same lemma implies that
IN/Z(N)|2 > 2%, and hence |[s,T]| > 2°. As [SNL : O2(CL(t))] < 4, we
now see that |[T,s] N Ox(Cr(t))] > 2° and then |[T,s] N Q| > 2*. Now
QNN is a quaternion group, which implies that [T, s]N N > (t), a con-
tradiction. So we have @ < N for some component N. Further Ce, ()
normalizes N as it normalizes (). Now z induces some automorphism
on N, which centralizes a Sylow 2—subgroup and has a solvable cen-
tralizer in N of order 2% -3, b < 2. As N € M Lemma 2.31 implies
that N = 2L3(4), 22L3(4), 28]36(2), 2U4(3>, 2M12, 2M22, 4M22, 252(8)
or 2252(8). As Q@ < N, there are involutions in N/Z(N) which become
elements of order 4 in N. So by Lemma 2.33 we are left with 2S5ps(2),
2M12 or 4M22. If N = 2M12 or 4M22, then by Lemma 2.35 |U1| induces
an inner automorphism of order at most three. On the other hand
by the same lemma N has no outer automorphism of order three, so
Cy, (N) # 1, which contradicts Cp, (Q) = 1. So we have N = 2Sps(2).
Now U; has to induce a group of inner automorphisms of order 9. We
have that [@Q, U1]/(t) is elementary abelian of order 16. Hence let Z be
the inner automorphism induced by z, then we see that ([Q, Ui, 2) /(t)
is elementary abelian of order 32. By Lemma 2.36 we have that Z cor-
responds to a transvection in Spg(2). But then a group isomorphic to
Y6 would be in Cg((z,t)), a contradiction to Cg(z) < Ng(L).

So we have shown that Cg(t) < Ng(L). But then Cq(t) has a sub-
normal subgroup SLs(3). [MaStr, Lemma 3.2] now yields the asser-
tion. m

Lemma 4.4. Let G be of even type but not of even characteristic. Let
L = Ly(q), q even, be a standard subgroup with C(L) cyclic. Assume
that Cq(L) contains a 2—central involution z. Then ¢ =4 and G = J;.

Proof. Let S be a Sylow 2-subgroup of Ng(L) containing z. In 2, (Z(5))
there are three Ng(L)—classes of involutions, {z}, (Q:(Z(S)) N L)
and 2(Q,(Z(S)) N L)% Hence either z¢ N Q;(Z(S)) = 0 (Z(S))* or
29N (Z(S)) = {2}. Set U = LNS. Then there are at most two abelian
subgroups of S which have the same order as £ = Ce,)ns(2) x U. In
particular conjugacy takes place in Ng(FE).

Assume first that 29NQ; (Z(S)) # {z}. Then in particular Ce1)ns(2) =
(z). As Out(L) is cyclic, we have that z ¢ S’. So we conclude 2, (Z(S))N
S” = 1 and then Cg(z) = (z) X Ly(q). By O’'Nan’s lemma [MaStr,
Lemma 2.6] we obtain ¢ = 4 and so G = J; by [Ja].
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So we may assume that 2% N Q,(Z(S)) = {z}. As L has just one
class of involutions, we have that 2% N (L x Ce,)ns(z)) = {z}. By
Lemma 2.1 L must possess some outer automorphism u with u ~ z
in G. Obviously v ¢ Cs(u)’. In particular also z ¢ Cg(u). Hence
Cegyns(u) < Z(Cs(u)). As u is not a square in Z(Cgs(u)), we get that
the same holds for z. In particular Ce,_ ;. s(z)(w) = (2). If 2 € S, then
in particular SNCq (L) = (z) and we get a contradiction by Lemma 2.2.
So we may assume that z € S’. Then u ~ zu by some element in Cs(L).
As Csnegy(u) < Z(Cs(u)), we see that Cg(u) = (u, z,Cy(u)). Fur-
ther u(z, Cy(u)) C u¥. Now we may assume that u ~ z in Ng(Cs(u)).
In particular Cs(u) contains a hyperplane H with z ¢ H but zH C z¢.
Choose u; € Cy(u)f. Then neither u; nor zu; are in zH, so both are
in H and so z € H, a contradiction. O

5. THE CENTRAL CASE

In this chapter we fix a Sylow 2-subgroup S of G and assume that G
is of even type but not of even characteristic. Furthermore we assume
that G is not one of the exceptional groups in the main theorem, i.e.

G %;é 97(3), Qs_(?)), Am, 003, M(23) or Jl.

This means by [MaStr, Theorem 1.4] that there is some 1 # z €
01(Z(9))%, which possesses a standard component A,. Furthermore
Cq(A,) has cyclic Sylow 2-subgroups.

We will prove:
Proposition 5.1. z ¢ A,.
and

Proposition 5.2. A, is a simple group of Lie type in characteristic
two or isomorphic to Jy or M(24). Further A, is not isomorphic to
Ly(q), Sz(q), *Fu(q)', q even, L3(4), Sp2n(2), G2(2)', La(2), Us(2), As
or L3(2).

We first are going to prove Proposition 5.1. For this until further notice
we assume z € A, and aim for a contradiction. By [MaStr, Lemma 2.53]
we have that A,/Z(A,) € M. For the proof we consider the various
groups in M.

Lemma 5.3. A,/Z(A,) % Sz(8).

Proof. Assume A,/Z(A,) = Sz(8). Let 1 # x € S, 2> = 1. Then, as
Cs(A,)N A, = (z), we see that z = ab, a € Cs(A,) and b € A,, where
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a®,b? € (z). By Lemma 2.33 z is not a square in S N A.. In particular
b> = 1. But then also a*> = 1, which shows that Q,(S) = Q;(5 N A,).
Hence Q(S) is elementary abelian of order 16. Furthermore €2;(S) =
J(S). So Ng(J(S)) controls G-fusion of involutions in S.

If 24N S # {z}, then all involutions in S are conjugate. But then
ING(J(S)) © Neg(J(S))| = 15, and Ng(J(S))/Ca(J(S)) is a sub-
group of GL4(2) = Ag of order divisible by 3-5-7. As S/Cs(J(5)) is
abelian, we get a contradiction by Lemma 2.38. So 24N S = {2} which
contradicts Lemma 2.1. U

Lemma 5.4. [Se] A,/Z(A,) 2 Fi(2) or G5(4).

Lemma 5.5. [EgaYo] A,/Z(A,) ¥ Qg (2).

Lemma 5.6. A,/Z(A,) % Us(2).

Proof. [DaSo, Theorem 3.1]. In fact there is shown that G = M (22).

But then z ¢ Z(95). O
Lemma 5.7. A,/Z(A,) % 2Es(2).
Proof. [Strl]. In fact in [Strl, (2.2)] it is shown that z ¢ Z(.5). O

Lemma 5.8. AZ/Z(AZ> %7—5 HZS, Mlg, MQQ, JQ, SUZ, 001 or Ru,

Proof. Suppose false. Application of [So| shows A,/Z(A.) 2 HiS. In
the cases of A,/Z(A,) = My or May we get a contradiction with [HaSo].

The remaining cases are treated in [Finl]| and [Fin2]. O
Lemma 5.9. A,/Z(A,) % F.
Proof. It A, = 2F, then by [DaSo, (5.5)] we get z ¢ Z(5). O

Lemma 5.10. A,/Z(A,) % Ls(4).

Proof. Suppose A,/Z(A,) = L3(4). As A, € Cy we have by [MaStr,
Definition 1.1] that Z(A.) = (z). According to Lemma 2.20 there are
exactly two elementary abelian groups of order 16 in (SN A,)/(z). Let
E be the preimage of such a group. Again by Lemma 2.20 Aj; acts tran-
sitively on (E/(z))*. So we see that F is elementary abelian of order 32.
Let Cs(A.) be cyclic of order 2", then by Lemma 2.20 there are exactly
two abelian subgroups of type (2,2,2,2,2") in SN A,C(A,). Let F be
an elementary abelian group of order 32 in S. Assume there is some
t e F\A,C(A.). Asmy(Ca, (1)) < 2 by Lemma 2.23(3), we get that
|FFNA,C(A,)| < 8. But then F has to induce a fours group of outer
automorphisms on A,/(z). Choose f; € F such that f; centralizes Aj;
in A,/(z). Then F induces an outer automorphism on Ajs, which gives
the contradiction my(Ca, /() (F)) < 1. Hence any elementary abelian
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subgroup of order 32 in S is contained in A,Cg(A,). By Lemma 2.20
there are exactly two abelian groups Ej, E, of type (2,2,2,2,2") con-
tained in S. Set E5 = Qy(F; N Ey). As again by Lemma 2.20 E\ F is a
Sylow 2—subgroup of A,C(A,), we have 5 = Z(SNA,) and |E3| = 8.

Suppose z¢ N A, C(A,) # {z}. Let t € A,C(A,), t # 1, t ~ z in
G. By Lemma 2.20 any involution in A,Cs(A,) is conjugate in A, to
some involution in F;, i = 1,2. On Q;(E;) we have that Ne, ) (£;)
induces orbits of length 1, 15 and 15. Hence we see that zVe(Fi) £ {21,
This implies that C's(A,) is of order two and so both E; are elementary
abelian. We have that Ng(E;) £ Cq(z). As [2V6(F)] is odd, this shows
that |Ng(E1) : Nogz)(E1)| = 31. Now all involutions in A, are conju-
gate in G. As Ny, o) (Eh)/E1 = As, As X Lz, 35 or (A5 X Zs) : 2, we get
that Ng(E;)/E; has the order 2%-3-5-31,23-3-5-31,22-3%-5-31 or
23.32.5.31, respectively. As the normalizer of a Sylow 31-subgroup in
GL5(2) has order 31 -5 we get a contradiction with Sylow’s theorem.
So we have shown

(1) 2N ACA) = {2}

Again let t € 2N S, z # t and E,, E, as above. By Lemma 2.20
we have that Ny, (E\Es) = EyEs(p), where o(p) = 3 and p acts fixed
point freely on E;/Cg(A,) for i = 1,2. By Lemma 2.20 we have that
t normalizes F;FE,. By (1) and the Frattini argument we may assume
that ¢ normalizes (p).

Suppose first p' = p~'. Assume further that [E;,t] < E; for both i =
1,2. As p acts fixed point freely on E;/FE1NE, for both ¢, thereis e; € E;
with t% = fzt, fz € Ql<El) \ Eg, 1= 1,2 So we have that [flfg,t] = 1.
Now te1¢2 = f72 fot. Further f{? = fir, with 1 # r € E3\ (2). By
Lemma 2.20 fi fo is of order four. So 1 # u = (f1f2)? = (f12f2)?. Hence
t ~ ut. This shows that

2) If p =p~'and E! = E;;i = 1,2, then Q1(Z(Cs(t))) = (z,t,u)

with ¢t ~ tu,u € &(Cs(1)).

By Lemma 2.22 we see ®(S5) < SN A,Ce(A.). So we have that ¢, zt ¢
D(Cs(t)). As 26 N®(S) C {2} by (1), we see that 2 & ®(Cs(t)), which
shows that

(3) (2,8, u) N (Cs(t)) = (u).

Assume now that B! = E,. We will show that also in this case (2) and
(3) hold. Choose e¢; € E; \ E3. Then e; = e} € FEy. Now t ~ (e1e9)t.
This shows that E3 = (2, (eje2)?,7), with @ = [t,r] # 1, as [p,t] # 1
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and Cg(p) = (z). In particular z # 2.

Suppose that (z,(e1e9)?) = (2, (e1€2)?). Then t ~ zt. Again we have
that Q,(Z(Cs(t))) = (z,t,(e1e2)?). In G we have that t ~ tz ~
t(eres)? ~ tz(ere)? ~ 2. Further neither (ejes)? nor z(ejey) are conju-
gate to z in G. This shows that Ng(Cs(t)) normalizes ((e1eq)?, z(e1€2)?).
But as 29 N {(e1e2)?, 2) = {z}, we have that Ng(Cs(t)) < Cg(z), and
so Cg(t) is a Sylow 2-subgroup of Cg(t). As Cs(t) # S, t cannot be
conjugate to z in GG, a contradiction.

So we have that (eje5)? = . Hence ejear € Cs(t). As (ere0)? =
(e1e9r)?, we again get (2) and (3) with u = (ejeqr)?.

Now we show that [p,?] = 1. Otherwise (2) and (3) hold. We have that
(u) is normalized by Ng(Cs(t)). Let T < Cq(t) with |T: Cs(t)| = 2.
Then we obtain for g € T'\ Cs(t) that [g, (u,t)] = 1 and so 29 = zt or
ztu. But in G we have zt ~ ztu. Now 2% N (z,u,t) = {z,t,tu, 2t, ztu}
and so (u, zu) is normal in 7', which shows z € Z(T'), a contradiction.

So we have shown that

[p,t] = 1.

Set Es = (2,71, s), where we choose notation such that [Es, p] = (r, s).
As t and p normalize E5 and [t,p] = 1 we force [Es3,t] = 1. Set F' =
(Es5,t). Then F is elementary abelian of order 16. Further we have that
Ny,ns(F) is the preimage of Csna,)/g,(t). Hence Ny (F) induces Ay
on F'. We first show

(4) 2N =[],

Suppose false. We have that N4_(F') induces orbits of length 1 (z), 3
(r and zr) and length 4 (¢, zt). As z is not conjugate to r or zr by
(1), we see that z has 5 or 9 conjugates under Ng(F'). If z has 9 con-
jugates, then all the other elements generate (z, s, r), a contradiction.
So we see that z has 5 conjugates. In particular all Ng(F)—orbits have
a length divisible by 5, so we must have an orbit of length 10. This
shows that 7 ~ zr in G. As z,r € Q1(Z(95)), we have that zr ~ r in
Ng(S). But ©1(Z(S)) < A, and so 29N, (Z(S)) = {z} by (1). Hence
N (S) < Cg(z), contradicting zr o r in Cg(z). So we proved (4).

We have that FNA, = Csna, (t) and so FNA, = Q1(Csna,cua.)(t)). As
Na(Cs(t)) £ Ca(z), we conclude from (4) that Ng(Cg(t)) £ Ng(F).
Hence we get that |Cs(t) : Cs(F)| = 2 and Cg(t) = Cg(F)F9, for
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some g € Ng(Cs(t)). So we have that Q,(Z(Cs(t))) = (t, z,u), where
(u) = (Z(Cs(t)))NP(Cs(t)). Further it shows that there are exactly
two conjugates of I in Cg(t). In particular O?*(Ng(Cs(t))) normalizes
F and so is contained in Cg(z). Hence [2V¢(@s®)] is a power of two.
Now we may assume that z ~ ¢ in Ng(Cs(t)). As z % zu in G by (1), we
have that also ¢ ¢ tuin Ng(Cs(t)) < Ca(u). As N2y (Cs(t)) £ Ca(t),
we obtain that ¢ ~ ¢z or tzu in Nog(»)(Cs(t)). So as |zV6(Cs®)] is even
and z o4 u, we get that both zt and ztu have to be conjugate to z in
Ne(Cs(t)) < Cg(u), but this again would imply z ~ zu, a contradic-
tion to (1). This final contradiction proves the lemma. O

We are going to prove Proposition 5.1. By [MaStr, Lemma 2.53] we
have that A,/Z(A,) € M. The groups in M are given in [MaStr,
Definition 2.51(a)]. According to Lemma 5.3 through Lemma 5.10 we
are left with A,/Z(A,) = Sps(2), M(22) or Us(3). By Lemma 4.2
A.JZ(A,) % Sps(2), by Lemma 4.1 A,/Z(A,) 2 M(22) and finally by
Lemma 4.3 A,/Z(A,) % Uy(3). This proves Proposition 5.1.

Next we will prove Proposition 5.2. For this we first go over all com-
ponents A,, which are not of Lie type in characteristic two or Jy or
M (24)". We furthermore show that the groups of Lie type in character-
istic two, which were excluded in Proposition 5.2 also do not appear.
The main ingredient of the proof is the interplay between Glauberman’s
Z*-theorem and Thompson’s transfer lemma.

We begin by eliminating the sporadic groups and some groups in
characteristic three.

Lemma 5.11. Az ’37—5 M23, Jg, Th, Ru, M24, J4, 001, COQ, F2 or Fl-

Proof. By Lemma 2.12 in all cases we have Out(A,) = A,. So Cg(z) =
Cega.)(2) x A,. Further by [MaStr, Lemma 2.34] |Z(S N A.)| = 2.
Hence either 2¢ N Z(S) = {z} or all involutions in Z(S) are conjugate
in G. But z ¢ S’ and as S is not abelian, we have Z(S) N S" # 1. So
we get 26N Z(S) = {z}. As S = (SN A,)Cs(A,) this by Lemma 2.2
contradicts the simplicity of G. U

Lemma 5.12. A, 2 HiS, Suz or M(22).

Proof. Suppose false. Let S be a Sylow 2—-subgroup of Ng(A,). Then we
have by [MaStr, Lemma 2.34] Q,(Z(S)) = (z,t), with t € A,. Further
by [GoLyS3, Table 5.3m, 5.30, 5.3t] we see that

CG(Ql(Z<S)))/OQ(Cg(Ql(Z(S)))) = 25, U4(2> or U4(2) 2 2.
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So (t) = Ca((Z(9)) > N Q. (Z(9)). In particular

(%) N0 (Z(8)) = {2}
Next we show that
(1) 2N A.Cq(A,) = {z}.

Let first A, = HiS or Suz. Choose u € A,, u ¢ t. Then by [GoLyS3,
Table 5.3m], [GoLyS3, Table 5.30] we have that Cy_(u) = (u) X PT"Ly(9)
or (V3 x L3(4)) : 2, respectively. As again by [GoLyS3, Table 5.3m]
or [GoLyS3, Table 5.30] no outer automorphism of HiS centralizes
PT'L5(9) and no outer automorphism of Suz centralizes L3(4) we see
that Q1(Z(Cs(u))) = (z,t,u). Assume that z is conjugate to u or zu in
G. We will denote this element by v. So let g € G with z¢ = v. Then
obviously z centralizes in A, a subgroup PI'Ly(9), L3(4), respectively.
So z € A,C(A,). Hence E(Cg(z) N Cg(v)) = F is normalized by g.
We now show that we may assume ¢ € F'. For this we choose a Sylow
2-subgroup 1" of Cy_(v) and Ty < A, with |7} : T| = 2. In the first
case, A, = HiS, we have that 77 < F, and so we have a 2-central
involution in F', in particular we can assume that ¢ € F'. In the sec-
ond case, A, = Suz, we have by Lemma 2.20 exactly two elementary
abelian subgroups Fj, Fy of order 64 in T and [F, F,] < F. Hence
again F' contains a 2-central involution and we may assume t € F.
As all involutions in Ag and L3(4) are conjugate, we may assume that
t9 = t. But in Cg(z) we have that u ~ ut and so v ~ vt, while z ¢ zt
by (x), a contradiction. This proves (1) in these cases.

Assume finally A, = M (22). By [GoLyS3, Table 5.3t] we have a sub-
group H = 2°M,, in A,. By Lemma 3.3 the group My does not
possess an F-module. Hence Oy(H) = J(SN A,) and so J(SNA,) is
the only elementary abelian subgroup of order 2! in SN A,. In par-
ticular in S there is exactly one abelian subgroup F, which is a direct
product of an elementary abelian group of order 2'° and a cyclic group
of order 2", where |Cg(A,)| = 2". We see from [GoLyS3, Table 5.3t]
that involutions of type 2A of A, are centralized by L3(4) in the group
M, in H above. Hence H induces one orbits of length 22. The product
of two involutions in this orbit gives an orbit of length 231. As A, has
exactly three classes of involutions and H controls fusion in J(A, N.S),
we have a third orbit of length 770. Further any involution of A,C¢(A.,)
is conjugate to one inside of E. So we get that Ng(FE) controls fusion in
A.Cq(A,). In particular if (z) # Cg(A,) then ®(F) = (z) and we have
(1). So we may assume that (z) = Cs(A,). By Lemma 2.2 and (x) we
have that Cg(z)/(z) = Aut(M(22)). We now obtain that z € Cg(z)’
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and so z ¥ u € A, with C4_(u) = 2Us(2). In particular there is at least
one orbit of length 22, which cannot be fused with z. As |zN6(P)] is
odd, we get, just by checking all possibilities, that |zNVo(®)| = 23 771,
793, 1541 or 1563. As Ng(E)/E is a subgroup of GLi;(2) and 771,
7793, 1541 and 1563 do not divide the order of GL11(2), we conclude
|2NeB)| = 23. As Ny a.)(E)/E = Aut(Msy) and |2V = 23, we
obtain [Ng(E)/E| =2%-3%-5-7-11-23. As 2! —1 = 23-89, we see that
a Sylow 23 subgroup of Ng(FE)/FE is just centralized by itself. Now with
Sylow’s theorem we receive that a Sylow 23—-subgroup is normalized by
a cyclic group of order 22. Hence this group acts on zV¢(®) by fixing a
point. In particular Ny, a,)(E)/E contains a cyclic group of order 22.
Then Aut(Mas) contains a cyclic group of order 22, which contradicts
[GoLy$S3, Table 5.3c]. Hence (1) holds.

By Lemma 2.1 there is some involution u ~ z, which induces an outer

automorphism on A,. If Cg(A,) = () we get a contradiction with
Lemma 2.2. Hence
(2) Cs(A,) > (2).

As |Aut(A,)| = 2, we have that ®(Cs(u)) < A.Cs(A,) and u &
O(Cs(u)). As Ng(Cs(u)) £ Ca(z), we see by (1) that z & ®(Cs(u)).
This implies Ccga,)(u) = (2). In particular u ~ uz by (2). Now there
is a fours group V = (z,s) < Cs(u), s € A,, not containing u such
that «V C «®. Hence there must be another fours group W such
that z ¢ W and all involutions in zW are conjugate. We see that
W N Cg(A,)A, # 1, which contradicts 2 N A.Cq(A,) = {z}. This
contradiction combined with Lemma 2.1 proves the lemma. O

Lemma 5.13. Az 9—"‘/ G2(3), GQ(Z)/, Mlg or MQQ.

Proof. By [MaStr, Lemma 2.35] we have Q,(Z(S5)) = (z,t), with t € A,.
We first show that

(1) 6 N0(2(9)) = {2}

Otherwise under Ng(Cg(2:(Z(S9)))) all elements in ©;(Z(S))* are con-
jugate. Let P be a Sylow 3-subgroup of C(2;(Z(S5))). By Lemma 2.7
and Lemma 2.8 we have that t € W = [O2(Cs(21(Z(S5)))), P] while
z¢ W as W < A,, a contradiction. This proves (1).

Next we show

(2) 29N (A:Cogan(2) = {2}
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Assume false. If A, % Mj, then by Lemma 2.7 all involutions in
Cg(A,) x A, are conjugate to z, t € A, or zt and so are conjugate into
Q:(Z(9)). Hence (2) follows from (1). So we may assume A, = M. Let
i€ Cs(A)A,, 1 # zand i ~ z in G. We have Q,(Z(Cs(i))) = (z,1,t).
By (1) and Lemma 2.8(ii) we see Cy, (1) = Zg x Xs5. Let 29 = i. Then z is
some involution in Cg(i) which centralizes Y5 there. By Lemma 2.8iv)
this shows that z € (i, 4;). And so i ~ z in Ng(E(Cs((i, 2)))), i.e. g
normalizes E(Cg((i,2))). By Lemma 2.8(iii) we may assume t¢ = t.
Further ¢ ~ it under the action of S, while z ¢ 2zt by (1), a contradic-
tion.

Suppose now that there is some outer automorphism i of A, with ¢ ~ z
in G. As i & ®(Cs(i)), we get by (2) that also z & ®(Cg(i)), which
implies that (2) = Ccg(a,)(i). Further by Lemma 2.2 Ceg(a,)(2) > (2).
Hence 7 ~ iz.

Let now first A, = G5(2)" or M. Then application of Lemma 2.7
shows Ca_ (i) & SLo(3), EgL3(2), or 24Fy. So in all cases we see
M (Z(Cs(7))) = (i, z,t). Furthermore we notice that i ~ iz ~ it ~ itz.
Now (t, zt) is generated by the involutions in Q;(Z(Cs(i))) which are
not conjugate to z in G. Then (z,t) I Ng(Cs(i)). By application of (1)
we get Ng(Cs(i)) < Ce(z) but Cs(i) # S, contradicting i ~ z.

So we have A, = G5(3) or Mjs. By Lemma 2.7 and Lemma 2.8 we
get Cy_ (i) = Lo(8) : 3 or Zs x As, respectively. In both cases Cg(i)
is elementary abelian and all involutions in i(Cs(7) N (Cg(A,)A,)) are
conjugate to ¢ in Cg(2). As z ~ i in Ng(Cg(i)) there is some elemen-
tary abelian group E < Cg(i) of order 8 with 2¢ N z2E = z2E, 2 ¢ E.
Hence we have that |E'N A,| > 2. But this contradicts 2 N zA4, = {z}
by (2). This final contradiction by Lemma 2.1 proves the lemma. [

We now start to exclude the exceptional cases in Proposition 5.2.
Lemma 5.14. A, % 2Fy(q).

Proof. Suppose false and assume first 0% (Cq(2)) = A, x Ca(A.).
By [MaStr, Lemma 2.31] we see that Z(S) N A, < S’. In particular
29NQ(Z(9)) = {2} as 2 ¢ §’. But then by Lemma 2.2 we get 2z ¢ G/,
a contradiction.

So we have 0% (Cq(2)) # A, x Cg(A.). If ¢ # 2 then by [MaStr,
Lemma 2.24] A, has just outer automorphisms of odd order. Hence we
have ¢ = 2. Further we have that Ng(A,)/Cq(A,) =2 ?F,(2). By [MaStr,
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Lemma 2.24] we know that there are no involutions in 2Fy(2) \ 2Fy(2)’.
In particular Z(S) N A, < Qy(S)’, while z & ;(S)". Hence again

() 2N (Z/S) = {z}.

As [©4(Z(S))| = 4 and fusion in this group is controlled by N (€21 (Z(.5))),
we get with (x)

(1) No two involutions in €, (Z(S)) are conjugate in G.

Let i € Cg(z) \ (2), @ ~ z in G. Then i € Cg(A,)A,. Furthermore
by Lemma 2.9 ,(Z(Cs(i))) = (z,4,7), where r is 2-central in A,. In
the notation of [MaStr, Lemma 2.31] we have that C4_ (i) < P;. This
shows

01(Z(02(Ce(2)))) = (z,i,7,1m1), where (r,r;) = Zo(SNA,).
Thus

(2) re~ry~ Ty in A,
Additionally
(3) 1~ ar ~iry ~irry and zi ~ zir ~ ziry ~ 2irry.

Let now g € G with 29 = . We have that z is an involution in
Ca(A;)A;, which is centralized by Cey,(»)(¢). Furthermore 9 also is con-
tained in C(A.)A, and centralized by Ce,(»)(¢)?. As all involutions in
A; centralizing a subgroup isomorphic to C4,(z) are conjugate, we may
choose g such that

Ca((i,2))? = Ca((i, 2)).

Hence we have that i ~ z in H = Ng((i, z,r,r1)). Application of (1),
(2) and (3) show that || = 5 or 9. In the latter case (zr,r,7) is the
subgroup generated by all those involutions, which are not conjugate
to z. But then (x) implies H < Cg(z), a contradiction.

Thus |z7| = 5. Let w be an element of order 5 in H. Then w acts
fixed point freely on (z,r,ry, ). Hence all orbits have a length divisible
by 5. Now by (2) and (3) there are HNCg(z)-orbits of length 3,3,4 left.
This shows that we must have an orbit of length 10. But then r ~ rz
in G, which contradicts (1).

So we have shown that 2NCg(2) = {2z}, which contradicts Lemma 2.2.
This proves the lemma. U

Lemma 5.15. A, % Spy,(2), n > 3.
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Proof. Suppose A, = Sp9,(2). Then by [MaStr, Lemma 2.21] and
Lemma 2.22 we see that Cg(2) = Cs(A,) x A,. By Lemma 2.18 we see
that Q,(Z(9))NA, < 5. As 2z ¢ S’, we have that 2N (Z(S))NA, =
(). Application of Thompson transfer Lemma 2.2, now yields the con-
tradiction z € G. O

Lemma 5.16. A, 2 Ag or Uy(2).

Proof. Suppose false. As a Sylow 2-subgroup of Aut(U,(2)) is isomor-
phic to one of Yg, treat Ag and Uy(2) using similar argument. Set
(t) = Z(SNA.), then Q(Z(5)) = (z,t). We have that C(2,(Z(S5))) =
(301 CalAs)) X (Qs + Qs)%s) o1 (SN CalAL)) x ((Qs * Qs)Ss)) - 2
depending on whether C(z)/Cs(A,) = As or Xg and C(1(Z(S))) =
(SNCa(A:)) X ((Qs*Qs) (X3 x Z3)) or ((SNCe(A:)) X ((Qs*Qs)) (X3 X
Z3))-2 depending on whether Cg(2)/Cs(A,) = Uy(2) or Uy(2) : 2. Now
2 & [Ca(21(Z(9))), Og(Cg( 1(Z(S5))))] while ¢ is. This shows

(%) XNQ(Z(9) = {2}
If Co(z) =2 Ca(A,) x A, or Cg(A,) x A, : 2, we get a contradiction
by application of Lemma 2.2. So we have

(1) Ca(2)/Cq(A,) = Xg or Uy(2) : 2. Furthermore there is no
involution in Cg(2) \ A.Cq(A,), which centralizes C(A.,).

Let F be the elementary abelian subgroup of S N A, corresponding to
((12)(34), (13)(24), (56)(78), (57)(68)). Then this is the only elementary
abelian subgroup of order 16 in SNA,. Set £ = (SNC(A,))x F, then E
is an abelian subgroup of S of type (27,2, 2,2, 2), where 2" = |Cs(A,)]|.
As g and Uy(2) : 2 possess no elementary abelian subgroups of order
32, and no involution in Cg(z) \ A.Ce(A.) centralizes Cs(A,), we see
that F is the only abelian subgroup of this type in S. Hence Ng(FE)
controls fusion in F. As all involution in A,Cg(A,) are conjugate into £
in Cg(2), we see that Ng(E) controls fusion of involutions in A,Cg(A.,).
We are going to show

2) 26N Cs(A)A, = {2).

If n > 1, then we have that (z) = ®(F) and so Ng(E) < Cg(2),
which implies (2). So we may assume that Cs(A,) = (z) and so F is
elementary abelian. We have that N4_(F) induces two orbits on F* of
length 6 and 9 in case of Ag and of length 5 and 10 in case of Uy(2).
Hence N4, (E) induces orbits of length 1,6,6,9,9 or 1,5,5,10,10 on E*. As
N¢(E)/E is a subgroup of GLs(2) and neither 11 nor 13 divides the or-
der of GL5(2), we see from (x) that z has one or seven conjugates under
N¢(FE) in the case of Ag and one or 21 conjugates in the case of Uy(2).
So assume first that z has 7 conjugates. Then |Ng(E)/E| =2%-3%-7.
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As this is a subgroup of GL5(2), and as the normalizer of a Sylow 7—
subgroup in GLs(2) is isomorphic to X3 x Fy, we see that a Sylow
7-subgroup of Ng(FE) is centralized by some element of order three in
Ng(E). As |2NeB)| = 7, we see that this 3-element has to centralize
2Ne(E) But this orbit generates E, a contradiction. So we have again
N (E) < Cg(z), which proves (2). If z has 21 conjugates, then by (x)
we have two orbits of length 5 under Ng(E). But one of theses orbits
generates I’ and so F' is normal in Ng(F). This contradicts the fact
that z is conjugate to elements in the orbit of length 10 in F'. Hence
also in this case we have (2).

Suppose now that 2 NS # {z}. Then there is some i, i ~ z which
induces an outer automorphism on A,. From (1) we get that Cs(A,) >
(z) and so i ~ iz. Now conjugacy happens in Ng(E;), where E; =
(z) x((1,2),(3,4),(5,6),(7,8)). In both case A, induces a group of or-
der 2° - 3 on E;. We have that Neg(.)(E1) induces two orbits of length
8 on F; \ A.Cg(A,). Hence by (2) we get that [zV¢(E1)| = 9. Then
|INa(E,)/Cq(Ey)| = 2%- 33, but 3% does not divide the order of GLs(2).
This shows z¢ N S = {z}, contradicting Lemma 2.1, which proves the
lemma. U

Lemma 5.17. We have A, % Lo(p), p a prime, p > 5, Ag, Sz(q), q
even, L3(4), L3(3) or M.

Proof. Suppose false. If ©,(Z(S5)) < Cs(A.)A,, then (z,Q,(Z(S5)) N
A = N (Z(9)). If Q1(Z(S)) £ Cs(A,)A,, then A, possesses an in-
volutory outer automorpism, which centralizes a Sylow 2-subgroup of
A,. Application of [MaStr, Lemma 2.26] shows Cg(2) = Cg(A,) X .
In this case we have ;(Z(95)) = (2, z,t), with z € A,, where t induces
the Xg—automorphism.

First we show

(1) 2N (Q(Z(5)) N A Cq(AL)) = {2}

If 0 (Z(5)) = (2,2,t), then Cg(z) = Cey)(A:) x 36 and so (x) =
S'NQ(Z(9)). In particular z # x in Ng(S), as z € S’. This shows
that [N (Z(S))] =1 or 3, as [zNe(@1Z(S))]| has to be odd. Suppose
that we have three conjugates. Let p be some element in Ng((z,t,z))
which induces an element of order three. Then (z) is fixed by p and so
p acts fixed point freely on (z,x,t)/(x). This implies that z % zz. In
particular 2% N (z,x) = {z}, which is (1). Of course (1) also holds if
24 N0(Z2(9)) = {=}.

So we may assume that Q;(Z(5)) = (2, (Z(S))NA,). By Lemma 2.32
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all involutions in ©,(Z(5)) N A, are conjugate in A,. Hence we may
assume that 2% N Q1 (Z(9)) = Q1 (Z(9))*.

First let A, = Lso(p), As, L3(3), or M;y;. Lemma 2.5 implies that
0 (Z(5)) = (x,z). Suppose that there is some automorphism g of
S of order three, with z9 € A,. We have SN A, <S. Hence (SN
AP N(SNA)ISNA,. Assume that (SN A) N (SN A,) # 1L
Then Q(Z(S)) N A, = (x) < (SN A,)? and the same applies to z9.
In particular ©Q,(Z(S5)) < SN A,, a contradiction. So we have that
(SNA)N(SNA,) =1. Now we get (SNA,)? <Cu(SNA,). As there
is no subgroup isomorphic to (SN A,) x (SN A,)Y in A,Cs(A,), recall
that Cs(A,) is cyclic, we have that (SN A,)? contains some outer au-
tomorphism of A, which centralizes S N A,. By [MaStr, Lemma 2.26]
we get A, = Ag and this automorphism is a Yg—automorphism. As
SN A, = Dg, we now get that Cs(A,) = Z, and then S = Dg x Dsg,
but this group has no automorphism of order three and the order of ¢
was three.

Let now A, = Sz(q), ¢ = 2*"™'. Then by Lemma 2.22 we get S =
(SNA,) x Cs(A,). But Q1(Z(S))N A, <5, as S is not abelian. As
z ¢ S we get (1).

Let now finally A, = L3(4). By Lemma 2.23(3) any elementary abelian
subgroup of order 16 in Aut(Ls(4)) is contained in L3(4). According to
Lemma 2.20 there are exactly two elementary abelian subgroups Uy,
Us of order 16 in SN A,. Hence in S there are exactly two abelian sub-
groups of type (2", 2,2,2,2), where |Cg(A,)| = 2". Then the conjugacy
in Q,(Z(5)) takes place in the normalizer of Cg(A,) x U;. As A, in-
duces an orbit of length 15 on the involutions of U; and |zNe(Cs(A4:)xU1))
is odd, we may assume that z possesses 31 conjugates. This then would
imply that |Ng((z,U1))/Cc({(z,Uy))| = 2*-3-5- 31, where a = 2 or
3. So by Sylow’s theorem N¢g((z,U;))/Cs({z,U;)) must have a normal
subgroup of order 31, a contradiction to the structure of GL5(2). So
we have proved we have that 26 N Cs(A,) x Uy = {2z}, which is (1). In
particular (1) holds in all cases.

As A, has just one class of involutions, we have that
(2) 24N (Az % Cogran(2) = {2}

By Lemma 2.1 we get some t € S, t # z with t ~ z in G. So by (2)
t has to induce an outer automorphism on A,. By Lemma 2.22 and
Lemma 2.12 we see that A, 2 M;; or Sz(q).
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Let first ¢ induces the Yg-automorphism on A,. Then we have that
Cs(t) = Clogan (1) x (S0 AL) x (1),

As z~tand t & ®(Cs(t)), we see that z ¢ ®(Cs(t)), so

(%) Cosan)(t) = (2).

This now shows that Cg(t) = E; Es, where E; are elementary abelian
of order 16, ¢ = 1,2, and Cy_(t) = 4. We choose notation such that

Ey = (z,t,r,s),(r,s) = E1NA,, E1 A Cey)(t).

Then N4, (E;) induces in E§ orbits of length 1,3,3,3,3,1,1 with repre-
sentatives z, t, zt, r, zr, tr, ztr, respectively.

Suppose first that zVe(F) £ {21 Assume further that ¢t ~ zt in
Ca(2) N Na(Er). As Naya,y(Er) < B, there is some u € Cg(A.) with
t* = tz. This shows that N¢,(.)(F1) induces on E; orbits of length
1,2,3,3,6, with representatives z, ¢, r, zr, tr, respectively. By (2) we
have that z 4 r and z ¢ zr. Hence (z,7,s) is generated by involu-
tions which are not conjugate to z in G. As z¢ N (z,r,s) = {2}, we
see that (z,7,s) must not be Ng(F;)-invariant. In particular tr ¢ z,
too. Now z has seven conjugates under Ng(FE;). As this number is odd,
we have that Ng(F;) is a Sylow 2-subgroup of Ng(E)). In particular
as 1 € Z(Ng(E))), we have that both |[rNe(EV| and |(zr)Ne(EV| are
odd. As z € (zr,zs,zrs), we see that [rVo¢(P1)| = 3 and so (r,s) is
normal in Ng(FE1). Let v be an element of order 7 in Ng(FE4). Then
[v, (r,s)] = 1. Furthermore also [E;/(r, s),v] = 1, which gives the con-
tradiction [Ey,v] = 1, but 2 # 2. But as z2¢ N 2(r,s) = {z} and
tY N t(r,s) contains ¢ and ts, we get a contradiction.

So we have that ¢ o tz in Ngg, ) (£1). In particular [t,Cs(A,)] =1
and so Cs(A,) = (z) by (*). This again shows that Cs(z) contains a
Sylow 2-subgroup of Ng(E)), i.e. [2N6(PV| |pNa(EV| and |(zr)Ne(BY)|
are all odd. Further z o4 7 o4 2r o4 z by (2). In particular ¢ is not conju-
gate to r or zr. Counting orbits we see again that either [rNVo(P1)| = 3
or |(zr)Ne(P1)| = 3. As above we see the later is not possible, so zr has
5 or 7 conjugates and (r,s) < Ng(E;). But then p-elements, p = 5 or
7, have to centralize E;, a contradiction.

So we have shown that

ZNelBY) — [2],
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Assume now that Ng(Cs(t)) £ Cg(z). Then we have that Ng(Cs(t)) £
N¢(FE7). This means that there is some g € Ng(Cs(t)) with EY = FEs.
In particular (29)Ve¢(#2) = {29}, We have that E, is normal in Coy () (t).
So Ny, (E,) induces orbits of length three and exactly three orbits of
length 1 with representatives z, ¢t and zt. If ¢ ~ 2t in Ng,(.)(t), then
there is exactly one Ng(FEs)-orbit of length 1, which is {z}. But then
29 = 2z, a contradiction. This again shows that [t, Cs(A.)] = 1 and then
Cs(A,) = (z). As there are exactly two elementary abelian subgroups
of order 16 in S, we see that o(g) cannot be odd. This implies ¢ & Z(S).
Hence we get that there is some u € C(z), which induces an additional
outer automorphism on Ag, in particular we may assume that £y = Fj.
Now gu € Ng(Ey) < Cg(z). But then g € Cg(2), a contradiction. So
we have shown

(3) If A, = Ag, then t does not induce a ¥g — automorphism.

Now (3) together with (1) imply that

(4) N0 (Z(8)) = {z}.
Again by Lemma 2.1 we get
(5) ze s

By Lemma 2.22 or Lemma 2.12 we have that ¢ is not a square in Cs(t).
Hence we also have that z is not a square in Cg(t). This gives that

(6) Ces(a)(t) = (2).
We next show
(7) t ~tzin Cg(z).

This is true if Cg(A.) > (2) = Cegya,)(t) by (6). So we may assume
that Cs(A,) = (z). By (5) we have z € §’. In particular there is some
s € S with t* = tzj, where j € A,NS. As by (3) all involutions in A,¢
are conjugate to t, there is some g € A, with (¢5)9 = t. Hence (7) holds.

We now come to the final contradiction. We have that €, (Z(Cs(t))) =
(z,t,X) = F, where X < A,. Assume first that 2V¢(F) = {2} Then
Cs(t) is a Sylow 2-subgroup of Cg(t) and so t € Z(5), as t ~ z in G.
But then A, = Ag and t induces a Yg—automorphism, contradicting (3).

So we have zVe¢(F) o£ {21 By (2) we have that (2, X) is generated
by involutions which are not conjugate to z in G. Hence t(z, X) must
also contain such involutions, as z¢ N (z, X) = {z}. But by (3) and
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Lemma 2.37 all involutions in tX are conjugate and by (7) t ~ tz in
Ce(2), so all involutions in ¢(z, X) are conjugate to ¢t and thus to z, a
contradiction. This final contradiction proves the lemma. U

Now we are going to prove Proposition 5.2. Besides the groups we have
excluded in Lemma 5.14 through Lemma 5.17 we just have to exclude
the groups A, = L4(3), Us(3), L2(q), ¢ even and M (23). The first three
cases have been handled in Lemma 4.3 and Lemma 4.4 where groups
show up which are in the statement of our theorem, so G is not a
counterexample. The last has been handled in [MaStr, Lemma 4.14].

6. SOME 2-LOCAL SUBGROUPS

We continue with the assumption that G is a counterexample to the
main theorem. Hence there is some z € Q;(Z(S)) such that A, is stan-
dard. By Proposition 5.1 we have that A, is simple. Furthermore by
Proposition 5.2 we have that A, is a group of Lie type of characteristic
two or Jy or M(24)’. Remember that among the groups of Lie type
in characteristic two the group A, is not isomorphic to one of Ly(q),
Sz(q), 2Fy(q), q even, Lz(4), Go(2)', L4(2), Ag or L3(2). The aim of
this chapter is to derive a contradiction, which then proves the main
theorem.

For this chapter we fix the following notation. We denote by S a Sylow
2-subgroup of G with z € Z(S). By R we denote a fixed root group
in (Z(SNA,)) if A, is of Lie type and just Q;(Z(SNA,)) if A, is
sporadic. By Qg we denote O3(C4_(R)). As A, is normal in Cg(z) we
see that

Lemma 6.1. |Q,(Z(5))| > 4.

The first step towards deriving a contradiction it to show the existence
of a group N such that S < N, N £ Cg(z) and F*(N) = Oy(N)
(Lemma 6.5 and Lemma 6.6). Among these groups we choose N mini-
mal with this property. In Lemma 6.11 and Lemma 6.12 we determine
the structure of N. Here Lemma 3.20 and Lemma 3.21 come into the
game. The key fact for us will be to show that there is some t € Z(N),
t # zand t € A,. Furthermore we will see that A, is one of the two
sporadic groups or defined over GF(2). In particular we get that Qg is
extraspecial.

At this point we turn our attention to Cg(t). We show that also C(t)
has a standard component A;. Then we can show that Qr < A, N A;.
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This is sufficient to show that eventually A, will be isomorphic to A,.
With this information we get that /N is isomorphic to a minimal par-
abolic in A, and A; as well. Now both of these groups induce some
action on (Z(O3(N))). This together with the fact that ¢t % z in G
eventually yields the desired contradiction.

Now we are going to show the existence of a suitable N. But first
a technical lemma.

Lemma 6.2. Let x € ,(Z(S5))\ Cs(A.) and K < Cepyz)(z) such that
K =D{xDyx---xD,,, m>1, Dy dihedral of order 2", quaternion of
order 8 or isomorphic to SLs(3) * SLy(3) and there are sy, ...5, € S
such that D; = D', i =2,...,m. Then K is not normal in Ccyz) ().

Proof. Suppose false. We first will treat the case of A, = Sp4(q), ¢ > 2,
as in this group there is some x such that C4, () is a 2-group. We fix the
following notation. According to Lemma 2.21 there are two elementary
abelian subgroups E1, Es in A, NS of order ¢* such that E1E, = SNA,
and E1 U Ey = Q1(S N A,). Furthermore £y N By = Ry Ry, where Ry,
Ry are the two root subgroups such that Ry Ry = Qi (Z(SNA,)). We
now set

Fy={(2,E),i=1,2, and S; = SN A,Cg(A,).
We first show
D, is dihedral.

Obviously Dy 22 SLs(3) % SLa(3). So let Dy be quaternion. Then
0 (K) = Z(K). Assume Dy < Sy. Then [Ey, D] < Ej andso [Dy, Ey] <
Z(K). As |Dy : D1 N Ey| > 4, we see with [MaStr, Lemma 2.67] that
Z(SNA,) <[Dy,Ei]. As |K| = |Z(K)|?, we now get |K| > ¢°. But
1€2(51)] < 4¢*, a contradiction. So we have that D; £ S;. Choose
u € D1\ Sy. If [u, E1] < Ey, then by Lemma 2.21 and Lemma 2.22 we

see that u induces a field automorphism on A, and so |[Fy,u]| = r3,

where ¢ = r?. Again [Ey,u] < Z(K) and so KN A, < Ca_([E1,u]). As
[Ey,ul £ Z(A, NS), we see that Cgna.([E1,u]) = F;. Hence we have
that [Ey,u] = K N A,. But the same applies to Ey. So [Ey, u] = [Es, ul,
which is impossible as £y N Ey = Z(SN A,). This shows that E}' = E.
Then |[Ey,u] : [E1,u]NZ(SNA,)| = q. Again by [MaStr, Lemma 2.67]
we get that Z(S N A,) < [[E,u],SNA,]and so Z(SNA,) < Z(K).
But then [Ry,u] = 1, while we have R} = R,, a contradiction.

So we have shown that D; is dihedral. We fix the following notation:

Dy = (x1,25), where 23 = 13 = 1.
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Let first m = 1. We may assume that [Ej,z1] # 1. In particular
1 Q El' If [E1,$1] S El' then |<[E1,.T1],IE1>’ > 2q > 8. But there
are no elementary abelian subgroups of order 8 in D;. So we have that
RT* = Ry and again |([Ry Ry, x1],x1)| > 2¢ and this group is elemen-
tary abelian.

So we have ptoved that m > 1. Now we set
Dy = (y1,y2), where we choose notation such that z* = y;,i = 1, 2.

Suppose first that D; < .S;. Then as S; is normal in S, we have K < 57.
As Q1(S1) = Fy U Fy, we may assume that z1y; € Fy. As [x1,29] # 1,
we get xoys € Fy. Now we consider the involution xzoy; € K. We have
(2191, X2y1] # 1 # [T2ya, T2y1], SO X2y1 & F1 U Fy, a contradiction.

So we may assume that z; € S;. By Lemma 2.22 we have that S/.5;
is abelian. Hence z12]* = 21y, € S;. Furthermore also xoy, € S;. So
we may assume that z1y; € Fy and xoys € Fy. As [x1y1, 22ya] # 1,
we see that x1y;, xays both are not in Z(S;). As [x1,x1y1] = 1, we
see that x1 normalizes E; and induces a field automorphism on A,.
In particular it also normalizes Fy and so we get that K normalizes
E;, i = 1,2. As the group of field automorphisms is cyclic, we get
|K : KNS;| = 2. We consider the involution x1ys. As above we get that
T1ye & S1. But then yo = z121y, € S and so also xo € S;. In particular
(%9, Z(D5)) is normal in Dy, which shows that D; is dihedral of order 8.
As [zg, xoys] = 1, we have xq,ys € Fa. As [x1y1, T2] # [x1y1, Yo, We see
that |(z2,y2, Z(51))/Z(S1)| = 4. Now application of [MaStr, Lemma
2.67] shows that [(xq,y2), E1] = R1 Ry and so R1Ry < K. As z; induces
a field automorphism on A,, we have that |R1 Ry : Cg, g, (21)| = q > 2.
On the other hand |K : Ck(z1)| = 2, a contradiction. So we have shown

(1) A, % Spa(q).

By Lemma 2.23 we have that z € Cg(4,) x A,. Hence x = z'r where
1#reZ(SNA,)andi=0,1.

We assume first that » € R and show

Suppose false. As [Oy(K),Cya,(r)] < Qr, we see from [GoLyS3, Table
5.3] for the two sporadic groups and by application of Lemma 2.27
in the case A, a group of Lie type that A, = L3(16) and some el-

ement k& € K induces a graph/field automorphism on A,. In par-
ticular K = Oq(K). So Ca,(k) = Us(4). As Z(K) < K', we have
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Z(K) < Cg(A)A, and Z(K) < C(k). Hence |Z(K)| < 8. In Cy_(k)
we have some element w of order 5, which centralizes Z(K) and x.
Hence this element has to normalize any quaternion group or dihedral
group in K modulo Z(K) and so it has to centralize K. As w acts fixed
point freely on Qr/R, we see that K N A,Cs(A,) < Z(K)Cs(A,). But
then K cannot be normal in S. So we have (x).

As Z(K) < K'and Cg(A,) is cyclic, we get by (%) that KNCg(A,) = 1.
As Cs(A,)A,/Cs(A,) =2 A,, we may assume x = 7 and Oy(K) is a
subgroup of A,. Now Oy(K) < Oy(Cy,(r)), as K is normal in Cy_(R),
which gives that O9(K) is of class two and Z(K) < O5(C4.(r)) = R.
But then any Oy(D;) has to be normal modulo R, which gives that
C4.(r) has a normal dihedral group, quaternion group or Qg * Qs. For
A, % L3(q) we receive from Lemma 2.17, Lemma 2.18, Lemma 2.19 or
[MaStr, Lemma 2.10] that C'4_ (r) induces at most two nontrivial mod-
ules on O9(Ca.(1))/Z(02(Ca.(r))). We conclude that we must have
exactly two such modules and Cy4, (r) induces Z3 or X3, or m = 1 and
O5(C4, (1)) is dihedral of order eight or isomorphic to Qg * Qs. This
then implies that we are over GF(2). Hence we just have the groups
excluded by Proposition 5.2. In case of A, = L3(q), ¢ > 2, by [MaStr,
Lemma 2.39], we have that R = Z(K) and so as |Oy(K)| > |Z(K)?,
we see K = QQg. As ¢ > 2, we have m > 1. But Qg is not a direct
product of m dihedral groups.

So we may assume that r is not a root element. In particular A, =
Fy(q) or Spa,(q). In the latter by (1) we have n > 2. We first show
that (x) holds again. Set X, = C4.(Z(SN A,)). Then we have that
[02(K), X,] < O9(X,). Assume that there is some t € Oy(K) such
that ¢ induces an outer automorphism on A,. As A, % Sps(q), we
have that E(X,/05(X.)) is a nonsolvable group and by Lemma 2.22
any outer automorphism of A, induces a nontrivial automorphism
on this group. Hence (%) holds. So as above we may assume that
(x, K) < A,. As O3(X.)/O2(Cr,.(R)) is elementary abelian, we see
that Z(K) < 05(Ca,(R)).

Let first A, = Spa,(q). Assume furthermore Z(K) € Z(O2(Ca,(R))).
Then Z(K)/Z(K)NZ(03(C4a,(R))) is a natural Spa,—4(q)-module. We
1}11ave that Co,(cn. (m) (Z(K )) Z(K)Z(05(Ca.(R))) =2 KNO2(Ca.(R)).

|05(K)Z(02(Ca.(R))) : Z(K)Z(02(Ca.(R)))]
<O(X2) : O(Ca.(R))| = q = 2",
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This shows that m < t. As |Z(K)Z(02(Ca.(R)))/Z(0O2(C4a.(R)))| =
2t@n=4) > 92 as n > 2, and 2% > 2™ we get a contradiction to
|Z(K)| = 2™. Hence Z(K) < Z(03(Ca.(R))). But now O?*(X,) cen-
tralizes Z(K), i.e. O5(K) < Co,x.)(0*(X.)), or O*(X,) induces a
3-group on Oy(X,).

Assume first that [0%(X.),0o(K)] = 1. Then K £ Oy(Ca.(R)), as
Coscr m)(0*(X.)) = Z(0ACa(R))). Take u € K \ 05(Cy ().
Then [u, O3(Ca.(R))] < O9(Ca.(R)) N K < Z(03(C4,(R))). But this
contradicts Lemma 2.18.

So assume that O?(X,) induces a 3-group on Oy(X,). Then application
of Lemma 2.18 yields A, = Spg(2). But this contradicts Proposition 5.2.

So we are left with A, = Fy(q). As there is no 3-group, which central-
izes Cy (Z(SNA,))/O2(Ca (Z(SNA,))), we see that K = O(K). By
Lemma 2.17 C4_(03(Ca.(R)))/Z(02(Ca.(R)))) < Os(Ca.(R)). Now
assume that O2(Cy, (R))NK < Z(02(Cy4,(R))). As [K,05(Ca.(R))] <
KNOy(Ca(R)), we get K < Oy(C4,(R)). But then K would be ele-
mentary abelian, a contradiction. Hence

() Oa(Ca.(R)) N K £ Z(05(Ca.(R)))

and so as Oz(C4_(R))N K is normal in O5(C4, (R)) we get R < K. But
in case of Fy(q) we have two roots with isomorphic centralizers. Then a
similar argument shows that Z(S N A,) < K. As O4(X,)/O02(C4.(R))
is elementary abelian and Z(K) < K’, we have Z(K) < O3(C4,(R)).
Assume first Z(K) = Z(S N A,). Then O*(X,) centralizes K. But
by Lemma 2.17 we have that O(X,)/Z(S N A,) has a normal sub-
group which is a direct sum of two natural Sps(q)-modules whose fac-
tor group is a direct sum of two natural Q5(¢)-modules. This implies
that Co,cu. (r)/z(ca. (r)(O*(X:)) = 1, which contradicts (+x). So we
have that Z(K) > Z(A,NS). Hence by Lemma 2.17 we have that either
1Z(K)/2(K) N Z(0s(Cin, (R)))| = ¢* or |Z(K) 0 Z(Os(C.n, (R))| > .
In both cases we have that |Z(K)| > ¢ and so as |K| > |Z(K)|?,
we get |K| > ¢'®. In particular there is some proper normal subgroup
of order at least ¢'®. But now the structure of X, as described before
shows that K = O9(X,). Then Z(K) < Z(02(X,)) = Z(A.NS), a
contradiction. U

Next we set

N ={N|N<GZS)) <N £ Ca(z),1 #0s(N) < S}.
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The group N we are looking for will be in this set A/. So we first show
that AV is not empty.

Lemma 6.3. There exists 1 # S; < S such that Ng(S1) £ Ca(z).
Among those choose Sy such that |Ng(S1) N Ceq(z)|2 is mazimal. Then
(i) Ng(S1) € N, in particular N # (.
(i) Ng(S1) NS € Syla(Cng(si)(2)) € Syla(Ne(S1))-
(ili) If Ne(S1) NS is not a Sylow 2-subgroup of G, then Ng(S N
N¢(51)) < Ca(z).

Proof. As Cg(z) cannot control fusion in Cg(z) by Lemma 2.1 we have
that Cg(z) is not strongly 2-embedded in G. Hence there is some 1 #
S1 <8 with Ng(S7) £ Ca(z). Now we choose S; such that |Ng(S7) N
Ce(2)]2 is maximal. Obviously Q4(Z(S)) < Ng(S1). Set T' = Ng(S1).
Then S; < T. Let Ty be a Sylow 2-subgroup of Cpyys,)(2), which
contains 7. Then there is some g € Cg(z) with 7{ < S. We have
|S N Ng(S1)9] > |S N Ng(S1)]. As S{ < S and Ng(S1)? £ Cg(z), we
have by the choice of Ng(Sy) that T = Tj is a Sylow 2-subgroup of
Cng(siy(2). If T =S, we have the assertion (ii). So assume 7" # S. In
particular Ng(7') > T Hence by the choice of S; we have that Ng(T') <
Ca(z), which is (iii). As T is a Sylow 2-subgroup of Cys,)(2), this
shows that 7" is a Sylow 2-subgroup of N¢(Si), which finishes the
proof of (ii). In particular O9(Ng(S1)) < T' < S, which shows that
N # (), which proves (i). O

Lemma 6.4. Set Ny = {U | U € N with |U N S| mazimal}. Choose
N € Ny minimal by inclusion. Then N is a minimal parabolic where
Cn(z) is the unique mazimal subgroup of N containing N N.S. Fur-
thermore we have:

(i) If £ is normal in N and E < Cg(2), then SN E is also normal
in N.
(ii) E(N) = 1.
(iii) O(N) < Cg(z) and Oy o(N) = Oo(N)O(N).

Proof. Recall that by Lemma 6.3 there is such an N € N. Further we
have that T'= SN N is a Sylow 2-subgroup of N.

The minimality of N then shows, that for M < N and T' < M we
have M < Cg(z). Therefore N N Cg(2) is the only maximal subgroup
of N containing 7', which means that

N is a minimal parabolic with respect to T.

Let now E be normal in N. Then we have that N = Ny(ENT)E. If
E < Cg(z), then Ny(ENT) £ Cg(z) and so by minimality we have
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that N = Ny(ENT), which is (i).

Assume there is some involution = € Z(N). Then Cg(z) £ Cs(2). Let
Ty < Cg(x) with [Ty : T| = 2. Then as Ng(T') < Cg(z) by Lemma 6.3,
we see 71 < Cg(z). This implies that there is some g € Cg(z) with
7Y < S. In particular |S N Cg(x?)] > |S N N|. So we may apply
Lemma 6.3 with (x9). This implies the existence of some S; < S such
that Ng(Sl) € N and |N(;(Sl) N Cg(2)|2 > |Cs($g)| > |Nﬂ S|, which
contradicts the choice of N. So we have that T is a Sylow 2—subgroup
of Cg(z), in particular Oy(Ce(z)) < O2(N). We collect:

(1) If 1 # 2 € Z(N) is an involution then
T is a Sylow 2-subgroup of Cg(z).

Assume now E(N) # 1. Then by (i) we have E(N) £ Cgs(2) and so
N =E(N)T.Let E(N) = N;---N,. As E(N)T is a minimal parabolic
we have that Ny Np(V;) is a minimal parabolic with respect to Np(Ny).
As [O2(N), E(N)] = 1, we have z € O(N). So the maximal subgroup
containing the Sylow 2-subgroup is Cy, (2)Nr(Ny), the centralizer of
an involution. Hence by Lemma 2.39 we get that

(2) N; is a group of Lie type in odd characteristic.

Choose = € Z(N) an involution, which exists as Oy(N) # 1. By
(1) we have that T is a Sylow 2-subgroup of Cg(x), in particular
O2(Cg(x)) < O2(N) and then [E(N),Os(Cg(x))] = 1. This shows
that E(N) < E(Cg(z)) (recall that O(Cg(x)) = 1 by the general as-
sumption).

Assume first that Ny is not conjugate to La(p), L2(9), L3(3), La(3),
Uys(3) or PSpy(3). It follows that NV; is not a component of Cg(z), as
now by (2) Ny & Cy. Furthermore from Lemma 2.39 we get that Cy, (2)
has a component K7, which is a group of Lie type in odd character-
istic. Let K be some component of Cg(z) with Ny < K. As by (x)
we see that N contains a Sylow 2-subgroup of Cg(x), we have that
[K1,02(Ceya)(2))] = 1. This shows that also C'x(z) has a component.
As K € Cy and z centralizes a Sylow 2-subgroup of K, we get with
[MaStr, Lemma 2.26] that either z induces an inner automorphism on
K or K = [4(3) and then z has to induce an outer automorphism,
which then is a graph automorphism, which centralizes L = PSp4(3)
in K. Now K7 < L. But as PSp,(3) = Q276(2) we get with the Borel-
Tits-Theorem, that all subgroups of L containing a Sylow 2-subgroup
of L are constrained, in particular do not have components, a contra-
diction. So we may assume that z induces an inner automorphism on
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K. With [MaStr, Lemma 2.22] we see that K cannot be a group of
Lie type in characteristic two. Further as centralizers of involutions in
L3(3), G2(3), Uy(3) are solvable by [MaStr, Lemma 2.20], Lemma 2.7,
Lemma 2.6 respectively, these groups are also not possible. The cen-
tralizers of 2—central involutions in the sporadic groups are given by
[GoLyS3, Table 5.3]. From there we see that only M (23) possesses a
2-central involution, whose centralizer has a component. In M (23) this
component would be 2M (22), which is not a group of Lie type in odd
characteristic. Hence K; # 2M(22). But then M(22) must contain a
subgroup L, which contains a Sylow 2-subgroup and a normal subgroup
which is a product of groups of Lie type in odd characteristic, contra-
dicting [GoLyS3, Table 5.3].

Hence we have that
(3) Nl/Z(N1> = Lg(p),p > 5, Lz(g), L3(3),L4(3), U4(3> or PSp4(3)

In particular N; € Cy. By Lemma 2.39 we get that Ny/Z(N;) 2
U(3) or PSpy(3). If N1/Z(Ny) is isomorphic to La(p) or Lsz(3), then
Ql(Z(NT<N1)/CT(N1))) S Nl. If N1 = AG; then as NT<N1>N1 i1s a min-
imal parabolic there is some element in Np(N7), which interchanges the
two subgroups isomorphic of 34. So also Q1 (Z(Np(N1)/Cr(Ny))) < Nj.
In case of Ny/Z(Ny) = Ly(3) = Qf(3), we see from Lemma 2.39 that
also a graph automorphism is induced by 7T'. This then again implies
Q1 (Z(Np(Ny)/Cr(Ny))) < Nyi. As Ny 2 Lo(5), we have by Lemma 2.13
that |Q(Z(Np(Ny)/Cr(Ny)))| = 2.

We have 2,(Z(S)) < N by the definition of N. Further we have
12.(Z(5))] > 4 by Lemma 6.1. As Z(S) centralizes T'N Ny it nor-
malizes Ny, we get that Q(Z(S)) N C(Ny) # 1. As T acts transitively
on the components of N,we get that Q,(Z(S))NC(E(N)) # 1.

So we may assume

(@) x € Z(S) and then T'= S. Further N; < K
for K some component of Cg(z).
Now we show that

(5) K:Nl OI'K%JMll.

There is 73 < T such that M, = (NlTl)Tl < K and M, contains a
Sylow 2-subgroup of K. If K is a group of Lie type in characteristic 2,
then by [MaStr, Lemma 2.15] we have that K = Ny, as M; would be a
parabolic subgroup. This proves (5). If K is a group of Lie type in odd
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characteristic, the list Cy shows that K/Z(K) = Ls(p), L2(9), L3(3),
L4(3), Uy(3) or Go(3). As the centralizer of a 2-central involution in
K is solvable ([MaStr, Lemma 2.20], Lemma 2.7, Lemma 2.6), we see
that Oy(M;) = 1. Now the order of L,(3) is divisible by 3% -5 - 13,
so we get Ny = K in case of Ny = L4(3) or G5(3). Also the order
of L3(3) is divisible by 13, which shows Ny = K or M; < L4(3) in
case of Ny = L3(3). Suppose the latter. By [MaStr, Lemma 2.21] and
Lemma 2.22 we have that |Aut(L3(3)| = 2° - 3% - 13, which contradicts
|K|y = 26 and Oy(M;) = 1. So it remains N; = Ly(q). If Ny # K,
we see that K = L3(3), L4(3), Us(3) or G2(3). As p is a Fermat or
Mersenne prime and p > 5, we see that Ny = Lo(7) or L2(9). As nei-
ther 5 nor 7 divides the order of L3(3), we get K 2 L3(3). As 25 does
not divide |[Aut(N;)|, we get that Ny x Nf < K. But then 5% or 7% has
to divide |K|, which is not the case. This proves (5) in case of K a
group of Lie type in odd characteristic.

So we are left with K a sporadic simple group. Suppose first that
Cr,(N7) = 1. Then by Lemma 2.10 we get M; = Mg and K = My,
which is (5). So assume K % M;;. Then Cyy, (Ny) # 1. If My = (N[)T}
has 2", n > 1, many components isomorphic to /Ny, there is some in-
volution y € My, which centralizes in T} a subgroup of index two and
2"~1 of these components. In particular in both cases C(y) possesses
a component K. By [GoLyS3, Table 5.3] we see that K = M(22) or
M (23). The same is true if Oy(M;) # 1, where y € Z(M;). Now the
situation in K is the same as in K and so K /Z(K) cannot be a group
of Lie type in characteristic 2. As K /Z(K) = Ug(2) for K = M(22), we
get K = M(23) and K/Z(K) = M(22). The odd part of the order of
M (23) implies that there are at most two components Ny, N in M;.
If there are two of them, we have with [GoLyS3, Table 5.3u] and (1)
that N; = Ly(9). Now in any case we see that |M;/Oy(M;)]y < 2.
Hence |O5(M;)| > 4. So we may choose y € Z(T}) and then we have
the same situation in Cx(y)/(y) = M(22). Now we get a contradiction
with the same arguments as for K = M (22).

So we have shown that either K = N; or K = Mj; In any case we
have that Ck(z) is dihedral or isomorphic to GLs(3) or in case of
L4(3) contains a normal subgroup SZLs(3) % SLy(3). This shows that
Ca(z) N Cg(z) has a normal subgroup which is a direct product of
dihedral, quaternion groups or groups isomorphic to SLs(3) % SLy(3),
which are permuted by S. This now contradicts Lemma 6.2 and so we
have (ii).
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Assume now O(N) # 1. We first show O(N) < Cg(z). So assume
false. Then by the minimality of N we have that N = O(N)T. Again
there is some involution = € Z(N). By (%) T is a Sylow 2-subgroup of
Ceo(z). As [02(Cs(2)),O(N)] = 1 and O(Cg(z)) = 1, we must have
that E(Cg(z)) # 1. As [T, O(N)] < O(N), we see that O(N) normal-
izes any component K of Cg(z). Further a Sylow 2-subgroup of K has
to normalize some nontrivial group of odd order of its automorphism
group. As K € Cy we get by Lemma 2.29 that K = L3(3) or My;.
Set K; = (KT) and Ky = K;T. Then by Lemma 2.29 we have that
N (Z(T)) =N(Z(T))NCr(K1) x 0 (Z(T))N K. Further |Q2(Z(T))N
K| = 2. As |(Z(S))| > 4, we see that Q(Z(S5)) N Cr(Ky) # 1.
Hence we have that Q;(Z(S)) N Oz(N) # 1, and so we may choose
r € 0(Z(9)), which gives S = T. As Ck,(z) is a direct product of
groups isomorphic to G'Ly(3), we see that Ce,(.)() contains a normal
subgroup, which is a direct product of quaternion groups, contradicting
Lemma 6.2.

So we have that O(N) < Cg(2). Further by (i) we get that TN Oy 2(N)
must be normal in N, so we have (iii). O

Lemma 6.5. There is some subgroup N € N with S < N.

Proof. Assume false. Then in particular by Lemma 6.3 we see Cg(x) <
Cg(z) for all z € Z(S)*. By Lemma 6.3 we can pick some N € A with
|NN.S| maximal. Among all such N choose N minimal. Set 7= SN N.
By Lemma 6.3 T is a Sylow 2-subgroup of N. As S # T and by the max-
imal choice of NNS we see Ng(T') < Cg(z) and then that no nontrivial
characteristic subgroup of 7" is normal in N. Set W = Q,(Z(O3(N))).
By Lemma 6.4 we have Cy(O2(N)) < O3(N)O(N), and so 4 (Z(T)) <
W. Hence W # Qi(Z(T)) and then as J(T) £ Oy(N), we have by
Lemma 3.2 that W is an F-module for N. As by Lemma 6.4 N is a
minimal parabolic with respect to 7T, this now gives with Lemma 3.4
that any component of N/Cn (W) is isomorphic to Lg(2") or Agn 1, for
suitable n, or N/Cy (W) is solvable.

First assume that N/Cy (W) is not solvable, i.e. 1 # E(N/Cn(W)) =
Ny#---%N,. Then by Lemma 3.15 W/Cw (E(N/Cy(W))) =Vi®--- &
V., where each Vj is a natural N;~module. By the choice of N € N,
we have that the maximal subgroup M in E(N/Cx(W)) containing
TCN(W)/Cn(W) centralizes z. If N; = Lo(2"), then M is the normal-
izer of a Sylow 2-subgroup in E(N/Cy(W)) and so has no fixed point
in Vy @ --- @ V,. This shows [z, E(N/Cn(W))] = 1, which contradicts
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Lemma 6.4(i).

So let N; = Agnyi. We have that in each module V;, which is the
irreducible part of the permutation module, a Sylow 2-subgroup of N;
just centralizes a 1-space. As T acts transitively on the components
N;, since N is a minimal parabolic, we get that |Cy ey, (v (T)] = 2.
As [(Z(S))] > 4, we must have some 1 # ¢t € Q(Z(S)) with
[E(N/Cn(W)),t] = 1. But for any such ¢ we know that C(t) < Cg(2)
and so again [F(N/Cy(W)), z] = 1, a contradiction to Lemma 6.4(i).

So we have that N/Cn(W) is solvable. As Cy(W) < Cg(z), we get
by application of Lemma 6.4(i) that 7'N Cx (W) is normal in N, so N
is solvable. Set N = N/O(N). As W = Q(Z(0O4(N))) is an F-module,
we have by Lemma 3.16 that N/Cx(W) = Os5(N). As Cx(W) is 2-
closed and N is a minimal parabolic we get that N = Oy 3(N). Let
P be a Sylow 3-subgroup of N. Then obviously P is not contained
in Cx(z)/O(N). If C is a proper characteristic subgroup of P, then
CT < N and so by minimality of N, we have that [C,z] = 1. In par-
ticular [®(P), z] = 1. Set W; = (zV). Then [W;, ®(P)] = 1. As T acts
irreducibly on P/®(P) we see that P/®(P) acts faithfully on W; and
so also on Wy = [Cyw (®(P)), P]. Let A be an F-module offender on
W. As A acts faithfully on P/®(P), we see that A also acts faithfully
on W5 and induces an F-module offender there. Then by the Dihe-
dral Lemma 2.3 we get some p € P\ ®(P) with |[Ws, p]| = 4. Further
Wy 2 Cw,(A)| = |A]. So let |[P/®(P)| = 3", then |V, = 4™. We also
have that Wy = Uy @ - -- & U,,, where |U;| = 4 and T acts transitively
on the U;. As we may choose Uy = [Ws, p|, where p is inverted by some
element in A, we see that |Cy,(T)| = 2. We have Q;(Z(S)) < W and
12:(Z(S))| > 4 by Lemma 6.1. Further as Cg(t) < Cg(z) for all involu-
tions t € Q1(Z(S)) and P £ Cg(z), we have ;(Z(S))NCn(P) = 1. As-
sume [W, ®(P)] = 1. Then W = Wy & Cw (P). As |1 (Z(S))NW,| <2
and |4 (Z(9))| > 4, we get Cq,zs))(P) # 1. But as Cg(x) < Cq(z)
for all 1 # = € Q1(Z(S5)), we now get N < Cg(z), a contradiction.
Therefore W = [W, ®(P)] & Cyw (®(P)), with W5 = [W,®(P)] # 1.
As A is an F-module offender and |[Wy : Cw,(A)| = |A|, we must
have that [A, W3] = 1. Now [A, P] < Cn(W3). But as A £ O5(N), we
have that [A, P] € Oy(N)®(P). Hence by the irreducible action of T'
on P/®(P) we get P = Cp(W5)P(P) = Cp(Ws), which contradicts
Wy B(P) £ 1. .
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We now set

Ns ={N € N with N is minimal with respect to S < N £ C(z)}
By Lemma 6.5 Ny is not empty.
Lemma 6.6. For N € Ng we have Cy(O2(N)) < O9(N).

Proof. By Lemma 6.4(iii) O(N) < Cg(2) and is normalized by S. As
O(Cg(z)) = 1, we get the assertion from Lemma 2.29 as A, % L3(3)
or Mi; by Proposition 5.2. U

We recall some notation which will be maintained until the end of this
chapter.

Notation 6.7. If A, = G(q), ¢ = 2/, is a group of Lie type not
isomorphic to Spy,(q), we denote by R a long root group in Z(SNA,).
In the case of A, = Sps,(q) we take a short root group. If A, is a
sporadic simple group we choose R = Z(SNA,). Further we denote the
group Oy(Cy, (R)) by Qg. The structure of Qg is given in Lemma 2.17
and Lemma 2.19. In all cases but A, = Spy,(q) or Fy(q) we have that
R =O(Z(Qg)). If A, is a sporadic simple group we have by [MaStr,
Lemma 2.10] that Qg is extraspecial. If A, 2 Sps(q) then R = Q.
Finally we always have that Cy_(Qr) = Z(Qr) by Lemma 2.11.

Lemma 6.8. Let A, = Sps(q) or Fy(q) and assume that S induces
a graph automorphism on A,. Set X = (z, Ry, Ry), where R1Ry =
Z(SNA,). Then Ng(X) < Cq(z2).

Proof. We have Oy(Cq(X)) = Cs(A.)Qr,Qr,, so Z(0s(Cx(X))) =
R1RyCs(A,). In particular ®(Cs(A,)) is invariant under Ng(X). So if
Cs(A,) > (z), we get that Ng(X) < Cg(z), the assertion.

Assume now Cs(A,) = (2). As Z(Qgr,Qr,) = X N ((2)Qr,Qr,)’, we
have that Ng(X) acts on Z(Qr,@Qr,). We have that N¢,(.)(X) induces
two orbits of length 2(¢ — 1) and (¢ — 1)? in (R Ry)* (recall that there
is a graph automorphism in S, so R; is conjugate to Ry in S). Further
0 = 2NN Z(Qr,Qr,). As the [zV¢()] is odd, we get that either
Ne(X) < Cg(z) or z has precisely 2g — 1 conjugates under Ng(X),
which are zR; U zRs.

By way of contradiction we assume that z has precisely 2¢ — 1 conju-
gates. Then Ng(X) acts 2-transitively on zV¢(X), In particular all 292",
g,h € Ng(X), 29 # 2" are conjugate. Choose 71,71 € Ry, 73,72 € Ry
with rirg # 1 # 7175. Then (zr1)(2r9) is conjugate to (271)(z72). This
shows that all elements in Z(Qg,Qg,)* are conjugate in Ng(X). As



64 KAy MAGAARD AND GERNOT STROTH

Z(Qr,Qr,) contains involutions = which are centralized by S, we see
that |2V¢(X)] is odd. Hence z has exactly ¢*> — 1 conjugates. This gives
that ¢* — 1 divides |[Ng(X)/Cq(X)].

Assume there is a Zsigmondy prime p dividing ¢ — 1 and let w be
some element in Ng(X) with w ¢ Cg(X) but w? € Cg(X). Sup-
pose first that p does not also divide 2¢ — 1, then we may assume
that [w, z] = 1. But [Ny ) (X)/Cog)(X) |2 divides (¢ — 1)%u, where
q = 2". As p is a Zsigmondy prime, it does not divide (¢ — 1). Hence p
divides u. By the little Fermat Theorem we have that p divides 2P~ —1
which is smaller than ¢ — 1 = 2" — 1, but this contradicts p being a
Zsigmondy prime. Hence we may assume that p divides 2¢ — 1 which
gives ¢ = 2 and p = 3. By Proposition 5.2 we have A, = F,(2). As
Qr, NQr, = (Qr,Qr,)’, we have that w normalizes g, N Q g, Further
it acts on OQRlQR2 (QR1 N QRQ) = (QRI A QRQ)Z(QRl)Z(QRQ) =Y. As
q = 2 and Z(Qg,) induces a transvection on Z(Qg,), we see |Y'| = 2,
and so Cg,gr,(w) # 1. As |R1Ry| = 4, we get [w, Ry Ry] = 1, which then
gives the contradiction [X,w] = 1.

So we have that there is no Zsigmondy prime which divides ¢>—1. Hence
q = 8. By Lemma 2.22 we see |Out(Fy(8))| = |Out(Sp4(8))| = 2 - 3.
This implies |S : Cs(X)| = 2. In particular Ng(X)/Cqe(X) has a nor-
mal 2-complement K. As |zN¢(X)| = 15, we get that |[K| =3-5-72 or
32.5-7% as 7> = [Na.(X)/C4.(X)|. In both cases with the Burnside
lemma we get a normal 5-complement in K. Hence a Sylow 5-subgroup
centralizes a Sylow 7-subgroup and then we have a normal Sylow 7-
subgroup P in K. As 7% divides |Na_(X)|, we have P < Cg(z) and P
acts as the Borel subgroup on X. This gives Cx(P) = (z). But then
(z) 9 Ng(X), a contradiction. O

Lemma 6.9. Ng(S) < Cg(2). In particular 2 N Qy(Z(9)) = {z}.

Proof. Set N = Ng(S) and assume that N £ Cg(z). We first show
that

(1) Z(Qr) # R.

Suppose false. Assume first that O2(Cq(21(Z(9)))) = Qr x Cs(A,).
Set M = Ng(QrxCgs(A,)). Then N < M. If Z(Qr) = R, then M acts
on (z, R). As all elements in R* are conjugate in M, and |zM] is odd, we
would get that zM = (2, R)¥. But R < (Cs(A.) x Qg)’, while z is not,
a contradiction. So we have that Oy(Cq(1(Z(S5)))) # Qr x Cs(A,).
By Lemma 2.24 we get that A, = L3(q) or Ly4(q). By Proposition 5.2
we have ¢ > 2. If A, = L3(q), then by Lemma 2.20 S contains exactly
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two abelian groups isomorphic to Zgn x Ep, where |Cg(A,)| = 2".
If A, = Ly4(q), then S contains exactly one abelian group isomorphic
to Zon x Eg. This shows that elements of odd order in N normal-
ize these groups. As N £ Cg(z), we see that n = 1. If A, = L3(q),
then the product of these two elementary groups is just (z)@Qg, which
now is normal in N. But z € ((2)Qr)’, a contradiction as before. So
assume A, = L,(q). Then some graph automorphism is contained in
O5(Cg(Q1(Z(S)))). In particular this group contains (z) x Qg of index
two. Then again z € O2(C(21(Z(5)))) but R is, a contradiction as
before. This proves (1)

With [MaStr, Definition 2.32] and (1) we now have that A, = Spy,(q)
or Fy(q). We next show

2) RNOL(Z(S)) = 1.

Suppose false and let first A, % Sps(q), i.e. Qg is not abelian.
Set X, = 02(Cx(2:(Z(5)))). Then X, = Cs(A.) x (X, NA,). Fur-
ther Z(X, N A,) is elementary abelian. As N normalizes X,, we get
Cs(A,) = (z) again. We see that | X, N A, : Qgr| = ¢ in case of
Span(q) and X, N A, = Qgr,Qr, in case of Fy(q), where Ry, Ry are
the two root groups in Z(SNA,). Now in both cases Z(X,NA,) < X/,
while z ¢ X/. Let K be a 2-complement of S in Ng(S). Then K
acts on (Z(S)) N A, and 0 (Z(5))/N(Z(S)) N A,. If \Q (Z(S)) N
A.| > 4, then ¢ > 2, and so ,(Z(5)) N A, = [ (Z(S5)), Nnga,)(9)].
Hence 4(Z(S)) N A, [ 1(Z(S)), K] and we see that Q(Z ( ) =
(0(Z(8)) 1 Az) X Coy 208 (). AS Cangaisy (Nwgan (8)) = (o), we
get [z, K] =1, a contradlctlon

So we have [ (Z(S))NA,| =4.1f A, = San( ), then ¢ > 2 by Propo-
sition 5.2. So we receive Oy(Cq(1(Z(5)))*)) < Qg is nonabelian.
Hence R = Oy(Cg(Q1(Z(S))))) and |R N Ql(Z(S))\ = 2. But
then [K, RN (Z(5))] = 1 and so [K,Q;(Z(S))] = 1. So we are left
with A, = Fy(q). Now with [MaStr, Definition 2.32] and Lemma 2.17
we receive Oa(Cq(1(Z(9)))) = Qr,Qr,. We further have that Qg, N
Qr,/ R1 Ry just involves two natural Sp,(¢)-modules and Qr,Qr,/@r,N
@R, is a direct sum of two modules which are non split extensions of the
trivial module by the natural module. As Qr, N Qr, = (Qr,Qr,)’, We
have that K normalizes Qr, N Qr, and then Y,, where Y, /(Qr, NQr,)
is the sum of the trivial modules in Qg,Qr,/(Qr, N Qr,), ie. Y, =
(QRI n QR2)Z<Q31)Z<QPQ)' Hence Yz = [Z(QR1)7Z<QR2)]' We have
(K, (Z(9))] < A.. As |Q1(Z(S)) N A,| = 4, there is a field auto-
morphism v of A, possibly trivial, such that Z, = Cy, /qu nqps, (V) 18
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of order 4. As then Z, = Cy./Qr,nQr, (5), we have that K normal-
izes Z,. For the preimage Z, we have |Z!| = 2. Hence [K,Z!] = 1.
As | (Z(S)) N A,| = 4, this yields [K,Q:(Z(S)) N A,] =1 and so as
12,(Z(S)) : 21(Z(S)) N A,| = 2, the contradiction [K, Q2 (Z(S5))] = 1.

To complete the proof of (2) we have to treat A, = Sps(q). Then by
Proposition 5.2 ¢ > 2. We have two root groups Ry, Ry in Z(SNA,).
Let |Cs(A;)| = 2". By Lemma 2.21 we have exactly two abelian sub-
groups Cs(A,) X Qg, and Cs(A,) X Qr, of type Zon x Eg in S. Hence
N normalizes both and so Cs(A,) = (z). Now N normahzes a Sylow
2-subgroup of A, x (z), which is (2) X Qg,Qr,-

We have (Qgr,Qr,)’ = R1Rsy. Let K be as before a 2-complement in N.
Then K acts on Ry Ry. If |Z(S) N RyRy| > 4, we may argue as before.
So we may assume that |Z(S) N Ry| = |Z(S) N Ry| = 2. Then again we
must have some element v € S, which induces a field automorphism
on A, such that |Cr(v)| = 2. By Lemma 2.22 v acts in the same way
on Qg,/RiRy, i = 1,2. Hence Z, = Cq, qp, /rir, (V) is of order 4. This
shows |Z!| = 2, and so [N, Z,] = 1. But then also [N, Z(S)NR1Ry] =1
and so [Q2;(Z(S)), K] = 1, a contradiction. This proves (2).

By (2) we have that R does not contain 2-central elements of C(2).
Then A, admits a graph automorphism in Cg(z). So A, = Sps(q) or
Fi(q). Set X = (2)Z(Qr,Qr,), Ri as above. Now Q,(Z(S5)) < X. As
before we see that (z) = Cg(A,). Now by Lemma 2.21 (2) x Qr,Qr,
is the group generated by the elementary abelian subgroups of Oy(N)
of order 2¢® for A, = Spy(q) and (2) x Qr,Qr, = O2(Ca(Q(Z(5))))
if A, = Fy(q). Hence N normalizes (z)Qg,@r, in both cases. So N <
Ng(X). By Lemma 6.8 we have Ng(X) < Cg(z) and so also Ng(S) <
Cq(2), the assertion. O

Lemma 6.10. If N € N, then Qg £ Oa(N).

Proof. Suppose Qg < Oy(N). Assume first that we have Q1(Z(Qr)) =
R. Then we have that Q;(Z(0(N))) = (2, Ry) with Ry < R. But then
all elements in 2,(Z(03(N))) are 2-central in G. By Lemma 6.9 we
then have 2¥ N Z(03(N)) = {2} and so the contraction N < Cg(z).

By [MaStr, Definition 2.32] we are left with A, = Spa,(q) or Fy(q).
Then all involutions in Z(Qr) are 2-central in A,. If this is also true
in Cg(2), then again all involutions in ;(Z(O4(N))) are 2-central and
so again N < Cg(2).
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So S must contain some element which induces a graph automorphism
on A,. This implies A, = Sps(q) or Fy(q). In both cases we have that
Qr, and Qg, both are contained in Oy(N), where Ry, Ry are the two
root subgroups with RiRy = Z(A. N S). Set X = (2)Z(Qr,Qr,),
D (Z(02(N))) < X. If A, = Fy(q), we see that Cs(A,) X Qr,Qr, =
O2(Ca(X)). If A, = Spa(q), we see by Lemma 2.22 and Lemma 2.21
that (Cs(A,), Qr,), (Cs(A,), Qr,) are the only two abelian subgroups
of order 2"¢*, |Cs(A,)| = 2", in S. Hence in any case we see that
Cs(A,) X Qr,Qr, is normal in N. As N £ Cg(z), we get Cg(A,) =
(z). Now N normalizes Z((z,Qr,,Qr,)) = (2, R1, Ry). Application of
Lemma 6.8 gives the final contradiction. U

The next two lemmas are of central importance for the proof of the
main theorem. These describe the structure of N € Ng. Moreover we
show that ¢ = 2, if A, is a group of Lie type over GF(q), and finally that
there is some involution ¢ € Z(N). In what follows we then determine
the centralizer of this involution ¢, which eventually will yield the final
contradiction.

Lemma 6.11. Let N € Ng with U = Q1(Z(02(N))) < Cg(A,) X Qg,
then | (Z(9)) N (A, x Ca(AL))| = 4, |R| = 2 and there is some
t € Qi (Z(5))\ (z) such thatt ¢ A, and t € Z(N). Further one of the
following holds:

(i) NJCy(U) =2 X3 and Qr I S; or

(ii) N/Cn(U) = B30 Zs, A, = Fi(2) and Qr AS

Proof. By Lemma 6.6 z € U, so C(U) < Cg(z). We have
(1) U £ Z(Qr) x Ca(A).

Otherwise (Q¥) < Cn(U), so (Q¥) < Cq(z). By Lemma 6.4(i) we have
N = Ny(SN{QR)). Hence (Q¥) < Oz(N), contradicting Lemma 6.10.

In particular by (1) Qg is not abelian, hence A, 2% Sps(q). As by
(1) [U,Qgr] = R < U, we have that Qg induces an elementary abelian
group Qr/Qr N Oz(N) on U.

Let H be a hyperplane in Z(Qr) not containing Q). Then by [MaStr,
Lemma 2.36] Qr/H is extraspecial. Hence we receive that |Qr/H :
Conu(UH/((2)H))| > |UH/({(2)H)|/[lUNZ(Qr)/H|. So we have that
|Qr : Cop(U)| > |U : Cy(Qr)|. In particular U is an F-module with
quadratic offender A = Qr/Cq,(U).

Suppose that N/Cy(U) is nonsolvable. We have that O*(N/Cn(U)) =
Ny *---% N,, S acts transitively on the N; and by Lemma 6.4 induces
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on each a minimal parabolic. By Lemma 3.5 A normalizes each NV; and
so induces with some N; an F-module on U. Hence by Lemma 3.3
and [Aschl, Theorem A] we have that N; = SLy(2") or Agniq. Let
Vi = [U, N;], then also [V;,Qgr] < V; and then we may assume that
R < Vi. But as S acts transitively on the N;, we get r = 1 if R is
normalized by S. If there is ¢ € S with R = RR, then R < V, and we
have r < 2. If r = 2 then [Qg, V2] =1 = [Qz, Vl]. In any case we have
that V;/Cy, (N;) is the natural module by Lemma 3.3, Lemma 3.9 and
Lemma 3.10. As [Ny, V] = 1, we get in any case that U/Cy(Vy) is the
natural module.

Let Ny = SLy(2"). Then first of all, as |Qr : Cq,(U)| > ¢ and
[[U, Qg]| = ¢, we have 2" = ¢q. Then as N is a minimal parabolic such
that the unique maximal subgroup containing S is C'y(z), we have that
a Borel subgroup B of N; centralizes z. But we have that U/Cy(Ny)
is the natural module. Now Cy(B) = Cy(N;) by Lemma 3.14, and so
z € Z(N), a contradiction.

Let Ny =& Agnyq, n > 1. Then U/Cy(N;) is the permutation mod-
ule. We have again that z is centralized by some subgroup L = Aj.
in V;. By Lemma 3.13 we see that Q(Z(S)) < Cy(Ch,(2)). Hence
(Cn(2), 2 (Z(8)] = 1. S0 Cix(2) < Cn(24(2(5))) and then O5(Cy(2)) <
O5(Cn(21(Z(S)))). In particular we have that Qr < O2(Cn(2)). As
Qr £ Cn(U ), so Oo(L) # 1, we get that 2" = 4. So we have that
N1/Cn,(U) = As; and Qg projects onto a subgroup of a Sylow 2-
subgroup of Nj. As [Ny, U] is the permutation module now Qg cannot
be an offender.

Assume next that N/Cy(U) is solvable. Set U; = (2V). By Lemma 3.16
we have that Cy(U;) is 2-closed and N/Cn(Uy) = O32(N/Cn(Uh)).
Hence as N is a minimal parabolic, we receive N = SP, where P is
a Sylow 3-subgroup of N. Further by the minimal choice of N we
have that ®(P) centralizes z, so [®(P),U;] = 1. Let A be an F-
module offender, which normalizes P. As Os(N) is a Sylow 2-subgroup
of Cn(U;), we have that A exists and [a,P] £ ®(P) for a € A"
Hence A induces an F-module offender on U; too. By Lemma 3.17
we get that Uy @ Cy, (A)| = |A]. As |U : Cy(A)| < |A|, we see that
(U, A] < Uj. As S acts irreducibly on P/®(P), we see that [U, P] < U,
and so [U, ®(P)] < Cy(®(P)). Hence [U,®(P)] = 1. This shows that
Cn(Uy) = Cn(U) and so P induces an elementary abelian group on U.
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By Lemma 2.3 we get a direct product M = M; x --- x M, of di-
hedral groups M; of order 6 contained in N/Cy(U) with Qr/Cq,(U)
as a Sylow 2-subgroup. As U < Qg x Cg(A,) we see [U,Qgr] < R and
so Qg acts quadratically on U. We get that [U, O3(M)] = Vi &---dV,,
with [Og(Ml),‘/Z] = ‘/1 and [Og(MZ),V] = 1, Z,j = 1,. ., T 7 # j As
[(Qr,Vi] < R and [V1,Qr] = R, we get r = 1 and |Qr/Cq,(U)| = 2.
Then also |[U,Q@g]| = 2. If R is normalized by S, Qr must invert
P/Cp(U)), so |[P/P(P),Qg]| =3 and N/Cn(U) = 33, which is (i). In
the other case P/Cp(U) = [P/Cp(U), QrQ%] for some ¢ in S\ Ns(Qr).
Hence |P/Cp(U)| = 9. We have a fours group acting on P and U/Cy/(P)
is the natural O, (2)-module. In both cases |Qr : Cg,(U)| = 2. This
shows that )y is extraspecial or isomorphic to £ x @), with () extraspe-
cial and E < Z(Qg). In particular if Qr € S, we get that A, = Fy(2),
which is (ii).

Suppose that |Z(S)NE x Q| > 2. Then by Proposition 5.2 we have that
A, = Fy(2). Further Qg is normal in S and so Cg(2) = A, x Cg(A.,).
As z & Z(N), we have Cg(A,) = (z). Then Lemma 2.2 and Lemma 6.9
give a contradiction. So we have

|Ql<Z(S>> N Az X OS(AZ)| =4.

To prove the lemma, we just have to show the existence of the involu-
tion .

In any case we have that U = [Oz3(N), U] x Cyy(O2,3(N)). Furthermore
1€4(Z(5))| = 4 and |Clo, 5 (n),01(S)| = 2. This implies Cyy(Oq,3(N)) # 1.
Hence there is some t € Q,(Z(S5)) \ (z) with [t, N] = 1. We have that
[[O23(N), U], Qr] # 1. In particular we have that R < [O3(N),U].
Hence O(Z(S)) N A, < [O23(N),U]. As t & [O23(N),U] we get
tg A, O

Lemma 6.12. Let N € Ng with U = Q1(Z(02(N))) £ C(A,) X Qg.
Then [ (Z(S)) N (A, x Ca(A))| =4, |R| =2 and Qr I S. Further
E(N/Cy(U)) = A5 and induces just one nontrivial irreducible module
in U, the permutation module, or N/Cx(U) = OF(2) and just the
natural module is induced in U. Further there is somet € Q(Z(5))\(z)
such thatt ¢ A, andt € Z(N).

Proof. We first show
(1) U normalizes Q) g.

If U does not normalize Qr we get A, = Spa(q) or Fy(q). We have
(U, Qr| < U. In particular [U, Qg] is abelian. From Lemma 2.26 we get
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A, % Spa(q) or Fy(q). This proves (1).

Next we show
(2) O2(N) < Nyga.)(R).

Otherwise R N U = 1. Hence by (1) [[U,Qg],Qr] = 1, which shows
that [U,Qr] < Z(Qr). AsU £ Qr x Cg(A,), we get from Lemma 2.25
that A, = Sps(q) and Qg is elementary abelian. Let Ry, Ry be the
two root groups in Z(S N A,). As U is elementary abelian, we have
that U N A, x Cg(A,) is contained in RjRy x Cs(A,), recall that
RiRy = Qr, N Qgr, by Lemma 2.21. Then we also see that U cannot
contain elements which induce field automorphisms on A., otherwise
for such w € U, we have that 1 # [u, R] < R, contradicting RNU = 1.
Hence U < R1Rs x Cg(A,), contradicting U £ Qr x Cg(A,). So we
have (2).

Now we apply Lemma 3.21 with N in the role of M and Ny, a.)(R)
in the role of H. Suppose that X = Oy(Ny,a.)(R)) £ Ca(A.) X Qr.
Then there is some z € X inducing an outer automorphism on A,. In
particular A, is of Lie type in characteristic two. If z is a field auto-
morphism it acts on a group of order ¢ — 1 which acts nontrivially on
R, so x cannot be contained in X. Hence z acts nontrivially on the
Dynkin diagram and so has to centralize the Levi factor. This shows
A, = Ly4(q). By Proposition 5.2 we have ¢ > 2. But then z acts non-
trivially on a group Z,—1 X Z,—; in N4, (R), a contradiction. So we have
that X < Cg(A,) x Qg and then U £ X. Hence from Lemma 3.21 we
get

(3) U is a 2F — module.

We show

If U is a Qpg-invariant submodule of U with (Qr, U] # 1.
(U) Then either Qg is abelian or R < U.
Further O3(N) < Nn(QRg).

Suppose Qr to be nonabelian. By (1) [U,Qr] < Qr. Then [T N
Qr,Qr| =1 or [UNQg,Qr] = R. In the latter R < U. In the former
we have [Qgr,U] < Z(Qr). Hence by Lemma 2.25 U < Qg x Cs(A,)

and so [U,Qr] = R and we are done. The second statement in (U)
follows by (2).
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We now first work under the assumption:
(A) Assume N is nonsolvable.

Let E(N/Cn(U)) = Ny*---xN,. Assume first that for an offender A as
a 2F-module which is given by Lemma 3.21 we have that [A, N1] € Nj.
If A acts quadratically then by Lemma 3.21 we have that A induces
an F-module offender. But this contradicts Lemma 3.5. So A cannot
be quadratic on U. By Lemma 3.22 we get that Ny = L,(2), and for
some a € A with N # N; we have that A induces the full transvection
group on [U, a]. Hence C, ya(a) induces the natural module on [U, a].
As Ny Ng(Ny) is a minimal parabolic by Lemma 6.4, we have n = 3 and
with the natural module also the dual module is involved. Hence for
Cn,ne(a) we have a natural and a dual module involved in U, which
contradicts that C, v (a) induces just the natural module.

So we have that

The offender A from Lemma 3.21
normalizes all components.

We have |U : Cy(A)| < |A: C4(U)|? by Lemma 3.21. Now we choose
A minimal such that |U : Cy(A)| < |A : Ca(U)]?. Set A; = Ca(Ny).
Then we have that |U : Cy(A;)| > |A; : Ca, (U)[*. In particular for a
complement B of A; in A we have that |Cy(Ay) : Copa(B)] < |B -
Cg(Cy(A1))[?, which yields:

Let T'= Cg(Ny), then we have that V = Cy(T)
(A.2) is a 2F-module for N; with offender B
such that |V : Cy(B)| < |B)>.

Application of Lemma 6.10 yields Qr £ O3(N). By Lemma 6.4(i) we
have that Oy(N) is normal in Cy(U). This shows [Qg, U] # 1. Hence
[Ny % -+- % N, Qgr] # 1. So we may assume that [Ny, Qgr] # 1. Set
U1 = [Nl, V}

(A1)

Now by (A.2) Ny and U; are given in Lemma 3.4. As [z, N;| # 1
we get Cy(Cn,(2)) # Cy(Ny). If the irreducible Ny-modules in V' are
F-modules, we have that N; = Ly(2") and Cy, (z) is a Borel subgroup,
a contradiction to Lemma 3.14, or N1 = Agnyq and Cy,(2) = Agn. By
Lemma 3.12 we see that V/Cy(N;) is the permutation module. Then
Lemma 3.14 shows that Cy,(z) centralizes €,(Z(S)). So we see that
Qr < 03(Cn(z)). We get N3 = As and then U is the permutation
module.
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So assume now that we have Lemma 3.4(b). In the first three cases
always Cl, (2) is a Borel subgroup, which has a fixed point on the cor-
responding modules exactly when r = 2, so N; = L3(2) or Sps(2).
In both cases we have that U;/Cy,(N;) is a direct sum of a natural
module and its dual. Assume now N; = Ag and |U;/Cyy, (N7)| = 28.
Then z € Cy(N;) by Lemma 3.14, a contradiction.

So we collect:

N1 = Ly(4), L3(2), or Ag. In the last two cases we have
Uy /Cuy,(N1) = Uyy @ Uya, where Uy and Uy are dual
modules for N;. In the first case we have that U;

is the permutation module.

(A.3)

Next we show

(A4) A, % Fy(q). Further if A, = Spy(q), then Qg is elementary
' abelian and Q) acts quadratically on U.

The second statement follows from (1). So assume A, = Fy(q). Sup-
pose first (UY) < Qr x Cs(Qgr). Then [(UP), Z(Qr)] = 1. Hence
(N?Y, Z(Qr)] < Oo(N). This shows that Z(Qr) < O(N) and so
U, Z(Qr)] = 1, which by Lemma 2.17 shows U < Qg x Cs(Qr), a
contradiction. Thus we may assume that U; £ Qr X Cs(Qg). Then for
u € U\ Qr x Ca(A,), we obtain that |[Qr, u]| > ¢*. As R < U by (U)
we receive that QrO2(N)/O9(N) is elementary abelian. Hence we get
from (A.3) that |Qr : Cg,(U1)| < 8 if Qg normalizes Ny, a contradic-
tion to |[Qr, u]| > ¢* > 16. So we have that Qg does not normalize N;.
Then at least a subgroup 7" of index two in SNV, normalizes Q) g, as this
is true in Aut(Fy(q)), and then [Qg, T'] is abelian and centralized by Qg.
Hence we get that |N27| = 2 and then |Q : Co,(U1)| < 16. In partic-
ular ¢ = 2. Further U; does not induce transvections on Z(Qg), as for
any transvection u € Uy we have |[Qr/Z(Qr), u]| = 16 by Lemma 2.17.
This implies N; = Ag and further Sp4(2) is induced. Now Z(Qg) acts
quadratically on U and so we have by Lemma 3.5 that Z(Qr) normal-
izes N1. Then it acts quadratically on U;. As U; involves the natural
module and the dual as well, we see that Z(Qg) induces a group of
order at most four which is in the center of a Sylow 2-subgroup of
Sp4(2). But then U; contains some u which induces a transvection on
Z(Qr), a contradiction. This proves (A.4).

(A.5) [(Qr, N1] < Ny.

Suppose false. If A, = Spy(q), then by Proposition 5.2 ¢ > 2. Hence
|Qr : Cg,(U1)| > 4. By (A4) Qg acts quadratically on U. We get
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by Lemma 3.5 that Ny = Ly(4). Further (N®*) induces just natural
Qf (4)-modules in U, contradicting the fact that by (A.3) N; induces
an € (2)-module. So we have that A, 2 Sps(¢q) and by (A.4) Qr I S.
We further have that R < U by (U) and so QrO2(N)/O2(N) is elemen-
tary abelian. Hence N; has elementary abelian Sylow 2-subgroups, as
for t € Qg, with N} # Ny, we have that [IN7, ¢] has a Sylow 2-subgroup
contained in QrO2(N)/O3(N) and so is abelian. Then N; = Ly(4)
again. We further have |Qr : N, (N1)| = 2. Set Wy = [Uy, N, (N1)].
As Ng,(Ny) projects onto a Sylow 2-subgroup of N; and N; induces an
2, (2)-submodule, we have [Wy, N, (Ny)] # 1. As U; normalizes Qp,
we have that W1 < Qg and so [RNU;| = 2. Set Wi = (U1 N R, x1,y1)
and choose © € Qg with Ni = Ny. We have |Qr : Cg,(71)| < 4. From
Lemma 2.17 we see that |Qr : Cg,(z1)] > ¢. Hence |R| = ¢ < 4.
As [Wy,z] < R and |R : RN U;| < 2, we may assume that [z1,2] €
Up N R. Hence |Qr : Cg,(x1)] = 2, which gives |R| = 2 = ¢ and
R < Uj. But then [Qg, Wi] < R < W;. This shows W = W;. Set
M = Ny, (W1)Ny, (W1)*, which is isomorphic to Ay x Ay. Then M
acts on W;. Hence there is some element of order three in M which
centralizes W;. But then Oy(M) centralizes Wi too, which contradicts
the action of Ny, (N;) on Wj. This proves (A.5)

Next we show

N1 =2 As and Uj is the irreducible

(A.6) part of the permutation module.

According to (A.3) we may assume Ny = L3(2) or Ag. Assume further
A, % Sps(q). If Qg normalizes both modules Uy; and Ui given in (A.3)
then by (U) R < Uj;NUa, a contradiction. Hence there is x € Qg with
U, = Upe. But then z induces an outer automorphism of L3(2) or ¥g
and then [z, S/Oy(N)] is not abelian. By (U) we have R < Oy(N) and
s0 Qr/QrNO2(N) is elementary abelian. This contradicts Qg <S5 and
[, 5/05(N)] being not abelian.

So we have that A, = Sps(q), ¢ > 4. Then by (A.4) Qr is elemen-
tary abelian and acts quadratically on U. As |Qr/O2(N) N Qr| > 4,
we see that Qr N N(Uyy) £ C(Uyp). By quadratic action we get that
Qg normalizes Uy and Uys. This even shows Qr/QrNO5(N)NN; # 1.
In particular |U; : Cy, (Qr)| > 16. As by Lemma 3.8 in ¥ no subgroup
of order 8 acts quadratically on both modules, we get that Qr induces
a foursgroup on N; and so ¢ = 4. But then Ne,(:)(Qr)/Coyx)(Qr) is
isomorphic to a subgroup of (A5 X Z3) : Zy and so contains no elemen-
tary abelian subgroup of order 16, but U;/Cy, (Qr) contains such an
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elementary abelian subgroup. This proves (A.6).

Next we are going to describe the structure of N. We have N; = Ly(4).
Further we have that U; is the permutation module. As before we see by
(U) that R < U; for Qg not abelian. This shows that Qg acts quadrat-
ically on U/U; in any case. As by Lemma 3.14 Qr < O3(Cn(2)), we
see that Qr projects into a subgroup of Cy,(2) = Ay. If this projec-
tion is of order two, we get that U; induces transvections on (Jr. In
particular A, % Sp4(q). This now shows that U; < QrCq(Qr). But
’Ul : CUl(QR)| =4 and so ‘QR . OQR(Ul)‘ Z 4. Hence QR/QRHOQ(N)
acts as a Sylow 2-subgroup of As, which is not quadratic on the per-
mutation module. In particular Qr < S and A, 2 Sps(q) by (A.4).
Hence U is the only permutation module for Nj involved in U. This
shows that [U;, N;] =1 for i = 2,--- ,r. Choose s € S with N{ = Ns.
Then by (U) we have that R < U; N Uy = 1, a contradiction. This
shows r = 1. Now we have that U = U; @ U,, with some N-module Us,.
As R < Uy, we get from (U) that Us is a trivial E(N/Oz(N))-module.
Hence
U == U1 @ CU(Nl)

So we have shown

If N/Cn(U) is nonsolvable, then E(N/Cn(U)) = As and
(A7) U=U & Cy(E(N/Cy(U))), where Uy is the permutation

module. Further |R| =2, R < U; and Qg < S.

Now we assume:
(B) Assume N is solvable.

By Lemma 6.4 N = Oy95(N). As by Lemma 3.21(2) offenders are
not exact provided U is not an F-module, we get with Lemma 3.17
that N/Cn(U) is a {2,3}—group. As N is a minimal parabolic we have
N = O332(N). By minimality we have that ®(Oy3(N)/O2(N)) <
Cn(2)/O2(N). So @(O23(N)/O2(N)) centralizes

<ZN> = Ui,
which gives that S acts irreducibly on O3(N/Cy(Uy)).

We show

(*) COQ,S(N)(U) = 002,3(N)<U1) and so [02,3(‘]\[)/7 U] =1

For this let P be a Sylow 3-subgroup of N such that Os(N)Ny(P) = N.
In particular P/Cp(U,) is elementary abelian. Hence we may assume

that a 2F-module offender A with |U : Cy(A)] < |AJ* acts on P. We
have that |U; : Cy,(A)] > |A] by Lemma 3.17. Hence we conclude
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\U/U; : Cyyu, (A)] < |A]. So by Lemma 3.17, we get some 1 # a € A,
which acts trivially on U/U;. This gives that Cp(U/U;) £ ®(P). As
Ny(P) acts irreducibly on P/®(P), we get that P = ®(P)Cp(U/U))
and then [P, U] < Uy. In particular [Cp(U;), U] = 1. This is ().

Application of (U) shows that for A, 2 Sps(q) we have Q% = R < U;.

So we have
(B.1) QrCNn(U)/Cn(U) is abelian.

Let |Qr : Cg,(U)| = 2. Then U induces a transvection on QQr with
elementary abelian commutator, so U < QrCs(Qr), a contradiction.

We receive
(B.2) Qn': Cou(U)] > 4.

By the Dihedral Lemma 2.3 we have a subgroup Dy X --- X Dy, s > 2
in N/CN(U), D; = <ZL‘Z‘,,01‘>, x; € Qr, O(pz) =3, D;=%3,1=1,...,s.

Set W = [[p1,U],z1]. We have W < Qg. If [Qr, W] = 1, then W <
Z(QR) As <Wp1> = [plv U]7 we get [xh [pla UH = 17 L= 27 - S and so
[[p1,U], Qr] < Z(Qr). Now the elements in [p1, U] induce transvections
on @ g, which gives that A, 2 Sp4(q), ¢ > 2. Application of Lemma 2.25
shows [p1,U] < Qr and so [[p1, U], Qr] < R. As [(xa,...,xs), [p1, U]] =
1, we see that |Qr : Co,([p1,U])] = 2 and so we have ¢ = 2, and
W = R is of order 2, further |[U, p1]| = 4. Set T = Ng(Qg) and let
t € T. Then R < [U,p1] N [U, pi]. But as [p1, pi] € Cn(U) by (*), we
have [U, p1, pi] < [U, p1]. This yields (p;)Cn(U) = {(p})Cn(U). Now
also (p1)Cn(U)/Cn(U) = (p1)Cn(U)/Cn(U). By (B.2) we have that
023(N)/Cn(U) contains an elementary abelian group of order 9. So
we get that |[S : T| = 2 and O3(N/Cn(U)) = (p1,05)Cn(U)/Cn(U),
for some s € S\ T. This shows |[U, O23(N)]| = 16 and so N/Cy(U)
is a subgroup of G'L4(2), which gives that S/Cs(U) is contained in a
dihedral group. But as |Qr/Co, (U)| = 4, this shows that Qg is normal
in S, a contradiction.

So we have
(B.3) Qr, [[U, pil, z;]] # 1 forall i = 1,...,s.

As by (B.3) Qg does not act quadratically, we have that Qg is not
abelian and so

(B.4) A. 2 Spa(q).
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By (B.3) and (U) we have R < [U, p;]. Hence RN Cy(p1) = 1. So by
(U) we get that [Qr,Cu(p1)] = 1. In particular [Cy(p1), p2] = 1. By
choosing p; with Cy(p;) maximal we obtain

(B.5) Cu(p1) = Cu(p:) and [U, p1] = [U, p;] for i =1,.

Now we consider {p;, p2). We have (p1p2)™ = p1py " Then [U,pi] =
Clopmi(p1p2) X Cupy(p1p3 ). Set Vi = Ciurpy (p1p2). We have that a1z
normalizes V; and [Vi,x125] < Qg. Set Vo = V™, then we obtain
1 # [[Vi, z122), x2) < R. Further |[[V1, x122], 22]| = |[V1, x122]|. As 2129
inverts p1p, " and p1p, ! acts fixed point freely on V;, we get that |Vi| =
[V, 2112)|* < |R|* = ¢*. This gives

(B.6) U, o]l < g™

Suppose s > 3. Now x3 centralizes p;p, and so normalizes V; and
[V, x129). This gives [V, z122], 23] < RNVi. As RNV) = (RNVy)™ =
RNV and ViNVy = 1, we get [[Vi, 211,), 23] = 1. But as [z3, p1p5 '] = 1
and Vi = ([V4, 2125]772 ) we then have [z3, V4] = 1 and also [z3, Vi*?] =
1. This gives [[U, p1], x3] = 1. But then [[U, p1], ps] = 1, a contradiction
o (B.5). So we have

(B.7) s=2.
Suppose that [V, z125] < Cq(Qgr). Then

|QrCs(Qr)/Cs(Qr) : Cores@r)/cs@r) (V1) < 2.

By (B.4) and Lemma 2.4 we see that V; < QrCs(Qr). Now also
Vo = Vi < QrCs(Qr), which gives [U, p1] < QrCs(Qr). This shows
[[[U, p1], 21], @r] = 1, which contradicts (B.3). Hence we have that
[V1, x125] centralizes a subgroup of index two in @ g, which implies

(B.8) q=2.

Assume now |S : T| = 2, Ns(Qgr). Then by (B.4) and (B.8)
A, = Fy(2). As [U,p € r, we have for 1 # u € [U,p] that
2
>

1Z(Qr) = Czqm(u)l = 2 and [Qr/Z(Qr) : Copizqp(v)| = 4. In
particular |Qg : Cg,(u)| > 8, which contradicts |Qr : Cg,(U)| =4 by
(B.7).

So we have that Qg <S. Further [(py, p2), U] is of order 16 by (B.6) and
(B.8). As above we see that [(p1, p2), U] = [{p1,p1)%, U] for all s € S.
In particular Oy 3(N)/Cy(U) is of order 9.
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So we have shown
(B.9) Qr<S,|R| =2,N/Cx(U) =2 OFf(2) and
' [U,O3(N/Cx(U))] is the natural module.

As R < [U,03(N/Cn(U))] and [Qr, O3(N/Cn(U))] = O3(N/Cn(U)),

we get
(B.10) U = [U, O3(N/Cn(U))] x Cy(O3(N/Cn(U))).

Hence in both cases, NV solvable and nonsolvable, by (A.7) and (B.9)
we just need to prove the existence of ¢ and determine the size of

€21(Z(5))].

For the remainder N might be solvable or not. Assume [2;(Z(S)) N
A.| > 2. By (B.8) and (A.7) ¢ = 2. So we have that A, = Spy,(2) or
Fy(2). By Proposition 5.2 we have A, % Sps,(2). Now in [U, O*(N)],
we have some z such that © € Qg but |[Qr/R, x]| = 4. As A, = Fy(2),
then by Lemma 2.17 Qr/R involves two non isomorphic modules for
Ny, (R) on one there are transvections on the other not, a contradic-

tion. So we have |Q;(Z(S)) N A.| = 2.

As |Q1(Z(9))] > 4, we see [21(Z(S))| = 4 and from (A.7) and (B.10)
we get that Cy(N) # 1 and so there is some 1 # t € Q4(Z(S)), which
is central in N. By (U) R < [U, F*(N/Cn(U))]. As |Q1(Z(S))NA,| =
2 we have that Q,(Z(9)) N A, < (R®) and so 2,(Z(S)) N A, <
(U, F*(N/Cn(U))]. Hence t &€ A,. O

We now can get further restrictions on the structure of A,.

Lemma 6.13. A, % Fy(2). Further Qg is extraspecial with center R,
normal in S and Ny, a,)(Qr) acts irreducibly on Qr/R.

Proof. Suppose A, = Fy(2). By Lemma 6.11 and Lemma 6.12 we have
that |2,(Z(S5)) N A.| = 2. Hence there is some u € Cg(z), which
induces a graph automorphism on A,. In particular Qr A S. This
shows by Lemma 6.12 that Lemma 6.11(ii) holds. In particular U =
0 (Z(05(N)) < QrCs(A,). As 29NU # {z} also 26N (2) x Qr # {z}.
Let 71,79 be the two root elements such that (ry,r) = Z(SNA,). Then
Cs((z,1m1,19)) = Cs(A,) X (SNA,). As Qr < O5(Ci({z,71,732))), we get
from Lemma 6.10 that Ng((z,r1,72)) does not contain some element in
Ns. Hence Ng((z,71,72)) < Ng(A,). Let v € (z,r1,79) such that |S :
Cs(v)] = 2. S0 U (Z(Cs(v))) = (z,r1,72). As Na(21(Z(Cs(v)))) < A,
we see that C's(v) is a Sylow 2-subgroup of C(v) and so v ¢ zin G. As
29N Q1 (Z(9)) = {2} by Lemma 6.9 we get that 2% N (z,r,r9) = {z}.
In particular 2N Z({z,Qr)) = {z}. On the other hand we have some
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v €U, 2 # v ~ z This implies v ¢ Z(Qr)(z). By Lemma 6.11 we
see |S : Cg(v)| < 8. As Fy(2) has four classes of involutions by [Shi,
Theorem 2.1] three of them are 2-central and the forth has centralizer
of order 2% . 32, we see that v must be conjugate to some element in
(z,71,79) in Ng(A.). As 29N (z,r1,7m2) = {z}, this is impossible. So
A, % Fy(2).

As by Proposition 5.2 A, 2 G5(2) and A, 2 Sps,(2), we have that
Qr is extraspecial. Further by Proposition 5.2 A, 2 L3(2) or L4(2). If
Ny (a.)(Qr) is not irreducible on Qr/R, then by [MaStr, Lemma 2.33]
A, = L,(2) and no graph automorphism is involved. Now Ng(A,) =
Ce(A,) x A,. From Lemma 2.2 and Lemma 6.9 we get a contradic-
tion. O

For the remainder of this chapter we fix ¢ as in Lemma 6.11 or
Lemma 6.12. We will prove that Cg(t) has a standard subgroup Ay,
which is isomorphic to A,.

Lemma 6.14. A, = E(Cq(t)) is simple, Qr < Ay and Cg(Az) is cyclic.
In particular A; is a standard subgroup.

Proof. By Lemma 6.13 we have that Qg is extraspecial, R = (r) and
Ca((z,t)) = Cg({z,1)) acts irreducibly on Qr/R.

We first prove:

( ) Let H < Cg(t) with NCg(z)(QR) < Ng<H) andlet TT=SNH
be a Sylow 2—subgroup of H, then Qr < H, or T < Cs(QR).

For this suppose Qr £ H. As by Lemma 6.13 N¢, ) (Qr) acts irre-
ducibly on Qr/R, we see that HNQgr < R. Hence [T, Qr] < HNQr <
R. Then we have by Lemma 2.25 that T' < Cs(Qr)Qr- As Neg(2)(@r)
normalizes H and Cs(Qr)Qr, it also normalizes T'= H N Cs(Qr)Qr-
As Ncg(-)(Qr) has no fixed point in Qr/R we see that T < Cs(Qr),
the assertion (A).

Suppose first Cey, 1) (02(Ce(t))) < O2(Ce(t)). Then set H = O2(Cq(t)).
As Neg)(Qr) < Ca((z,t)) we see that N, (»)(Qr) normalizes H. As
t € Z(5), we also have H < S. Now (A) implies that either Qr <
O5(Cq(t)) or O2(Ci(t)) < Cs(Qr) < Cs(A,) x (r). But the latter con-
tradicts Cey 1) (02(Ca(t))) < O2(Ce(t)). So we have Qp < O2(Cq(t)).
By Lemma 6.10 we see that C(t) contains no M € Ng. This implies
Ci(t) < Cg(z), contradicting the choice of N.
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So we have that E(Cg(t)) # 1 (recall that O(Cg(i)) = 1 for all involu-
tions i € G). Now set H = E(Cg(t)) in (A). If Qr £ E(Cq(t)) then as
Cs(QRr)/(t) is cyclic, we get a cyclic Sylow 2-subgroup of E(Cq(t)), a
contradiction. Hence Qg < E(Cq(t)).

Now let N; be some component of Cg(t) and set T = S N Ny. If
[T, Qr] = 1, then T'(t) /(t) is cyclic, which cannot be a Sylow 2-subgroup
of N1. So 1 # [T, Qg]. In particular R < Ny. If [R, N;] = 1 we get as
(t, R) = (2, R) that N; < C¢(z). Now Ny normalizes O5(Ca_((z, R))) =
Qr. But [Qr, N1] < QrNN; < R < Z(N;), a contradiction. So we have
that R £ Z(Ny). In particular N2 (@Qr) < Ne(N1). Application of
(A) now shows that Qr < Nj. As this is true for any component N;,
we get that E(Cg(t)) is quasisimple.

Next we show
E(Cq(t)) is simple.

Otherwise some 1 # u € Z(S) is contained in Z(E(Cq(t))). Sup-
pose u # t. We then have that Q,(Z(S)) = (r,z) = (u,t). Hence
E(Cq(t)) < Cg(z), a contradiction. So we must have t € Z(E(Cq(t))).
Now Ca(E(Calt))) < Cop(@n) = Copo(Q). As € E(Calt) \
Z(E(Cg(1))), we see that Cq(E(Cq(t))) has a cyclic Sylow 2—subgroup
and so in particular E(Cg(t)) is standard. But this contradicts Propo-
sition 5.1. Hence E(Cg(t)) is simple.

As Qr < E(Cq(t)) we see that Cs(E(Cq(t))) < Cs(Qr) is cyclic.
In particular E(Cg(t)) is standard. O

We have (z,t) = Q1(Z(S) and r = 2zt € A, N A;. Now everything
we proved for A, applies for A; too. This shows that both groups are
isomorphic to one of the following groups: Jo, M(24)", L,(2), U.(2),
nz 5a Q;:n(Z), E6(2)> E7(2)7 E8(2)7 2E6(2)7 3D4(2)'

Lemma 6.15. We have that Oy(Ca,(R)) = O3(Ca_(R)). Further let
H; be the preimage of E(Na,(O2(Ca,(R)))/O2(Ca,(R))) and H, the
preimage of E(Na_,(Qr)/Qr). Then H, = H,.

Proof. By Lemma 6.14 we have Qg < A;. Further we have that H, <
Cq(t). As H.Qr = H, by Lemma 6.13 and Cq(t)/A; is solvable, we
get that H, < A; (this is also true if N4 (O2(Ca.(R))) is solvable,
as then H, = Q). Similarly we see H; < A, and then we have that
O2(Na,(R)) < O2(Ca,»(R)) and Qr < O2(Ca,y(R)). This shows
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that Qr < O9(C4,(R)) < Qg and so Qr = O2(Cy4,(R)). We further
get H, < H, < H,, the assertion. ]

Lemma 6.16. We have A, = A,.

Proof. Let first A, be sporadic. By Proposition 5.2 we have that A, =
Jo or M(24)". In both cases N4, (Qr) is nonsolvable. By Lemma 6.15
we have that H, = H; < A; and H, = 2171 A5 or 2171230U,(3). If A, is
sporadic too, then we have that A, = A;. So we may assume that A;
is a group of Lie type over GF(2). As 3U,(3) is not a group of Lie type
in characteristic two, we get a contradiction. In the first case we have
that |Qgr| = 2°. Then by Lemma 2.17 we get that A; = L,(2) or Uy(2),
which contradicts Proposition 5.2. So we have A, = A;.

Next we assume that both A, and A; are groups of Lie type. If Na_(Qr)
is nonsolvable we may argue as before, i.e. we compare the orders of
®r and the Levi factors, as given by Lemma 2.17. Then we receive
A, = A or A, = L3(2), Li(2), QF(2), Us(2), Us(2). By Proposi-
tion 5.2 A, 2 L3(2), Ls(2) or Uy(2). Now we have symmetry and so
also A; = QF (2) or Us(2). But these groups are determined just by the
order of Qg, which is 2%, 27, respectively, so A; = A, too. O

Proposition 6.17. The main theorem holds.

Proof. Suppose false. Then according to Lemma 6.11 and Lemma 6.12
we have some t € (Z(S5)),t # z,t € Z(N). By Lemma 6.16 A, = A,
and by Lemma 6.14 both groups are standard. We first show

(1) A=A, = L,(2) or Uy(2).

Suppose false. By [MaStr, Lemma 2.33] we have that N_(Qgr) acts
irreducibly on Qg/R. Set V- = Q(Z5(S N A.)). We get with [MaStr,
Lemma 2.35] that |V| = 4. Set P = N4 (V). Then P is normalized
by S and P/Oy(P) = ¥3. For a group of Lie type this is just a mini-
mal parabolic not in Ny, (R). For the sporadic groups this follows with
Lemma 2.14.

Hence Q1(Z(02(P))) = QU (Z2(SNA,)). Then V < Qg and so V =
21(Z2(SNA;)) by Lemma 6.15. On V both N4, (V) and N4_ (V') induce
Y3. Now (N4, (V), Na,(V)) acts on (2, V) = (t, V). As 2¢NQ (Z(9)) =
{2} by Lemma 6.9 we have 2% N (2, V) = {z}. So N, (V) < Cg(2).
This implies A; = (Na,(V), N4, (Qr)) < Cg(2), a contradiction. This
proves (1).

By (1) A, =2 A, = U,(2), or L,(2). In the latter by Lemma 6.13 we
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have some graph automorphism induced. As [Cs(A,), Qr] = 1, we get
C5(A.) < Cs(A) x R. This yields ©,(®(Cs(A.))) < O (®(Cs(4,))) <
(t). As z # t this shows that Cs(A,) = (z). By the Thompson trans-
fer lemma (Lemma 2.2) and 2% N Q,(Z(S)) = {2z} by Lemma 6.9, we
have that z is a square of some = € Cg(2), which induces an outer
automorphism on A,. The same of course is true for ¢. In particular

(2)

By Lemma 6.11 and Lemma 6.12 there is some parabolic N in Cg(t),
N £ Neg,w(R). This shows that N/Cn(Q:(Z(02(N)))) = O;(2) in
case of A; = L,,(2) and €2 (2) or O4 (2) in case of A; = U,,(2). Set again
U= M(Z(0O(N))) and V = U N A;. Then V is the natural module
for N/Cn(U). Further we have that VNQgr = [V, Qg is of order eight.
By (2) and Lemma 2.28 we have that U is uniquely determined in S.
But then also there is a corresponding subgroup N; of C(z) such that
N, induces Q7 (2) on U. This now implies the following. The orbits of
N < Ne@(U) on U* are 1,5,5,10,10, or 1,6,6,9,9 and Ny < Ng, () (U)
induces the same orbit sizes. As |zNV6(U)| is odd, we see that under
N¢(U) the orbit of z must have length 11 or 21 and 7 or 13, respectively.
Recall that z ¢ t or r. But |2V¢(U)| has to divide the order of G Ls(2),
which implies that |2V6(U)| = 21 in the first case and 7 in the second.
The same applies for ¢, i.e. [tN6(U)| = 21,7, respectively. But there is
obviously just one possibility to make up an orbit of length 21 or 7,

All involutions of Cg(z) are in (z) x A,
and all involutions of C(t) are in (t) x A;.

which implies that z ~ ¢, the final contradiction. O
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