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GROUPS OF EVEN TYPE WHICH ARE NOT OF
EVEN CHARACTERISTIC, I

KAY MAGAARD AND GERNOT STROTH

ABSTRACT. In the ongoing revision of the classification of the fi-
nite simple groups there is a subdivision into two classes of groups,
which reflects whether semisimple elements or unipotent elements
are the primary focus of the investigation. While semisimple meth-
ods naturally lead to the definition of groups of even type, unipo-
tent methods, notably the amalgam method, naturally lead to
groups of even characteristic. This paper clarifies the relationship
between the two definitions and thus makes the amalgam method
available for use in the classification of groups of even type.

1. INTRODUCTION

One of the great achievements of the last century is the classification
of the finite simple groups. The modern treatment began with the talk
of R. Brauer at the International Congress of Mathematics in Amster-
dam at 1954. There he suggested to classify the finite simple groups
by the structure of the centralizers of their involutions. Together with
the proof of the Odd Order Theorem of Feit-Thompson [FT] the strat-
egy, which eventually was successful, for classifying the finite simple
groups, was launched. In particular the prime 2 plays a prominent role.
The next cornerstone in the classification of the finite simple groups is
Aschbacher’s Standard Component Theorem 1975 [Aschl] which shows
that either C(O9(M)) < Oo(M) for all 2-local subgroups M of G or
there exists an involution ¢ such that C(t)/O(Cq(t)) possesses a sub-
normal SLy(q) or Cg(t) is in standard form. Groups of the first type
are called of characteristic 2. The groups of the second type are treated
by Aschbacher’s Classical Involution Theorem 1977 [Asch2]. The last
case was treated by solving various standard form problems. The first
case causes a lot of problems. In this case the classification tries to put
the focus on some properly chosen odd prime p. Generically a group of
characteristic 2 is a group of Lie type over a field of characteristic two.
Then the prime p is a prime which divides the order of a torus. Using
elements of order p one tries to follow arguments from before and to set
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2 KAy MAGAARD AND GERNOT STROTH

up a standard form problem now for elements of order p and continues
to solve it. Unfortunately this does not work in general. So some diffi-
cult special cases like the Quasithin Group Theorem due to Aschbacher

- Smith [AS] and the Uniqueness Theorem due to Aschbacher [Asch6]
arise.

At present there are two strategies for revising the classification of
the finite simple groups. Gorenstein-Lyons-Solomon or GLS for short
generally follow the original strategy. However they have a subdivision
in classes of simple groups which differs slightly from the original. They
work with groups of even type rather than characteristic 2 type. We
now recall the definition of even type [GoLyS1, Definition 21.3]. For
this we first define a set C,.

Definition 1.1. [GoLyS1, Definition (12.1)(1)] The set Cy consists of
simple and quasisimple groups.

e The simple groups in Cy are K € Chev(2), Ls(9), La(p), p a Fer-
mat or Mersenne prime, L3(3), L4(3), Us(3), Go(3), My, Mo,
M227 M23, M24, JQ, Jg, J4, H’LS, SUZ, RU, 001, COQ, M(22),
M(23), M(24), Th, F, F\.

e The groups K € Cy with K not simple are those for which
K/Oy(K) is a simple group in Cy. But the following quasisimple
groups are delete, i.e. are not in Cy: SLy(q), ¢ odd, 2Ag, SL4(3),
SU4(3), Sp4(3), and [X]L3(4), with X = Z4, Z4XZQ or Z4 XZ4.

Definition 1.2. A group G is said to be of even type if the following
hold:

(i) L C Cy, where L is the set of all components of Cg(z) for all
involutions x € G.
(ii) O(Cg(x)) =1 for every involution x € G
(iii) G has 2-rank at least 3.

In the following statement we list the finite simple groups of even type

Statement The (known) finite simple groups of even type are the
groups G in Chev(2) of 2-rank at least 3, Ag, Ao, A12, G2(3), L4(3),
PSp4(3), Us(3), Q:(3), Q= (3) and all sporadic groups with the excep-
tion of M1y, ON, LyS and McL.

For the sporadic groups this is an easy inspection of [GoLyS3, (5.3)].
Recall that M, is not of even type as mqy(Mi;) = 2 < 3. For A, one
always has some component A,_4, which gives the list. The groups
G € Chev(2) even satisfy that Cg(O(H)) < Oy(H) for any 2-local
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H of G by the Borel - Tits theorem [GoLyS3, Theorem 3.1.3]. For the
groups of Lie type in odd characteristic the list will follow from the
proof of Lemma 3.1 in this paper.

Meierfrankenfeld-Stellmacher-Stroth, MSS for short, follow a different
strategy. They work with groups of characteristic 2 type and use 2-local
subgroups rather than switching primes. Hence the main focus is to de-
termine the structure of M/Oy(M) and the action of M on Oy(M) for
various 2-local subgroups M to set up a parabolic system. Then using
geometric methods one can eventually identify the target group G. The
first main result the Structure Theorem [MeStStr] has been proved. In
this approach representations of groups play an important role. Hence
the basic difference, one can say roughly, is that this approach uses
unipotent methods, while GLS uses more semisimple methods.

It is not so easy to verify that a group is of characteristic 2. There
is a variant of this which is much easier to verify, that is even charac-
teristic.

Definition 1.3. A group G is said to be of even characteristic, if for a
Sylow 2-subgroup S and all nontrivial 2-local subgroups H of G with
S < H, we have that Cq(O3(H)) < O(H).

Groups of even characteristic are sometimes also called of parabolic
characteristic two. To verify that a group is of even characteristic
one just has to show that for all involutions x € Z(S) one has that
Ca(02(Cu(x))) < O2(Ci(x)) (see Lemma 2.1). In the proof of the
structure theorem the assumption that G is of characteristic 2 and not
just of even characteristic has been used just at one place. At the mo-
ment there is an ongoing project to prove the theorem under the weaker
assumption that G is of even characteristic.

Unfortunately we now have two projects which have incompatible def-
initions. Of course it would be helpful if one could easily use results
from one project in the other. The aim of this paper (part I and part
IT) is to build this bridge. More precisely we will prove that with a
few exceptions a group of even type is of even characteristic. In [AS,
Chapter 16] there is a similar result under the assumption that G is

quasithin. Hence we can also say that this paper is a generalization of
[AS, Chapter 16].

The main theorem of both parts of this paper will be:
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Theorem Let G be a simple Ko-group of even type. Then either G
is of even characteristic or G = Jy, Coz, M(23), A2, Q7(3) or Qg (3).

Here we call a group G a Ky—group if any simple factor of any non-
trivial 2-local subgroup of G is either cyclic, a group of Lie type, an
alternating group or one of the 26 sporadic groups. As this paper is
considered to be a part of the revision of the classification of the finite
simple groups, this reflects the inductive assumption of being a mini-
mal counterexample.

For the remainder of both parts of this paper G is always a simple
group of even type. Before proceeding, we say some words about quo-
tations and how we identify the exceptional groups in the Theorem by
centralizers of involutions. For the two groups of Lie type in odd charac-
teristic we depend on the classical involution theorem [Asch2]. So from
there on we may assume that there is no tightly embedded quaternion
group and no subnormal SLs(3) in the centralizer of any involution.
Then we use classifications of groups having a standard subgroup L.
But we are not going to solve all standard subgroup problems for all
groups in Cy. This would go too far. We will just do it if Ng(L) contains
a Sylow 2-subgroup of G. Recall that a standard subgroup L is a com-
ponent of the centralizer of some involution such that C(i) < Ng(L)
for all involutions i € C(L) and furthermore [L, L9] # 1 for all g € G.
For standard subgroups L with mq(Cg(L)) > 2, we will use [AschSel]
and [AschSe2] for the identification. But again we do not use these
results in their full strength. We use them up to the point where it is
proved that Ng(L) could not contain a Sylow 2-subgroup of G. The
case that L is a Bender group was not handled in [AschSel] hence we
include the proof in this paper (see Proposition 3.5). For the case that
L is alternating we quote [Asch3]. At this point we are left with the
case that C¢(L) has cyclic Sylow 2—subgroups. Here we quote classifi-
cations from the literature just for the case that Z(L) has even order
but not for the cases L/Z(L) = Sz(8), L3(4), Us(3) and Ma,. For these
standard components and all the remaining standard subgroups L, i.e.
Z(L) =1, proofs are included in this paper.

The proof proceeds as follows. Initially we assume that there is some
centralizer of a 2-central involution which possesses a component. Then
similar to [Aschl] we produce in Proposition 4.1 a standard subgroup
L in G. Unfortunately there is no obvious reason why this standard
subgroup should centralize a 2-central involution. To deal with this
problem is the contents of Chapter 4. Here we trace the procedure
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leading to the standard subgroup very carefully and in fact show that
in a counterexample to our theorem we have a standard subgroup L,
maybe different from the one we constructed in the first place, which
centralizes a 2-central involution. This in fact is the main theorem of
this first part of the paper, which might be of independent interest. We
prove:

Theorem 1.4. Let G be a simple Ko-group of even type. Then one of
the following holds

e (G is of even characteristic; or

o G=O(3), Q5 (3) or Ag; or

e There is a 2-central involution z such that Cg(z) possesses a
standard subgroup L. Furthermore Cg(L) is cyclic.

In the second part of this paper we first deal with all such standard
subgroups for which |Z(L)| is even and the cases where L is sporadic
or a group of Lie type in odd characteristic. Hence generically we have
that the standard subgroup L in Cg(z) is a group of Lie type in charac-
teristic two. Now we build up a 2-local subgroup N, which is minimal
with respect not to be contained in Ng(L) but containing a Sylow 2-
subgroup of Ng(L). To determine the structure of such a group we
will need the Ky assumption to prove results about action of N on
Q1(Z(Oz(N)). In fact this group N looks very similar to the minimal
parabolic in Ng(L), which is not contained in the normalizer of a root
subgroup of L. The main result about this group N however is that it
also contains an involution ¢ in its center. We then prove that Cg(t) also
contains a standard subgroup L;. As t and z both centralize the cen-
tralizer of a root subgroup in L, we see that both standard subgroups L
and L; must be isomorphic. But now N is the corresponding minimal
parabolic in Ng(Ly), ast € Z(N). This gives N a natural meaning and
so we get that the corresponding minimal parabolic N in Ng(L) also
normalizes Z(O2(N)), which shows (N, N;) < Ng(Z(O2(N))), which
then leads to the final contradiction.

Acknowledgement: We thank the referee for a very careful reading
and many comments which helped to improve the paper substantially.

2. PRELIMINARIES
We start this section with some results from general group theory.

Lemma 2.1. Let G be a group and S be a Sylow 2-subgroup of G. Then
G is of even characteristic if and only if Co(O2(Cq(x))) < Oa(Ca(x))
for all involutions x € Z(S).
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Proof. If G is of even characteristic, then Cg(O2(Cq(x))) < O9(Cg(z))
just by definition.

So assume now that Cg(O2(Cq(x))) < O9(Cq(x)) for all involutions
x € Z(S). Let N be some 2-local of G such that S < N. We have to
show that F*(N) = O2(N). As N is a 2-local we have that Oy(N) # 1.
In particular there is some involution z € O9(N) with [S,z] = 1. Fur-
thermore [F*(N),z] = 1. So F*(N) < Cg(x). Set E = O*(F*(N)).
Then [O5(Ce(x)), E] < O5(Ceu(z)) and as O3(Ce(z)) < S < N, we
have [O2(Cg(x)), E] < EN O2(Cg(x)). In particular we have that

[O(E),02(Ca(z))] =1
and
[E(N),0:(Ca(x))] < O2(E(N)) < Z(E(N)).

By the Three-Subgroups-Lemma we get [O2(Cq(x)), E(N)|] = 1 and
then [Oy(Cq(z)), E] = 1. Combining this with our hypothesis yields

E < Cg(05(Co(7))) < O2(Cal()).
Soas E = O?(E), we have E = 1 and F*(N) = Oy(N), as asserted. [

Lemma 2.2. [Glau|Let G be a nonabelian simple group, z an involution
and z € S € Syly(G). Then 26 NS # {z}.

Lemma 2.3. [GoLyS2, Lemma 15.16](Thompson transfer). Let G be
a group, S € Syly(G), T IS with S =TA, ANT =1, A cyclic. If G
has no subgroup of index two and u s the involution in A, then there
is some g € G with u9 € T and Cs(u?) € Syly(Ce(u9)). In particular
[Cs(u)] < |Cs(u?)].

Lemma 2.4. [GoLyS2, Lemma 24.1] Let R be a p—group, p odd, and E
be an elementary abelian 2-group, acting faithfully on R. Then there is
a subgroup U in RE, such that U is a direct product of dihedral groups
of order 2p and E is a Sylow 2-subgroup of U.

Definition 2.5. A pair (X, V) is called a Goldschmidt-O’Nan pair of
type (n, k) provided the following conditions hold:
(i) V is a faithful GF(2)X-module with |V] = 2".
(ii) There is a nontrivial cyclic subgroup Y of X of odd order such
that if we set V4 = [V, Y], then Y acts transitively on V.
(iii) Vo = Oy (Y) # 1, [Vg| = 2% and if Q = {V*}, then distinct
elements of {2 intersect trivially.
(iv) ¥ < Nx (V).



7

Lemma 2.6. [GoLyS2, Proposition 14.2] If (X, V) is a Goldschmidt-
O’Nan pair of type (n, k) then one of the following holds
(i) Q ={W}, i.e. Vo is X —invariant.
(i) Q = {Vo,Vi} and Vi, Vi are interchanged by a 2—element in X .
(iil) 2 =2"%, Upeq W? =V \ Vi and V4 is X —invariant.
(iv) k=1, n =3 and X is nonabelian of order 21.

Lemma 2.7. Let G be a solvable group with O(G) = 1. Let T be a
Sylow 2-subgroup of G which is dihedral or semidihedral. If G # T and
Z(T) is normal in G, then G possesses a normal subgroup U = SLo(3).

Proof. First of all as O(G) = 1, we have Cg(O2(G)) < O2(G). As
O2(G) # G, we have that there is some element w of odd order which
acts faithfully on O9(G). As T contains a cyclic subgroup of index two
also O9(@) contains a cyclic subgroup of index at most two. Hence this
cyclic group cannot be characteristic in O9(G). So we have that Oy(G)
is quaternion of order 8 or elementary abelian of order 4. The latter is
not possible as Z(T') is normal in G and so central in GG, which would
imply that w centralizes Oy(G). So we have that Oy (G) is quaternion of
order 8 and then o(w) = 3. Now set U = (O5(G),w), the U = SLy(3).
As Out(O2(G)) = X3, we have that U is normal in G. O

Lemma 2.8. Let E'= D' be an extraspecial group, which is a central
product of m dihedral groups of order 8. Then the number of elements
of order 4 in E is 2*™ — 2™,

Proof. We prove the formula by induction. For m = 1 we have a dihe-
dral group of order 8, which has exactly two elements of order 4. So let
m > 1 and set G = HK, where H is dihedral of order 8, K = Dg"_l
and [H,K] = 1. Let u € G, o(u) = 4. Then u = st, with s € H and
te K, [s,t]=1.Set (2) =Z(F)=Z(H) = Z(K). If o(t) = 4, we get
5?2 = 1. There are exactly 6 elements s € H with s> = 1. By induction
there are exactly 22(m=1 — 2m=1 elements of order 4 in K. This gives
6 x (220m=1) — 2m=1y pairs (s,t) such that s2 = 1 and o(t) = 4. As
szt~! = st, we get
3 x (22(m—1) . 2m—1)

elements of order 4 of this kind. Let now o(s) = 4, then t* = 1. This
then gives 2(22(m=D+1 _(22(m=1) _9m=1)) pairs (s, t) of this kind. Again
szt = s71zt, so we get

22(m—1)+1 o (22(m—1) o 2m—1)

elements of order 4 in this case. Altogether we have
(3 % (22(m—1) o 2m—1) + 22(m—1)+1 . (22(77’7,—1) - 2m—1)
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elements of order 4. But this number is 22" — 2™, O

Lemma 2.9. Let E be an extraspecial group which is a central product
of m dihedral groups of order 8. If there is an element w of order 5,
which induces an automorphism on E such that Cg(w) = Z(E), then
m 1s divisible by 4.

Proof. We have that w acts fixed point freely on the element of order
4 in E. Hence by Lemma 2.8 we get that

2% = 2™( mod 5)
and so
2™ =1( mod 5).
So 4 divides m. O
Next we will prove some results about the groups in Cs.

Lemma 2.10. Let G = Jy, M(22), M (24)', F5, 2F5 or Fy. Let v be a 2—
central involution in G\ Z(G). Then Cg(v) = 211 A5, 2-21780,(2) : 2,
21H1230,(3) 1 2, 21722 Co0y, 2- 21722C0y or 2'721Coy, respectively.

Proof. This can be found in [GoLyS3, Table 5.3]. O

In the next lemma we will collect some properties of L = M (23).

Lemma 2.11. Set L = M(23) and let T' be a Sylow 2-subgroup of L.
Then the following holds:

(i) Z(T) is elementary abelian of order 4 and all involutions in L
are 2-central. The centralizers of these involutions are isomor-
phic to:

2M(22), (2 x 2)Us(2) : 2 or (Ep x Dg)(Zs x Q5 (2)) : 2.

In particular if x € L is an involution then x € Cp(x) .
(ii) J(T) is elementary abelian of order 2'' and

Finally Ni(J(T) induces orbits of length 23, 253 and 1771 on
the nontrivial elements of J(T).
(iii) Lett € J(T) such that Cp(t) = 2M(22) then
Neyw (J(T))/J(T) = Moy

acts indecomposably on J(T') and involves a 10-dimensional
module.



(iv) Let t € J(T) such that E(CL(t)) = 2% - Us(2), then
Ney,w(J(T))/J(T) = Ls(4)

and induces a 9-dimensional module in J(T).
(v) Aut(L) = L and there is no nontrival central extension of L.

Proof. (i) That Z(T) is elementary abelian of order 4 and the structure
of the centralizers can be found in [GoLyS3, Table 5.3u]. From this
structure we easily see that © € Cf(x)" for any involution z.

(i) That J(T) is elementary abelian of order 2'' and the structure
of Np(J(T)) can be found in [Asch4, 32.3] and [GoLyS3, Table 5.3u].
The orbit length are given in [Asch4, 22.4].

(iii) The structure of N¢,)(J(T)) can be found in [Asch4, 32.2].
If J(T') were a direct sum of a trivial module and a 10-dimensional
one, then Gaschiitz Lemma would get that C(¢) splits over (¢), which
contradicts (i).

(iv) This can be found in [Asch4, 22.2].

(v) This follows from [GoLyS3, Table 5.3u]. O

Lemma 2.12. Let G = Myy and V' be a faithful module for G with
V| = 2'% and point stabilizer Mys. Then V is the Todd-module. Fur-
thermore G induces orbits of length 24, 276, 1771 and 2024 on the
nontrivial vectors in V. Let v € V such that [v¢| = 1771, then Cg(v)
is an extension of an elementary abelian group of order 2° by 3X¢ and
Cq(v) induces in V/{v) one 4-dimensional, one 6-dimensional and one
trivial module.

Proof. The uniqueness and the orbits follow from [Asch5, chapt.19] or
[Asch4, 22.1]. Here we also find that Cg(v) = 263%. Furthermore we
find that a vector in the orbit of length 276 is centralized by Aut(Mas).
As neither Mss nor Aut(Mys) contains an elementary abelian subgroup
of order 64, we see that all elements in Cy(O2(Cg(v))) belong to the
orbit of length 1771 and so they must be conjugate in Ng(O2(Cq(v))),
which gives that (v) = Cy(O2(Cg(v))). In particular we have that
Cv)(wy(02(Ce(v))) is isomorphic to Ox(C(v)) as Ce(v)-module. This
shows that one 6-dimensional module is involved. Now the factor mod-
ule is 5-dimensional and as C(v) cannot act trivially on this factor we
also get one 4-dimensional module and one 1-dimensional module. [J

Lemma 2.13. Let G = My, and S be a Sylow 2-subgroup of G, then
Ng(S) = S.

Proof. By [GoLyS3, Table 5.3e] there is an involution x € S such that
Cg(7) is an extention of an extraspecial group of order 27 by L3(2).
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Hence Ng(S) < Cg(x) and, as Sylow 2-subgroups of L3(2) are self
normalizing, the result follows. U

Now we turn to the groups of Lie type. Most of the time we will treat
groups like Spy4(2)’, G2(2) and ?F,(2)’ together with the groups of Lie
type. We therefore use the following definition.

Definition 2.14. A genuine group of Lie type in characteristic p is
a group isomorphic to OP (Ck (o)), where K is a semisimple GF(p)-
algebraic group, GF(p) is the algebraic closure of GF(p), and o is the
Steinberg endomorphism of K, see [GoLyS3, Definition 2.2.2] for de-
tails. A simple group of Lie type in characteristic p is a non-abelian
composition factor of a genuine group of Lie type in characteristic p.

As Sps(2) = Ly(9), which both are elements of Cy, we will treat this
group sometimes also as a group of Lie type in odd characteristic. But
this will always be clear from the context.

Lemma 2.15. (Borel-Tits-Theorem) Let G = G(q),q = p’, be a gen-
wine group of Lie type and S be a Sylow p-subgroup.
(a) If S <X <G and Oy(X) =1, then X =G.
(b) If X < G and Oy(X) # 1, then there is a parabolic P of G,
O,(P) # 1, such that X < P.

Proof. (a) is [GoLyS3, Theorem 2.6.7] and (b) is [GoLyS3, Theorem
3.1.3]. O

Lemma 2.16. [GoLyS3, Theorem 2.5.1.] Let K be a group of Lie type
over GF(p®) and x € Out(K). Then x = df g with:

(a) d is a diagonal automorphism. In particular p 1 o(d).

(b) f is a field automorphism. In particular if S is a Sylow p-
subgroup of K normalized by f, then X (t)7 = X (t°), where o is
a field automorphism of GF(p®) and X (t) is a root group in S.
This implies that f also induces a field automorphism on any
parabolic containing S and any Levi complement. Recall that
twisted groups are not defined over GF(p®) but over GF(p*)
or GF(p3¢) and o is an automorphism of this larger field, in
particular f might be trivial on Levi factors, which are defined
over GF(p°).

(¢) g is a graph automorphism, which comes from a symmetry of
the corresponding Dynkin diagram. We have o(g) = 2 or 3.
The case o(g) = 3 just occurs for K = Qf (p°). Furthermore
g=1, if K is twisted.

Lemma 2.17. The groups 2Eg(2) and Fy do not have an involutory
automorphism whose centralizer has a component M (22).
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Proof. By the Borel-Tits Theorem 2.15, we see that involutions in
2Fs(2) do not have components in their centralizer. By Lemma 2.16
we see that centralizers of outer automorphisms of order 2 have com-
ponents which are groups of Lie type, so the result follows for 2Fg(2).
For F, it follows directly from [GoLyS3, Table 5.3y]. O

Lemma 2.18. (a) Let G = Ly(9) or PSpys(3). Then there is no
involution i in Aut(G) such that C (i) is an elementary abelian
2-group.

(b) If G = PSp4(3) and x is an involution in Aut(G), then |Ce(z)|2
16.

Proof. As Ly(9) = Ag the assertion (a) is clear for G = L(9). As
PSps(3) = Q4 (2), and Aut(G) = Og (2), we get that

Ca(i) =2 24 Zs x £3), 2155, 36 or Zy x ¥4

by [AschSe3| and [GoLy, Theorem 9.1]. This is (a).
(b) now follows just by inspection. O

Lemma 2.19. Let L = L4(3), Us(3) or 2Us(3). Then the following
holds:
(i) If = € L\ Z(L) is a 2-central involution, then Oy(Cp(z)) =
Qs * Qg or Zy X Qg * Qg in case of L = 2U,(3).
Furthermore Cp(2)/O(CL(2)) acts faithfully on O(CL(z)) and
O3(CL(2)/02(CL(z2))) is elementary abelian of order 9.
(il) Out(Uy(3)) = Dg and Out(L4(3)) is elementary abelian of or-
der 4.
(ii) If G = Aut(L), L = Uy(3) and x is an involution in G such
that 2° - 32 divides |Cr(x)| then one of the following holds:
() x is contained in L and 2-central.
(8) Ci(x) = PSpi(3).
(7) O2(CL(x)) is elementary abelian, Cr(x)/O2(CL(x)) acts
faithfully on Oy(Cr(x)) and induces a group of order 36.
(iv) Let L = L4(3) or Uy(3). Then |Z(T)| = 2 for T a Sylow 2-
subgroup of L. Let G be a subgroup of Aut(L) containing L
and Ty be a Sylow 2-subgroup of G. If |2 (Z(T1))| > 2, then
L = Ly(3) and |G : L| = 2. Furthermore some element t €
0 (Z(Th)) \ L centralizes PSpy(3) : 2 in L.

Proof. (i) These facts can be found for Uy(3) in [CCNPW, page 52],
for L4(3) in [GoLyS5, Lemma 10.4.15].

(ii) This can be read off from Lemma 2.16.

Vv
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~—

(iii) Inspection of the orders of centralizers of involutions in Aut(L
([CCNPW, page 52]) shows that either («) or (/) holds or |Cp(z)|
2632, In this case also L(x) contains an involution y such that C(y) =
PSpy(3). Let T be a Sylow 2-subgroup of L(y), then we have that
J(T) is elementary abelian of order 32 and Ny (J(T))/J(T) = As.
This group induces orbits of length 6 and 10 on J(7')\ J(7') N L. Hence
we have that x is in the orbit of length 10 and so Cp(x) < N.(J(T)).
Now Cl, (s(ry)(z) is an extension of J(S) N L by the normalizer of a
Sylow 3-subgroup in Ag. This is (iii).

[l

(iv) We see from [CCNPW, page 52] that in case of L = Uy(3) there is
no outer involution z, which will centralize a Sylow 2-subgroup of L, as
27 does not divide the order of the centralizer Cp(x). That |Z(T)| = 2
follows from (i). For L = L4(3), we see with [CCNPW, page 68| that
there are two classes of outer involutions which centralize Uy(2) : 2 in
L4(3). There is a third class corresponding to the diagonal automor-
phism of order two, which centralizes L3(3) in L. This shows that the
center of a Sylow 2-subgroup of Aut(L) is of order two. Furthermore in
fact there is G < Aut(L) with |G : L| = 2, such that |,(Z(T}))| =4
for T7 a Sylow 2-subgroup of G. O

Lemma 2.20. If G = L4(3),U4(3), L3(3), G2(3), L2(9) or La(p), p a
prime, and t is some involution in Aut(G) with nonsolvable centralizer
then G = G5(3) and Cg(t) has a component La(8) or G = Uy(3) or
L4(3) and Cg(t) has a component PSp4(3), Ls(3), Us(3) or La(9).

Proof. As Ly(9) = Ag, we easily see in that case that there are no invo-
lutions with non solvable centralizer at all. For Ly(p) we get the result
with [GoLyS5, Lemma 10.1.3].

For the remaining groups we have by [GoLyS3, Table 4.5.1 - 4.5.3] that
centralizers of inner involutions are solvable {2, 3}—groups or G = L,(3)
and we have a component Ly(9). Further we there also find the central-
izers of the outer automorphisms. In case of U,(3) we find a component
Us(3) and in case of L4(3) we find a component L3(3), in both cases
these are diagonal automorphisms. In both cases Uy(3) and L4(3) we
also find a component PSp,(3) for a graph automorphism. In case of
G2(3) we get Lo(8) = 2Go(3)’, which is the centralizer of an outer
automorphism. O

We next turn our attention to the groups of Lie type in characteristic
two.
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Lemma 2.21. [GoLyS3, Theorem 2.5.12.] Let K be a group of Lie type
over GF(2°). The group of diagonal automorphisms is nontrivial and
cyclic exactly in the cases listed below. Its order is given in the second
row of the table.

Lim(q) Unle) | Eole) | *Es(q)
(m7q_ 1) (m7q+ 1) (3,C]_ 1) (3aq+ 1)

Lemma 2.22. Let G be of Lie type in characteristic two. Let t € G be
an involution. Then F*(Cq(t)) = O2(Ca(t)).

Proof. By the the Borel — Tits — Theorem 2.15 we have that Cg(?) is
contained in some parabolic P. Now we have that F*(P) = Oy(P).
The A x B-lemma implies that Os(P) is centralized by any element
of odd order in F*(Cg(t)), which is impossible. Hence we get that
F*(Ca(t)) = 02(Cal(t)). 0

Lemma 2.23. [GoLyS5, Lemma 10.1.2(a)] Let G = Ls(q), q even.
Then there is no U < Out(G) such that U = X3.

Lemma 2.24. Let G = 2Fy(q)', q even. If ¢ # 2, then Out(G) has
odd order. If ¢ = 2 then Aut(G) = 2Fy(2) and there is no involution in
Aut(G) \ G.

Proof. 1f ¢ > 2, this follows from [GoLy, Theorem 9.1]. So assume that
q = 2. Then with [We] we get Aut(G) = ?F,(2). Now the assertion
follows from [Shi, Corollary 2]. O

Lemma 2.25. Let G be a group and L = F*(G) be a group of Lie type
in characteristic two.

(1) If there is an outer automorphism of order 2 of L, which cen-
tralizes a Sylow 2—subgroup of L, then L = Spy(2)’.

(2) Let t be some outer automorphism of order two of L and K
be a component of Cp(t). Then |Z(K)| is odd and K is of Lie
type in characteristic two. Furthermore Z(K) < Z(L).

(3) Assume that L is a central extension of Spa,(q), Fi(q), 2Fi(q)’
or Sz(q), ¢ = 2", and t is an involution in G\ Z(L).

(i) IfCpr(t)/O(CL(t)) has a component K, then K is a central
extension of Span(s), Fi(s), 2Fy(s), s = 2°, or in case of
Sps(q) also Sz(q) is possible. Further F*(L) 2 Sz(q) or
2Fy(2).

(ii) A Sylow 2-subgroup T' of CL(t) is not abelian.

(4) Let L = PSL3(4) and t € G be an involution, which induces
an outer automorphism on L. Then Cr(t) = 3% : Qg, PSLy(7)
or As.
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(5) Assume that L is a central extension of L3(q) or Us(q), ¢ = 2",
and let t be an involution in G\ Z(L). If Cr(t) has a component
K, then K is a central extension of La(s), Ls(s) or Us(s),
s =2 withb < n in the first case and 2b < n in the remaining
cases.

(6) Assume that L = Gy(4) and there is some involution t € G
such that CL(t) has a component K, then K = G5(2)".

Proof. By Lemma 2.22 we have that in (3)(i), (5) and (6) ¢ induces
an outer automorphism on L. Hence (1), (2), (3)(i), (5) and (6) follow
from [AschSe3, Chapter 19] and Lemma 2.24. We get (4) with [GoLyS5,
Lemma 10.2.1].

So we are left with (3)(ii). Suppose false. As the components in (3)(i)
do not have abelian Sylow 2-subgroups we have E(CL(t)/O(CL(t))) =
1. As T is abelian we have that T < Cp(O2(CL(t))/O(CL(t))) <
O 5(Cp(t)). Hence we get that TO(CL(t)) < CL(t). But then with
[AschSe3] we get a contradiction as long as L % Fy(q) or 2Fy(q)’. In
the latter two cases we just quote [Shi, Corollary 1, Corollary 2]. [

Lemma 2.26. Let F*(G) € Cy and t be an involution in G centralizing
a Sylow 2-subgroup of F*(G), then either t € F*(G) or F*(G) = As,
and t induces the Yg—automorphism on F*(G) or F*(G) = L4(3) and
t induces a graph automorphism on F*(QG).

Proof. 1f F*(G) is a group of Lie type over GF(2) this is Lemma 2.25(1).
For F*(G) sporadic this follows with [GoLyS3, Table 5.3]. For the re-
maining groups the assertion follows with [GoLy, Theorem 9.1]. O

Next we introduce some notation.

Hypothesis 2.27. Let G = G(q), ¢ = 2", be a simple group of Lie
type, G % Sz(q), La(q) or 2Fy(q)". If G = Spa,(q) let R be a short
root group, and a long root group otherwise. Set Xr = Cg(R) and
Qr = 02(Xg).

Lemma 2.28. Assume Hypothesis 2.27 with G 2 L3(q), Us(q), Sps(2)’
or Go(2)'. Let L be a Levi complement in Ng(R). Then Qr/R has the
following L-module structure:
(i) G = L,(q), O¥(L) = SL,_5(q), Qr/R = Vi ® Vi, Vi is the
natural L-module and V5 its dual.
(it) G = Q5,(q), O (L) = Oy, 4(q) X La(q) = L1 X Ly, Qr/R =
VieVs, Vi, i = 1,2, are natural Li—modules and [Qg, Lo] = Qg.
(iil) G = U,(q), O* (L) = SU,_»(q), Qr/R is the natural module.
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(iv) G = Es(q), O¥ (L) = Lg(q), Qr/R is an irreducible module
with |Qr/R| = ¢*°.

(v) G = %E4(q), O¥ (L) = Us(q), Qr/R is an irreducible module
with |Qr/R| = ¢*°.

(vi) G = E:(q), O (L) = Qf5(q), Qr/R is an irreducible module

(vii) G = Es(q), O (L) = Ez(q), Qr/R is an irreducible module
with |Qr/R| = ¢°°.

(viii) G = Fy(q), O¥ (L) = Sps(q), Qr/R is an extension of the
natural module by a spin module, where the natural module is
contained in Z(Qr). Finally Z(Qr) does not split over R.

(ix) G = 3Dy(q), O¥(L) = Lao(¢*), Qr/R is the 8-dimensional
GF(q)-module for L.

Proof. This can easily be checked using the Chevalley commutator for-
mula (see also [AschSe3| or [Chapter 3.2][GoLyS3]). In particular in
[GoLyS3, Example 3.2.5] one will find the calculation for *Dy(q). For
Es(q), E7(q), Es(q), this is [CurKaSei, Proposition 4.4], for Fy(q) we
have [CurKaSei, Proposition 4.5]. As in the language of [CurKaSei] the
groups GG and G4 are conjugate in Aut(G), they have the same struc-
ture. But in G4 the Spg(q) induces Q7(q) on Z(O2(Gy)), which shows
that the same also holds for L and so the module Z(Qg) does no split.
The remaining twisted groups can be found in [CurKaSei, Proposition
4.6].

The classical groups are treated in [CurKaSei, Proposition 3.1 - 3.3]
or [GoLyS3, Example 3.2.3]. That the corresponding modules are irre-
ducible is shown in [CurKaSei, Proposition 4.9]. The structure of Qg
and the action of L is also given in the paper [AzBaSei, Theorem 2,
Theorem 3]. O

Lemma 2.29. Let K = Spo,(q), n > 3, ¢ = 2™. We have two root
groups Ry and Ry, with

(1) The Levi factor of Nk(Ry) is Span—2(q), O2(Nk(Ry)) is ele-
mentary abelian and Os(Ng(Ry1))/Ry is the natural module.

(2) The Levi factor L of Nk (R2) is Span—a(q) X La(q), furthermore
Z(0O2(Nk(Ry3)))/Ra is the natural Ly(q)-module, and for n >
2, OQ(NK(RQ))/ = Rg, and OQ(NK(RQ))/Z(OQ(NK(RQ))) 1S a
tensor product of the two natural modules for the two factors
of L. If ¢ > 2, then Z(O3(Nk(Rz))) does not split over Ry as
an Ng(Ry)-module.
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Proof. (1) This is [CurKaSei, Proposition 3.2].

(2) Let V be the natural module for K. Again by [CurKaSei, Proposi-
tion 3.2] we have that Ng(Rs) is the stabilizer of an isotropic 2-space
W in V, where W = [V, Ry]. Now W < W+ and Ng(R,) induces on
W+/W the corresponding symplectic group Span—2)(g). Furthermore
we have by [CurKaSei, Proposition 3.2] that Cx (R1 Rs)/O2(Ck(Ry)) =
> D+1S s, _9)(q), which is the centralizer of a long root group in
Ck(R1)/O2(Ck(Ry)). We further see that Co,cy(ry)) (W) has index
q in Oy(Ck(Ry)). By Witt’s result we conclude that Cx(R2) induces
Spa(q) on W and so Ck(R)/O2(Cr(R2)) = Spam-—2)(q) X Spa2(q). Now
OQ(CK(RQ)) covers OQ(CK(Rle))/OQ(CK(Rl)) and so OQ(OK(RQ))/ S
RiR,. As some Sps(q), which is not contained in Ng(R;), acts on
this commutator group, we see that Os(Ck(Rs))" < Rs, with equal-
ity for n > 2. For n = 2, we see that Oy(Ck(Rz)) is elementary
abelian. We furthermore have that Ry < Z(O2(Ck(Rs))), which, with
the action of Spy(q), shows that |Z(03(Cx(Rs)))| = ¢* and modulo
Ry, the natural module is induced. Let n > 2. From Ck(R;) we
see that Cx(R1R2)/O2(Cr(R1Ry)) induces two Spag,—2)(g)-modules
on Oy(Ck(R2))/Z(0s(Ck(Ry))), one in Oy(Ck(Ry)) and another one
in O(Ck(R1R2))/02(Ck(Ry)). As Oy(Ck(R1R2)) does not act triv-
ially on this group the same applies for the Sps(q). Hence we see that
05(Ck(R2))/Z(02(Ck(R2))) is a tensor product of the two natural
modules.

As Z(05(Ck(Ry))) centralizes W+, we may embed it into Sp,(q). Hence
it is enough to proof that Z(O2(Ck(Rz))) does not split over Ry for
n = 2. But then we have that R; and R, are conjugate in Aut(K)
and so we just have to prove that Oy(Ck(Ry)) does not split over R;.
Let S be a Sylow 2-subgroup of K such that RiRs = Z(5). Let B be
the Borel subgroup, Then B = SH, where H = Z,_ X Z4—, induces
Zq—1 on Ry and Ry as well. In particular Ry, Ry are the only nontrivial
H-invariant subgroups in Z(S). As " # 1, we get that S’ = R Rs.
In particular Ry < Ck(R;)’, which implies that O2(Ck(R;)) does not
split over R; as a Nk (R;)-module. O

Lemma 2.30. [DeSte, 10.10 and page 238] Assume Hypothesis 2.27
with K = G5(2°), e # 1. Let P be the normalizer of the root group
R. Then O'(P) = (2¢)1%1 : SLy(2°). If e # 2, then O'(P)/Qr acts
irreducibly on Qr/R. If e = 2, then P acts irreducibly on Qr/R but

O'(P)/Qr induces a direct sum of two permutation modules for As on

Qr/R.
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Let S be a Sylow 2 subgroup of P, then Z3(S) < Qr and Nk (Z5(S))
induces the natural Ly(q)-module on Zy(S).

Lemma 2.31. [DeSte, 12.9] Let K = ?Fy(q), ¢ = 2*"*'. Let R be
a long root group in K and P = Ck(R). Then P/Os(P) = Sz(q),
R = Z(05(P)), Z5(O2(P))/R is an irreducible 4-dimensional module
for P/Os(P), |Coyp)(Z2(02(P)))| = ¢° and O5(P)/Co,(p)(Z2(0:(P)))
is the natural P/Oy(P)-module. Finally Oy(P)/Z3(O2(P)) is an inde-
composable module for q > 2.

If ¢ = 2, then F*(K) = Fy(2) has index 2 in K. We have that
R = Z(0Os(PNF*(K))), Z2(O2(P)) = Zy(O2(P)NF*(K)) and |O2(P)N
F*(K)/Z(0:(P))| = 16.

In K there is another parabolic Py normalizing Zs(S) and Z3(S),
which is of order ¢*. We have that P; induces Ly(q) on Z(Oy(P)).

Lemma 2.32. [GoLyS3, Theorem 3.3.1] Let K be a group of Lie type
in characteristic 2 and S be a Sylow 2-subgroup of K. Then Q1(Z(S5))
is a root group or K = Spe,(2°) or Fy(2°), where Q1(Z(S)) is a product
of two root groups. In particular if Z(Qgr) # R, then G = Spy,(2°) or
Fy(2°).

Lemma 2.33. Let H = F*(G) be one of Jo, M(24)', L.(2), 05.,(2),
Un(2), Es(2), E7(2), Es(2), 2Es(2) or 3Dy(2). Let S be a Sylow 2-
subgroup of H. Then (r) = Z(S) is of order two. If Cg(r) does not act
irreducibly on Oo(Cyg(r)/(r)), then H = G = L, (2), or H = L3(2) or
L4(2).

Proof. 1f F*(G) is a group of Lie type this is Lemma 2.28. For F*(G) =
Jo this is [GoLyS3, Table 5.3g] and for F*(G) = M (24)' this is [GoLyS3,
Table 5.3v]. O

Lemma 2.34. Let G be a group such that F*(G) = K € Cy is a simple
group. Let S be a Sylow 2—subgroup of G and assume that |2 (Z(S))| >
4. If K ¢Chev(2) then K = L4(3), La(9) or M(23).

Proof. If K is sporadic this follows with [GoLyS3, Table 5.3]. Hence
we have that K = L3(3), U4(3), L4(3), G2(3), P5p4(3), Lg(g) or Lg(p),
p=2"+1> 5 As by [GoLyS4, Lemma 4.4.2] Aut(Ls(p)) = PGL2(p),
which by [GoLyS4, Lemma 4.4.1] has a dihedral Sylow 2-subgroup of
order 2" > 4, we have that K % Ly(p). If K = PSp4(3), Us(3), G2(3),
Ls(3), we get the assertion with [GoLy, Theorem 9.1]. O

Lemma 2.35. Let G be one of Jo, M(24), Q5.(2), n > 4, F4(2),
FE7(2), Es(2), 2Es(2) or 3Dy(2). Let S be a Sylow 2-subgroup of G.
Then we have |Zy(S)| = 4.
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Proof. By Lemma 2.33 we have that |Z(S)| = 2. Set Z(S) = (r).
Then again by Lemma 2.33 Cg(r) acts irreducibly on Oy(Cq(r))/(r).
In all cases but G = M(24)" we have that Cg(r) induces an group
of Lie type over GF(2) on O3(Cg(r))/(r). By [Sm] we then have that
|Cosicary)/ i (S)| = 2, the assertion.

So assume that G = M (24)". Then by [GoLyS3, Table 5.3g]
Ca(r)/02(Ca(r)) = 3U4(3) : 2,

where the normal subgroup of order three is inverted. Furthermore an
element of order 3 has to act fixed point freely on Oy(Cq(r))/(r) =
W. Again we will show that |Cy/ (S)| = 2. For this we first take the
parabolic subgroup P = 234 in 3U,(3). Then this group induces a
faithful 3A¢—module on Cy (Oz(P)). This must be one of the two 6-
dimensional module and so a Sylow 2-subgroup 7" of P centralizes in W
a 2-dimensional space. This shows that |Cy (SN P)| = 4. We have that
Z(P) acts faithfully on Cy (S N P) and so (S, Z(P)) induces GLs(2)
on Cy (S N P). Hence Cy (S) is of order two and so |Z3(S)| = 4, the
assertion. U

Lemma 2.36. Assume Hypothesis 2.27 with G 2 G2(2)" or Ag. Let H
be a hyperplane in Z(Qr) not containing Q', then Qr/H is extraspe-
cial.

Proof. As Q' < Z(Qr), we get that Qr/H is non abelian with commu-
tator group of order 2. Hence if Cg(R) acts irreducibly on Qr/Z(Qr),
we have the assertion. So by Lemma 2.28, Lemma 2.29 and Lemma 2.30
we are left with G = L, (q), n > 3, or Ga(4).

Let first G = L,(q) and E;, Ey be the two normal elementary abelian
subgroups of order ¢" ! in Q g, which correspond to the set of transvec-
tion to a point and to a hyperplane on the natural module, respectively.
Then G induces SL,_1(g) on these groups and so they are defined
over GF(q). Let U be the preimage of Z(Qr/H). Then [U, E;] < H,
i =1,2. As |H| < ¢, this implies (recall E; are modules over GF(q)),
that U < E; N Ey = R. Hence Qr/H is extraspecial.

Let G = Go(4) and let U be as before. By Lemma 2.30 we have
Z5(S) < Qg. In particular [Z3(5),U] < H. As by Lemma 2.30 Z5(S5)
is the natural L,(4)-module, we get that [Z5(S),U] = 1. As Qr/R is
a direct sum of two modules for Cg(R), we see that Z,(S) intersects
both nontrivially and so Qg = (Z5(S)“#®). This implies [U, Qg = 1
and so again U = R, the assertion. 0
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Assume Hypothesis 2.27. Then using the lemmas above we get

* Co(Qr) = Z(Qr)

e Xp induces an irreducible module on Qr/Z(Qr) for G % L,(q)
or G2(4>

o If Z(QR) 7& QR, then CXR(QR/Z(QR)) = QR.

e For G = Fy(q) or Spay,(q) we have that Xp induces on Z(Qr)/R
an irreducible module and an indecomposable module on Z(Qg)
if G # Spaa(2).

e Suppose G 2 Sps(q). If H is a hyperplane in Z(Qg) not con-
taining R, then Qr/H is extraspecial.

Lemma 2.37. Suppose Hypothesis 2.27 with G % G2(2)'. We have
Co,(Xg) =R.

Proof. Obviously Cg,(Xr) < Z(Qgr) Hence the lemma is true if R =
Z(Qgr). So we may assume that G = Spy,(q) or Fy(q). But then by
Lemma 2.29 or Lemma 2.28 Xy induces on Z(Qg)/R an irreducible
nontrivial module, the assertion. O

Lemma 2.38. Suppose Hypothesis 2.27 with ¢ > 2. If U/Qg is normal
in Xgr/Qr, then F*(U/QR) is a product of quasisimple groups, each of
which is normal in Xg/Qgr, with at most one cyclic group.

Proof. If G = Ls(q) or Us(q), then Qg is a Sylow 2-subgroup and
Xr/Qr is a subgroup of the Cartan subgroup, which is a cyclic group
in case of Us(q) and a product of two cyclic groups of order (¢ — 1)
and (¢ — 1)/ged(3,q — 1) in case of Lj(g). But the Cartan subgroup
induces a cyclic group of order ¢—1 on R, so the assertion holds. In the
other cases we have with Lemma 2.28, Lemma 2.29 and Lemma 2.30
that Xp/Qp is an extension of O? (Xz/Qr) by a cyclic subgroup of
the Cartan subgroup. Hence all we have to show is that 0% (Xp/Qr)
is a product of quasisimple groups which are normal in Xr. Now the
lemmas just quoted show that O (Xg/Qg) is quasisimple besides in
the cases 5,(¢) and Spa,(q). If there are just two components, then
they cannot be conjugated in Xz/Qgr. So just the case G = Qf (q)
remains, where we have three components Ly(q). Now Q4 (¢) embeds
into Sps(q) and so O% (Xy) embeds into the corresponding group there,
which is an extension of a 2-group by Sps(q) X L2(q) and two of the
three components of 0% (Xr/Qr) embed into the Spy(q), in particular
they all have to be normal in Xr/Qg, the assertion. O

Lemma 2.39. Suppose Hypothesis 2.27 with ¢ > 2. If U is a normal
subgroup in Xz which does not contain R, then U < R.



20 KAy MAGAARD AND GERNOT STROTH

Proof. As Cq(Qr) < Qg we get that U N Qg # 1. Suppose first that
UNQr £ Z(Qr). Let u e UNQRr\ Z(Qr). Then, as by Lemma 2.36
Qr/H is extraspecial for any hyperplane H of Z(Qg) not containing
R, we get that R = [u,Qr] < U, a contradiction. So we have that
UNQr < Z(Qr). Now [U,Qr] < QrNU < Z(Qr). If Qr # Z(Qr),
then Cx,(Qr/Z(Qr)) = Qr. So we now get that U < Z(Qg). Hence
either U < R or Z(QRr) # R.

Assume Z(Qr) # R. Then either G = Sps,(q) or G = Fy(q). In both
cases we have by Lemma 2.29 or Lemma 2.28 that Xy acts irreducibly
on Z(Qr)/R. This shows that Z(Qr) = UR. But as ¢ > 2, we have
that Xg induces on Z(Qg) an indecomposable extension of the trivial
module by the natural Ls(g)-module, Spgs(q)-module, respectively. As
there is a group of order ¢ — 1 acting transitively on R, we see that
R <[Z(Qgr),Xgr] and so R < U, a contradiction. O

Lemma 2.40. Let G = L3(q), ¢ = 2", and T be a Sylow 2-subgroup of
G. Then G possesses two parabolics Py, Py which contain T, such that
U; = Oy(P;) is elementary abelian of order ¢* and O% (P;/U;) = Ly(q),
for1=1,2. Furthermore P; induces the natural module on U;, 1 = 1,2,
T = UyUy and any involution of T s contained in Uy U Us. Finally
there is an automorphism o of G, which normalizes T with Py = Ps.

Proof. We consider L = SL3(q) instead. Let V' be the natural module
for L and let P; be the point stabilizer. Then P, /Oy(P;) = G Ly(q) and
U; = O Py) is elementary abelian of order ¢%, U; are just all transvec-
tions to this point. Fix T" a Sylow 2-subgroup of P;. By Lemma 2.16
there is a graph automorphism o which normalizes 7. Set P, = P}
Then U, = Uy is the set of transvections to a hyperplane. In particular
Uy # Uy. As Np(T) = Ni(T) < P, and Ni(T) acts irreducibly on
T /Uy, we get that UjUy = T. Let € T be some involution. Then
[V, z] is 1-dimensional. Furthermore [V, z,z] = 1, so [V z] < Cy(z).
Hence z is a transvection. So all involutions are in Uy U Us. ]

Lemma 2.41. Let G = L3(4).

(a) If T is a Sylow 2-subgroup of G. Then Z(T) is elementary
abelian of order 4. Furthermore Cg(v) is solvable for all 1 #
ve Z(T).

(b) Let H = G{(«), where « is an involution, which induces a graph
automorphism on G, then Cgmy(a) = As.

Proof. (a) By Lemma 2.40 we have that T = U;Us, where U; and U, are
elementary abelian of order 16 and C(U;) = Uy. Hence Z(T) = U1NU;
is elementary abelian of order 4. If 1 # v is an involution in Z(7"), then
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by the Borel-Tits-Theorem 2.15 Cg(v) < Py or P, in the language of
Lemma 2.40. Now P;/Oy(P;) = Ly(4), which induces a natural module
on Oy(P;). As v € Oy(F;), we have that Cp, (v) is a Sylow 2-subgroup
and so solvable.

(b) This is [GoLyS5, Lemma 10.2.1]. O

Lemma 2.42. Let X = H(w), H/Z(H) = L3(4), Z(H) < H', where «
induces a graph automorphism on. Let'Y be a Sylow 2—subgroup of X.
(a) YZ(H)/Z(H) does not contain an elementary abelian normal
subgroup of order 8.
(b) Let 1 # Z(H) < H' be a 2—group. If U is a normal subgroup
of Y such that Y/U is abelian or dihedral of order 8, then
Z(H)NU # 1.

Proof. For (a) we may assume Z(H) = 1. By Lemma 2.40 we have in
H two parabolics Py, P», both extensions of elementary abelian groups
of order 16 by Lo(4). Further P} = P,. In Y N H we have that all
involutions either are in O9(Py) or in Oy(F2). Now let E be elementary
abelian of order 8 and E be normal in Y. Then we may assume that
ENH < Oy(P). As a does not normalize any subgroup of order 8 in
O5(Py), we see that [ENH| =4 and so E £ H. So we have some e €
with Pf = P,. Then ENH = (ENH)® < Oy(P) NOy(P,) we see that
ENH=ZY NH).But then [E,Y] < Z(YNH) < Oy(P,) and so E
normalizes Oq(Py), a contradiction. This is (a).

By [Hu, (1.17.4)] we have that Z(H) < (Y N H)'. Let now U <Y
If Y/U is abelian, then Y/ < U and so Z(H) < U. So we may assume
that Y/U is dihedral of order 8. Assume Z(H)NU = 1. Then we have
that Z(H)U/U < Y'U/U is the center of this dihedral group. In partic-
ular |Z(H)| =2. As even Y N H/U N H has to be nonabelian, we may
assume that o € U. Now also [, Y] < U N H. Let W be the preimage
of Oy(Py). As Oy(Py) is the natural module for Py, i.e. P; acts transi-
tively on the nontrivial elements, we see that W is elementary abelian.
Now YNH = [Y,a]W as Y N H = WIW But then we have that
YNH/HNU =Y, a]W/HNU <(UNHW/HNU = W/WNU is
elementary abelian, a contradiction. This is (b). O

Lemma 2.43. Assume Hypothesis 2.27 with ¢ > 2. Assume further
that G 2 L3(4) and G 2 Gy(4). Let N < Qg be a normal subgroup
of Xr. If N £ Z(Qg) then either N = Qg or G = L,(q) and N is
elementary abelian of order ", or G = L3(q) and Q,(N) < R.

Proof. By Lemma 2.28, Lemma 2.29 and Lemma 2.30 we have that Xp
acts irreducibly on Qr/Z(Qr) or G = L,(q). In the case of L,(q) we
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have that Qr/R is a direct sum of the natural SL,_5(q)-module by its
dual. So N/R is one of the two modules provided n > 4.

Assume G = Ly(q). As ¢ > 2, we have that Xr/Qpr = La(q) X Zy—1.
As there is an outer automorphism, the graph automorphism, which
inverts the cyclic group of order ¢ — 1 and centralizes the Ls(q), we
see again that the two modules are the only proper X z—invariant sub-
groups in Qr/R and so we get the same result as for n > 4.

Finally let G = Ls3(q). Then we have a cyclic group Yr of order
(¢q—1)/gcd(3,q—1) in Xg. As now g > 4, we have that Yg is nontriv-
ial. By Lemma 2.40 Qg = E1 F5, where the F; are the two elementary
abelian subgroups of order ¢ in Q. Further all involutions of Qr are
in F1 U Esy. As Yy acts irreducibly on E;/R, we see that either N = E;
or NN E; < R. But then Q;(N) < R. O

Lemma 2.44. Suppose Hypothesis 2.27 with G = L,(q), ¢ = 2™,
m>2,n>3,G% L3(4) . Then Xgr has no subgroup of index two.

Proof. From Lemma 2.28 we see that O (Xz/Qr) = L,_»(q). Let first
n # 3. As ¢ > 2, L, »(q) is a simple group. Next we see that Xpg
induces on Qr/Z(Qr) a sum of two modules, which both are nontrivial.
If G = L3(q) there is some cyclic group Yg of order (¢—1)/ged(3,q—1)
in Xg. As ¢ > 4 in this case, we have that Yy # 1. Now in this case
[Qr, Yr| = Qr. Hence in any case a subgroup Ug of index two in Xg
has to cover O? (Xg/R). As Z(Qr) = R, then R = Oy(Xz)’ and so
R < Ug too, a contradiction. O

Lemma 2.45. Assume Hypothesis 2.27 with G % G2(2)'. Let t be a
2-element which induces an automorphism of G such that [t,Qr] <
Z(QR), then t is induced by some element from Qgr, or G = Spy(q)’.

Proof. We may assume that G 2% Spys(q)’. Then we have that Q' =
R and Qr = Cg(Qr/Z(Qgr)). This shows that [t, Xg] < Qgr. By
Lemma 2.39 we now get G = L3(2), Ls(4), L3(16) or L4(2). In case
of L4(2) the Yg—automorphism does not act trivially on Qr/Z(Qr).
So t is inner. So assume G = L3(q) Then we see that t also has to
induces an inner automorphism by [AschSe3, (19.1)] which then has to
be in Qg. 0

Lemma 2.46. Assume Hypothesis 2.27. Let G = Spo,(q), n > 3, or
Fi(q), ¢ = 2™, m > 2. Let S be a Sylow 2—subgroup of G and X =
Cq(Z(8))). If N is normal in X with ROAN =1, then N < Z(Qg).

Proof. We have that Q; = R. Hence NNQgr < Z(Qr) as NNR = 1 and
N<X. As Qg is normal in X too, we see [Qr, N] < QrNN < Z(Qr).
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But Cq(Qr/Z(Qr)) = Qr and so N < Qg, whence N < Z(Qgr), the
assertion. 0

Lemma 2.47. Let V be a non split extension of a trivial module by
the natural module for X = Lo(q), q even. Let S be a Sylow 2-subgroup
of X and A be a fours group in S. Then [V, A] = [V, S].

Proof. Let v € X, o(v) = ¢+ 1 and v* = v~ ! for some a € A. We
have that |[V, V]| = ¢* and so as |[V,d]| = ¢, we see [V, a] < [V,v]. Let
A = (a,b). We have that ([V,v],[V,0b]) is invariant under (A4,v) = X.
Hence we conclude that ([V,v],[V,b]) = V and so [V, A] = Cy(a) =
Cyv(S)=1[V,9]. O

Lemma 2.48. Let G = Sp4(q), ¢ = 2" > 2, and T be a Sylow 2-
subgroup of G. Then G possesses two parabolics Py, Py which contain
T, such that U; = Oo(P,) is elementary abelian of order ¢* and P;/U; =
GLs(q), fori=1,2. We have that U; is an indecomposable module for
P; and Z(0% (P})) = R; is a root group. Furthermore Z(T) = R Ry =
T, T = UUy and any involution in T is contained in Uy U Uy. There
15 an automorphism o of G with RY = Ry and Py = Ps.

Proof. Let Ry be the short root group in Z(T') and P, = Ng(Ry).
The structure of O% (Py) is given in Lemma 2.29. Let a be a diagram
automorphism, which normalizes T' (see Lemma 2.16). Set P, = P/
and Ry = RY. Then we have that Z(T) = R, Ry. As in O? (P,) there is
a cyclic group of order ¢ — 1 which acts transitively on Ry Ry/ Ry, we get
that this group is in P, and so P;/Us = G Ly(q). The same applies for
Py via a. As U; are indecomposable by Lemma 2.29 we get RiRy < T".
But in P; we see that T/R;Ry is abelian, so T" = RiRy = Z(T).
As O%(P,/Ry) is a split extension of the natural module by Lsy(q),
we get that 7'/ R; is isomorphic to a Sylow 2-subgroup of L3(q). Now
application of Lemma 2.40 gives that any involution of 7" is contained
in U1 U UQ. ]

Lemma 2.49. Let G = Spy(q), ¢ = 2" > 2, and let T be a Sylow
2-subgroup of G. If o is an outer automorphism of G normalizing T,
which is of 2-power order, then |T : Cr(a)| > ¢2.

Proof. Let Z(T) = Ri Ry, R; = Z(O'(F;)), ¢ = 1,2, in the notation of
Lemma 2.48. If Ry = R,, then |Z(T) : Cyzry(a)| > ¢q. Furthermore
Uy = U, and so |UUs /Uy NUy = Cuyuyu,0ws ()| > ¢, which gives the
assertion.

So we may assume that R = R, and RS = Ry. By Lemma 2.16 we see
that a induces a field automorphism and ¢ = 2. Now P = P; and «
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induces a field automorphism on P;/Os(P;), which gives that |T/U; :
Cryu, ()| > r. Furthermore |Z(T) : Cyry(a)| > q. As [T, Uh] < Z(T),
we have that « induces a field automorphism on U; /Z(T), which gives
\U1/Z(T) : Cu,zery ()| > 1. Together we get |T : Cr(a)| > rqr = ¢2,
which proves the lemma. O

Lemma 2.50. Let H = Spy(q), g = 2" > 2, T be a Sylow 2—subgroup
of H and R be a root group in Z(T). Then the following hold:
(i) If N ST, then N 2 Zy or Ds.
(i) If N QT with R £ N, then |T : N| > ¢*/2. If |T : N| = ¢*/2,
then |(T/NY| = 2. If [T : N| = ¢*> we have that |(T/N)'| < 4.

Proof. By Lemma 2.48 we have that T' = U,U,, where U; are elemen-
tary abelian groups of order ¢* and {i | i* = 1,i € U} = U, U Us.

(i) Assume false. Hence we have in both cases that there is some x € N
with x ¢ U;. But then Cy, (z) = Z(T), as Ny (Uy) induces Ly(q) on U;.
As by Lemma 2.48 [Uy,z] < Z(T') we have that [Uy,z] < Qi(Z(N)).
As |[Uy,z]| = q, ¢ > 2 and | (Z(N))| = 2, this is not possible.

(ii) Suppose |N : Z(T)NN| > 8. Then we may assume that N projects
onto Uy /Z(T) with a group of order at least 4. By Lemma 2.47 we get
that N > [Uy, N| > Z(T'), a contradiction to R £ N.

So we have that [N : NN Z(T)| < 4 and N projects onto each
U;/Z(T) with a group of order at most two. In fact this shows that
T : N| > q¢*/2.

Suppose now that |T' : N| < ¢* In particular we have that |Z(T) :
Z(T)NN| <4. As T = Z(T) by Lemma 2.48, we get that (T/N)" <
Z(T)N/N and so |(T/N)'| < 4.If |T : N| = ¢*/2, then we have that
|Z(T) : Z(T)N N| =2 and so |(T/N)'| = 2. O

Lemma 2.51. Let H be a group and Hy = F*(H) = Spy4(q)’, ¢ = 2",
U < H be a 2-group such that
(i) U =(U),
(i) ¢* = U] = ¢*/2,
(ii) 1 # U] < 4 and
(iv) if |U| = ¢*/2 then |U'| = 2.
Then q = 2.

Proof. Suppose q¢ > 2. Let T" be a Sylow 2-subgroup of H; which is
normalized by U. As by Lemma 2.48 Out(Sps(q)) has cyclic Sylow
2-subgroups, we have that |U : U N Hy| < 2.



25

Let Ry, Ry be the two root groups with Ry Ry = Z(T'). We have that
T = UlUQ, NHl(Uz) = NH1 (Rl), NH1 (Ul)/Ul = GLQ((]) and Ul is a non
split extension of R; by the natural module for GLs(q), i = 1,2 (see
Lemma 2.48).

Suppose there is some involution ¢t € U, with t ¢ H;. Then by
Lemma 2.49

(%) T Cr(t)] > ¢*.

We have |T: UNT| < 4, as |[U| > |T|/2. So we see with (%) that
[t,U]| > ¢*/|T : UNT|. Hence 8 > |U'||T : UNT| > ¢, a contradiction.
This shows U < H;.

As |T"| = ¢* by Lemma 2.48, we get that |U| = ¢*/2 and so |U’| = 2. If
x €T\ Z(T), then |[T,z]| > q. Choose t € Z(U). Then |[T,t]| < |T :
Ul =2. As ¢ > 2, we get t € Z(T). This shows that Z(U) < Z(T).
Further if Z(T) £ U then T = Z(T)U and then 7" = U’, which
contradicts |T"| = ¢*. So Z(T) = Z(U). In particular U is a central
product of Z(T) with an extraspecial group. Then |U| = ¢*2?" for
some n, which contradicts |U| = ¢*/2. O

Lemma 2.52. Let G = Go(4).

(a) Let T' be a Sylow 2-subgroup of G, then Z(T) is elementary
abelian of order 4.
(b) Out(G) induces just field automorphisms on G.

Proof. (a) This follows from Lemma 2.30.
(b) This follows from Lemma 2.16 and Lemma 2.21. O

Lemma 2.53. Let G = Lo(r), Lz(r) or Us(r), r = 27, and T be a Sylow
2-subgroup of Aut(G). Then |T| < r* in the first case and |T| < 2r* in
the last two cases.

Proof. By Lemma 2.16 we have that |Out(L)|s < f in the first case
and |Out(L)| < 2f in the last two cases. As f < r and |T| = r, r3,
respectively, we get the assertion. U

Lemma 2.54. Let K € Cy and E = SLy(3) x SLy(3) a subgroup of
Aut(K), then O*(E) induces inner automorphisms.

Proof. This follows with [GoLyS4, Lemma 4.1.1]. O

In the next definition we sort out some subsets of Cy, which will
become important in the proof when we will construct a standard sub-
group in the centralizer of a 2-central involution.
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Definition 2.55. (a) By M we denote the set

{U6(2>7 Sp6(2)7 93(2)7 F4<2)7 SZ<8)7 G2(4>7 L3(4)7 2E6(2)7
M(22), FQ, MQQ, Mlg, SUZ, 001, JQ, RU, HZS, U4(3)}

(b) By M; we denote the set

{M(22),2M(22), M(23), M (24)', Fy, 2Fy, Fy, 2Suz,2Ru, 2Coy,
2005 (2),2°Q4 (2), 2U5(2), 2°Us(2), 2 - *E5(2),2* - 2E5(2) }.

(¢) By M3y we denote the set
{M(22),2M(22), M(23), M (24)', F5,2F5, F} }.
(d) By R we denote the set

{U6(2>7 Sp6(2)7 Qg(z)v 2F4<2)/7 F4<2)7
2E6(2), M(22), M (23), M (24, Fy, F\}.

The groups in M are exactly those in Cy, whose nontrivial central
extensions by 2-groups are again in Cy (see Lemma 2.56). The groups in
M are the groups G € Cy which possess an involution in Aut(G) such
hat C(t) has a component K € Cy with Z(K') # 1, and the groups in
My are in My but Z(K) £ Z(G) (see Lemma 2.60). The meaning of
the set R will become clear in Chapter 4. There we introduce a certain
relation on components of involution centralizer.

The set R consists of those terminal elements, which cannot be
reached from elements outside of R (see Lemma 4.12 and Lemma 4.13).

Lemma 2.56. Let G € Cy with Z(G) # 1, then G/Z(G) € M.

Proof. This can be found in [GoLyS3, Table 5.3] for the sporadic groups
and [GoLyS3, Theorem 6.1.4] for the groups of Lie type. O

Lemma 2.57. If G € Cy and G/Z(G) has abelian Sylow 2—-subgroups,
then Z(G) = 1.

Proof. Suppose false, then by Lemma 2.56 G/Z(G) € M. But there
are no groups with abelian Sylow 2-subgroup in M. U

We will quite often use that groups cannot be involved in other
groups. For this we sometimes just use the orders. We now collect this
information.
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Lemma 2.58. For L € M the order of L is given below:

Us(2)

Spe(2)
07 (2)

Suz
001
Ja
Ru
HiS

215.36.5.7.11

29.34.5.7

212.35.52.7
224.36.52.72.13.17
26.5.7.13
212.33.52.7.13
26.32.5.7
236.39.52.72.11-13-17-19
27.36.5.7
217.39.52.7.11-13

241 .313.56.72.11.13-17-19-23-31-47
26.33.5.11

27.32.5.7-11
213.37.52.7.11-13
221.3%9.54.72.11-13-23
27.3%.52.7
214.33.52.7.13-29
29.32.5%.7.11

Proof. For the groups of Lie type this can be read of from [GoLyS3,
Table 2.2|. For the sporadic groups it follows with [GoLyS3, Table

5.3).

0

Lemma 2.59. The Schur multipliers for the groups L € R are as fol-

lows:

Us(2) 22x3|M(22) 6
Spe(2) 2 M(23) 1
OF(2) 22 | M(24) 3
2E6(2) 22 x 3 FQ 2
F(2) 2 ja) 1
2 (2) 1

Proof. This is [GoLyS3, Theorem 6.1.2] and [GoLyS3, Definition 6.1.3].

O

Lemma 2.60. Let G € Cy, t € Aut(G) be an involution such that
Cq(t) has a component K € Cy with Z(K) # 1.

(a) We have that G € M;.
(b) If Z(K) £ Z(G), then G € M.
(c) If |Z(K)| > 4, then Z(K) £ Z(GQ).
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Proof. By Lemma 2.56 K/Z(K) € M. Suppose first that G/Z(G)
is a group of Lie type in characteristic two. Then by Lemma 2.22 t
is an outer automorphism and components have center of odd order.
Hence Z(K) < Z(G). In particular Z(G) # 1 and so by Lemma 2.56
G/Z(G) € M. Hence we have (a) if we can show that G/Z(G) %
Spe(2), Sz(8), L3(4), Ga(4) or Fy(2). The first two groups do not have
an involutory outer automorphism. As G' € Cy and Z(G) # 1, we now
get G = 2L3(4), 22L3(4), 2Go(4) or 2F,(2). But Cg(t) is nonsolvable
and so by Lemma 2.25 we have that K/Z(K) is of Lie type in char-
acteristic two, which then is Ly(4), L3(2), G2(2)" or 2F4(2)". But then
K/Z(K) ¢ M, a contradiction. Further in all cases we see that for
G/Z(G) a group of Lie type in characteristic two we also have (b).

Let next G/Z(G) be sporadic. If Z(K) < Z(G), we again get that
G/Z(G) € M. Hence we have proved (a) if we can show that G/Z(G) %
May, Mis, Jy or HiS. But in these cases by [GoLyS3, Table 5.3] none
of the components of Cg(t) are in M. So we have that Z(K) £ Z(G).
Then we have a nonsimple component in a sporadic group and so by
(GoLyS3, Table 5.3] G/Z(G) = M(22), M(23), M(24)', Fy or F,. This
proves (a) and (b).

So we are left with G/Z(G) = L3(3), G2(3), L4(3), Us(3), L2(9) or
Ls(p). Now we may apply Lemma 2.20. So we get K/Z(K) = PSp4(3),
Ls(3), Us(3), La(9) or Ly(8), which all are not in M.

To prove (c) assume that |Z(K)| > 4 and Z(K) < Z(G). Then by
(a) G € M. In particular G = 22Q7(2), 22Us(2) or 2% 2E4(2). By
[GoLy, Theorem 9.1] the possible components K/Z(K) are Spg(2) and
F4(2). But then by Lemma 2.59 Z(K) is of order two, a contradiction.
This proves (c). O

Lemma 2.61. Let G € Cy. If some K € My is a component of the
centralizer of some involution in G, then G/Z(G) € M.

Proof. By Lemma 2.22 and Lemma 2.20 we have that G/Z(G) must
be sporadic. Now the assertion follows with [GoLyS3, Table 5.3]. [

Lemma 2.62. If K € My and G € Cy such that G/N = K for some
N < Z(G), then G € Ma.

Proof. This of course is true if N = 1. So assume that N # 1. Then by
definition of Co we have that N is in the Schur multiplier of K and |N|
is a power of 2. As the groups in M, are all sporadic and according to
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[GoLyS3, Table 5.3] for every group in My also any Schur extension
by a 2-group is contained in M, the assertion follows. O

Lemma 2.63. Let G € Co. If G/Z(G) is group of Lie type over GF(q),
q=2",n>2, such that 1 # Z(G) < G'. Then G/Z(G) = Ls3(4),
Go(4) or Sz(8).

Proof. This follows with Lemma 2.56. n

Lemma 2.64. If G € M; and t € Aut(G) is an involution, then
Ca/zc)(t) has at most one component.

Proof. If G/Z(G) is sporadic this follows with [GoLyS3, Table 5.3]. So
assume now that G/Z(Q) is of Lie type in characteristic two. Then by
Lemma 2.22 we have that ¢ ¢ G. Now with [GoLy, Theorem 9.1] we
get the assertion. 0

Lemma 2.65. Let K, Ky, L be in M. Suppose there is 1 # N <
Z(Ky) with K1 /N = K. Assume furthermore that for some noncentral
involution t € Aut(L) we have that CL(t) has a component K. Then
L e M,.

Proof. We have that K and K, are described in Lemma 2.60. Further-
more both K and a nontrivial central extension of K has to be in M.
Inspection of the groups in Lemma 2.60 shows that K; = 22 2Fg(2),
22U5(2), 2%Q4(2), 2M(22) or 2F,. With Lemma 2.60 we get the as-
sertion except when |Z(K7)| = 2 and Z(K;) < Z(L). In particular
K, = 2M(22) or 2F5. As no group L € My with Z(L) # 1 apart from
2F, has an order divisible by 2%? (see Lemma 2.58), we conclude that
Ky % 2F,. The same order argument shows that 2M/(22) could only be
contained in 2Co; or 2 - ?Fg(2). But by Lemma 2.17 there are no invo-
lutions in the automorphism groups of these groups which centralize a
component M (22). O

Lemma 2.66. Let G € R. If t is some involutory automorphism G,
then t centralizes elements of odd order in G.

Proof. 1f G is sporadic, we find the assertion in [GoLyS3, Table 5.3]. If
G is of Lie type in characteristic two and t is some outer automorphism

this is [GoLy, Theorem 9.1]. If it is an inner automorphism this is
[AschSe3]. O

Lemma 2.67. (a) If L € R and T is a Sylow 2-subgroup of L with
|Z(T)| > 2, then L = M(23) F4(2) or Sps(2).
(b) The class of a Sylow 2-subgroup for L € R is at least three.
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Proof. (a) Let T be a Sylow 2-subgroup of L. If T' contains an extraspe-
cial subgroup @ with Cr(Q) = Z(Q), we have that |Z(T')| = 2. By
Lemma 2.28 this is true for L = Ug(2), Q4 (2) and ?E4(2). By [GoLyS3,
Table 5.3 v,y,z] this is also true for L = M (24)', F; and Fj. So we are
left with L & M (22) and 2F}(2). In the latter the assertion follows with
Lemma 2.31. If L = M(22) there is a non 2-central involution z in L
such that 2Us(2) = Cp(x). Application of [GoLyS3, Table 5.3t] shows
that the center of a Sylow 2-subgoup of C(x) is of order 4. As x is not
2-central we have that |Z(T)| = 2.

(b) Suppose that T is of class at most two. Then T/Z(T) is abelian.
But now using Lemma 2.28 and Lemma 2.31, we see that this is absurd
for the groups of Lie type in R. As the class of a Sylow 2-subgroup of
Us(2) now is at least three and 2Us(2) < M(22) < M(23) < M (24)
and 2Ug(2) is also involved in Fy, which is involved in Fj, we get the
assertion also for the sporadic groups in R. 0

3. EXAMPLES

In this chapter we show under what circumstances the examples
27(3), Qg (3) and Ay2 in Theorem 1.4 arise.

Lemma 3.1. If G is a group of Lie type in odd characteristic which is
of even type but not of even characteristic, then G' = Q7(3) or Qg (3).

Proof. The structure of centralizers of involutions in G as far as needed
in this proof can be found in [GoLyS3, Chapter 4.5]. By assump-
tion G % Lo(q), as G is of even type. If G is a Ree group, then
Ca(z) = (2) x Ly(q), were ¢ = 31 n > 1, for all involutions z.
As components are in Cs, this is not possible. In the remaining cases
we have some SLs(gq) subnormal in Cg(z) for some involution z. As
there are no components SLy(q), as SLa(q) & Ca, this shows ¢ = 3.
Now from [GoLyS3, Chapter 4.5] we get the following list:
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Group Component in some
involutions centralizer
L,(3), n>5 SL, 5(3), n even
SL,-1(3), n odd
Span(3), n >3 Span—2(3)
U,(3), n>5 SU,—2(3), n even
SU,-1(3), n odd
0 (3), n=>11 4(3)
Q5(3) O£ (3)
Q(3) 0:(3)
3D4(3) SL,(27)
£F4(3) Sps(3)
2Fs(3) SUs(3)
E4(3) SLy(3)
E+(3) SO12(3)
Es(3) Er(3)

We see that none of these components are in Cy. Assume now that
G % Q(3) or Q5 (3). Then what is left are the groups G = L4(3),
L3(3), PSp4(3), Us(3), Us(3), Q5 (3) and Go(3). In all these groups the
centralizer of any 2-central involution is solvable and so these groups
are of even characteristic, hence they do not satisfy the assumption of
this lemma. This proves the lemma. O

A group X of even order is called tightly embedded in G if | X N XY| is
even implies X9 = X.

Lemma 3.2. Let G be a simple group of of even type which is not of
even characteristic. Assume that G possesses a subgroup X such that
one of the following holds:
(1) X is a tightly embedded quaternion subgroup or;
(2) X = SLy(3) and is subnormal in Cq(Z(X)). Furthermore for
any g € Ca(Z(X)) we either have XINX = Z(X) or X9 = X.
Then G = Q4(3) or Qg (3).

Proof. By [Asch2] the simple groups G, which satisfy (1) or (2) are M,
M5 or a group of Lie type in odd characteristic. As M7, and M, both
do not satisfy the assumptions of this lemma, we see that G is of Lie
type in odd characteristic. Now Lemma 3.1 proves the assertion. [

Definition 3.3. [GoLy, page 133] Let G be a group. A subgroup L € L
of GG is called standard, if

(1) Cg(L) is tightly embedded in G and

(2) [L,L9] # 1 forall g € G.
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Lemma 3.4. Let G be a group of even type, which is not of even charac-
teristic. Let L € Cy be a standard subgroup of G. If G 2 Q7(3) or Qg (3),
then Cg(L) possesses an abelian Sylow 2-subgroup U. If me(U) > 1,
then U 1is elementary abelian.

Proof. If my(U) > 1, the assertion follows from [Aschl, Theorem 4].
So assume m(U) = 1 and U is quaternion. As there are no compo-
nents K € Cy with mo(K) = 1, we see that C(L) is solvable. Further
O(Cq(Z(U))) = 1. But then either Cey)(Z(U)) = U or there is a
subgroup U; = SLy(3) which is normal in Ce,y(Z(U)). But both
cases are not possible by Lemma 3.2. Recall that in the first case U is
tightly embedded in G. O

Proposition 3.5. Let G be of even type but not of even characteristic.
Let L be a standard subgroup of G such that Ng(L) contains a Sylow
2—subgroup of G. If Cq(L) has elementary abelian noncyclic Sylow 2—-
subgroups, then G = Aq,.

Proof. Let U be a Sylow 2-subgroup of Cg(L) and T} be a Sylow 2—
subgroup of L. Assume first that L is some Bender group B(q). Then
E =U x Q;(T7) is an elementary abelian subgroup of order ¢|U|. By
[Aschl, Theorem 2| there is U9 < Ng(L) with U9NCg(L) = 1. In par-
ticular as a Sylow 2-subgroup of Out(L) is cyclic and U is not, there is
some u € U* such that w9 € E'\U. We are going to apply Lemma 2.6 to
E. For this we have to show that (Ng(E)/Cq(E), E) is a Goldschmidt
pair. We set Vi = Q;(77). Then in L there is a cyclic group acting
transitively on V. Furthermore for Vy = U, conditions (iii) and (iv)
of Definition 2.5 hold. As Ng(L) contains a Sylow 2-subgroup of G,
we see that the number of conjugates of U under Ng(F) is odd. As
|U| > 2, we have that Lemma 2.6(iv) cannot hold, so with Lemma 2.6
we see that U is normal in Ng(E), in particular g &€ Ng(E). Hence E
cannot be the only elementary abelian subgroup of its order in S, S a
Sylow 2—subgroup of Ng(L) containing F. Furthermore there must be
at least three of them in S. This gives that L = U;(q) and some involu-
tory field automorphism is induced on L. But [T7,u9] = 1, and F is the
only elementary abelian subgroup of S of order |E|, which centralizes
a special group of order ¢®. Hence again g € Ng(F), a contradiction.

Assume now that L = L3(2"). Then [AschSel, (6.1)] shows ¢ = 4. Fur-
thermore [AschSe2, (1.5)] gives that Ng(L) does not contain a Sylow
2-subgroup. If L = G4(4) we get with [AschSe2, (1.6)] that Ng(L) does
not contain a Sylow 2-subgroup. For all the other cases of a group of Lie
type in characteristic two, which is not alternating at the same time, we
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get a contradiction with [AschSel, (7.1)]. If L is of Lie type in odd char-
acteristic but not alternating, we get a contradiction with [AschSel,
(4.9)]. If L is sporadic then [AschSel, (17.1)] gives the contradiction.
Hence we are left with L alternating. This shows that L/Z(L) = A,,. As
L € Cy, we get L = As, Ag, As. Now we can quote [Asch3] which shows
that G = Jy, Mia, Ag, Ajg or Ajo. As GG is not of even characteristic,
we have G = Aq,. ]

4. THE STANDARD SUBGROUP

In this chapter we fix a Sylow 2-subgroup S of G and assume that G is
of even type but not of even characteristic. This means by Lemma 2.1
that there is some 1 # z € Z(95), 2% = 1, such that Cg(z) possesses a
component A, € Cy. Further we assume that G is a counterexample to
Theorem 1.4. This means that G 2 Q7(3), Qg (3) or Ajs. In particular
by Lemma 3.2 G does not possess a tightly embedded quaternion sub-
group or a subgroup X = SL,(3), which is subnormal in Cg(Z(X))
such that for any g € Cg(Z (X)) we either have X9N X = Z(X) or
X9 = X. By Proposition 3.5 we also have that there is no standard
subgroup L such that Ng(L) contains a Sylow 2-subgroup of G and
Cg(L) has noncyclic Sylow 2-subgroups. The aim of this chapter is to
prove:

Proposition 4.1. There exists an involution z € Z(S) whose central-
izer has a component A, € Cy, such that A, is standard and Cg(A,)
has a cyclic Sylow 2—subgroup.

By L we denote the set of all components of the involution centraliz-
ers of G. We first describe a procedure which will provide us with a
standard subgroup in a centralizer of some involution in G.

Definition 4.2. Let K, L € L. Wesay K C Lif K = Lor Lis a
component of Cg(u) for some involution w and there is an involution
t € Cg(u) such that [L,t] = L and K is a component of C(t). Let <*
be the transitive extension of C.

This partial order <* was investigated by M. Aschbacher in [Aschl].

Definition 4.3. Let K € L.

(a) By L}, we denote the set of maximal elements in £ with respect
to <*, which contain K.
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(b) By Kx we denote the set of L € £ with L ¢ L}, such that
L/N = K for some N < Z(L).

Definition 4.4. Let K, L € L.
(a) We write K — L if there is some chain

K:Kl,KQ,...,Kr:L,KiE[,fOI' alli,

such that either K; € L3, or K;_1 € L},  and K; € Kg,_,.
We set further

Lix={L|LeL K- L}.
(b) We set
Ly, ={L|Le Ly with £, ={L}}.

From now on components of centralizers of involutions are always in
Cy. As Cy contains no elements K with mo(K') = 1, we get from [Aschl,
Theorem 1]:

Proposition 4.5. If L € Cy and L € L}, then L is a standard sub-
group.

Our aim is to produce a standard subgroup which is normalized by a
Sylow 2-subgroup of G. But even if we start with a component K € L
which is normalized by a Sylow 2-subgroup there is no reason why the
standard subgroup L € L% we get using Proposition 4.5 should have
this property too. To get control over this standard subgroup we have to
study the procedure more carefully. In particular we need information
about the penultimate group in the construction. This will be done in
the next lemmas.

Lemma 4.6. Let K € Cy and L € L}. Then
(a) |K||L;
(b) if K = Ky,...,K, = Lis a chain for K — L, then L ¢ Kk, _,.

Proof. Let K = K,...,K, = L be a chain as in (b). Let ¢ be such
that |K|||K;|. Assume i < 7. Now Ki4q € Lj, or Kiyq € Kg,. In the
first case K; < K;; and in the second case K;.1/N = K; for some
N < Z(K;11). Hence in both cases |K;|||Kis1| and so |K||| K] By
induction we get (a).

For (b) assume L € Kg,_,. Then L ¢ £3. In particular £, # {L}. But
then L & L%, a contradiction. O

Lemma 4.7. Let K € Cy, Z(K) # 1. If L € Cy with K T L and
K # L, then L € M;.
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Proof. By Lemma 2.56 K/Z(K) € M. By Definition 4.2 there is some
involution ¢ such that [L,¢] = L and K is a component of Cf(¢). Then

the assertion follows with Lemma 2.60. O
Lemma 4.8. If K € My and K C L, then L € Msy. Further E_}} C
Ms.

Proof. It K = L we are done. So we may assume that K C L, L € C,,
with K # L. Then C(t) has a component K for some involution ¢ in
N¢(L). By Lemma 2.61 L € Ms. As M is closed under even Schur
multipliers by Lemma 2.62, we get that K — L implies L € M, the
assertion. U

Lemma 4.9. If K/Z(K) € M with Z(K) # 1 and L € L}, L # K,
then L € M;.

Proof. Let K © Ly C Ly--- C L. By Lemma 4.7 and induction on the
length of a chain we may assume that Z(L;) = 1. Hence L; possesses an
involutory automorphism ¢ such that Cp,(t) has a component K. Now
application of Lemma 2.60 (b) implies Ly = M(22), M(23), M (24), F;
or 1. So Ly € Mjy. Then by Lemma 4.8 we have L € £} C My C Mj,
the assertion. O

Lemma 4.10. If K € M, and K &€ L}, then L C M,.

Proof. Let L € L%. Hence K — L with K = K|, K>,...,K, = L
the corresponding chain. By assumption L # K. So we may assume
that K # Ks. Suppose first that Ky € L£},. Then we have K T L; C
Ly--- C Ky. We may assume L; # K. By Lemma 2.61 L; € M,. As
L € L the assertion follows with Lemma 4.8.

So we may assume K ¢ L} and Ky € K. Hence there is 1 # N <
Z(Ks) such that Ky/N = K. By Lemma 4.7 we have Ky € M;. By
definition Ky ¢ LY, in particular there is K3 € Lj,. Now let again
KyC Ly C Ly--- € K3 and Ky # Ly. Then application of Lemma 2.65
yields Ly € My. As L € Z*Ll the assertion follows with Lemma 4.8. O

Lemma 4.11. If K/Z(K) e M, Z(K) # 1 and K € L3 \ L}, then
Ly C Ms,.

Proof. Let L € L} and K = K,K>,..., K, = L be a chain corre-
sponding to K — L. As K € L}, we have that Ky € Kg. So Ky/N =
K for some 1 # N < Z(K>). Now |Z(K,)| > 4. As Ky & L}, by defini-
tion of Kk (Definition 4.3) we get that Ky C L;. By Lemma 2.60 we see
Ly € M and as |Z(K3)| > 4, we see with Lemma 2.60(c) and (b) that
Ly € M. As L3 = L we get the assertion with Lemma 4.10. O
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We will see that the elements in R are terminal elements in our partial
order —, which cannot be reached from elements not in R. For the
definition of R see Definition 2.55.

Lemma 4.12. Let L € Cy with L/Z(L) € R and K € Cy with K C L,
then K/Z(K) € R. In particular if L € L}, for some K € Cy, then
K/Z(K) eR.

Proof. If L = K we have nothing to prove. Otherwise there is some
involution ¢ with L = [L,t] such that K is a component of C(t). Now
the assertion follows with [GoLyS3, Table 5.3] for the sporadic groups
and [GoLy, Theorem 9.1] for the groups of Lie type. O

Lemma 4.13. Let L € Cy with L/Z(L) € R and K € Cy with K — L,
then K/Z(K) € R.

Proof. Let K = Ky,..., K, = L be a chain which belongs to K — L.
We prove the lemma by induction on r. Hence it is enough to show
that K,_1/Z(K,_1) € R. If L € L}, _ this follows with Lemma 4.12.
Solet L € Kk, ,. Then K,_1 = L/N, where 1 # N < Z(L). As L is
perfect we have that K,_/Z(K,_1) = L/Z(L) € R again. O

Lemma 4.14. Let L = M(23). If L € L%, then K = L. Furthermore
in this case L is not a component in the centralizer of a 2—central
involution of G.

Proof. Suppose false. By Proposition 4.5 we have that L is standard.
Let U be a Sylow 2-subgroup of Cg(L). By Lemma 3.4 we have that
U is abelian.

Assume first that my(U) = 1. Let u € U be an involution. As for all in-
volutions z we have O(Cg(x)) = 1 also O(Cg(u)) = 1. As U is cyclic we
have that C(L) has a normal 2-complement and so U = C¢(r)(u). By
Lemma 2.11 we have that L possesses no nontrivial central extensions
and no outer automorphism. Hence we get that Cg(u) = U x L. Fur-
ther Ng(L) = O(Ng(L))Cq(u). As U is cyclic we have that u & Cg(u)
but x € Cg(x) for all involutions € L by Lemma 2.11, we get that

(1) u®NL=0.

Let T be a Sylow 2-subgroup of N¢(L) containing u. By Lemma 2.11
we have that all involutions in L are 2-central and Z(7T) N L is of
order 4. So we get that Z(T) = (U, z,t), where (z,t) = Z(T)N L is
elementary abelian. Now as by (1) «“ N (T'N L) = 0, we get with
Lemma 2.3 that u is not 2—central. In particular Ng(Z(T')) £ Cg(u)
and so uN¢Z(M) £ Ly} As ®(Z(T)) < (u) we see U = {(u).
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By Lemma 2.11 J(T) = F is elementary abelian of order 2'2. Further-
more with ' = F'N L we have N(F)/E = M3 and Np(E) induces
on E* orbits of length 23, 253 and 1771. We have Z(T) < F and as
F' is characteristic in T" and T is not a Sylow 2-subgroup of G, we get
INc(F)|2 > |Cg(u)ls, hence [uNe)] is even and u® N E = () by (1). In
particular for [uNo(")| we get the possibilities 1 + 23, 14253, 1 + 1771
and 1+ 23 + 253 + 1771. As [uV6(")| has to divide |GL12(2)| and 443
does not divide |G L15(2)| we see that [uNe(F)| £ 1 4 1771.

Assume first that |uN¢(F)| = 254. Then
INo(F)/Ca(F)| =2%-3%-5-7-11-23-127.

For w € N (F), o(w) = 23, we have that Cp(w) = (u). Now we choose
t € F such that [tMe()| = 23. Then also 23 divides [tV¢(F)|. This im-
plies [tNe()| = 23, 46, 23 - 127 or 46 - 127. But the last two numbers
cannot be written as a sum of some numbers from 23, 23, 253, 1771
and 1771. So we have |t¥¢(")| = 23 or 46. In both cases an element v
of order 127 has to centralize all conjugates of t. As (tN¢(F)) > B we
get the contradiction [v, F] = 1.

Assume next that [uN6¢()| = 211 As uNe)NE = () and |F\ E| = 2!,
this gives uF = uNo") and so all elements in F'\ E are conjugate. This
implies £ < Ng(F'). Further

ING(F)/F| =2"|Negw)(F)/F| =2"%-3>-5-7-11-23.

According to Lemma 2.11 there is ¢t € E such that Cp(t) = 2M(22).
Now the possibilities for [tV¢(F)| are 23 or 23 + 253 = 276, 23 + 1771 =
1794 or 23 + 253 4+ 1771 = 21 — 1. As [t¥e¢()| has to divide |[Ng(F) :
Chn, (7 (t)], we see that [tV¢U)| has to divide 2'%-23 and so [tVe(F)] = 23.
Hence 2'* divides |Cy,r)(t)/F|.

Suppose that E(Cq(t)) = 1. As F(Ceyw)(t)) = (t,u), we get that
(u,t) contains Cp(cg ) (u) and so by [KuSte, 5.3.10] F(Cg(t)) is con-
tained in a dihedral or semidihedral group. But C7,(t) contains 2M (22)
and so a group M (22) has to act faithfully on F'(Cq(t)) = F*(Ca(t)),
a contradiction. This shows that E(Cg(t)) # 1.

Let M be some component of C(t). Suppose that [M,u] < M. Assume
first [u, M] = 1, then M = 2M(22). Now again Cc,)(u) = (t,u). So
Ce(M) has dihedral or semidihedral Sylow 2-subgroups by [KuSte,
5.3.10]. This shows that |Nec, ) ((t,u)) @ Cegon({t,u))| < 2. From
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FNM =FNL=F and F = E(u), we conclude that Ne, ) (F) =
Ny (E)Negw ((ust)). As Ny (F)/F = My, by Lemma 2.11, we now see
that |Nc, ) (F)/F| divides 2 - | M|, which contradicts that 2'® divides
Cnam )/ F.

So [M,u] # 1. Assume next that C/(u)(t)/(t) has a component M (22).
As Cg(u) N Cg(t) does not contain a subgroup M (22), we see that
Cp(t) < M and so t € Z(M). Application of Lemma 2.56 shows
M/Z(M) € M. By Lemma 2.58 we see that M/Z(M) = 2Fg4(2), F;
or M(22). But by Lemma 2.17 only M = 2M(22) is left, which shows
that [M,u] = 1, a contradiction. So we have Cy(u) < (t,u). Then
first of all ¢ € M and again by [KuSte, 5.3.10] M (u) has dihedral or
semidihedral Sylow 2-subgroups. Furthermore as t € M, we have by
Lemma 2.56 M/Z (M) € M. Furthermore we now have that M/Z (M)
has a dihedral Sylow 2-subgroup. But there are no groups with a dihe-
dral or semidihedral Sylow 2-subgroup in M.

So we have that M" # M. Then u centralizes a diagonal, which again
shows that M = 2M(22), MM" = M x M*" and Cyp(u) < L.
In particular £ < Cype(u). Let Ey be the projection of E onto M
and Fy = E}. Then [Ey,Es] = 1, [E,E] = 1 and [u, Ey] < FE.
Suppose t € E; N Ef. Then |[Ey,u]| = 2'° and is invariant under
Ne,(E). But by Lemma 2.11 there is no 10-dimensional submodule
in E. Hence we have that F1E}' = E; x EY'. We have E; < Ng(F) and
|Cngry(E)/F| > |Ey| = 2", Furthermore as E is normal in Ng(F),
Ne(F)/Cngry(E) involves Mas and |[Ng(F)/F| = 21| M|, we see
that £ F = Cn,r)(E) Now we conclude that there is £y < Ng(F),
E elementary abelian of order 2! such that u®* = wE. This gives that

Ng(F)/F = 2" My,
We set '} = O2(Ng(F)). Then we see
[F1,E] =1.

We have that F; = (E; x E})(u). So Ng(Fy) = Ng(Ey x E}). As
uf' = uE, we see that Ng(F)) = Ng(F). Hence

(%) F} is a Syow 2-subgroup of Cg(E).

Let now K — L and K = K1, ..., K, = L be the corresponding chain.
By Lemma 4.6(b) we have K, ; <* L. So let Ly T L with Ly # L
and Ly € Cy. By definition of C there is some involution w such that
L, is a component of Cg(w). By Lemma 2.11 we have L; = Cp(t) or
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Ly = 22U4(2). In particular
(**) |L1’2 S 218.

In both cases E < L; and so Cg(Ly) < Cg(E). So by (%) we may
assume that w € Fj. As w # u, since Cg(u) does not contain such
components L;, we see that w € E; x Ef'. But then E; < Cg(w) and
as Ly is a component and as [E, F1] = 1, we see that [Ey, L1] < L. As
CL,(E) = E, we see that E\E = C, g, (E). In particular Ny, (E) acts
on E1E/E. As Ny, (FE) acts on EyE/FE the same way as on E, we see
with Lemma 2.11 that | [Ny, (F), ELE/E|| > 2°. As [Ny, (F), FE,| < L,
this shows that |EFE; N Ly| > 29, contradicting ().

So we have shown that
(2) juNe®)| = 24,

As Ni(F) acts 4-fold transitively on u¥¢()\ {u}, we get that Ng(F)
acts 5-fold transitively on u%, so Ng(F)/F = My, by [Asch5, (18.10)].
Let S be a Sylow 2-subgroup of N¢(F') which contains 7. As My, does
not posses a failure of factorization module by [GoLyS1, Theorem 32.2]
we get with [GoLyS1, Theorem 8.6] that J(S) = F' again, and so S is
a Sylow 2—subgroup of G. Furthermore by Lemma 2.12 the action on
F' is well defined and we have orbits of length 24, 276, 1771 and 2024.
So let now s € Z(S) be an involution, then Cy,r)(s)/F = 2°3%6 by
Lemma 2.12 again. As by Lemma 2.13 we have that S = Ny, ) (5)
and we just have one orbit of odd length, we see |Z(S)| = 2. As G is not
of even characteristic, we have that C(s) possesses a component M.

Suppose first that Ne, ) (M) NNg(F) < O23(Neg(s)(F)). Then the g
in Cny(r)(s)/F acts nontrivially on |[M¢®)| and so [M6)| > 6. As
S| =222 and |S : SN Negs)(M)] > 16, we see (M) s) /(s)|y < 217.
As [(M) s /(s)]y > |M(s)/(s)|S, we get that |[M(s)/(s)|, = 4. As a
Sylow 2-subgroup of M cannot be a quaternion group of order 8 by the
definition of Cy then s ¢ Z(M). So S possesses an elementary abelian
subgroup of order 2'3, which contradicts F = J(.9).

So we have that O*(Cn,r)(s)) < Ng(M). As the outer automorphism
group of M is solvable, we get that O?(Cyn,r(s)) induces inner au-
tomorphisms. Suppose O*(Cy () (s)) £ M. By Lemma 2.12 we have
that ’CNg(F)(S) . 02(CNg(F)(S))’ S 4. Set R = MCOQ(CNG(F)(S))<M>‘ If
O*(Cnyr)(8)) £ R, then O*(Chyry(5))/O*(Cng(ry(s)) N R involves a
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group Ag. We have that
2% > |O*(Cg (r)(8)) 2] O*(Cvg () (8)) / Coz (O 0) (M) |2

But the first factor is at least 22° by Lemma 2.12 while the second
factor is of order at least 8, as just seen. This contradiction shows
[OQ(CNG(F)<S)),M] = 1. Now as |S| = 222 and |O2<CNg(F)(S))|2 = 220,
we get that |M(s)/(s)|a = 4. This gives that |M|y, = 4 as M € C,
and so s ¢ M. But as S normalizes M, as S < MO*(Cy,(r)(s)) and
so Z(S) N M # 1, which contradicts (s) = Z(S) £ M. So we have
that O*(Cn(r)(s)) < M and then s € M. This shows M/Z(M) € M
by Lemma 2.56. As |Cng(r)(5)/O*(Cngr)(s))] < 4, we get that 2! <
|M/(s)]s < 22!, By Lemma 2.58 we see M/Z(M) = Co;. But in Co,
by [GoLyS3, Table 5.3]] there is a unique elementary abelian subgroup
E in SN M/(s) of order 2! which is normalized by My,. As F = J(S),
we get that £ = F//(s). But this contradicts the structure of C, ) (s).
This final contradiction shows that the assumption my(U) = 1 is false.

So we now assume that mo(U) > 1 and then by Lemma 3.4 U is
elementary abelian. By [Aschl, Theorem 2| we get some g € G such
that U9 < Ng(L) and U9NCq(L) = 1. Let T be a Sylow 2—subgroup of
L, then U x T} =T is a Sylow 2—subgroup of Ng(L). By Lemma 2.11
all involutions in 7" are 2-central in Ng(L). So we may assume that
U9N Z(T) # 1. Hence there is some u € U* such that v # u? € Z(T).
Then T is a Sylow 2-subgroup of C(u?) as well and so we may assume
that g € Ng(T). In particular U9 < Z(T).

Recall Z(Ty) = (z,t) by Lemma 2.11. Then as U NU = 1, we get
that |U| = 4. Again by Lemma 2.11 there is some element p of order
three in L such that [p, 2] = 1 but [p,t] # 1. Hence Cz1)(p) = (U, 2).
Now for some u € U? we have [u, g] € Czr)(p), as |[U, g]| = 4. Hence
(u9u)?”" = wdu. This gives u¢ = w9  and then u = u9% 9. We
obtain that w99 )" = u, and so g(g7')” € Cg(u). We have that
Ceg(ry(u)/(u) has a Sylow 2-subgroup of order 2 and so has a nor-
mal 2-complement. As O(Cg(u)) = 1, we get that Cg(u) = U x L.
This now shows that [U, g(g7!)?] = 1. Choose v € U* arbitrarly. Then
v 9P = u. So v = w9, ie. [v9,p] = 1. But then UY < Cyp(p)
and then UY < (U, z), which gives U N UY # 1, a contradiction. O

Lemma 4.15. Let G be a group of even type, which is not of even
characteristic. If G has a standard subgroup L = 2M(22), then G =
M(23).
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Proof. Application of [DaSo, (4.4)] shows that either Cu(Z(L)) = L
and then by [Asch4, Theorem 32.1] we get G = M(23), or Ng(L) =
2Aut(M(22)). In the latter [DaSo, (4.6)] shows that centralizers of 2—
central involutions do not have components, so G would be of even
characteristic, a contradiction. O

Lemma 4.16. 2M (22) is not in Ly for any K € Cy. The same is true
for M(23) if we add that K is a component in Cg(2) for some 2—central
involution z.

Proof. The second assertion is Lemma 4.14. Let 2M(22) in L}. Then
by Proposition 4.5 2M (22) is a standard subgroup. By Lemma 4.15
we get that GG is not a counterexample as it now possess a standard
subgroup with cyclic centralizer, which belongs to a 2-central involution
centralizer. U

4.1. Nonsimple components. In this subsection we will show that
there are standard subgroups for 2-central involutions provided there
are 2-central involutions with nonsimple components in their central-
izer.

Hypothesis 4.17. There is z € Q,(Z(9))* with z € Z(E(Cg(2))). By
A, we denote some component of Cg(z) with Z(A,) # 1. Further we
assume that if z € Z(A,) we have that A, is not standard.

Lemma 4.18. Assume Hypothesis 4.17 Then [,_*AZ N My = 0.

Proof. Suppose false. Pick L € L% N M,. Then L/Z(L) € R. By
Lemma 4.13 we have A,/Z(A,) € R. As Z(A,) # 1 we get A,/Z(A,) #
M (23), M(24)" or Fy. By Lemma 4.16 L 2 2M (22) or M (23). We have
L/Z(L) € R N My, which gives

(1) L= M(22), M(24), Fy, 2F; or F}.

By Proposition 4.5 L is standard and so by Lemma 3.4 Cg(L) has
abelian Sylow 2-subgroups U, which in fact are elementary abelian if

Assume first that there is u € U, u ~ z in G. Denote by A, the
conjugate of A, in Cg(u). Then Z(A,) # 1. But as Cg(u) < Ng(L)
we get A, = L as R does not contain groups with abelian Sylow 2—
subgroups. This shows L = 2F,. Furthermore L and so also A, are
standard. Now A, is normal in C(2) and so Z(A,)NZ(S) # 1. As A,
is standard we have a contradiction. So we have that

2XNU = 0.
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Let now T" be a Sylow 2-subgroup of Ng(L) with U < T'. By Lemma 2.67
we see that |Z(T/U)| = 2, as L 22 M(23). As Z(S5) is conjugate to a
subgroup of Z(T') there is v € Z(T') \ U such that v ~ z in G. Again
denote by A, the component of Cg(v) which is conjugate to A,.

By (1)
L= M(22), M(24)/,F2,2F2 or Fl.

So by Lemma 2.10 we have in the corresponding order that
Cr(v) =2 2-2780,(2) : 2,28123U4(3) : 2,27 Co,,
2. 22200, or 217 (Co;.

Assume thereis u € Q(U)* with [A,,u] = 1 or A% # A,. Then there is a
component L in C v 4, (v) which is a component of Ce, () (v) and so it is
in Cg(L). As L is standard, C¢(L) has abelian Sylow 2-subgroups. But
then also L/Z(L) = A,/Z(A,) now has abelian Sylow 2-subgroups. As
A,/Z(A,) € R we have a contradiction.

Hence we have [A,,u] = A, for all u € Q,(U)*. Set
X, = 0*(Cr(v)) and L, = (AX).

Then Cp,(u) N X, < X,. If X, < Cp,(u), then L, = A, and then
even X, < A,. Now |A.|» = |Ay]2 > |L]2/2. But by Lemma 4.6(a)
|L|s > |A.|2. Recall that by (1) L = M(22), M(24), F,, 2F, or F.
So by Lemma 2.58 we see |A|, = 216, 217, 920 9217910 911 ‘942 9i5
or 2%, As |A,| has to have a Sylow 2-subgroup of order at least 2!
and A,/Z(A,) € R and Z(A,) is not trivial we get with Lemma 2.59
that A,/Z(A.) = Us(2), Fu(2), 2Es(2), M(22) or F,. Now the orders
of the Sylow 2-subgroups of A,/Z(A,) are 21°, 224 236 217 or 241 Ag
|Z(A.)] is even, we get |A,|, = 216, 225 237 218 or 242 If we compare
with the orders above, we see that just A, = 2Ug(2) or 2F} is possible.
In the first case L = M(22), while in the second L = A,. Hence in the
second case we get z € L, a contradiction. So we have the first case.
Now Cr(v) # X,. As Z(CL(v)) is of order 2, we have that Z(A,) is
not normalized by C7(v). But X, is normalized by C(v) and so A, is
normalized by Cf,(v), which shows that Z(A,) is normalized by Cf(v)
too, a contradiction.

Hence Cp,(u) N X, < O93(X,). Suppose that Cr, (u) N X, € Os(X,).
Then by Lemma 2.10 L = M(24)" and Oy3(X,) < L,. We have
that Cya,(u) N X, is a {2,3}-group and Cp,(u) = (Ca,(u)*). As
023(X,)/04(X,) is cyclic we get again A, = L, and so Oy 3(X,) < A,.
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But then X, induces inner automorphisms on A, and so |A,]s > 2%°. As
before this shows that A,/Z(A,) = Fy(2), ?Es(2) or Fy. But |A, |, < 22
by Lemma 4.6(a), a contradiction.

So we have Cp, (u)NX, < O3(X,). In particular Cp, (u) < Ce(L)O2(X,)
for all u € Q;(U)*. We now choose u € Q;(U)* with |Cp,(u)], maxi-
mal. Let 77 be a Sylow 2-subgroup of Cp, (u). As T1U is normalized
by X, we see YU > Oy(X,) or ThU = UZ(Oz(X,)). In particular
Z(MU) < UZ(09(X)). If | (U)| > 8, we get Ng(T1U) < Ng(U),
as U is tightly embedded and |Z(05(X,))| < 4. Now choose Ty < L,
with |75 : 71| = 2 and [U,T,] < T\U. Then Ty < Ng(U) and so there
is some 1 # @ € U* with [Ty, 4] = 1, contradicting the maximality of
|Cp,(u)]2. So we have that T} is a Sylow 2-subgroup of L, and then
Ty < UO9(X,) has class at most two, a contradiction to A,/Z(A4,) € R
and Lemma 2.67.

So we [©,(U)| < 4. Then Cc¢ry(u)/(u) has cyclic Sylow 2-subgroups
and so a normal 2-complement, which shows Ce,(r)(u) = U. In par-
ticular Cp, (u) is a 2—-group, which contradicts Lemma 2.66 . O

Lemma 4.19. Assume Hypothesis 4.17. Then L = E’;‘z.

Proof. By Lemma 2.56 we have A./Z(A.) € M. Choose L € L% with
L # A.. Then by Lemma 4.9 L € M;. If L ¢ L}, then by Lemma 4.10
L7 € My, which contradicts Lemma 4.18. So L € L, ie. L} = L7 .

So we are left with £ = {A,}. Now choose L € L% . Let A,,K,--- ,L
be a chain for A, — L. Then we have that K € K4_. Hence K/N = A,
for some 1 # N < Z(K). In particular |Z(K)| > 4, as Z(A,) # 1. By
definition K ¢ Z*K. Hence there is Ly with K C L;. By Lemma 2.60
(b) and (c) we have that L; € M,. Further L € £} . But then L € M,
by Lemma 4.10, contradicting Lemma 4.18. U

Lemma 4.20. Assume Hypothesis 4.17. If L € L% _, then Z(L) N
Z(A) # 1.

Proof. By Lemma 4.19 we have L € L7 . By Lemma 2.56 we have
A, € M. Then by Lemma 4.9 we get L € M;. By Lemma 4.18 we
have L ¢ Msy. Then Z(L) # 1. By Lemma 4.19 we have A, < L. If
Z(L)NZ(A,) =1, we have a quasisimple component in the centralizer
of an involution in L/Z(L), which is not simple. By Lemma 2.60(b) we
then get L/Z(L) € Ms. This also implies L € Mo, a contradiction. [

Lemma 4.21. Let z € Q,(Z(S))* with Z(E(Cg(2))) # 1, then there
ist € Q(Z(9))F witht € Z(E(Cg(t))).
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Proof. Choose 1 #t € 0 (Z(S))NZ(E(Ca(2))). A
[E(Ca(2)), 02(Ca(t)] < O2(Ca(t)) N ( a(2))

< 05(E(Ca(2))) < Z(E(Ca(2))),
we get with the 3—subgroup lemma that [E(Cg(2)), O2(Ca(t))] = 1. So
we have that E(Cq(t)) # 1.

Let L be some component of E(Cg(2)). Assume first L N E(Cg(t)) <
Z(L). Choose p € L, o(p) = p > 2, p prime. Assume there is a compo-
nent K of Cg(t) with K? # K. Then K = K, K5 - - - K,,. Now choose
1# a2 € SNKy, 1 € Z(K7). Then <:c§p>> is a 2-group and <x§p>> #
(r1). As z; € S we have z; € Cg(2). So p~tp® € LL™. As [x1,p] is a
2—element we have that L™ = L and so [L,z;] < LNE(Cg(t)) < Z(L),
but then [z, p] = 1, a contradiction.

This shows that L normalizes any component of C(t). As L centralizes

05(Cq(t)), we see that
LF*(Cq(t)) = F*(Ca(t)Crre(cew (F"(Ca(t)) = F*(Ca(t)).

So we have L < E(Cg(t)). This gives E(Cq(2)) < E(Cq(t)) and so
t e Z(E(Cq(t))). O

Proposition 4.22. Suppose that there is some z € Q1(Z(S))* such

that Z(E(Cg(z))) # 1. Then we may choose z and some component
A, of Ca(z) with z € Z(A,) and A, is standard.

Proof. By Lemma 4.21 we can choose z such that z € Z(E(Cg(2))).
Denote by A, some component of Cg(z) with Z(A,) # 1. If A, is
standard, we have that Q;(Z(5)) N Z(A,) # 1 and so we may assume
z € A,. Hence we just have to show that A, is standard. So assume
false. Then Hypothesis 4.17 is satisfied.

By Lemma 4.20 Z(A,) N Z(L) # 1 for L € L% . Solet 1 # t €
Z(A,)NZ(L) be an involution. By Proposition 4.5 L is standard. Then
we may assume that ¢ is not 2-central in G. Now Ng(L) > Cg(t) and
so E(Ca(2)) < Cq(t) < Ng(L). Assume first that A, is normalized
by Cg(z). Then Z(A,) contains a 2—central involution and so we may
assume that z € Z(A,). As A, < L and z ¢ Z(L), we have a com-
ponent in Cp z)(2Z(L)). By Lemma 4.9 we have L € M;. But by
Lemma 2.60(b) now L € M,, contradicting Lemma 4.18.

So we have A, is not normal in Cg(z). We have (AS¢%)) < Ng(L)
and Cg(L) N (AS9) is normal in <A§G(z)>. But by Lemma 2.57 A,
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has nonabelian Sylow 2-subgroups. So we get that C(L) N (Afc(z)> <

Z({AS¢¥Y). In particular Crz)(2Z(L)) has more than one compo-
nent, a contradiction to Lemma 2.64. O

4.2. Simple components. Now we show that there is always some
2-central involution whose centralizer contains a standard subgroup.
By Proposition 4.22 we may work under the following assumption:

Hypothesis 4.23. Let S be a Sylow 2-subgroup of G. Assume that
for all z € Q1(Z(9))* we have Z(E(Cg(2))) = 1. Furthermore if A, is
a component of Cs(z), then A, is not a standard subgroup.

For the remainder, we fix z € Q;(Z(5))* with E(Cg(2)) # 1, and we
fix a choice of component A, of Cg(z). When v € 2%, we shall denote
by A, a fixed G-conjugate of A,.

Lemma 4.24. Assume Hypothesis 4.23. Then |Q,(Z(S))| > 4.

Proof. We have that
Q1 (Z(S)) NO3(Ca(2)) # 1 and Q0 (Z(S)) N E(Cg(z)) # 1. U

Lemma 4.25. Assume Hypothesis 4.23. If L € L% _, then L/Z(L) €
Chev(2) or L = L4(3). Furthermore L % Sps(2) = Ag.

Proof. By Proposition 4.5 L is standard. So by Hypothesis 4.23 Cg(L)
does not contain 2—central involutions. Let U be a Sylow 2-subgroup
of Cg(L) and T} be a Sylow 2-subgroup of Ng(L) with U < Tj. Let
furthermore T} < T', T' a Sylow 2-subgroup of G. We have that Z(7T") N
U = 1. As Cg(L) is tightly embedded, we see that Z(T') < Ti. So by
Lemma 4.24 |Ql<Z(T1)) : Ql(Z(Tl)) N U| 2 4. Hence |Ql(Z(T1/U>)| Z
4. This gives by Lemma 2.34 that L € Chev(2), L4(3), or L2(9). Recall
that L = M (23) is not possible by Lemma 4.14. As L # A,, we see
that Aut(L) contains an involution with nonsolvable centralizer. So we

get L 2 Ly(9). O
Lemma 4.26. Assume Hypothesis 4.23. If L € L%, then L % Ly(3).

Proof. Suppose L = L4(3). As in the proof of Lemma 4.25 we have
some Sylow 2—subgroup 7" of G which contains a Sylow 2-subgroup 7}
of No(L) and so Z(T) <Ty. As |0 (Z(T))| >4 and Z(T)NCq(L) =1
by Hypothesis 4.23, we have by Lemma 2.19 some outer automorphism
x of L, where x € Z(T) such that Cp(z) = PSps(3) : 2. Set U =
T NCg(L). Then [U,z] = 1. As U is abelian by Lemma 3.4, we get
2(Z(T1))| = |U| - 4. As U does not contain 2—central involutions,
we have that Ty # T and so there is t € Np(Ty) with U NU' = 1.
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This shows |U| < 4 and as Z(T1/U) is elementary abelian again by
Lemma 2.19, we have that U is elementary abelian. In particular:

(¥) For each u € U*, we have that C(u) = U x Ly(3) : 2 < Ng(L).

As L € Eji,z and A, # L, we have a chain A, = Ky,..., K, = L be-
longing to A, — L, where r > 1. We have K,_; <* L. Hence there is
Ly # L with Ly C L. This now shows that L; = PSp4(3). Furthermore
either Ly = K,_1 = PSpy(3) or K,_1 = Ly(9). In the second case we
have A, = K,_;.

So we have
A, = PSp4(3) or Ly(9).

Now we choose v € Z(T'N Ng(L)) with v ~ z in G. Let T, < T with
Ty : T1| = 2. We have that 7] < L by (). By Lemma 2.19 we have
|Z(TyNL)| = 2 and so Z(T1NL) is centralized by Ts. As Crp, (Ts) = Z(T)
and Cr,(Ty) = U x Z(T), we have that Z(T) N L # 1. So we see that
ULNZ(T) < L. This gives that either v € L or v induces an outer
automorphism on L.

Let A, be some component of Cg(v), which is conjugate to A,. Sup-
pose first v € L. Then by Lemma 2.19 C(v) contains SLo(3) *.SLy(3).
Further C(v) acts irreducibly on O(Cp(v))/Z(O2(CL(v))). Set

L, = (AS=W).

As L,NCr(v) is normal in Cp(v) and v & L, as Z(E(Cg(v))) =1, we
see that Cp(v) N L, = 1.

Choose u € U* and set X, = Caua,(u). As X, < Cg(u) N Ce(v),
we get that X, is solvable. So [A,,u] = A,. As C(v) N A, = 1, we
have that Cy,(u) < U x Z(T') and so is elementary abelian of order at
most 16. But neither Ly(9) nor PSp4(3) has such an automorphism u
by Lemma 2.18.

So we have shown that v induces an outer automorphism on L and
then C(v) =2 PSp4(3) : 2. Again choose u € U*.

Assume first that [u, A,] = 1. Then A, < L and is normal in C(v), so
AU = PSp4(3) Now CNQ(L)(AU) = Cg(L) X <U>

Suppose |U| > 4. Then U x (v) is a Sylow 2-subgroup of Cz)(Ay).
As U is a TT-group in U x (v), we see that this is a Sylow 2-subgroup
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of Cg(A,). As A, = PSp,(3) does not have elementary abelian Sylow
2-subgroups, we see that AT = A,. But then T normalizes Cp(A,) =
U x (v) and so U contains 2—central involutions, a contradiction.

So we have that |[U| = 2. Then Ce,(a,)(u) = (u,v) and then by [KuSte,
5.3.10] Cx(A,) has dihedral or semidihedral Sylow 2-subgroups. As
v e Z(Cq(A,)NCq(v)), we see that Cu(A,) NCq(v) cannot have com-
ponents by Hypothesis 4.23 and so is solvable. Hence as O(Cg(v)) = 1,
we have with Lemma 2.7 that Ci(v) NCs(A,) is dihedral, semidihedral
or contains a normal subgroup SLs(3). The latter is not possible by
Lemma 3.2.

As A, does not have dihedral or semidihedral Sylow 2-subgroups we
get that A, < Cq(v). Let now w € A, be a 2—central involution. Then
(w) = 03(Ca,(w)) by Lemma 2.19. As w ¢ Z(E(Cg(w))) we get
OQ(CAU (U})) N E(Og(w)) =1.

Suppose E(Cg(w)) # 1 and choose some component A, of Cg(w).
We have that T has a subgroup of index two, which is a direct prod-
uct of a dihedral or semidihedral group and a Sylow 2-subgroup of
PSp4(3). In particular T" has no abelian section of rank greater than 6.

Asw & (AS™)) we get that A, has at most two conjugates in Cg(w).
Hence O?(Cg(w)NCg(u)) normalizes A,,. By Lemma 2.54 O4(Cly, (w))
induces inner automorphisms on A,,. If Co, ¢, (w))(Aw) = (w), there is
an elementary abelian section of order 2% in A,0(C4,(w)), a contra-
diction. So we get that A, < Cg(O3(Ca,(w))). The structure of Ce(v)
shows that a Sylow 2-subgroup of C(O2(Cy,(w))) is the same as of
Cg(A,) and so is dihedral or semidihedral. Hence a Sylow 2-subgroup
of A, is dihedral or semidihedral. In particular as u ¢ v, we must have
dihedral Sylow 2-subgroups. As A,, € Cy, we get A, = LQ( ), p prime,
or Ly(9). This now shows that even O?(Cy,(w)) centralizes A, and
then Cg(w) has a normal subgroup A, x SLy(3) * SLy(3) and so has
a subnormal subgroup SLy(3), contradicting Lemma 3.2, recall that
O?(Ca,(w)) cannot be contained in a component as w € FE(Cg(w)).

So we have F(Cg(w)) = 1. If Cg(w) < Cg(v) we again have a subnor-
mal SLy(3), a contradiction to Lemma 3.2. So we have Cg(w) £ Cg(v).

If Q(Z(T)) = (Z(02(Cx(w)))) then Z(T) = (w,v) is normal in
Cg(w) and so Cg(w) < Cg(v), a contradiction. So we deduce that
M (Z(02(Cq(w)))) > (v,w). We have that Oy(Ce(w)) < Cr(4,) X
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O3(Ca, (w)).
O5(Ca, (w)) < O3(Ce(w)). This now gives Oy (Ca(w)) = Vi X Qs * Qs.
As Cg(w) £ Cg(v), there is some 3—element p which acts nontrivially
on Q1(Z(09(Ceq(w))) and [p, w] = 1. Set

X = (023(Ca, (w))/Os(Ca, (w)), p).

Then X, acts on Oy(Cg(w))/Z(O2(Ce(w))). Hence we may choose p
such that [p, O3(Ca(w))] = [ (Z(02(Cq(w)))), p]. This gives that Sy-
low 3—-subgroups of X, are elementary abelian and so [p, O5(Cy, (w))] =
1. This then implies O 3(Cq(w)) = Ay X SLa(3)*SLy(3) and Ce(w) =
023(Ce(w))(Ce(v) N Cg(w)). Then we have a subnormal SLy(3) con-
tradicting Lemma 3.2.

As we have Cg(O2(Cq(w))) < O9(Cq(w)) we get that

Hence we have a final contradiction for [u, A,] = 1. This implies [u, A,] #
1 for all u € U*. Set

L, = (At

Suppose that Cr(v) N L, = 1. As Cp,(u) is normalized by Cp(v), we
then have that Cp, (u) = U. But this contradicts Lemma 2.18 and
A, = A, = Ly(9) or PSpy(3). So we have that Cr(v) N Cp,(u) # 1
and so Cr(v) < L,. If [u,A)] < A, we get Cp(v) < A, and so
L, =A4A, = Cr(v), as A, = Ly(9) or PSp,(3). But this contradicts
[u, Ay] # 1.

So we have that AY # A,. Then E(Ce((v,u))) > Caua,(u) = A,
and so A, = PSps(3). As [Caua,(u),U] = 1, we see that U nor-
malizes AYA, and so |U| = 2. We have that A,AY = E(Cg(v)) as
Cegu)(Ca,au(u)) = (u). Hence |T': Np(A,)| = 2.

As O(Ng(L))Cq(u) = Ng(L), we see that |Cg(u)|s = 2°. Let x be
an involution in Ce, () (AyA%) A, AY. Then |Ce ()]s > 2'° and so z o u
in G. Suppose that z is an involution which acts on A, as an outer au-
tomorphism. Then we have |Cy, ()| > 2% by Lemma 2.18 and so again
|Cayau(x)]s > 2% As [v,2] = 1 and v ¢ A, A% by Hypothesis 4.23 we
get |Ca(z)]2 > 2'° So u is not conjugate to any involution in Nz (A,).
By Lemma 2.3 we get a subgroup of index 2 in GG, a contradiction. [

Lemma 4.27. Assume Hypothesis 4.23. If L € E_’;‘Z, then L % Ls(q),
q even.

Proof. Suppose false. Then as L € Z;Z and outer automorphisms of L
just centralize Lo(r), we see that A, = Ly(r) for some r. As r > 4, we
also see that ¢ > 16. Finally there is some involution x € Ng(L) such
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that Cp(x) = Ly(t), t* = q. Hence
L= Ly(t?), A, =2 Ly(r),r < t.

Let U be a Sylow 2-subgroup of Cg(L). Then by Hypothesis 4.23 we
have that U does not contain 2—central involutions. Let 77 be a Sylow
2—subgroup of L. As |T1| > 16, we see that U x T} is a characteristic
abelian subgroup in T'N Ng(L), where T is a Sylow 2-subgroup of G
containing a Sylow 2-subgroup of N (L) which contains U x Tj. This
shows U is elementary abelian. Further

CG(U X Tl) =U x 1.

Now we may apply O’'Nan’s lemma (Lemma 2.6) to U x T with p €
Np(Ty), o(p) = q— 1. This gives that either U ~ T} in G or all elements
in U x T} \ 17 are conjugate to elements in U. Recall that as |T}]| > 16
the other possibilities of O’Nan’s lemma do not appear.

Now let v € U x Ty N Z(T), v ~ z in G and let A, be the compo-
nent in Cg(v) conjugate to A,. Let further v € U*®. Suppose that either
[Ay,u] =1, A # A, or [A,,u] = A, and Cy4,(u) is nonsolvable. Then
Ca,au(u) < (Cg(u) N Ca(v))™ < Cg(L). Hence we may assume that
there is some 1 # 4 € U, with @ € Cy, 4u(u). We have E(Cg(v)) =
Ay ALCricg ) (). Now also Ccg ) (@) < Cg(L) as it is nonsolvable.
But as T'normalizes E(Cg(v)) and U < T',then 1 # Z(T)NE(Cg(v)) <
Ca,au(4)Cpcgwy) (@), contradicting Z(T') N Cg(L) = 1 by Hypothe-
sis 4.23.

So we have that
[Ay,u] = A, and Cy,(u) is solvable.

Suppose that some v € U? induces a field automorphism on A,. Set
X, = Cy,(u). Then X, is solvable and so A, = Ly(4), X, = ¥3. In
particular |U| < 4 and then U = C¢,(1)(u). By Lemma 2.23 O3(X,) <
L. Then Cy(0O5(X,)) = U x R, R of odd order. But X, is centralized
by (v,u) < UL, a contradiction. So we have that

[A,,u] = A, for all u € U* and any

u induces an inner automorphism.
Let X, be a Sylow 2-subgroup of A,, which is centralized by U. In
particular | X,| > |U]|. As X, < Ng(L)NC(v), and T1U is of index two in

Q1 (TNNg(L)), we see that T} centralizes a subgroup of index two in X,.
If [T1, X,] # 1, then as ¢ > 16, we have that |T} : C7,(X,)| > 4 and so
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T induces a fours group of outer automorphisms on A,, contradicting
A, = Lo(r). This shows that

[T1, X,] =1 and then X, < U x T}.

Suppose first that |[U| = |T}|. Then as |X,| > |U|, we have A, = Ly(r),
r > q, a contradiction. So we have that |U| < |T3]. In particular by
O’Nan’s lemma we now have that all elements in U x T \ T} are con-
jugate to elements in U, which gives that just the involutions in 7} are
2—central.

Suppose that X, does not contain 2—central involutions. Then X,NT} =
1 and so | X,| = |U|. As X, is a Sylow 2—subgroup of A, we see that T
cannot normalize A,. Hence there is some y € T with AY # A,. Now
we could also have chosen AY instead of A,. Then also XY < Ty x U
and so X, XY NT; # 1. Hence all involutions in X, X¥ \ (X, U XY) are
2—central. But the set of 2—central involutions in 77 x U is closed under
multiplication, a contradiction.

So we have that X, contains 2—central involutions and so X, < Tj.
Now we choose v € Ny, (X,), which acts transitively on X?. We have
[Copw)(Ay),v] = 1. As UTy = Cyr, (A,) x X, we have that v normal-
izes UTy and [UT}, v] = X,. Now there is some w € UT} with [w,v] =1
and w ~u € U* in G. Let g € G with u? = w. Then U x T} < Cg(w)
and so U x T} is a Sylow 2—subgroup of Cq(L9)LY, as UT; was the only
abelian subgroup of its order in a Sylow 2-subgroup of Ng(L). But as
Tlti is the set of 2—central involutions in U x T}, we get that T} is a
Sylow 2—subgroup of LY. As v normalizes LY it now acts nontrivially
on LY. As | X,| < |Ti| and [T1,v] = X,, we see that v induces a field
automorphism on LY. As o(v) is odd, this implies |[71,v]| > t, where
q=t% But |X,| <t, as A, = Ly(r), r < t, a contradiction. O

Lemma 4.28. Assume Hypothesis 4.23. If L € L% _, then L % Sps,(2).

Proof. Assume false. Let A, = Ky, ..., K, = L be a chain belonging to
A, — L. By Hypothesis 4.23 we have A, # L. Hence by Lemma 4.6(b)
there is some involution ¢ in Aut(L) such that Cp(t) has a component
K,_1, which contradicts Lemma 2.25. ]

We fix the following notation: Let L € Z*AZ and U be a Sylow 2—
subgroup of Cg(L). Furthermore let T be a Sylow 2-subgroup of G
such that TN Ng(L) is a Sylow 2-subgroup of Ng(L) containing U.
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By Lemma 4.25 and Lemma 4.26 we may assume that L € Chev(2) and
by Proposition 4.5 L is standard. Further by Lemma 2.25 L does not
possess an outer automorphism centralizing a Sylow 2-subgroup of L.
By Hypothesis 4.23 Z(T)NU = 1. As |21(Z(T))| > 4 by Lemma 4.24,
we get that

U(Z(T ML) > 4.

This gives that either L is defined over GF(q), ¢ > 4, or L = Fy(2) by
Lemma 4.28. This we now collect in the following lemma

Lemma 4.29. Assume Hypothesis 4.23. Then L is defined over GF(q),
q>2.

Proof. Let L = Fy(2) and A, = Ki,..., K, = L be a chain belonging
to A, — L. By Lemma 4.6(b) and Hypothesis 4.23 we have that K,_;
is a component in the centralizer of some involution ¢ of Aut(L). By
Lemma 2.25 we get K, ; = ?Fy(2). We have t € T. As Z(T)U/U
is a fours group, we get that this group is centralized by ¢. But then
Z(T N K,_1) must contain a fours group, a contradiction. O

Lemma 4.30. Assume Hypothesis 4.23 with L € L% .

(a) Assume L = Spo,(q), or Fy(q), ¢ = 2", n > 2. Then A, =
Spon(r), Fu(r), 2Fy(r) or Sz(r), r = 2', r < q, where in the first two
cases even r* < q. Finally A, = Spa,(r) just occurs for L = Spo,(q)
and A, = Fy(r) or 2Fy(r)’ just occure for L = Fy(q).

(b) L% S2(q) or *Fulq)’

(c) If L = L3(q) or Us(q), ¢ = 2", then A, = Lo(r), L3(r) or Us(r),
r = 2" where t < n in the first case and 2t < n in the last two cases.

Proof. (a) Let first K be a central extension of one of the groups
Span(r), Fu(r), 2Fy(r)" or Sz(r) and K; € Cy with K; C K. Then
there is some involution ¢ normalizing K such that Ck(¢) has a compo-
nent K. Now by Lemma 2.25 (3) K1 = Spa,(s), Fu(s), 2Fy(r), or Sz(r)
in case of K = Spy(r), or a central extension of such a group, where
s? < r. Furthermore Fj(s) and ?Fy(r) just occure for Fy(r). Hence we
see that if A, — L, then A, is a central extension of one of the groups
of the assertion. As Z(A.) = 1 by Hypothesis 4.23, we have the asser-
tion.

Suppose finally that L = Sz(q). Then L = A, as Aut(L) contains
no involution with nonsolvable centralizer by Lemma 2.25.

Similarly one gets (c¢) by quoting Lemma 2.25(5) again. O



52 KAy MAGAARD AND GERNOT STROTH

For the remainder of this section we fix the following notation. We
choose v ~ z, v € Z(T). Recall that T is a Sylow 2-subgroup of G
containing a Sylow 2-subgroup of N (L), which contains U.

Lemma 4.31. [fL/Z(L) = Ly(4) or Go(4), then Z(L) = 1, L = Ly(4),
A, = Ay and A, is normalized by T N Ng(L).

Proof. Assume false. Let A, = Ki,..., K, = L be the chain belonging
to A, — L. Then there is some involution t € T'N Ng(L) such that
[L,t] = L and t centralizes Z(T'N L/Z(L)), which is a fours group by
Lemma 2.41 and Lemma 2.52. As by Lemma 2.52 G5(4) just has field
automorphisms, which of course do not centralize Z(T'N L/Z(L)), we
see that L/Z(L) % Go(4). Hence L/Z(L) = L3(4) and in particular
Criz)(t) = As by [GoLyS5, Lemma 10.2.1]. This shows K,_; = As.
Now we get A, = K,_1. We have that v € UL. Further we have that ¢
induces a graph automorphism and 7'N Ng(L) = (T'NUL)(t). Let A,
be the component corresponding to A, in Cg(v). Then A, = As.

Let Ty < T with |7} : TN Ng(L)] = 2. Then U N UY = 1 for
g € Ty \ Nr(L). As |T N Ng(L) : Crangr)(w)| < 2 for all u € U,
we get that the same is true for all u9 € U9. As by Lemma 2.52(b)
T N Ng(L) : Crangry(x)| > 2* for any o € T, which induces a graph
automorphism on L, we see that U9 < UL. But then UU/U is a sub-
group of the root group of T'N L/Z (L), which is of order 4. Hence U is
elementary abelian of order at most 4.

Let 1 #u € U. As O(Cg(u)) = 1, we get that Cg(u) NCq(L) =U. As
by Lemma 2.41 Cc, ) (v) is solvable, we see that [A,,u] = A,.

Now set
L, = (AZ”NG(L)>.

Suppose A, = L,. Then T'N Ng(L) induces a group of automorphisms
isomorphic to a subgroup of Dg on A,. Suppose Z(L) # 1. We have that
Z(L) < U. By Lemma 2.42(b) we then get that Z(L) N Cr(A,) # 1,
a contradiction. Hence Z(L) = 1. So we may assume that A, # L,.
We have that C4, (u) either is a fours group or isomorphic to 3. As
A, = Aj there is no direct product of groups isomorphic to X3, which
is normalized by T'N L, we see that C4, (u) is a fours group. As L3(4)
by Lemma 2.41 does not contain elementary abelian subgroups of order
greater than 16, there is no elementary abelian subgroup of order 2% in
Cg(u). Hence we have that L, is a direct product of two copies of A,.



53

Now (v,Cp, (u)) is an elementary abelian group of order 32, which is
normalized by T'N Ng(L), contradicting Lemma 2.42. O

Lemma 4.32. We have Z(L) = 1.

Proof. By Lemma 4.29 we have that L is defined over GF(q), ¢ > 2.
If Z(L) # 1, we have with Lemma 2.63 that L = L3(4), G2(4) or
Sz(8). By Lemma 4.31 L/Z(L) % G9(4) and Z(L) =1 for L/Z(L) =
L3(4). As centralizers of involutions in Aut(Sz(8)) are solvable (see
Lemma 2.25(3)), we have that L/Z(L) 2 Sz(8). O

By Lemma 4.32 we now have that LCg(L) = L x Cg(L). Let U and
v be as before. Let R be a long root subgroup in L, if L 2% Spy,(q).
Let R be a short root subgroup in L if L = Sp,(q). Let Xgr = Cr(R),
Qr = O2(Xg) and choose notation such that [v, @r] = 1. The structure
of X and Qg is given in Lemma 2.28 and will be used freely in the
sequel.

Lemma 4.33. Assume Hypothesis 4.23. If v € UR, then [A,,u] = A,
for all u € U*.

Proof. As v € UR we have that [v, Xg] = 1. Let u € U* and assume
that Caua,(u) =2 A,. Then (Cyua, (u)X®) is a product of quasisimple
groups isomorphic to A, and normalized by Xg. So it is contained
in Cg(L). Hence we may assume that U N Cyua,(u) # 1. We have
E(Cq(v)) = AyAiCrcew)(U N Caua, (u)). As seen before all compo-
nents of F(Cg(v)) which are in Cgcgw))(U N Caua, (u)) are in fact in
Ca(L). So we have that Cy, 4u(u)Crcg ) (UNCava, (1)) < Ca(L). As
T < Cg(v) we see that Z(T') N Ca,au(u)Crcge) (U N Cava, (u)) # 1.
But then Cq(L) N4 (Z(T)) # 1, a contradiction to Hypothesis 4.23.
Hence we have that [A,,u] = A, for all u € U*. O

Lemma 4.34. Assume Hypothesis 4.23. If v € UR, then [R, A,] # 1.

Proof. Suppose false. As v € UR we have that [v, Xg] = 1. Let u € U*.
By Lemma 4.33 we have

[A,,u] = A, for all u € U*.
Set
L, = <A1))(R>'
As [R, A,] = 1 by assumption, we have [R, L,] = 1. As Z(E(Cg(v))) =
1, we have that RN L, = 1. As Cp,(u) is Xg-invariant and does not

contain R, we have with Lemma 2.39 that C, (u) N Xg is contained in
Cr,(u)N R = 1. So we get that [Xg,CL,(u)] < XpNCr,(u) = 1. This
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shows with Lemma 2.37 C, (u) < Cg(L)R and further L, = A,.

By Lemma 4.29 we have that |R| > 2. Hence there is some p € L,
o(p) = |R| — 1, such that p acts transitively on Rf. Then p acts on
(v, R). Set
L, = (A7).

Then L, is a direct product of conjugates of A4,, as A, < E(Ce((v, R))
Further as Xy normalizes A, and p normalizes Xg, we see that Cp_(u
is Xp-invariant. Hence again by Lemma 4.33 we get that Cp (u) <
Ca(L)R. As [U, p] = 1 we have that p acts on Cp (u). As [p, Cq(L)R] =
R, Ceyyr(p) = Ca(L) and RNL, = 1, we get Cp(u) < Cg(L). Hence
also Cy,(u) < Cg(L). Thus thereis 1 # a € UNA, and so E(Cg(v)) =
AyCpcgw) (). Now Cpcg ) (@) is normalized by Xy and so again
Crcaw) (i) < Ce(L). But then UN Z(T) # 1, a contradiction. O

Lemma 4.35. Assume Hypothesis 4.23. We have v ¢ UR.

Proof. Assume v € UR. By Lemma 4.34 we have that [R, A,] # 1. By
Lemma 4.27 we have that L 2% Ly(q). Set

).
)

L, = (Af")
and
Yr = Cx,(Ly).
Then Yy is normal in Xz. Now by Lemma 2.39 we get that
(%) Yr < R.

By Lemma 4.33 we have that A, = [A,,u] for all u € U*. Suppose
L, # A,. We have that Cp (u) = (Ca,(u)*?). Suppose furthermore
that Cp,(u) N Xg £ O9(Xg). Then by Lemma 2.38 F*((Cp,(u) N
Xr)O2(XR)/O2(XRg)) is normal in Xr/O2(Xg) and so a product of
quasisimple groups and at most one cyclic group and each is nor-
mal in Xp/Oy(Xg). But as A, # L,, we have that F*((Cp,(u) N
XRr)O2(XR)/O2(XR)) is a product of at least two groups on which
Xr acts transitively, a contradiction. So we have that Cpr, (u) N Xp <

Oo(XR) = Qr.

Suppose that Cy,(u) N Xg £ Z(Qr). By Lemma 2.43 either Qg < L,
or L = L,(q) and Cr,(u) N Xg is elementary abelian of order ¢"~!, or
L = L3(q) and Q1(Cy,(u)) < R by Lemma 2.43. (Recall that L 2 L3(4)
by Lemma 4.31). In the latter case 1 # RNA, is centralized by X, con-
tradicting L, # A,. Assume now Qp £ L,. Let v € X with A? # A,.
Then in Cp,(u) N X we have at least two X z—orbits, one with repre-
sentative in Cy, (u) and one with representative in Cy, 4z (u) \ A,. On
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(Cp,(u) N Xg)* we see that Xp has exactly ¢ — 1 orbits of length 1, the
elements in R*, and one orbit of length ¢"~' — ¢, the elements which are
not in R. This implies that one of the orbits of length one must be in
A,A?. This then shows L, = A,A?. In particular | Xg : Nx,(A,)| = 2.
With Lemma 2.44 we now get a contradiction.

So we have Qr < L,. As L, normalizes A,, we get that [Cx,(u) N
Xr,Qrl =R < A, as Cy,(u) NQr £ Z(Qg). But then AZNA, >R
for all z € X and so A, = L,, a contradiction.

So we have that Cy, (u) N Xr < Z(Qr) and so Cr,(u) N Xr < Z(Qr).
As L, # A, we have that Cy,(u) N Xgr £ R. In particular Z(Qr) >
R, ie. L = Spo,(q) or Fy(q). Now A, = Spo,(r), Sz(r), Fu(r) or
2Fy(r)’ by Lemma 4.30. Assume ¢t € Cr,(u) NT, t ¢ LCg(L). Then
[t, Xg] < XrNCL,(u) < Z(Qgr). Application of Lemma 2.45 yields
that L = Spy(q). Now Lemma 2.16 shows that ¢ has to induce a field
automorphism on L. But then it also has to induce a field automor-
phism on Xr/Qr and so on Ly(q), which implies [¢t, Xg] £ Z(Qr). So
we have that UZ(Qgr) contains a Sylow 2-subgroup of Cr, (u). But by
Lemma 2.25 none of the groups A, has an automorphism whose cen-
tralizer has abelian Sylow 2—-subgroups.

We have shown that L, = A,. Now Xg/Yg acts faithfully on A,. By
Lemma 4.31 we have that A, = As in case of L = L3(4). But then
Xgr/Yr cannot act faithfully on A,. So we have that L 2 L3(4) or
Sz(q). We also know by (x) that Yy is a proper subgroup of R and
0% (XR) contains a Sylow 2-subgroup of L. If L 2 Us(q) or Ls(q), i.e.
Xpg is nonsolvable, then A, contains a subgroup R, which is isomorphic
to O% (Xr/Yr). Furthermore a central extension of A, is isomorphic to
a subgroup of L, as L € E*Az. So a central extension of R, is a subgroup
of L and so contained in a parabolic, which then has to be isomorphic
to Xg. This shows that Xp &2 R,. As L € Ely we now see that L has
an involutory automorphism ¢ whose centralizer in L has a component
and t centralizes a Sylow 2—subgroup of L, contradicting Lemma 2.25.

So we are left with L = L3(q) or Us(q). Now by Lemma 4.30 we see that
A, might be Ly(r), Ls(r) or Us(r), where r < /g in the last two cases
and r < ¢ in the first one. But no such group has an automorphism
group of order |Xr/Yg| > 2¢* by Lemma 2.53. O

Lemma 4.36. Assume Hypothesis 4.23. Then L = Spo,(q) or Fy(q)
and A, = Spa,(r), Sz(r), Fy(r) or 2Fy(r).
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Proof. By Lemma 4.35 we have v ¢ UR. Hence Z(T') £ UR. Then
Z(T'NnL) > R. Now by Lemma 2.32 we have that L =
Fy(q). The assertion follows with Lemma 4.30. O

Lemma 4.37. Assume Hypothesis 4.23. Then L = Spy(q).

Proof. Assume L 2% Spy(q). Set T = CL((R,v))*. As L % Spa(q),
and L = Spy,(q) or Fy(q), we have by Lemma 2.29 or Lemma 2.28
that Tg # 1. We collect some properties of Tr which can be read of
from Lemma 2.29 or Lemma 2.28.
(1) Tr/Qr = Span_4a(q) in case of L = Spy,(q).
(2) If L = Fy(q) we have that Tr/O2(Tg) = Sps(q). Furthermore
we have
(i) O2(Tr) = QrQr,, where Ry is a root group such that
Z(TNL) = RR,.
(ii) Ox(TR) < QrN Qr,-
Set
L, = <A1:I;R>
and
Yr = Cr,(L,).
Assume first [R, A,] = 1. Then RN L, = 1 by Hypothesis 4.23. Further-
more for u € U* we have that Xg N Cp,(u) < Z(Qgr) by Lemma 2.46
and so Cy,(u) has a Sylow 2-subgroup in Z(Qg)U. Hence Cy,(u) has
abelian Sylow 2-subgroups, a contradiction to Lemma 2.25.

So we have [R, A,] # 1. Still Cp,(u) is normalized by Tk and so it
cannot have a subgroup isomorphic to A, as this subgroup has to be
in Ce(L) but A, does not have abelian Sylow 2-subgroups. So we have
that A, = [A,,u] for all u € U*.

We have Yr <Tg. As R £ Y, we see with Lemma 2.46 that Yy <
Z(Qg). So we obtain that:

(1) (R, A,] # 1 and Yr < Z(Qr).

Suppose first L, # A,. As Tr/O2(Tr) = Span_4(q) or Sps(q) is simple,
recall that by Lemma 4.29 ¢ > 2, we get Cr,(u) N Tr < Os(TR).
If RNA, # 1, then as [RN A,,Tg] = 1, we get a contradiction to
A, # L,. So

2) RNA, =1.

Firstly we consider L = Spy,(q). Assume A, N Qr £ Z(Qr). As
[L,NQgr, A, NQr] < Q@ = R, we see with (2) that A, NQg is central-
ized by L, N Qg and so L, N Qg is abelian. As L, N Qr I Tr we have
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that Qr £ Ng(A,). Let t € Qp with A" £ A,. As 1 # [A, NQr,t] <

= = R, we have RN A,A', # 1, RN A,Al is centralized by Tx so
A, AL = L,. In particular |Qr : Ng,(A4,)] = 2. But then by (2) we
have that Ng,(A,) centralizes A, NQ g, which contradicts ¢ > 2. So we
have that A,NQr < Z(Qr) and thus Qg N L, < Z(Qr). But now also
Oy(Tr) N L, < Z(Qgr). So Cy,(u) has a Sylow 2-subgroup contained
in UZ(Qr), which contradicts Lemma 2.25

Hence we have that L = Fy(q). As Tgr N L, is contained in a para-
bolic subgroup of L, by Lemma 4.36 and the Borel-Tits-Theorem 2.15
we see with Lemma 4.30 that T N L, < Oy(Tg). As A, # L, and
[Z(T'N L), Txr| = 1, we obtain

(3) Z(TNnL)NnA, =1.

If Qr < L,, then as Z(TNL)NA, = 1 we conclude QrNA, < Z(Qr)N
A,. Let t € Cy,(u). Then [t,Qr] < Z(Qr) and as Qr N A, < Z(Qr)
we get t € QrU and then t € Z(Qg)U, which gives that Cy,(u) has
an abelian Sylow 2-subgroup, a contradiction to Lemma 2.25.

So we have that
(4) Qr £ L, and then Oy(TR) £ L,.

We further have that Cy, (u) does not have an elementary abelian Sy-
low 2-subgroup. Hence O2(Tg)NA, is not abelian. As Z(TNL)NA, =1
by (3), we have that Qr N A, is elementary abelian.

Assume first that Qr N A, = 1. As O5(Tg) < Qg, we get that
O5(Tr) N A, is abelian, a contradiction. So we have that

(5) QRmAv 7é L.

Suppose that Oy(Tx) normalizes A,. Then Z(05(Tg)) N A, # 1. But
Z(09(TR)) = Z(T'N L), a contradiction. As Oy(Tr) = QrQr,, where
Ry is a root group different from R in Z(T N L), we may assume that
Qr does not normalize A,. In this case we see that Z(Qgr) N A, =
1, as Qg centralizes this group. As A, N Qr # 1 by (5), and [Qr N
A,,Ng,(A,)] = 1 by (3), we see that |Qr : Ng,(A,)| > q. As
{QR,QR N AU] < R, we have that |<(QR N AU)QR>| < q\QR N Av| On
the other hand we have at least g conjugates of A, under Qg, so

[((Qr N Ay)M)| > |Qr N Ay

This shows |Qr N A9 < q. As ¢ > 2 and |[Qr N A,| # 1, this is a
contradiction.
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So we have shown that
(6) A, =L,.

By (1) there is some subgroup W of Z(Qg) such that Tx/W acts
faithfully on A,. As Tr/W possess no solvable factor groups and the
outer automorphism group of A, is solvable we get that Tx/W acts
as a group of inner automorphism. As |Tr/Z(Qr)l> = ¢"~* in case
of L & Spy,(q) and |Tr/Z(Qr)|2 = ¢'7 in case of L = Fy(q), we get
|Ayls > ¢ in case of Spa,(q) and |A,|> > ¢'7 in case of Fy(q). On the
other hand by Lemma 4.30 we have that A, = Spo,(r), Fy(r), 2Fy(r)
or Sz(r). Hence in this ordering we get |A,]s = v, 724, 712, or 211,
or r?. Furthermore |A,|s < |L|z by Lemma 4.6. If A, = Sz(r), then
q = r which violates the inequalities above. If L = Sp,,(q), we have
|A,| < ¢”°. On the other hand for A, = Spa,(r) we get r2 < g, so
|Ayla = 7 < ¢"°/%. Then n® — 4 < n?/2, which gives the contradiction
n < 2. As Fy(r) and 2F,(r)’ do not show up for L = Sp,,(q), we have
to deal with L = Fj(q) in which case |A,|» > ¢'7. Suppose A, = Fy(r),
then again 72 < ¢ and so |A,|» = r** < ¢'2, a contradiction. If |A,| =
2Fy(r), then r < g and |A,| < r'? < ¢'2, a contradiction. O

Lemma 4.38. Hypothesis 4.23 does not hold.

Proof. Suppose Hypothesis 4.23 holds. Then by Lemma 4.37 we have
that L = Spy(q), ¢ > 2. Further A, = Spy(r) or Sz(r) by Lemma 4.30.
By Lemma 4.35 v ¢ UR. Now set

L, = <AZHL>-

Then we have that Cp,(u) is normalized by TN L for u € U*. As TNL
does not centralizes any perfect subgroup of Ng(L) which is central-
ized by (u,v), and A, has nonabelian Sylow 2-subgroups, we get that
[A,,u] = A, for all u € U*. Further by Lemma 2.25 C 4, (u) has a Sylow
2—subgroup, which is not elementary abelian.

Suppose first that A, # L,. Then as before
(1) Z(LNT)YUNA, =1

Further we may assume that 7'N Ng(L) contains a Sylow 2-subgroup
of Cy,(u). Assume TN LN A, =1. Then [Npap(Ay), T NCy,(u)] = 1.
Choose 1 # x € T'N Cy,(u). As for any outer automorphism x € T'
of L, we have by Lemma 2.49 that |T'N L : Crqr(z)| > ¢%, we get that
TN L: Nrap(A,)] > ¢* Hence now there are at least ¢* conjugates of
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A, under the action of T'N L. So we get
ING(L)N'T N A% < |Na(L) NT N Ayl

which is impossible.

So we have that TNLNA, # 1. As (TNL) = Z(T'NL) by Lemma 2.48,
we get with (1) that Npnp(A,) is elementary abelian, and so [T N L :
Nrap(Ay)| > g by Lemma 2.48. Now we have at least ¢ conjugates of
A, under the action of T'N L, which yields

ITNLNAJ<|TNA,NL|

This gives ¢ =4 and |[TNLNA,| =2 AsUZ(TNL)NA,=1by (1),
we see that |[Ng(L)NT N A,| <4, which gives that C4,(u) has abelian
Sylow 2-subgroups, a contradiction. This shows

A, = L,.

Assume [Z(T'NL),A,] =1 As T'N L normalizes A, we get [T N LN
A, TNL < Z(TNL)NA, < Z(A,) =1 by Hypothesis 4.23. Then
we have hat TN LNA, < Z(TNL)NnA, < Z(A,) = 1. But then
Cy,(u) < Z(T'N L)Cg(L) and so it has abelian Sylow 2-subgroups, a
contradiction. So we have

Z(TN L), A # 1.

As by Lemma 2.48 Z(T N L) is a product of two root groups, we may
assume [R, A,] # 1. First assume A, = Ag. Then we have that Cy, (u)
is cyclic of order 4 or dihedral of order 8. But by Lemma 2.50 no such
group can be normalized by 7' N L. So we have that A, = Spy(r) or
Sz(r) with » > 2. In particular ¢ > 4. As Cpnr(A,) <T N L, we get
with Lemma 2.50(ii) that [T N L : Cran(A4y)] > ¢2/2.

Suppose first that A, = Spu(r), r > 2. We will show that T =
TN L/Cran(Ay) satisfies the assumptions of Lemma 2.51. Assumption
(i) is clear as TNL is generated by involutions according to Lemma 2.48.
Furthermore 7' and so 7T is of class two and so if it contains a Sy-
low 2-subgroup of A, it is a Sylow 2-subgroup of A,, as otherwise by
Lemma 2.16 it would also contain a field automorphism of A, and so
cannot be of class two. Hence we have |T'| < 4. As r? < ¢ we have hat
IT| > r*/2. Hence (ii) is satisfied. Furthermore ¢*/2 < |T| < ¢* and
so the assumptions of Lemma 2.50(ii) are satisfied, which implies that
Lemma 2.51(iii) and (iv) are satisfied. Now application of Lemma 2.51
yields the contradiction r = 2.
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So we have that A, = Sz(q), ¢ = r?. Then T N L just induces in-
ner automorphism on A,. In particular T'N L/Crnr(A,) is isomorphic
to a subgroup of index one or two of a Sylow 2-subgroup of A,. But T’
is generated by involutions, a contradiction to |2, (7' N L)| = q. O

Proposition 4.39. There is some 1 # z € 1(Z(S)) such that Cg(2)
possesses a standard component L.

Proof. We have the assertion with Proposition 4.22 in case of 1 #
Z(E(Cg(z)) for at least one 1 # z € (Z(S)) and with Lemma 4.38
otherwise. U

Proposition 4.40. Let z, L be as in Proposition 4.39. Then Cg(L) has
cyclic Sylow 2—subgroups and Cc,ry(u) is a 2-group for any involution
u € Cg(L)

Proof. By Proposition 3.5 we have my(Cg(L)) = 1. By Lemma 3.2 we
have that C(L) has a cyclic Sylow 2—subgroup. As O(Cg(u)) = 1 for
any involution u € Cg(L), we get that Ce,r)(u) is a 2-group. O

Now Proposition 4.39 and Proposition 4.40 prove Proposition 4.1.
From this also Theorem 1.4 follows.
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