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A B S T R A C T

An analytic formulation for the study of planar elastodynamic contact in bimaterial interfaces subject to
dry friction and slip is presented. Using the Wiener–Hopf technique, explicit analytical expressions for the
elastic waves scattered by a planar contact interface are derived. Two cases are studied: (1) the uncoupled
problem where it is assumed that normal and tangential loads cause, respectively, no tangential and vertical
displacements; (2) the fully coupled problem, where they do. In both cases, an analytic formulation for
determining the magnitude of the regions of stick and slip expected at the interface is offered. This provides
a complete analytic account of the interfacial tractions and, as a results, serves to model the elastic wave
scattering by contact interfaces, a problem of interest in fields as disparate as geophysics, non-destructive
testing, and fracture mechanics. The uncoupled problem is shown to be inconsistent: the magnitude of the
reciprocal displacements caused by the normal/tangential loads is non-negligible, and of the same magnitude
as the interfacial slip distribution itself. The coupled problem is shown to lead to a matricial Wiener–Hopf
problem the scattering kernel of which is non-commutative; an Abrahams approximation reliant on the Padé
approximants is used to study the problem. It is shown that in many circumstances, the bimaterial contact
interface is bound to detach locally, even when the far-field, steady-state solutions would predict otherwise.
This is brought about by interfacial loading mismatches brought about by the coupling, and is shown to be
affected by various factors: weak pressure loads, the friction coefficient, the disparity in the elastic constants
of the media under contact. An useful analytic criteria for detachment is offered.
1. Introduction

This article concerns the study of the planar frictional contact con-
ditions operating under time dependent (elastodynamic) loading across
a flat interface involving two different elastic solids. Elastodynamic bi-
material contact, where an interface separating two different materials
is subjected to time dependent loading or sliding, has received some
attention in fracture mechanics (Cao and Evans, 1989; Liu et al., 1995;
Rosakis et al., 1998), where the problem of a crack propagating across
a bimaterial interface is crucial in understanding composite media de-
lamination (Hutchinson and Jensen, 1990; Yang et al., 1991; Lambros
and Rosakis, 1995; Golub and Doroshenko, 2019), film-to-substrate
failure (Andrews and Kinloch, 1973; Cao and Evans, 1989; Leterrier,
2003; Stallard et al., 2006) and inclusion–matrix debonding in compos-
ite and crystalline materials (Mantič, 2009), particularly under impact
bonding (Hassani-Gangaraj et al., 2019; Tiamiyu et al., 2022); and
in other fields including non-destructive evaluation of internal flaws
via elastic wave scattering techniques (Baik and Thompson, 1984;

E-mail address: b.gurrutxagalerma.1@bham.ac.uk.

Delsanto and Scalerandi, 1998; Lavrentyev and Rokhlin, 1998; Jhang,
2009), the study of joints in biomechanical systems (Fregly et al., 2003;
McKinley et al., 2006; Hériveaux et al., 2018), to study interfacial
wear performance (Gurrutxaga-Lerma, 2019; Gurrutxaga-Lerma, 2020),
and in geophysics, where often the fault surface separating dissimilar
layers in shallow earth are neither perfectly welded nor perfectly
lubricated (Rice, 1993; Weertman, 1980; Blanpied et al., 1995; Minato
and Ghose, 2014; Kilgore et al., 2017).

In all these contexts, frictional contact arises as a result of the two
surfaces coming into touch with one another under the action of time-
dependent loads. The time dependent contact loads can be brought
about by high speed, high strain rate remote loads (as could be the
case for instance in the case of impact bonding (Hassani-Gangaraj et al.,
2019) or in geophysics (Weertman, 1980)), by the relative sliding of the
two surfaces at sufficiently high speeds (as could be the case in com-
posite media delamination (Lambros and Rosakis, 1995)), or perhaps
because the speed of sound in the relevant materials is sufficiently low
vailable online 13 May 2023
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relative to the speed or rates at which the loads themselves are being
applied (a situation commonly encountered in soft joints (McKinley
et al., 2006)). In turn, the presence of a contact problem can be due
to intrinsic reasons (i.e., due to the geometry or the configuration of
the interface itself), or extrinsic reasons (i.e., brought about by the
remote loading itself). This article is concerned with contact due to
extrinsic causes: remote loads the effects of which propagate through
the materials as elastic waves that are scattered by a contact interface.
This is a typical concern in e.g. non-destructive testing and geophysics.

The possibility of intrinsic contact is non-trivial. Indeed, classical
elasticity predicts a well-known logarithmic (oscillatory) stress singu-
larity at the bimaterial mode I crack tip (Williams, 1959) that would
imply interpenetration of the crack faces (Sinclair, 2004a,b; Broberg,
1999). Because said interpenetration is nonphysical, one of its clas-
sical remedies proposes substituting the interpenetration zone with a
frictionless contact zone (Comminou, 1977; Comninou and Achenbach,
1978) which resolves the logarithmic oscillations. Alternative reme-
dies have also managed to cure the oscillation, either by substituting
linear elasticity for higher order deformation theories (Knowles and
Sternberg, 1983; Geubelle and Knauss, 1994a,b,c; Gao and Shi, 1994),
modifying the problem’s topology through an intervening layer (Atkin-
son, 1974), or changing the geometry of the crack tip (Sinclair, 2004b;
Broberg, 1999). With regards to elastodynamic accounts of bimaterial
fracture, most theoretical work has focused on the asymptotics of crack
tips and their energetics (e.g., Achenbach et al., 1976; Comninou and
Achenbach, 1978; Rice, 1988; Yang et al., 1991; Liu et al., 1993; Yu
and Yang, 1995; Huang et al., 1996), numerous numerical studies
(e.g. Xu and Needleman, 1996; Needleman and Rosakis, 1999; Scala
et al., 2017) of different aspects of bimaterial debonding and their
experimental verification (e.g. Liu et al., 1993; Lambros and Rosakis,
1995; Liu et al., 1995).

Otherwise, under elastodynamic loading many situations arise
where contact considerations become inevitable. For instance, in the
presence of a normal compressive load, sliding mode II cracks in-
evitably entail a contact problem; this situation is typically encountered
in geophysics, where sliding bimaterial interfaces are common sources
of seismic events (Rice and Ruina, 1983; Blanpied et al., 1995), and has
spanned remarkable research aimed at investigating the universality
class of frictional laws beyond the local specificities of the contact
problem (cf. Carlson and Langer, 1989; Olami et al., 1992; Rice, 1993;
Scholz, 1998; Lapusta et al., 2000; Scholz, 2019). Likewise, contact
considerations become critical when studying bimaterial mode I cracks
propagating at transonic speeds. This is because the normal interfacial
tractions, which under quasi-static loading tend to be tensile, may
reverse their sign in the transonic regime (Xu and Needleman, 1996;
Needleman and Rosakis, 1999; Hao et al., 2004), a fact that suggests
of the presence of an extended contact zone along the crack faces.
Experimental and modelling evidence of the importance of the contact
zone in elastodynamic fracture has since compounded, particularly
when studying transonic crack propagation (Hao et al., 2004).

Despite the inherent theoretical difficulties involved in offering a
complete treatment of elastodynamic contact similar to the one existing
for static loading (see Johnson, 1987; Barber, 2018), various studies
of elastodynamic contact exist. An important branch of these accounts
focus on the presence of dynamic singularities at specific moving
speeds, namely the speeds of sound (Craggs and Roberts, 1967; Brock,
2002) and the Rayleigh wave speed (Georgiadis and Barber, 1993;
Brock, 2012): when two rubbing surfaces come together and experi-
ence a relative motion (e.g., a sliding indenter) the speed of which
approaches either the speeds of sound or the Rayleigh wave speed,
studies typically performed in the steady state and under frictionless
conditions predict the presence of elastic singularities the energetics of
which would bar contact in the trans and supersonic regimes (Craggs
and Roberts, 1967; Georgiadis and Barber, 1993; Slepyan and Brun,
2012). Likewise, the stability of frictional sliding can be brought into
2

question over similar considerations (Comninou and Dundurs, 1977;
Comninou, 1984; Adams, 1995): as is the case with high speed crys-
talline dislocations (Gurrutxaga-Lerma et al., 2020), transonic sliding
at the interface would prima facie appear impossible on account of the
system’s elastic energy diverging at said speeds (Eshelby, 1956; Freund,
1972); this would make overcoming the sound barriers impossible,
and make transonic motion dissipative unless further considerations
are made. For instance, recently Slepyan and Brun (2012) have shown
that in frictionless indenters transonic motion is possible provided
one accepts that the material can absorb excess energy via inelastic
deformation. Frictional elastodynamic sliding, in turn, has been shown
to be ill-posed (Simoes and Martins, 1998) when the frictional law is
Coulombian, and several alternative frictional laws able to regularise
the problem have been proposed (Rice et al., 2001; Abedi and Haber,
2014). Using ray analysis, it is possible to study the presence of regions
of stick and slip at frictional elastodynamic interfaces under cyclic
and plane waves. Chez and coworkers (Chez et al., 1978) used the
approach to study the width of the regions of stick in bimaterial inter-
faces subjected to planar waves using a corrective solution approach
analogous to that employed in the classical Cattaneo–Mindlin prob-
lem in elastostatic frictional contact (Cattaneo, 1938; Barber, 2018);
likewise numerical approaches based on similar considerations have
been proposed with which to model elastodynamic frictional contact
(e.g.,(Abascal, 1995; Blanloeuil et al., 2014, 2019)). In both cases,
adhesion, slip, and separation is reported at different loading rates and
for different frictional coefficients (Comninou, 1984), usually focused
on unimaterial interfaces, for which the presence of regions of sep-
aration in frictional contacts subject to plane strain loads have been
reported (Comninou and Dundurs, 1977).

Generally speaking, it appears that if the incident elastic shear
waves reaching a frictional interface are sufficiently large, or the con-
tact pressure sufficiently weak, conditions may arise that prompt the
interface to slip (Chez et al., 1978) or detach (Comninou and Dundurs,
1977; Yu et al., 2006) even if the remote loading ought to lead to
stable contact once the transient has subsided. The exact way waves
of detachment and/or slip may form is unclear, particularly if the
interface appears in a bimaterial medium. Further, a fully transient
treatment of this problem appears to be unavailable. The non-linear
nature of the problem only complicates matters further: slip arises to
ensure Coulomb’s law is not violated, and detachment if the contact
pressure becomes tensile; neither condition can be known a priori
without evaluating the transient loads involved at the interface.

This article derives a fully transient, analytic formulation with
which to study the elastodynamic bimaterial contact via the corrective
solution approach commonly encountered in elastostatics (Dini and
Hills, 2003; Hills et al., 1996; Nowell et al., 1988; Barber, 2018). Its
aims are dual. On the one hand, this article seeks to offer a com-
plete analytic treatment of the interfacial tractions involved in dry
frictional contact. As has been argued above, the interest of these
expressions extends beyond this specific problem to other bimaterial
interface problems including fracture mechanics, wave diffraction at
material faults of interest in delamination, non-destructive testing, and
seismology, and can be also employed in alternative geometries or
other problems concerning elastodynamic bimaterial systems. On the
other hand, this article seeks to determine the local stability of the
transient contact problem when driven by loads, and the mathematical
considerations necessary to model said stability and the possibility of
local detachment.

In the approach used in this article, slip is presented as a con-
sequence of the need to establish the force balance at the interface
and obey Amonton’s law of friction (see Barber, 2018). The article is
structured as follows: In Section 2 the mathematical problem under
consideration is outlined: it presents a planar, quiescent (non-sliding)
interface between two elastically dissimilar bodies subject to remote
transient loads. Contact is maintained by a remote pressure load, and
shear is transferred across the interface by means of Coulomb-type dry

friction. In Section 3 the analytic expression for the interfacial tractions
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induced by this remote loading are derived by means of the Wiener–
Hopf technique (Noble, 1958). This leads to the analytic expression of
the transient ‘corrective’ traction (see Dini and Hills, 2004; Hills et al.,
1996) in a bimaterial interface; this corrective traction models the shear
traction that would be induced by an arbitrary distribution of slip act-
ing at the interface. This slip is necessary to ensure that the local force
balance at the interface: if the frictional force binds together normal
and shear tractions, then the interface can only accommodate their mis-
match by slipping. In Section 4, the uncoupled problem resulting from
the common assumption that normal loads induce no interfacial shear
load (and vice versa, cf. Barber, 2018, ch.9) is studied. Section 4 also
shows that the bimaterial interface cannot exist in a state of uncoupled
contact without violating its own self-consistency. This situation does
not arise in single material contacts because of the symmetry of the
elastodynamic Green’s function (Gurrutxaga-Lerma, 2020); however,
when the interface divides two elastically dissimilar bodies, this article
shows that the interface becomes vertically incompatible (i.e., interpen-
etrating or separating) unless the fully coupled problem is considered.
To that end, Section 5 introduces an analytic formulation with which
to solve the fully coupled contact problem; the non-commutativity
of the resulting Wiener–Hopf problem is discussed, and a recursive
solution based on the Abrahams decomposition (Abrahams, 1996) of
the Riemann–Hilbert scattering kernel is introduced. This enables the
correction of the interfacial force balance and regain self-consistency at
the interface. However, as is discussed in Section 6, the ensuing contact
problem can easily become unstable. This is shown to occur when the
interfacial normal load becomes positive, in which case contact is lost,
and the interface detaches. A criterion for detachment is derived, and
examined under varied loading and material conditions. The article
closes in Section 7, where it concluded that bimaterial contact can
be stable, but that if the elastic constants of the materials in contact
are sufficiently dissimilar, friction is weak, or the remote loading weak
relative to the applied shear loads, the interface is likely to detach.

2. Statement of the problem

We consider two planar, elastic half-spaces be in contact along an
infinite interface as depicted in Fig. 1. Both solids are linear elastic but
dissimilar from one another: material 1 has shear modulus 𝜇1, Lamé
arameter 𝜆1, and density 𝜌1; conversely material 2 has elastic constants
2, 𝜆2, and 𝜌2. The corresponding speeds of sounds are labelled as 𝑐(𝑛)𝑡 =
𝜇𝑛∕𝜌𝑛, 𝑐

(𝑛)
𝑙 =

√

(𝜆𝑛 + 2𝜇𝑛)∕𝜌𝑛, 𝑛 = 1, 2; for convenience throughout
his work will also employ the slownesses of sound 𝑎𝑛 = 1∕𝑐(𝑛)𝑙 and
𝑏𝑛 = 1∕𝑐(𝑛)𝑡 .

As is indicated in Fig. 1, the system is subjected to two remote
time-dependent symmetric distributed loads, a normal load 𝑃 (𝑡) and

shear load 𝑄(𝑡). We assume that both loads act solely for 𝑡 > 0, and
hat the system is unloaded and at rest for 𝑡 < 0. Under the action
f these two loads, two sets of elastic waves travelling at different
peeds are launched across each medium, reaching the interface at
ifferent instants in time. On their own, the two half spaces are unstuck,
nd would be free to slide relative to one another were not for the
ction of the remote normal force 𝑃 (𝑡), that establishes the contact. We
ssume that contact exists for 𝑥 > 0, and that for 𝑥 < 0 the interfaces
emain free. This is done to be able to model the edge of a contact
one without having to account for rarefaction waves incoming from
ther free surfaces where one or the two materials to be shaped like
generalised wedge. Contact alone suffices for normal loads to be

ransferred across the interface, so that the first contact condition be
hat the interfacial normal traction 𝑝(𝑥, 𝑡) = −𝜎𝑦𝑦(𝑥, 𝑡) on either material
e the same:

1(𝑥, 𝑡) = 𝑝2(𝑥, 𝑡) ≡ 𝑝(𝑥, 𝑡) (2.1)

aturally, 𝑝(𝑥, 𝑡) ought to be compressive for contact to exist. Hereafter,
e adopt the convention that 𝑝(𝑥, 𝑡) > 0 denotes compression at the
3

nterface and that, accordingly, 𝜎𝑦𝑦 < 0 denotes compression.
Fig. 1. Diagram of the problem under consideration: two elastic half-spaces under
plane strain conditions, in frictional contact over 𝑥 ∈ R+, subjected to symmetric remote
distributed loading 𝑃 (𝑡) and 𝑄(𝑡), and with shear moduli 𝜇1, 𝜇2, Lamé parameters 𝜆1,
𝜆2, and densities 𝜌1 and 𝜌2, and friction coefficient 𝑓 .

Under the action of the remote shear loads 𝑄(𝑡), a further interfacial
hear traction 𝑞(𝑥, 𝑡) ≡ 𝜎𝑥𝑦(𝑥, 𝑡) will be present at the interface. In the
roblem under consideration here, the interface can only transfer shear
oads via a dry frictional load, which obeys Coulomb’s law, namely

(𝑥, 𝑡) ≤ 𝑓 sign(𝑓 )𝑝(𝑥, 𝑡) (2.2)

here by ≤ we imply that the interfacial shear traction can be less that
r up to the frictional traction, 𝑓 is the dry friction coefficient (assumed
o be the same for static and dynamic contact), and sign(𝑓 ) is defined
o that the sign of the shear traction opposes the relative motion of the
wo bodies in contact at the interface. Because here 𝑝(𝑥, 𝑡) > 0 denotes
ompression, for 𝑞(𝑥, 𝑡) to oppose the relative motion at the interface
he sign(𝑓 ) is defined so that

ign(𝑓 ) =
[[�̇�𝑥]]
|[[�̇�𝑥]]|

(2.3)

where [[�̇�𝑥]] = �̇�(1)𝑥 − �̇�(2)𝑥
|

|

|interface
is the relative tangential velocity at the

interface, with [[𝑢𝑥]] = 𝑢(1)𝑥 − 𝑢(2)𝑥 the relative displacement or tangential
displacement in it. Note that Eq. (2.2) is valid on either side of the
interface. If 𝑞(𝑥, 𝑡) and 𝑝(𝑥, 𝑡) are both caused by remote loading, there
is no reason to assume that the inequality Eq. (2.2) will be maintained
across the whole interface. This leads to distinguishing two distinct
regions of contact:

(1) The region over which 𝑞(𝑥, 𝑡) < 𝑓 sign(𝑓 )𝑝(𝑥, 𝑡) will be a region
of stick. The material points will be adhered.

(2) The region over which 𝑞(𝑥, 𝑡) would exceed the magnitude of
the frictional traction, 𝑓 sign(𝑓 )𝑝(𝑥, 𝑡) will be a region of slip. To
avoid violating Coulomb’s law, the interfacial points are forced
to slip relative to one another, i.e., experience a relative displace-
ment [[𝑢𝑥]] = 𝑢(1)𝑥 − 𝑢(2)𝑥 ≡ 𝑢(𝑥, 𝑡). This relative slip displacement
at the interface prompts an additional interfacial shear stress
𝑞slip(𝑥, 𝑡) ≡ 𝑠(𝑥, 𝑡), such that 𝑞(𝑥, 𝑡) + 𝑠(𝑥, 𝑡) = 𝑓 sign(𝑓 )𝑝(𝑥, 𝑡)
restores interfacial equilibrium and Coulomb’s law.
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Thus, in the present work we seek to find:

(1) The interfacial tractions 𝑝(𝑥, 𝑡) and 𝑞(𝑥, 𝑡) due to a remote normal
and shear loads, respectively.

(2) The interfacial traction 𝑠(𝑥, 𝑡) due to a distribution of slip acting
at the interface.

With these in place, we ought to be able to study the equilibrium
conditions at the interface, namely when

𝑞tot(𝑥, 𝑡) = 𝑓 sign(𝑓 )𝑝tot(𝑥, 𝑡) = 𝑓 sign(𝑓 )𝑝tot(𝑥, 𝑡) (2.4)

where the superindex ‘tot’ denotes the total traction acting at the
interface, whether it be caused by remote loading, by a distribution
of slip, or both.

3. The interfacial tractions in an uncoupled interface

We begin by giving the expressions for the interfacial tractions that
would be involved in an uncoupled problem. By uncoupled problem, we
mean the notional situation where the remote normal and tangential
loads do not cause, respectively, a shear and normal tractions at the
contact interface or that these can be neglected. This would serve to
model an interface where remote normal and tangential loads do not
produce, respectively, a horizontal and a vertical displacement at the
interface. In unimaterial situations, uncoupled contact is a reasonable
approximation (Barber, 2018; Gurrutxaga-Lerma, 2019; Gurrutxaga-
Lerma, 2020) owing to the material symmetry across the interface.
Obtaining the interfacial tractions for the uncoupled problem is the first
step to determine whether said situation is possible in the bimaterial
case; as we detail in Section 4.2, it turns out to be an unacceptable
approximation: the reciprocal displacements entailed by the interfacial
tractions are as large as the uncoupled ones, so the uncoupled as-
sumption loses its own internal consistency. The tractions given in this
section are nevertheless not without merit, as they are still necessary
for the fully coupled problem discussed in Section 5.

Thus, we require the analytical expressions for the following terms:

(1) The interfacial normal traction 𝑝(𝑥, 𝑡) due to a mode I crack along
a bimaterial interface.

(2) The interfacial shear traction 𝑞(𝑥, 𝑡) due to a mode II crack along
bimaterial interface.

(3) The interfacial shear traction 𝑠(𝑥, 𝑡) due to an arbitrary [𝑢𝑥] =
𝜙(𝑥, 𝑡) slip distribution along a bimaterial interface.

We discuss each of these terms in the sequel. In all cases, the notional
crack has its tip at 𝑥 = 0.

3.1. Normal and tangential interfacial tractions in the uncoupled problem

These tractions were obtained by the author in Gurrutxaga-Lerma
(2020) for suddenly applied ‘shock’ loads 𝑃 (𝑥, 𝑡) = 𝑃0𝐻(𝑡) and 𝑄(𝑥, 𝑡) =
𝑄0𝐻(𝑡). The remote normal load 𝑃 entails an interfacial normal traction
𝑝(𝑥, 𝑡), and the remote shear traction 𝑄 an interfacial shear traction
𝑞(𝑥, 𝑡). The interface (and therefore the support of the tractions) is given
for 𝑥 > 0, along the nominal contact interface. The two tractions are
given by:

𝑝(𝑥, 𝑡) ≡ 𝑝+ (𝑢) = − 1
𝜋 ∫

𝑢

𝑎1
Im

[

𝑃+
(

−𝑢′
)]

d𝑢′ (3.1)

(𝑥, 𝑡) ≡ 𝑞+ (𝑢) = − 1
𝜋 ∫

𝑢

𝑎1
Im

[

𝑄+
(

−𝑢′
)]

d𝑢′ (3.2)

where

𝑃+(𝑘) =
𝑃0
𝑘

[

𝐾+(0)
𝐾+(𝑘)

− 1
]

(3.3)

and

𝑄+(𝑘) =
𝑄0

[

𝐺+(0) − 1
]

(3.4)
4

𝑘 𝐺+(𝑘)
The derivation of the kernels 𝐾+(𝑘) and 𝐺+(𝑘) is detailed in Gurrutxaga-
Lerma (2020). The results are quoted in Appendix A. We note that if the
remote applied loads were to take the more general mathematical form
𝑃 (𝑥, 𝑡) = 𝑃 (𝑡) and 𝑄(𝑥, 𝑡) = 𝑄(𝑡), then the interfacial normal and shear
tractions (say, 𝑝𝑔(𝑥, 𝑡) and 𝑞𝑔(𝑥, 𝑡)) would be given by the convolution
ntegrals:

𝑔(𝑥, 𝑡) = ∫

∞

0

𝜕𝑝(𝑥, 𝑡 − 𝑡′)
𝜕𝑡

𝑃 (𝑡′)
𝑃0

d𝑡′, (3.5)

𝑞𝑔(𝑥, 𝑡) = ∫

∞

0

𝜕𝑞(𝑥, 𝑡 − 𝑡′)
𝜕𝑡

𝑄(𝑡′)
𝑄0

d𝑡′ (3.6)

here 𝑝(𝑥, 𝑡 − 𝑡′) and 𝑞(𝑥, 𝑡 − 𝑡′) are obtained from Eqs. (3.1) and (3.2)
espectively.

.2. Tangential traction due to a distribution of interfacial slip

We now seek the tangential traction due to an arbitrary horizontal
istribution of slip. We shall employ the following strategy. First, we
ill solve the problem of a pulse displacement jump [[𝑢𝑥(𝑥, 𝑦 = 0, 𝑡)]] =
(𝑥 − 𝑥0)𝛿(𝑡 − 𝑡0) acting on the interface between the two dissimilar
aterials. The interface is the positive axis of abscissae, 𝑥 > 0, whilst

he negative axes describes two free surfaces, for 𝑦 > 0 (material 1) and
< 0 (material 2). Owing to the linearity of the governing equation

see Eq. (3.7)), the resulting interfacial shear traction 𝑠+(𝑥, 𝑡) can then
e used via convolution to express the interfacial shear traction due to a
eneral distribution of slip; this second step is detailed in Section 3.2.2.

Each of the materials is governed by the Navier–Lamé equation:

𝜆𝑛 + 𝜇𝑛)𝑢
(𝑛)
𝑗,𝑗𝑖 + 𝜇𝑛𝑢

(𝑛)
𝑖,𝑗𝑗 = 𝜌𝑛�̈�

(𝑛)
𝑖 (3.7)

here repeated index denotes summation, and 𝑛 = 1, 2 denotes the first
𝑦 > 0) or the second (𝑦 < 0) material. The problem under consideration
s in plane strain, whereupon the Navier–Lamé equation can be divided
nto two separate monochromatic wave equations by means of the
calar Kelvin–Helmholtz potentials 𝜓𝑛 and 𝜙𝑛 (cf. Eringen and Suhubi,
975). The potentials are such that

(𝑛)
𝑥 =

𝜕𝜙𝑛
𝜕𝑥

+
𝜕𝜓𝑛
𝜕𝑦

, 𝑢(𝑛)𝑦 =
𝜕𝜙𝑛
𝜕𝑦

−
𝜕𝜓𝑛
𝜕𝑥

(3.8)

Upon substituting Eq. (3.8) on Eq. (3.7) we obtain the two governing
equations of the problem:

𝜕2𝜙𝑛
𝜕𝑥2

+
𝜕2𝜙𝑛
𝜕𝑦2

= 𝑎2𝑛
𝜕2𝜙𝑛
𝜕𝑡2

(3.9)

𝜕2𝜓𝑛
𝜕𝑥2

+
𝜕2𝜓𝑛
𝜕𝑦2

= 𝑏2𝑛
𝜕2𝜓𝑛
𝜕𝑡2

(3.10)

where

𝑎𝑛 =
1
𝑐(𝑛)𝑙

=
√

𝜌𝑛
𝜆𝑛 + 2𝜇𝑛

, 𝑏𝑛 =
1
𝑐(𝑛)𝑠

=
√

𝜌𝑛
𝜇𝑛

(3.11)

are the longitudinal and the transverse slownesses of sound, respec-
tively, in the material 𝑛. Similarly 𝑐(𝑛)𝑙 and 𝑐(𝑛)𝑡 are the longitudinal and
transverse speeds of sound, respectively.

The boundary conditions relevant for the interfacial displacement
are the following:

𝜎(𝑛)𝑦𝑦 (𝑥, 0, 𝑡) = 0 𝑥 ∈ R (3.12)

𝜎(𝑛)𝑥𝑦 (𝑥, 0, 𝑡) = 0 𝑥 ∈ R− (3.13)

[[𝑢𝑥(𝑥, 0, 𝑡)]] ≡ 𝑢(1)𝑥 (𝑥, 0, 𝑡) − 𝑢(2)𝑥 (𝑥, 0, 𝑡) (3.14)

= 𝛿(𝑥 − 𝑥0)𝛿(𝑡 − 𝑡0) 𝑥 ∈ R+ (3.15)

where here we use [[𝑢𝑥]] = 𝑢(1)𝑥 (𝑥, 0, 𝑡) − 𝑢(2)𝑥 (𝑥, 0, 𝑡)to denote the disconti-
nuity in horizontal displacement across the interface. We also require
continuity of all stress components across the contact interface.

The solution we achieve in the sequel relies on the Wiener–Hopf
technique (Noble, 1958). We wish to use integral transform methods
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which invariably apply over the whole real line. However, the bound-
ary conditions in Eq. (3.15) apply on different segments of the real
line. Therefore, it is necessary to extend by continuity the boundary
conditions in Eq. (3.15) to the whole real line. This is achieved by
introducing two unknown functions, 𝑠+(𝑥, 𝑡) and 𝑢−(𝑥, 𝑡), with finite
support on 𝑥 ∈ R+ and 𝑥 ∈ R− respectively, and such that

𝜎(𝑛)𝑦𝑦 (𝑥, 0, 𝑡) = 0, 𝑥 ∈ R (3.16)

𝜎(𝑛)𝑥𝑦 (𝑥, 0, 𝑡) = 𝑠+(𝑥, 𝑡), 𝑥 ∈ R (3.17)

[[𝑢𝑥(𝑥, 0, 𝑡)]] ≡ 𝑢(1)𝑥 (𝑥, 0, 𝑡) − 𝑢(2)𝑥 (𝑥, 0, 𝑡) =

= 𝛿(𝑥 − 𝑥0)𝛿(𝑡 − 𝑡0) + 𝑢−(𝑥, 𝑡), 𝑥 ∈ R (3.18)

We note that 𝑠+(𝑥, 𝑡) is the slip distribution we seek, and 𝑢−(𝑥, 𝑡) the
jump in the horizontal 𝑢𝑥 displacement component across the free
surfaces.

In order to solve the problem, we introduce the following Laplace
transforms:

𝑓 (𝑥, 𝑦, 𝑠) = ∫

∞

0
𝑓 (𝑥, 𝑦, 𝑡)𝑒−𝑠𝑡d𝑡,

𝐹 (𝑘, 𝑦, 𝑠) = ∫

∞

−∞
𝑓 (𝑥, 𝑦, 𝑠)𝑒−𝑘𝑠𝑥d𝑥 (3.19)

We note that, therefore, all capitalised variables are used to denote the
dual Laplace transform of the non-capitalised ones. E.g., the Laplace
transform of the stress component 𝜎𝑖𝑗 will be denoted by 𝛴𝑖𝑗 , and that
of the Kelvin potentials 𝜙 and 𝜓 by 𝛷 and 𝛹 , respectively.

Using these Laplace transforms, we can reduce the boundary condi-
tions to a single Wiener–Hopf equation:

𝜇𝑛

[

(𝑏2𝑛 − 2𝑎2𝑛)𝑠
2𝛷𝑛 + 2

𝜕2𝛷𝑛
𝜕𝑦2

− 2𝑠𝑘
𝜕𝛹𝑛
𝜕𝑦

]

𝑦=0
= 0

𝑛

[

2𝑠𝑘
𝜕𝛷𝑛
𝜕𝑦

+
𝜕2𝛹𝑛
𝜕𝑦2

− 𝑠2𝑘2𝛹𝑛

]

𝑦=0
=
𝑆+(𝑘)
𝑠2

[(

𝜕𝛹1
𝜕𝑦

+ 𝑠𝑘𝛷1

)

−
(

𝜕𝛹2
𝜕𝑦

+ 𝑠𝑘𝛷2

)]

𝑦=0
=

𝑒−𝑠(𝑡0+𝑘𝑥0) +
𝑈−(𝑘)
𝑠3

(3.20)

where we have defined

𝑆+(𝑘; 𝑠) = 𝑠2 ∫

∞

−∞
�̂�+(𝑥, 𝑦, 𝑠)𝑒−𝑠𝑘𝑥d𝑥,

𝑈−(𝑘; 𝑠) = 𝑠3 ∫

∞

−∞
�̂�−(𝑥, 𝑦, 𝑠)𝑒−𝑠𝑘𝑥d𝑥 (3.21)

The governing Eq. (3.10) transform into

𝜕2𝛷𝑛
𝜕𝑦2

= 𝛼𝑛(𝑘)𝑠2𝛷𝑛,
𝜕2𝛹𝑛
𝜕𝑦2

= 𝛽𝑛(𝑘)𝑠2𝛹𝑛 (3.22)

where 𝛼𝑛(𝑘) =
√

𝑎2𝑛 − 𝑘2, 𝛽𝑛(𝑘) =
√

𝑏2𝑛 − 𝑘2.
The solutions to the governing equations can be written to take the

form:

𝛷1(𝑘, 𝑦, 𝑠) = 𝐶𝜙1(𝑠, 𝑘)𝑒−𝑠𝛼1(𝑘)𝑦, (𝑦 > 0)

𝛹1(𝑘, 𝑦, 𝑠) = 𝐶𝜓1(𝑠, 𝑘)𝑒−𝑠𝛽1(𝑘)𝑦 (𝑦 > 0)

𝛷2(𝑘, 𝑦, 𝑠) = 𝐶𝜙2(𝑠, 𝑘)𝑒𝑠𝛼2(𝑘)𝑦, (𝑦 > 0)

𝛹2(𝑘, 𝑦, 𝑠) = 𝐶𝜓2(𝑠, 𝑘)𝑒𝑠𝛽2(𝑘)𝑦, (𝑦 < 0) (3.23)

where 𝐶𝜙𝑛 and 𝐶𝜓𝑛 are integration constants. Thus, we are faced with
a problem consisting of 6 unknowns (the four integration constants and
𝑃+(𝑘) and 𝑈−(𝑘)), for which we have in principle only 5 equations.
This will allow us to reduce the problem to one of Wiener–Hopf type,
by adequate manipulation of the continuity requirements across the
interface. In particular, the stress field across the interface for 𝑦 = 0
must be continuous, which means that

𝛴 |

| = 𝜇
[

(𝑏2 − 2𝑘2)𝑠2𝐶 + 2𝑠2𝛽 𝑘𝐶
]

5

𝑦𝑦
|𝑦=0 1 1 𝜙1 1 𝜓1
= 𝜇2
[

(𝑏22 − 2𝑘2)𝑠2𝐶𝜙2 − 2𝑠2𝛽2𝑘𝐶𝜓2
]

(3.24)

𝛴𝑥𝑦
|

|

|𝑦=0
= 𝜇1

[

(𝑏21 − 2𝑘2)𝑠2𝐶𝜓1 − 2𝑠2𝛼1𝑘𝐶𝜙1
]

= 𝜇2
[

(𝑏22 − 2𝑘2)𝑠2𝐶𝜓2 + 2𝑠2𝛼2𝑘𝐶𝜙2
]

(3.25)

Imposing these continuity conditions, we reach the following relation
between 𝑃+(𝑘) and 𝑈−(𝑘):

𝐽 (𝑘)𝑆+(𝑘) = 𝑠3𝑒−𝑠(𝑡0+𝑘𝑥0) + 𝑈−(𝑘) (3.26)

where

𝐽 (𝑘) = −

[

𝑏21𝛽1(𝑘)
𝜇1𝑅1(𝑘)

+
𝑏22𝛽2(𝑘)
𝜇2𝑅2(𝑘)

]

(3.27)

where the function 𝑅𝑛(𝐾) is the secular Rayleigh equation:

𝑅𝑛(𝑘) = (𝑏2𝑛 − 2𝑘2)2 + 4𝑘2𝛼𝑛(𝑘)𝛽𝑛(𝑘) (3.28)

of the ‘𝑛’ material halfspace. The two real roots of this function are
the positive and negative inverses of the Rayleigh wave speed of the
relevant material, 𝑘 = ±𝑐𝑛, where 𝑐𝑛 = 1∕𝑐𝑅𝑛 with 𝑐𝑅𝑛 the relevant
Rayleigh wave speed (Eringen and Suhubi, 1975).

Although Wiener–Hopf mandates that 𝐽 (𝑘) be factorised into two
sectionally analytic functions over the negative and positive half spaces,
we shall argue that in this case it is not necessary to do so. This is
because of the specific form of the displacement jump condition in
Eq. (3.15). In effect, this condition is supported over the whole interface
except at the point of application, as it prescribes a displacement jump
that is 0 everywhere except at 𝑥 = 𝑥0, 𝑡 = 𝑡0. This is not a half-space
condition, but a full space condition. Let us imagine however that we
were to achieve the desired product factorisation of 𝐽 (𝑘):

𝐽 (𝑘) = 𝐽+(𝑘)𝐽−(𝑘) (3.29)

here 𝐽+(𝑘) is holomorphic for 𝑘 > 0 and 𝐽−(𝑘) for 𝑘 < 0. Arguably
he form of these functions would be similar to that provided in the
revious sections for 𝐾(𝑘) and 𝐺(𝑘) — and indeed, it can be obtained
hrough almost analogous means. Achieving this would allow us to
rite Eq. (3.26) as

+(𝑘)𝑃+(𝑘) =
1

𝐽−(𝑘)
[

𝑠3𝑒−𝑠(𝑡0+𝑘𝑥0) + 𝑈−(𝑘)
]

(3.30)

here all that remains is to examine where the term with the expo-
ential is holomorphic. We note that the usual Wiener–Hopf strategy
f invoking analytic continuation via Liouville’s theorem (Markushe-
ich, 2005a) fails without further consideration, because the function
−𝑠(𝑡0+𝑘𝑥0) is not bounded for all |𝑘| → ∞.

Following the method found in Georgiadis and Charalambakis
(1994), if we perform the explicit integration of Eq. (3.30). In this case,
this approach leads to:

1
2𝜋𝑖 ∫

𝑑+𝑖∞

𝑑−𝑖∞
𝐽+(𝑧)𝑆+(𝑧)

d𝑧
𝑧 − 𝑘

=

1
2𝜋𝑖 ∫

𝑑+𝑖∞

𝑑−𝑖∞

𝑠3𝑒−𝑠(𝑡0+𝑧𝑥0)

𝐽−(𝑧)
d𝑧
𝑧 − 𝑘

+

+ 1
2𝜋𝑖 ∫

𝑑+𝑖∞

𝑑−𝑖∞

𝑈−(𝑧)
𝐽−(𝑘)

d𝑧
𝑧 − 𝑘

(3.31)

here 𝑑 is an arbitrary positive real number. We can then invoke
auchy’s integral formula (Markushevich, 2005b) over each term in the
quation, forming closed contours using semi-circles encompassing the
ositive Re[𝑘] > 0 or negative Re[𝑘] < 0 half plane.

If we choose a contour closing on the positive half plane for the first
term, we find that
1
2𝜋𝑖 ∮𝐶

𝐽+(𝑧)𝑆+(𝑧)
d𝑧
𝑧 − 𝑘

=

=
𝑑+𝑖∞

+
[

𝐽+(𝑧)𝑆+(𝑧)
d𝑧

]

= 𝐽+(𝑘)𝑆+(𝑘) (3.32)
∫𝑑−𝑖∞ ∫𝐽 𝑧 − 𝑘
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The Jordan integral vanishes. Indeed,

∫𝐽

[

𝐽+(𝑧)𝑆+(𝑧)
d𝑧
𝑧 − 𝑘

]

→ 0 |𝑧| → ∞ (3.33)

where 𝐽 denotes the Jordan contour over the Re[𝑧] > 0 halfplane. We
note that as |𝑧| → ∞ because 𝐽+(𝑧) ∼ 𝑧1∕2. In Gurrutxaga-Lerma (2021),
we showed that for slipping interfaces in the steady 𝑝+(𝑥, 𝑡) ∼ 𝑥−1∕2

and some other factors. Thus, by invoking the Tauberian theorem we
conclude that 𝑆+(𝑧) ∼ 𝑧−1, and therefore that the integrand vanishes
for Re[𝑧] > 0 as |𝑘| → ∞. Thus we reach the expression

𝑆+(𝑘) =
𝑠3𝑒−𝑠(𝑡0+𝑘𝑥0)

𝐽 (𝑘)
(3.34)

without recourse to the product factorisation of 𝐽 (𝑘).

3.2.1. Inversion of the fundamental solution to the interfacial traction
The inversion of the interfacial traction 𝑆+(𝑘) can then be achieved

via the Cagniard-de Hoop technique (Cagniard, 1939; De Hoop, 1960).
We note that the exponential term denotes shifts in time and space; by
virtue of properties of the Laplace transform, the 𝑠3 term entails higher
order derivatives of the kernel (assuming the motion starts from rest);
and the kernel itself, 1∕𝐽 (𝑘) has an analytic form. The spatial inversion
is given by the Bromwich integral:

̂+(𝑥, 𝑠) =
1
2𝜋𝑖

1
𝑠2 ∫

𝑖∞

−𝑖∞
𝑆+(𝑘)𝑒𝑠𝑘𝑥𝑠d𝑘

= 1
2𝜋𝑖 ∫

𝑖∞

−𝑖∞

1
𝐽 (𝑘)

𝑠2𝑒−𝑠(𝑡0+𝑘𝑥0)𝑒𝑠𝑘𝑥d𝑘

− 𝑠
2𝑒−𝑠𝑡0
2𝜋𝑖 ∫

𝑖∞

−𝑖∞

𝜇1𝜇2𝑅1(𝑘)𝑅2(𝑘)
𝜇1𝑅1(𝑘)𝑏22𝛽2(𝑘) + 𝜇2𝑅2(𝑘)𝑏21𝛽1(𝑘)

𝑒𝑠𝑘(𝑥−𝑥0)d𝑘 (3.35)

The Cagniard-de Hoop procedure requires distorting the integration
path via a closed contour of integration. We note that the integrand has
branch cuts for |Re[𝑘]| > 𝑎1, 𝑎2, 𝑏1, 𝑏2. The poles due to the denominator
are all within the branch cut. Thus, we may conceive of a closed
contour of integration formed by: (a) the imaginary axis, (b) a quarter
circle on the Re[𝑘] > 0, Im[𝑘] > 0, (c) a line circuit surrounding the
branch cut, and (d) a quarter circle on the Re[𝑘] > 0, Im[𝑘] < 0. The
contribution of the quarter circles vanishes at infinity, because 1∕𝐾(𝑘)
does as |𝑘| → ∞. The contribution of the circuit along the branch cut
must therefore equate that along the imaginary axis — the inversion
integral itself. Invoking the Schwarz reflection principle (i.e., using
𝐽 (�̄�) = 𝐽 (𝑘)), we can write:

�̂�+(𝑥, 𝑠) =
𝑠2𝑒−𝑠𝑡0
𝜋 ∫

∞

𝑎1
Im

[

1
𝐽 (𝑘)

]

𝑒𝑠𝑘(𝑥−𝑥0)d𝑘 (3.36)

If we change variable to 𝜏 = −(𝑥 − 𝑥0)𝑘, 𝜏 ≥ 0, we can rewrite this as:

̂+(𝑥, 𝑠) = − 𝑠2𝑒−𝑠𝑡0
𝜋(𝑥 − 𝑥0) ∫

∞

𝑎1𝑥
Im

⎡

⎢

⎢

⎢

⎣

1

𝐽
(

− 𝜏
𝑥−𝑥0

)

⎤

⎥

⎥

⎥

⎦

𝑒−𝑠𝜏d𝜏 (3.37)

This has the form of a forward Laplace transform in 𝜏. Upon applying
he Bromwich integral to �̂�+(𝑥, 𝑠) in Eq. (3.37), we obtain by inspection
and upon application of the properties of the Laplace transform) the
eal space solution we seek:

+(𝑥 − 𝑥0, 𝑡 − 𝑡0) =

− 1
𝜋(𝑥 − 𝑥0)

𝜕2

𝜕𝑡2

⎛

⎜

⎜

⎜

⎝

Im
⎡

⎢

⎢

⎢

⎣

1

𝐽
(

− 𝑡−𝑡0
𝑥−𝑥0

)

⎤

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎠

H(𝑡 − 𝑎1|𝑥|) (3.38)

The full expression of 𝜕2

𝜕𝑡2
Im

[

1
𝐽
(

− 𝑡−𝑡0
𝑥−𝑥0

)

]

is given in Appendix B.

3.2.2. Interfacial shear stress due to a general distribution of slip
The interfacial slip 𝑠+(𝑥, 𝑡) due to an instantaneous point displace-

ment 𝑢 (𝑥, 𝑡) = 𝛿(𝑥−𝑥 , 𝑡− 𝑡 ) can be treated as a fundamental solution
6

𝑦 0 0
with which to obtain the interfacial shear stress due to an arbitrary
distribution of slip 𝑢𝑥(𝑥, 𝑡) = 𝜙(𝑥, 𝑡) applied over the positive real line.
We note here that for finite 𝑡 > 0, the elastodynamic perturbations
propagate with either the longitudinal 𝑐𝑙 or the tangential 𝑐𝑡 speeds of
sound, so the support of both 𝑠+(𝑥, 𝑡) and 𝑢−(𝑥, 𝑡) will be finite and given
by [0, 𝑐𝑙 ⋅ 𝑡] for longitudinal and [0, 𝑐𝑡 ⋅ 𝑡] for transverse perturbations.
Thus, 𝜙(𝑥, 𝑡) has finite support over a certain interval of 𝑥 > 0, 𝑡 > 0
and therefore it vanishes for 𝑥 < 0 and is sufficiently differentiable for
𝑥 > 0, which enables us to write

𝑠(𝑥, 𝑡) = ∫

∞

0 ∫

∞

0
𝑠+(𝑥 − 𝑥′, 𝑡 − 𝑡′)𝜙(𝑥′, 𝑡′)d𝑥′d𝑡′

≡ ⟨𝑠+, 𝜙⟩ (3.39)

will be the interfacial shear stress due to the distribution of slip 𝜙(𝑥, 𝑡),
and ⟨⋅, ⋅⟩ is used to denote the temporal–spatial convolution.

For mathematical convenience, we will rewrite Eq. (3.39) as fol-
lows. By construction, the support of 𝜙(𝑥, 𝑡) extends over the positive
real line alone in both time and space. We may therefore express 𝜙(𝑥, 𝑡)
as (Aki and Richards, 2002):

𝜙(𝑥, 𝑡) = ∫

∞

0 ∫

∞

0

𝜕2𝜙
𝜕𝑥′𝜕𝑡′

H(𝑥 − 𝑥′)H(𝑡 − 𝑡′)d𝑥′d𝑡′ +

+𝜙(0, 0) (3.40)

ow, we assume that 𝜙(𝑥, 𝑡 = 0) = 0, i.e., that at 𝑡 = 0 the surface
as not begun to slip.1 Thus, 𝜙(𝑥, 𝑡) = ⟨𝜙′′

𝑥𝑡,𝐻(𝑡)𝐻(𝑥)⟩ with 𝜙′′
𝑥𝑡 ≡

𝜕2𝜙
𝜕𝑥′𝜕𝑡′ ,

whereupon

𝑠(𝑥, 𝑡) = ⟨𝑠+, 𝜙⟩ = ⟨𝑠+, ⟨𝜙
′′
𝑥𝑡,𝐻(𝑡)𝐻(𝑥)⟩⟩

= ⟨𝜙′′
𝑥𝑡, ⟨𝑠+,𝐻(𝑡)𝐻(𝑥)⟩⟩ (3.41)

he term ⟨𝑠+,𝐻(𝑡)𝐻(𝑥)⟩ represents the interfacial shear traction due to
unitary edge dislocation injected at 𝑡 = 0 at the bimaterial interface,

nd 𝜙′′
𝑥𝑡 the distribution of Burgers vector velocities. The dislocation’s

hear traction is in fact the primitive function:

+(𝑥, 𝑡) = ∫

∞

0 ∫

∞

0
𝑠+(𝑥′, 𝑡′)H(𝑥 − 𝑥′)H(𝑡 − 𝑡′)d𝑥′d𝑡′, (3.42)

sing 𝑆+(𝑥, 𝑡) is analytically convenient owing to the fact that the
ernel depends explicitly on 𝑘 ↦ −𝑡∕𝑥, which enables us to rewrite

1
𝑥
𝜕2

𝜕𝑡2

⎡

⎢

⎢

⎢

⎣

Im
⎡

⎢

⎢

⎢

⎣

1

𝐽
(

− 𝑡
𝑥

)

⎤

⎥

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎦

= 1
𝑥
𝜕2

𝜕𝑡2
𝐹 (𝑘) = 1

𝑥3
𝐹 ′′(𝑘) (3.43)

Integrating once it 𝑡 and once in 𝑥, one can re-write the primitive
function 𝑆+(𝑥, 𝑡) as:

𝑆+(𝑘, 𝑡) = −1
𝑡
𝐹 (𝑘) = −1

𝑡
𝐹
(

− 𝑡
𝑥

)

(3.44)

This entails that the convolution in Eq. (3.39) may be rewritten in terms
of 𝑘:

𝑠(𝑘; 𝑡) = −∫

∞

0

1
𝑘 − 𝑘′

[

Im
[

1
𝐽 (−(𝑘 − 𝑘′))

]]

𝑣(𝑘′; 𝑥)d𝑘′ (3.45)

here 𝑣(𝑘; 𝑥) is the interfacial slip velocity, as

(𝑘; 𝑥) = ∫

∞

0
𝜙′′
𝑥𝑡(𝑘; 𝑥

′)d𝑥′ (3.46)

. The bimaterial contact problem

.1. The uncoupled problem

The slip distribution is necessary to help accommodate the stress
ismatch between the frictional and the interfacial shear tractions. In

1 This assumption would need to change if the motion begins not from rest.
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the uncoupled problem, the shear and normal tractions do not affect
one another: it is assumed that the normal traction does not cause
horizontal displacements at the interface, nor does the shear traction
cause vertical ones. The sole source of coupling is then the contact
condition at the interface, namely Amonton’s law, but the tractions
involved remain independent from one another. As stated above, under
slip, the force balance at the interface requires:

𝑞(𝑥, 𝑡) + 𝑠(𝑥, 𝑡) = 𝑓 sign(𝑓 )𝑝(𝑥, 𝑡) (4.1)

where as before

sign(𝑓 ) =
[[�̇�𝑥]]
|

|

[[�̇�𝑥]]||
(4.2)

If 𝑞(𝑥, 𝑡) < 𝑓 sign(𝑓 )𝑝(𝑥, 𝑡), then 𝑠(𝑥, 𝑡) = 0, and there is stick. Because
𝑞(𝑥, 𝑡) involves shear perturbations alone (see Gurrutxaga-Lerma, 2021;
Gurrutxaga-Lerma, 2020), the fastest speed at which the shear traction
travels is the fastest shear wave speed. The normal traction propagates
as fast as the fastest longitudinal speed of sound (by hypothesis, 1∕𝑎1),
which means that 𝑞(𝑥, 𝑡) = 0 for all interfacial points 𝑥 > 𝑡∕𝑎1. We call
the head wave region to the spatial region affected solely by longitudinal
waves prior to the arrival of the first transverse wave, i.e., the strip
𝑥 ∈ [𝑡∕𝑎1, 𝑡∕𝑏1]. Naturally, in the uncoupled problem the head wave
is trivially in full stick, because the shear traction does not act until
the first shear wave arrives at each interfacial point. However, what
happens behind this region of stick?

4.2. Can the bimaterial interface sustain uncoupled slip?

Whereas Amonton’s law permits the presence of a relative hori-
zontal displacement at the interface (the ‘slip’ 𝑢𝑥(𝑥, 𝑡) ≡ 𝜙(𝑥, 𝑡)), it
explicitly requires for contact to be maintained across the interface. In
mathematical terms, this entails that Barber (2018)

𝜕[[𝑢𝑦]]
𝜕𝑥

=
𝜕𝑢(1)𝑦
𝜕𝑥

−
𝜕𝑢(2)𝑦
𝜕𝑥

= 0 (4.3)

which signifies the contact interface remains vertically compatible
during the deformation.

The uncoupled problem cannot satisfy this condition. This is for two
reasons. First, there is no general distribution of slip at the uncoupled
interface that does not violate condition (4.3). This can be verified from
Section 3.2. Consider Eq. (4.3) in terms of the Kelvin potentials:

𝜕𝑢(1)𝑦
𝜕𝑥

−
𝜕𝑢(2)𝑦
𝜕𝑥

=
𝜕2𝜙1
𝜕𝑥𝜕𝑦

−
𝜕2𝜙2
𝜕𝑥𝜕𝑦

−
𝜕2𝜓1

𝜕𝑥2
+
𝜕2𝜓2

𝜕𝑥2
(4.4)

Following Section 3.2, we can express this vertical displacement gradi-
ent in Laplace space as:

[[𝑠𝑘𝑈𝑦]] = 𝑆+(𝑘)
𝑘2

𝑠2

[

𝜂2(𝑘)
𝜇2𝑅2(𝑘)

−
𝜂1(𝑘)
𝜇1𝑅1(𝑘)

]

≡ 𝑠𝑘𝑉 (𝑘) (4.5)

where 𝜂𝑛(𝑘) = 𝑏2𝑛 −2𝑘2 −2𝛼𝑛(𝑘)𝛽𝑛(𝑘), 𝑆+(𝑘) the interfacial shear traction

(found in Eq. (4.5) convolved with 𝑈𝑥(𝑘)) and [[𝑠𝑘𝑈𝑦]] denotes 𝜕𝑢(1)𝑦
𝜕𝑥 −

𝜕𝑢(2)𝑦
𝜕𝑥 in Laplace space.

Clearly, [[𝑠𝑘𝑈𝑦]] ≠ 0 in general. The only circumstance under which
[𝑠𝑘𝑈𝑦]] = 0 is if the two materials across the interface are the same,

case that was studied by this author in Gurrutxaga-Lerma (2020).
therwise, the bimaterial interface cannot sustain a distribution of slip
nd remain compatible.

Indeed, a second accessory reason follows from the above: if
[𝑠𝑘𝑈𝑦]] ≠ 0 for a bimaterial case, it is also true that [[𝑈𝑦]] ≠ 0 in general.
his provides an indication of how the incompatibility would evolve:
he interface will detach if [[𝑢𝑦]] > 0, or interpenetrate if [[𝑢𝑦]] < 0;
his will depend on the relative value of the elastic constants, the
riction coefficient, and the remote loading conditions. If the interface
etaches, Eq. (5.2) becomes invalid as contact is locally lost. Over
ime, the remote normal load ought to lead to reattachment, at which
oint a new slip wave would be radiated from the newly established
7

[

ontact region; the loading remaining the same, it appears inevitable
hat contact would be lost again owing to the same considerations that
ed to detachment to begin with. If, in turn, the two surfaces meeting
t the interface tried to interpenetrate one another (which cannot be),
hen the interface itself would experience a vertical displacement and
rinkle, leading to oscillatory behaviour. Thus, the uncoupled contact
roblem is inherently unstable.

That notwithstanding, the validity of the uncoupled assumption as
n approximation merits further examination. Indeed, it could remain
n acceptable approximation so long as the vertical displacement were
mall enough to be neglected. However, this is not the case. As can
e readily seen in Eq. (4.5) [[𝑈𝑦]] ∝ 𝑉 (𝑘), which is to say, the vertical
isplacement is of the same order of magnitude as the interfacial
istribution of slip. To wit, the uncoupled problem entails vertical
isplacements about as large as the horizontal ones. In light of this,
he true interfacial tractions will not be accurately captured by the
ncoupled problem and, accordingly, neither will the slip distribu-
ion itself be adequately modelled: the uncoupled problem is inconsi-
tent.

. Restoring compatibility via interfacial coupling

Uncoupled slip has been shown to lead to incompatible deformation
nvolving detachment and/or interpenetration along the bimaterial in-
erface. Such instabilities appear to be inherent to bimaterial interfaces,
nd are evocative of the ones described by Adams (1995, 1998) in
liding contacts under dry friction. In the problem studied by Adams,
wave of slip must exist to accommodate the mismatch between the

ormal and shear tractions. Similarly, under contact conditions we
re discussing here, we ought to expect a slip wavefront propagating
way from the edge of the contact zone, as the support of 𝜙(𝑥, 𝑡) (the
lip distribution) is bound to increase as the normal and tangential
avefronts expand (cf. Gurrutxaga-Lerma, 2019; Gurrutxaga-Lerma,
020 for the single material case). The question we wish to answer here
s: how can compatibility along a bimaterial interface be restored?

We begin by considering the uncoupled normal and shear tractions
cting at the interface as a result of remote normal and shear loads,
(𝑥, 𝑡) and 𝑞(𝑥, 𝑡). These two tractions are the ones given in Section 3.1.
he shear traction can only be transferred across the interface accord-

ng to Amonton’s law, so that the mismatch between 𝑝(𝑥, 𝑡) and 𝑞(𝑥, 𝑡)
eed to be correct via a slip distribution 𝜙(𝑥, 𝑡) and the associated
angential shear traction 𝑠(𝑥, 𝑡) it entails; this was solved in Section 3.2.
n a single material medium, these loads are sufficient to solve Eq. (4.3).
owever, as was argued in Section 4.1, in a bimaterial medium this

cheme leads to the violation of compatibility described above. The
ause of this violation is that the mismatch in the uncoupled tractions
eads to a net elastic vertical displacement across the interface, [[𝑢𝑦]] ≠
, and an accompanying net vertical gradient [[𝑢𝑦,𝑥]] = 𝑣′𝑥(𝑥, 𝑡) ≠ 0, just
s large as the magnitude of the horizontal slip.

To restore compatibility we need to ensure that [[𝑢𝑦,𝑥]] = 0. We
herefore consider now the following accessory problem: a vertical
isplacement gradient is applied over the interface, such that the dis-
lacement gradient matches the negative of the non-zero incompatible
isplacement gradient [[𝑢𝑦,𝑥]] = −𝑣′𝑥(𝑥, 𝑡) that caused the incompatibility
n the uncoupled problem. We further require that [[𝑢𝑥]] = 0, so
s to ensure that all slip is corrective. These two conditions bind
he displacements at the interface in such a way that it will result
n new corrective normal and tangential tractions, which we denote
espectively as 𝑝∗(𝑥, 𝑡) and 𝑞∗(𝑥, 𝑡). These tractions can be obtained from
he following Wiener–Hopf problem:

𝜎(𝑛)𝑦𝑦 (𝑥, 0, 𝑡) = 𝑝∗(𝑥, 𝑡) 𝑥 ∈ R (5.1)

𝜎(𝑛)𝑥𝑦 (𝑥, 0, 𝑡) = 𝑞∗(𝑥, 𝑡) 𝑥 ∈ R

[[𝑢𝑥(𝑥, 0, 𝑡)]] ≡ 𝑢(1)𝑥 (𝑥, 0, 𝑡) − 𝑢(2)𝑥 (𝑥, 0, 𝑡) = 𝑢∗−(𝑥, 𝑡)
(1) (2)
[𝑢𝑦,𝑥(𝑥, 0, 𝑡)]] ≡ 𝑢𝑦,𝑥(𝑥, 0, 𝑡) − 𝑢𝑦,𝑥(𝑥, 0, 𝑡) =
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𝜕𝑣∗−
𝜕𝑥

𝑥 ∈ R

here here −𝑣′𝑥(𝑥, 𝑡) is known from the uncoupled problem, and 𝑣∗−(𝑥, 𝑡)
is the unknown corrective vertical displacement.

The superposition of the uncoupled problem discussed in Section 3.2
with this new problem restores the compatibility of the interface, but
alters the equation of interfacial equilibrium to:

|𝑞(𝑥, 𝑡) + 𝑞∗(𝑥, 𝑡) + 𝑠(𝑥, 𝑡)| = 𝑓 sign(𝑓 )
(

𝑝(𝑥, 𝑡) + 𝑝∗(𝑥, 𝑡)
)

, (5.2)

which now has additional corrective coupled tractions that are also
indirectly dependent on the slip distribution 𝜙(𝑥, 𝑡). In the sequel we
show how exactly.

5.1. The compatibility correcting coupled tractions

The tractions 𝑝∗(𝑥, 𝑡) and 𝑞∗(𝑥, 𝑡) restore compatibility, but require
the solution to a coupled Wiener–Hopf problem. Using the Laplace
transforms defined in Eq. (3.19), Eq. (5.2) becomes:

𝜇𝑛

[

(𝑏2𝑛 − 2𝑎2𝑛)𝑠
2𝛷𝑛 + 2

𝜕2𝛷𝑛
𝜕𝑦2

− 2𝑠𝑘
𝜕𝛹𝑛
𝜕𝑦

]

𝑦=0
=
𝑃 ∗(𝑘)
𝑠2

(5.3)

𝜇𝑛

[

2𝑠𝑘
𝜕𝛷𝑛
𝜕𝑦

+
𝜕2𝛹𝑛
𝜕𝑦2

− 𝑠2𝑘2𝛹𝑛

]

𝑦=0
=
𝑄∗(𝑘)
𝑠2

(5.4)
[(

𝜕𝛹1
𝜕𝑦

+ 𝑠𝑘𝛷1

)

−
(

𝜕𝛹2
𝜕𝑦

+ 𝑠𝑘𝛷2

)]

𝑦=0
=
𝑈∗
−(𝑘)
𝑠3

(5.5)
[(

𝜕𝛷1
𝜕𝑦

− 𝑠𝑘𝛹1

)

−
(

𝜕𝛷2
𝜕𝑦

− 𝑠𝑘𝛹2

)]

𝑦=0
=
𝑉 ∗
− (𝑘) − 𝑉 (𝑘)

𝑠3
(5.6)

where the sole source term here is given by

𝑉 (𝑘) = 𝑘

[

𝜂1(𝑘)𝜇2𝑅2(𝑘) − 𝜂2(𝑘)𝜇1𝑅1(𝑘)
𝜇2𝑅2(𝑘)𝑏21𝛽1(𝑘) + 𝜇1𝑅1(𝑘)𝑏22𝛽2(𝑘)

]

𝑒−𝑠(𝑡0+𝑘𝑥0) (5.7)

when the interfacial displacement 𝑢𝑥 is given by the point displacement
distribution described in 3.2.

Using the solutions in (3.23), these conditions lead to the following
linear system of equations:
[

𝑘11 𝑘12
𝑘12 𝑘22

]

⋅
[

𝑃 ∗(𝑘)
𝑄∗(𝑘)

]

=
[

𝑈∗
−(𝑘)

𝑉 ∗
− (𝑘)

]

−
[

0
𝑉 (𝑘)

]

(5.8)

where we define the scattering kernel 𝐊(𝑘) as

𝐊(𝑘) =
[

𝑘11 −𝑘12
𝑘12 𝑘22

]

(5.9)

with components:

𝑘11 = −

[

𝛼1(𝑘)
𝑅1(𝑘)

𝑏21
𝜇1

+
𝛼2(𝑘)
𝑅2(𝑘)

𝑏22
𝜇2

]

(5.10)

𝑘22 = −

[

𝛽1(𝑘)
𝑅1(𝑘)

𝑏21
𝜇1

+
𝛽2(𝑘)
𝑅2(𝑘)

𝑏22
𝜇2

]

(5.11)

𝑘12 = −
[

𝜂1(𝑘)
𝜇1𝑅1(𝑘)

−
𝜂2(𝑘)
𝜇2𝑅2(𝑘)

]

(5.12)

5.1.1. The product decomposition of the scattering kernel
The resulting system of equations is a Riemann–Hilbert problem,

the solution of which requires the factorisation of the scattering ker-
nel into two sectionally analytic factors that satisfy the following
representation:

𝐊(𝑘) = 𝐊−(𝑘) ⋅𝐊+(𝑘), (5.13)

where 𝐊±(𝑘) ought to be regular and holomorphic over the positive
negative) half-plane of 𝑘 ∈ C. As was discussed by the author
n Gurrutxaga-Lerma (2021), it is not possible to attain such decompo-
ition owing to the fact that the branch cuts in 𝛼𝑛(𝑘) and 𝛽𝑛(𝑘) make
he scattering kernel non-commutative. Following Gurrutxaga-Lerma
2021), it is possible to approximate 𝐊(𝑘) via infinite regression to
(𝑘) = lim 𝐊𝑛 .
8

± 𝑛→∞ ±
This approximation, developed by Abrahams in a similar con-
ext (Abrahams, 1996, 2000, 2002), relies on swapping the irreducible

actor 𝑓 (𝑘) =
√

𝑘22
𝑘11

with its Padé approximant, 𝑓𝑛(𝑘) = 𝑃𝑛(𝑘)∕𝑄𝑛(𝑘).
his has the effect of substituting the branch cuts preventing the fac-
orisation with discrete poles lying along the former branch cuts; these
oles can be regularised as usual (cf. Clancey and Gohberg (2013)),
eading to an approximate but very accurate product factorisation of
he scattering kernel. The higher the order of the Padé approximant
mployed is, the more poles it will entail, and the more accurate
he resulting Abrahams approximation of the scattering kernel will
e. Regardless, the Abrahams approximation retains the asymptotic
haracter of the scattering kernel at 𝑘→ 0 and 𝑘 → ∞.

The details regarding how to achieve the Abrahams approximation
f Eq. (5.9) can be found in Gurrutxaga-Lerma (2021). Here, we quote
hose results to state that

(𝑘) ≈ 𝐊−
12(𝑘)𝐃𝑛(𝑘)

−𝐃𝑛(𝑘)+𝐊+
12(𝑘) (5.14)

here

±
12(𝑘) =

[

𝑘±12 0
0 𝑘±12

]

, and (5.15)

−
𝑛 (𝑘) = 𝐂−

𝑛 (𝑘)𝜦(𝑘), 𝐃+
𝑛 (𝑘) = 𝜦−1(𝑘)𝐂+

𝑛 (𝑘)

he matrices 𝐂±
𝑚 and 𝜦(𝑘) are defined in relation to the order [𝑛∕𝑛] Padé

pproximant of the factor

(𝑘) =

√

𝑘22
𝑘11

≈ 𝑓𝑛(𝑘) =
𝑃𝑛(𝑘)
𝑄𝑛(𝑘)

(5.16)

where 𝑃𝑛(𝑘) and 𝑄𝑛(𝑘) are two order 2𝑛 polynomials the coefficients
of which can be obtained in the usual way, by matching the Taylor
series expansion of 𝑓 (𝑘) with that of 𝑓𝑛(𝑘) up to order 4𝑛 (see Baker
nd Graves Morris, 1996, p.56 onwards).

Obtaining 𝑓𝑛(𝑘) allows us to define 𝐂±
𝑛 as:

±
𝑛 (𝑘) = cos[ℎ±(𝑘)]𝐈 + sin[ℎ±(𝑘)]𝐉𝑛(𝑘) (5.17)

where 𝐈 is the identity and

𝐉𝑛(𝑘) =
[

0 − 1
𝑓𝑛(𝑘)

𝑓𝑛(𝑘) 0

]

, 𝑓 (𝑘) ≈ 𝑓𝑛(𝑘) =
𝑃𝑛(𝑘)
𝑄𝑛(𝑘)

, (5.18)

with ℎ±(𝑘) such that

ℎ−(𝑘) + ℎ+(𝑘) = arctanℎ(𝑘), ℎ(𝑘) =
𝑘11
𝑘12

√

𝑘22
𝑘11

, (5.19)

he matrix Λ(𝑘) is introduced to regularise the poles of 𝑓𝑛(𝑘) and
1∕𝑓𝑛(𝑘) in 𝐉𝑛(𝑘). It is given this form

Λ(𝑘) =

1 −
∑𝑛
𝑗=1

𝑐𝑗
𝑘−𝑝𝑗

−
∑𝑛
𝑗=1

𝑑𝑗
𝑘+𝑝𝑗

−
∑𝑛
𝑗=1

𝑐′𝑗
𝑘−𝑝𝑗

−
∑𝑛
𝑗=1

𝑑′𝑗
𝑘+𝑝𝑗

∑𝑛
𝑗=1

𝑣′𝑗
𝑘−𝑞𝑗

+
∑𝑛
𝑗=1

𝑤′
𝑗

𝑘+𝑞𝑗
1 +

∑𝑛
𝑗=1

𝑣𝑗
𝑘−𝑞𝑗

+
∑𝑛
𝑗=1

𝑤𝑗
𝑘+𝑞𝑗

⎤

⎥

⎥

⎥

⎦

(5.20)

here 𝑐𝑗 , 𝑐′𝑗 , 𝑑𝑗 , 𝑑
′
𝑗 , 𝑣𝑗 , 𝑣

′
𝑗 , 𝑤𝑗 , 𝑤

′
𝑗 are unknown coefficients to be deter-

mined so as to guarantee that the poles in 𝐂𝑛(𝑘) are cancelled. A
description of how these coefficients are calculated can be found
in Gurrutxaga-Lerma (2021), alongside details regarding the factorisa-
tions of ℎ(𝑘) and of 𝑘12 necessary to obtain 𝐊𝑛(𝑘)± = 𝐊±

12(𝑘)𝐃𝑛(𝑘)
±.

Finally, the factor 𝑘±12(𝑘) is the product factorisation of the term

𝑘12 = 𝑘
[

𝜂1(𝑘)
𝜇1𝑅1(𝑘)

−
𝜂2(𝑘)
𝜇2𝑅2(𝑘)

]

⟹ 𝑘12 = 𝑘+12 ⋅ 𝑘
−
12 (5.21)

where 𝜂𝑛(𝑘) = 𝑏2𝑛 −2𝑘2 −2𝛼𝑛(𝑘)𝛽𝑛(𝑘). This factorisation was achieved by
he author in Gurrutxaga-Lerma (2021), sec.4.1.3. Here we quote the
esult:
±
12(𝑘) = −𝑘1∕2±

𝑘 ± 𝑎1
± 𝐹±(𝑘), (5.22)
𝑅2 (𝑘)𝜇2
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where 𝑅±
2 (𝑘) is the usual product factorisation of the secular form of

the Rayleigh waves (see e.g. Achenbach, 1973 section 9.4.2)

ln𝐹±(𝑘) =
{

∓ 1
𝜋

[

∫

𝑎2

𝑎1
arctan𝑚1(𝑧)

d𝑧
𝑧 ∓ 𝑘

+

∫

𝑏1

𝑎2
arctan𝑚2(𝑧)

d𝑧
𝑧 ∓ 𝑘

+ ∫

𝑏2

𝑏1
arctan𝑚3(𝑧)

d𝑧
𝑧 ∓ 𝑘

]}
(5.23)

with the 𝑚𝑛(𝑧) kernels reproduced in Gurrutxaga-Lerma (2021).

.1.2. The Wiener–Hopf decomposition of the coupled problem
With the scattering matrix decomposed, it is possible to find the

iener–Hopf decomposition of the matricial problem. Indeed,

−(𝑘)𝐊+(𝑘)𝐏∗
+(𝑘) = 𝐔∗

−(𝑘) − 𝐕(𝑘) (5.24)

where

𝐏+(𝑘) =
[

𝑃 ∗(𝑘)
𝑄∗(𝑘)

]

, 𝐔−(𝑘) =
[

𝑈∗
−(𝑘)

𝑉 ∗
− (𝑘)

]

,

𝐕(𝑘) =
[

0
𝑉 (𝑘)

]
(5.25)

Thus,

𝐊+(𝑘)𝐏∗
+(𝑘) = [𝐊−(𝑘)]−1𝐔∗

−(𝑘) − [𝐊−(𝑘)]−1𝐕(𝑘) (5.26)

All that remains is obtaining the additive factorisation of:

[𝐊−(𝑘)]−1𝐕(𝑘) =
1

|𝐊−(𝑘)|

[

−𝐾−
12(𝑘)𝑉 (𝑘)

𝐾−
22(𝑘)𝑉 (𝑘)

]

= 𝐇+(𝑘) +𝐇−(𝑘)
(5.27)

where 𝐾−
𝑖𝑗 are the elements of 𝐊−(𝑘).

We achieve a matricial Wiener–Hopf equation of the sort:

𝐊+(𝑘)𝐏∗
+(𝑘) +𝐇+(𝑘) = 𝐄(𝑘) =

= [𝐊−(𝑘)]−1𝐔∗
−(𝑘) −𝐇−(𝑘)

(5.28)

Invoking Liouville’s generalised theorem and the expected asymptotic
behaviour of the displacements and the tractions at 𝑘 → 0 and 𝑘 → ∞,
we conclude:

𝐊+(𝑘)𝐏∗
+(𝑘) = −𝐇+(𝑘) (5.29)

[𝐊−(𝑘)]−1𝐔∗
−(𝑘) = 𝐇−(𝑘) (5.30)

whereupon the corrective tractions we seek are given by:

𝐏∗
+(𝑘) = −[𝐊+(𝑘)]−1𝐇+(𝑘) (5.31)

5.1.3. The factorisation of [𝐊−(𝑘)]−1𝐕(𝑘)
We seek the additive factorisation of

[𝐊−(𝑘)]−1𝐕(𝑘) = 𝐇+(𝑘) +𝐇−(𝑘) (5.32)

We begin by writing 𝐊−(𝑘) = 𝑘−12(𝑘)𝐈𝐂
−(𝑘)𝜦(𝑘). Noting that |𝐂−(𝑘)| = 1

by construction, we find that

𝐇+(𝑘) +𝐇−(𝑘) =
𝑉 (𝑘)

(𝑘−12)
2
|𝜦(𝑘)|

[

−𝑘−12(𝐶
−
11𝛬12 + 𝐶−

12𝛬22)
−𝑘−12(𝐶

−
21𝛬12 + 𝐶−

22𝛬22)

]

(5.33)

If we perform the additive factorisation of the scalar 𝑉 (𝑘) = 𝑉+(𝑘) +
𝑉−(𝑘) and use the fact that 𝐶−

𝑖𝑗 (𝑘) = 𝐶+
𝑖𝑗 (−𝑘), 𝑘

+
12(−𝑘) = 𝑘−12(𝑘) and 𝛬𝑖𝑗

has no branch cuts, we find that

𝐇+(𝑘) =
𝑉+(𝑘)

𝑘+12(−𝑘)|𝜦(𝑘)|

[

−
[

𝐶+
11(−𝑘)𝛬12 + 𝐶+

12(−𝑘)𝛬22
]

𝐶+
21(−𝑘)𝛬12 + 𝐶+

22(−𝑘)𝛬22

]

(5.34)

𝐇−(𝑘) =
𝑉−(𝑘)

𝑘−12(𝑘)|𝜦(𝑘)|

[

−
[

𝐶−
11(𝑘)𝛬12 + 𝐶−

12(𝑘)𝛬22
]

𝐶−
21(𝑘)𝛬12 + 𝐶−

22(𝑘)𝛬22

]

(5.35)

whereupon the desired corrective tractions become:

𝐏∗
+(𝑘) =

𝑉+(𝑘)
+ +

[

𝑝1(𝑘)
]

(5.36)
9

𝑘12(𝑘)𝑘12(−𝑘)|𝜦(𝑘)| 𝑝2(𝑘)
with
𝑝1(𝑘) = (𝐶+

11(−𝑘)𝛬12 + 𝐶+
12(−𝑘)𝛬22)(𝐶+

22(𝑘)𝛬11 − 𝐶+
12(𝑘)𝛬21)+

+ (𝐶+
22(𝑘)𝛬12 − 𝐶+

12(𝑘)𝛬22)(𝐶+
21(−𝑘)𝛬12 + 𝐶+

22(−𝑘)𝛬22)

𝑝2(𝑘) = (𝐶+
11(𝑘)𝛬21 − 𝐶+

21(𝑘)𝛬11)(𝐶+
11(−𝑘)𝛬12 + 𝐶+

12(−𝑘)𝛬22)+

+ (𝐶+
11(𝑘)𝛬22 − 𝐶+

12(𝑘)𝛬12)(𝐶+
21(−𝑘)𝛬12 + 𝐶+

22(−𝑘)𝛬22)

(5.37)

This provides us with the corrective tractions in Laplace space. The
corrective tractions 𝑃 ∗(𝑘) and 𝑄∗(𝑘) are then the first and second
components of 𝐏∗

+(𝑘), respectively.

5.1.4. The additive factorisation of 𝑉 (𝑘)
The additive factorisation of the scalar 𝑉 (𝑘) requires expressing:

𝑉 (𝑘) ≡ −𝑘𝑒−𝑠(𝑡0+𝑘𝑥0)
[

𝜇1𝑅1𝜂2 − 𝜇2𝑅2𝜂1
𝜇1𝑅1𝑏22𝛽2 + 𝜇2𝑅2𝑏21𝛽1

]

= 𝑉+(𝑘) + 𝑉−(𝑘)

(5.38)

The term 𝑒−𝑠(𝑡0+𝑘𝑥0) stems from the Dirac delta perturbation on 𝑢𝑥.
Had this perturbation been given by the distribution of slip 𝜙(𝑥, 𝑡), the
exponential term would be substituted by 𝛷(𝑘; 𝑠), which is the reason
why in the following we rename

𝑉 (𝑘) = −𝑘𝑣(𝑘)𝛷(𝑘; 𝑠), 𝑣(𝑘) =

[

𝜇1𝑅1𝜂2 − 𝜇2𝑅2𝜂1
𝜇1𝑅1𝑏22𝛽2 + 𝜇2𝑅2𝑏21𝛽1

]

(5.39)

here −𝑘𝛷(𝑘; 𝑠) is an entire function by construction. Thus, we only
equire the additive factorisation 𝑣(𝑘) = 𝑣+(𝑘) + 𝑣−(𝑘). We can write it
ormally as

±(𝑘) = ∓ 1
2𝜋𝑖 ∫

𝑑+𝑖∞

𝑑−𝑖∞

𝑣(𝑧)
𝑧 − 𝑘

d𝑧 (5.40)

The function 𝑣(𝑧) has branch cuts we define over the interval Re[𝑧] ∈
[𝑎1, 𝑏2]. Examination of the denominator 𝜇1𝑅1𝑏22𝛽2 + 𝜇2𝑅2𝑏21𝛽1 suggests
𝑣(𝑧) has a real pole at |𝑧| = 𝑠2. The equation 𝜇1𝑅1𝑏22𝛽2+𝜇2𝑅2𝑏21𝛽1 = 0 is
f course the secular equation for the Stoneley waves, and 𝑠2 denotes
he Stoneley wave speed (cf. Eringen and Suhubi (1975),p.540). It is
asy to realise that 𝑠2 is bounded2 by 𝑏2 < |𝑠2| < 𝑐2. The range
f existence of this pole depends on the value taken by the ratios
1∕𝜇2, 𝜆1∕𝜆2, and 𝜌1∕𝜌2; this is a question originally examined by
cholte (1947), the conclusion being that the Stoneley waves are non-
issipative, but that their presence is heavily dependent on the relative
alue of the material constants. For completion, we shall operate under
he assumption that a Stoneley wave speed exists; this will lead to an
asily identifiable additional term.

Invoking the residue theorem, we have

𝐶

𝑣(𝑧)
𝑧 − 𝑘

d𝑧 = 2𝜋𝑖
[

Res[𝑧 = 𝑠2] + Res[𝑧 = 𝑘]
]

= ∫

𝑑+𝑖∞

𝑑−𝑖∞
+∫𝛤+

+∫𝛤−
+∫𝐽

(5.42)

The Jordan integral vanishes upon making the change 𝑧 ↦ 𝑅𝑒𝑖𝜃

when 𝑅 → ∞. The residue at the Stoneley pole can be evaluated
explicitly as

Res[𝑧 = 𝑠2] =
𝜇1𝑅1(𝑠2)𝜂2(𝑠2) − 𝜇2𝑅2(𝑠2)𝜂1(𝑠2)

𝑆(𝑠2)(𝑠2 − 𝑘)
(5.43)

2 The Stoneley pole is a real root of

𝑅1(𝑧)𝛽2(𝑧)
𝑅2(𝑧)𝛽1(𝑧)

= −
𝜇2𝑏12

𝜇1𝑏22
. (5.41)

or |𝑧| < 𝑎1 the LHS is always positive, so no real solution exists. For
𝑎1 < |𝑧| < 𝑏2, the LHS is complex and the RHS real, so again no real zero
exists. For |𝑧| > 𝑏2 the LHS is real, so a real zero could exist. The numerator
is always positive, but the denominator is negative before |𝑧| < 𝑐2, so if a real

zero were to exist, it must do so in |𝑧| ∈ [𝑏2, 𝑐2].
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where

𝑆(𝑘) =
𝑏22𝛽2(𝑘)𝜇1
𝛼1(𝑘)𝛽1(𝑘)

[

4𝑘
(

𝑎21
(

2𝑏21 − 3𝑘2
)

+

+𝑘2
(

4
(

𝛼1(𝑘)𝛽1(𝑘) + 𝑘2
)

− 3𝑏21
))

− 8𝑏21𝑘𝛼1(𝑘)𝛽1(𝑘)
]

+

+
𝑏21𝛽1(𝑘)𝜇2
𝛼2(𝑘)𝛽2(𝑘)

[

4𝑘
(

𝑎22
(

2𝑏22 − 3𝑘2
)

+ 𝑘2
(

4
(

𝛼2(𝑘)𝛽2(𝑘) + 𝑘2
)

−

− 3𝑏22
))

− 8𝑏22𝑘𝛼2(𝑘)𝛽2(𝑘)
]

−
𝑏21𝑘𝜇2𝑅2(𝑘)

𝛽1(𝑘)
−
𝑏22𝑘𝜇1𝑅1(𝑘)

𝛽2(𝑘)
(5.44)

Finally, the contribution of the 𝛤± segments is reduced to the foll-
owing three Cauchy integrals:

∫𝛤+
+∫𝛤−

= ∫

𝑎2

𝑎1

𝑓1(𝑧)
𝑧 − 𝑘

d𝑧 + ∫

𝑎2

𝑎1

𝑓2(𝑧)
𝑧 − 𝑘

d𝑧 + ∫

𝑎2

𝑎1

𝑓3(𝑧)
𝑧 − 𝑘

d𝑧 (5.45)

where

𝑓1(𝑘) =
𝑛1(𝑘)
𝑑1(𝑘)

, 𝑓2(𝑘) =
𝑛2(𝑘)
𝑑2(𝑘)

, 𝑓3(𝑘) =
𝑛3(𝑘)
𝑑3(𝑘)

(5.46)

where

𝑛1(𝑘) = −4𝑖𝑏21
√

𝑘2 − 𝑎21𝜇2
[(

𝜇2𝑏
8
2 +

(

2(𝜇1 − 4𝜇2)𝑘2

+𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏62 − 4𝑘2
(

3(𝜇1 − 2𝜇2)𝑘2−

−2𝛼2(𝑘)𝛽2(𝑘)𝜇2 + 𝜇1
(

−𝛼2(𝑘)𝛽1(𝑘) + 𝛽2(𝑘)𝛽1(𝑘)+

𝛼2(𝑘)𝛽2(𝑘)
))

𝑏42 + 4𝑘4
(

−4(𝜇1 − 𝜇2)𝑎22 − 8𝛼2(𝑘)𝛽2(𝑘)𝜇2+

+2𝑘2(5𝜇1 − 6𝜇2) + 𝜇1
(

−𝛼2(𝑘)
)

𝛽1(𝑘) + 6𝜇1𝛼2(𝑘)𝛽2(𝑘)+

+𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏22−

−16𝑘6
(

2
(

𝑘2 + 𝛼2(𝑘)𝛽2(𝑘)
)

− 𝑎22
)

(𝜇1 − 𝜇2)
)

𝑏21+

+𝑘2
(

−𝜇2𝑏82 − 2
(

(𝜇1 − 4𝜇2)𝑘2 + 𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏62+

4𝑘2
(

3(𝜇1 − 2𝜇2)𝑘2 − 2𝛼2(𝑘)𝛽2(𝑘)𝜇2+

+𝜇1
(

−2𝛼2(𝑘)𝛽1(𝑘) + 2𝛽2(𝑘)𝛽1(𝑘) + 𝛼2(𝑘)𝛽2(𝑘)
))

𝑏42+

+8𝑘4
(

2(𝜇1 − 𝜇2)𝑎22 − 3𝛼2(𝑘)𝛽2(𝑘)𝜇1 − 𝛽1(𝑘)𝛽2(𝑘)𝜇1+

+𝑘2(6𝜇2 − 5𝜇1) + 𝜇1𝛼2(𝑘)𝛽1(𝑘) + 4𝜇2𝛼2(𝑘)𝛽2(𝑘)
)

𝑏22+

+16𝑘6(𝜇1 − 𝜇2)
(

2
(

𝑘2 + 𝛼2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))]

(5.47)

𝑑1(𝑘) = 𝑏42
(

𝑏22 − 𝑘
2)𝜇21𝑏

8
1+

+
(

𝜇22𝑏
8
2 +

(

2𝛽1(𝑘)𝛽2(𝑘)𝜇1𝜇2 − 8𝑘2
(

𝜇21 + 𝜇
2
2
))

𝑏62+

+8
((

𝜇21 + 3𝜇22
)

𝑘4 + 𝜇2
(

𝜇1𝛽1(𝑘)
(

𝛼2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2𝛼2(𝑘)𝛽2(𝑘)
)

𝑘2
)

𝑏42 − 8𝑘4𝜇2
(

𝜇1𝛽1(𝑘)
(

𝛼2 − 𝛽2
)

+

+2𝜇2
(

−𝑎22 + 3𝑘2 + 2𝛼2(𝑘)𝛽2(𝑘)
))

𝑏22+

+16𝑘6𝜇22
(

2
(

𝑘2 + 𝛼2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))

𝑏61−

− 𝑘2
(

𝜇22𝑏
8
2 − 8

(

𝑘2
(

3𝜇21 + 𝜇
2
2
)

− 𝛽1(𝑘)𝛽2(𝑘)𝜇1𝜇2
)

𝑏62+

+8
(

3
(

𝜇21 + 𝜇
2
2
)

𝑘4 + 𝜇2
(

4𝜇1𝛽1(𝑘)
(

𝛼2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2𝛼2(𝑘)𝛽2(𝑘)
)

𝑘2
)

𝑏42−

−16𝑘4𝜇2
(

2𝜇1𝛽1(𝑘)
(

𝛼2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2
(

−𝑎22 + 3𝑘2 + 2𝛼2(𝑘)𝛽2(𝑘)
))

𝑏22+

+16𝑘6𝜇22
(

2
(

𝑘2 + 𝛼2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))

𝑏41−

− 8𝑏22𝑘
4𝜇1

((

2𝑘2𝜇1 − 𝛽1(𝑘)𝛽2(𝑘)𝜇2
)

𝑏42+

+2𝑎21
(

𝑏22 − 𝑘
2)𝜇1𝑏

2
2−

−2𝑘2
(

𝜇1𝑘
2 + 2𝜇2𝛽1(𝑘)

(

𝛼2(𝑘) − 𝛽2(𝑘)
))

𝑏22+

+4𝑘4𝜇2𝛽1(𝑘)
(

𝛼2(𝑘) − 𝛽2(𝑘)
))

𝑏21+
2 4 6 ( 2 2) 2

(5.48)
10

+ 16𝑎1𝑏2𝑘 𝑏2 − 𝑘 𝜇1
𝑛2(𝑘) = 4𝑖𝑏21
√

𝑘2 − 𝑎21𝜇2
[(

𝜇2𝑏
8
2 +

(

2(𝜇1 − 4𝜇2)𝑘2

+𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏62 − 4𝑘2
(

3(𝜇1 − 2𝜇2)𝑘2−

−2�̄�2(𝑘)𝛽2(𝑘)𝜇2 + 𝜇1
(

−�̄�2(𝑘)𝛽1(𝑘) + 𝛽2(𝑘)𝛽1(𝑘)+

�̄�2(𝑘)𝛽2(𝑘)
))

𝑏42 + 4𝑘4
(

−4(𝜇1 − 𝜇2)𝑎22 − 8�̄�2(𝑘)𝛽2(𝑘)𝜇2+

+2𝑘2(5𝜇1 − 6𝜇2) + 𝜇1
(

−�̄�2(𝑘)
)

𝛽1(𝑘) + 6𝜇1�̄�2(𝑘)𝛽2(𝑘)+

+𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏22−

−16𝑘6
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
)

(𝜇1 − 𝜇2)
)

𝑏21+

+𝑘2
(

−𝜇2𝑏82 − 2
(

(𝜇1 − 4𝜇2)𝑘2 + 𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏62+

4𝑘2
(

3(𝜇1 − 2𝜇2)𝑘2 − 2�̄�2(𝑘)𝛽2(𝑘)𝜇2+

+𝜇1
(

−2�̄�2(𝑘)𝛽1(𝑘) + 2𝛽2(𝑘)𝛽1(𝑘) + �̄�2(𝑘)𝛽2(𝑘)
))

𝑏42+

+8𝑘4
(

2(𝜇1 − 𝜇2)𝑎22 − 3�̄�2(𝑘)𝛽2(𝑘)𝜇1 − 𝛽1(𝑘)𝛽2(𝑘)𝜇1+

+𝑘2(6𝜇2 − 5𝜇1) + 𝜇1�̄�2(𝑘)𝛽1(𝑘) + 4𝜇2�̄�2(𝑘)𝛽2(𝑘)
)

𝑏22+

+16𝑘6(𝜇1 − 𝜇2)
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))]

(5.49)

𝑑2(𝑘) = 𝑏42
(

𝑏22 − 𝑘
2)𝜇21𝑏

8
1+

+
(

𝜇22𝑏
8
2 +

(

2𝛽1(𝑘)𝛽2(𝑘)𝜇1𝜇2 − 8𝑘2
(

𝜇21 + 𝜇
2
2
))

𝑏62+

+8
((

𝜇21 + 3𝜇22
)

𝑘4 + 𝜇2
(

𝜇1𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2�̄�2(𝑘)𝛽2(𝑘)
)

𝑘2
)

𝑏42 − 8𝑘4𝜇2
(

𝜇1𝛽1(𝑘)
(

𝛼2 − 𝛽2
)

+

+2𝜇2
(

−𝑎22 + 3𝑘2 + 2�̄�2(𝑘)𝛽2(𝑘)
))

𝑏22+

+16𝑘6𝜇22
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))

𝑏61−

− 𝑘2
(

𝜇22𝑏
8
2 − 8

(

𝑘2
(

3𝜇21 + 𝜇
2
2
)

− 𝛽1(𝑘)𝛽2(𝑘)𝜇1𝜇2
)

𝑏62+

+8
(

3
(

𝜇21 + 𝜇
2
2
)

𝑘4 + 𝜇2
(

4𝜇1𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2�̄�2(𝑘)𝛽2(𝑘)
)

𝑘2
)

𝑏42−

−16𝑘4𝜇2
(

2𝜇1𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2
(

−𝑎22 + 3𝑘2 + 2�̄�2(𝑘)𝛽2(𝑘)
))

𝑏22+

+16𝑘6𝜇22
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))

𝑏41−

− 8𝑏22𝑘
4𝜇1

((

2𝑘2𝜇1 − 𝛽1(𝑘)𝛽2(𝑘)𝜇2
)

𝑏42+

+2𝑎21
(

𝑏22 − 𝑘
2)𝜇1𝑏

2
2−

−2𝑘2
(

𝜇1𝑘
2 + 2𝜇2𝛽1(𝑘)

(

�̄�2(𝑘) − 𝛽2(𝑘)
))

𝑏22+

+4𝑘4𝜇2𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
))

𝑏21+

+ 16𝑎21𝑏
4
2𝑘

6 (𝑏22 − 𝑘
2)𝜇21

(5.50)

𝑛3(𝑘) = 2𝑖𝑏21
√

𝑘2 − 𝑎21𝜇2
[(

𝜇2𝑏
8
2 +

(

2(𝜇1 − 4𝜇2)𝑘2

+𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏62 − 4𝑘2
(

3(𝜇1 − 2𝜇2)𝑘2−

−2�̄�2(𝑘)𝛽2(𝑘)𝜇2 + 𝜇1
(

−�̄�2(𝑘)𝛽1(𝑘) + 𝛽2(𝑘)𝛽1(𝑘)+

�̄�2(𝑘)𝛽2(𝑘)
))

𝑏42 + 4𝑘4
(

−4(𝜇1 − 𝜇2)𝑎22 − 8�̄�2(𝑘)𝛽2(𝑘)𝜇2+

+2𝑘2(5𝜇1 − 6𝜇2) + 𝜇1
(

−�̄�2(𝑘)
)

𝛽1(𝑘) + 6𝜇1�̄�2(𝑘)𝛽2(𝑘)+

+𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏22−

−16𝑘6
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
)

(𝜇1 − 𝜇2)
)

𝑏21+

+𝑘2
(

−𝜇2𝑏82 − 2
(

(𝜇1 − 4𝜇2)𝑘2 + 𝜇1𝛽1(𝑘)𝛽2(𝑘)
)

𝑏62+

4𝑘2
(

3(𝜇1 − 2𝜇2)𝑘2 − 2�̄�2(𝑘)𝛽2(𝑘)𝜇2+

+𝜇1
(

−2�̄�2(𝑘)𝛽1(𝑘) + 2𝛽2(𝑘)𝛽1(𝑘) + �̄�2(𝑘)𝛽2(𝑘)
))

𝑏42+

+8𝑘4
(

2(𝜇1 − 𝜇2)𝑎22 − 3�̄�2(𝑘)𝛽2(𝑘)𝜇1 − 𝛽1(𝑘)𝛽2(𝑘)𝜇1+

+𝑘2(6𝜇2 − 5𝜇1) + 𝜇1�̄�2(𝑘)𝛽1(𝑘) + 4𝜇2�̄�2(𝑘)𝛽2(𝑘)
)

𝑏22+
6 ( ( 2 ) 2))]

(5.51)
+16𝑘 (𝜇1 − 𝜇2) 2 𝑘 + �̄�2(𝑘)𝛽2(𝑘) − 𝑎2
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𝑑3(𝑘) = 𝑏42
(

𝑏22 − 𝑘
2)𝜇21𝑏

8
1+

+
(

𝜇22𝑏
8
2 +

(

2𝛽1(𝑘)𝛽2(𝑘)𝜇1𝜇2 − 8𝑘2
(

𝜇21 + 𝜇
2
2
))

𝑏62+

+8
((

𝜇21 + 3𝜇22
)

𝑘4 + 𝜇2
(

𝜇1𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2�̄�2(𝑘)𝛽2(𝑘)
)

𝑘2
)

𝑏42 − 8𝑘4𝜇2
(

𝜇1𝛽1(𝑘)
(

𝛼2 − 𝛽2
)

+

+2𝜇2
(

−𝑎22 + 3𝑘2 + 2�̄�2(𝑘)𝛽2(𝑘)
))

𝑏22+

+16𝑘6𝜇22
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))

𝑏61−

− 𝑘2
(

𝜇22𝑏
8
2 − 8

(

𝑘2
(

3𝜇21 + 𝜇
2
2
)

− 𝛽1(𝑘)𝛽2(𝑘)𝜇1𝜇2
)

𝑏62+

+8
(

3
(

𝜇21 + 𝜇
2
2
)

𝑘4 + 𝜇2
(

4𝜇1𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2�̄�2(𝑘)𝛽2(𝑘)
)

𝑘2
)

𝑏42−

−16𝑘4𝜇2
(

2𝜇1𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
)

+

+𝜇2
(

−𝑎22 + 3𝑘2 + 2�̄�2(𝑘)𝛽2(𝑘)
))

𝑏22+

+16𝑘6𝜇22
(

2
(

𝑘2 + �̄�2(𝑘)𝛽2(𝑘)
)

− 𝑎22
))

𝑏41−

− 8𝑏22𝑘
4𝜇1

((

2𝑘2𝜇1 − 𝛽1(𝑘)𝛽2(𝑘)𝜇2
)

𝑏42+

+2𝑎21
(

𝑏22 − 𝑘
2)𝜇1𝑏

2
2−

−2𝑘2
(

𝜇1𝑘
2 + 2𝜇2𝛽1(𝑘)

(

�̄�2(𝑘) − 𝛽2(𝑘)
))

𝑏22+

+4𝑘4𝜇2𝛽1(𝑘)
(

�̄�2(𝑘) − 𝛽2(𝑘)
))

𝑏21+

+ 16𝑎21𝑏
4
2𝑘

6 (𝑏22 − 𝑘
2)𝜇21

(5.52)

where �̄�𝑖(𝑘) =
√

𝑘2 − 𝑎2𝑖 and 𝛽𝑖(𝑘) =
√

𝑘2 − 𝑏2𝑖 .
This leads to the additive factorisation of 𝑣(𝑘):

𝑣±(𝑘) = ∓ 1
2𝜋𝑖

[

∫

𝑎2

𝑎1

𝑓1(𝑧)
𝑧 − 𝑘

d𝑧 + ∫

𝑎2

𝑎1

𝑓2(𝑧)
𝑧 − 𝑘

d𝑧 + ∫

𝑎2

𝑎1

𝑓3(𝑧)
𝑧 − 𝑘

d𝑧
]

−

− 1
𝑠2 − 𝑘

𝜇1𝑅1(𝑠2)𝜂2(𝑠2) − 𝜇2𝑅2(𝑠2)𝜂1(𝑠2)
𝑆(𝑠2)

(5.53)

By extension, we achieve that of 𝑉 (𝑘) as 𝑉±(𝑘) = −𝑘𝛷(𝑘)𝑣±(𝑘).

5.2. Inversion of the corrective tractions

The inversion of 𝑃 ∗(𝑘) and 𝑄∗(𝑘) can be achieved using the same
Cagniard-de Hoop procedure we outlined in Section 3.2.1. This results
in

𝑝∗(𝑥, 𝑡) = − 1
𝜋
1
𝑥
𝜕2

𝜕𝑡2
[

Im
[

𝑃 ∗
(

− 𝑡
𝑥

)]]

(5.54)

𝑞∗(𝑥, 𝑡) = − 1
𝜋
1
𝑥
𝜕2

𝜕𝑡2
[

Im
[

𝑄∗
(

− 𝑡
𝑥

)]]

(5.55)

This inversion completes the obtention of the explicit normal and
shear traction corrections that guarantee compatibility at the bimaterial
interface.

From the explicit formulae above it is possible to deduce a number
of features to be expected from the solution, chiefly related to their
wave structure and sign. First, both 𝑝∗ and 𝑞∗ comprise both longitu-
dinal and shear wavefronts, the fastest of which travels at the fastest
longitudinal speed of the bimaterial system, 1∕𝑎1, in both cases. This
is because both corrective tractions are triggered in response to the
fastest waves travelling across the interface, and so is the slip wave
and, by extension, the need for compatibility (see Eq. (4.5)). Second,
if the bimaterial system supports Stoneley waves, their effect is one
of reversing the sign of the traction wave’s amplitude behind. This
is because asymptotically, the near field of the Stoneley wave front
involves terms of the form 1∕(𝑡−𝑠2𝑥)3 as entailed by the term −𝑘∕(𝑠2−𝑘)
upon inversion. This situation is analogous to that found in Gurrutxaga-
Lerma (2021) in relation to the effect Rayleigh waves have in single
material interfaces. In both cases, the effect is that of bringing about
a narrow region of reverse slip ahead of the Stoneley (or, for single
materials, Rayleigh) wave, but behind the head wave. If the interface
can support Stoneley waves, then the reverse slip region is narrower,
as the Stoneley wave speed is slightly higher than the Rayleigh wave
speed.
11
5.3. The corrected governing equation

The governing equation of the contact problem is an expression of
Amonton’s law, whereby

|𝑞(𝑥, 𝑡) + 𝑞∗(𝑥, 𝑡) + 𝑠(𝑥, 𝑡)| = 𝑓 sign(𝑓 )
(

𝑝(𝑥, 𝑡) + 𝑝∗(𝑥, 𝑡)
)

(5.56)

rucially, both 𝑞∗(𝑥, 𝑡) and 𝑠(𝑥, 𝑡) are convolutions of a bimaterial kernel
ith the distribution of slip, which can be grouped together:
∗(𝑥, 𝑡) + 𝑠(𝑥, 𝑡) = ⟨𝜙(𝑥, 𝑡), 𝑄(𝑥, 𝑡)⟩ (5.57)

here 𝑄(𝑥, 𝑡) can be obtained from summing over the convolution
ernels 𝑠+(𝑥, 𝑡) and 𝑄∗(𝑥, 𝑡) given, respectively, in Eqs. (3.38) and
5.55). We note however that the corrective normal traction depends
n 𝜙(𝑥, 𝑡) too as 𝑝∗(𝑥, 𝑡) = ⟨𝜙(𝑥, 𝑡), 𝑃 ∗(𝑥, 𝑡)⟩, that is to say, that now both
ides of the equation depend on 𝜙(𝑥, 𝑡), the distribution of slip. It is
evertheless possible to solve this equation numerically via collocation.
he details of the procedure are given in Appendix C; in the next section
e focus on the physical implications of the coupled problem instead.

. Stability of the compatible problem

We wish to determine whether there are loading or material con-
itions under which the interface detaches. In principle, the governing
quation of the contact problem (Eq. (5.56)) cannot tell us whether
nterfacial detachment takes place, because the equation itself is invalid
nder separation. However, Eq. (5.56) itself can be in contradiction
ith the attachment condition that 𝑝(𝑥, 𝑡) + 𝑝∗(𝑥, 𝑡) > 0: if the latter

s found to be violated by the former, this would be suggestive of
nterfacial separation in the compatible problem.

Thus, let us assume that the interface is operating under forward
lip, so that 𝑞(𝑥, 𝑡) + 𝑞∗(𝑥, 𝑡) + 𝑠(𝑥, 𝑡) > 0 and that 𝑝(𝑥, 𝑡) + 𝑝∗(𝑥, 𝑡) > 0. In
hat case, Eq. (5.56) can be worked in Laplace space:
2𝛷(𝑘)

[

𝑆+(𝑘) +𝑄∗(𝑘) − 𝑓𝑃 ∗(𝑘)
]

= 𝑓𝑃 (𝑘) −𝑄(𝑘) ⟹

⟹ 𝑠2𝛷(𝑘) =
𝑓𝑃 (𝑘) −𝑄(𝑘)

𝑆+(𝑘) +𝑄∗(𝑘) − 𝑓𝑃 ∗(𝑘)
(6.1)

f assuming forward slip3 the contact pressure changes sign, i.e., 𝑝(𝑥, 𝑡)+
∗(𝑥, 𝑡) ≤ 0. In Laplace space, the left hand side of this condition takes
he form 𝑃 (𝑘)+𝑠2𝛷(𝑘)𝑃 ∗(𝑘), and assuming Eq. (5.56) remains valid, we
ay define the auxiliary function

(𝑘) = 𝑃 (𝑘) − 𝑃 ∗(𝑘)
𝑓𝑃 (𝑘) −𝑄(𝑘)

𝑓𝑃 ∗(𝑘) −𝑄∗(𝑘) − 𝑆+(𝑘)
(6.2)

he inverse of which takes the form

(𝑥, 𝑡) = − 1
𝜋
1
𝑥
𝜕2

𝜕𝑡2
Im

[

𝑋
(

− 𝑡
𝑥

)]

(6.3)

Examining 𝜒(𝑥, 𝑡), it is possible to determine whether a specific in-
terface will detach owing to a violation of the contact conditions, if
𝜒(𝑥, 𝑡) < 0 anywhere in its domain. Given that contact is established
only for 𝑡 > 0, 𝑥 > 0, we may introduce the auxiliary collective variable
= −𝑡∕𝑥 so that we need only test −𝜋𝑥3𝜒(𝑥, 𝑡) ∶= 𝜒(𝑘) > 0 as given by

𝜒(𝑘) = 𝜕2

𝜕𝑘2
Im [𝑋 (𝑘)] , 𝑘 < 0 (6.4)

hus, separation occurs if 𝜒(𝑘) > 0 (with 𝑘 = −𝑡∕𝑥), that is, separation
ccurs if Im [𝑋 (𝑘)] is concave.

.1. Transient causes of interfacial detachment

Testing whether 𝜒(𝑘) > 0 for 𝑘 < 0 under specific combinations of
oading and interfacial constants provides a direct way for establishing
hether the bimaterial interface will experience a transient detach-
ent. There are nevertheless a vast number of factors to consider,

3 The same situation arises under reverse slip.
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Fig. 2. The Im[𝑋 (𝑘)] function when 𝑎1 = 1, 𝑎2 = 2, 𝑏1 = 10, 𝑏2 = 20, 𝜇1 = 1, 𝜇2 = 1, 𝜑 = 1.
Fig. 3. The Im[𝑋 (𝑘)] function when 𝑎1 = 1, 𝑎2 = 2, 𝑏1 = 10, 𝑏2 = 20, 𝜇1 = 1, 𝜇2 = 1, 𝜑 = 0.01.
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including the relative values of the elastic constants in both materials,
the frictional coefficient, and the loading intensity. For simplicity, in
the following we explore a number of such cases only, and draw some
general conclusions based on them. We will also define the frictional
factor

𝜑 = 𝑓
𝑃0
𝑄0

(6.5)

to relate friction coefficient to the remote loading’s magnitude.
There are two distinct circumstances under which detachment

might be expected: (1) in the near field (i.e., for 𝑘 finite), which would
correspond to a transient local detachment; (2) in the far field, as |𝑘| →
∞, which would correspond to a detachment once transient loading has
subsided and the steady state has been reached. Local examination of
the form of Im[𝑋(𝑘)] in a number of loading and materials conditions
showcases that a typical transient loading entails regions of attachment
and detachment in quick succession as the interfacial tractional waves
propagate at the different speeds of sound. Two cases are examined
here in detail: (a) with relatively similar elastic constants, 𝜇1 = 1 = 𝜇2,
𝜆1 = 98 = 𝜆2, but 𝜌1 = 100, 𝜌2 = 400 (Figs. 2 and 3); and (b) with
elatively dissimilar elastic constants 𝜇1 = 1, 𝜇2 = 10, 𝜆1 = 7, 𝜆2 = 20,

but 𝜌1 = 9, 𝜌2 = 160 (Figs. 4 and 5); and for large and small frictional
12

factors 𝜙. a
6.1.1. General causes of detachment
We begin by noting that in the current framework detachment is

brought about by the action of either the coupling corrective trac-
tions, or the slip distribution. For a compressive remote normal load,
𝜕2𝑘Im[𝑋(𝑘)] changes sign only if 𝜕2𝑘Im[ 𝑓𝑃 (𝑘)−𝑄(𝑘)

𝑓𝑃 ∗(𝑘)−𝑄∗(𝑘)−𝑆+(𝑘)
] does so. So long

s the interface remains unaffected by either the shear traction 𝑄(𝑘),
he slip distribution’s corrective traction 𝑆+(𝑘) or the coupling shear
raction 𝑄∗(𝑘), the interface cannot detach. This means that detachment
s intimately related to the structure of the transient solution at the
nterface. The solution comprises four wave fronts: two longitudinal
avefronts, corresponding to the first and second material’s longitu-
inal speed of sounds (1/𝑎1 and 1/𝑎2 respectively); and two shear
avefronts, corresponding to the first and second material’s transverse

peed of sounds (1/𝑏1 and 1/𝑏2 respectively). These wavefronts are
aunched as the transient remote load reaches the interface, and are
ustained by the two material media, meaning that in the transient
hose parts of the bimaterial medium that propagate elastic waves at
he lowest speeds are initially subjected to super- and transonic loads.

Were the normal and shear tractions to be uncoupled, they would
ropagate independently of one another with the longitudinal and
ransverse wavefronts respectively (cf. Gurrutxaga-Lerma, 2019), and
s was discussed in Section 4.1, the solution would remain in trivial
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Fig. 4. The Im[𝑋 (𝑘)] function when 𝑎1 = 1, 𝑎2 = 2, 𝑏1 = 3, 𝑏2 = 4, 𝜇1 = 1, 𝜇2 = 10, 𝜑 = 0.01.
Fig. 5. The Im[𝑋 (𝑘)] function when 𝑎1 = 1, 𝑎2 = 2, 𝑏1 = 3, 𝑏2 = 4, 𝜇1 = 1, 𝜇2 = 1, 𝜑 = 1.
stick in the head wave’s region, which in the uncoupled problem
would run from |𝑘| ∈ [𝑎1, 𝑏1]. However, owing to the coupling, this
is not longer the case: if we examine the form of the coupled shear
traction 𝑄∗(𝑘) in Eq. (5.36), it is amply clear that it shares the same
inherent mathematical structure as the normal load. In particular, it
is affected by the same |𝑘| > 𝑎1, 𝑎2, 𝑏1, 𝑏2 branch cuts and the same
poles as 𝑃 ∗(𝑘) is; this entails tractional terms launched with both
longitudinal and transverse propagation speeds. Therefore, unlike 𝑄(𝑘),
the coupled corrective traction 𝑄∗(𝑘) begins its propagation with the
first longitudinal wavefront. This is sufficient to cause slip even when
the loading is nominally normal alone, as it entails the presence of a
non-zero shear term in the force balance (Eq. (5.56)); thus, the interface
is no longer trivially stuck in the head wave region existing between the
arrival of the first longitudinal wave and the first transverse wavefront,
something that contrast sharply with the unimaterial case (or indeed,
with any uncoupled problem), where the head wave region is always
a region of stick (Gurrutxaga-Lerma, 2019; Gurrutxaga-Lerma, 2020)
because it sees no shear tractions acting on it.

6.1.2. Detachment in the near field
As a consequence, both slip and interfacial detachment are possible
13

even before the first shear wavefront arrives at a given interfacial
point interface. This is indeed observed in the loading cases studied
here. In particular, for the contact problem between elastically similar
materials shown in Figs. 2 and 3, detachment is locally predicted for
𝑘 < −𝑎2; in Figs. 4 and 5, which concern the corresponds to the
elastically dissimilar materials, there is also a narrow region of local
detachment just after the first longitudinal wavefront arrives, for 𝑘 <
−𝑎1. In all cases, the detachment at the head wave is caused by the
elastic mismatch at the interface triggering a supersonic loading in the
medium with lower speeds of sound (in the cases shown here, medium
2). This effect is particularly strong when the materials are elastically
similar (cases shown in Figs. 2 and 3), because by construction the
speeds of sound in this situation are very different and, as a result,
medium 2 is required to sustain super and transonic loads for longer.

6.1.3. Detachment in the far field
Once the effects of the transient have subsided and if the materials

in contact are relatively similar (cases shown in Figs. 2 and 3), local
detachment is predicted in the transient but not necessarily in the far
field. In this case, detachment in the far field (meaning for long times,
i.e., in the steady state) is expected only if the remote normal load
is sufficiently weak that normal corrective tractions at the interface

(brought about by the coupling) can violate the contact condition;
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indeed, when 𝜑 = 0.01 is very low (Fig. 3), the interface is predicted
o detach as 𝑘 → −∞, a situation not mirrored when, caeteris paribus,
= 1 is sufficiently large (Fig. 3). This behaviour has been observed

or other combinations of relatively similar elastic constants (not shown
ere in the interest of brevity), and is largely explained by the fact
xpressed above: contact can be lost if the remote pressure load is
ufficiently weak that the corrective normal traction brought about
y the shear coupling can overcome that due to the remote normal
oad. This detachment would also occur if, for a given nominally stable
oading, the interfacial frictional coefficient became sufficiently low.
n this case, this would happen because when the friction coefficient
s low, the interface transmits shear loads weakly, which entails wide
egions of stick at the interface and these, through the coupling, tend
o lead to positive normal tractions in order for both sides of Eq. (5.56)
o remain balanced.

.1.4. Local detachments
Beyond that, the contact interface between similar materials can

lso experience local, transient detachment. This is also indicated in
igs. 2 and 3; in both cases, transient detachment is predicted in the
ear field upon the arrival of the longitudinal wavefronts. For low
frictional factors, the possibility of detachment upon the arrival of

he first shear wave is also reported; for high 𝜑 frictional factors,
etachment is postponed until the arrival of the second longitudi-
al wavefront. The reasons for this behaviour are grounded, as was
xplained above, on the coupling: the longitudinal fronts trigger a
orrective shear traction and a slip distribution is necessary to ensure
oulomb’s law is satisfied locally. This, in turn, means that a corrective
ormal traction will arise that may flip the sign of the remote load’s
ormal traction, more dramatically for low values of 𝜑.

In principle, once detachment has been predicted for some value of
= 𝑘0, the solution becomes invalid for all |𝑘| > 𝑘0: as the contact

onditions have been violated, Eq. (5.56) becomes invalid thereafter,
nd the interface becomes a free surface. Thus, what we have so far
eferred to as ‘transient detachment’ could seem to be a misnomer:
he loss of contact during the transient appears to be inevitable, with
othing beyond the transient nature of the loading suggestive of a
ransient loss of contact. However, this is necessarily the case: unlike
he detachment predictions in the far field of 𝑘, transient detachment
oes not appear to be due to an inherent instability. This is because
nce detachment occurs, the chief cause for it – the coupling corrective
ractions – cease to act, and the remote pressure becomes once again
he sole acting normal load. If the normal load had originally sufficed
o ensure compatibility at the interface, and it was only because of the
ction of the corrective tractions that contact was lost, then it stands to
eason that once the corrective tractions cease to exist the normal load
ill in principle ensure contact would be regained.

.1.5. Resumption of contact
Thus, the remote normal load alone would ensure that eventually

he two interfaces regain contact. Once this happens, we are faced with
challenging, highly non-linear problem: parts of the interface will not
ave yet detached, parts will have, and some will have just regained
ontact whilst others remain detached. The interfacial tractions at that
oint will comprise two different contributions: those launched by the
est of the interface, whether in contact or not, and those diffracted
y the newly attached interface. Those of the newly attached interface
ould be mathematically captured by the formulation presented here.
hose of the rest of the interface will be highly dependent on its current
nd past history, and prompt a highly non-linear problem that falls out
f the scope of this work. Depending on its nature, it appears likely
hat once contact is regained, it may again be lost due to the coupling.
f that is the case, we would in effect be triggering waves of detachment
f the sort investigated by e.g. Schallamach (1971). Still, it seems
lear that local transient detachment can be overcome, particularly if
14

sufficiently strong remote normal load is applied, and the solutions
we have derived here offer a succinct way of examining whether and
where it will happen.

As stated above, when the materials meeting at the interface are
relatively dissimilar (cases discussed in Figs. 4 and 5), local transient
detachments are only predicted for small regions behind the arrival of
the first longitudinal wavefront. However, in this case the two loading
cases examined here predict detachment in the far field irrespective of
the magnitude of loading (two orders of magnitude larger for Fig. 5
than Fig. 4). That is, whereas for similar materials detachment at the
interface could be remedied with stronger contact forces, for the dissim-
ilar case detachment appears inevitable once the interface begins to be
loaded with shear waves irrespective of the external loads’ magnitude.
The reasons for this instability are, again, rooted in the coupling’s effect
in the far field: when the elastic constants are sufficiently dissimilar,
it is possible for the corrective coupled traction 𝑝∗(𝑥, 𝑡) to overcome
the magnitude of the uncoupled traction 𝑝(𝑥, 𝑡) and revert its sign. In
effect, this happens because the interface is forced to slip considerably
to accommodate the mismatch, and in so doing the sign of the normal
traction is reversed. The situation is more problematic than transient
detachments because no load combination appears able to avoid it,
and because once the detachment has taken place, even if the remote
normal load leads to re-attachment, this will eventually lead to further
detachment as the effects of the transient subsidise and large values of
|𝑘| = 𝑡∕𝑥 are achieved: over sufficiently long times, the interface would
eventually reach the steady state of detachment predicted here. Such
behaviour is reminiscent of the Adams instabilities (Adams, 1995).

6.1.6. Summary
In general, albeit the detachment depends on a combination of

factors including the magnitude of the remote loading, the relative
values of the elastic constants and the frictional coefficients, there are
a number of conditions that promote interfacial detachment:

(1) Disparity in the elastic constants: if the materials at either side of
the bimaterial interface have very dissimilar elastic moduli, the
interface is more likely to destabilise and display detachment.

(2) Low friction: lower frictional coefficients tend to destabilise
the interface. This is because the tractional mismatch between
normal and shear tractions is more easily resolved if the interface
is highly effective in transferring shear tractions across, which
happens with higher frictional coefficients.

(3) Similarly, small normal loads (or large shear loads).

Once the detachment has taken place, the contact conditions are vi-
olated and the interface detaches, rendering the contact formulation
aimed at determining the zones of stick and slip invalid. Beyond its ini-
tiation, the analytical modelling of the interfacial detachment process
appears extremely challenging owing to its non-linearity: once detach-
ment occurs, it does so only locally, and part of the interface remains
attached whereas another part detaches; likewise, it is possible for
contact to be re-established at least partially, particularly if the remote
normal loads are considerable. This makes the explicit computation
of the detailed detachment–reattachment problem highly challenging
and, owing to the inherent ill-posedness of such problems (Simoes and
Martins, 1998), difficult to achieve even numerically.

7. Conclusions

This article has examined the problem of planar bimaterial fric-
tional contact under transient loads. Explicit solutions to the transient
loads caused by remote normal and shear loads have been derived,
as well as for the slip wave that may be triggered under bimaterial
contact. It has been shown that uncoupled contact, i.e., contact where
it is possible to neglect the vertical displacement of the interface, is
an unacceptable approximation under bimaterial conditions. This was
because the interface unable to sustain uncoupled slip waves without

causing the two faces in contact to either interpenetrate one another,
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or to detach: either situation is in direct violation of Coulomb’s laws of
contact, and as result it was concluded that transient uncoupled slip is
impossible when the two materials across an elastic interface are differ-
ent. Furthermore, it has been argued that even as an approximation, the
uncoupled problem appears inconsistent: the vertical displacements are
of the same order of magnitude as the interfacial slip. The only way for
the uncoupled problem to remain an acceptable approximation is for
the two materials in contact to have the same elastic constants, which
reverts the problem to the far more tractable one of single material
contact.

It has been shown that the only way to model the bimaterial contact
under transient loading is to explicitly model the coupling between
shear and normal loads at the interface. This was achieved by superpos-
ing the uncoupled problem with a set of corrective normal and shear
tractions defined so as to enforce that the contact interface remains
vertically compatible during the loading and, as a result, fully coupled.
These two new corrective tractions have been derived by solving a
fully coupled inhomogeneous Wiener–Hopf matricial problem. Owing
to the branch cuts in the scattering kernels in the ensuing Riemann–
Hilbert problem, it was not possible to attain a product decomposition
of the scattering kernel matrix in the resulting Wiener–Hopf problem.
However, using an Abrahams approach reliant on the approximation of
the irreducible terms with their Padé approximant, it has been shown it
is possible to achieve a coupled, approximate solution that retains the
near and far field character of the solution even for the lowest order
approximation, and that it is quickly convergent to the exact solution
as the order of the Padé approximant is increased. Thus, the coupled
contact problem has been solved using an infinite regression of the
scattering kernel.

A series of features were observed in the solution of the coupled bi-
material frictional contact problem. First, the role of the Stoneley waves
was revealed to lead to a regime of reverse slip in the spatial region
lying between the head wave and the first Stoneley wave. This reversal
entails a change in the sign of the interface shear and, as a result, is
expected to have negative consequences for the wear performance of
the interface, as well as being a source of vibrations in the far field
if the bimaterial interface occurs in geological materials. Second, the
possibility of interfacial detachment was examined. For this, an explicit,
closed-form function was developed with which to assess the stability of
the bimaterial interface under different loading, frictional coefficients,
and materials constants. The function was used to explore the stability
of the interface across a broad range of parameters, the general findings
of which were that, caeteris paribus, lower friction coefficients and
increasing disparity in the elastic contacts of the two materials in
contact tend to destabilise the latter and promote detachment across
the interface.

The approach allows us to gain a physical insight as for the reasons
behind said detachment: it is caused by the mismatch between the
shear and normal tractions the remote loads induce across the interface.
These tractions are transmitted by a four-wavefront structure (two lon-
gitudinal and two transverse wavefronts), which can be such that the
interface, in attempting to accommodate a normal load by promoting
slip, may at the same time cause the normal traction to change sign,
thereby violating the contact conditions at the interface, which tends
to detach as a result. As was argued, although the interfacial instability
can be modelled and is inherent to the material conditions of the
contact, the subsequent process of detachment and re-attachment is so
highly non-linear that it appears difficult to model it through an explicit
analytical treatment. Nevertheless, the criterion developed here can be
employed as a simple rule of thumb with which to assess the likelihood
of the detachment in transient contact, and offers an useful pathway
for ensuring, through lubrication strategies or interfacial design, that
detachment does not take place, and if it does, to model the far field
signals by means of deducing the interfacial tractions that caused them.
Generally speaking, the best remedy against detachment appears to be
15

to increase the intensity of the remote contact pressure.
Thus, this work has for the first time provided (1) a fully analytical
treatment of the coupled bimaterial interface, including interfacial
tractions and contact conditions, which enables the explicit, analytic
modelling of stress wave scattering at contact interfaces; (2) an exact
criterion for establishing the transient stability of a bimaterial contact
interface subject to dry friction. It is expected that the analytical treat-
ment of the transient loads offered here will be used to study in detail
specific contact interfaces and produce detachment and slip envelops
based on the. This will pave the way towards a better understanding
of the delamination process in composite materials, and an accurate
modelling of the seismological signals brought about by fault surface
separation in dissimilar layers in shallow Earth.
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Appendix A

The mathematical expression for the 𝐾+(𝑘) and 𝐺+(𝑘) kernels for
he non-vanishing interfacial tractions of, respectively, a mode I and
ode II crack are the following:

+(𝑘) = 𝑆+
2 (𝑘)𝐹+(𝑘), (A.1)

+(𝑘) = −𝑆+
2 (𝑘)𝐻+(𝑘) (A.2)

here

+
2 (𝑘) =

𝛼+2 (𝑘)

(𝑐2 + 𝑘)𝐷+
2 (𝑘)

√

√

√

√

𝑏22
2(𝑎22 − 𝑏

2
2)𝜇2

(A.3)

with

𝛼+2 (𝑘) =
√

𝑎2 + 𝑘 (A.4)

ln𝐷+
2 (𝑘) = − 1

𝜋 ∫

𝑏2

𝑎2
arctan

⎡

⎢

⎢

⎢

⎣

4𝑧2
√
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√

𝑏22 − 𝑧
2

(𝑏22 − 2𝑧2)2

⎤

⎥

⎥

⎥

⎦

d𝑧
𝑧 + 𝑘

(A.5)

he two subkernels 𝐹+(𝑘) and 𝐻+(𝑘) are

ln𝐹+(𝑘)

= ∓
{

1
𝜋

[

∫

𝑎2

𝑎1
𝑓𝑎(𝑧)

d𝑧
𝑧 + 𝑘
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𝑓𝑐 (𝑧)

d𝑧
𝑧 + 𝑘

]

+ ln 𝜅
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(A.6)

ln𝐻+(𝑘)
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{

1
𝜋

[

∫
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(A.7)

ere 𝜅 and 𝜂 are constants:

= 1 +
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2
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2
2)

2 2 2
(A.8)
𝜇1𝑏2(𝑎1 − 𝑏1)
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Box I.
𝑓 (1)
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and 𝑓𝑖(𝑘) and ℎ𝑖(𝑘) are influence functions given by (see Box I).
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𝑏 = 𝑏41

(

−16𝑘4𝜇2
(

𝑎21 + 𝑘
2)𝐴2(𝑘) + 𝑏62𝜇1𝐴1(𝑘)

−4𝑏42𝑘
2𝜇1𝐴1(𝑘) + 4𝑏22𝑘

4𝜇1𝐴1(𝑘)
)

−

−4𝑏21
(

−4𝑎21𝑘
6𝜇2𝐴2(𝑘) + 𝑏62𝑘

2𝜇1𝐴1(𝑘) − 4𝑏42𝑘
4𝜇1𝐴1(𝑘) + 4𝑏22𝑘

6𝜇1𝐴1(𝑘)
)

+

+4𝑏22𝑘
4𝜇1

(

−4𝑎21𝐴2(𝑘)�̄�1(𝑘)�̄�2(𝑘) + 𝑏42𝐴1(𝑘) − 4𝑏22𝑘
2𝐴1(𝑘) + 4𝑘4𝐴1(𝑘)+

+ 4𝑘2𝐴2(𝑘)�̄�1(𝑘)�̄�2(𝑘)
)

+ 𝑏101 𝜇2𝐴2(𝑘)

−8𝑏81𝑘
2𝜇2𝐴2(𝑘) + 24𝑏61𝑘

4𝜇2𝐴2(𝑘) (A.12)

𝑓 (2)
𝑏 = 4𝑏22𝑘

2𝜇1
(

−𝑏41𝐴1(𝑘)𝐴2(𝑘)�̄�2(𝑘) + 𝑘2
(

4𝑏21𝐴1(𝑘)𝐴2(𝑘)�̄�2(𝑘)−

− 4𝑘2𝐴1(𝑘)𝐴2(𝑘)�̄�2(𝑘) + 𝑏42�̄�1(𝑘) − 4𝑏22𝑘
2�̄�1(𝑘) + 4𝑘4�̄�1(𝑘)

)

−𝑎21�̄�1(𝑘)
(

𝑏22 − 2𝑘2
)2) (A.13)

𝑓𝑐 (𝑘) = arctan
[

𝑓 (1)
𝑐 (𝑘)

]

(A.14)

with 𝐴𝑖(𝑘) =
√

𝑘2 − 𝑎2𝑖 , 𝐵𝑖(𝑘) =
√

𝑘2 − 𝑏2𝑖 , �̄�𝑖(𝑘) =
√

𝑏2𝑖 − 𝑘2 (see Box II).

ℎ𝑎(𝑘) = arctan

[

ℎ(1)𝑎
ℎ(2)𝑎

]

, ℎ𝑏(𝑘) = arctan

[

ℎ(1)𝑏
ℎ(2)𝑏

]

(A.16)

ℎ(1)𝑎 = 16𝑏22𝑘
4𝜇1

(

𝑘2 − 𝑎21
) (

𝑏21 − 𝑘
2) �̄�2(𝑘) + 𝜇2

(

𝑏31 − 2𝑏1𝑘2
)2

�̄�1(𝑘)
(

4𝑘2
√

𝑎22 − 𝑘
2�̄�2(𝑘) +

(

𝑏22 − 2𝑘2
)2
)

+

+
(

𝑏21 − 2𝑘2
)4

and

ℎ(2)𝑎 = 4𝑏21𝑘
2𝜇2𝐴1(𝑘)

(

𝑏21 − 𝑘
2)

(

4𝑘2
√

𝑎22 − 𝑘
2�̄�2(𝑘) +

(

𝑏22 − 2𝑘2
)2
)

,

(A.17)

ℎ(1)𝑏 = 4𝑏21𝑘
4 (4𝑘2𝜇2

(

𝐴1(𝑘)𝐴2(𝑘)�̄�2(𝑘) − 𝑘2�̄�1(𝑘)
)

+ 4𝑎21𝑏
2
2𝜇1�̄�2(𝑘) − 𝑏42𝜇2�̄�1(𝑘)

+4𝑏22𝑘
2 (𝜇2�̄�1(𝑘) + 𝜇1�̄�2(𝑘)

))

− 4𝑏41
(

4𝑘4𝜇2
(

𝐴1(𝑘)𝐴2(𝑘)�̄�2(𝑘) − 𝑘2�̄�1(𝑘)
)

−

−𝑏4𝑘2𝜇 �̄� (𝑘) + 2𝑏2𝑘4
(

2𝜇 �̄� (𝑘) + 3𝜇 �̄� (𝑘)
))
16

2 2 1 2 2 1 1 2
16𝑎21𝑏
2
2𝑘

6𝜇1�̄�2(𝑘) − 𝑏81𝑏
2
2𝜇1�̄�2(𝑘) +

𝑏61
(

−𝑏42𝜇2�̄�1(𝑘) + 4𝑏22𝑘
2 (𝜇2�̄�1(𝑘) + 2𝜇1�̄�2(𝑘)

)

− 4𝑘4𝜇2�̄�1(𝑘)
)

(2)
𝑏 = 4𝑏21𝑘

2𝜇2
(

−𝑏21
(

𝑏42𝐴1(𝑘) − 4𝑏22𝑘
2𝐴1(𝑘) + 4𝑘4𝐴1(𝑘) + 4𝑘2𝐴2(𝑘)�̄�1(𝑘)�̄�2(𝑘)

)

+

+𝑏42𝑘
2𝐴1(𝑘) − 4𝑏22𝑘

4𝐴1(𝑘) + 4𝑘6𝐴1(𝑘) + 4𝑘4𝐴2(𝑘)�̄�1(𝑘)�̄�2(𝑘) + 𝑏41𝐴2(𝑘)�̄�1(𝑘)�̄�2(𝑘)
)

,

and finally (see Box III)

Appendix B

The mathematical form of 𝜕2

𝜕𝑡2
Im

[

1
𝐽
(

− 𝑡−𝑡0
𝑥−𝑥0

)

]

𝜕2

𝜕𝑡2
Im

⎡

⎢

⎢

⎢

⎣

1

𝐽
(

− 𝑡−𝑡0
𝑥−𝑥0

)

⎤

⎥

⎥

⎥

⎦

= 1
𝑥2

Im
[

𝐴(𝑢)
𝐵(𝑢)

]

where 𝑢 = − 𝑡−𝑡0
𝑥−𝑥0

and

(𝑢) = (𝑏21𝛽1(𝑢)𝜇2𝑅2(𝑢) + 𝑏22𝛽2(𝑢)𝜇1𝑅1(𝑢))3

1
𝜇1𝜇2

𝐴(𝑢) = 𝑏21𝜇2𝛽1𝑅
2
2
(

𝑏21𝜇2𝑅2
(

2𝛽′1𝑅
′
1 − 𝛽1𝑅

′′
1
)

+ 2𝑏22𝜇1𝛽2(𝑅
′
1)

2) −

−𝑏21𝜇2𝑅1𝑅2
(

𝑏21𝜇2𝑅
2
2
(

2(𝛽′1)
2 − 𝛽1𝛽′′1

)

+ 𝑏22𝜇1𝑅2
(

2𝛽2𝛽′1𝑅
′
1 − 4𝛽1𝛽′2𝑅

′
1 + 𝛽1𝛽2𝑅

′′
1
)

+4𝑏22𝜇1𝛽1𝛽2𝑅
′
1𝑅

′
2
)

+

+𝑏21𝑏
2
2𝜇1𝜇2𝑅

2
1
(

𝑅2
(

4𝛽2𝛽′1𝑅
′
2 − 2𝛽1𝛽′2𝑅

′
2 − 𝛽1𝛽2𝑅

′′
2
)

+ 𝑅2
2
(

𝛽2𝛽
′′
1 − 4𝛽′1𝛽

′
2 + 𝛽1𝛽

′′
2
)

+2𝛽1𝛽2(𝑅′
2)

2) +

+𝑏42𝜇
2
1𝑅

3
1

(

𝛽2
(

2𝛽′2𝑅
′
2 − 𝛽2𝑅

′′
2
)

+ 𝑅2
(

𝛽2𝛽
′′
2 − 2(𝛽′2)

2))

with

𝛼𝑛(𝑢) =
√

𝑎2𝑛 − 𝑢2

𝛼′𝑛(𝑢) = − 𝑢
√

𝑎2𝑛 − 𝑢2

′′
𝑛 (𝑢) = −

𝑎2𝑛
(𝑎2𝑛 − 𝑢2)3∕2

𝛽𝑛(𝑢) =
√

𝑏2𝑛 − 𝑢2

𝛽′𝑛(𝑢) = − 𝑢
√

𝑏2𝑛 − 𝑢2

𝛽′′𝑛 (𝑢) = −
𝑏2𝑛

(𝑏2𝑛 − 𝑢2)3∕2

𝑅 (𝑢) = (𝑏2 − 2𝑢2)2 + 4𝑢2𝛼 𝛽
𝑛 𝑛 𝑛 𝑛
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𝑅

A

c

ℎ𝑐 (𝑘) = arctan
⎡

⎢

⎢

⎣

−
�̄�2(𝑘)

(

4𝑏22𝑘
2𝜇1

(

𝑘2 − 𝐴1(𝑘)𝐵1(𝑘)
)

− 4𝑏21𝑘
2 (𝜇2𝐴2(𝑘)𝐵1(𝑘) + 𝑏22𝜇1

)

+ 𝑏41𝑏
2
2𝜇1

)

𝑏21𝜇2𝐵1(𝑘)
(

𝑏22 − 2𝑘2
)2

⎤

⎥

⎥

⎦

(A.18)

Box III.
𝑅′
𝑛(𝑢) = −8𝑢(𝑏2𝑛 − 2𝑢2) + 8𝑢𝛼𝑛𝛽𝑛 + 4𝑢2𝛼′𝑛𝛽𝑛 +

+4𝑢2𝛼𝑛𝛽′𝑛
′′
𝑛 (𝑢) = −8(𝑏2𝑛 − 6𝑢2) + 8𝛼𝑛𝛽𝑛 + 16𝑢𝛼′𝑛𝛽𝑛 +

+16𝑢𝛼𝑛𝛽′𝑛 + 4𝑢2𝛼′′𝑛 𝛽𝑛 +

+4𝑢2𝛼𝑛𝛽′′𝑛 + 8𝑢2𝛼′𝑛𝛽
′
𝑛

ppendix C

A numerical procedure to solve Eq. (5.56) is outlined here. Cru-
ially, all terms in the equation can be expressed in terms of 𝑘 = 𝑡∕𝑥,

it is possible to employ a one dimensional Nyström collocation method
to solve it numerically. The problem can be expressed as

⟨𝐹 (𝑘) +𝑄∗(𝑘) − 𝑓 sign(𝑓 )𝑃 ∗(𝑘), �̈�(𝑘)⟩

= 𝑓 sign(𝑓 )𝑃 (𝑘) −𝑄(𝑘)
(C.19)

where 𝐹 (𝑘) is the kernels described above. We seek �̈�(𝑘), the distribu-
tion of slip velocities.

We find it numerically by discretising the solution domain 𝑘 ∈ [0,∞]
into 𝑁 subintervals and 𝑁 + 1 collocation points. The form of the
distribution of slip is approximated by a Galerkin function

�̈�(𝑘) =
𝑛
∑

𝑖=1
𝜙𝑖𝑁𝑖(𝑘) (C.20)

where 𝜙𝑖 is the nodal value, and 𝑁𝑖(𝑘) are some basis functions. We
choose 𝑁𝑖(𝑘) to linearly interpolate the node 𝑖 with value 1 and take
value 0 in all other nodes. The solution we seek is the 𝑛 nodal values
𝜙𝑖, for which we need 𝑛 equations. We have:
𝑛
∑

𝑖=1
𝑣𝑖⟨𝐹 (𝑘) +𝑄∗(𝑘) − 𝑓 sign(𝑓 )𝑃 ∗(𝑘), 𝑁𝑖(𝑘)⟩ =

= 𝑓 sign(𝑓 )𝑃 (𝑘) −𝑄(𝑘)

(C.21)

We can obtain the 𝑛 equations by collocating 𝑛 k-points along the real
line. If {𝑘𝑖} represents the 𝑛 nodes and 𝑘𝑗 the 𝑛 collocation nodes, we
can rewrite the system of equations as:

𝐹 tot
𝑗𝑖 𝜙𝑖 = 𝑓 sign(𝑓 )𝑝𝑗 − 𝑞𝑗 (C.22)

where 𝑓𝑗 ≡ 𝑓 (𝑘𝑗 ) and 𝑓𝑖 =≡ 𝑓 (𝑘𝑖). The values of 𝑝𝑗 and 𝑞𝑗 can be
directly evaluated. Those of 𝐹 tot

𝑗𝑖 come from evaluating:

𝐹 tot
𝑗𝑖 = ⟨𝐹 (𝑘) +𝑄∗(𝑘) − 𝑓 sign(𝑓 )𝑃 ∗(𝑘), 𝑁𝑖(𝑘)⟩||𝑘=𝑘𝑗

Given that the support of each 𝑁𝑖(𝑘) is 𝑘 ∈ [𝑘𝑖−1, 𝑘𝑖+1], most 𝐹 tot
𝑗𝑖 =

0 and the matrix is banded. The resulting problem is inherently ill-
posed, and needs to be regularised. The solution 𝜙𝑖 can be regularised
using a Tikhonov regularisation scheme with 𝛤𝑗𝑖 = 𝜆𝛿𝑗𝑖 the Tikhonov
matrix for 𝜆 the regularisation parameter to be adjusted. This leads to
a regularised solution:

�̂�𝑖 = (𝐹 tot
𝑖𝑗 𝐹

tot
𝑗𝑖 + 𝛤𝑗𝑖𝛤𝑖𝑗 )−1𝐹 tot

𝑗𝑖 (𝑓 sign(𝑓 )𝑝𝑗 − 𝑞𝑗 )
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