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A B S T R A C T

Planetary gears (PGs) play a critical role in hybrid electric vehicles (HEVs) by combining the output torques
of different powertrain components and delivering the resulting torque to the wheels. Whilst previous studies
show that the number of planetary gears affects performance of HEVs, there is no prior study to systematically
investigate such effects on energy consumption. This paper quantifies the energy efficiency improvement of
HEVs due to increasing the number of PGs from one to two, and from two to three. This is done by comparing
the minimum energy consumption for different topologies when the rest of the powertrain components –
namely electric motors, batteries and engine – are the same. To calculate the minimum energy consumption,
the paper proposes an optimal energy management strategy (EMS) for each topology to find the optimum
sequence of clutch engagement and torque distribution. The minimum energy consumption of a vehicle with
different number of PGs is then evaluated using the automotive simulation models (ASM) from dSPACE. Results
show that, for the same electric motors and engine, increasing the number of PGs from one to two and from
two to three reduces energy consumption by 5% and 1.5%, respectively.
1. Introduction

In 2020, the UK government issued a strict 95 g/km limit on the
CO2 emission for all ground vehicles to address the global concern
of pollution control [1]. A further 15% decrease is expected by year
2025. Automotive industries have been investing in hybrid electric
powertrains to reduce fuel consumption and achieve these ambitious
targets. Performance of a hybrid powertrain depends on the efficiency
of its components as well as on its topology, number of planetary gears
(PGs), and associated energy management strategies (EMSs).

The topology of hybrid powertrains is one of the critical factors
that affect fuel consumption [2–4]. Topology refers to the way that the
powertrain components – namely engine, motors, and differential – are
connected to the wheels. There are three well-known topologies which
are widely used in hybrid powertrains: series, parallel, and power-
split. The latter is a parallel topology that consists of one or more
PGs as power splitters, thus providing better fuel economy [5]. Toyota
Prius, Chevrolet Volt, and Ford Fusion Hybrid are among the first to

∗ Corresponding author at: Centre for Future Transport and Cities (CFTC), Coventry University, Coventry CV1 5FB, UK.
E-mail address: rajputd@uni.coventry.ac.uk (D. Rajput).

launch power-split topologies with one PG. Adding a clutch to the
traditional Toyota Prius powertrain with one PG is shown to reduce
the total energy consumption by 2.6% [6]. A power-split powertrain
that includes clutches is called a multi-mode topology, which provides
better fuel economy than the traditional single-mode topologies due to
the higher degrees of freedom (DoF) over a wider range of operating
conditions [7].

Increasing the number of PGs also appears to reduce energy con-
sumption of a power-split powertrain. For example, Rajput et al. [8]
reported a 4% decrease in energy consumption by increasing the num-
ber of PGs from one to two. Benefiting from the reduction in total fuel
consumption, Toyota and General Motors launched hybrid powertrains
with two PGs for their Prius [9] and Chevrolet Volt [10] models,
respectively. Later, Zhuang et al. [3] showed that increasing from two
to three PGs further reduces the total energy consumption by 1.1% due
to the introduction of new modes of operation. However, this increment
is limited by the fact that the powertrain components are not identical
vailable online 20 July 2022
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Nomenclature

𝑟𝑡𝑦𝑟𝑒 Tyre radius
𝑚𝑖𝑐𝑒 Engine fuel consumption
𝑚𝑒𝑞𝑣 Equivalent fuel consumption
𝑚𝑡 Total energy consumption
𝑏𝑠𝑓𝑐 Brake specific fuel consumption
𝜔𝑅 Angular velocity of ring gear
𝜔𝑆 Angular velocity of sun gear
𝜔𝐶 Angular velocity of carrier gear
𝜔𝑜𝑢𝑡 Angular velocity of output shaft
𝑇𝑚𝑔1 Torque of motor generator 1
𝑇𝑚𝑔2 Torque of motor generator 2
𝑇𝑒 Torque of engine
𝜂𝑚𝑔1 Efficiency of motor generator 1
𝜂𝑚𝑔2 Efficiency of motor generator 2
𝜂𝑏𝑡ℎ Brake thermal efficiency of engine
𝑇𝑟𝑒𝑞 Torque requested by vehicle
𝑚 Mass of vehicle
𝐶𝜏𝑚𝑔2 Torque constant MG2
𝐶𝜏𝑚𝑔1 Torque constant MG1
𝑅𝑚𝑔2 MG2 Resistance
𝑅𝑚𝑔1 MG1 Resistance
𝑃𝑏𝑎𝑡𝑡 Battery power
𝐶𝑏𝑎𝑡𝑡 Capacity (i.e., charge) of battery (kWh)
𝑀𝑖 Mode𝑖
𝐼∗ Inertia of powertrain components
𝜔∗ Angular velocity of powertrain components
𝑅𝑖 Radius of ring gear of i-PG topology
𝑆𝑖 Radius of sun gear of i-PG topology
𝐹𝑖 Internal force acting between gears of i-PG

topology
𝑆𝑜𝐶 State of charge
𝑘 Number of sample
𝑇𝑘 Sampling time
𝑞 Fuel flow rate of engine
𝜌 Density of gasoline
𝑄HHV Calorific value of gasoline
𝛼 Motor states −1 for motoring and 0 for

regeneration
𝑃𝑚𝑎𝑥 Maximum power
𝑇𝑚𝑎𝑥 Maximum torque
𝑆𝑃𝑚𝑎𝑥 Maximum speed

for different topologies. Moreover, the engagement and disengagement
of clutches are not penalised even though this is known to increase me-
chanical losses [11]. General Motors (GM) introduced a 3PG powertrain
topology, referred to as 2-Mode Hybrid Transmission, for applications
involving full acceleration, hill climbing, and towing [12].

The aforementioned studies investigated the performance of com-
mercial hybrid electric vehicles (HEVs) with one, two, and three PGs –
referred to as 1PG, 2PG, and 3PG topologies from here forth – and not
the explicit effect of increasing the number of PGs on energy consump-
tion. The analysis of the latter requires evaluating the performance of
the topologies when the power components are identical and optimally
operating. Therefore, the comparison relies on the development of an
optimal EMS for each topology to choose the best mode, configuration,
and torque distribution over the driving cycle to minimise energy
2

consumption and CO2 emission. a
Each mode of operation of a power-split powertrain represents a
type of configuration, which is defined as a topology with a particular
order of clutch engagements. A power-split hybrid topology with mul-
tiple clutches can generate numerous configurations, some of which
may belong to the same mode of operation. For example, a hybrid
powertrain may operate at the fully electric mode – where only electric
machines contribute to the torque of the wheels – whilst this mode of
operation can be realised with different configurations.

There is an extensive list of previously developed EMSs for hybrid
powertrains, including rule-based strategies [13]; online optimisation-
based strategies [14–18]; equivalent consumption minimisation strat-
egy (ECMS) [19–21]; Pontryagin’s minimum principle-based strate-
gies [22]; learning-based EMSs [23–25]; predictive EMSs [26]; and
Hierarchical EMSs [27]. Moreover, researchers have proposed a so-
called deep reinforcement learning (DRL) based energy and emission
management strategy (E&EMS), and results show that two distributed
DRL algorithms improved the learning efficiency of the E&EMS by
four times [28,29]. These EMSs either are only suitable for single-
mode topologies or provide a sub-optimal solution by decoupling mode
selection and torque distribution actions.

The contributions of this paper to address these gaps are as follows:

• Evaluation of the impact of number of PGs on the energy con-
sumption of HEVs. It is shown that increasing the number of
PGs from one to two and from two to three reduces the energy
consumption by 5% and 1.5%, respectively.

• Optimal EMS for the multi-mode hybrid electric powertrains with
different numbers of PGs. The developed EMS simultaneously
controls the clutches of the gearbox as well as energy flows
of components to minimise energy consumption over a driving
cycle.

• Design rules are introduced for HEVs with multiple PGs:

1. Electric motors with higher speed give flexibility to im-
prove the engine efficiency and therefore reduce energy
consumption. This can happen by both the 2PG and 3PG
topologies.

2. Engine can operate within the optimum range of its ro-
tational speed using the fixed-gear modes and without
involvement of electric motors. This is possible in 3PG
topologies and reduces the electric losses and hence the
energy consumption.

The main motivation of this paper is to develop a test environment
o evaluate the sensitivity of the performance of the electrified power-
rain with respect to only one design variable that is the number of PGs.
he proposed EMS makes the evaluation valid by finding the optimal
nergy consumption of different topologies, which nullifies the effect
f other design variables.

The remainder of this paper is organised as follows: the system
omponents are presented in Section 2; the developed EMS is described
n Section 3; the real-time simulation results are discussed in Section 4;
hilst conclusions are drawn in Section 5.

. System components

This paper studies the impact of five multi-mode topologies on the
nergy consumption of a nominal hybrid electric passenger car. This
ncludes four topologies introduced by Toyota, Chevrolet and General
otors, and an additional one proposed in Zhuang et al. [30], on

he energy consumption of a nominal hybrid electric passenger car.
hroughout this paper, these hybrid topologies are referred to as 1PG-
, 2PG-1, 2PG-2, 3PG-1, and 3PG-2. Table 1 summarises the size of
he components and other parameters of the nominal car that hosts the
ive transmissions. The developed models of the system components are
ummarised below, whilst more details are provided in Appendices A

nd B.
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Table 1
Sizes of the powertrain components.

Component name Parameters

Engine 𝑃𝑒,max = 50 kW at 4500 rpm, 𝑇𝑒,max = 105 Nm at 2000 rpm, 𝜂bth =
33% at 2050 rpm, refer Fig. 8b for the bsfc map of the engine.

Motor generator 2 𝑃𝑚𝑔2,max = 60 kW, 𝑇𝑚𝑔2,max = ±200 Nm, 𝑆𝑃𝑚𝑔2,max = ±13, 000 rpm,
refer Fig. 8a for the efficiency map of the MG2.

Motor generator 1 𝑃𝑚𝑔1,max = 42 kW, 𝑇𝑚𝑔1,max = ±200 Nm, 𝑆𝑃𝑚𝑔1,max = ±30, 000 rpm,
refer Fig. 8c for the efficiency map of the MG1.

Battery capacity 𝑃𝑏𝑎𝑡𝑡,max = 27 kWh, C10 = 6.5 Ah, 𝑅𝑖𝑛𝑡 = 0.5 Ω
PG1 ratio

R1:S1 2.6
PG2 ratio

R1:S1 2.6
R2:S2 2.63

PG3 ratio
R1:S1 2
R2:S2 2
R3:S3 2

Differential gear ratio 3.95
Vehicle mass 1450 kg
Tyre radius 0.33 m
Table 2
List of modes generated by different topologies. Degrees of freedom are with respect
to the component speeds.

Mode Symbol Topologies Description

1 m1 1PG-1 EV mode
2PG-1
2PG-2

(2 × MGs, 0 × DoF)

3PG-1
3PG-2

2 m2 2PG-2 Parallel with fixed-gear mode
3PG-1
3PG-2

(1 × MG+engine, 0 × DoF)

3 m3 1PG-1 Input-split mode
2PG-1
2PG-2

(1 × MG+engine, 1 × DoF)

3PG-1
3PG-2

4 m4 1PG-1 EV mode
2PG-1
2PG-2

(1 × MG, 0 × DoF)

3PG-1
3PG-2

5 m5 2PG-2 Compound split mode
3PG-1 (Flexible combination, 1 × DoF)

6 m6 3PG-1 Parallel with fixed-gear mode
3PG-2 (2 × MGs+engine, 0 × DoF)

7 m7 3PG-2 Parallel with fixed-gear mode
(2 × MG+engine, 0 × DoF)

8 m8 1PG-1 Series mode
2PG-1 (1 × MG and 1 × MG+engine, 1 × DoF)

9 m9 2PG-2 Parallel with fixed-gear mode
3PG-1
3PG-2

(1 × MG, 0 × DoF)

2.1. Planetary gearset

One or more PGs are in the core of the power-split hybrid power-
trains. As shown in Fig. 1, a PG consists of three gears, namely the sun
(S), ring (R), and carrier (C) gears. The radii of the ring and sun gears
are referred to as 𝑅𝑟 and 𝑆𝑠, respectively. However, a PG only has two
degrees of freedom because the angular velocities of these three gears
are related as follows:

𝜔𝑆𝑆𝑠 + 𝜔𝑅𝑅𝑟 = 𝜔𝐶 (𝑅𝑟 + 𝑆𝑠) (1)

Fig. 2 shows a lever diagram of each of the five hybrid topologies
considered in this study. Table 2 also summarises all the modes of
3

Fig. 1. 3-D representation of a planetary gearbox and its lever analogy [8].

Table 3
Clutch engagements of all topologies in Fig. 2 to realise different modes, where CL𝑖+CL𝑗
means that clutches 𝑖 and 𝑗 are the only ones engaged to generate the mode whilst
N.A. means that the corresponding mode-topology pairing is not available.

Modes Topologies

1PG-1 2PG-1 2PG-2 3PG-1 3PG-2

Mode 1 (m1) CL1+CL3 CL1+CL3 CL1+CL3 CL3 CL1
Mode 2 (m2) N.A. N.A. CL1+CL2 CL1+CL2 CL1+CL2
Mode 3 (m3) CL1 CL1 CL2 CL1 CL1
Mode 4 (m4) CL2+CL3 CL2+CL3 CL2+CL3 CL2 CL1
Mode 5 (m5) N.A. N.A. CL1 CL1+CL3 CL2
Mode 6 (m6) N.A. N.A. N.A. CL2+CL3 CL1+CL4
Mode 7 (m7) N.A. N.A. N.A. N.A. CL2+CL4
Mode 8 (m8) CL3 CL3 N.A. N.A. N.A.
Mode 9 (m9) N.A. N.A. N.A. CL1+CL2+CL3 N.A.

operation that these topologies can generate. Fig. 2(a) shows the 1PG
topology, which can realise three modes of operation with different
clutch engagements. Figs. 2(b) and 2(c) show 2PG-1 and 2PG-2 topolo-
gies, respectively, which can realise up to five modes. Figs. 2(d) and
2(e) show the 3PG-1 and 3PG-2 topologies, respectively, which can
generate up to seven modes of operation.

Each mode of operation is modelled by a binary variable indicating
whether the mode is selected. For example, 𝑚1 = 1 means that Mode 1
is selected. Evidently, only one mode can be selected at any one time.

Zhang et al. [9] introduced an automated process to formulate the
behaviour of the gearbox at each mode of operation. For example, the
behaviour of the 1PG topology when operating in 𝑚1, 𝑚3 and 𝑚4 is
represented by (2), (3) and (4), respectively.
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Fig. 2. Topologies used in this study: (a) 1PG-1, (b) 2PG-1, (c) 2PG-2, (d) 3PG-1, (e) 3PG-2. The solid black box represents the engaged clutch whilst the two thick blue lines
represent disengaged clutches.
1. Mode 1 — EV mode (2×MGs, 0×DoF)
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2. Mode 3 — Input-split mode (1×MG + engine, 1×DoF)
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3. Mode 4 — EV mode (1×MG, 0×DoF)
(

𝑚𝑟2t𝑦𝑟𝑒
𝐾2

+ 𝐼mg2

)

�̇�out = 𝑇mg2 −
( 𝑇req

DG𝑅

)

(4)

2.2. Electric motors

The hybrid powertrain in this study includes two electric motors
which share the same torque characteristics but differ in their power
and speed profiles. Motor-Generator 1 (MG1) operates as the engine
speed controller in all modes, while it contributes towards the total
4

torque request in 𝑚1 and 𝑚6 only. Motor-Generator 2 (MG2) is the only
source of power in 𝑚4, and the primary source of electric power in all
other modes. MG2 is also used for regeneration in all topologies.

The electric motors in this study are modelled with their efficiency
maps at different values of mechanical torque and rotational speed. The
efficiency map of the electric motor 𝑖 ∈ {1, 2}, which depends on the
internal resistance and torque constant of the motor, is represented as
in (5).

𝜂mg𝑖 =

⎛

⎜

⎜

⎜

⎜

⎝

1

1 +

(

𝑇mg𝑖 ∕𝐶𝑇mg𝑖

)2
𝑅mg𝑖

𝑇mg𝑖𝜔mg𝑖

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑖 ∈ {1, 2} (5)

2.3. Engine

The hybrid powertrain of this study uses a gasoline engine which is
attached to different gears of the PGs depending on the topology. As
shown in Fig. 2, the engine is connected to the carrier gear of the first
PG (C1) in both 1PG-1 and 2PG-1 topologies, whereas it is connected
to the ring gear of the first PG (R1) in the remaining topologies. In
order to make a fair comparison, all topologies use the same engine,
which is represented as a map of its brake-thermal efficiency in terms
of rotational speed and mechanical torque:

𝜂bth =
𝜋𝑇e

𝜌𝑞𝑄HHV
(6)

The fuel flow rate of the engine (𝑞𝑘) is measured in mm3/cycle and
modelled as a polynomial of degree five (quintic function) in terms
of the engine torque and angular velocity. For further details on this
polynomial, refer to Appendix B.
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2.4. Battery

The state of charge (SoC) of batteries is a function of time, and of
their charging and discharging power. This is modelled by the following
ordinary differential equation (ODE):

𝑆𝑜𝐶𝑘+1 = 𝑆𝑜𝐶𝑘 − 𝑇𝑘

(

𝑃batt,𝑘
3600 ⋅ 𝐶batt

)

(7)

where 𝑃𝑏𝑎𝑡𝑡,𝑘 > 0 shows that the battery is being discharged. The
ampling time of the driving cycles is normally one second (i.e. 𝑇𝑘 = 1).

The battery power is a hybrid algebraic function (i.e. a function
f both continuous and discontinuous variables) of torque, angular
elocity, and efficiency of MG1 and MG2:

batt = 𝑇mg1𝜔mg1𝜂
𝛾1
𝑚𝑔1 + 𝑇mg2𝜔mg2𝜂

𝛾2
mg2 (8)

where 𝛾1, 𝛾2 ∈ {−1, 1} are binary variables that, respectively, indicate
whether MG1 and MG2 are in the motoring (𝛾𝑖 = −1) or generating
(𝛾𝑖 = 1) mode of operation. Both the MG1 and MG2 are used for
motoring in mode 1 whereas MG2 is the only source of electric traction
in modes 2–8. Without loss of generality, it is assumed that only MG2
performs regeneration.

3. Energy Management Strategy (EMS)

For an unbiased study, the energy consumption of hybrid power-
trains with different numbers of PGs must be compared operating opti-
mally over the driving cycle. Therefore, we propose here an EMS that
performs both mode selection and torque distribution simultaneously
to ensure optimal operation of the powertrain over the given cycle. An
EMS with simultaneous mode selection and torque distribution leads
to a complex mixed-integer optimisation problem due to the existence
of discontinuities caused by changing the mode of operation; i.e. due
to engaging and disengaging clutches and switching the operation of
the electric motors between motoring and generating. This fact, along
with the nonlinearity of components and the existence of algebraic
constraints, results in the EMS comprising a mixed-integer nonlin-
ear optimal control problem (OCP) with differential and algebraic
equations (DAEs):

𝐮∗(.) = argmin
𝐮(.)

𝑁
∑

𝑘=0
𝐽 (𝐱𝑘, 𝐳𝑘,𝐮𝑘; 𝜃𝑘) (9a)

s.t. ∶ (19)–(23)
0 ≤ 𝑚𝑝,𝑘 ⟂ 𝑚𝑞,𝑘 ≥ 0,

∀𝑝 ≠ 𝑞 ∈ {1..9} (9b)
9
∑

𝑝=1
𝑚𝑝,𝑘 = 1 (9c)

𝐹𝑖
(

𝐱𝑘, 𝐳𝑘,𝐮𝑘; 𝜃𝑘
)

= 0 (9d)

𝐮 ≤ 𝐮𝑘 ≤ 𝐮 (9e)

𝐱 ≤ 𝐱𝑘 ≤ 𝐱 (9f)

𝐳 ≤ 𝐳𝑘 ≤ 𝐳 (9g)
𝑖 ∈ {1PG-1,2PG-1,2PG-2,

3PG-2,3PG-1} (9h)

here the decision variables are the engine torque, MG2 torque, MG1
ngular velocity, modes and 𝛼, and therefore 𝐮 = [𝑇𝑒, 𝑇𝑚𝑔2, 𝜔𝑚𝑔1, 𝑚1,

𝑚2, 𝑚3, 𝑚4, 𝑚5, 𝑚6, 𝑚7, 𝛼]𝑇 . Binary variable 𝛼 represents the states of the
electric motors, where 𝛼 = 0 during regeneration and 𝛼 = 1 during mo-
toring. The battery SoC is a differential state variable: 𝐱 = [𝑆𝑜𝐶]. The
algebraic variables of the problem are MG1 torque, MG2 angular ve-
locity and engine angular velocity, and therefore 𝐳 = [𝑇𝑚𝑔1, 𝜔𝑚𝑔2, 𝜔𝑒]𝑇 .

he parameters used in this problem are the torque demand 𝜏𝑟𝑒𝑞 and
he vehicle longitudinal speed 𝑉 , and therefore 𝜃 = [𝑇 , 𝑉 ].
5

𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑟𝑒𝑞 𝑣𝑒ℎ𝑖𝑐𝑙𝑒
is the prediction horizon, which is equal to the length of the driving
ycle in seconds since the sampling time 𝑇𝑘 is one second.

The objectives of the EMS are to minimise (1) energy consumption,
2) number of mode shifts, and (3) deviation of the battery SoC from its
nitial value (SoC0). This is turned into a single-objective optimisation

problem by a convex combination of some quantification of each
objective:

𝐽 =
𝑁
∑

𝑘=0

{

𝛽𝑚�̇� + 𝛽𝑠�̇�𝑘 + 𝛽𝑠𝑜𝑐 (SoC0 − SoC𝑘)2
}

(10)

here [𝛽𝑚, 𝛽𝑠, 𝛽𝑠𝑜𝑐 ] = [0.5, 0.1, 0.4] are the optimum convex combination
oefficients for 1PG topology, which are calculated by trial and error.
̇ 𝑡𝑘 is the rate of energy consumption. The Second and third terms of
he cost functions are two soft constraints to smoothen the fluctuation
f clutch engagement and to prevent deep discharge of battery.

̇ 𝑡,𝑘 = �̇�e,𝑘 + �̇�eqv,𝑘 (11)

nd:

̇ e,𝑘 =
𝑞𝜌𝜔e,𝑘
120

(12)

�̇�eqv,𝑘 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑇mg2,𝑘𝜔mg2,𝑘
𝜂𝑚𝑔2,𝑘𝜂char∕𝜂dischar

1
0.35QHHV

𝑚𝑖,𝑘𝛼𝑘 if 𝑚 ∈ {2, 3,… , 9};

𝜂char
𝜂dischar

1
0.35QHHV

𝑚1,𝑘𝛼𝑘

(

𝑇mg2,𝑘𝜔mg2,𝑘
𝜂mg2,𝑘

+

𝑇mg1,𝑘𝜔mg1,𝑘
𝜂mg1,𝑘

)

otherwise.

(13)

Minimising �̇�𝑘 in (14) leads to minimising the number of mode
shifts. Frequent mode shifts in the hybrid powertrain will lead to exces-
sive mechanical losses due to repeated engagement and disengagement
of clutches.

̇ 𝑘 = 1
2
𝛿𝛾

(

𝐼e
[

𝜔e,𝑘 − 𝜔e,𝑘−1
]2 + 𝐼mg1

[

𝜔mg1,𝑘 − 𝜔mg1,𝑘−1
]2
)

(14)

where 𝛾 is a weighting factor fixed to 0.02 [31]. The mode change
factor 𝛿 = 0 when the next and current modes are the same, whilst
𝛿 = 1 otherwise.

Eqs. (9b) and (9c) represent the multi-mode operation of the pow-
ertrain. The discontinuities due to the gearbox and electric motor
operations are modelled by complementarity constraints (9b), where
the operator ⟂ indicates that at least one of the bounds is active
(i.e. either 𝑚𝑗,𝑘 or 𝑚𝑙,𝑘 is zero at each time 𝑘). Eq. (9c) ensures that
only one of the eight modes is active at any given 𝑘.

Eq. (9d) models each powertrain topology as a set of DAEs to
characterise the behaviour of the transmission system and constraints of
the power flows. Appendix A provides details of these models, where all
equations are extracted from the models in Section 2.1 under steady-
state conditions. For example, the steady-state equations for the 1PG
topology in mode 1 (i.e. when �̇�𝑒 = �̇�𝑜𝑢𝑡 = �̇�𝑚𝑔1 = 0) are as follows:

−𝑅1𝐹1 = 𝑇mg2 −
𝑇req

DG𝑅
(15)

𝑆1𝐹1 = 𝑇mg1. (16)

Combining Eqs. (15) and (16) to eliminate 𝐹1, the following alge-
braic constraint of torques is obtained:

𝑇mg2 =
−𝑇mg1𝑅1

𝑆1
+

𝑇req𝑘
𝐷GR

, (17)

which is only valid when the powertrain operates in mode 1 and the
electric motors are in traction mode; i.e. 𝑚1 = 1 and 𝛼 = 1. Therefore,
17) is rewritten as a mixed-integer algebraic constraint in (18) (see
lso (19a) in Appendix A).

𝑚𝑔2 =
(−𝑇𝑚𝑔1𝑘𝑅1

𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘 )𝑚1,𝑘 (18)
𝑘 𝑆1 𝐷𝐺𝑅
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Fig. 3. A generic layout of the developed real-time simulation models using dSPACE ASM library. Planetary gearbox, EMS (as lookup table) and part of the inner controllers are
specific to each topology.
Fig. 4. Real-time simulation results showing the tracking error with respect to the desired velocity profile. The rms values of tracking error for 3PG-1 and 3PG-2 topologies are
14.23 m∕s and 12.76 m∕s which are higher than the corresponding values of 1PG and 2PG topologies.
The EMS in (9) is discretised and then formulated as a mixed-integer
non-linear programming (MINLP) problem using the mathematical pro-
gramming language (AMPL), which is the modelling language adopted
by Neos server as the standard interface for solvers. The formulated
problem is then solved with Knitro, available in the Neos server, which
achieves a local optimal solution at every sampling time. The reliability
of the solution of the EMS is assessed by using a real-time simulator
which takes into account a full vehicle model and the environmental
disturbances.

4. Real-time simulation

The real-time simulation models of the five hybrid topologies con-
sidered in this paper were developed based on the ASM from dSPACE.
As shown in Fig. 3, the models consist of vehicle dynamics, an internal
combustion engine, planetary gearbox including clutches, final drive,
two motor-generators labelled MG1 and MG2, batteries and electronics,
inner controllers, and the EMS developed in Section 3. The developed
models are simulated over the United States 06 (US06) drive cycle
with 80% initial battery SoC and a one-second sampling time. Different
topologies may differ in:

1. The number of PGs in the planetary gearbox block, which varies
between one and three;

2. The EMS, which is specific to each topology, solved offline, and
stored as a lookup table in the ECU.

The ECU also contains inner controllers for the torques of MG2 and
engine, the angular velocity of MG1, and the gearbox clutches.

4.1. Results and discussion

Fig. 4 shows the tracking performance of the developed powertrain
with 1PG-1, 2PG-1, 2PG-2, 3PG-1, and 3PG-2 topologies. The root mean
square values of tracking error for 3PG-1 and 3PG-2 topologies are
6

Fig. 5. Comparison of total fuel consumption, fuel economy, and reduction percentage
of fuel consumption for topologies with different numbers of PGs over US06 drive cycle.

14.23 m∕s and 12.76 m∕s, respectively. The corresponding tracking er-
rors for the 1PG-1, 2PG-1, and 2PG-2 topologies are 8.22 m∕s, 10.05 m∕s,
and 11.65 m∕s, respectively. In other words, the speeds of the vehicle
with 3PG topologies deviates more than the other topologies from the
desired profile. This is due to the fact that 3PG topologies introduce
more number of modes of operation and hence more clutch fluctuations
adding the complexity of the soft ECU, clutch, and drivetrain models of
the real-time simulation models, which increases the resulting tracking
error of speed. More precisely, there are 7 modes in 3PG-1 and 6 modes
in 3PG-2 topologies, compared to 4 modes in 1PG and 5 modes in 2PG
topologies.

Table 4 shows the energy consumption of each of the topologies
over the US06 drive cycle. The total fuel consumption is the sum of the
fuel consumption by the engine and the equivalent fuel consumption
by the electric motors. The equivalent fuel consumption is the amount
of burned fuel to recharge the battery through MG1 to its initial SoC
(80%) after completing the driving cycle and with the engine operating
at its optimal point.

The total fuel consumption of the 1PG-1 topology is 596 g whereas
that of the 2PG-1 topology is 566 g (i.e. 5.0% lower). Moving from

https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/solvers/cp:Knitro/AMPL.html
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
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Fig. 6. Variations of the (a) total fuel consumption, (b) equivalent and engine fuel consumption and (c) SoC of battery for 1PG-1, 2PG-1 and 3PG-2 topologies.
T
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Table 4
Summary of the real-time simulation results over US06 drive cycle.

Description 1PG-1 2PG-1 2PG-2 3PG-1 3PG-2

Total fuel consumption 596 g 566 g 588 g 579 g 557 g
Total engine fuel consumption 101 g 33.8 g 50 g 71 g 54.2 g
Total equivalent fuel consumption 495 g 532.2 g 538 g 508 g 502.8 g
Battery SoC at the end of cycle 70.2% 68.6% 68.3% 69.1% 69.3%

2PG to 3PG can reduce the total fuel consumption by a further 1.5%
(i.e. 6.5% lower than that of the 1PG topology). As shown in Table 4,
the 2PG-2 and 3PG-1 topologies also reduce fuel consumption with
respect to the 1PG-1 topology by 1.3% and 2.8%, respectively. Engine
fuel consumption by every topology with multiple PGs is lower than
that consumed by the 1PG topology at the expense of a small increase
in the equivalent fuel consumption. In other words, for a maximum
of 1.6% higher discharged battery, the topologies with multiple PGs
consume up to 67 g less engine fuel.

Fig. 5 summarises the best total fuel consumption, fuel economy,
and reduction in total fuel consumption by 1PG, 2PG, and 3PG topolo-
gies. As 2PG-1 and 3PG-2 are the best topologies with respect to fuel
consumption, the remaining analysis in this section focuses on these
cases. As shown in Fig. 5, the rate of reduction of fuel consumption
decreases when the number of PGs increases from two to three. It is
hypothesised that further increasing the number of PGs from three
to four would lead to a saturation in the reduction of the total fuel
consumption.

Fig. 6(a) shows the evolution of the total fuel consumption of the
2PG-1 and 3PG-2 topologies over the US06 drive cycle as compared to
1PG-1 topology. Fig. 6(b) shows that the fuel consumed by the engine is
independent of the topology during the 200−500 s time interval, whilst
it is much lower for the 2PG-1 and 3PG-2 topologies (especially the
former) during the 0–180 s and 500–600 s time intervals. On the other
hand, equivalent fuel consumption of 1PG-1 and 2PG-1 topologies are
similar and higher than that of the 3PG-2 topology during the 200–500 s
time interval. This is a similar trend to the one observed for the battery
SoC in Fig. 6(c).
7

The main reasons for the reduction of fuel consumption of the
2PG and 3PG topologies are: (i) the speed of electric motors is higher
with multiple PG topologies, leading to lower power demand from the
engine; and (ii) fixed-gear ratio topologies save the electric power losses
resulting from regulating the engine speed. These reasons are explained
in more details in the remainder of this section.

As shown in Table 2, 1PG-1 and 2-PG-1 topologies can generate
up to four modes whilst the 2PG-2, 3PG-1 and 3PG-2 topologies can
generate five, seven and eight modes, respectively. 3PG-2 topology
realise mode 1, mode 4, and mode 3 by engaging only one clutch
(CL1), which significantly reduces frequent clutch engagement and
disengagement compared to other topologies. Fig. 7 shows that the
EMS never chooses modes 8 or 9 for any of the topologies. Mode 8
(series mode) can only be selected when the battery 𝑆𝑜𝐶 ≤ 40%, which
never happens for the entire US06 drive cycle. The EMS does not select
mode 9 because MG1 is used as a speed controller for the engine, and
therefore MG1 and engine are not allowed to simultaneously provide
torque to the wheels.

Fig. 7 shows that the EMS chooses mode ∈ {1, 3, 4} for 1PG-1 and
2PG-1 topologies and mode ∈ {1, 2, 3, 4, 6, 7} for 3PG-2 during the 0–
180 s and 500–600 s time intervals. Modes 1 and 4 are EV modes (see

able 2), where the former uses both MGs and the latter only MG2 to
rovide torque to the wheels. Conversely, all drivetrains contribute to
he wheel torque in input-split mode 3, with the engine speed being
egulated by the speed of MG1. Modes 2, 6 and 7 represent parallel
opologies with a fixed ratio between the engine speed and the vehicle
peed. However, unlike mode 4, mode 2 utilises only one MG.

Unlike in 1PG topology, the speed of MG2 in all modes of 2PG-1
nd 3PG-2 other than mode 7 for 3PG-2 topologies are larger than
he speed of final drive, with a coefficient of 𝑅2

𝑆2
> 1 for 2PG-1 and

1 + 𝑅3
𝑆3

> 1 for 3PG-2 topologies. For example, given the gear ratio in
Table 1, the speed of MG2 in 2PG-1 topology over the US06 drive cycle
is up to 2.6 times higher than the speed of MG2 in 1PG-1 topology (see
Fig. 8(a)). Moreover, Fig. 8(b) shows that the engine in 2PG-1 and 3PG-
2 topologies rotates closer to its optimal speed (2050 rpm, as stated

in Table 1) because of the higher speed of MG2, whilst engine speed
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Fig. 7. The optimal mode selection by the EMS for different topologies.
Fig. 8. Operating points of (a) MG2, (b) engine and (c) MG1 for the 1PG-1, 2PG-1 and 3PG-2 topologies.
is too high in 1PG-1 topology. Fig. 8(c) shows that there is not much
difference in MG1 operation across the different topologies. For more
details, please refer to Appendix A.

The higher speed of MG2 enables the engine to operate at high
power with higher efficiency due to the shape of the efficiency map
in Fig. 8(a). Therefore, the EMS utilises MG2 at higher power and
efficiency for the 2PG and 3PG topologies than for the 1PG topology,
as can be observed in Figs. 9(a) and 9(b). This will also reduce the
required power from the engine and hence the direct fuel consumption
(see Fig. 9(c)). This is shown in Fig. 8(b), where the brake specific fuel
consumption (bsfc) of the engine of the 2PG-1 and 3PG-2 topologies
is compared against that of the 1PG topology. This is at the expense
of degrading the efficiency of MG1 for a similar delivered power (see
Fig. 9(f)). However, MG1 does not contribute to the wheel torques
8

during the 0–180 s and 500–600 s time intervals, and hence such
efficiency reduction comprises an insignificant drawback.

As discussed before and shown in Fig. 5, increasing the number of
PGs from two to three further reduces the total fuel consumption by
an extra 1.5%. This is partially because the speed of MG2 in 3PG-2
topology can be even larger than in 2PG-1 (see Fig. 8(a)), resulting
in MG2 being able to provide more power with high efficiency than
2PG-1.

However, the main reason for this is the availability and selection of
the fixed-gear modes (i.e. modes 2 and 6), as shown in Fig. 7. The fixed-
gear modes reduce equivalent energy consumption by not requiring
MG1 to regulate the engine speed, hence excluding the corresponding
losses [12]. During the 80–100 s, 170–180 s and 295–345 s time intervals,
the EMS of the 3PG-2 topology chooses these fixed-gear modes whereas
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Fig. 9. Real-time simulation results for all five topologies, including (a) MG2 power, (b) MG2 efficiency (c) Engine power, (d) Engine efficiency (e) MG1 power, (f) MG1 efficiency.
other topologies with one and two PGs operate in 2EV mode (mode 1)
s they do not support fixed-gear ones. Furthermore, in mode 7 (only
vailable for 3PG-2 topology), the speeds of all components are the
ame and proportional to the vehicle speed (see Appendix A). The EMS
ses this mode to reduce direct fuel consumption whenever there is a
emand for high torque at low vehicle speed.
9

5. Conclusions

This work systematically analysed the effects on energy consump-
tion of the number of planetary gears in the transmission system of
hybrid electric powertrains. Thus, the minimum energy consumption
of five hybrid topologies with one, two, and three PGs were compared
over the US06 drive cycle. For each topology, an EMS ensured that the
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combination of clutch engagements, torque distributions and compo-
nents’ speeds is such that it minimises the total energy consumption.
The latter is calculated as the sum of the engine fuel consumption and
the equivalent fuel consumption of the battery’s discharge energy.

The incorporation of mode selection via clutch engagements into
the nonlinear EMS led to a mixed-integer problem, which was then
converted into a complementarity constrained problem, and solved
using KNITRO within Neos server.

Real-time simulation results showed that increasing the number of
PGs from one to two and from two to three reduces the total fuel
consumption by 5% and 1.5%, respectively. The primary reason for
ower fuel consumption is the higher power provided by the primary
lectric motor (MG2). Additional PGs help MG2 to operate at higher
peed, where it can provide more power with higher efficiency. This
lso reduces the power required from the engine, resulting in lower
ngine fuel consumption. 3PG topologies also benefit from the avail-
bility of fixed gear modes, in which MG1 is not involved in regulating
he engine speed, therefore avoiding the corresponding power loss.

To summarise, increasing the number of PGs reduces total fuel
onsumption due to the higher rotational speed of MG2 and to the
vailability of fixed gear modes. However, it is important to note that
he rate at which total fuel consumption reduces seems to stagnate as
he number of PGs increases.

The methodology developed for this systematic analysis can be
pplied to different types of electrified powertrains and drive cycles.
owever, it should be noted that mechanical losses, frictional losses,
nd the added cost and weight of the powertrains due to increasing
he number of PGs were not considered in this study.
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Appendix A. Multi-mode constraints of the developed EMS for
different gearboxes

The constraints in Eqs. (19)–(23) show the distribution of torque at
10

every mode for 1PG-1, 2PG-1, 2PG-2, 3PG-1, and 3PG-2 respectively.
1PG-1

𝑇𝑚𝑔2𝑘 =
(
−𝑇𝑚𝑔1𝑘𝑅1

𝑆1
𝛼𝑘 +

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚1,𝑘 (19a)

𝑇𝑚𝑔1𝑘 = −𝑆1

( 𝑇𝑒𝑘
𝑅1 + 𝑆1

)

𝑚2,𝑘 (19b)

𝜔𝑚𝑔1𝑘 =
𝑅1
𝑆1

𝜔𝑚𝑔2𝑘𝑚1,𝑘𝛼𝑘 (19c)

𝑇𝑚𝑔2𝑘 =
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑚2,4,𝑘 (19d)

𝑚𝑔2𝑘 = −𝑅1

( 𝑇𝑒𝑘
𝑅1 + 𝑆1

𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚3,𝑘 (19e)

𝑇𝑒𝑘 = 𝑇𝑚𝑔1𝑘𝑚8,𝑘 (19f)

𝜔𝑚𝑔2𝑘 = 𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚1,2,3,4,𝑘 (19g)

𝜔𝑒𝑘 =

(

𝜔𝑚𝑔1𝑘

1 + 𝑅1
𝑆1

+
𝜔𝑚𝑔2𝑘

1 + 𝑆1
𝑅1

)

𝑚3,𝑘𝛼𝑘 (19h)

𝜔𝑒𝑘 =

(

𝜔𝑚𝑔1𝑘

1 + 𝑅1
𝑆1

)

𝑚2,𝑘 (19i)

𝜔𝑚𝑔1𝑘 = 𝜔𝑒𝑘

(

𝑆1 +
𝑅1
𝑆1

)

𝑚8,𝑘 (19j)

2PG-1

𝑇𝑚𝑔1𝑘 =
𝑆1
𝑅1

(

−
𝑅2
𝑆2

𝑇𝑚𝑔2𝑘𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚1,𝑘 (20a)

𝑇𝑚𝑔1𝑘 = −𝑆1

( 𝑇𝑒𝑘
𝑅1 + 𝑆1

)

𝑚2,𝑘 (20b)

𝜔𝑚𝑔1𝑘 =
(𝑆2
𝑆1

)

𝜔𝑚𝑔2𝑘𝑚1,𝑘𝛼𝑘 (20c)

𝑇𝑚𝑔2𝑘 =
𝑆2
𝑅2

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑚2,4,𝑘 (20d)

𝑚𝑔2𝑘 =
𝑆2
𝑅2

(

−𝑅1
𝑇𝑒𝑘

𝑅1 + 𝑆1
𝛼𝑘 +

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚3,𝑘 (20e)

𝑇𝑒𝑘 = 𝑇𝑚𝑔1𝑘𝑚8,𝑘 (20f)

𝜔𝑚𝑔2𝑘 = −
𝑅2
𝑆2

𝐷𝐺𝑅
𝑟𝑡𝑦𝑟𝑒

𝑉𝑣𝑒ℎ𝑘𝑚1,2,3,4,𝑘 (20g)

𝜔𝑒𝑘 =

(

𝜔𝑚𝑔1𝑘𝑆1

𝑅1 + 𝑆1
−

𝜔𝑚𝑔2𝑘𝑆2

𝑅2 + 𝑆2

)

𝑚3,𝑘𝛼𝑘 (20h)

𝜔𝑒𝑘 =

(

𝜔𝑚𝑔1𝑘

1 + 𝑅1
𝑆1

)

𝑚2,𝑘 (20i)

𝜔𝑚𝑔1𝑘 = 𝜔𝑒𝑘

(

𝑆1 +
𝑅1
𝑆1

)

𝑚8,𝑘 (20j)

2PG-2

𝑇𝑚𝑔2𝑘 =
𝑆2

𝑅2 + 𝑆2

(

−𝑇𝑚𝑔1𝑘
𝑅1 + 𝑆1

𝑆1
𝛼𝑘 +

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚1,𝑘 (21a)

𝑇𝑚𝑔2𝑘 =
𝑆2

𝑅2 + 𝑆2

(

−𝑇𝑒𝑘
𝑅1 + 𝑆1

𝑅1
𝛼𝑘 +

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚2,𝑘 (21b)

𝑇𝑚𝑔2𝑘 =
𝑆2

𝑅2 + 𝑆2

(

−𝑇𝑒𝑘𝛼𝑘 − 𝑇𝑚𝑔1𝑘𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

)

𝑚3,5,𝑘 (21c)

𝑇𝑚𝑔2 =
𝑆2 𝑇𝑟𝑒𝑞𝑘 𝑚4,𝑘 (21d)
𝑘 𝑅2 + 𝑆2 𝐷𝐺𝑅

https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
https://neos-server.org/neos/
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𝜔

𝜔

𝜔

𝜔

𝜔

𝜔

3

𝑇

𝑇

𝜔

𝜔

𝜔

𝜔

𝜔

A

q

𝜔𝑚𝑔2𝑘 =
(𝑅2 + 𝑆2

𝑆2

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚1,2,3,4,𝑘 (21e)

𝑚𝑔2𝑘 =
(𝑅2 + 𝑆2

𝑆2

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

−
𝑆1
𝑆2

𝜔𝑚𝑔1𝑘𝑚5,𝑘𝛼𝑘 (21f)

𝜔𝑚𝑔1𝑘 =
(𝑅1 + 𝑆1

𝑆1

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚1,𝑘𝛼𝑘 (21g)

𝑒𝑘 =
(𝑅2 + 𝑆2

𝑅1

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚2,𝑘𝛼𝑘 (21h)

𝑒𝑘 =
(𝑅2 + 𝑆2

𝑅1

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

+
𝑆1
𝑅1

𝜔𝑚𝑔1𝑘𝑚3,5,𝑘𝛼𝑘 (21i)

PG-1

𝑚𝑔2𝑘 =
(

−𝑇𝑚𝑔1𝑘𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑆3
(𝑅3 + 𝑆3)

)

𝑚1,𝑘 (22a)

𝑚𝑔2𝑘 =
(

−𝑇𝑒𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑆3
(𝑅3 + 𝑆3)

)

𝑚2,3,6,𝑘 (22b)

𝑚𝑔2𝑘 =
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑆3
(𝑅3 + 𝑆3)

𝑚4,𝑘 (22c)

𝑚𝑔2𝑘 =
(𝑅3 + 𝑆3

𝑆3

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚1,2,4,6,𝑘 (22d)

𝑚𝑔2𝑘 = 𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑅1
𝑆2

𝜔𝑚𝑔1𝑘𝑚3,𝑘 (22e)

𝑚𝑔1𝑘 = 𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚1,6,𝑘, 𝑖 (22f)

𝑚𝑔1𝑘 =
𝑅2
𝑆2

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚2,𝑘, 𝑖 (22g)

𝑒𝑘 =
𝑅2 + 𝑆2

𝑅2
𝜔𝑚𝑔1𝑘𝑚6,𝑘, 𝛼𝑘 (22h)

𝑒𝑘 =
𝑅2
𝑆2

𝑅2 + 𝑆2
𝑅2

𝜔𝑚𝑔1𝑘𝑚2,𝑘, 𝛼𝑘 (22i)

𝑒𝑘 = 𝜔𝑚𝑔2𝑘𝑚3,𝑘𝛼𝑘 (22j)

PG-2

𝑚𝑔2𝑘 =
(

−𝑇𝑒𝑘
𝑆2

𝑅2𝑅1
𝛼𝑘 +

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑆3
(𝑅3 + 1)

)

𝑚3,7,𝑘 (23a)

𝑇𝑚𝑔2𝑘 =
(

−𝑇𝑒𝑘𝛼𝑘 +
𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑆3
(𝑅3 + 1)

)

𝑚2,𝑘 (23b)

𝑚𝑔2𝑘 =
(

−𝑇𝑒𝑘
𝑆2

𝑅2𝑅1
𝛼𝑘 +

𝑇𝑟𝑒𝑞𝑘
𝐷𝐺𝑅

𝑆3
(𝑅3 + 1)

)

𝑚6,𝑘 (23c)

𝑚𝑔2𝑘 =
(𝑅3 + 𝑆3

𝑆3

)

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚2,3,5,6,𝑘 (23d)

𝑒𝑘 =
𝑆2
𝑅2

(

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑅3 + 𝑆3
𝑆3

+ 𝜔𝑚𝑔1𝑘

)

𝑚3,𝑘𝛼𝑘 (23e)

𝑒𝑘 =
𝑆2

𝑅1𝑅2

(

𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑅3 + 𝑆3
𝑆3

+ 𝜔𝑚𝑔2𝑘

)

𝑚6,𝑘𝛼𝑘 (23f)

𝑒𝑘 =
( 𝑅3
𝑅3 + 𝑆3

𝜔𝑚𝑔2𝑘 −
𝑆1
𝑅1

𝜔𝑚𝑔1𝑘

)

𝑚2,𝑘𝛼𝑘 (23g)

𝑚𝑔2𝑘 = 𝜔𝑚𝑔1𝑘 = 𝜔𝑒𝑘 = 𝐷𝐺𝑅
𝑉𝑣𝑒ℎ𝑘
𝑟𝑡𝑦𝑟𝑒

𝑚7,𝑘𝛼𝑘 (23h)

ppendix B. Mass flow rate of fuel injection to engine per cycle

The mass of fuel from engine is calculated by Eq. (12). The variable
used in that equation refers to mass flow rate of fuel per cycle which
11
is modelled as a polynomial function of order 5 of engine torque (T𝑒)
and engine speed (𝜔𝑒):

𝑞 =𝑝00+

𝑝10𝜔𝑒𝑘 + 𝑝01𝑇𝑒𝑘+

𝑝20𝜔𝑒2𝑘
+ 𝑝11𝜔𝑒𝑘𝑇𝑒𝑘 + 𝑝02𝑇𝑒2𝑘

+

𝑝30𝜔𝑒3𝑘
+ 𝑝21𝜔𝑒2𝑘

𝑇𝑒𝑘 + 𝑝12𝜔𝑒𝑘𝑇𝑒2𝑘
+ 𝑝03𝑇𝑒3𝑘

+

𝑝40𝜔𝑒4𝑘
+ 𝑝31𝜔𝑒3𝑘

𝑇𝑒𝑘 + 𝑝22𝜔𝑒2𝑘
𝑇𝑒2𝑘

+ 𝑝13𝜔𝑒𝑘𝑇𝑒3𝑘
+ 𝑝04𝑇𝑒4𝑘

+

𝑝50𝜔𝑒5𝑘
+ 𝑝41𝜔𝑒4𝑘

𝑇𝑒𝑘 + 𝑝32𝜔𝑒3𝑘
𝑇𝑒2𝑘

+

𝑝23𝜔𝑒2𝑘
𝑇𝑒3𝑘

+ 𝑝14𝜔𝑒𝑘𝑇𝑒4𝑘
+ 𝑝05𝜔𝑒5𝑘

(24)

where:
𝑝00 = 9.888 × 10−1

𝑝10 = 3.087 × 10−4

𝑝02 = 9.858 × 10−3

𝑝30 = 2.739 × 10−11

𝑝21 = 1.265 × 10−8

𝑝12 = 3.348 × 10−7

𝑝13 = 1.059 × 10−11

𝑝04 = 1.742 × 10−6

𝑝50 = 7.724 × 10−19

𝑝41 = 8.884 × 10−18

𝑝32 = 4.498 × 10−15

𝑝23 = 1.147 × 10−13

𝑝14 = −2.844 × 10−12

𝑝05 = −5.227 × 10−9

𝑝01 = −5.154 × 10−2

𝑝20 = −4.332 × 10−8

𝑝11 = −5.215 × 10−5

𝑝03 = −2.006 × 10−4

𝑝40 = −9.107 × 10−15

𝑝31 = −9.222 × 10−13

𝑝22 = −8.382 × 10−11

(25)
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