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WOBBLY MODULI OF CHAINS,

EQUIVARIANT MULTIPLICITIES AND U(n0, n1)-HIGGS

BUNDLES

ANA PEÓN-NIETO

Abstract. We give a birational description of the reduced schemes underlying
the irreducible components of the nilpotent cone and the C×-fixed point locus
of length two in the moduli space of Higgs bundles. By producing criteria for
wobbliness, we are able to determine wobbly fixed point components of type
(n0, n1) and prove that these are precisely U(n0, n1)-wobbly components. We
compute the virtual equivariant multiplicities of fixed points as defined by
Hausel–Hitchin and find that they are polynomial for all partitions other than
(2, 1) and (4, 3). In particular, this proves that they provide an obstruction to
the existence of very stable fixed points only for very specific components.
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To Candela and Inés

1. Introduction

The moduli space MX(n, d) of Higgs bundles of rank n and degree d on a Rie-
mann surface X of genus at least two has been an object of intense study since
their introduction by Hitchin 35 years ago [Hi1]. In spite of their already long his-
tory, they keep proving central through many applications both in geometry and
theoretical physics. To cite a few examples, Higgs bundles appear in relation with
integrable systems [Hi2], mirror symmetry in its many forms [HT, KW, GWZ, H],
quantisation [G, GW], and the proof of geometric Langlands [DP, DP2].
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In this article, we focus on some key objects in the geometry of moduli spaces
of Higgs bundles. These are the fixed points of a C×-action existing in the moduli
space of Higgs bundles [S]. Such points determine the topology of MX(n, d). Indeed,
taking limits to zero retracts MX(n, d) to the nilpotent cone, the fiber over zero
of the Hitchin map. More precisely, it hits the fixed points under the C×-action,
which can also be described in terms of moduli spaces of chains [AG]. Through this
action, it is possible to construct different interesting objects from fixed points. For
instance, the components of the nilpotent cone can be constructed as upward flows
to fixed point components (that is, taking limits at infinity to a given fixed point
component). Another instance, meaningful in mirror symmetry, is the production
of C×-invariant branes such as downward flows to the so called very stable Higgs
bundles [HH, H]. This notion, very stability, and its opposite, wobbliness, are at
the core of many central problems, such as the determination of multiplicities of
the components of the nilpotent cone [HH, Hi3], the definition of divisors inside
MX(n, d) [La, PPa, P], and the already cited mirror symmetry of Hitchin systems
[HT, H] and geometric Langlands via abelianization of Higgs bundles [DP2, DP].
This explains the increasing interest in such objects. The present paper contributes
by providing criteria for wobbliness of fixed points of length two, which allows to
determine the components with very stable points, namely, those to which the
existing techniques apply. Our work is motivated by the role played by wobbly
bundles in several important strands of research.

Indeed, the study of very stable bundles can be traced back to the work of
Laumon [La] on the nilpotent cone of the moduli space of Higgs bundles. Laumon,
following Drinfeld, introduced very stable bundles, and proved that they form a
dense open set in the moduli space of stable bundles. He announced the nowadays
called Drinfeld conjecture. According to this, the complement of very stable bundles
(subsequently named “wobbly” by Donagi–Pantev [DP]) is of pure codimension one.
This result was proven by Pal–Pauly [PPa] in rank two, and by Pal [P] for arbitrary
rank.

Wobbly bundles are also crucial in relation with geometric Langlands from
abelianisation of Higgs bundles [DP]. According to Donagi–Pantev, the right setup
towards this programme involves the study of parabolic Higgs bundles on the moduli
space of vector bundles minus the “shaky” divisor. They conjectured the equality
of the wobbly and shaky loci, a proof of which in the smooth moduli space was
provided by the author [Pe]. A toy model of Donagi–Pantev’s programme was pro-
duced by Hausel–Hitchin [HH] using fixed points of maximal nilpotent order rather
than minimal (namely, the moduli space, involved in geometric Langlands).

More recently, criteria for wobbliness of fixed points in terms of properness of the
Hitchin map [PPe1, Z, HH] has opened the way to the computation of multiplicities
of the irreducible components of the nilpotent cone [HH], only known until then for
the moduli space of bundles [BNR] and the Hitchin section [BR]. Indeed, down-
ward flows to very stable fixed points are proper subvarieties of the moduli space,
intersecting the nilpotent cone with generic multiplicity [HH]. Now, although very
stability is generic, it can be empty [HH, PPe2]. Components with no very stable
points are called wobbly, and very stable otherwise. The current knowledge of the
geometry of very stable components is thus deeper than that of wobbly components.
The determination of which are which is nonetheless unknown. The resolution of
this basic problem is necessary in order to understand fundamental questions such
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as the structure of the nilpotent cone and the related dynamics of the C×-flow,
amongst others.

An obstruction to very stability of components is provided by Hausel and Hitchin
[HH]. They define an invariant, called virtual equivariant multiplicity, which for
very stable components recovers the actual multiplicity. These invariants are power
series which are polynomial when the component contains a very stable point. Their
failure to be such therefore implies wobbliness of the given component. Nonetheless,
virtual equivariant multiplicities are known to be polynomial also for some concrete
wobbly components (e.g., of type (3, 1) [HH]). Hence, they do not characterise
wobbliness. In this paper we provide criteria for wobbliness for fixed points of
nilpotent order two allowing to characterise wobbly components. We also compute
their virtual equivariant multiplicities to gauge the accuracy of this obstruction. We
find that they are almost always polynomial, except in ranks 3 and 7, and only in
the former case they provide a perfect characterisation of wobbly components. This
proves a conjecture of Hausel–Hitchin’s [HH]. It also explains several observations
in low rank showing different possibilities [HH, PPe2].

In his foundational work, Simpson [S] proved that fixed points are in fact Higgs
bundles for real forms. This has been exploited in both directions: results about
moduli spaces of real forms have been deduced from those for fixed points and
viceversa. For example, the determination of irreducible components of the fixed
point locus allowed to prove connectedness of U(p, q)-Higgs bundle moduli spaces by
Bradlow–Garćıa-Prada–Gothen–Heinloth [BGGH]. Very recently, real forms have
been used to produce bounded invariants for moduli spaces of chains by Biquard–
Collier–Garćıa-Prada–Toledo [BCGT]. This interplay between fixed points and real
forms points to the basic question of determining to which extent phenomena such
as wobbliness of fixed point components are controlled by the associated real form.
In this paper we introduce the notion of GR-very stability and prove that very
stability of length two components is equivalent to the a priori weaker notion of
U(n0, n1)-very stability.

The structure of the present paper is as follows. After a preliminary section
(Section 2), we give in Section 3 a birational description of the reduced schemes
underlying the fixed points and the associated components of the nilpotent cone
with generic Higgs field of nilpotent order two (Theorem 3.6). These can be de-
scribed in terms of moduli of chains of length two. The fixed points therein have
underlying vector bundle of the form F0 ⊕ F1, where rk(Fi) = ni and Higgs field
ϕ ∈ H0(F ∗

1 F0K). Our proof uses the Brill–Noether theoretic results by Russo–
Teixidor i Bigas [RT]. In particular, we determine non emptiness of the fixed point
components in terms of an invariant δ directly deducible from the Toledo invari-
ant from the theory of U(n0, n1)-Higgs bundles by Bradlow–Garćıa-Prada–Gothen
[BGG] (albeit more natural for Brill-Noether theoretic reasons). This gives an
alternative construction to the one in [BGG] in terms of moduli of triples. As an
application, we recover minimal dimensionality of the space of sections H0(F ∗

1 F0K)
in Corollary 3.10 (already known for n0 > n1 through Brill–Noether theory). From
this, we give necessary conditions (conjecturally sufficient, see Remark 3.12) for
those flowing down to full components of the wobbly divisor in the moduli space of
bundles (Corollary 3.11). In Section 4, we give criteria for wobbliness of fixed points
of nilpotent order two (Theorem 4.9), which we apply in Section 5 to completely
classify wobbly fixed point components for fixed points of order two (Theorem 5.1).
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This generalises the results obtained in rank three by the author and Pauly [PPe2],
and explains the observations of Hausel–Hitchin for, e.g., partitions of type (3, 1)
and (2, 1). After introducing the notion of GR-very stability (Definition 5.3), we
prove the equivalence between wobbliness of length two components and the a priori
stronger notion of U(n0, n1)-wobbliness (Corollary 5.4). In Section 6 we move on to
the computation of the virtual equivariant multiplicities of fixed points (Proposition
6.3), which has interesting consequences. Firstly, we compute the multiplicities of
very stable fixed point components (Corollary 6.4). Secondly, we determine the
range for which wobbliness of the components is captured by the invariants, i.e.,
the range for which the invariants are not polynomial (Theorem 6.5 and Corollary
6.6). It turns out that this obstruction occurs only in ranks 3 and 7 and only for
partitions of the form (n1 + 1, n1). It moreover completely determines wobbliness
only in rank 3 (Corollary 6.4).

Acknowledgements. Many thanks to P. Gothen, T. Hausel, and C. Pauly, for
meaningful remarks and discussions. Thanks also to M. Teixidor i Bigas for dis-
cussing some aspects of Brill–Noether theory, and M. González and M. Mazzocco
for their comments on a preliminary version of this manuscript.

2. Preliminaries and notation

2.1. Higgs bundles, the Hitchin map, and fixed points. Consider the moduli
space MX(n, d) of Higgs bundles of rank n and degree d on a Riemann surface X of
genus at least two. Its closed points are S-equivalence classes of pairs (E,ϕ) where
E is a vector bundle on X and ϕ ∈ H0(End(E) ⊗ K) where K is the canonical
bundle of X . Recall the definition of semistability:

Definition 2.1. The slope of a vector bundle (E,ϕ) of degree deg(E) and rank
rk(E) is the quotient

µ(E,ϕ) =
deg(E)

rk(E)
.

A Higgs bundle (E,ϕ) is stable (resp. semistable) if for every subbundle 0 ( F ( E
such that ϕ(F ) ⊆ F ⊗K, it holds that

µ(F ) < µ(E) (resp.µ(F ) ≤ µ(E)).

Let

h : MX(n, d) −→ Bn =

n⊕

i=1

H0(Ki) (E,ϕ) 7→ det(xId − ϕ)

be the Hitchin map. It is a proper map whose fibers are complex Lagrangians of
pure dimension. The fiber over zero, the so called global nilpotent cone h−1(0),
consists of Higgs bundles with nilpotent Higgs fields.

There is a natural C×-action on the moduli space of Higgs bundles

t · (E,ϕ) = (E, tϕ).

The Hitchin map is C×-equivariant for a suitable weighted action on Bn. This,
together with properness of the Hitchin map, implies the existence of a limit

lim
t−→0

(E,ϕ) ∈ h−1(0),
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which is moreover a fixed point for the C×-action. Similarly, equivariance of the
Hitchin map and properness of the fibers imply that for any (E,ϕ) ∈ h−1(0)

lim
t−→∞

(E,ϕ) ∈ h−1(0)C
×

,

where h−1(0)C
×

denotes the fixed point set of the C×-action (necessarily nilpotent).
These were classified by Simpson [S]. They are of the form

E = (
s⊕

i=0

Fi,
s⊕

i=i

φi)

where Fi is a rank ni degree di vector bundle (where n = (n0, . . . , ns) and d =
(d0, . . . , ds) are partitions of n and d respectively), and φi ∈ H0(X,F ∗

i+1FiK).

Definition 2.2. The type of the fixed point E = (
⊕s

i=0 Fi,
⊕s

i=i φi) is the pair (n, d)
of ranks and degrees of the graded terms. We will denote by Fn,d an irreducible

component of the fixed point set of given type (n, d).

Types determine the irreducible components of the fixed point set [B, Corollary
3.3]. Moreover, there is a correspondence between the irreducible components of
the nilpotent cone and of the fixed point set. The relationship is given by the
Bialynicki-Birula stratification: taking limits at ∞ defines a Zariski locally trivial
fibration

F− −→ F

where F denotes an irreducible component of the fixed point locus and

F−

n,d
:= {(F, ψ) ∈ MX(n, d) : lim

t→∞
t · (F, ψ) ∈ Fn,d}.

Then, components of the nilpotent cone are precisely the closures Cn,d := F−
n,d ⊂

h−1(0).

2.2. Wobbly and very stable points and components.

Definition 2.3. Let E be a fixed point. Let

E+ = {(F, ψ) ∈ MX(n, d) : lim
t→0

(F, ψ) = E}.

A fixed point is very stable if E+ ∩ h−1(0) = {E}. Otherwise it is called wobbly.
A fixed point component is called very stable if it contains a very stable point.

Otherwise, it is called wobbly.

Given a C×-module V , for λ ∈ Z, let Vλ denote the λ weight space, and let
V + =

⊕

λ>0 Vλ. Let χC× denote the character of a C×-module.For a fixed point

E , TEMX(n, d) carries a C×-action, as so does Sym(T ∗
E ). Let T+

E denote the C×

submodule of TEMX(n, d) corresponding to positive weights.

Definition 2.4 ([HH]). The virtual equivariant multiplicity of E is the fraction

mE(t) =
χC×(Sym(T ∗

E
+))

χC×(Sym(B∗
n))

where Bn is the Hitchin base.

Remark 2.5. When E is very stable, this is a polynomial whose value mE(1) at one
matches the multiplicity of the irreducible component containing the point [HH,
Theorem 5.2]. When the component has no very stable points, there is no reason
why mE(t) should be a polynomial.
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2.3. U(n0, n1)-Higgs bundles. Let GR < GL(n,C) be a real form. Let HR < GR

be a maximal compact subgroup. Denote by gR := Lie(GR), hR := Lie(HR). Let

gR = hR ⊕mR

be the Cartan decomposition. Let H := HC

R
, h := hC

R
, m := mC

R
be the complexifi-

cations.

Definition 2.6. A GR-Higgs bundle is a Higgs bundle (E,ϕ) where E = EH(Cn)
is the associated bundle (for the standard representation) for a principal H-bundle
EH and ϕ ∈ H0(EH(m) ⊗K), where H acts on m via the isotropy representation
and we identify EH(m) ⊂ End(EH(Cn)) via m ⊂ gln(C)

∼= End(C×).

A stability condition can be defined yielding a moduli space MX(GR) admitting
a natural map

(2.1) MX(GR) −→ MX(n, d).

By abuse of notation, we will identify the image of this map with MX(GR), al-
thought the fibers of the map (2.1) are non trivial [GP].

Definition 2.7. A U(n0, n1)-Higgs bundle is a Higgs bundle (E,ϕ) where E =
V ⊕ W where rk(V ) = n0, rk(W ) = n1 and ϕ = (β, γ) with β : V −→ WK,
γ :W −→ V K.

The ranks (n0, n1) and degrees (d0, d1) of V and W combine in the so called
Toledo invariant, defined by

(2.2) τ = 2
n1d0 − n0d1
n0 + n1

This invariant is bounded by

(2.3) 0 ≤ |τ | ≤ 2min{n0, n1}(g − 1).

The irreducible components of MX(U(n0, n1)) are classified by the degrees (d0, d1)
except in the maximal Toledo case when n0 > n1, for which the Higgs bundle
is generically semistable, with S-equivalence class ((F1K

∗ ⊕ S) ⊕ F1, 1 : F1 −→
F1K

∗K).

3. Fixed points of length two and U(n0, n1)-Higgs bundles

Let n = (n0, n1), d = (d0, d1). In this section, we will consider irreducible

components of fixed points Fn,d ⊂ MX(n, d)C
×

. Namely, E ∈ Fn,d is of the form

E = (F0 ⊕ F1, ϕ), ϕ ∈ H0(F ∗
1 F0K).

Observe that the map

t : MX(n, d) −→ MX(n,−d) (E,ϕ) 7→ (E∗, tϕ)

maps Fn,d to F(n1,n0),−(d1,d0). So it is enough to study the fixed points for which

n0 ≥ n1. These have the advantage of generically having Ker(ϕ) = F0 (see Theorem
3.6).

Let us begin by giving a birational description of the reduced scheme underlying
the irreducible components. By [La, Prop. 3.8], any component Fn,d satisfies that
F0 and F1 are generically semistable. Consider

Z ′
n,d

=
{
(F0, F1) ∈ NX(n0, d0)×NX(n1, d1) : h0(F0F

∗
1K) > 0}

}
.
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When n0 > n1, this is a family of twisted Brill-Noether loci [RT] over NX(n0, d0).
Define the invariant

(3.1) δ := d0n1 − d1n0 + 2n0n1(g − 1).

Lemma 3.1. Let n0 = n1. There exists a rational projective bundle

P(H̃δ) //❴❴❴ Sym
δ

n0X ×NX(n0, d0)

with fiber P(H0(F ∗
0 ⊗OD)).

Proof. Consider the universal bundle F0 −→ X × NX(n0, d0) (only defined up to
tensorization by a line bundle). Consider the sheaf S0 := P(OSym ⊠ F∗

0 ) on

S0 := Sym
δ

n0X × (X ×NX(n0, d0)).

We note that the sheaf S0 is independent of the choice of a universal bundle F0.
Now, let

S := Sym
δ

n0X × (X ×NX(n0, d0))×H0(S0,S0)

S := Sym
δ

n0X × (X ×NX(n0, d0))× P(H0(S0,S0)⊕ C)

and let S
i
→֒ S be the open immersion. Let p1, p2, p3 denote the projections

to Sym
δ

n0X , X × NX(n0, d0) and P(H0(S0,S0) ⊕ C) respectively. We denote by
S := (p1 × p2)

∗S0 = P(p∗1OSym ⊗ p∗2F
∗
0 ).

Consider the sheaf O′
H0 := i∗(p3 ◦ i)∗OH0 , whose global sections are precisely

H0(S). Then
O′
H0 −→ S

satisfies that the restriction to X × {F0, D, f} is precisely the line of sections

C× · f : F0 −→ OD.

Now, let π : S −→ Sym
δ

n0X ×NX(n0, d0) denote the projection. It is a proper flat
map, and so by [EGA, Theorem III.3.2.1], the sheaf Hδ := R0π∗O′

H0 is coherent,
with fiber over (F0, D) equal to P(H0(F ∗

0 ⊗ OD)), so it is a vector bundle over a
dense open subset. �

Corollary 3.2. For n0 = n1, Z
′
n,d

contains an irreducible component Zn,d given

by the closure of the image of P(Hδ) under the rational map r : (F0, D,C
×f) 7→

(Ker(C×f)K,F0).

Lemma 3.3. The scheme Z ′
n,d

contains an irreducible component Zn,d containing

pairs (F0, F1) with F1K
∗ ⊂ F0 of maximal rank. The dimension is

(3.2) dimZn,d =

{
(n2

0 + n2
1)(g − 1) + 2 if δ > n0n1(g − 1)

(n2
0 + n2

1 − n0n1)(g − 1) + δ + 1 if δ ≤ n0n1(g − 1).

If δ > n0n1(g − 1), then Z ′ = Z = NX(n0, d0)×NX(n1, d1).

Proof. If δ > n0n1(g − 1), by Riemann–Roch, Z ′
n,d

= NX(n1, d1) × NX(n0, d0),

whence the statement.
If δ ≤ n0n1(g−1), n0 > n1, then for generic F0, when d0n1−(d1−2(g−1)n1)n0 >

(n0−n1)n1(g−1) (namely, for non maximal Toledo), there always exists a subbundle
of the form F1K

∗ [RT, Prop. 1.5]. By [RT, Theorem 0.3], for generic F0, the space
of bundles with a section F1K

∗ −→ F0 is a δ − n1(n0 − n1)(g − 1) dimensional
variety. Putting all this together one obtains the result.
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When δ is minimal, the result is still valid as within the moduli space, F0 =
F1K

∗ ⊕ S where µ(S) = µ(F1K
∗), so the result holds too by stability of F1 and S

[RT].
The case n0 = n1 is covered in the proof of [RT, Theorem 0.3]. �

Lemma 3.4. There exist rational projective bundles

P(Hδ) //❴❴❴ Zn,d , P(Eδ) //❴❴❴ Zn,d , P(Hδ ⊕ Eδ) //❴❴❴ Zn,d

with fibers

P(Hδ)(F0,F1) = P(H0(F ∗
1 F0K)), P(Eδ)(F0,F1) = P(H1(F ∗

1 F0)),

P(Hδ ⊕ Eδ)(F0,F1) = P(H0(F ∗
1 F0K)⊕H1(F ∗

1 F0K)).

Proof. Existence of P(Hδ) follows like in Lemma 3.1 by considering

S0 := F∗
1 ⊠ F0 ⊠K −→ X ×NX(n0, d0)×NX(n1, d1)

where Fi −→ X ×NX(ni, di) are the universal bundles.
Existence of P(Eδ) is proven in [L].
The existence of P(Hδ ⊕ Eδ) follows in a similar fashion. �

The following is well known, we sketch a proof for the reader’s convenience.

Lemma 3.5. If the component Cn,d contains a point with underlyings stable bundle,

then it is birational to an affine bundle over Fn,d with fiber H1(F ∗
1 F0K) over a

stable (F0 ⊕ F1, ϕ) ∈ Fn,d.

Proof. By [HH, Prop. 3.11], limt→∞ t · (E, φ) = (F0 ⊕ F1, ϕ) if and only if E
underlies an extension e ∈ H1(F ∗

1 F0) and φ induces ϕ on the graded object. Since
by assumption E is generically stable, then the only ambiguity is given by scalar
multiplication on the Higgs field φ. This action can be seen on the level of extensions
and fixed points as follows: identify e with a pair (i, π) where i : F0 →֒ E is the
inclusion and π : E ։ F1 the projection. Then (e, ϕ) is identified with (E, i◦ϕ◦π),
so that t · (e, ϕ) := (te, ϕ) is identified with t · (E, i ◦ϕ ◦ π) = (E, t · i ◦ϕ ◦ π). Thus,
the fiber is the whole affine space. �

Theorem 3.6. Let n0 ≥ n1 with n0 + n1 = n, and let d0 + d1 = d. Let δ be as in
(3.1).

Then the fixed point components Fn,d ⊂ MX(n, d) are labelled by (d1, δ), and are
non-empty if and only if

(3.3) n1(n0 − n1)(g − 1) ≤ δ < 2n0n1(g − 1).

Moreover:

(1) The corresponding reduced component of the nilpotent cone is birational to
the rational bundle

P(Eδ ⊕Hδ) //❴❴❴ Zn,d

where all sheaves are defined in Lemma 3.4 and Zn,d is an irreducible com-
ponent as in Lemma 3.3.

(2) The scheme Fred
n,d

is birational to P(Hδ). In particular

(3.4)

dimFn,d =

{
(n2

0 + n2
1 − n0n1)(g − 1) + δ + 1 if δ > n1(n0 − n1)(g − 1)

(n2
0 + n2

1 − n0n1)(g − 1) + δ + 2 if δ = n1(n0 − n1)(g − 1)
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(3) If n0 > n1, the component Fred
n,d

is birational to the rational projective bundle

P(Ẽδ) //❴❴❴ Z̃n,d

where

Z̃n,d = NX(n1, d1)×NX(n0 − n1, d0 − d1 + 2n1(g − 1))

and P(Ẽδ) −→ Z̃n,d has fiber

P(Ẽδ)|(F1,S) =

{
P(H1(S∗F1K

∗)) if δ > n1(n0 − n1)(g − 1)
0 if δ = n1(n0 − n1)(g − 1)

(4) If n0 = n1, then Fred
n,d

is birational to the rational bundle

P(H̃δ)/P(Aut(OSym)) //❴❴❴ Sym
δ

n0X ×NX(n0, d0)

where H̃δ is defined in Lemma 3.1.

Proof. Necessity of the bounds follows from the impossibility to have semistable
Higgs bundles otherwise. Indeed, assume there exists a maximal rank Higgs bundle
(we will see this is always the case). Then, the lower bound follows from the fact
that the slope of F ⊕ F1K

∗ is at most equal than that of F0 ⊕ F1. Similarly, for
δ = 2n0n1(g − 1), µ(F0) = µ(F1), so no fixed points happen for this invariant.
Likewise for δ > 2n0n1(g − 1), µ(F0) > µ(F1) so no semistable Higgs bundle can
exists with those invariants (these arguments can be found in [BGG, ]).

Sufficiency of the bounds, and uniqueness of the components for the given in-
variants follow from the construction below.

Let us prove (1). By [RT, Theorem 0.1], when n0n1(g − 1) ≤ δ < 2n0n1(g − 1),
there exist stable extensions in H1(F ∗

1 F0) for general F0, F1. Thus, there exists a
rational map

(3.5) P(Eδ ⊕Hδ) //❴❴❴❴❴❴ Cn,d

(F0
i
→֒ E

π
։ F1, ϕ)

✤

// (E,

φ
︷ ︸︸ ︷

i ◦ ϕ ◦ π)

for some irreducible component Cn,d of the nilpotent cone with the given invariants.

The map is injective up to the action of an automorphism of (E, φ). Since E is
generically stable, this is just a scalar action. In particular

dim(P(Eδ ⊕Hδ) ≤ n2(g − 1) + 1.

Now, we have

dim(P(Eδ ⊕Hδ)) ≥ −χ(F ∗
1 F0) + χ(F ∗

1 F0K)− 1 + dim(Zn,d) =(3.6)

Lm.3.3
= 3n0n1(g − 1)− δ + δ − n0n1(g − 1) + (n2

0 + n2
1)(g − 1) + 2− 1 =

= n2(g − 1) + 1,

where we use µ(F0) < µ(F1) when δ 6= 2n0n1(g − 1). Note that for any E =
(F0 ⊕ F1, ϕ) ∈ Fn,d and any extension e ∈ H1(F ∗

1 F0), the underlying bundle E

admits a nilpotent Higgs field

φ : E ։ F1
ϕ

−→ F0K →֒ EK
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that makes it semistable.
A similar argument proves that for n1(n0 − n1)(g − 1) ≤ δ ≤ n0n1(g − 1),

dim(P(Eδ ⊕Hδ) ≥ −χ(F ∗
1 F0) + 1 + dim(Zn,d)− 1(3.7)

Lm.3.3
= 3n0n1(g − 1)− δ + 1 + δ + 1 + (g − 1)((n0 − n1)

2 + n0n1)− 1 =

= n2(g − 1) + 1.

To prove (3.5) is well defined, we need to take a closer look at Zn,d. By [RT,

Theorem 0.3], the generic point (F1, F0) ∈ Zn,d satisfies that the general section

ϕ : F1 −→ F0K is injective and saturated (if n0 > n1) or with maximal rank at
the support of F0K/F1 (if n0 = n1). The condition on δ then makes sure that
(F0⊕F1, ϕ) is stable as a Higgs bundle. Indeed, by the upper bound on δ, µ(F0) ≤
µ(F1)−(g−1), with equality only if δ = n1(n0−n1)(g−1). On the other hand, the
lower bound of δ implies that µ(F1 ⊕F1K

∗) = µ(F1)− g+1 ≤ µ(E), with equality
only if δ = n1(n0 − n1)(g − 1). Assuming there exists a Higgs field with maximal
rank, any ϕ-invariant subbundle is of the form N0⊕N1 with Ni ⊂ Fi, N1K

∗ ⊂ N0.
Now, by semistability of Fi, we have, letting ri = rk(Ni),

µ(N0 ⊕N1) =
µ(N0)r1 + µ(N1)r0

r0 + r1
≤
µ(F0)r1 + µ(F1)r0

r0 + r1

≤ µ(F1)−
n0n1(g − 1)r1

r0 + r1
≤ µ(F1)− g + 1 ≤ µ(E).

Thus, for a general e ∈ H1(F ∗
1 F0), the image of (e, ϕ) under (3.5) must also be

semistable, and the remaining arguments go through.
Item (2) is now clear, provided that the rational map be well defined therein.

This is guaranteed by the value of δ. Thus, to prove (3.4), we subtract

dimFn,d = n2(g − 1) + 1− h1(F ∗
1 F0) = n2(g − 1) + 1− h1(F ∗

1 F0) =

=

{
(n2

0 + n2
1 − n0n1)(g − 1) + δ + 1 if δ > n1(n0 − n1)(g − 1),

(n2
0 + n2

1 − n0n1)(g − 1) + δ + 2 if δ = n1(n0 − n1)(g − 1),

where we have used that h0(F ∗
1 F0) = 1 generically if δ = n1(n0 − n1)(g − 1), and

vanishes otherwise. Thus, (2) follows.
This proves that every component with maximal rank Higgs fields flowing up to

a component Fn,d is birational to a sheaf as above. We will see that these are all

after proving (4) and (3).

To see (3), we note that the existence of Ẽδ follows from [L]. By irreducibility of
all components involved, it is enough to find an injective rational map from one to
the other and prove that dimensions match. Now, consider the map

(3.8) P(Ẽδ) //❴❴❴❴❴❴❴❴❴ Fred
n,d

(F1, S, f0)
✤

//

(

F0 ⊕ F1, ϕ : F1K
∗ i
→֒ F0)

)

.

In the above f0 denotes an extension class F1K
∗ i

→֒ F0
π
→֒ S and F0 the un-

derlying vector bundle. It is well defined as by [RT, Theorem 0.3] the twisted
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Brill–Noether locus BN0
n1,d1−2n1(g−1)(F0) (see (3.13)) is non empty and the gen-

eral F1K
∗ ∈ BN0(F0) is of maximal rank. Moreover, the map (3.8) is injec-

tive, as automorphisms are scalar on both sides by stability of the Higgs bundle
for δ > n1(n0 − n1)(g − 1) and for δ = n1(n0 − n1)(g − 1), the map is simply
(F1, S) 7→ (F1K

∗ ⊕ S) ⊕ F1, 1) where 1 : F1
∼= F1K

∗K is the unique isomorphism
up to automorphisms of F1. To check the equality of dimensions, at a general point

dim(F1,S,f0) P(Ẽδ) =

=

{
h1(S∗F1K

∗) + (n2
1 + (n0 − n1)

2)(g − 1) + 2− 1 if δ > n1(n0 − n1)(g − 1),
(n2

1 + (n0 − n1)
2)(g − 1) + 2 if δ = n1(n0 − n1)(g − 1).

Since µ(S) ≥ µ(F1K
∗) and both bundles are generally stable (so thatH0(S∗F1K

∗) =
0 for general pairs), by Riemann–Roch
(3.9)
h1(S∗F1K

∗) = − (deg(S∗F1K
∗)− n1(n0 − n1)(g − 1)) = δ + n1(n0 − n1)(g − 1),

and so

dim(F1,S,f0)
(3.4)
= dimFn,d.

This proves that there exists at most one component with a Higgs field of maximal
rank flowing to a fixed point with semistable graded pieces. Indeed, (3) is a map to
MX(n, d) with dense open image inside any such component, so by irreducibility,
the statement follows.

For item (4), when n0 = n1 F1K
∗ →֒ F0, has torsion cokernel T . There is a map

(3.10) P(H̃δ) //❴❴❴❴❴❴❴❴❴❴❴❴ Fred
n,d

(D,F0,C
× · f) ✤ // (F0 ⊕ ker(f)K,ϕ : Ker(C× · f)→֒F0)

which is well defined over points for which f is surjective and hits a component
with maximal rank Higgs fields. Note that this map is injective up to the action

of a torus T := Aut(OD)/C
× ∼= (C×)

δ

n0
−1, as the kernel of f ∈ H0(F ∗

0OD) is well
defined up to the action of Aut(OD). Thus, there exists a unique component with
maximal rank Higgs fields.

Now, we claim that every componentCn,d has a point with a maximal rank Higgs

field. This proves that all components are determined by the invariants (n, d), or
equivalently, (n, d1, δ). There are three (non exclusive) options for the rank not to
be maximal: either rk(Ker(φ)) > n0, or F1 is not saturated in F0 (when n0 > n1),
or D = supp(F0/F1K

∗) is never reduced (when n0 = n1).
Case 1: n0 = n1 and D = supp(F0/F1K

∗) is never a reduced divisor. Then,
there is a rational map

(3.11) Fred
n,d

//❴❴❴❴❴❴❴❴❴❴❴❴ P(H̃δ)

(F0 ⊕ F1, ϕ)
✤

// (supp (F0/F1K
∗) , F0, f : F0։F0/F1K

∗)

where P(H̃δ) is as in Lemma 3.1, whose image only hits the sheaf over the non re-
duced divisors. Note that Aut(T ) contains as a strict subgroup (C×)δ/n0 . Indeed,
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since deg(T ) = δ/n0, as an OD module, T := F0/F1K
∗ is still of rank one. Equiva-

lently, letting Dr denote the reduced divisor underlying D, the ranks at the points
of Dr equal the multiplicities in D. Then h0(F ∗

0 ⊗OD
T ) = h0(F ∗

0 ⊗ODr T ) = δ.
Thus

dimFn,d ≤ P(H̃δ)/P(Aut(T )) < n2
0(g − 1) + 1 + s+ h0(F ∗

0 ⊗ T )− 1− (
δ

n0
− 1) =

= n2
0(g − 1) + δ − (

δ

n0
− 1− s),

where s is the generic degree of the reduced divisorDr. The above is strictly smaller
than (3.4). Since the dimension h1(F ∗

1 F0) does not depend on the rank of the Higgs
field, it follows from Lemma 3.5 that

dimCn,d < n2
0(g − 1) + δ − (

δ

n0
− 1− s) + 3n2

0 − δ − 1 < 4n2
0(g − 1) + 1.

Case 2: n0 > n1 and generically rk(Ker(φ)) = r > n0. Then, for fixed points it
must also be rk(Ker(φ)) > n0. Then, there exists rational map

Fn,d
//❴❴❴ P(Ẽ0)⊕ P(Ẽ1)

where P(Ẽi) //❴❴❴ NX(ni − r + n0, di − d)×NX(r − n0, d) has fiber over (A,B)

equal to P(H1(B∗A)) if i = 0 and P(H1(A∗B)) if i = 1. The image of this map hits
the restriction to the diagonal NX(n0−r+n0, d0−d)×NX(r−n0, d)×NX(n1−r+
n0, d1−d) −→ NX(n0−r+n0, d0−d)×NX(r−n0, d)×NX(r−n0, d)×NX(n1−r+
n0, d1 − d). A dimensional computations shows that the dimension of these fixed
points is strictly less than (3.4), and so by Lemma 3.5 the total dimension of the
component is strictly smaller than half the dimension, a contradiction.

Case 3: F1K
∗ ⊂ F0 never saturated. Then, by assumption, for all points in this

component satisfy that ϕ ∈ H0(F
∗

1F0K) where F 1 denotes the saturation of F1

in F0K. Then, let P(Ẽ ′
δ)

//❴❴❴ NX(n1, d1)×NX(n0 − n1, d0 − d1 + 2g − 2) be as

in Lemma 3.4, but with d1 the generic degree of the saturation of Im(ϕ)K∗ ⊂ F0.
Then, there is a rational map

Fn,d
//❴❴❴❴❴❴❴ P(Ẽ ′

δ)

(F0 ⊕ F1, ϕ)
✤

// (F 1, F0/F 1K
∗, f0)

which is well defined and injective as ϕ ∈ H0(F
∗

1F0K). But h1(F 1K
∗S∗ is structly

smaller than (3.9) (by generic stability of F 1 and S := F0/F 1K
∗, so again we have

fixed points of dimension strictly smaller than necessary. �

Remark 3.7. Condition (3.3) is equivalent to (2.3), as

(3.12) δ = −
n

2
|τ | + 2n0n1(g − 1).

The top bound for δ corresponds to minimal Toledo invariant, while the low bound
corresponds to maximal Toledo.
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Remark 3.8. For maximal Toledo, the Higgs field splits as F1 ⊕ F1K
∗ ⊕ S, with

µ(S) = µ(F1⊕F1K
∗) and the Higgs field the constant section of 1 : F1 −→ F1K

∗K.
An easy computation shows that F0 is generically semistable, so the fixed point is
indeed of type (n0, n1).

Lemma 3.9. The rational projections Fn,d
//❴❴❴ NX(ni, di) are dominant for

δ > n1(n0−n1)(g−1). For δ = n1(n0−n1)(g−1), only the projection to NX(n1, d1)
is.

If n0 = n1, there are dominant maps onto both factors separately.

Proof. If n0 > n1, dominance of Fn,d over NX(n0, d0) for non maximal Toledo fol-

lows from [RT, Prop. 1.11]. Dominance over NX(n1, d1) is a consequence of the
description in terms of extensions in Theorem 3.6. Similarly, when n0 = n1, domi-
nance of Fn,d over NX(n0, d0) is clear by construction. Dominance over NX(n1, d1)
follows from the fact that elementary transformations define a birational morphism
between moduli spaces of different degrees. �

The following well known result in Brill–Noether theory follows from Theorem
3.6 (1).

Corollary 3.10. Let (F0, F1) ∈ Zn,d be general. Then

dimH0(F ∗
1 F0K) =

{
δ − n0n1(g − 1) if δ > n0n1(g − 1)
1 if δ ≤ n0n1(g − 1).

In particular, let BN0(n0n1, δ) ⊂ NX(n0n1, δ) denote the Brill–Noether locus, and
let

(3.13) BN0
n1,d1−2n1(g−1)(F0) := {R ∈ NX(n1, d1 − 2n1(g − 1)) : h0(R∗F0) 6= 0}

denote the twisted Brill–Noether locus. Then, for a general F0, tensorisation defines
a map BN0

n1,d1−2n0(g−1)(F0) −→ BN0(n0n1, δ) R 7→ F ∗
1 F0K intersecting the open

stratum of BN0(n0n1, δ) consisting of bundles with a minumum number of sections
at a non empty subset.

Proof. For δ > n0n1(g − 1), then

h1(F ∗
1 F0) + h0(F0F

∗
1K)− 1

Thm.3.6(1)
= dimP(Eδ ⊕Hδ)− dimZn,d

(3.6)
=

= −χ(F ∗
1 F0) + χ(F0F

∗
1K)− 1.

Since h1(F ∗
1 F0) = −χ(F ∗

1 F0) if δ 6= n1(n0−n1)(g−1), then it must be h0(F ∗
1 F0K)−

1 = χ(F ∗
1 F0K)− 1. This means proves the result for δ > n0n1(g − 1).

Similarly, for δ ≤ n0n1(g − 1), then

h1(F ∗
1 F0)+h

0(F0F
∗
1K)−1

Thm.3.6(1)
= dimP(Eδ⊕Hδ)−dimZn,d

(3.7)
= −χ(F ∗

1 F0)+1−1.

Thus h0(F ∗
1 F0K) = 1 if δ 6= n1(n0 − n1)(g − 1), as h1(F ∗

1 F0) = −χ(F ∗
1 F0). For if

δ = n1(n0 − n1)(g − 1), h1(F ∗
1 F0) = h0(F ∗

1 F1K
∗)⊕ h0(F ∗

1 SK
∗), which is generally

zero by Theorem 3.6(4).
�

As a consequence of Corollary 3.10, we can establish necessary conditions on
the invariant δ to determine wobbly divisors in the moduli space NX(n, d) (see
[PPa, PPe2] for the rank two and three cases).
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Corollary 3.11. Let Cδ
n,d

be the irreducible component of the nilpotent cone with

fixed points with associated invariant δ. Then Cδ
n,d

flows down to a wobbly divisor

in NX(n, d) only if

(3.14) n1(n0 − n1)(g − 1) ≤ δ ≤ n0n1(g − 1) + 1.

Proof. In what follows we consider underlying reduced schemes.
By [P], the wobbly locus is a divisor. So the intersection Cδ

n,d
∩ NX(n, d) of

the irreducible component determined by the fixed points and the moduli space is
either a divisor or embedded in one.

Let E ∈ W be wobbly. Then, by smoothness of (E,ϕ), we have

T(E,ϕ)M ∼= TEN⊕H0(End(E)K),

where we have used that locally around (E,ϕ), M ∼= T ∗N . Then, if ω : T ∗NX −→
NX is the forgetful map, it follows that dω|TEN ≡ id. Now, ϕ⊥ ⊂ TEN is a divisor.
Since the components of the nilpotent cone are Lagrangian, it follows that for any

nilpotent ψ ∈ H0(End(E)K) with (E,ψ) ∈ C
δ,smooth

n,d
, then ψ⊥ ⊂ TENX . Since

the downward flow is a Zariski locally trivial Lagrangian fibration that matches ω,
we have that dω(ψ⊥) ∼= ψ⊥ ⊂ T(E,0)MX .

This, in addition to Corollary 3.10 proves that uniqueness of the Higgs field on
a given component of the nilpotent cone for E ∈ Wsmooth is a necessary condition,
which is equivalent to (3.14). �

Remark 3.12. Sufficiency of the condition (3.14) should also hold (as is the case
in rank two [PPa] and three [PPe2]). However, it requires to prove that every
component with δ ≤ n0n1(g − 1) intersects the moduli space of bundles, together
with a careful analysis of the forgetful map dω|C to determine local injectivity.

4. Criteria for wobbliness

In this section we give criteria to decide when a fixed point is wobbly. We start
by defining types of wobbly Higgs bundles, dependant of the upward flow from
them.

Definition 4.1. Let m be a partition of n. A wobbly fixed point E is called of
wobbly type m if E = limt→0(E,ψ) and E 6= E ′ = limt→∞(E,ψ) is of type m.

Remark 4.2. The wobbly type is not uniquely determined (see Corollary 4.11).

Let us recall a result from [HH] that will appear many times in this section.

Lemma 4.3. [HH, Prop 3.4] A Higgs bundle (E,ψ) satisfies limt→0 t(E,ψ) =
(F0 ⊕ F1, ϕ) if and only if E ∈ H1(F ∗

0 F1) and the Higgs field ψ satisfies

ϕ : F1 →֒ E
ψ

−→ EK ։ F̃0K.

Let us start by a preliminary lemma.

Lemma 4.4. Let a fixed point E be of type m. Then E = limt→0(E, tψ) with

rk(Ker(ψi+1) ≥
∑i
k=0mk. Moreover, if mi ≤ mi−i and E ′ = limt→∞(E, tψ) is

general in its fixed point component, then equality is general.
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Proof. Let E = limt→0(E,ψ) where the iterated kernel filtration of ψ is of type m.
By [HH, Prop. 3.11], E admits a filtration E0 ( · · · ( Er = E with Ei/Ei−1 = Fi
where E ′ = (

⊕
Fi,
⊕
φi) and ψ(Ei) ⊂ Ei−1K inducing φi : Fi −→ Fi−1K. This

means that ψi+1(Ei) = 0, i.e., Ei ⊆ ker(ψi+1).
Now, let E ′ be general inside its component. Then the statement follows from

[La, Prop 1.9]. �

Lemma 4.5. Let e ∈ H1(F ∗
0 F1) be an extension class, and let E be the underlying

vector bundle. Let

Res : H0(End(E)⊗K) −→ H0(F0F
∗
1K)

be the natural map. Let φ ∈ H0(F0F
∗
1K). Then the following are equivalent:

(1) There is an equality φ = Res(ψ′).
(2) The pairing given by Serre duality satisifies 〈φ, e〉 = 0.
(3) The field φ lifts to H0(F ∗

1EK) and H0(F0(E)∗K).
(4) The field φ lifts to H0(F ∗

1EK) or H0(F0(E)∗K).

Proof. Consider the exact diagram

F1F
∗
0K

� �
//

� _

��

F1E
∗K // //
� _

��

End(F0)K� _

��

EF ∗
0K

� �
//

��
��

End(E)K // //

��
��

EF ∗
1K

��
��

End(F1)K
� �

// F0E
∗K // // F0F

∗
1K.

The associated long-exact diagram in cohomology reads
(4.1)

H0(F1F
∗
0K) �

�
//

� _

��

H0(F1E
∗K) //

� _

��

H0(End(F1)K)
−∪e

//
� _

��

H1(F1F
∗
0K)

� _

��

// . . .

H0(EF ∗
0K)

� �
//

��

H0(End(E)K) //

��

H0(EF ∗
1K)

∪e
//

��

H1(EF ∗
0K)

��

// . . .

H0(End(F0)K) �
�

//

∪e

��

H0(F0E
∗K)

∪e

��

// H0(F0F
∗
1K)

−∪e
//

∪e

��

H1(End(F1)K) //

��

. . .

H1(F1F
∗
0K) // H1(F1E

∗K) // H1(End(F1)K) // 0

Let φ ∈ H0(F0F
∗
1K).

It is clear that (1) ⇒ (3)⇒ (4).
Let us prove that (4) ⇔ (2) ⇒ (1), which finishes the proof.
Let φ lift to φ1 ∈ H0(EF ∗

1K). Since the map H0(F0F
∗
1K) −→ H1(End(F1)K) is

given by ∪e for the given extension, sections lifting to H0(EF ∗
1K) are contained in

the hyperplane e⊥ ⊂ H0(F0F
∗
1K), so (2) holds. The same argument proves that if

φ lifts to φ2 ∈ H0(F0E
∗K), then it must be φ ⊥ e. Now, assume e ⊥ φ. Note that

H0(EF ∗
1K) surjects onto e⊥ ⊂ H0(F ∗

1 F0K), as the cokernel of H0(EF ∗
1K) −→

H0(F0F
∗
1K) is either 0 or H1(End(F1)K) ∼= C (by stability of F1). Hence e ⊥



16 ANA PEÓN-NIETO

φ implies that (4) and it implies (3). Now, continuing the argument φ1 ∪ e ∈
H1(EF0K) maps to zero under H1(EF0K) −→ H1(End(F0)K). If it weren’t φ1 ∪
e = 0, then it would lift to H1(F1F

∗
0K), which in turn must lift to H0(End(F0)K).

If the latter is not zero, then φ must be zero. So it must be φ1 ∪ e = 0, namely, φ
lifts to H0(End(E)⊗K). �

Proposition 4.6. Let n1 ≤ n0. A fixed point E = (F0 ⊕ F1, ϕ) ∈ Fn0,n1,d0,δ

with ϕ injective is wobbly of type (n0, n1) if and only if there is a torsion subsheaf
T ⊂ F0/F1K

∗ such that ϕ factors as

F1 −→ F1 →֒ F̃0K →֒ F0K

where F1 is the saturation of F1 inside F0K along T and F̃0 = Ker(F0 −→ T ).

Proof. Assume F0/F1K
∗ =M ⊕T ′ where M is locally free and T ′ is torsion, then

we have that ϕ factors as

ϕ : F1 → F
′

1
ϕ

−→ F0K.

where F
′

1 is the saturation of F1 inside F0K along T ′.

Assume that for some T ⊂ T ′, ϕ(F 1) ⊂ F̃0K, where F̃0 = Ker(F0 −→ T ) and

F 1 ⊂ F
′

1 is the saturation of F1 inside F0K along T . Namely

ϕ : F1 −→ F 1
ϕ

−→ F̃0K →֒ F0K.

By Lemma 4.3, we want to find an extension e ∈ H1(F1F
∗
0 ) whose underlying

bundle E fits in a commutative diagram

F1� _

��

F1� _

��

F̃0
� �

// E

��
��

// // F 1

��
��

F̃0
� �

// E0
// // T ,

Indeed, then, the Higgs field

ψ : E −→ F 1
ϕ

−→ F̃0K →֒ EK

satisfies the conditions of (4.3), so limt→0(E,ψ) = (F0 ⊕ F1, ϕ). Moreover, by
construction, ψ is of type (n0, n1).

Since H0(F ∗
1 F̃0K) ⊆ H0(F ∗

1 F0K), then H0(F ∗
1 F̃0K)⊥ ⊆ H1(F1F

∗
0 ). Let ẽ ∈

H0(F ∗
1 F̃0K)⊥ be general. Since H0(F ∗

1 F̃0K)⊥ ⊂ Im(H0(F1 ⊗ T ) −→ H1(F1F
∗
0 )),

then the image of ẽ under H1(F1F
∗
0 ) −→ H1(F1F̃

∗
0 ) is trivial. Namely, if Ẽ is the

underlying bundle, then there is an exact diagram

F1� _

��

F1� _

��

Ẽ //

��
��

E //

��
��

T

F̃0
// F0

// T
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and Ẽ ∼= F1 ⊕ F̃0.

Now, since ẽ is general, in particular it is not zero unlessH1(F1F
∗
0 )

∼= H1(F1F̃0
∗
).

Assume first H1(F1F
∗
0 ) 6∼= H1(F1F̃0

∗
). Then, E can be taken to be non trivial as

an extension, and so if E/F̃0 had torsion, say T̃ , then T̃ 6⊂ T . But then there
would be an exact diagram

F̃0� _

��

F̃0� _

��

Ẽ //

��
��

E //

��
��

T � _

��

F1
// E/F̃0

// T ′

which is not possible. Thus E is an extension of F̃0 by F 1 and we can conclude.

If H1(F1F
∗
0 )

∼= H1(F1F̃0
∗
), then there exists a non zero u ∈ H0(F1F̃

∗
0 ) \

H0(F1E
∗
0 ).

Then (u, i) : F̃0 −→ F0⊕F1 is a subbundle with torsion free quotient for general
u. Then

F̃0 →֒ F0 ⊕ F1 ։ F 1

is exact and we may define

ψ : F0 ⊕ F1 ։ F 1
ϕ

−→ F̃0K →֒ F0K ⊕ F1K.

Conversely, if E = (F0⊕F1, ϕ) ∈ Fn,d is wobbly of type (n0, n1), let limt→0(E,ψ) =

(F0 ⊕ F1, ϕ) for some ψ with iterated kernel filtration E0 ⊂ E1 = E. Then, by
Lemma 4.3, there is a short exact sequence F1 →֒ E ։ F0, and ψ|F1

≡ ϕ. That is:

ϕ : F1 →֒ E
ψ

−→ EK ։ F0K.

Now, since ker(ψ) = E0, it follows that the composition F1 −→ E →֒ E/E0 is either
zero or an embedding, as by assumption ϕ is an embedding (so F1∩E0 ⊂ Kerϕ = 0)
and rk(E/E0) ≤ n1 by Lemma 4.4. It cannot be zero as otherwise F1 ⊂ E0

contradicting the fact that ϕ 6= 0. Thus F1 −→ E1 and it must be torsion by
Lemma 4.4. This torsion quotient T cannot be zero as otherwise (E,ψ) = E .
Moreover, T must be the same as the quotient F1/E0, and so ϕ = F1 −→ E1 =

F 1K
∗ ψ
−→ E0K = F̃0K where the saturation F 1 and elementary modification F̃0

are taken with respect to T . �

Lemma 4.7. Assume ϕ : F1 −→ F0K is injective and F1 is stable. Let S =
F0/F1K

∗ be torsion free. Then ϕ⊥ = Im(H1(S∗F1) −→ H1(F ∗
0 F1)).

Proof. By injectivity of ϕ|F1
, F1 ∩ F1K

∗ = 0. Now, since S is torsion free, there is
a long exact sequence in cohomology

(4.2) · · · −→ H1(S∗F1) −→ H1(F ∗
0 F1) ։ H1(End(F1)K)

︸ ︷︷ ︸
∼=C

where the last isomorphism follows from stability of F1. Then, ϕ
⊥ projects to either

zero or the whole H1(End(F1)K). Given that ϕ is injective, then H1(End(F1)K) =
ϕ∗, so the latter is not possible. Thus ϕ⊥ ⊂ Im(H1(S∗F1) −→ H1(F ∗

0 F1)). Equal-
ity follows from hyperplanarity of ϕ⊥. �
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Proposition 4.8. Let n0 > n1. Let E = (F0 ⊕ F1, ϕ) ∈ Fn0,n1,d0,δ be general. In
particular, we assume ϕ to be injective, S torsion free and F1 stable. Suppose E is
wobbly, and let limt−→0(E,ψ) = E. Then, E = F1 ⊕ F0.

Proof. By Lemma 4.5, E ∈ ϕ⊥ ⊂ H1(F ∗
0 F1), which equals H1(S∗F1) by Lemma

4.7. In particular, F1K
∗ →֒ E, as the extension class of E maps to zero inside

H1(F ∗
1KF1). This implies that F1 ⊕ F1K

∗ ⊂ E is a vector subbundle. Consider
the exact diagram derived from the short exact sequences F1K

∗ ⊂ F0 ։ S and
F1 ⊂ E ։ F0

H0(F ∗
0 F1K

∗K) //

��

H0(End(F0)K) //

��

H0(F ∗
0 SK)

��

H0(E∗F1K
∗K) //

��

H0(E∗F0K) //

��

H0(E∗SK)

��

H0(F ∗
1 F1K

∗K)

∪−e

��

// H0(F ∗
1 F0K)

∪−e

��

// H0(F ∗
1 SK)

∪−e

��

H1(F ∗
0 F1K

∗K) // H1(End(F0)K) // H1(F ∗
0 SK).

Then, by assumption ϕ lifts to H0(End(E)K), which by Lemma 4.5 is equivalent to
it lifting to α ∈ H0(E∗F0K). On the other hand, we know that ϕ ∈ H0(F ∗

1 F1K
∗K),

and the former must also lift to H0(E∗F1K
∗K) as e ∈ ϕ⊥. Now, there are two

options:
1. If ϕ⊥ = 0, then we are done. This happens generically when δ ≤ n0n1(g−1)+

1, as by Corollary 3.10, in this case h1(F ∗
0 F1) = h0(F ∗

1 F0K) = 1 = h1(End(F1)K),
so that Im(H1(S∗F1) −→ H1(F ∗

0 F1)) = 0.
2. If ϕ⊥ 6= 0, then δ > n0n1(g − 1) + 1. By Corollary 3.10, generically

h1(F0F
∗
1K) = 0 = h0(F ∗

0 F1). Hence, since S is torsion free, a lift of ϕ to H0(E∗F1)
provides a splitting of F1 −→ E. �

Theorem 4.9. Let n0 ≥ n1. A general fixed point (F0 ⊕ F1, ϕ) ∈ Fn,d is wobbly if
and only if

(1) F0/F1K
∗ has a torsion subsheaf T such that ϕ factors as

F1 −→ F1 →֒ F̃0K →֒ F0K

where F1 is the saturation of Im(ϕ) inside F0K and F̃0 = Ker(F0 −→ T ).
(2) F0 is wobbly.
(3) F1 is wobbly.

(4) h0(S̃∗F1K) > 0 where

Im(ϕ)K∗ →֒ F0 ։ S̃

is exact, and Im(ϕ)K∗ denotes the saturation of the image of Im(ϕ)K∗ in
F0.

Proof. Since we assume the point to be general, we will suppose that ϕ is injective,
and F1 stable.
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It is clear after Proposition 4.6 that under conditions (1)–(4) (F0⊕F1, ϕ) admits
a nilpotent Higgs bundle making it wobbly. Indeed, Proposition 4.6 proves the suf-
ficiency of (1). Let γ(i) be the section whose existence follows from the assumptions

in item (i) (for example, γ(2) ∈ H0(End(F0)K) nilpotent). Then (F0 ⊕F1, ϕ+ γ(i))
is nilpotent and flows down to E .

Let us next see the necessity of (1)–(4). Assume there exists (E,ψ) 6= E such
that limt−→0 t(E,ψ) = E . Assume first that ψ has order two. Let F ′

0 = Ker(ψ),
and consider the exact diagram

F ′
0� _

��

F ′
0� _

��

F1
� �

// E // //

��
��

F0

��
��

F1
� �

// F ′
1

// // M.

If M has torsion, note that since S := F0/Im(ϕ)K∗ ⊂ M , then F 1 ⊂ F ′
1, F

′
0 ⊂ F̃0

and ϕ factors as stipulated in (1) by Lemma 4.3.
Hence, we may assume that M is torsion free. In this case, we may apply

Proposition 4.8 to conclude that E = F0 ⊕ F1. Then, there is a section ψ|F0
:

F0 −→ F0K⊕F1K which factors through F0/Ker(ψ) =M . Since Im(ψ) ⊂ F ′
0K, it

follows that either ψ|F0
≡ 0 or F0 is wobbly. Since ψ|F0

≡ 0 would imply F0 = F ′
0,

which contradicts E 6= (E,ψ), we are done.
More generally, for higher order Higgs fields ψ, if S has torsion, the existence of

(E,ψ) implies, as in the case of order two, that (1) must hold. Indeed, we have
F1 ∩ F1K

∗, so that we have an exact diagram

F1K
∗

� _

��

F1K
∗

� _

��

F1
� �

// E // //

��
��

F0

��
��

F1
� �

// E/F1K
∗ // // S.

Then, F 1 ⊂ E/F1K
∗, F 1K

∗ ⊂ F̃0 and we can conclude that ϕ factors as in (1).
So we may assume that S is torsion free. Thus, by Proposition 4.8, it must be

E = F1 ⊕ F0 and

ψ =

(
a b
ϕ c

)

, a ∈ H0(End(F1)K), c ∈ H0(End(F0)K), b ∈ H0(F ∗
0 F1K).

Now, consider the iterated kernel filtrationMk = Ker(ψk+1), and letMs−1 (Ms =
E. Then

Mk = Nk ⊕N ′
k, Nk =Mk ∩ F1, N

′
k =Mk ∩ F0.

Let Rk = Mk/Mk−1 be the graded terms, which are locally free as Ψk induces an
embedding Rk →֒ MkK. Note that Rk = Lk ⊕ L′

k with Lk = Nk/Nk−1 L
′
k =

N ′
k/N

′
k−1. Then, L

′
0 = R0 =M0 ⊂ F0 by injectivity of ϕ. Moreover, since ϕ : F1

∼=
F1K

∗K ⊂ F0K, it follows that L1 →֒ L′
0K and L′′

0 := L′
0/L1K

∗ ∼= Im(L′
0 −→ S)
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under the composition L′
0 →֒ F0 ։ S. Similarly, one sees that L′

i is an extension of
the form Li−1K

∗ →֒ L′
i ։ L′′

i . On the other hand, we have that Ls −→ Rs ։ L′′
s ,

as Im(ψ) −→ R1 is equivalently 0. Thus, F1K
∗ must be a successive extension of

the LiK
∗. Now, locally writing ψ in block form with respect to the graded terms

in F1, F1K
∗, S, we have that a and c are upper triangular and b maps the blocks

as shown in the following table:

L′
0 L′

1 L′
2 . . . L′

s−1 L′′
0 . . . L′′

s

L1 0 0 b13 . . . b1s 0 . . . b1,2s

L2 0 0
. . .

. . .
...

...
...

. . .

Ls 0 0 . . . 0

where we have used that ψ : Mk −→ Mk−1K. Then, either a or c are nilpotent,
so we would be in cases (3) and (2) respectively, or they are zero. In this latter
case, one would have that Ker(ψ2)∩ F1 = N2, which by definition is Ker(ψ3)∩ F1.
Now, since Ker(ψ2) ∩ F1 ⊆ Ker(ψ3) ∩ F1 with equality only if ψ2 = 0, it must be
ψ2|F1

= b ◦ ϕ ≡ 0. Namely, b must factor as F0 −→ S −→ F1K. �

Remark 4.10. Theorem 4.9 generalises a criterion found by Pauly and the author
in rank three [PPe2].

As a corollary of the proof of Theorem 4.9 it is possible to specify a bit more
precisely the type of the wobbly bundle. This is useful towards the understanding
of the dynamics defiend by the C×-flow within the nilpotent cone.

Corollary 4.11. Let E ∈ Fn0,n1,d0,δ be wobbly. Then

(1) If S has torsion, then E is also of wobbly type (n0, n1).
(2) If S is torsion free and F1 and F0 are very stable, then H0(S∗F1K) 6= 0

and E is of wobbly type (n1, n1, n0 − n1).

5. Wobbliness of length two components

5.1. Wobbly and very stable components. Theorem 4.9 allows us to classify
all fixed point components which are wobbly.

Theorem 5.1. Fixed point components of length two are wobbly if and only if
n0 > n1 and

(5.1) δ < 3n1(n0 − n1)(g − 1)

In particular, if n0 ≥ 3n1, all fixed point components of length two are wobbly.

Proof. The last statement is clear from (5.1) and (3.3), as the latter range is a
subrange of the former. Indeed,

3n1(n0 − n1)(g − 1) ≥ 2n0n1(g − 1) ⇐⇒ 3(n0 − n1) ≥ 2n0 ⇐⇒ n0 ≥ 3n1.

Now, to prove the first statement, since very stability is generic, it is enough to
prove that the general point is wobbly for the given range.

First note that for δ < 3n1(n0 − n1)(g − 1), it follows that there exists

β : F0 −→ F1K s.t. ϕ ◦ β = 0.
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Indeed, let S̃ be the torsion free part of F0/F1K
∗. Then

deg(S̃) ≤ d0 − d1 + 2n1(g − 1)

so that

deg(S̃∗F1K) ≥ (n0 − n1)d1 + 2(n0 − n1)n1(g − 1)− n1(d0 − d1 + 2n1(g − 1))

= n0d1 − n1d0 + 2n1(n0 − 2n1)(g − 1) =

= −δ + 4n1(n0 − n1)(g − 1).

So by Riemann–Roch, if (5.1) holds, then

−δ + 4n1(n0 − n1)(g − 1) > (n0 − n1)n1(g − 1) ⇒ h0(S∗F1K) > 0

for all pairs (S, F1) whenever δ < 3n1(n0 − n1)(g − 1).
This proves sufficiency of the condition. To check necessity, assume first n0 =

n1. Then, depending on the invariants, either generically F1K
∗ −→ F0 is an

isomorphism or it has torsion cokernel. In the first case, wobbliness of the fixed
point is equivalent to wobbliness of F1 by Theorem 4.9. This is non general by
Lemma 3.9.

If F0/F1K
∗ is torsion, then all conditions are non generic, as the only potentially

generic condition Theorem 4.9(1), which is impossible for degree reasons.
Let us now check that for n0 > n1 generic bundles cannot be wobbly if (5.1)

does not hold. By Lemma 3.9, since by assumption δ > 3n1(n0 − n1)(g − 1) and
3n1(n0−n1)(g−1) > n1(n0−n1)(g−1), Fn,d dominates NX(ni, di). So wobbliness

of F0 and F1 is not generic. Similarly, the existence of torsion inside F0/F1K
∗

is not generic unless n1 = n0. Finally, within the given range, the existence of a
section S −→ F1K has positive codimension. �

Remark 5.2. Theorem 5.1 explains some phenomena observed for particular cases.
For example, it is known [PPe2] that in rank three, components of type (2, 1) and
(1, 2) are wobbly if and only if δ < 3g− 3. This proves Hausel–Hitchin’s conjecture
[HH, Remark 5.12], formulated after the computation of the virtual equivariant
multiplicites (see Remark 6.7). Similarly, in rank four, all components of type
(3, 1) were known to be wobbly [HH, Remark 5.13], which is the first fully wobbly
case covered by the criterion in Theorem 5.1, corresponding to n1 = 1.

5.2. U(n0, n1)-very stability and wobbly components. This section gathers
some observations resulting in Corollary 5.4.

Definition 5.3. Let GR < GL(n,C) be a real form. A fixed point E ∈ MX(GR)
is GR-very stable if there exists no nilpotent GR-Higgs bundle (E,ψ) such that
limt→0(E,ψ) = E.

Similarly, we call a fixed point component Fn,d GR-wobbly if it has no GR-very
stable points.

Clearly, if a component is very stable, then it is GR-very stable. As a corollary
to Theorem 5.1 we find that for length two fixed points this is an equivalence.

Corollary 5.4. The fixed point component Fn0,n1,d0,δ is wobbly if and only if it is
U(n0, n1)-wobbly.
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Proof. By Theorem 5.1, a component is wobbly if and only if it is flown down into
by flows of the form (F0 ⊕ F1, ψ) where

ψ =

((
0 β
ϕ 0

))

.

This is by definition an U(n0, n1)-Higgs bundle. �

6. Virtual equivariant multiplicities of wobbly components

In what follows, we analyse the failure of polynomiality of equivariant multiplic-
ities.

Lemma 6.1. Let E = (F0 ⊕ F1, ϕ) be a smooth fixed point. Then the C×-weight
subsheaves of on End(E) and End(E)K are as described below:

Component F ∗
1 F0 F ∗

0 F1 End(F0) End(F1)
Weight 1 -1 0 0

Proof. The weight wi of the action on Fi can be computed by imposing n0w0 +
n1w1 = 0, and w0 − w1 = 1. This implies that the gauge transformation

Ad

(

t
n1
n IdF0

t
−n0
n IdF1

)

takes E to tE . Thus, the weight on F0 is w0 = n1

n and the weight on F1 is w1 = −n0

n .
One easily computes from that the weights on the subsheaves FiF

∗
j . �

Proposition 6.2. Let E = (F0 ⊕F1, ϕ) =: (E,ϕ) be general; in particular, assume
it is smooth and ϕ is injective. Then, the C×-module T+

E consists of the following
weight spaces:

(T+
E )1 ∼=

H0(F ∗
1 F0K)

H0(End(F1))⊕ End(F0))
⊕

(
H0(End(F1)K)⊕ End(F0)K)

H0(F ∗
0 F1)

)∗

(T+
E )2 ∼= H1(F0F

∗
1 )

where S := F0/F1K
∗ is locally free if n0 > n1 and T := F0/F1K

∗ is torsion
otherwise. In particular

dim(T+
E )1 =

{
δ + 1 + n2

0(g − 1) n0 = n1;
(n2

0 + n2
1 − n0n1)(g − 1) + 1 + δ n0 > n1.

dim(T+
E )2 = −δ + 3n0n1(g − 1).

Proof. Recall that TE = H1(C•) for the complex

C• : End(F0 ⊕ F1)
ad(ϕ)
−→ End(F0 ⊕ F1)K.
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Hence, using the long exact sequence in hypercohomology defining H1, we have a
short exact sequence

(6.1) Coker

(

H0(End(E))
h0(ad(ϕ))

→ H0(End(E) ⊗K)

)

� _

��

TE

��
��

Ker

(

H1(End(E))
h1(ad(ϕ))

→ H1(End(E)⊗K)

)

.

Now, we have the following exact sequences:

F0F
∗
1 →֒ F0F

∗
1

ad[ϕ]
։ 0(6.2)

F ∗
0 F1

ad[ϕ]
→֒ End(F0)K ⊕ End(F1)K ։

{
End(F0)K⊕F1K ⊗ T n0 = n1

F ∗
0 SK ⊕ End(F1)K n0 > n1.

0 n0 = n1

S∗F0 n0 > n1.

}

→֒ End(F0)
ad[ϕ]
−→ F0F

∗
1K ։

{
F0K ⊗ T n0 = n1

0 n0 > n1.

End(F1)
ad[ϕ]
→֒ F ∗

1 F0K ։

{
F0K ⊗ T n0 = n1

F ∗
1 ⊗ S ⊗K n0 > n1.

Hence, from (6.1), (6.2), and [G, Prop. 4.1] one sees that the positive weight
contributions to H1(C•) come from the weight one space

H0(F ∗
1 F0K)

H0(End(F1))⊕ End(F0))
⊕

(
H0(End(F1)K)⊕ End(F0)K)

H0(F ∗
0 F1)

)∗

and the weight two space H1(F0F
∗
1 ). The latter has dimension

dim(T+
E )2 = h1(F0F

∗
1 ) = −δ + 3n0n1(g − 1)

by stability of E and unstability of F0 ⊕ F1.
To compute the exact dimensions of the weight one spaces, by Corollary 3.10 we

have that generically

h0(F ∗
0 F1)gen =

{
0 if δ > n0n1(g − 1)
1 + n0n1(g − 1)− δ if δ ≤ n0n1(g − 1)

so

dim

(
H0(End(F1)K)⊕ End(F0)K)

H0(F ∗
0 F1)

)∗

=

=







2 + (n2
0 + n2

1)(g − 1) δ > n0n1(g − 1)
2 + (n2

0 + n2
1 − n0n1)(g − 1) + δ (n0 − n1)n1(g − 1) = δ,

1 + (n2
0 + n2

1 − n0n1)(g − 1) + δ otherwise.

In the above we have used H1(End(Fi)K) = 1 (by stability of Fi when δ 6= n1(n0−
n1)(g − 1) and for the general pair (F0, F1) otherwise by Theorem 3.6).

For n0 > n1 we have that Im(End(F1)⊕End(F0) −→ F ∗
1 F0K) = Im(End(F0) −→

F ∗
1 F0K) by (6.2). For n0 = n1, we have that Im(H0(End(F1) ⊕ End(F0) −→
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H0(F ∗
1 F0K)) = C by stability of F1 and S. So

dim
H0(F ∗

1 F0K)

H0(End(F0)⊕ End(F1))
=







δ − n0n1(g − 1)− 1 if δ > n0n1(g − 1);
−1 if δ = n1(n0 − n1)(g − 1)
0 otherwise .

Thus, we have
dim(T+

E )1 = 1 + (n2
0 + n2

1 − n0n1)(g − 1) + δ

which finishes the proof. �

Proposition 6.3. Let E be a fixed point in a component with invariant δ. Then

mE(t) = (1 + t)ep(t)

where

e = e(δ, n0, n1) = (g − 1)



−3n0n1 +

⌊log2(n)⌋∑

k=1

2k
⌊ n

2k

⌋2

+ (2k − 1)
⌊ n

2k

⌋



+ δ,

and

p(t) =
∏

26|m≤n

(

m−1∑

j=0

tj)(2m−1)(g−1)
∏

1≤k≤⌊log2 n⌋

∏

26| m

2k
=[ m

2k
]≤n

(∑m−1
j=0 tj

(1 + t)k

)(2m−1)(g−1)

is a product of cyclotomic polynomials coprime with (1− t)(1 + t).

Proof. By Proposition 6.2, and the fact that (1− t2) = (1 + t)(1− t), we have

mE(t) =
(1− t)g

∏n
i=2(1− ti)(2i−1)(g−1)

(1− t)dim(T+

E
)1−δ+3n0n1(g−1)(1 + t)−δ+3n0n1(g−1)

.

Now, by the properties of cyclotomic polynomials, we have that 1− ti = (1− t)(1+
· · ·+ ti−1) and

(1 + t)k|(1− t2
km) ,

(

(1 + t),
(1− t2

km)

(1 + t)k

)

= 1 if (m, 2) = 1.

Thus, we obtain that

mE(t) = (1−t)e1(1+t)e2
∏

26|m≤n

(

m−1∑

j=0

tj)(2m−1)(g−1)
∏

1≤k≤⌊log2 n⌋

∏

26| m

2k
=[ m

2k
]≤n

(∑m−1
j=0 tj

(1 + t)k

)(2m−1)(g−1)

,

where

e1 = g +

n∑

i=2

(2i− 1)(g − 1)− dim(T+
E )1 − dim(T+

E )2

= 1 + n2(g − 1)− dim(T+
E ) = 0

where we have used that downward flows hav Lagrangian fibers. On the other hand

e2 =
∑

2≤2i≤n

(4i−1)(g−1)+
∑

4≤4i≤n

(8i−1)(g−1)+· · ·+(2⌊log2(n)⌋+1−1)(g−1)+δ−3n0n1(g−1).

Now, fixing k,

∑

2k≤2ki≤n

(2k+1i− 1) =

⌊ n

2k
⌋

∑

i=1

(2k+1i− 1) =
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= 2k
(⌊ n

2k

⌋2

+
⌊ n

2k

⌋)

−
⌊ n

2k

⌋

= 2k
⌊ n

2k

⌋2

+ (2k − 1)
⌊ n

2k

⌋

.

Thus

e2 = (g − 1)



−3n0n1 +

⌊log2(n)⌋∑

k=1

2k
⌊ n

2k

⌋2

+ (2k − 1)
⌊ n

2k

⌋



+ δ.

�

A direct consequence of Theorem 6.3 and [HH, Theorem 5.2] is the following.

Corollary 6.4. The multiplicities of very stable components of type (n0, n1) and
invariant δ are

mE(Fn,d) = 2e2(δ,n)
∏

26|m≤n

m(2m−1)(g−1)
∏

1≤k≤⌊log2 n⌋

∏

26| m

2k
=[ m

2k
]≤n

(m

2k

)(2m−1)(g−1)

.

Next we compute polynomiality of equivariant multiplicities.

Theorem 6.5. Let E ∈ Fn,d be a smooth fixed point. Then, the virtual equivariant

multiplicity mE(t) is a polynomial if and only if

(1) the partition (n0, n1) 6= (2, 1), (4, 3), or
(2) the partition (n0, n1) = (2, 1) and 3(g − 1) ≤ δ, or
(3) the partition (n0, n1) = (4, 3) and 8(g − 1) < δ.

Proof. Note that by Proposition 6.3, the statement is equivalent to showing that
e2 ≥ 0 outside of the specified partitions.

Consider the function of n1

fn(n1) =

rn(n1)
︷ ︸︸ ︷

3(n− n1)n1 −

⌊log2(n)⌋∑

k=1

2k
⌊ n

2k

⌋2

+ (2k − 1)
⌊ n

2k

⌋

︸ ︷︷ ︸

h(n)

.

Then e2(n0, n1, δ) = δ − fn0+n1
(n1).

Now, a local minimum computation shows that

(6.3) rn(n1) ≤ rn

(⌊n

2

⌋)

.

Also, by definition

(6.4) h(2m) = h(2m+ 1).

Since e2(n0, n1, δ) = δ − fn(n1)(g − 1) ≥ 0 ⇐⇒ δ ≥ fn(n1)(g − 1), it is enough to
prove that f(n1) is small enough for maximising partitions. So if the upper bound
of fn(n1) is smaller than the lower bound δmin for δ, we are done.

If n = 2m, then δmin = 0 corresponds to the maximal Toledo of the correspond-
ing U(n − n1, n1)-Higgs bundle moduli space. By Theorem 5.1, the component
F(m,m) is very stable, so e2(m,m, 0) ≥ 0 by [HH, Corollary 5.4]. Thus by (6.3) and
(6.4)

δ(n0, n1) ≥ 0 = δmin(m,m) ≥ f2m(m)(g − 1) ≥ f2m(n1)(g− 1) ∀n0 +n1 = 2m.

Similarly, for n = 2m+ 1, note that r2m+1(n1) = r2m(n1) + 3n1(g − 1). Thus, by
(6.4)

f2m+1(n1)(g − 1) = f2m(n1)(g − 1) + 3n1(g − 1).
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Since by (6.4)

f2m(m)− f2m(n1) = r2m(m)− r2m(n1) = 3(m2 − n1(2m− n1)),

in order to prove that f2m+1(n1)(g − 1) ≤ δ, it is enough to prove that

f2m(m)− 3(m2 − n1(2m− n1)) + 3n1 ≤ n1(n0 − n1) = n1(2m+ 1− 2n1).

Since f2m(m) ≤ 0, for the above to hold for all values of δ, it is enough to prove
that

−3(m2 − n1(2m− n1)) + 3n1 ≤ n1(2m+ 1− 2n1),

which is equivalent to

(6.5) n2
1 − n1(4m+ 2) + 3m2 ≥ 0.

Now, the parabola in n1 defined by the lower bound of (6.5) has two real roots,
only one of which is smaller than m+ 1 > n1. This root λ1(m) satisfies

m− 1 < λ1(m) = 1 + 2m−
√

1 +m2 + 4m < m.

Note that necessarily n1 ≤ m when n = 2m+ 1, as by assumption n0 > n1. Since
for m = n1 equation (6.5) does not hold, and there are no roots other than λ1(m)
below m, it follows that for n1 < m, n2

1 − n1(4m + 1) + 3m2 > 0. This shows
that for n0 6= n1 + 1, the virtual equivariant multiplicity is a polynomial. Now, by
Theorem 5.1 and [HH, Cor. 5.4], this assertion is also true for n0 = n1 + 1 not in
the range (5.1). We next prove that for (n1 + 1, n1) 6= (4, 3), (2, 1), mE(t) is always
a polynomial.

In order to do this it is enough check it for wobbly components of type (n1+1, n1),
that is, n1(g − 1) ≤ δ ≤ 3n1(g − 1). Thus, to check if

3n1(n1 + 1)(g − 1)− h(2n1 + 1)(g − 1) ≤ δ

holds, it is enough to prove that 3n1(n1+1)(g−1)−h(2n1+1)(g−1) ≤ n1(g−1), or,
equivalently, that 3n2

1+2n1 ≤ h(2n1+1) for all partitions other than the prescribed
ones.

In order to do this, we first prove it for n = 2k + 1. In this case

h(2k + 1) = 22k + 2k(k − 2) + 1 > 3n2
1 + 2n1 =

3

4
22k + 2k−1 ∀k > 1.

This proves the case of all ranges n = 2k + 1 except n = 3, which we will take care
of separately. Now, all odd numbers between 2k + 1 and 2k+1 − 1 are obtained by
adding successive powers 2j to 2k + 1 for j < k. So it is enough to check that if
h(2n1 + 1) > 3n2

1 + 2n1, then also h(2n1 + 1 + 2j) > 3(n1 + 2j−1)2 + 2(n1 + 2j−1)
when j < k := ⌊log2(2n1 + 1)⌋.

Now

h(2n1 + 1 + 2j) ≥ h(2n1 + 1) +
∑

1≤s≤j

2s
(

2j−s+1

⌊
2n1 + 1

2s

⌋

+ 22(j−s)
)

=

= h(2n1 + 1) + 22j(1− 2−j) + 2j+1
∑

1≤s≤j

⌊
2n1 + 1

2s

⌋

. (∗∗)

Now, we may further bound

(∗∗) ≥

{
h(2n1 + 1) + 22j(1− 2−j) + 2j+1

(
n1 +

n1

2

)
if n1 even

h(2n1 + 1) + 22j(1− 2−j) + 2j+1
(
n1 +

n1−1
2 + 1

)
if n1 ≥ 5 odd
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Note that for n1 ≥ 5 it must be k = log2(2n1+1) ≥ 3. On the other hand, we have

3(n1 + 2j−1)2 + 2(n1 + 2j−1) = 3n2
1 + 2n1 + 3 · 2jn1 + 3 · 22j−2 + 2j .

So to prove the statement for n1 even or n1 ≥ 5 it is enough to check that
{

22j(1− 2−j) + 2j+1
(
n1 +

n1

2

)
≥ 3 · 2jn1 + 3 · 22j−2 + 2j if n1 even

22j(1− 2−j) + 2j+1
(
n1 +

n1−1
2 + 1

)
≥ 3 · 2jn1 + 3 · 22j−2 + 2j if n1 ≥ 5 odd

and that h(5) > 3 · 22 + 2 · 2. This is an easy computation.
Hence, the only partitions to be checked are (2, 1) and (4, 3), which are computed

in Table 1.
�

Corollary 6.6. Let E be a smooth point in a wobbly fixed point component. Then
mE(t) is not a polynomial if and only if E ∈ F2,1,δ where (g − 1) ≤ δ ≤ 3(g − 1) or
E ∈ F4,3,δ where 3(g − 1) ≤ δ ≤ 8(g − 1). In particular, wobbly components F4,3,δ

where 8(g − 1) < δ < 9(g − 1) have polynomial virtual equivariant multiplicities.

Proof. This is a rephrasing of Theorem 6.5 once noticing that, when non empty,
the detection range for wobbly components is

(6.6) n1(g − 1) ≤ δ < (3n1(n1 + 1)− h(2n1 + 1))(g − 1).

The exact range is thus determined by the top bound in (6.6). In particular, the
range (6.6) is non empty if and only if h(2n1 + 1) ≤ (3n2

1 + 2n1), and includes all
wobbly components if and only if h(2n1 + 1) = 3n2

1. Table 1 shows the values for
(2, 1) and (4, 3), thus finishing the proof. �

n1 h(2n1 + 1) 3n1(n1 + 1) Non-polynomial mE(t) Polynomial mE(t)
1 3 6 (g − 1) ≤ δ ≤ 3(g − 1) ∅
3 28 36 3(g − 1) ≤ δ ≤ 8(g − 1) 8(g − 1) < δ < 9(g − 1)

Table 1. (Non-)polynomiality of wobbly virtual multiplicities

Remark 6.7. In rank 3, the only fixed point components which are not of type
(1, 1, 1) are of type (2, 1). Hence, a combination of [HH, Theorem 1.2], Theorem 5.1
(or its rank three version from [PPe2]) and Theorem 6.5 shows that, in this case,
wobbliness is totally determined by non polynomiality of the virtual equivariant
multiplicities. This was conjectured in [HH, Remark 5.12]. Similarly, Theorem
6.5 explains why in rank 4, components of type (3, 1) have always polynomial
equivariant multiplicities (as noticed in [HH, Remark 5.13]).

References
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