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A simple Voting algorithm has been shown to be effective at solving the OneMax problem 
in the presence of high levels of posterior noise in our previous research. In this paper, we 
extend this analysis to several different noise models, and show that the Voting algorithm 
remains robust in all of them. We consider the prior noise model and the partial evaluation 
of randomly selected bits. The Voting algorithm has superior runtime bounds on these 
problems compared to other published algorithms. We also introduce a new variant of 
partial evaluation, and further consider the simple model when a comparison-based oracle 
produces incorrect results with a fixed probability.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY license (http://creativecommons .org /licenses /by /4 .0/).

1. Introduction

In black box optimisation, we have a search space (typically {0, 1}n) and an oracle. The oracle evaluates elements of the 
search space, using a hidden objective function. The goal is to find an optimal element of the search space, as evaluated by 
the oracle, with as few queries as possible [1]. A common benchmark problem class used in theoretical studies is OneMax, 
in which the oracle returns the bitwise similarity (or, equivalently, Hamming distance) to a hidden target string. This can 
be solved trivially in O (n) queries by starting with some initial string, and then evaluating the effects of flipping each 
bit, one at a time. Less trivially, a method originating with Erdős, but derived independently in the context of black box 
optimisation in [2], shows that �(n/ ln n) queries will suffice — one simply evaluates this number of random strings, and 
this gives enough information to deduce the target.

The situation is made considerably more challenging when the oracle’s response is affected by noise. In the case of 
posterior noise, the value returned by the oracle is the true value plus a random variate from some probability distribution. 
One obvious approach here is to resample each string several times, and use the average as an estimate of the true value. 
If the noise comes from a centred Gaussian distribution, with variance σ 2, then it can be shown that σ 2 ln T samples are 
required for each string to guarantee accurate estimates across T different strings [3]. Thus, for OneMax with posterior 
Gaussian noise, we get an overall runtime of O (σ 2n), using the Erdős method. It has been proposed [4] that the median 
provides a better estimate than the mean when re-sampling noisy fitness functions. However, for additive Gaussian posterior 
noise, the advantage only holds when the variance is very small, i.e. 0 < σ < 0.9538.

The compact genetic algorithm (cGA) is shown to handle posterior noise with (large) polynomial runtime bounds [5]. 
A better asymptotic runtime for OneMax with posterior Gaussian noise is proved for the Paired Crossover Evolutionary 
Algorithm (PCEA) which just uses crossover, and no mutation [6].

✩ This article belongs to Section C: Theory of natural computing, Edited by Lila Kari.
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In the case of prior noise, the oracle evaluates the value of a string which has been mutated with some probability. The 
performance of the hill-climber (1 + 1)EA on OneMax with prior noise was examined by an early theoretical result [7], 
showing that super-polynomial time is needed when the probability of mutating even a single bit is ω(log(n)/n). In [8] it 
is shown that if the fitness is estimated by sampling each string 3 times, then the runtime reduces to O (n log n). Using the 
median, rather than the mean, can also reduce the runtime to polynomial, but in this case much larger sample sizes of 
O (n3) are required [9].

The well-studied LeadingOnes problem, where the oracle provides the maximum length of the prefix of a string having 
all values set to one, requires step by step improvement in a particular sequence to reach the optimum. The threshold 
between polynomial and super-polynomial expected runtimes for the (1+1)EA on LeadingOnes with one-bit prior noise is 
shown to be located at p = �(log n/n2) in [10].

It has been recognised for a long time that the population size can affect the ability of an EA to handle noise [11,12]. 
The results in [7] was generalised in [13] to consider populations using the (μ + λ)EA, and showed that populations are 
beneficial in both prior and posterior noise. However, they show that (1 + 1)EA can only tolerate posterior Gaussian noise 
when the variance is very small (less than 1/(4 log n)). The results in [14] also show that (1 + 1)EA has O (n log n) only for 
very small variances of posterior noise. A more recent theoretical study by [15] shows that a low mutation rate enables a 
particular mutation-population algorithm to handle arbitrary posterior noise for the OneMax problem in polynomial time, 
although the bounds given are large. A recent study [16] with a non-elitist population-based EA which mutates the tour-
nament winner and adds it to the next population on the OneMax problem in presence of one-bit and multiple-bit prior 
noise models showed the runtime bounds to be O (n2) and o(n3 log n) for one-bit and multiple-bit prior noise respectively.

In [17], we presented the Voting algorithm, which improves on the runtime for OneMax with posterior noise. For One-

Max with posterior noise taken from any unimodal distribution with finite mean and variance, this algorithm has a runtime 
of O (n ln n) when σ 2 = O (n) and O (σ 2 ln n) when the variance is greater than this. In this paper, we extend this work by 
analysing the performance of the Voting algorithm on OneMax with several different noise models as follows:

• Posterior noise — the results of [17] are restated for completeness.
• Prior noise — in which the string to be evaluated is mutated beforehand.
• Random bit evaluation — in which bits have a fixed probability of being considered by the oracle.
• Random subset evaluation — in which a random subset of bits, of a fixed size, are evaluated.
• Deceptive oracle — the oracle lies when comparing two strings with a fixed probability.

It was observed in [17] that, since the Voting algorithm samples only uniformly random strings, its behaviour on OneMax

is identical to its behaviour on Jump, in which the gap size is αn for any constant 0 ≤ α < 1/2. The same observation applies 
in this paper with regards the application of posterior noise, and the deceptive oracle. In the case of prior noise, the gap 
range must be restricted to 0 ≤ α < 1/3, to avoid the possibility that strings are mutated into the gap.

Voting has previously been considered as a mechanism to enhance evolutionary algorithms, for example in [18–20]. In 
our work, the selection and voting process may be considered as a simplification or abstraction of various evolutionary 
approaches. For example, the algorithm is equivalent to doing a single iteration of UMDA [21], using binary tournament 
selection, and then considering whether the bit frequencies have changed (with high probability) towards the correct values. 
Alternatively, it can be seen as a version of the compact genetic algorithm [22] in which the bitwise probabilities are not 
updated between iterations, and the final result depends on information from the entire runtime history. Finally, there are 
close similarities with the use of crossover, since when crossing two strings, the bits which are the same are untouched, but 
the bits which are different are randomised. Performing a tournament selection between two offspring of the same parents 
therefore induces a drift towards the correct bit values on OneMax, which is large enough to overcome significant levels of 
noise (see particularly [6]).

It is worth observing that the Voting algorithm requires no adaptation as it works from a sample of uniformly generated 
random strings. As such, it is potentially useful in the context of one-shot optimisation [23], and it is remarkable that noisy
OneMax and Jump can be solved in this context. Similarly, the algorithm can be easily parallelised, since all the evaluations 
are done independently. The parallel black box complexity of problem classes has recently been examined in [24], although 
restricted to unary unbiased algorithms [25]. The Voting algorithm we present is unbiased, but not unary (as the voting step 
requires all tournament winners as input). Consequently, the restrictions of [24] do not apply, and our results show that the 
unrestricted parallel black box complexity of noisy OneMax and Jump is, in fact, a single generation, requiring a population 
size of O (n log n) to ensure finding the solution with high probability.

2. The Voting algorithm

In this section, we introduce the Voting algorithm from [17] and restate the basic results concerning the runtime of 
this algorithm on OneMax when there is no noise. We prove a generalisation of this result in the situation where strings 
are generated with a bias towards the correct value. This situation may arise, for example, when strings are the result of 
running a few steps of a local search algorithm, rather than simply being generated randomly. However, it is important 
to note that in our analysis, it is essential that the values of the bits are independent, and this would not generally be 
2
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the case following the application of local search. These results must therefore be seen as some preliminary steps towards 
understanding this situation.

In the Voting Algorithm, we generate two uniform random strings, choose the best of the two, and add it to the popu-
lation. When there are enough strings in the population, we take a bit-wise vote, breaking ties randomly (see Algorithm 1). 
Please note that, the indicator function is denoted by [·] in the algorithm and, without loss of generality, that the target 
string is 1n .

Algorithm 1: The Voting algorithm.

Let p = (0, . . . , 0);
repeat μ times

Let x ∈ {0, 1}n be a uniform random string;
Let y ∈ {0, 1}n be a uniform random string;
if f (x) > f (y) then

p = p + x;
else

p = p + y;
end

end
for 1 ≤ i ≤ n do

if pi = μ/2 then
zi = 0 or 1 chosen uniformly at random;

else
zi = [pi > μ/2];

end
end
Return z;

The runtime analysis of the Voting algorithm on OneMax without noise hinges on the following lemma (see [17] for the 
proof).

Lemma 1. Let x, y ∈ {0, 1}n be uniform random strings and let the tournament winner, z, be decided according to the OneMax func-
tion. For any k ∈ {1, . . .n},

Pr(zk = 1) ≥ 1

2
+ 1

8
√

n
.

The runtime then follows:

Theorem 1. If μ ≥ 32(c + 1)n ln n, then the Voting algorithm correctly solves OneMax with probability greater than 1 − 1/nc .

Proof. For any one bit position, k, the probability that the vote is incorrect is

Pr(pk ≤ μ/2) ≤ exp(−2μ/64n) ≤ 1

nc+1

by Hoeffding’s inequality. So by the union bound, the probability that at least one bit gets the incorrect vote is at most 
1/nc . �

One can see, from the use of Hoeffding’s inequality and the union bound, that we have, in general, the following which 
we will make use of several times:

Lemma 2. Let x, y ∈ {0, 1}n be any two strings and let the tournament winner, z, be decided according to the OneMax function. 
Suppose that, for all k ∈ {1, . . .n},

Pr(zk = 1) ≥ 1

2
+ δ

for some δ > 0 (which may be a function of various parameters, including n). Then if μ ≥ ((c + 1) ln n)/(2δ2) the Voting algorithm 
correctly solves OneMax with probability greater than 1 − 1/nc .
3
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In each of the following sections, we make use of bounds on the probability

Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠

under different conditions. This also appears in, for example, [26,5,27]. In our analysis of this quantity, we make use of the 
following result (see Lemma 1 of [28], and also [29]):

Lemma 3. For n ∈N and 0 ≤ x ≤ 1 we have:

n∑
k=0

(
n

k

)2

x2k(1 − x)2(n−k) ≥ 1

4n

(
2n

n

)

The analysis and experiments with EAs usually involve starting with search strings chosen uniformly at random, where 
the probability of having one in each bit is set to 1

2 . If non-uniform random initialisation of strings is considered, such 
that each bit of the random strings would have a one with probability r and a zero otherwise and each of the bits are 
independent, then it enables the analysis of different scenarios where the initial strings are better than random, i.e., r > 1

2 .
The consideration of the probability r instead of choosing the strings uniformly at random is an initial step towards 

understanding the impact of biasing the initial population, theoretically, which is needed in certain application domains. 
When the Voting mechanism is hybridised with an initial phase of local search, such as the (1 + 1)EA that iteratively 
updates the current solution string with mutation, the strings in the population tend to be closer to the optimum than 
randomly chosen strings. This should mean that a smaller population would be needed to reach the optimum. However, 
initialising strings with local search would bring in dependencies within the bits.

Lemma 4. Let x, y ∈ {0, 1}n be two strings chosen at random, such that the probability of having a one in each bit is at least r ≥ 1/2, 
and the bits are chosen independently. The winner of the binary tournament selection, z, decided on the basis of the OneMax function, 
will have a one in position k with probability

Pr(zk = 1) ≥ r + r(1 − r)
1

2
√

n

Proof. The probability that the winner of the tournament has a one in position k is given by

Pr(zk = 1) = Pr(xk = 1 | x wins)Pr(x wins) + Pr(yk = 1 | y wins)Pr(y wins)

Since Pr(x wins) = Pr(y wins) holds by symmetry, we can obtain,

Pr(zk = 1) = Pr(xk = 1 | x wins)

By Bayes’ Theorem

Pr(xk = 1 | x wins) = Pr(xk = 1)

Pr(x wins)
Pr(x wins | xk = 1)

≥ 2r × Pr(x wins | xk = 1)

Using the law of total probability, we can say that,

Pr(x wins | xk = 1) = Pr(x wins | xk = 1, yk = 1)Pr(yk = 1)

+ Pr(x wins | xk = 1, yk = 0)Pr(yk = 0)

(since when xk = yk = 1 then x and y are equally likely to win the tournament)

≥ 1

2
r + Pr

⎛
⎝∑

i �=k

xi + 1 >
∑
i �=k

yi

⎞
⎠ (1 − r)

= 1

2
r + Pr

⎛
⎝∑

i �=k

(yi − xi) < 1

⎞
⎠ (1 − r)

= 1

2
r + (1 − r)

⎡
⎣Pr

⎛
⎝∑

i �=k

(yi − xi) < 0

⎞
⎠ + Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠

⎤
⎦

4
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By symmetry, we have

Pr

⎛
⎝∑

i �=k

(yi − xi) < 0

⎞
⎠ = 1

2

⎛
⎝1 − Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠

⎞
⎠

Now, we can obtain,

Pr

⎛
⎝∑

i �=k

(yi − xi) < 1

⎞
⎠

= 1

2
+ 1

2
Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠

= 1

2
+ 1

2

⎛
⎝n−1∑

j=0

Pr

⎛
⎝∑

i �=k

yi = j

⎞
⎠Pr

⎛
⎝∑

i �=k

xi = j

⎞
⎠

⎞
⎠

= 1

2
+ 1

2

n−1∑
j=0

(
n − 1

j

)2

r2 j(1 − r)2n−2−2 j

≥ 1

2
+ 1

22n−1

(
2n − 2

n − 1

)

≥ 1

2
+ 1

4
√

n

where we make use of Lemma 3, and then bounds on central binomial coefficients [30]. Then the required probability of 
having a one in the bit position k of the tournament winner z is derived as follows,

Pr(zk = 1) ≥ r2 + 2r(1 − r)

(
1

2
+ 1

4
√

n

)

= r + r(1 − r)
1

2
√

n
�

We consider two cases: r = 1/2 + �(1) and r = 1/2 + o(1).

Theorem 2. Suppose r = 1/2 + γ , where γ is a constant. If μ ≥ (c+1)

2γ 2 ln n, then the Voting algorithm correctly solves OneMax with 
probability greater than 1 − 1/nc .

Proof. When r = 1
2 + γ ,

Pr(zk = 1) ≥ r + r(1 − r)
1

2
√

n
≥ r = 1/2 + γ

The result then follows from Lemma 2. �
Theorem 3. Suppose r = 1

2 +εn, where εn → 0+ as n → ∞. If μ ≥ 32(c+1)n ln n, then the Voting algorithm correctly solves OneMax 
with a probability greater than 1 − 1/nc .

Proof. The probability that the tournament winner has a one in bit position k,

Pr(zk = 1) ≥
(

1

2
+ εn

)
+

(
1

2
+ εn

)(
1

2
− εn

)
1

2
√

n

= 1

2
+ εn + 1

8
√

n
− εn

2

2
√

n

≥ 1

2
+ 1

8
√

n
, for sufficiently large n. �

This interesting idea of considering a non-uniform random string initialisation could be considered for the following 
analyses when noise is included. However, we have avoided this, for simplicity of presentation.
5
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Table 1
Noisy OneMax with additive Gaussian noise. The parameters 
 and K represent the mutation rate of (1+1)EA and 
the population size of cGA respectively.

Algorithm Parameters Runtime bounds

(1+1)EA 
 = 1/n,
σ 2 ≤ 1/4 ln(n)

O (n lnn) and super polynomial for larger σ 2 [13]


 = 1/n, σ 2 ≥ 1 e�(n) [35]
(1+1)EA with Sampling 
 = 1/n O (σ 2n(lnn)2) [3]

Mutation-Population Algorithm O
(
σ 7n lnn ln(lnn)

)
[36]

Paired Crossover EA (PCEA) σ 2 = n O (n(lnn)2) [6]

Compact GA (cGA) K =
ω(σ 2√

n lnn)

O (Kσ 2√
n ln Kn) [5]

Voting Algorithm σ 2 ≤ 3n/8 O (n lnn)

σ 2 > 3n/8 O (σ 2 lnn)

3. Voting algorithm on noisy ONEMAX problems

3.1. Posterior noise

For the OneMax problem with posterior noise, the fitness, at each evaluation, receives an addition of a random value 
drawn from some probability distribution η with variance σ 2.

f noisy(x) = f (x) + η(σ 2)

In [17], we proved that the Voting algorithm has superior runtime than other existing algorithms (refer to Table 1) on
OneMax with posterior noise. The result holds for arbitrary posterior noise distributions with finite mean and variance 
and, in the case where σ 2 = �(n) with the restriction that the noise is unimodal. We restate the main result here for 
completeness.

For empirical results regarding the performances of the considered algorithms in Table 1, please refer to [31,32,17,33,34]. 
The observations from the experiments in the cited work illustrate better performance of recombination operations in 
comparison to mutation operations in solving noisy combinatorial optimisation problems. The work in [17,31] illustrates the 
speed up due to voting operator in traditional EAs.

Theorem 4. The Voting algorithm correctly solves noisy OneMax with high probability, when the noise distribution has finite mean and 
variance σ 2 ≤ 3n/8, in O (n ln n) function evaluations. If, in addition, the noise distribution is unimodal, then in the case σ 2 ≥ 3n/8, 
the algorithm requires at most O (σ 2 ln n) function evaluations.

3.2. Prior noise

The prior noise model flips a single bit or multiple bits in the search string before the fitness evaluation is performed. 
Here, we have considered the generalised multiple bit-flipping noise, that is defined as follows,

f noisy(x) =
{

f (x) with probability (1 − p)

f (x′) with probability p

where, x′ is generated by independently flipping each bit of x with probability q. Thus, a bit gets flipped with probability 
pq. In this work, we present a better bound than the existing results (refer to Table 2) for this problem.

Theorem 5. The Voting algorithm correctly solves noisy OneMax in the presence of the generalised multiple bit-flipping prior noise, 
with high probability, when q ≤ 1/3 and p < 1, in O (n lnn) function evaluations.

Proof. When a tournament is held between two uniform random strings x and y, to select a winner, z, there are four 
different cases, which we will consider separately:

Case A Neither x nor y are mutated, prior to evaluation.
Case B x is mutated, but y is not mutated, prior to evaluation.
Case C x is not mutated, but y is mutated, prior to evaluation.
Case D Both x and y are mutated, prior to evaluation.

It is important to notice that under the conditions of each case, the bit values of each string before and after mutation 
(should that happen) are independent, and are equally likely to be 0 or 1.
6
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Table 2
Noisy OneMax with multiple bit-flipping prior noise. The parameters 
, λ and c represent 
mutation rate, population size and a positive constant respectively.

Algorithm Parameters Runtime

(1+1)-EA 
 = 1/n, 
q = O (1/n2), 
p = 1

�(n lnn) [13]


 = 1/n, 
q = O (lnn/n2), 
p = 1

polynomial [13]


 = 1/n, 
q = ω(lnn/n2), 
p = 1

2ω(lnn) [13]

(1+1)EA with Sampling 
 = 1/n, 
Sampling size 

= O (n3+2c), 
q ≤ 1

2 − 1
nc , 

c = O (1), p = 1

polynomial [37]

Non-elitist EA with 
tournament selection


 = O (1/n3/2), 
λ = � (n lnn), 
q ∈ (0, 1/2), 
p = 1

O (n3(lnn)2) [16]

Voting Algorithm q ≤ 1/3, p < 1 O (n lnn) [Theorem 5]

We focus on a particular bit position k. In each case, the analysis is the same as for the noiseless situation, up to the 
point:

Pr(zk = 1) = 1

4
+ 1

2
Pr(x wins | xk = 1, yk = 0)

When there is no noise, we have [17]

Pr(x wins | xk = 1, yk = 0) ≥ 1

2
+ 1

4
√

n

Case A. Here neither strings are mutated, and so the analysis is the same as if there were no prior noise:

Pr(zk = 1 |Case A) ≥ 1

2
+ 1

8
√

n

Case B. Assuming xk = 1 and yk = 0, we consider two sub-cases: when the bit xk is flipped, and when it is not. When xk

is flipped from 1 to 0, then the strings are equally likely to win. Wen xk is not flipped, the chance of x winning is the same 
as in the noiseless case. Hence:

Pr(zk = 1 |Case B) ≥ 1

4
+ 1

2

(
q

2
+ (1 − q)

(
1

2
+ 1

4
√

n

))
which gives:

Pr(zk = 1 |Case B) ≥ 1

2
+ 1 − q

8
√

n

Case C. Assuming xk = 1 and yk = 0, we consider two sub-cases: when the bit yk is flipped, and when it is not. When it 
is flipped from 0 to 1, the strings are equally likely to win. Otherwise, if yk is not flipped and remains at zero, we have the 
same as the noiseless case:

Pr(zk = 1 |Case C) ≥ 1

4
+ 1

2

(
q

2
+ (1 − q)

(
1

2
+ 1

4
√

n

))
which gives:

Pr(zk = 1 |Case C) ≥ 1

2
+ 1 − q

8
√

n

Case D. Assuming xk = 1 and yk = 0, there are four sub-cases to consider. If neither bits are flipped, then we have, as 
before

Pr(zk = 1 |Case D, x′
k = 1, y′

k = 0) ≥ 1 + 1√

2 4 n

7
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When xk is flipped from 1 to 0, but yk remains at 0, then the chances of x winning are just 1/2. Similarly for the case 
when xk does not flip, but yk does.

The fourth case to consider is when xk flips to 0, and yk flips to 1. Now

Pr(x wins |Case D, x′
k = 0, y′

k = 1) = Pr

⎛
⎝∑

i �=k

x′
i >

∑
i �=k

y′
i + 1

⎞
⎠

By symmetry, we have

Pr

⎛
⎝∑

i �=k

x′
i >

∑
i �=k

y′
i + 1

⎞
⎠ = 1

2
− 1

2
Pr

⎛
⎝∑

i �=k

y′
i − x′

i = 0

⎞
⎠ − Pr

⎛
⎝∑

i �=k

y′
i − x′

i = −1

⎞
⎠

from which we get the bound

Pr

⎛
⎝∑

i �=k

x′
i >

∑
i �=k

y′
i + 1

⎞
⎠ ≥ 1

2
− 3

2
Pr

⎛
⎝∑

i �=k

y′
i − x′

i = 0

⎞
⎠

We then use the following result from [17]

Pr

⎛
⎝∑

i �=k

y′
i − x′

i = 0

⎞
⎠ = 4

22n

(
2n − 2

n − 1

)
.

Using well-known bounds on central binomial coefficients [30], we approximate(
2n − 2

n − 1

)
≤ 22n

6
√

n

to get

Pr(zk = 1 |Case D, x′
k = 0, y′

k = 1) ≥ 1

2
− 1√

n

and hence

Pr(zk = 1 |Case D, xk = 1, yk = 0) ≥ (1 − q)2
(

1

2
+ 1

4
√

n

)
+ q(1 − q)

+ q2
(

1

2
− 1√

n

)

= 1

2
+ 1 − 2q − 3q2

4
√

n
.

It follows that:

Pr(zk = 1 |Case D) ≥ 1

2
+ 1 − 2q − 3q2

8
√

n
.

If q ≤ 1/3, then we have

Pr(zk = 1 |Case D) ≥ 1

2
.

Putting cases A, B, C and D together, and assuming q ≤ 1/3, we conclude

Pr(zk = 1) ≥ (1 − p)2
(

1

2
+ 1

8
√

n

)
+ 2p(1 − p)

(
1

2
+ 1 − q

8
√

n

)
+ p2

2

= 1

2
+ 1

8
√

n
(1 − p2 − 2pq + 2p2q)

= 1

2
+ 1

8
√

n
(1 − p)(1 + p − 2pq)

≥ 1

2
+ 1 − p

8
√

n

and the result follows, by applying Lemma 2. �
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3.3. Partial evaluation via random bits

In noisy data mining and learning problems, incomplete or unavailable data attributes are often encountered. Here, we 
have considered a similar noise model where, the fitness evaluation is performed only on randomly chosen bits (attributes) 
of the search point which leads to a partial evaluation of the fitness function. This noise model has been studied for a 
non-elitist binary selection algorithm and (1 + 1)EA [36].

When solving the OneMax(x) function, where the noisy evaluation takes into consideration bits with a probability d, the 
noisy fitness function can be written as follows,

f noisy(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

f (x) with probability d f (x)(1 − d)0

f (x) − 1 with probability d( f (x)−1)(1 − d)1

f (x) − 2 with probability d( f (x)−2)(1 − d)2

. . .

0 with probability d0(1 − d) f (x)

Here, we show that the Voting algorithm solves the OneMax problem with this noise model in O ((n ln n)/d2) function 
evaluations. The non-elitist algorithm presented in [36] requires a larger bound:⎧⎨

⎩
O

(
n ln n

d7

)
if d ≤ 1/n

O
(

n9/2 ln n
d7/2

)
if d > 1/n

Theorem 6. Let x, y ∈ {0, 1}n be two strings chosen uniformly at random. If z is the winner of the binary tournament selection using 
the OneMax function, with partial evaluation of the fitness function with probability d, then the probability that z will have a one in 
position k is given by

Pr(zk = 1) ≥ 1

2
+ d

8
√

n

If μ ≥ 32
d2 (c + 1)n ln n, then the Voting algorithm correctly solves OneMax with probability greater than 1 − 1/nc .

Proof. Following as before and using the law of total probability,

Pr(zk = 1) = Pr(xk = 1 | x wins)

= Pr(x wins | xk = 1)

= Pr(x wins | xk = 1, yk = 1)Pr(yk = 1)

+Pr(x wins | xk = 1, yk = 0)Pr(yk = 0)

= 1

4
+ 1

2
Pr(x wins | xk = 1, yk = 0)

Here, for each i, let ai and bi be random numbers such that they are equal to one with probability d, when bit position i is 
being considered in the fitness evaluation, and zero otherwise.

Then we can say,

Pr(x wins | xk = 1, yk = 0) ≥ Pr

⎛
⎝∑

i �=k

ai xi + ak >
∑
i �=k

bi yi

⎞
⎠

Now, there may be two cases arising from the value of ak ,

Pr(x wins | xk = 1, yk = 0)

= Pr(x wins | xk = 1, yk = 0,ak = 0)Pr(ak = 0)

+ Pr(x wins | xk = 1, yk = 0,ak = 1)Pr(ak = 1)

≥ 1

2
(1 − d) + Pr

⎛
⎝∑

i �=k

ai xi + 1 >
∑
i �=k

bi yi

⎞
⎠d

Now,
9
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Pr

⎛
⎝∑

i �=k

aixi + 1 >
∑
i �=k

bi yi

⎞
⎠

= Pr

⎛
⎝∑

i �=k

(bi yi − ai xi) < 1

⎞
⎠

= Pr

⎛
⎝∑

i �=k

(bi yi − ai xi) = 0

⎞
⎠ + Pr

⎛
⎝∑

i �=k

(bi yi − aixi) < 0

⎞
⎠

= Pr

⎛
⎝∑

i �=k

(bi yi − ai xi) = 0

⎞
⎠ + 1

2
− 1

2
Pr

⎛
⎝∑

i �=k

(bi yi − ai xi) = 0

⎞
⎠

= 1

2
+ 1

2
Pr

⎛
⎝∑

i �=k

(bi yi − ai xi) = 0

⎞
⎠

=
⎛
⎝1

2
+ 1

2

n−1∑
j=0

(
n − 1

j

)2 (
1

2
d

)2 j (
1 − 1

2
d

)2n−2−2 j
⎞
⎠

≥ 1

2
+ 1

22n−1

(
2n − 2

n − 1

)

≥ 1

2
+ 1

4
√

n

where we make use of Lemma 3, and then bounds on central binomial coefficients [30]. We can now obtain the required 
probability of having a one in the bit position k, as follows,

Pr(zk = 1) ≥ 1

4
+ 1

2

(
1

2
(1 − d) + d

(
1

2
+ 1

4
√

n

))

= 1

2
+ d

8
√

n

The rest of the proof follows as before. �
3.4. Partial evaluation based on a random subset of bits

An alternative method of partial evaluation, is where a fixed size subset of bits is chosen randomly. Let S be a set of 
randomly chosen bit positions of size |S| = s. Then, the noisy OneMax fitness evaluation is defined as,

f noisy(x) =
∑
k∈S

xk

This models the situation where a machine learning algorithm is trained on a small randomly chosen sample of instances, 
but is expected to generalise across all instances. Suppose there are n possible instances. A trained classifier, corresponding 
to certain learned parameters, will either correctly or incorrectly classify each instance. Thus, each trained model has a 
corresponding bit string in {0, 1}n . It is typically impractical to train and test models on all n instances, however, so when 
comparing two models, we look at a small random subset of instances, and prefer the model that performs best on those. 
Our model is artificial, of course, because we will assume that correct bit values in different positions are independent, and 
this will typically not be the case in a real machine learning situation.

For our analysis, then, when we compare two strings, we compare them on the same, randomly chosen, subset of bits 
of size s. A new subset is chosen randomly for each comparison.

Theorem 7. If μ ≥ 32(c + 1)n2

s ln n, then the Voting algorithm correctly solves OneMax with probability greater than 1 − 1/nc, where 
the tournament selection is performed with respect to s randomly sampled bits.

Proof. When comparing two uniform random strings x and y, to choose a winner z, let S be the set of the s bits that are 
sampled. Then, the probability that the tournament winner has a one in position k is
10
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Pr(zk = 1) = Pr(zk = 1 |k ∈ S)Pr(k ∈ S)

+ Pr(zk = 1 |k /∈ S)Pr(k /∈ S)

≥
(

1

2
+ 1

8
√

s

)
s

n
+ 1

2

(
1 − s

n

)

= 1

2
+

√
s

8n

The rest of the proof follows as before, following the same arguments with the help of the union bound and Hoeffding’s 
inequality (Lemma 2). �

It is to be noted that when all the bits are known during the tournament selection, i.e. s = n, the Voting algorithm 
requires O (n ln n) function evaluations as before.

3.5. The deceptive oracle

An oracle may perform comparisons of strings, and say which is better (according to the hidden target string and cor-
responding objective function). We consider now the case where this comparison is noisy — not because the underlying 
objective function has noise, but because there is a fixed probability that the worse string is identified as the better one. 
This kind of uncertainty has been considered in the context of comparison-based optimization methods for sorting [38] and 
clustering [39]. We suppose that the probability that the oracle returns the incorrect result is l.

Theorem 8. Let x, y ∈ {0, 1}n be uniformly at random chosen strings. Let the binary tournament winner z be decided according to the
OneMax function, subject to the oracle returning the incorrect answer with probability l < 1/7. That is, if |x|1 > |y|1 then

z =
{

x with probability 1 − l

y with probability l

Then the probability that there will be a one at position k of the binary tournament winner is at least,

1

2
+ 1

8
√

n
(1 − 7l)

and the Voting algorithm solves the OneMax problem in the presence of a noisy comparison oracle with high probability in 
O  

(
1

(1−7l)2 n ln n
)

function evaluations.

Proof. As in the previous analyses, with the use of theorem of total probability and Bayes’ theorem, the probability that the 
tournament winner has a one in position k is given by,

Pr(zk = 1) = Pr(xk = 1 | x wins)

= Pr(xk = 1 | x wins,oracle correct)(1 − l)

+ Pr(xk = 1 | x wins,oracle incorrect)l

= Pr(x wins |oracle correct, xk = 1)(1 − l)

+ Pr(x wins |oracle incorrect, xk = 1)l

Now,

Pr(x wins |oracle correct, xk = 1)

= Pr(x wins |oracle correct, xk = 1, yk = 1)Pr(yk = 1)

+ Pr(x wins |oracle correct, xk = 1, yk = 0)Pr(yk = 0)

≥ 1

4
+ 1

2
Pr

⎛
⎝∑

i �=k

xi + 1 >
∑
i �=k

yi

⎞
⎠

= 1

4
+ 1

2

(
1

2
+ 1

4
√

n

)

= 1

2
+ 1

8
√

n

11
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Again,

Pr(x wins |oracle incorrect, xk = 1)

= Pr(x wins |oracle incorrect, xk = 1, yk = 1)Pr(yk = 1)

+ Pr(x wins |oracle incorrect, xk = 1, yk = 0)Pr(yk = 0)

≥ 1

4
+ 1

2
Pr

⎛
⎝∑

i �=k

(yi − xi) > 1

⎞
⎠

= 1

4
+ 1

2

⎡
⎣Pr

⎛
⎝∑

i �=k

(yi − xi) ≥ 0

⎞
⎠ − Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠ − Pr

⎛
⎝∑

i �=k

(yi − xi) = 1

⎞
⎠

⎤
⎦

≥ 1

4
+ 1

2

⎡
⎣1

2
+ 1

2
Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠ − 2 Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠

⎤
⎦

= 1

4
+ 1

2

⎡
⎣1

2
− 3

2
Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠

⎤
⎦

= 1

4
+ 1

2

(
1

2
− 3

2
√

n

)

= 1

2
− 3

4
√

n

where we have used

Pr

⎛
⎝∑

i �=k

(yi − xi) = 0

⎞
⎠ =

n−1∑
j=0

Pr

⎛
⎝∑

i �=k

yk = j

⎞
⎠Pr

⎛
⎝∑

i �=k

xk = j

⎞
⎠

= 1

22n−2

n−1∑
j=0

(
n − 1

j

)2

= 1

22n−2

(
2n − 2

n − 1

)

≤ 1√
π

√
n − 1

≤ 1√
n

Then Pr(zk = 1) becomes,

Pr(zk = 1) = Pr(xk = 1 | x wins)

=
(

1

2
+ 1

8
√

n

)
(1 − l) +

(
1

2
− 3

4
√

n

)
l

= 1

2
+ 1

8
√

n
(1 − 7l)

The final result follows from Lemma 2. �
4. Conclusions

We have studied the use of Voting as a heuristic method. It is particularly effective for the noisy OneMax problem with 
different variants of noise. We prove that the upper bounds on the runtime of OneMax with posterior and prior noise 
are better than any other algorithm we are aware of. In case of partial evaluation of fitness functions, as well, the Voting 
algorithm would require significantly fewer function evaluations than previously published results. We also analyse the 
runtime on OneMax with two other variants of noise relevant in learning and optimisation problems and show that Voting 
can be an efficient method in simple noisy combinatorial optimisation.
12
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