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Abstract

We study the problem of Brownian motion in a multiscale potential. The potential is assumed
to have N + 1 scales (i.e. N small scales and one macroscale) and to depend periodically
on all the small scales. We show that for nonseparable potentials, i.e. potentials in which
the microscales and the macroscale are fully coupled, the homogenized equation is an over-
damped Langevin equation with multiplicative noise driven by the free energy, for which the
detailed balance condition still holds. This means, in particular, that homogenized dynam-
ics is reversible and that the coarse-grained Fokker—Planck equation is still a Wasserstein
gradient flow with respect to the coarse-grained free energy. The calculation of the effective
diffusion tensor requires the solution of a system of N coupled Poisson equations.

Keywords Brownian dynamics - Multiscale analysis - Reiterated homogenization -
Reversible diffusions - Free energy

Mathematics Subject Classification 35B27 - 35Q82 - 60H30

1 Introduction

The evolution of complex systems arising in chemistry and biology often involve dynamic
phenomena occurring at a wide range of time and length scales. Many such systems are
characterised by the presence of a hierarchy of barriers in the underlying energy landscape,
giving rise to a complex network of metastable regions in configuration space. Such energy
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landscapes occur naturally in macromolecular models of solvated systems, in particular
protein dynamics. In such cases the rugged energy landscape is due to the many competing
interactions in the energy function [11], giving rise to frustration, in a manner analogous to
spin glass models [10, 40]. Although the large scale structure will determine the minimum
energy configurations of the system, the small scale fluctuations of the energy landscape will
still have a significant influence on the dynamics of the protein, in particular the behaviour at
equilibrium, the most likely pathways for binding and folding, as well as the stability of the
conformational states. Rugged energy landscapes arise in various other contexts, for example
nucleation at a phase transition and solid transport in condensed matter.

To study the influence of small scale potential energy fluctuations on the system dynamics,
a number of simple mathematical models have been proposed which capture the essential
features of such systems. In one such model, originally proposed by Zwanzig [56], the
dynamics are modelled as an overdamped Langevin diffusion in a rugged two-scale potential
Ve,

dXE = —VVE(X,)dt + 20 dW,, o =p"'=kpT, 1)

where T is the temperature and k 5 is Boltzmann’s constant. The function V¢ (x) = V (x, x/€)
is a smooth potential which has been perturbed by a rapidly fluctuating function with wave
number controlled by the small scale parameter e > 0. See Fig. 1 for anillustration. Zwanzig’s
analysis was based on an effective medium approximation of the mean first passage time,
from which the standard Lifson—Jackson formula [33] for the effective diffusion coefficient
was recovered. In the context of protein dynamics, phenomenological models based on (1)
are widespread in the literature, including but not limited to [3, 28, 37, 53]. Theoretical
aspects of such models have also been previously studied. In [13] the authors study diffusion
in a strongly correlated quenched random potential constructed from a periodically-extended
path of a fractional Brownian motion. Numerical study of the effective diffusivity of diffusion
in a potential obtained from a realisation of a stationary isotropic Gaussian random field is
performed in [6]. More recent works include [22, 23] where the authors study systems of
weakly interacting diffusions moving in a multiwell potential energy landscape, coupled via
a Curie—Weiss type (quadratic) interaction potential and [34] in which the authors consider
enhanced diffusion for Brownian motion in a tilted periodic potential expressing the effective
diffusion in terms of the eigenvalue band structure. It is also worth mentioning a series of
works [4, 19, 48, 54] studying multiscale behaviour of diffusion processes with multiple-well
potentials in which the limiting process is a chemical reactions instead of a diffusion. We also
mention [14], where the combined mean field/homogenization limit for diffusions interacting
via a periodic potential is considered. The main result of this paper is that, in the presence of
phase transitions, the mean field and homogenization limits do not commute.

For the case where (1) possesses one characteristic lengthscale controlled by € > 0, the
convergence of X to a coarse-grained process X? in the limit ¢ — 0 over a finite time
interval is well-known. When the rapid oscillations are periodic, under a diffusive rescaling
this problem can be recast as a periodic homogenization problem, for which it can be shown
that the process X; converges weakly to a Brownian motion with constant effective diffusion
tensor D (covariance matrix) which can be calculated by solving an appropriate Poisson
equation posed on the unit torus, see for example [8, 46]. The analogous case where the
rapid fluctuations arise from a stationary ergodic random field has been studied in [31, Chap.
9]. The case where the potential V¢ possesses periodic fluctuations with two or three well-
separated characteristic timescales, i.e. V€(x) = V(x, x /€, x /62) follow from the results in
[8, Chap. 3.7], in which case the dynamics of the coarse-grained model in the € — 0 limit
are characterised by an [t6 SDE whose coefficients can be calculated in terms of the solution
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Fig. 1 Example of a multiscale potential. The left panel shows the isolines of the Mueller potential [39, 49].
The right panel shows the corresponding rugged energy landscape where the Mueller potential is perturbed
by high frequency periodic fluctuations

of an associated Poisson equation. A generalization of these results to diffusion processes
having N-well separated scales was explored in Sect. 3.11.3 of the same text, but no proof of
convergence is offered in this case. Similar diffusion approximations for systems with one
fast scale and one slow scale, where the fast dynamics is not periodic have been studied in
[43].

A model for Brownian dynamics in a potential V possessing infinitely many characteristic
lengthscales was studied in [7]. In particular, the authors studied the large-scale diffusive
behaviour of the overdamped Langevin dynamics in potentials of the form

Vi) = U (i) , @)
k=0 R

obtained as a superposition of Holder continuous periodic functions with period 1. It was
shown in [7] that the effective diffusion coefficient decays exponentially fast with the number
of scales, provided that the scale ratios Ry /Ry are bounded from above and below, which
includes cases where there is no scale separation. From this the authors were able to show that
the effective dynamics exhibits subdiffusive behaviour, in the limit of infinitely many scales.
See also the analytical calculation presented in [ 15] for a piecewise linear periodic potential; in
the limit of infinitely many scales, the homogenized diffusion coefficient converges to zero,
signaling that, in this limit, the coarse-grained dynamics is characterized by subdiffusive
behaviour.

@ Springer
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In this paper we study the dynamics of diffusion in a rugged potential possessing N well-
separated lengthscales. More specifically, we study the dynamics of (1) where the multiscale
potential is chosen to have the form

Vf(x)zV<x,x/e,x/ez,...,x/6N), 3)

where V is a smooth function, which is periodic with period 1 in all but the first argument.
Clearly, V can always be written in the form

V(xo, x1,...,xn) = Vo(xo) + Vi(xo, X1, ..., xN), 4

where (xg, x1, ..., xy) € R? x (']Td )N. We will assume that the large scale component of
the potential Vg is smooth and confining in R?, and that the perturbation V; is a smooth
bounded function which is periodic in all but the first variable. Unlike [7], we work under the
assumption of explicit scale separation, however we also permit more general potentials than
those of the form (2), allowing possibly nonlinear interactions between the different scales,
and even full coupling between scales.! To emphasize the fact that the potential (4) leads to
a fully coupled system across scales, we introduce the auxiliary processes X t(] ) = X i€,
j =0, ..., N.The SDE (1) can then be written as a fully coupled system of SDEs driven by
the same Brownian motion W;,

N

dx® = - v, v (xfo), xM, X,(N)> dt + 20 dW,, (5a)
i=0
N 2

ax{V = =Y ey, v (xf‘”, xV, X,(N)) di +.,| =2 aw, (5b)
i=0 €

N
. 20
ax(" = =3 vy (xO x0Lx V) dr [ Spaw. o)

i=0

in which case X,(O) is considered to be a “slow” variable, while Xt(l), e X,(N) are “fast”
variables. In this paper, we first provide an explicit proof of the convergence of the solution
of (1), X¢ to a coarse-grained (homogenized) diffusion process X given by the unique
solution of the following Itd6 SDE:

dX? = —MXOVY (XY dt + oV - M(X%) dr 4 /20 M(X?) dW;, (6)
where

V(x) = —olog Z(x),

denotes the free energy, for

and where M (x) is a symmetric uniformly positive definite tensor which is independent of
€. The formula of the effective diffusion tensor is given in Sect. 2.

' We will refer to potentials of the form V¢ (x) = Vy(x) + Vi (x J€, ..., X /eN ) where V] is periodic in all
variables as separable.

@ Springer
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Our assumptions on the potential V€ in (4) guarantee that the full dynamics (1) is reversible
with respect to the Gibbs measure ;1€ by construction. It is important to note that the coarse-
grained dynamics (6) is also reversible with respect to the equilibrium Gibbs measure

1) =Zx)/Z.

Indeed, the natural interpretation of W(x) = —o log Z(x) is as the free energy corre-
sponding to the coarse-grained variable X ?. The weak convergence of X; to X ? implies in
particular that the distribution of X¢ will converge weakly to that of X?, uniformly over finite
time intervals [0, 7'], which does not say anything about the convergence of the respective
stationary distributions /¢ to 11°. In Sect. 4 we study the equilibrium behaviour of X fand X ?
and show that the long-time limit # — oo and the coarse-graining limit ¢ — 0 commute, and
in particular that the equilibrium measure 1€ of X¢ converges in the weak sense to u°. We
also study the rate of convergence to equilibrium for both processes, and we obtain bounds
relating the two rates. This question is naturally related to the study of the Poincaré constants
for the full and coarse-grained potentials [24, 41].

We can summarize the above discussion as follows: the (Wasserstein) gradient structure,
reversibility and detailed balance property of the dynamics (the three properties are equiv-
alent) are preserved under the homogenization/coarse-graining process: the reversibility of
X with respect to u€ is preserved under the homogenization procedure. Indeed, any general
diffusion process that is reversible with respect to 10 (x) will have the form (18), see [45,
Sect. 4.7]. It is not necessarily always the case that the gradient structure is preserved under
coarse-graining, as has been shown recently [47]. The creation of non-gradient/nonreversible
effects due to the multiscale structure of the dynamics is a very interesting problem that we
will return to in future work.

We also remark that the homogenized SDE corresponds to the kinetic/Klimontovich inter-
pretation of the stochastic integral [27], i.e. it can be written in the form

dX" = —~MXO)VE (X% dt + /20 M(X?) KM gy, @)

where we use the notation oK1 to denote the Klimontovich stochastic differential/integral.
The Klimontovich interpretation of the stochastic integral leads to a thermodynamically
consistent Langevin dynamics, in the sense that it is reversible with respect to the coarse-
grained Gibbs measure.

The multiplicative noise is due to the full coupling between the macroscopic and the
N microscopic scales.” For one-dimensional potentials, we are able to obtain an explicit
expression for M (x), regardless of the number of scales involved. In higher dimensions,
M (x) will be expressed in terms of the solution of a recursive family of Poisson equations
which can be solved only numerically. We also obtain a variational characterization of the
effective diffusion tensor, analogous to the standard variational characterisations for the
effective conductivity tensor for multiscale conductivity problems, see for example [29].
Using this variational characterisation, we are able to derive tight bounds on the effective
diffusion tensor, and in particular, show that as N — oo, the eigenvalues of the effective
diffusion tensor will converge to zero, suggesting that diffusion in potentials with infinitely
many scales will exhibit anomalous diffusion. The focus of this paper is the rigorous analysis
of the homogenization problem for (1) with V€ given by (4). More precisely, we are interested
in establishing the convergence of both the dynamics (over finite time domain) and of the
equilibrium measure of (1) as € tends to zero.

2 For additive potentials of the form (2), i.e. when there is no interaction between the macroscale and the
microscales, the noise in the homogenized equation is additive.
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Our proof of the homogenization theorem, Theorem 1 is based on the well known martin-
gale approach to proving limit theorems [8, 42, 43]. The main technical difficulty in applying
such well known techniques is the construction of the corrector field/compensator and the
analysis of the obtained Poisson equations. This turns out to be a challenging task, since we
consider the case where all scales, the macroscale and the N-microscales, are fully coupled.
For recent applications of the techniques, we refer the reader to [32, 50] where the authors
study metastable behaviour of multiscale diffusion processes.

The rest of the paper is organized as follows. In Sect.2 we state the assumptions on the
structure of the multiscale potential and state the main results of this paper. In Sect.3 we
study properties of the effective dynamics, providing expressions for the diffusion tensor in
terms of a variational formula, and derive various bounds. In Sect.4 we study properties of
the effective potential, and prove convergence of the equilibrium distribution of X§ to the
coarse-grained equilibrium distribution 1°. The proof of the main theorem, Theorem 1, is
presented in Sect. 5. Finally, in Sect. 6 we provide further discussion and outlook.

2 Setup and Statement of Main Results

In this section we provide conditions on the multiscale potential which are required to obtain
a well-defined homogenization limit. In particular, we shall highlight assumptions necessary
for the ergodicity of the full model as well as the coarse-grained dynamics.

We will consider the overdamped Langevin dynamics

dX¢ = —VVE(X)dt + 20 dW,, ®)

where V€ (x) is of the form (3). The multiscale potentials we consider in this paper can be
viewed as a smooth confining potential perturbed by smooth, bounded fluctuations which
become increasingly rapid as € — 0, see Fig. 1 for an illustration. More specifically, we will
assume that the multiscale potential V satisfies the following assumptions.’

Assumption 1 The potential V is given by

V(x0, X1, ..., xn) = Vo(xo) + Vi(xo, X1, ..., XN), )
where (xg, x1, ..., xy) € RY x (’]I’d)N, and
1. Vp is a smooth confining potential, i.e. e V0™ ¢ L1(RY) and Vp(x) — oo as |x| — oo.
2. The perturbation Vi (xq, X1, ..., xxn) is smooth and bounded uniformly in xg.

<C.

3. There exists C > 0 such that ” V2V ”L@O(Rd) =

Remark 1 We note that Assumption 1 is quite stringent, since it implies that Vj is quadratic
to leading order. This assumption is also made in [43]. In cases where the process X§ ~ u¢,
i.e. the process is stationary, this condition can be relaxed considerably.

The infinitesimal generator £¢ of X7 is the selfadjoint extension of
LEf(x) ==VVEx) - Vf(x)+0Af(x), feCfo(Rd). (10)

It follows from the assumption on Vj that the corresponding overdamped Langevin equa-
tion

dY, = =VVo(Y;) dt + N 26dW,, (11)

3 We remark that we can always write (4) in the form (9) where Vy(x) =
Jpd -+ Jpa VX, x1, . xy)dxy ...dxy.

@ Springer
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is ergodic with the unique stationary distribution

1
Hrer (¥) =

exp(—Vo(x)/0), Zref:/ e/ gy
ref Rd

Since V; is bounded uniformly, by Assumption 1, it follows that the potential V€ is also

confining, and therefore X; is ergodic, possessing a unique invariant distribution given by
—VE@)/ - .
ue(x) = ez% where Z¢ = fRd e~V @/ Moreover, noting that the generator £¢ of

X§ can be written as
Lf@ =0 Wy (VWY W), f e CrY.

It follows that € is reversible with respect to the dynamics X¢, c.f. [20, 45].

Our main objective in this paper is to study the dynamics (8) in the limit of infinite scale
separation ¢ — 0. Having introduced the model and the assumptions we can now present
the main result of the paper.

Theorem 1 (Weak convergence of X§ to X ?) Suppose that Assumption 1 holds and let T > 0,
and the initial condition X is distributed according to some probability distribution v on RY.
Then as € — 0, the process X; converges weakly in (C[0, T']; RY) to the diffusion process
X ? with generator defined by

£ (x) = %x)vx (ZOME)V f(x), f e CARY, (12)
and where
Z(x) :/ f e VIEX e I[O Gy dxy, (13)
Td Td
and

(14)
The correctors are defined recursively as follows: define On_ = (911\'—k’ ceey 91[{7—1{) to
be the weak vector-valued solution of the PDE
Vo - - x0s ooy XN—k) (Vay_ ON—k (X0, - .., XN—k) + 1)) =0, (15)
where Oy _x(x0, ..., XN—k—1, ) € HY(T4; RY), with the notation [Vxnen], = Vi, 6,{,f0r
j=1,....,dandn =1,..., N and where
Kn—i(x0, -+ XN—k)
e (16)
= » e Td([ + ViyOn) - (I 4+ Vay o Onkr1)e” Vo dxy .. dxy g1,
fork=1,...,N —1, and
KnGe, xq, ..., xy) = e 1&Xxn)/fo g )

where I denotes the identity matrix in R9*4. Provided that Assumption 1 hold, Proposition 5
guarantees the existence and uniqueness (up to a constant) of solutions to the coupled Poisson

@ Springer
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equations (15). Furthermore, the solutions will depend smoothly on the slow variable xq as

well as the fast variables x1, . .., xy. The process Xt0 is the unique solution to the It6 SDE
dX? = —MXHVY (X dt + oV - M(X?)dt + /20 M(X?) dW,, (18)
where

W(x) = —ologZ(x) = —o log <f / e~ V1YL yN/o gy, ...dyN> .
Td Td

The proof, which closely follows that of [43] is postponed to Sect. 5. Theorem 1 confirms
the intuition that the coarse-grained dynamics is driven by the coarse-grained free energy. On
the other hand, the corresponding SDE has multiplicative noise given by a space dependent
diffusion tensor M(x). We can show that the homogenized process (18) is ergodic with
unique invariant distribution

1 _
o) = 258 = —e YW/ where Z = / Z(x)dx.
Z ]Rd

Other qualitative properties of the solution to the homogenized equation (6), including
noise-induced transitions and noise-induced hysteresis behaviour has been studied in [15].
It is also important to note that the reversibility of X; with respect to u€ is preserved under
the homogenization procedure. Indeed, any general diffusion process that is reversible with
respect to w10 (x) will have the form (18), see [45, Sect. 4.7]. See Sect. 6 for further discussion
on this point.

As is characteristic with homogenization problems, when d = 1 we can obtain, up to
quadratures, an explicit expression for the homogenized SDE. In this case, we obtain explicit
expressions for the correctors 61, ..., Oy, so that the intermediary coefficients K1, ..., Ky
can be expressed as (see also [15])

—1
KCi (X0, X1, -0 Xi) = (/ V10X 15 Xi Xig 15, XN ) [0 dxisi ”.de> . i=1,....N.

Thus we obtain the following result.

Proposition 1 (Effective Dynamics in one dimension) When d = 1, the effective diffusion
coefficient M(x) in (18) is given by

1

M) = —%—",
Z1(x)Z1(x)

(19)

where
and

Equation (19) generalises the expression for the effective diffusion coefficient for a two-
scale potential that was derived in [56] without any appeal to homogenization theory. In
higher dimensions we will not be able to obtain an explicit expression for M(x), however
we are able to obtain bounds on the eigenvalues of M (x). In particular, we are able to show
that (19) acts as a lower bound for the eigenvalues of M (x).

@ Springer



Brownian Motion in an N-Scale Periodic Potential Page 9 of 34 82

Proposition 2 The effective diffusion tensor M is uniformly positive definite over R?. In
particular,

1
0< e 0o« <e.Mx)e<1, xeR?, (20)
Z1(x)Z1(x)
forall e € R? such that |e| = 1, where
OSC(Vl): sup Vl(x,yl,...,yN)— inf Vl(x,yl,...,yN).
xeR?, xeR?,
Viyersyy €T Y. yNET?

This result follows immediately from Lemmas 1 and 2 which are proved in Sect. 3.

Remark 2 The bounds in (20) highlight the two extreme possibilities for fluctuations occur-
ring in the potential V€. The equality m = e - M(x)e is attained when the multiscale

fluctuations Vi(xg, ..., xy) are constant in all but one dimension (e.g. the analogue of a
layered composite material, [12, Sect. 5.4], [46, Sect. 12.6.2]). In the other extreme, the
inequality e - M(x)e = 1 is attained in the absence of fluctuations, i.e. when V| = 0.

Remark 3 Clearly, the lower bound in (20) becomes exponentially small in the limitaso — 0.

While Theorem 1 guarantees weak convergence of X; to X ? in C([0, T]; RY) for fixed
T, it makes no claims regarding the convergence at infinity, i.e. of ¢ to u°. However, under
the conditions of Assumption 1 we can show that € converges weakly to 1°, so that the
T — oo and € — 0 limits commute, in the sense that:

lim lim E[f(X%)] = lim lim E[f(X%)],
€e—~>0T—o00 T—00e—0
forall £ € L?(irep).

Proposition 3 (Weak convergence of u€ to w0 Suppose that Assumption 1 holds. Then for
all f € Lz(//vref),

/R o ptdx) — /R | Foul@dx), Q1)

ase€ — 0.

If Assumption 1 holds, then for every € > 0, the potential V€ is confining, so that the
process X is ergodic. If the “unperturbed” process defined by (11) converges to equilibrium
exponentially fast in LZ(M,ef), then so will X§ and X ? Moreover, we can relate the rates of
convergence of the three processes. We will use the notation Var, (f) = E,(f —E, f )2 to
denote the variance with respect to a measure j.

Proposition 4 Suppose that Assumption 1 holds and let P; be the semigroup associated with

2

the dynamics (11) and suppose that piyer(x) = Zioe_v"(x)/“ satisfies Poincaré’s inequality
with constant p/o, i.e.

Vary,,, (f) < % / V£ trep(@x), f € H Grep), (22)

or equivalently*

Vary, . (P f) < e 2PVary,, (), f € L*(rep), (23)

4 The equivalence between (22) and (23) follows since Py is a reversible Markov semigroup with respect to
the measure i, f. See [S].

@ Springer
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forallt > 0. Let Pf and Pt0 denote the semigroups associated with the full dynamics (8)
and homogenized dynamics (18), respectively. Then for all f € L2(,uref),

Varue (PEf) < e 2" Var,e (f), (24)
and

Var,o(P) f) < e 277 Var, o (f). (25)
fory =p e~ 0SC(V /o qnd ¥ = pe—zosc(vl)/a.

The proof of Propositions 3 and 4 can be found in Sect. 4.

3 Properties of the Coarse-Grained Process

In this section we study the properties of the coefficients of the homogenized SDE (18) and
its dynamics.

3.1 Separable Potentials

Consider the special case where the potential V¢ is separable, in the sense that the fast scale
fluctuations do not depend on the slow scale variable, i.e.

V(xo0, x1,...,xn) = Vo(xo) + Vi(x1, x2, ..., xN).

Then, it is clear from the construction of the effective diffusion tensor (14) that M (x) will
not depend on x € R4, Moreover, since

z(x)=/ / L) e = L e
Td Td K

where K = [ra-- [ra exp(=Vi(V1, ..., yn)/0)dy; ...dyy, then it follows that the
coarse-grained stationary distribution u® equals the stationary distribution [ty f o X
exp(—Vo(x)/o) of the process (11). For general multiscale potentials however, w0 will be
different from 1t,¢r. Indeed, introducing multiscale fluctuations can dramatically alter the
qualitative equilibrium behaviour of the process, including noise-inductioned transitions and
noise induced hysteresis, as has been studied for various examples in [15].

3.2 Variational Bounds on M (x)
A first essential property is that the constructed matrices Ky, ..., K1 are positive definite
over all parameters. For convenience, we shall introduce the following notation

Xr = RY x Xf:] Td, (26)

fork =1,..., N, and set Xq = R? for consistency. First we require the following existence
and regularity result for a uniformly elliptic Poisson equation on T¢.

Lemma1l Fork =1,..., N, for xo, ..., xk—1 fixed, the tensor Ki(xq, ..., Xk—1, *) IS uni-
formly positive definite and in particular satisfies, for all unit vectors e € R?,
1
= < e Ko, x1, . ;-1 x0 e, x e T 27
Zi (X0, X1, «+ s Xk—1)

@ Springer
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where

which is independent of xi.

Proof We prove the result by induction on k starting from k = N. For k = N the tensor Ky
is clearly uniformly positive definite for fixed xg, ..., xy—1 € Xy—1. By [8, Thms III.3.2,
I11.3.3] there exists a unique (up to a constant) solution such that Oy (x, x1, -+, xy—1,-) €
H*(T?; R?) of (15). In particular,

/d |V 0N (X0, X1 -+, XN—1, XN) |5 dxy < 00,
T
where | - | r denotes the Frobenius norm, so that /Cy_ is well defined. Fix (xq, ..., xy—2) €
Xn—2. To show that y_1(xp, ..., Xxy—2, -) is uniformly positive definite on T< we first note
that
/ T+ Vg0 T+ Ve Oy)e™ "/ dxy
! (28)
_ f (1 4+ VayOn + V0 + Vi 0 Vi Oy ) ¥/,
Td
where V = V(xg, x1, ..., xy) and T denotes the transpose. From the Poisson equation for
Oy we have
/eN ® V. (7" (VeyOy + D) dxy =0,
from which we obtain, after integrating by parts:
/ Ve, 0 (vaeN + 1)e*V/“ dxy = 0. (29)
'H*d

From (28) and (29) we deduce that
Ky_i = / (I 4 Viyon)e V7 dxy
Td
- / [7+ Vaubn + V0 (Ve + D] eV /7 dxy
Td

= / (I + Ve On) T (I 4 Vi 0n)e V7 dxy.
Td
Thus K _1 is well-defined and symmetric. We note that

/d(l + VXNQN) dxy =1,
T

therefore, it follows by Holder’s inequality that

2
<v" (Ky-Dv (/ eV/e de) ,
Td

-
<v Ky-1(x0, ..., xny-1)v, VY(x0,X1,...,Xn=1).

2
[v]

v’ / (I + VyOy)dxy
Td

so that
|v|?

ZN(X0, ...y XN-1)
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Since ZV is uniformly bounded for (xo, ..., xy—1) it follows y_1(x0, ..., Xny—2, ) iS
uniformly positive definite, and arguing as above we establish existence of a unique Oy_1,
up to a constant, solving (15) for k = 2.

Now, assume that the corrector Oy_x41 has been constructed, and so Cy_k41 is well
defined. By multiplying the cell equation for Oy _x1

Ve - [/ckaH(va_MeHH + I)] =0,

by On—k+1 then integrating with respect to xy_j+1 and using integration by parts as well as
the symmetry of Cny_x41 from the inductive hypothesis we obtain

/Vx,v,kH@;_kH/CN—kH (I + Vg 11 ON—k+1) dxn—k+1 = 0.
Therefore, we have
Kn—k = /Td Kn—t41(I + VN 410N —k+1) dXN—k+1
= f]l‘d [/CkaH(I + VN—k+1ON—k+1) + VxN_,(HQ;,kH/CkaH
X (I + iyt Ov—ki1) | dxn i1

= T1(1 + Viey ot ON—k41) T KNkt (I + Vg 1Oy ior) dXN—kt1-

Thus Ky —_y is also well-defined and symmetric. To show (27) we note that
/ cee /([ + VxNHN) (I + VxN,ngfk)de coodxy_p=1.

Therefore, for any vector v € R¢:

2
2
[v]

=" (/-~-/(I+VXN0N)~-(I+VXN7k9XN7k)de...de,k>

IA

v’ (/ e /(1 + Vg On-i) (L4 Vg ey e /7dxy . .de,k>
X v f eV%xy ... dxy—g
= (UTICka(xl, o Xka)v) Z(X1, - XN
The fact that we have strict positivity then follows immediately. O
To obtain upper bounds for the effective diffusion coefficient, we will express the inter-
mediary diffusion tensors C; as solutions of a quadratic variational problem. This variational
formulation of the diffusion tensors can be considered as a generalisation of the analogous

representation for the effective conductivity coefficient of a two-scale composite material,
see for example [8, 29, 36].
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Lemma2 Fori =1,..., N, the tensor K; satisfies
e-Ki(xg,...,xj)e= inf f le + Vorrr (X0, -« o, Xig1) + - ..+ Voy(xo, -, x8)I
vip1€C(Xi; H (T J(Td)N
: (30)
oy eC(Xy—1;H' (T?))
e V0 XN)/0 g dxiiq,
forall e € RY.
Proof For i = 1,..., N, from the proof of Lemma 1 we can express the intermediary
diffusion tensor ; in the following recursive manner,
Ki(xo, ..., x) = /d(l +Vx,-+19i+1(xo,--.,xl',xz'+1))T
T
X Kiv1(xo, -+, Xit1) (L + Vi 0i41(x0, - o5 Xig1)) dXiy1.
Consider the tensor K; defined by the following symmetric minimization problem
e-Ki(xg,...,xj)e= inf (e+ Vvu(xg, ..., xi+1)) - Kig1(x0, ..., Xit1)
veC (X H' (T4)) Jd (31)

X (e + Vu(xg, ..., Xit+1)) dXit1.

Since ;41 is a symmetric tensor, the corresponding Euler—Lagrange equation for the
minimiser is given by

Viier * (Kig1 o, - oo Xige D) (Vag X (X0, -, Xig) + ) =0, xiq1 € T4,

with periodic boundary conditions. This equation has a unique mean zero solution given by
K(xX0, o, Xig1) = 0;(x0, ..., Xi11) e, Where 6; is the unique mean-zero solution of (15). It
thus follows thate ' Kje = eTIC, e, where K; i is given by (31). Consider now the minimisation
problem

. T
inf / (€ + Vi v1 (X0, -+ - Xig2) + Vi v2(X0, -+ -5 Xig1))
veCX;; H (T¢)) JTd JTd
v eC (X1 HN(TY)

X Kiya(xo, ..., xiy2)(e + Vi, v1(x0, - . ., Xi42) + Vi v2(X0, .. -, Xig1))

X dxjt2dxiyy.

T .
1V2)  0i12, where 0; 4 is
the unique mean-zero solution of (15). Thus, the above minimisation can be written as

Optimising over v for v, fixed it follows that v = (e + Vy,

inf / (e + Vi 02(x0, o, X)) (I + Vi ,042)
veC X H (T9)) JTd JTd

X Kit2(x0, ..., xip2)(I + Vi, ,0i12)
X (e + Vi v2(x0, ..., Xi41)) dxiyadxiyg

= inf / (€ + Vi v2(x0, - -, Xir1)  Kig1 (x0, .., Xig1)
veC(X;i_1; H' (TY)) JTd

X (e + Vi, va(xo, ..., Xit1)) dxipodxiyy
= eTIC;e.

Proceeding recursively, we arrive at the advertised result (30). O
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4 Properties of the Equilibrium Distributions

In this section we study in more detail the properties of the equilibrium distributions ;¢ and
w10 of the full (8) and homogenized dynamics (18), respectively. We first provide a proof
of Proposition 3. The approach we follow in this proof is based on properties of periodic
functions, in a manner similar to [12, Chap. 2].

Proof of Proposition 3 Let f € L?(j1,.f) and § > 0. Clearly C2°(R?) is dense in L2 (jtyer)
and so, by Assumptions 1 there exists f5 € C2° (R?) such that

=

, (32)

W] >

V flxe Ve dx—/ f3()e™V /7 qx
R4 R4

and

=

; (33)

W] o

uniformly with respect to €. Now, we partition R into pairwise disjoint translations of [0, 1]¢
asRY = UkenYk, Where

Y =V + €0, 119,
for {xx }k=0 = Z4. With this decomposition we obtain

A‘y fs(x)efvé(x)/a dx = Z

keN

=NV Zf Fs(e™ (e + y))e—V(EN(Xk""}’) ,,,,, @A/ gy,
ken /1011

/ foye " dx
Y

where in the last equality we use the periodicity of V with respect to the last variable. Since
the integrand is smooth with compact support, we can Taylor expand around € x; to obtain

/ (e VW07 g = NS
R4

N )
/ ) fS(Gka)e—V(é xk,...,exk,))/a dy+C€,
keN ¥ 10:1]

where C is a constant depending on the derivatives of V with respect to the first N variables,
and the volume of the support of f;.
Noting that the above sum is a Riemann sum approximation, we can write

e Z fB(Gka)e_V(GNXk ~~~~~ Xk /T gy
ken V10,11
= Z/ / F5(eN (i + y))e V€ @t ety ) /o gy gy 4 Cre
ken V10,11 J1o,13¢

:/ / fryeV s gy dx 4 Cye,
R4 [0’1](1

where C| is a constant. Repeating the above process N — 1 times, we obtain that

(34)
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where Cy > 0 is a constant depending on the support of f5 and derivatives of V with respect
to the first N variable. Thus, choosing € < §/(3Cyx) and combining (32), (33) and (34) we
obtain

(35)
Choosing f = 1 we obtain immediately that
A —f e Vo gy » 70 =/ / / e VLI gy dyy dx,
R4 Rd JTd Td
and so for f € Lz(p,ref) we obtain
/ Fue () dx — / feu’ () dx,
as € — 0, as required. O

Proof of Proposition 4 Since V; is bounded uniformly by Assumption 1, it is straightforward
to check that

Lrep ()€ CVDIT < L€ (x) < pyep(x)e™ VIO, (36)

It follows from the discussion following [5, Prop 4.2.7], that u¢ satisfies Poincaré’s

inequality with constant

y = BE—OSC(VI)/U,
o

which implies (24). An identical argument follows for the coarse-grained density 10 (x).
Finally, by (20) of Proposition 2 we have [v|2e=oscVD/o <y . M(x)v, forall v € R?, and
)

Var 0 (f)

IA

2 govetvie / V£ ) o) dx
P Rd

IA

2 emele [0 MOV £ () d
0
from which (25) follows. ]

Remark 4 Note that one can similarly relate the constants in the logarithmic Sobolev inequal-
ities for the measures fi,or, 1¢ and 10 in an almost identical manner, based on the
Holley-Stroock criterion [26].

Remark 5 Proposition 4 requires the assumption that the multiscale perturbation Vj is
bounded uniformly. If this is relaxed, then it is no longer guaranteed that ¢ will satisfy
a Poincaré inequality, even though w,.s does. Consider, for example, the following one
dimensional potential

VE(x) = x2(1 + o cos(x/€)),

then the corresponding Gibbs distribution p€(x) will not satisfy Poincaré’s inequality for
any € > 0. Following [25, Appendix A] we demonstrate this by checking that this choice of
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u€ does not satisfy the Muckenhoupt criterion [2, 38] which is necessary and sufficient for
the Poincaré inequality to hold, namely that sup,..g B+(r) < oo, where

+oo % 1 %
Bi(r) = (/ uE(x) dx) (/ dx) .
r [0,4r] 1€ (X)

Givenn € N, we set /e = 2mwn + /2. Then we have that

eQun+dn/3) , V2 [ eQunins3) 172
B.(r) > / o HP—a/D/o g0 / P02/ gy
€ €

(2mn+2m/3) Qan—m/3)
2me |me@n +4/3)2 o lme@n — 1/3)% o
il RN (o 2 PR 0 (12
Z( 3 )exp( 20 ( 2)+ 20 ( +2)
232 1\2
_ (2me exp _|27ren|2 (14++) (1 B ﬁ>+ [2men|* (1 — &) <1+ﬁ>
3 20 2 20 2
[ 2me |27 en|? 4
~ (5 e 5, (@+o0(n™")) —> o0, asn— oo,

so that Poincaré’s inequality does not hold for u€.

A natural question to ask is whether the weak convergence of u€ to u” holds true in a
stronger notion of distance such as total variation. The following simple one-dimensional
example demonstrates that the convergence cannot be strengthened to total variation.

Example 1 Consider the one dimensional Gibbs distribution

1 ¢
€ _ —Vé(x)/o
u(x) = Ze¢ ,
where
2

VEx) = % + a cos (g) ,

and where Z€ is the normalization constant and « # 0. Then the measure ©¢ converges
weakly to 1 given by

//LO()C) — e—xZ/er.
V2ro
From the plots of the stationary distributions in Fig. 2a it becomes clear that the density
of ;¢ exhibits rapid fluctuations which do not appear in 1.°, thus we do not expect to be able
to obtain convergence in a stronger metric. First we consider the distance between ¢ and
10 in total variation’

0 0 —x2/20 67% cos(2mx/e€)
I = ity = [ ) = 0ol dr = - dx,
R R 20 K<
where K€ = Z¢/+/2no. It follows that
e(2mn+m/3) efxz/Zo e
I =iy = Y [ dx |1 -
; emn—m/3) V2o K¢

5 We are using the same notation for the measure and for its density with respect to the Lebesgue measure on
R.
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Qe 6762(2nn+7r/3)2/20 o35
1—
- €
=0 2o K
00 o e—27r2(x+e/6)2/a e—%
> — 1— R
/0 3 V2ro K¢

where we use the fact that e—%/29 /K¢ < 1 for e sufficiently small. In the limit ¢ — 0, we
have K¢ — Iy(a/o), where I,,(-) is the modified Bessel function of the first kind of order
n. Therefore, as € — 0,

s — 1Ollry > /Oo me
~Jo 3 2ro

o

—272(x+€/6)2 /o

1-— , 37

o
e_ch’ 1

6

[

In(@/a)
which converges to é as ¢ — oo. Since relative entropy controls total variation distance
by Pinsker’s theorem, it follows that ;1€ does not converge to 1° in relative entropy, either.
Nonetheless, we shall compute the distance in relative entropy between 1€ and 1 to under-
stand the influence of the parameters o and «. Since both 10 and € have strictly positive
densities with respect to the Lebesgue measure on R, we have that

dut N2mo _vem | 22
7(_)() = e o 20,
du® VA

Then, for Z° = 2rxoly(1/0),

1 o[(1 )
H (l/«e |M0) = ?/ (5 log(2mwo) — log ZG) e~ VeW/o g

1 €y
+— | (-V'&)/o +x2/20) eV W/ gy

ZE
e —log Ip(at/o) — i lim/(:0s(27'rx/f)e_)‘2/2"_”‘C"S(z’”/f)/‘7 dx
0Z0 e—>0
1
= _10g Ip(ajo) — gM =: K(a/o),
o Io(@/o)

and it is straightforward to check that K (s) > 0, and moreover

0 ass — 0

+00 ass —> @

K(s) > :

In Fig.2b we plot the value of K (s) as a function of s. From this result, we see that for
fixed @ > 0, the measure ;¢ will converge in relative entropy only in the limit as ¢ — oo,
while the measures will become increasingly mutually singular as ¢ — 0.

5 Proof of Weak Convergence

In this section we show that over finite time intervals [0, T'], the process X; converges weakly
to a process X which is uniquely identified as the weak solution of a coarse-grained SDE.
The approach we adopt is based on the classical martingale methodology of [8, Sect. 3]. The
proof of the homogenization result is split into three steps.
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K(ala)

1 10 100 1000  10* 105 108

(a) Plot of ¢ and p’with e = a = 0.1
and 0 = 1.0 (b) Plot of K(a/o) as a function of a/o.

Fig.2 Error between € (x) o< exp(—V€(x)/o) and effective distribution /LO

1. We construct an appropriate test function which is used to decompose the fluctuations of
the process Xy into a martingale part and a term which goes to zero as € — 0.
2. Using this test function, we demonstrate that the path measure P¢ corresponding to the

family { (X), g0, 7y}, _ is tighton ([0, T): RY.

3. Finally, we show that any limit point of the family of measures must solve a well-posed
martingale problem, and is thus unique.

The test functions will be constructed by solving a recursively defined sequence of Poisson
equations on R?. We first provide a general well-posedness result for this class of equations.

Proposition5 Let X,k = 0,1,..., N be the space defined in Sect.3.2. For fixed
(x0, - .-y Xk—1) € Xg_1, let Sk be the operator given by

1
S = —————Vy - (p(x0, ..., x)D(x0, ..., ) Vyu(xo, ..., x0)),  (38)
p(x0, - -, X)
foru € C*(T¢), where p is a smooth and uniformly positive and bounded function, and D
is a smooth and uniformly positive definite tensor on Xy. Let h be a smooth function with
bounded derivatives, such that for each (xo, ..., xp—1) € Xg—1-

/;rdh(xo,...,xk)p(xo,...,xk)dxk =0. 39)

Then there exists a unique solution u € C(Xy_1; H L(T9Y) 10 the Poisson equation on yd
given by

Sku(xo, . .., Xk) = h(xo, ..., Xk), /iu(xo,m,xk),O(xo,--.,xk)dxk =0. (40)
T(

Moreover u is smooth and bounded with respect to the variable x; € T as well as the
parameters xq, . .., Xk—1 € Xk_1-

Proof Since p and D are strictly positive, for fixed values of xo, ..., xx_1, the operator S
is uniformly elliptic, and since T is compact, S has compact resolvent in L2(’]I‘d), see [18,
Chap. 6] and [46, Chap. 7]. The nullspace of the adjoint S* is spanned by a single function
p(x0, ..., Xk—1,-). By the Fredholm alternative, a necessary and sufficient condition for
the existence of u is (39) which is assumed to hold. Thus, there exists a unique solution
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w(xg, ..., Xk—1, ) € HY(T?) having mean zero with respect to p(xo, ..., xx). By elliptic
estimates and Poincaré’s inequality, it follows that there exists C > 0 satisfying

lu(xo, ..., Xk—1, ')||1-11(11‘d) < Cllh(xq, ..., Xk—-1, ')||L2(11‘d),

for all (xg, ..., xx—1) € Xx—1. Since the components of D and p are smooth with respect
to xi, standard interior regularity results [21] ensure that, for fixed xq, ..., xx—1 € Xk_1,
the function u(xo, ..., xk—1, -) is smooth. To prove the smoothness and boundedness with
respect to the other parameters xo, . . ., Xx—1, we can apply an approach either similar to [8],
by showing that the finite differences approximation of the derivatives of u with respect to
the parameters has a limit, or otherwise, by directly differentiating the transition density of
the semigroup associated with the generator Sk, see for example [43, 44, 55] as well as [21,
Sec 8.4]. O

Remark 6 Suppose that the function £ in Proposition 5 can be expressed as

h(xo, ..., xx) = a(xo, X1, ..., xx) - Vo(xo)

where a is smooth with all derivatives bounded. Then the mean-zero solution of (40) can be
written as

u(xo, X1, ..., Xk) = x (X0, X1, ..., Xk) - Voo (xi), (41)
where x is the classical mean-zero solution to the following Poisson equation
S x (X0, s Xi) = a(xo, ..., Xp), (X0, ..., xk) € Xg. (42)

This can be seen by checking directly that u givenin (41) with x satisfying (42) solves (40),
which implies it is the unique solution of (40) due to the uniqueness of a solution. In particular,
x is smooth and bounded over xo, . .., Xk, so that given a multi-index & = («g, ..., ®) on
the indices (0, ..., k), there exists C, > 0 such that

@0
k+1
IVu(xo, ..., x)lr < Co Y _IVFH po(x0) 7, Vo, X1, 1,
k=0

where |-|F denotes the Frobenius norm. A similar decomposition is possible for
8(x0, ..., x%) = A(x0, X1, ..., xk) 1 Vo (xo),

where V2 denotes the Hessian.

5.1 Constructing the Test Functions

It is clear that we can rewrite (8) as

N
dX¢ = — Ze‘iVXiV(x, x/e, ..., x/€N)dt + 20 dW,. (43)
i=0
The generator of X§ denoted by £¢ can be decomposed into powers of € as follows
N .
LEH(x) = — ZG_ZVX[V()C, X/€, ... ,x/eN) -Vf(x)+oAf(x).

i=0
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For functions of the form f€(x) = f(x, x/e, .. .,x/eN), we have

N N
(LEfHx) = Ze‘ivxiV(x,x/e, .. .,x/eN) . (Ze‘jvxjf(x,x/e, .. .,x/eN)>

i=0 Jj=0
k
+o Z e_(i+j)Vfixjf(x,x/e,...,x/eN)
i,j=0
N

= Z e_(i+j)[ev/”VXi . (ae_v/”ijf)](x,x/e, .. .,x/eN)

i,j=0

2N
=Y e (Laf)(x.x/e... x/eN), (44)

n=0

where forn =0, ...,2N

(Lnf)(x,x/e, .. .,x/eN) = [ev/“ Z Vy - (Ue_v/“ijf) ](x,x/e, .. .,x/eN).
i,j€l0,..N}
i+j=n

Given a function ¢, which will be specified later, our objective is to construct a test
function ¢¢ of the form

O (x) = Po(x) +e€di(x,x/e) + ...+ 6N¢N(x, x/e, ..., x/eN)
+ M oy (xox/e, o x/eN) + o+ e Ny (x.x /e, x/eN),
such that
(L9 (x) = F(x) + O(e), (45)

for some function F which is independent of €. The above form for the test function is
suggested by the calculation (44). Using (44) we compute

2N
(£9°)(x) = D€ (L) (x. x /e, ... x/eN)
k=0
2N 2N
= Zek<267"(£n¢k)(x,x/e...,x/eN)>
k=0 n=0
2N
= Z ek_”(ﬁ,,¢k)(x,x/é...,x/eN),
k,n=0
where
(Lad)(x, )¢ .., x)eN) = [e‘//“ 3 V- (oe*V/“vqusk) ](x,x/e, x)eM).
i,jel0,...N}
i+j=n

Note that Vy; ¢ = 0 for j > k. By equating powers of €, from 0Ny to 0(1) respec-
tively, in both sides of (45), we obtain the following sequence of N + 1 equations
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Londn + Lon—19N—1 + ...+ LNdo =0, (46a)
Londns1 + Lon—1¢n + ...+ Ln_1¢0 =0, (46b)
Longan—1+ ...+ Ligo =0, (46¢)
Longon + ...+ Lodo = F. (46d)

This system generalizes the system written for three scales in [8, III—11.3]. We note that
each nonzero term in (46a), (46b) to (46¢) has the form

where | < i+ j—k < N.Furthermore, all the terms appearing in (46a), (46b) to (46¢) must
satisfy i > 0. Indeed / = 0 would imply j > k + 1 > k and so Vy; ¢ = 0 by construction
of the test function. Since

V(xo,...,xn) = Vo(xo) + Vi(xo, ..., xXN),

all the terms L, ¢ appearing (46a), (46b) to (46¢) can be simplified as

Logp = M0t Wle 3y (Ue—<Vo+v1>/anj ¢k)

iell,..N}
jel0,..N}
i+j=n
=eN/e Z 7 (Uei‘/l/gvxj¢k> ,
i€{l,...N}
Jj€{0,..N}
i+j=n
where we have used the fact that Vj is independent of x; for i € {1, ... N} to pull the term
¢"0 out from the divergence operator. Thus, we can rewrite the first N equations as

Aondn + Aon—1dn—1 + ... Ando =0, (47a)
Aondn+1 + Aon—10N + ... Av—1¢0 = 0, (47b)
Aonan—1+ ...+ Aigo =0, (47¢)

where

Anf — O'evl (XU,...,)CN)/O' Z Vx,‘ . (e*VI (XO ..... XN)/Uij f) .

Before constructing the test functions, we first introduce the sequence of spaces on which
the sequence of correctors will be constructed. Define 7 to be the space of functions on
the extended state space, i.e. H = L2(Xy), where Xy is defined by (26). We construct the
following sequence of subspaces of H. Let

Hy = {feH: /f(xo,...,xN)efvl/“de:0},
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Then clearly H = Hy & HJA-,. Suppose we have defined Hy—_k+1 then we can define
‘H Nk inductively by

Hy—k = {f € HN—kt1: /f(xo, e XN ZN -k (X0, -, XN—k) XNk = 0} ,

where Z; (xo, ..., %)) = [ ... [ e V10XN/ gy, 1y dxiys ... dxy. Clearly, we have that
HI®HI ®...0 Hy =H.
Applying Proposition 5 we can now construct the series of test functions ¢y, . . ., ¢ that
solve (47).
Proposition 6 Given ¢ € C®(R?), there exist smooth functions ¢; fori = 1,...,2N —
1 such that Eqs (47a)—(47c¢c) are satisfied, and moreover we have the following pointwise
estimates, which hold uniformly on xo, . .., x; € Xg:
ap+2
IV (x0, ..., x)|F < C Y Ve doGxo)l £ (48)
=1
for some constant C > 0, and all multiindicesx on (0, ..., k), andall0 <k <i <2N — 1.

Finally, Eq. (464d) is satisfied with

F(x) = Vi - (K1 () Vg o (1)) . (49)

1
Z(x)
Proof Guideline of the proof. Given ¢ as in the hypothesis of the proposition, we will find
the test functions ¢;,i = 1, ..., 2N from the system (47). This system consists of N equa-
tions. The other N equations come from solvability (compatibility) conditions, which are
applications of the Fredholm alternative [46, Theorem 7.9]. More specially, the solvability
condition for the O (e~ _k))-equation in (47), viewing as an equation for ¢y in terms
of ¢o, ..., dN+k—1, Will give rise to an equation for ¢y _i in term of ¢y, ..., dpy_r—_1, for
k =1,..., N. The latter is an elliptic equation of the form (38) with p = 1 and D = Ky _.
According to Lemma 1, Ky _ is uniformly positive definite. Hence, the existence of ¢y
follows from Proposition 5. Therefore, the solvability condition for ¢y is fulfilled guaran-
teeing the existence of ¢y 4,. By inductively repeating this process forallk = 1,..., N, we
can construct the test functions ¢y, . .., ¢ satisfying the system (47). Finally, the function
F is then determined from (46d).

Now we implement this strategy in details. We start from Equation (47a), which can be
viewed as an equation for ¢y in term of ¢y, ..., dy—1

Aonon = —(Aan—19N—-1 + ...+ Aodo), Awnf =0V, (e_V]/anNf)'
(50)

Since the operator Ay has a compact resolvent in L2(TY), by the Fredholm alterna-
tive a necessary and sufficient condition for (47a) to have a solution is that the following
compatibility condition holds

/ (Aon—16N—1 + Aan—2$Nn-2 + ...+ Ando) e/ dxy = 0. (51
Note that every term in this summation is of the form
Aoyagnr =0 Y VTV (T @)V pn). (52)
0<i,j<N
i+j=2N—k
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For V,¢n_ to be non-zero it is necessary that i < N — k. To enforce the condition
i+ j=2N —kitmustbethati = N —k and j = N, and thus the only non-zero terms in
the above summation are:

Aon—ipn—k = 0"V (e pri) (53)
fork =1,..., N. It follows that the compatibility condition (51) holds, by the periodicity

of the domain. Therefore (47a) has a solution. In addition, it can be written as

N
Angn ==Y AN kfN—k
k=1

N
k=1

N
_ (GeVI/GVXN . (e’Vl/“I)> . <ZVXN—k¢’N—k>’
k=1

Note that for £ = 0, the Poisson equation (15) can be expressed as
Aanby =oe"V - (eTD),

which has unique mean-zero solution 6. According to Remark 6, the test function ¢ can
be written as

N = 0N - (Vay_ ®N—-1 + ...+ Vioh0) + Vl(vl)(xo, cey XNZ1)s (54)
where

On - (Vay—10n-1+ ...+ Vi o) € Hy,

and for some rl(\,l) € H+, which will be specified later. Next we consider the O(e~N-Dy_

equation, that is (47b) viewing as an equation for ¢4+ in terms of ¢y, .. ., Po:

Aondn+1 = —(Aon—19n + ...+ An—160), (55)

where A3y is given in (50). According to the Fredholm alternative, a necessary and sufficient
condition for the above equation to have a solution is

/ (Aon—19N + ...+ An_2¢1 + Ay_1¢0) e~/ dxy = 0. (56)
Similarly as in (53), fork = 1,..., N + 1, we have
Aoy kpn—iks1 = 0”7 [VXN,I : (e_V‘/UVxN,kHdﬁN—kH)
+ Vo - (€ Ve vi) |
Substituting this into (55) we obtain

0= / V)CN—I : [67‘11/0- (VXN¢N + VXN,1¢N—1 +...+ vx0¢0):|de

=Viy, - (/ eV, 0N (Vay_ dN—1 - ..+ Viyo) de)
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+ VXN_l . </ e V1/o (VxN_l(bN*l + ...+ VXO¢O)> dxpy,

where in the last equality we use the fact that rI(Vl) is independent of x . Thus we obtain the

following equation for ¢ _1:

Vawor + (K1 Vg 6v-1) = =Vayy - (Kt (Veyadn 2+ 4 Vigdo) ). 57)

where
Ky—1(x0, X1, ..., XN—1) = / (1+VXN9N) e~ V1/o dxy.

By Lemma 1, for fixed xg, x1, ..., xy—1 the tensor y_; is uniformly positive definite
over xy_1 € T?. As a consequence, the operator defined in (57) is uniformly elliptic, with
adjoint nullspace spanned by Zy (xo, X1, . .., Xxy—1). Since the right hand side has mean zero,
this implies that a solution ¢ _; exists. We recall that the corrector Oy _; satisfies equation
(15) with k = 1, that is

Ve, - [/CN,I (VawiOn-1 + 1)] =0.
According to Remark 6, we can write ¢y_1 as

1
dN—1=0On—1 " (Vay_,®Nn—2 + ...+ Viyh0) + r,(v)_l(xo, cees XN=2),

for some r}(vl)_1 € Hﬁ_l. Since (56) has been satisfied, it follows from Proposition 5 that
there exists a unique decomposition of ¢y into

~ 1

ON+1(X0, X1, .y XN) = GN41(x0, X1, ..., XN) + rl(vll(lm, Xlsoooy XN<1)s

where ¢~>N+1 € Hy and for some ”1(\713r1 € Hﬁ For the sake of illustration we now consider
the O(e~V—2) equation in (47)

N+1

AoNPNy2 = — Z AN-rk—2k,
k=0

which, again by the Fredholm alternative, has a solution if and only if

/ (Aon—10N4+1 + Aov—2bn + ...+ An—2¢o) e V/7dxy = 0. (58)
Fork=1,..., N + 2, we have
AoN—kPN—ki2 = 5eV1/? [Vfoz : <67V1 /UVXN—k+2¢N—k+2> + Vi, (efvl/gvxwfmqu—kﬂ)

+ Vi - (efvl/UVxN_kd)Nsz)].

Fixing the variables xo,...,xy_2, we can rewrite (58) as an equation for rl(vl) =
rz(vl)(xo, sy XNZ1)
Aoy orV =V, - (zN,lva_lr;}’) — _RHS, (59)
where

ZN_| = /Ae—Vl(X)ﬂr dxy,
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and the R H S contains all the remaining terms. We note that all the functions of x_; in the
RHS are known, so that all the remaining undetermined terms can be viewed as constants
for fixed xq, ..., xy—2 € Xy_2. By the Fredholm alternative, a necessary and sufficient
condition for a unique mean zero solution to exist to (59) is that the RHS has integral zero
with respect to x_1, which is equivalent to:

Vn_2- (/ / (Viy®N + Viy by + oo+ Vi) e V/7 dede,1> =0,
or equivalently:

VXN,Z : (’CN—2VX}V,2¢N—2) = _VXN,Q : (’CN—Z (VXN,3¢N—3 +...+ ond’o)) -

Once again, this implies that

1
dN—2=On—2 (Vay_sON-3 + ...+ Vxyh0) + rl(v),z(xo, co  XNZ3),
where r,(\,l)_2 € HJA-,_Z is unspecified. Since the compatibility condition holds, by Proposition
5, Eq. (59) has a solution, so that we can write
1 1 2
V}v)(xo, Ce XN—1) = ?fv)(xo, ces XN—1) F Vl(v)(xo, cees XN-2),
where 'r‘fvl) € Hn—1 is the unique smooth solution of (59) and for some rl(\,z) € HJA-,_I.

We continue the proof by induction. Suppose that for some k < N, the functions
N, ... dN+k—1) have all been determined. We shall consider the case when k is even,
noting that the k odd case follows mutatis mutandis.

From the previous steps, each term in

PN+k—25 PN+k—4» - - - s DN—k—2,
admits a decomposition such that in each case we can write:

~ (k/2—i)
ON+k—2i = ON+k—2i + rNJ/rk_zi,

where
ON+k—2i € Hija—is
has been uniquely specified, and the remainder term

(k/2—i) 1
"Nik—2i € Hijpio

remains to be determined. The O (¢V~¥) equation is given by
Aondni + AoN—1PN+k—1 + ... + Av—rdo = 0. (60)

Following the example of the O(e"V~2) step, in descending order we successively

apply the compatibility conditions which must be satisfied for the equations involving

Vj(\/l_),_k, cees rl(\;c:,:)_z of the form

~ kj2—i
Azzvfzkfzirl(vikfz)i = RHS, (61)

where in (61), all terms dependent on the variable xz2—; have been specified uniquely and
where

A2N—2k—2iu = VXN,k,,' . (ZN—k—i VXN,k,,‘u) .
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This results in (60) being integrated with respect to the variables N, ..., N —k + 1. In
particular, all terms Ay j¢yk—j for j = 0,...,k — 1 will have integral zero, and thus
vanish. The resulting equation is then

/ - / (AoN—kdN + ...+ An—ikd0) e Vi/o dxy...dxy_j+1 = 0. (62)

Moreover, since the function ¢ _; depends only on the variables xo, . .., xy—_;, then (62)

must be of the form
—V/o —
A (// (Viy®n + . Vg dN—1 + ... Vo) € de...de_k+1> =0.

We now apply the inductive hypothesis to see that (to shorten the notations, we denote
dxy,. . N—k+1 :=dxy---dxy_g41 etc)

,,,,,

- / / / (VXNQN + 1) dxy (VXN—IQN—I + 1) dxy_1

X (Vay N2+ ..+ Vegdo) eV dxn_o . N—i+1

= KN—tt+1 (Vay_o®N—k + - - - Vig0) -
Thus, the compatibility condition for the O (¢¥ ~%) equation reduces to the elliptic PDE
VXN,k : (ICkaVXN,k(bek) = _Vfok . (ICka (VXN,k,I(prkfl + ... vx0¢0)) = Os

so that ¢ y_j can be written as

ON—k = ON—k (Vg1 ON—k=1 + ... Vio0) + rl(vl),k, (63)

where rl(\,l)_ « 1s an element of Hﬁ_ «» Which is yet to be determined. Moreover, each remainder

term rx{f,;lz)i can be further decomposed as

h/2—i) _ ~k/2=0) |, (kj2—it1)
Ntk—2i = I'Ntk—2i T INGk—2i >

where

~(k/2—i) A
INyk—2i € Hkj2—i+1,

is uniquely determined and

(k/2—i+1) 1
"nyi—2i - € Hija—itts

is still unspecified. Continuing the above procedure inductively, starting from a smooth
function ¢9 we construct a series of correctors ¢1, ..., Pon—1.

We now consider the final Eq. (46d). Arguing as before, we note that we can rewrite (46d)
as

N
Aoy + - Avigner = F(x) = Y Ligi. (64)

i=1
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A necessary and sufficient condition for ¢,y to have a solution is that

/d (Aov_1an—1 4 ...+ Ans1dne) e V7 dxy
T

N
- /Td (F(x) - ;:L,-(p,-) e V17 dxy.

At this point, the remainder terms will be of the form

(65)

(1) (2) (k) (1)
"oN—2ToN—4> -+ ToN—2k> -+ T2 >

such that ”2(?1—21' € Hil, is qnspeciﬁed. Starting from réi\;_z a necessary and sufficient
condition for the remainder ré’]\),_Z[ to exist is that the integral of the equation with respect to
dxy_; vanishes, i.e.

F(x)Z(x) = / - (Aon—1¢on—1 + .- Anp1dn+1) eV dxydxy_y ... dx
(T4)

(66)
+/ (£N¢N+...£1¢1)6_V1/0 dxydxy_1...dx,
(T4)N
where
Z(x) = / / e V% dxn ... dx).
Td Td
As above, after simplification, (66) becomes
Vio - (Viy@n + ...+ Vigho) = Z(0)F (x),

which can be written as

o
R v IT4+V. On)--v- I+V.0)e V%dxn---dx1V = F(x),
Z(x) X0 (/(.Td)N ( + Viy N) ( + Vi 1)6 XN X1 xo¢0> (x)

or more compactly

F(x) = Vi - (K1) Vg0 (x)) ,

o
Z(x)
where the terms in the right hand side have been specified and are unique. Thus, the O(1)
equation (66) provides a unique expression for F (x). Moreover, foreachi =1,..., N — 1,
there exists a smooth unique solution rz(i\),_zl. € Hi—1 and ¢y € Hy by Proposition 5.

Note that we have not uniquely identified the functions ¢y, . .., ¢2n, since after the above
N steps there will be remainder terms which are still unspecified. However, conditions (47a)—
(47¢) will hold for any choice of remainder terms which are still unspecified. In particular, we
can set all the remaining unspecified remainder terms to 0. Moreover, every Poisson equation
we have solved in the above steps has been of the form:

Stu(xo, ... x%) = a(xo, ..., xx) - Veydo(xo) + A(xo. ... xk) : Vi o(x0).

where Sy is of the form (38), and @ and A are uniformly bounded with bounded derivatives.
In particular, from the remark following Proposition 5 the pointwise estimates (48) hold. O
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Remark 7 Note that we do not have an explicit formula for the test functions, fori =1, ..., N.
However, by applying (63) recursively one can obtain an explicit expression for the gradient
of ¢; in terms of the correctors 6;:

Vx,-¢i = Vx,-ei(l + Vx,-,lgi—l) ce (I + Vx191)on¢o-

Since these are the only terms required for the calculation of the homogenized diffusion
tensor we thus obtain an explicit characterisation of the effective coefficients.

5.2 Tightness of Measures

In this section we establish the weak compactness of the family of measures corresponding
to (X5 10 <t < T}yce<1yin C([0, TT; R%) by establishing tightness. Following [43], we
verify the following two conditions which are a slight modification of the sufficient conditions
stated in [9, Theorem 8.3].

Lemma 3 The collection {X§ : 0 <t < T }jo<e<1} is relatively compact in C([0, T']; Rd) if
it satisfies:

1. Forall § > 0, there exists M > 0 such that

P{ sup |X;|>M) <6, O0<e<lLl
0<t<T

2. Forany § > 0, M > 0, there exists €y and y such that

y~! sup sup ]P’( sup |Xf—Xf0|28; sup |X§|§M>§8.
tel

O<e<ey 0<19<T t0,70+y ] 0<s<T

To verify condition 3 we follow the approach of [43] and consider a test function of the
form ¢o(x) = log(1 + |x |2). The motivation for this choice is that while ¢g (x) is increasing,
we have that

3
D U+ 1xD' [Vigo)lr < C, (67)

=1

where || denotes the Frobenius norm. Let ¢, . .., ¢any—1 be the first 2N — 1 test functions
constructed in Proposition 6. Consider the test function

¢ (x) = o(x) + €1 (x. x/€) + ...+ € gy (x, x/e, ... x/eV)
+ EN+1¢N+1()C,)C/€, R x/eN) + ...+ 62N_1¢2N_1(x,x/6, R x/eN).
(68)
Applying Itd’s formula, we have that

P N 2N-1 ‘
¢ (X6) :¢€(x)+/ G(XHds+v20 ) " ef'*"/ Vb dWs,
0 0

i=0 j=0

where G (x) is a smooth function consisting of terms of the form:

f=itDVIoy, . (e—V/“ avqusk) (. x/e, ... x/eV), (69)
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where k > i + j, by construction of the test functions. Moreover, Vy,¢; = 0 for j < i.
To obtain relative compactness we need to individually control the terms arising in the drift.
More specifically, we must show that the terms

Esupgi<r fo €7/ Vs, - (e7V/7 0 Vi, ) (XE, XS Je. ... XE/eN)ds|,  (70)
E‘SupoEtiT SV (XS, XS e, ..., XEJeN) AW, ? 1)

and
sup [, (X7)I. (72)

0<t<T

are bounded uniformly with respect to € € (0, 1]. Terms of the type (70) can be bounded
above by:

t
E sup /
0<r<T JO

Ifi > 0, then V,, V is uniformly bounded, and so the above expectation is bounded above
by

(Vo V - Vi, ) (X§,...,X§/6N)‘ + ‘avxl. -ij¢k(X§,...,X§/eN)‘ ds.

T
CIE/ IV, (XS XE/eM) 4+ | Vi, - Vi (XS, .. XS /e | ds
0

T 3
< C]E/ D | VEgo(XS)|, ds < KT,
0 m=1

using (67), for some constant K > 0 independent of €. For the case when i = 0, an additional
term arises from the derivative V,, Vy and we obtain an upper bound of the form

T 3
E/ D | VEeo(XD)|, (1 + |V Vo(X9)|) dt
0 —
m=1 (73)
T 3
= Ef D | VEgo(XD)|, 1+ IVV Vol | Xf]) dt,
0 m=1

and which is bounded by Assumption 1 and (67). For (71), we have

t T
E| sup fo Vi b (XS, XS e, .., XE/eN) dW, §4E/0 |ij¢k(X§,Xj/e,...,Xj/eN)|2ds

0<t<T

T 3
< CIE/O 2 | Vioo(XD)|, ds.
m=1

which is again bounded. Terms of the type (72) follow in a similar manner. Condition 3 then
follows by an application of Markov’s inequality.

To prove Condition 3, we set ¢o(x) = x and let ¢y, . .., ¢pony—1 be the test functions which
exist by Proposition 6. Applying It6’s formula to the corresponding multiscale test function
(68), so that for ¢y € [0, T'] fixed,

N 2N-1

t t
xi-Xy= [ Gas+vae Y Y o [ vigpaw, (74)
to 0]

i=0 j=0
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where G is of the form given in (69). Let M > 0, and let
7y, = inf{r > 0; |X7| > M}. (75)

Following [43], it is sufficient to show that

tATy,
E| sup /
t<t<T JigAty,

and

1+
VoV, (e—V/“vquk) (X§,X§/e,...,X§/eN)ds‘ ] < 00, (76)

242v

E sup < 00, 77)

fo<t<to+y

IATY,
/ V¢ (XS, XS Je, .., XE/eN) dW
)

€
ATy

for some fixed v > 0. For (76), when i > 0, the term V,, V is uniformly bounded. More-
over, since V¢ is bounded, so are the test functions ¢y, ..., ¢pon1. Therefore, by Jensen’s
inequality one obtains a bound of the form

v oty V/o —-V/o € € €, N 1+v
Cy'E V179 (VI 0) (XE X fes o Xe /M) ds
1

0

oty
< CVU/ |K|1+U ds < K/yl-'rl).
0]

When i = 0, we must control terms involving V, Vj of the form,

I/\r;[ 14
E| sup / VVo- Vi gi|  ds |,
to=<t<to+y JigAty,

where 7, is given by (75). However, applying Jensen’s inequality,

IATY, (to+y)AtTy,
E[ sup / Vo Vi, ds:| < C)/”/ E|VVy-Vigi| " ds
[{ fo

< € €
fh=<t=<ty+y 0Ty ATy,

(to+y)ATy L4+
< c;/“/ E|VVo(X)| " ds
19

€
ATy

00
Tt

1+v

LDO ’

(to+y)AT,
5Cy”||vzvo||””/ T g e g
oA

<CMy'"™ | Vv (78)

as required. Similarly, to establish (77) we follow a similar argument, first using the
Burkholder—Gundy-Davis inequality to obtain:

¢ ZO+V 2 1+U
E( sup |V d W, [T sE(f V] ds)
1

fo<t=to+y J1y 0
fot+y
242y
v
<y / [V, ds
0]

< Cyl-‘rl).

We note that Assumption 1 (3) is only used to obtain the bounds (73) and (78). A
straightforward application of Markov’s inequality then completes the proof of condition
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3. It follows from Prokhorov’s theorem that the family {Xf;¢ € [0, T1}o<e<i is rela-
tively compact in the topology of weak convergence of stochastic processes taking paths
in C([0, T; ]Rd). In particular, there exists a process X9 whose paths lie in C ([0, T']; ]Rd)
such that {X® ;¢ € [0, T]} = {X°; ¢t € [0, T]} along a subsequence ¢,,.

5.3 Identifying the Weak Limit

In this section we uniquely identify any limit point of the set {X{; ¢ € [0, T]}o<c<1. Given
do € C°(RY) define ¢ to be

O (x) = po(x) +edi(x/e) +. ..eN¢N(x,x/e, .. .,x/eN)
+... +62N¢2N(x,x/e, .. .,x/eN),

where ¢1, . .., ¢y are the test functions obtained from Proposition 6. Since each test function
is smooth, we can apply Itd’s formula to ¢ (X} ) to obtain

t
E[(f(xr)—[ ﬁ#(xu)du\fs] = 9" (XD). (79)

We can now use (45) to decompose L¢€ into an O(1) term and remainder terms which
vanish as € — 0. Collecting together O (€) terms we obtain

t
E [qbo(Xf) - / %wo (ZXOMX)Vo(XS)) du + €Re

fsi| = ¢o(X;),

where R, is a remainder term which is bounded in L2(1€) uniformly with respect to €, and
where the homogenized diffusion tensor M (x) is defined in Theorem 1. Taking ¢ — 0 we
see that any limit point is a solution of the martingale problem

0y _ ! 9 g . 0 0 0 _ 0
E | ¢o(X;) - Vo - (ZXOMX )V o(X,)) du | Fy | = go(X)).
s Z(X3)
This implies that X© is a solution to the martingale problem for £° given by

Lof(x) = %V (Z@)ME@)V F ().

From Lemma 1, the matrix M (x) is smooth, strictly positive definite and has bounded
derivatives. Moreover,

where the term in the integral is uniformly bounded. It follows from Assumption 1, that for
some C > 0,

IMX)V¥(x)| < C(1 + |x]), Vx eR?,

where W = —log Z. Therefore, the conditions of the Stroock-Varadhan theorem [51, The-
orem 24.1] holds, and therefore the martingale problem for £° possesses a unique solution.
Thus X© is the unique (in the weak sense) limit point of the family {X}o<e<1. Moreover,
by [51, Theorem 20.1], the process {X?; t € [0, T]} will be the unique solution of the SDE
(18), completing the proof.
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6 Further Discussion and Outlook

In this paper, we have shown the convergence of the multi-scale diffusion process (8) to
the homogenized (effective) diffusion process (18), as well as the convergence of the corre-
sponding equilibrium measures. We have employed the classical martingale approach based
on a suitable construction of test functions and analysis of the related Poisson equations. A
notable feature is that the effective (macroscopic) process is a multiplicative diffusion process
where the diffusion tensor depends on the macroscopic variable, whereas the noise in the
microscopic dynamics is additive. This is due to the full coupling between the macroscopic
and the microscopic scales. As discussed in the introduction, both processes are reversible
diffusion processes satistfying the detailed balance condition. Therefore, according to [1],
the corresponding Fokker Planck equations at all scales are Wasserstein gradient flows for
the corresponding free energy functionals [30]. Thus, the rigorous analysis presented in
this work leads to the conclusion that the Wasserstein gradient flow structure is preserved
under coarse-graining. This raises the interesting question whether coarse-graining and, in
particular, homogenization can be studied within the framework of evolutionary Gamma
convergence [4, 16, 35, 52]. Another interesting question is obtaining quantitative rates of
convergence [17] and also understanding the effect of coarse-graining on the Poincaré and
logarithmic Sobolev inequality constants, using the methodology of two-scale convergence
[24, 41]. We will return to these questions in future work.
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