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Abstract 

An enhanced flamelet generated manifold (FGM) model for large eddy simulation (LES) of turbulent spray 
combustion is presented. In the enhanced FGM model, a transported probability density function (TPDF) 
description of the FGM variables is employed. The TPDF is represented using the Eulerian stochastic fields 
(ESF) approach, and the method is applied to LES of spray combustion under conditions relevant to in- 
ternal combustion engines. The new ESF/FGM method achieves an improved accuracy of predictions due 
to the ESF modelling of the subgrid-scale turbulence-chemistry interaction. It also achieves high compu- 
tational efficiency due to the FGM tabulation of the chemical kinetic mechanism. The performance of the 
new ESF/FGM model is assessed by simulation of the Spray-A flames from Engine Combustion Network 

(ECN) and comparison of the results, firstly, with experimental measurements, and secondly, with conven- 
tional FGM model simulation results. It is shown that the ESF/FGM method is capable of predicting both 

global and local combustion characteristics, i.e., pressure rise, ignition delay time, flame lift-off length and the 
thermo-chemical structure of the spray flames with improved accuracy compared to the conventional FGM 

model that is based on the presumed PDF description of FGM variables. The sensitivity of the predictions 
using ESF/FGM to the number of stochastic fields is examined by varying the number of these fields in the 
range of 4–128. Furthermore, the influence of different FGM reaction progress variables on the simulations 
is investigated, and a new reaction progress variable based on the local consumption of oxygen is proposed. 
The results show that the new progress variable improves predictions of spray combustion, including the 
prediction of the start of injection, the quasi-steady state liftoff length, the post-injection oxidation, and the 
pressure evolution. 
© 2022 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. 
This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Spray combustion in modern internal combus-
ion engines is a two-phase, multi-physics and
ulti-scale phenomenon [1] . It occurs in a con-

ned high-pressure and high-temperature environ-
ent that is hardly accessible for detailed experi-
ental diagnostics. Numerical simulations of spray

ombustion, therefore, enable engine researchers to
ope with the experimental limitations. 

One of the most widely used modelling con-
epts for the numerical simulations of combustion
s the flamelet concept. This includes, among oth-
rs, the flamelet progress variable method (FPV)
2] , the unsteady flamelet progress variable method
UFPV) [3] and the flamelet generated manifold
ethod (FGM) [4] . Typically, the methods in the

ramework of the flamelet concept rely on the fol-
owing three general assumptions: (a) The thermo-
ynamic state of each point in the computational
omain can be described by a few principal vari-
bles, e.g., the mixture fraction ( Z) and the reaction
rogress variable ( Y). (b) The probability density
unction (PDF) of these principle variables, which
re needed to calculate the mean thermodynamic
ariables, are assumed to be statistically indepen-
ent. (c) The statistical distributions of these vari-
bles follow a prescribed PDF function. These as-
umptions introduce a great simplicity to the prob-
em and allow computationally efficient modelling
f spray flames. The results are also accurate for
he conditions that the aforementioned assump-
ions are valid. However, combustion in modern en-
ines may not satisfy all the flamelet assumptions;
ence, the accuracy of the simulation results of the
odel may be poor. 

The transported PDF (TPDF) with finite rate
hemistry is a more sophisticated turbulent com-
ustion modelling approach. This approach does
ot rely on the aforementioned assumptions,
ince the turbulence/chemistry interaction (TCI)
n TPDF is taken into account using transport
quations of the PDF. In particular, in the con-
ext of large eddy simulation (LES) using TPDF
pproach, the filtered reaction source terms in
he species transport equations appear in a closed
orm, which eliminates the need for further assump-
ions on the modelling of highly non-linear reac-
ion rates [5,6] . The major drawback of the TPDF
pproach with finite rate chemistry is its high com-
utational costs, which makes it less attractive for
odelling of engineering combustion processes. 

Here, we investigate a new concept by coupling
he TPDF concept with the FGM concept. The
dea of coupling TPDF with FGM was first tested
or simulation of non-premixed bluff-body stabi-
ized CH 4 /H 2 flame [7] , stratified lean premixed
ame [8] and non-premixed oxyfuel flame [9] . In
his work, the concept is extended and applied to
ulti-phase spray combustion with autoignition.
he method benefits from the computational effi-
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
LES of spray combustion, Proceedings of the Combustion Inst
ciency of FGM and the accuracy of TPDF. The
main idea is to use TPDF to relax the major as-
sumptions on the PDF of FGM variables. More
specifically, the aforementioned assumptions (b)
and (c) in the presumed-PDF flamelet approach are
eliminated, and the joint-PDF of FGM variables
is represented using TPDF equations. The TPDF
equations are solved using the Eulerian stochastic
fields (ESF) approach [5,10] , and the new approach
is hereafter referred to as ESF/FGM. 

2. Numerical method 

2.1. Large eddy simulation of the spray flame 

The Favre-filtered conservation equations for
mass and momentum for turbulent spray flames
are: 
∂ ρ

∂t 
+ 

∂ ρ ˜ u j 
∂x j 

= S 

s 
ρ, (1)

∂ ρ ˜ u i 
∂t 

+ 

∂ 

∂x j 
( ρ ˜ u i ̃  u j − τ i j − τ

sgs 
i j ) = S 

s 
u i 
. (2)

Here, the overline denotes the spatial filtering and
the tilde denotes the Favre filtering; u i is velocity
component along x i -direction; ρ is density; τ i j is
filtered viscous stress tensor obtained from the re-
solved strained rate. τ sgs 

i j is the subgrid-scale (SGS)
term modeled using one-equation eddy-viscosity
approach. The terms with superscript s are spray
source terms, which account for the liquid-gas ex-
change rate of the mass ( S 

s 
ρ) and momentum ( S 

s 
u i 

).
The closure for these terms is obtained using the
Lagrangian particle tracking (LPT) method. 

2.2. Turbulent combustion modelling 

In FGM modelling of turbulent spray combus-
tion, the thermochemical properties (hereinafter re-
ferred to as ψ α , e.g., species mass fraction Y i and
the reaction source terms) are calculated from the
FGM tables. The entry quantities for these tables
are Z and C, i.e., F ψ α (Z, C) , where C is normal-
ized Y , C = ( Y − Y min ( Z) ) / ( Y max ( Z) − Y min (Z) ) .
The joint-PDF of Z and C in the subgrid scales
for each computational cell, ˜ P (Z, C) , is required to
take the TCI into account. Thus, the filtered terms
( ˜ ψ α) can be calculated as: 

˜ ψ α = 

∫ ∫ 
F ψ α (Z, C) ̃  P (Z, C ) dZdC . (3)

The first main contribution of the current work
is to improve the representation of such joint-PDF
for spray combustion simulations. 

2.2.1. Presumed-PDF 

In the presumed-PDF method (the conventional
FGM method), based on assumptions (b) and (c) in
l., An extended FGM model with transported PDF for 
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Section 1 , the joint-PDF is written as 
∼
P 

(Z, C) = 

∼
P 

(Z) 
∼
P 

(C) with presuming beta and delta distribu-
tions for the mixture fraction and progress vari-
able [11] , i.e., ˜ P (Z) = β(Z ; ˜ Z , ̃  Z 

′′ 2 ) and 

˜ P (C) =
δ(C − ˜ C ) . The values of ˜ Z and 

∼
C are obtained from

the corresponding transport equations; and the
SGS mixture fraction variance ( ̃  Z 

′′ 2 ) is, typically,
estimated using an algebraic model [11] , ˜ Z 

′′ 2 =
	2 | ∂ ˜ Z / ∂x i | 2 , where C is model coefficient and 	

denotes the LES filter width. With these simplifi-
cations, ˜ ψ α can be calculated under the conditions
that the assumptions are valid. 

2.2.2. Transported-PDF 

Alternatively, a TPDF approach based on the
ESF method is proposed. In this method, stochas-
tic partial differential equations (SPDEs) of Z, Y
and sensible enthalpy h are solved. The unresolved
scale fluctuations and the joint-PDF are repre-
sented by N es f number of Eulerian stochastic fields.
These SPDEs for the n th ESF are written as: 

ρdξ (n ) 
α = −ρ ˜ u i 

∂ξ (n ) 
α

∂x i 
d t + 

∂ 

∂x i 
(�t 

∂ξ (n ) 
α

∂x i 
) d t 

+ ρ

√ 

2 
�t 

ρ

∂ξ (n ) 
α

∂x i 
d W i 

(n ) 

− 1 
2 
ρC φ (ξ (n ) 

α − ˜ ψ α ) ω 

sgs dt 

+ ρS 

r (n ) 
α d t + S 

p 
αd t + S 

s 
αd t, (4)

with n = 1,2,..., N es f . Here, ξα represents Z, Y and
h when α = 1, 2, 3. ˜ ψ α is the ensemble average
of ξ (n ) 

α , i.e., Eq. 5 . �t is the sum of molecular and
SGS diffusivity. The term d W i 

(n ) represents a vec-
tor Wiener process that is spatially uniform but dif-
ferent for each field. Here, d W i 

(n ) is approximated
by time-step increment 

√ 

dt η(n ) and η(n ) is a {−1 , 1 }
dichotomic random vector [5] . 

S 

s 
α is spray source term in Z, Y and h equations.

S 

p 
α is the source term from pressure ( p) change,

which is only valid for sensible enthalpy equation,
i.e., S 

p 
α = ∂ p/∂ t when α = 3. S 

r (n ) 
α is reaction source

term interpolated from FGM tables. Note that, the
reaction source terms are not filtered and are in
closed form. Therefore, they can be directly com-
puted from the FGM tables. Thus, no integration
using a presumed PDF ( Eq. 3 ) is needed. The fil-
tered thermochemical properties are, then, calcu-
lated from the ensemble of N es f notional fields, e.g.,

˜ ψ α = 

1 
N es f 

N es f ∑ 

n =1 

ξ (n ) 
α . (5)

This equation is used for calculation of the fields ̃  Z ,˜ Y , and ̃

 h . 
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
LES of spray combustion, Proceedings of the Combustion Inst
The term involves C φ is micro-mixing term and 

it is modelled using the Interaction by Exchange 
with the Mean (IEM) model [12] . In the micro- 
mixing term, ω 

sgs is SGS turbulent frequency mod- 
eled as ω 

sgs = (μ + μsgs ) / ρ	2 , with μ being the 
laminar viscosity and μsgs the SGS eddy viscosity. 

2.3. Liquid-phase spray modelling 

Closures for spray source terms are obtained 

by simulation of the liquid phase using an LPT 

method, in which the first and secondary break- 
ups are modelled using the Rosin-Rammler dis- 
tribution [13] and the Kelvin-Helmholtz Rayleigh- 
Taylor (KHRT) model [14] . The Spalding formula 
is implemented to calculate the droplet evapora- 
tion rate [15] . The Ranz-Marshall correlation is 
used to model heat transfer between the liquid 

and gas phases [16,17] . The LPT model inter- 
acts with the ensemble average of stochastic fields. 
Since, in the ESF method, each stochastic field 

is not a physical realization of the random vari- 
ables [5] (e.g., temperature), the spray evapora- 
tion process does not interact with the tempera- 
ture in a single ESF [18,19] . Improved modelling 
of the spray process, however, is achieved when the 
local/temporal gas-phase thermodynamic state at 
each point/time is recast by ensemble averaging the 
stochastic fields. Additionally, the effects of unre- 
solved SGS fluctuations on the LPT particles are 
considered through the stochastic turbulence dis- 
persion [20] . 

In the FGM modelling of spray combustion, 
cooling effects of liquid fuel evaporation must be 
taken into account for the calculation of tempera- 
ture ( T ). To perform this calculation, an approach, 
which is discussed and validated in Ref. [11] , is 
adopted. In this approach, the transport equa- 
tion for sensible enthalpy, h , is solved separately in 

the simulations. The temperature is then evaluated 

based on the calculated enthalpy and mass fraction 

of species. Since the h equation includes a spray 
source term, the energy exchange between the liq- 
uid and the gas phase, hence, the associated cool- 
ing effects of spray evaporation are taken into ac- 
count in the calculation of temperature. The evap- 
oration mainly affects the temperature in the liquid 

spray region, and its effect is expected to be milder 
downstream of this region where the ignition and 

majority of reactions take place. Although this ef- 
fect on the species mass fraction could also be mod- 
eled by varying fuel-side temperature in the FGM 

tables at the cost of adding an additional table en- 
try, Ref. [11] demonstrated that the final results in 

the case of this study are almost insensitive to such 

change of the fuel-side temperature. 

2.4. Solution procedure 

The solution procedure at each time step for the 
ESF/FGM method is summarized as follows: (1) 
l., An extended FGM model with transported PDF for 
itute, https://doi.org/10.1016/j.proci.2022.09.014 
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Table 1 
Specification of the numerical cases. 

TCI N es f Y
Case 1 (baseline) ESF 8 Y 2 
Case 2 ESF 4 Y 2 
Case 3 ESF 16 Y 2 
Case 4 ESF 32 Y 2 
Case 5 ESF 64 Y 2 
Case 6 ESF 128 Y 2 
Case 7 Presumed-PDF - Y 2 
Case 8 ESF 8 Y 1 
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onservation equations of mass and momentum
long with the ESF equations of mixture fraction,
eaction progress variable and enthalpy ( Eqs. 1, 2
nd 4 , respectively) are solved numerically using the
onventional finite volume method. (2) The reac-
ion source terms, S 

r (n ) 
Y and S 

r (n ) 
h in Eq. 4 , as well as

 

(n ) 
i are obtained from the pre-generated FGM ta-
les, using Z 

(n ) and C (n ) as table entries. (3) The tem-
erature, density and other thermodynamic prop-
rties of each ESF are calculated using Y 

(n ) 
i and

 

(n ) . (4) Finally, the mean values of species mass
ractions, temperature, heat release rate (HRR),
ixture fraction and other variables are calculated

sing its stochastic fields. 
The method is implemented in Open-

OAM [21] , and the solution procedure includes
omentum predictor, pressure solver and the
omentum corrector, sequentially. Second-order

iscretization schemes for both time and space are
mployed. The FGM table is generated by solv-
ng flamelet equations for counterflow diffusion
ames in mixture fraction space, using the software
lameMaster [22] . 

. Case specification and FGM tables 

The Spray-A case from Engine Combustion
etwork (ECN), which is designed to mimic spray

ombustion in engines, is simulated. This case
as been widely studied experimentally and nu-
erically [23–25] and valuable measurements are

vailable for the performance assessment of the
ew method. In the Spray-A case, 3.46 mg of n-
odecane fuel at 363 K is injected through a nozzle
ith a diameter of 90 μm into a constant-volume

ubic vessel with a side length of 108 mm. The
njection pressure and duration are 150 MPa and
.5 ms, respectively. The temperature and density
f the vessel prior to the injection of liquid n-
odecane are 900 K and 22.8 kg/m 

3 . The volumet-
ic fractions of O 2 , CO 2 , H 2 O and N 2 are 15%,
.22%, 3.62% and 75.16%, respectively, in the re-
cting cases. These values mimic diesel engines with
oderate exhaust gas recirculation (EGR). A non-

eacting case is also simulated and used for spray
odelling validation. The initial volumetric frac-

ions of O 2 , CO 2 , H 2 O and N 2 for the non-reacting
ase are 0%, 6.52%, 3.77% and 89.71%, respec-
ively [26] . 

For reacting cases, the FGM method requires a
re-generated manifold, which consists of both un-
teady and steady-state solutions of flamelet equa-
ions [4] . In the current work, a chemical kinetic
echanism, which consists of 130 species and 2323

eactions [27] , is used. A set of one-dimensional
amelet equations is solved, first, to examine the
calar dissipation rates. The χ = 30 s −1 , which is
he scalar dissipation rate at the stoichiometric mix-
ure fraction, is chosen for the unsteady flamelets as
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
LES of spray combustion, Proceedings of the Combustion Inst
it well-predicts the reported n-dodecane IDT [26] .
429 unsteady solutions with χ = 30 s −1 , and 47
steady-state solutions of the flamelet equation with
χ ranging from 2 × 10 −5 s −1 to 30 s −1 , are then used
for the FGM database generation. To unify the un-
steady and steady databases, a reaction progress
variable, Y , is needed. For any given Z, the cho-
sen Y must increase monotonically alongside the
reaction progress for unsteady flamelets and con-
tinue to increase monotonically as a function of χ
for steady flamelets. In the following, we define two
reaction progress variables ( Y 1 , 2 ) and examine their
monotonicity and performance. 

The first progress variable, Y 1 , is adopted
from an often-used definition in similar FGM
studies [11,24] , Y 1 = Y 

∗
CO 

/ M CO 

+ Y 

∗
CH 2 O 

/ M CH 2 O 

+
 

∗
CO 2 

/ M CO 2 . Herein, M i is the molecular mass
of species and Y 

∗
i = Y i − Y N 2 ( Y 

0 
i / Y 

0 
N 2 

) , where su-
perscript 0 denotes the initial value. The term
 N 2 (Y 

0 
i / Y 

0 
N 2 

) estimates the local contribution of 
initial gases to Y i , and it is thus used to exclude
the contribution of the initial EGR gases to the re-
action progress. Therefore, Y 

∗ represents the local
value of the species that is formed or consumed as
a result of the reaction. This estimation is based on
an assumption that the diffusion coefficients of all
species are the same; thus, the local contribution of 
the initial mixture is proportional to the mass frac-
tion of N 2 , which is an inert gas in the current sim-
ulation. 

The second progress variable, Y 2 , which is
proposed in this work and is used as base-
line progress variable, is Y 2 = Y N 2 (Y 

0 
O 2 

/ Y 

0 
N 2 

) − Y O 2 .
Term Y N 2 (Y 

0 
O 2 

/ Y 

0 
N 2 

) estimates the amount of local
oxygen in case of no reaction; and Y O 2 is the actual
local mass fraction of oxygen. Therefore, their dif-
ference indicates how much oxygen has been locally
consumed, hence, how much progress has been
made in the reaction. The advantages of using Y 2
and its limitations will be discussed in Section 4.2 . 

Table 1 shows the specification of the numeri-
cal cases. Case 1 employs 8 ESF and Y 2 as progress
variable. Cases 2–6 with 4–128 ESF are simu-
lated to examine the sensitivity of the results and
the shape of joint-PDF to the number of ESF.
Case 7 with presumed-PDF is also simulated for
comparison of ESF/FGM results with the conven-
l., An extended FGM model with transported PDF for 
itute, https://doi.org/10.1016/j.proci.2022.09.014 
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Fig. 1. Liquid and vapor penetration lengths of the non- 
reacting spray case from LES and experiment [26] . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. The structure of transient spray flames. (a) Com- 
bustion chemiluminescence and soot luminosity in ex- 
periments [26,29] . The blue line is the measured high- 
temperature reactivity border. (b) Line-of-sight distribu- 
tion of CH 2 O (blue) and OH (yellow/red) predicted in 
the LES baseline case. The white line is isocontour of 
T = 1100 K. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web ver- 
sion of this article.) 
tional FGM results. Case 8 is defined to put into
perspective the performance of the new progress
variable in comparison with Y 1 . 

The LES mesh size is 125 μm within the first
20 mm of the injector in the axial direction (spray
region) and then it is increased to 250 μm for the
rest of the flame region. A time step of 	t = 20 ns
is used, which keeps the maximum Courant number
below 0.1. In addition to the analysis of mesh size
in our previous works [20,28] , the sufficiency of the
used mesh in resolving the required fraction of tur-
bulence is examined by applying three mesh grids,
including a coarser mesh, the baseline mesh and a
finer mesh with the total cell number of 0.44, 1.67,
and 11.39 million, respectively. The grid sensitivity
study (shown in Section 4.1, Fig. 3 ) shows that the
baseline LES mesh and filter size (cubic root of the
cell volume) are sufficient to well predict the pres-
sure rise, ignition delay time (IDT) and flame lift-
off length (LOL). 

4. Results and discussion 

The spray model is first examined by simula-
tion of the non-reacting case, and the LPT setup is
validated against the experimental measurements.
Fig. 1 shows the calculated liquid and vapour pen-
etration lengths, which agree well with the ex-
periment [26] . Following the ECN recommenda-
tion [26] , here the mixture fraction of 0.001 is con-
sidered as a threshold for the calculation of vapor
penetration. The liquid length is calculated by con-
sidering the shortest axial distance from the injec-
tor in which 95% of liquid exists. The non-reacting
results show that the current LES LPT model pre-
dicts well the liquid and vapor penetration lengths
measured in the ECN experiment. 

The validated spray setup is then applied for
spray flame simulations and the results are pre-
sented in the following. In Fig. 2 , the structure of 
the simulated spray flame of the baseline case us-
ing ESF/FGM is compared with the experiment.
The left snapshots in this figure show the experi-
mental hydroxyl (OH) radical chemiluminescence
and the soot luminosity, and the blue line identi-
fies the high-temperature region boundary [26,29] .
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
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The right snapshots show the current simulation re- 
sults of the line-of-sight distribution of formalde- 
hyde (CH 2 O) and OH, as well as the isocontour of 
T = 1100 K (white line). The first igniting site in the 
simulations is observed around t= 0.4 ms, as high- 
lighted in Fig. 2 , at the same location observed in 

the experiment. Following the onset of ignition, the 
high-temperature region develops both radially and 

axially, similar to that in the experiment. The sim- 
ulation results agree reasonably well with experi- 
ments during the quasi-steady-state period of the 
injection, e.g., at 0.8 ms and 1.2 ms, and also af- 
ter the end of injection, e.g., at t= 2.2 ms, which is 
0.7 ms after the end of injection. 

4.1. ESF/FGM Results vs. conventional FGM 

results 

The LES-predicted pressure rise is compared 

with the measurements in Fig. 3 a. The dashed 

blue line represents transported-PDF cases with 

progress variable of Y 1 , i.e., Case 8 in Table 1 . In 

the rest of the cases, Y 2 is used. As can be seen, 
the results from Y 2 agree reasonably well with the 
measurement, while the pressure rise from Y 1 is 
under-predicted. Furthermore, as can be seen in 

this figure, the results of the ESF/FGM simulations 
with varying numbers of ESF agree well with ex- 
perimental measurement and show low sensitivity 
to the number of ESF. The presumed-PDF model 
over-predicts the pressure rise as compared with 

the ESF model and the experiments. Underlying 
l., An extended FGM model with transported PDF for 
itute, https://doi.org/10.1016/j.proci.2022.09.014 
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Fig. 3. (a) The pressure rise in experimental measure- 
ments and in different LES cases using Y 1 , and Y 2 with 
presumed-PDF and transported-PDF, and the baseline, 
coarser and refined grids. The pressure rise profiles ob- 
tained with 4–128 ESF are almost identical. (b) Temporal 
evolution of instantaneous LOL. (c) LES-predicted LOL 

and IDT, with different N es f . 
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Fig. 4. (a) and (b) ESF/FGM simulation results at t = 1 ms 
and 1.5 ms, respectively; (c) and (d) presumed-PDF/FGM 

simulation results at t = 1 ms and 1.5 ms, respectively. 
The snapshots show mass fraction distributions of keto- 
hydoperoxide (green), formaldehyde Y CH 2 O 

(blue), and 
hydroxyl Y OH 

(yellow/red). The parcels of LPT droplets 
are also shown with blue dots. The red lines are the iso- 
contours of Y OH 

= 1 . 5 × 10 −5 . The black lines indicate 
the location of the reported LOL in the experiment [26] . 
The blue lines indicate the axial location which is used in 
the plots in Fig. 5 . (For interpretation of the references to 
colour in this figure legend, the reader is referred to the 
web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

easons for the observed improvements in the re-
ults using Y 2 and ESF/FGM will be discussed in
he following section. 

The instantaneous LOL from presumed-PDF
nd the ESF/FGM results are shown and com-
ared with experiments in Fig. 3 b. LOL is defined
ccording to ECN recommendations [26] , as the
rst axial location of OH mass fraction reaching
% of its maximum in the domain. As can be
een, after the onset of ignition, the flame prop-
gates toward the injector and reaches its quasi-
teady lift-off location, and then it starts to oscil-
ate. While both simulations predict a generally ac-
eptable LOL, the ESF/FGM exhibits a more sim-
lar evolution to the experiment. 

Fig. 3 c shows the time-averaged LOL and IDT
alues from cases with different numbers of ESF.
he IDT is defined as the time after the start of in-

ection when the maximum time-derivative of the
emperature maximum occurs [26] . Results show
hat the values of LOL and IDT in this method are
ot greatly sensitive to the number of ESF. Addi-
ionally, the predicted LOL and IDT in the base-
ine case with ESF/FGM, i.e., 16.9 mm and 0.41 ms,
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
LES of spray combustion, Proceedings of the Combustion Inst
respectively, agree well with the experimental mea-
surement, i.e., 16.5 mm and 0.43 ms. Furthermore,
the presumed-PDF/FGM model predicts a slightly
shorter LOL (15.5 mm) and IDT (0.35 ms). 

In addition to the baseline grid, the simulation
results with the coarser and refined grids are shown
in Figs. 3 a and b. As can be seen, the pressure rise
and LOL are not greatly sensitive to the grid res-
olution. The time-averaged LOL values using the
coarser, baseline and refined grids are 15.2 mm,
16.9 mm and 16.3 mm, and the calculated IDT us-
ing these grids are 0.38 ms, 0.41 ms and 0.40 ms,
respectively. 

The accurate prediction of the thermochemical
structure of the spray flame, including the distri-
bution of species, plays an important role in the
correct prediction of emissions in modern engine
simulations. In Fig. 4 , we compare the distribution
of species from ESF/FGM results ( Figs. 4 a and b)
and those from conventional FGM results ( Figs. 4 c
and d). These figures show the local distribution
of OH, CH 2 O and keto-hydroperoxide mass frac-
tions on a 2D spray axis cross-section, at t= 1 ms
and 1.5 ms. As can be seen, the predicted distribu-
tions of species are substantially different. To con-
firm this observation quantitatively, the radial pro-
files of the mean OH mass fraction and its stan-
dard deviation at the axial location of 30 mm (in-
dicated by blue lines in Fig. 4 ) from the injector
are shown in Fig. 5 . The values in Fig. 5 are time-
averaged in a period of 1 ms to 1.5 ms and are also
azimuthal averaged. As can be seen in Figs. 4 and
5 , the ESF/FGM predictions show that OH rad-
icals are concentrated in the surrounding of the
flame, in a layer with ∼6 mm thickness. However,
in the conventional FGM results, the OH radicals
are more scattered and a considerable amount of 
l., An extended FGM model with transported PDF for 
itute, https://doi.org/10.1016/j.proci.2022.09.014 
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Fig. 5. The mean and standard deviation radial profiles 
of mass fraction of OH from ESF/FGM and presumed- 
PDF/FGM simulation results. The mean and deviation 
values are calculated in a period of 1 ms to 1.5 ms. The 
corresponding axial location used for this analysis (30 mm 

from the injector) is shown in Fig. 4 with a blue line. (For 
interpretation of the references to colour in this figure leg- 
end, the reader is referred to the web version of this arti- 
cle.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Schematic illustration of the Z − C joint-PDF 

distributions in the ESF/FGM and presumed-PDF/FGM 

simulations. (a) The scatter of 128 ESF values of Z and C
at t = 1 ms in one computational cell (on centerline at the 
axial location of 20 mm from the injector). (b) Schematic 
illustration of the typical joint-PDF in the presumed- 
PDF/FGM method. The red dot represents the mean (en- 
semble average) values of Z and C and the blue color in- 
dicates the PDF distribution. (For interpretation of the 
references to colour in this figure legend, the reader is re- 
ferred to the web version of this article.) 
these radicals can be seen in the core of flame, e.g.,
at r = 0 mm, where r is the radial coordinate. This
observation in the ESF/FGM results is in line with
the experimental work in Ref. [30] . In that work, the
flame structure in Spray-A was investigated using
OH planar laser-induced fluorescence (PLIF). The
PLIF measurement indicated that OH radicals are
concentrated in a thin layer surrounding the rich
mixture of the flame, which is well-captured in the
present ESF/FGM simulations. It is worth men-
tioning that in the two simulations in the current
work, an identical FGM database, identical mesh
grid and identical spray setup are used, and the only
difference is the representation of the SGS PDF.
This shows that an improvement of the SGS PDF
model can significantly improve the simulation of 
the reaction zone structures. 

To understand underlying reasons for the ob-
served differences in the results, the representation
of SGS variations in the conventional FGM and
ESF/FGM methods must be investigated. In the
ESF/FGM method, the SGS variations are calcu-
lated from a set of stochastic fields. The fluctuations
of unresolved scales are taken into account via the
Wiener terms in the corresponding transport equa-
tions ( Eq. 4 ). Fig. 6 a, as an example, shows the re-
sulting scatter of Z and C stochastic fields at one in-
stant of time ( t= 1 ms) and one computational cell
(on the centerline, at 20 mm from the injector) for
the case with 128 ESF. On the contrary, in the con-
ventional FGM method, SGS variations are mod-
elled by presuming a PDF for Z and C (typically
beta-function for Z and delta-function for C), as
schematically shown in Fig. 6 b. In the use of delta-
function distribution in the presumed-PDF/FGM
method, it is assumed that there is no scatter of 
progress variable along the vertical axis in Fig. 6 . 

To further investigate the joint-PDF of Z and C
in the ESF results, a sampling of the ESF of these
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
LES of spray combustion, Proceedings of the Combustion Inst
quantities is performed at three locations for a pe- 
riod of t= 0.5 ms to 1 ms, with a rate of 50,000 
samples per ms. These locations are along the cen- 
terline with the axial position of (I) 15 mm, (II) 
20 mm and (III) 25 mm, and are chosen to rep- 
resent, respectively, the low-temperature chemistry 
region, the fuel-rich premixed flame front, and the 
post oxidation zone, following the Dec’s conceptual 
model [31] . The results of the calculated joint-PDF 

are shown in Fig. 7 for Case 6 and Case 1. It can 

be seen that the joint-PDF of Z and C does not ex- 
hibit a statistically independent behaviour. This can 

be understood by comparing the distribution of Z, 
for instance, at C= 0.2 with that at C= 0.5. This sta- 
tistically dependence is in contradiction to the as- 
sumption (b) in the conventional FGM method (see 
Section 1 ). Additionally, the results show that the 
delta-function distribution which is typically used 

as a presumed-PDF distribution for the progress 
variable, i.e., assumption (c), can be invalid. There- 
fore, despite the use of the same FGM database in 

both presumed-PDF/FGM and ESF/FGM simu- 
lations, the joint-PDF of Z and C from these two 

methods is substantially different, which gives rise 
to the different flame structures in Fig. 4 . 

In the joint-PDFs, shown in Fig. 7 , one can 

see a correlation between Z and C in the differ- 
ent regions of the flame. In the low-temperature 
ignition zone, i.e., point I, the increase of the 
progress variable takes place at rich mixtures 
( Z > 0.1), with the highest progress variable 
value in the vicinity of Z= 0.2. In the fuel-rich pre- 
mixed flame front (point II), however, the highest 
progress variable values are shifting towards the 
stoichiometric mixture. In the post oxidation zone, 
i.e., point III, the PDF distribution indicates that 
the majority of the mixture is approaching the max- 
imum progress variable values, while a tail of low 

progress variable can be observed. This tail has 
l., An extended FGM model with transported PDF for 
itute, https://doi.org/10.1016/j.proci.2022.09.014 
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Fig. 7. The shape of joint-PDF of Z (mixture fraction) 
and C (normalized reaction progress variable) from the 
ESF/FGM simulations with 128 (left) and 8 ESF (right) 
on three sample points I, II, and III, which correspond 
to centerline positions at 15, 20 and 25 mm downstream 

the injector, respectively. Note that the maximum value of 
PDF depends on the shape and spread of the PDF. 
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Fig. 8. The distribution of (a) Y 1 and (b) Y 2 from the 
steady and unsteady flamelet solutions. The red dashed 
lines show the non-monotonic part of the flamelets. Note 
that only a few samples of 476 flamelets used in this 
study are shown in these plots, to keep the lines visible 
and distinguishable. The right side figures show the tabu- 
lated HRR, as an example of tabulated quantities, in Z–C
space, calculated from the FGM database with (c) Y 1 and 
(d) Y 2 . (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version 
of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 rather low PDF and it indicates ongoing reac-
ions downstream of the fuel-rich premixed flame.
n these figures, one can see that the joint-PDF
rom 8 ESF is generally similar to that from 128
SF. Despite some local differences, the 8 num-
ers of ESF can resemble the main characteristics
f the results with 128 ESF. This observation ex-
lains the similarities between the results with the
arying number of fields and supports the discus-
ions in Section 4.1 on minor sensitivity of results
o N es f . This is in line with the literature [32] and
onfirms the sufficiency of low numbers of ESF for
pray flame simulations. Additionally, it should be
oted that in LES, the differences between stochas-
ic fields represent the sub-grid variance, which is
uch smaller than that in RANS simulations [33] . 

.2. The new reaction progress variable 

To investigate further the results in Fig. 3 a,
he distribution of Y 1 , 2 values for steady and un-
teady flamelets as a function of mixture fraction
re shown in Fig. 8 . As can be seen for Y 1 , some
f the flamelets, which are identified by dashed red

ines, exhibit a non-monotonic behaviour and there
re cross lines between the flamelets. The value of 
 1 in these unsteady flamelets (red dashed lines) in-
Please cite this article as: A. Hadadpour, S. Xu, Y. Zhang et a
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creases first and exceeds the steady-state values and
then decreases. This is because the mass fractions
of some of the intermediate species (i.e., CH 2 O and
CO) are added to the definition of Y 1 to capture the
pre-ignition and ignition periods. However, since
these species are consumed during the post-ignition
period, the value of Y 1 decreases after ignition.
Therefore, Y 1 values violate the monotonicity cri-
terion. As discussed in Section 1 , to cope with this
problem in the FGM tabulation, this red-marked
non-monotonic part of the solution is usually elim-
inated (see Ref. [11] ). Unlike Y 1 , Y 2 increases mono-
tonically over the entire range of FGM space, as
can be seen in Fig. 8 b. To explore the effect of elim-
ination of some flamelets in Y 1 tables, the tabu-
lated HRR from the FGM database with Y 1 −2 is
shown in Figs. 8 c-d, respectively, as an example of 
the tabulated quantities. Substantial differences can
be seen in Y 1 table compared to Y 2 table. This can
be seen by considering the distribution of the HRR
in the range of 0.4 < C 1 < 1. In this range, a con-
siderable amount of post-ignition heat release in
Y 2 is missing in Y 1 , as a result of the elimination
of non-monotonic flamelets. Consequently, the Y 1 -
based FGM model cannot predict the post-ignition
heat release correctly. Thus, the predicted pressure
rise is lower than the experimental results as shown
in Fig. 3 a. 

5. Conclusion 

A novel ESF/FGM approach was formulated
for modelling spray combustion in engine-like ap-
plications. Two of the key assumptions in the FGM
l., An extended FGM model with transported PDF for 
itute, https://doi.org/10.1016/j.proci.2022.09.014 
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method were removed in the new method and re-
placed by a transported-PDF approach, based on
ESF. The performance of the new method was an-
alyzed by performing LES for the ECN Spray-A
n-dodecane combustion, under conditions relevant
to internal combustion engines. It was shown that
ESF/FGM is capable of replicating the experimen-
tal observations in terms of IDT, LOL, HRR and
pressure rise, as well as the thermo-chemical struc-
ture of the flame. 

It was discussed that the structure of spray
flame in ESF/FGM simulation is substantially dif-
ferent from that in the conventional FGM simula-
tion, while the global characteristics such as IDT,
LOL and pressure rise from the two simulation
approaches are only moderately different. It was
also shown that in contrast to conventional flamelet
assumptions, the represented SGS fluctuations of 
table-entry quantities (Z and C) in ESF/FGM are
not statistically independent. 

Finally, two reaction progress variables were ex-
amined for the ESF/FGM simulations. The com-
monly used progress variables in literature failed to
predict the later stages of combustion. The underly-
ing reason for this observation was investigated and
it was shown that the non-monotonic behaviour
of such progress variable after ignition could lead
to neglecting an important part of the reaction
progress. Therefore, quantities such as pressure rise
could not be predicted using this progress variable.
A new progress variable was proposed based on the
oxygen molecule consumption and its performance
was examined and validated for Spray-A flame. The
new progress variable does not require any ad hoc
adjustment which makes it a good choice for many
applications. 
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