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ABSTRACT
We define a block-by-block version of Isaacs and Navarro’s chain local condition
and then prove that the Alperin–McKay conjecture is equivalent to a certain
function on groups having this property. We then go on to prove several other
block-by-block versions of results from Isaacs and Navarro’s paper.
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1. Introduction

We define an integer valued function, f , on pairs (G, B), where G is a group and B is a p-block of G, to
be block chain local if ∑

C∈R
(−1)|C| ∑

b|BC

f (GC, b) = 0,

where the first sum runs over representatives of G-orbits of chains of p-subgroups in G, GC is the stabiliser
group of C and BC is a sum of blocks of GC. This definition is motivated as a block-by block version of
the definition of local functions give by Isaacs and Navarro [3]. In their paper they show that the McKay
conjecture is equivalent to a function on groups having this local property and here we extend this result
to show that the Alperin–McKay conjecture is equivalent to a function on pairs being block chain local.

As Isaacs and Navarro note, their work is not the first occurrence of a local global conjecture being
restated as a condition on chains of subgroups. This is partially as a result of the local-global conjectures’
resistance to being proved in full generality, with the one exception being Brauer’s height zero conjecture
[6], so effort has been directed towards finding equivalent statements to the conjectures. Perhaps the
most well known example of this is Knörr and Robinson’s restatement of Alperin’s weight conjecture [5,
Theorem 3.8], which in our language is equivalent to l(G, B), the number of irreducible Brauer characters
in B, being block chain local. They also show that k(G, B) − l(G, B) is, in our language, block chain local
[5, Corollary 4.3] and thus k(G, B), the number of irreducible ordinary characters in B, being block chain
local is dependant on Alperin’s weight conjecture holding. We extend some of the ideas in their work to
show that the Aplerin–McKay can also be restated in a similar way.

In order to do this we first introduce chains, an involution on the set of chains and normalising triples.
These are all defined by Isaacs and Navarro [3] but we define them here so that this paper can be read
independently of theirs. We can then go on to define what we mean by block chain local and introduce
the Alperin–McKay function. We then prove that this function is block chain local if and only if the
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conjecture holds. This proof method has much the same structure as [3, Section 4] but note that most
results will be different as we are considering blocks.

The final section of this paper is dedicated to proving several other block-by-block versions of results
from Isaacs and Navarro, namely sufficient conditions for functions to be block chain local and an
alternate proof that the Alperin–McKay conjecture holds for blocks of defect one.

Throughout this text G will be a finite group with order divisible by a prime p and k will be an
algebraically closed field of characteristic p unless stated otherwise.

2. Chains of subgroups

Here we introduce what we mean by chains, an involution on the set of chains and normalising triples.
These are all defined by Isaacs and Navarro [3] but some of the results here differ from theirs.

2.1. Chain stabilisers

Definition 2.1. Given a group G we say a chain C in G is a totally ordered set of p-subgroups,
C = {

Qi
∣∣ 0 ≤ i ≤ n

}
, with ordering Q0 < Q1 < · · · < Qn and where Q0 is the trivial group.

We define the length of C, denoted |C|, to be the number of non-trivial groups in C, in other words
for C as above |C| = n. Our requirement that Q0 = {1} means all our chains will have non-negative
length. Note that this is not universal and other authors may not require {1} to be in the chain.

These chains are the same as those used by Isaacs and Navarro [3, p. 2] and Knörr and Robinson [5,
Definition 2.1]. Our choice to use chains of arbitrary p-subgroups is not universal and in fact a result by
Knörr and Robinson [5, Proposition 3.3] shows that for many purposes normal chains, chains of radical
subgroups and chains of elementary abelian subgroups can be used.

Definition 2.2. The chain stabiliser, GC, of a chain C in G is the set of elements of G that stabilise all
elements in C under the conjugation action. In other words GC is the intersection of the normalisers of
each Qi in C.

The chain stabiliser subgroups are what Isaacs and Navarro use to define chain local and with that
obtain many results. As we are working with blocks we also need to introduce a way to check when a
block of kGC inducts up to a block of kG.

First we introduce what we mean by block induction in this context. Let B be a block of kG and
let Q be a subgroup of G with b a block of kQ. Then we say that b corresponds to a block B of kG if
BrQ(eB) eb = eb. In other words the block idempotent of b is a summand of the restriction of the block
idempotent of B to the centraliser of Q in G. We denote this as bG = B and call it block induction. Note
that it is not guaranteed that b has a block of kG corresponding to it. When b does have a corresponding
block we say bG is defined. Further details of ths definition of block induction can be found in [7, Section
5.3]. We can now recall some basic results relating to block induction.

Lemma 2.1 (see [7, Lemma 5.3.3]). Let Q be a subgroup of G and b a block of kQ with defect group D. If
bG is defined then D is contained in a defect group of bG.

Lemma 2.2 (see [7, Lemma 5.3.4]). Let Q and K be subgroups of G with b a block of Q. If Q is also a
subgroup of K with the block bK defined and either

(
bK)G or bG are defined then the third is also defined

and bG = (
bK)G.

We define BC to be BrQn(eB) kGC, where eB is the central idempotent corresponding to B and BrQn
is the Brauer morphism at Qn. Note that BrQn(eB) is either zero or is a central idempotent of kGC, as
CG(Qn) ≤ GC ≤ NG(Qn), and thus BC is either zero or a sum of blocks of GC. This sum of blocks was
defined by Knörr and Robinson [5], who proved the following result.
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Lemma 2.3 ([5, Lemma 3.2]). Let C be a chain in G. If b is a block of kGC we have that bG is defined and
further bG = B if and only if b is a summand of BC.

We write b | BC if b is a summand of BC. Thus we can now link blocks of kGC to blocks of G.

2.2. An involution on the set of chains

Let P ≤ G be a non-trivial p-subgroup. Consider the set of all chains of p-subgroups of G where either
P normalises every group in C or every group in C normalises P, for each C in this set. We can define a
permutation on the set of chains as follows.

Let C = {
Qi

∣∣ 0 ≤ i ≤ n
}

be in this set and note that as P � Q0 there is a maximal m such that
0 ≤ m ≤ |C| and P � Qm. Thus Qm < QmP and QmP ⊆ Qi for all m+1 ≤ i ≤ n. Now we consider two
cases: if QmP is in C, we set C∗ = C \ {QmP} and otherwise, if QmP is not in C we set C∗ = C ∪ {QmP}.

The chain C∗ depends on the group P as well as on C, however the P in question will generally be
clear from context so we do not include it in the notation for C∗. We can now state a few basic results
about this permutation.

Lemma 2.4 ([3, Lemma 4.1]). If C, P and G are as above, then the following properties hold:

(i) Either C � C∗ and |C∗| = |C| + 1 or C∗ � C and |C∗| = |C| − 1.

(ii) (C∗)∗ = C.

(iii) Every subgroup of G contained in GC and normalising P is also contained in GC.

All parts of this lemma should be easy to see from our construction.

2.3. Normalising triples

Definition 2.3. Let C be a chain of p-subgroups of G. Let P be a non-trivial p-subgroup of GC and let X
be a non-empty subset of GC ∩ NG(P). We call (C, P, X) a normalising triple.

Again these are first defined by Isaacs and Navarro [3, p. 16]. We have a well-defined action of G on
the set of normalising triples given by conjugation of C, P and X by some g in G. Let O be an orbit of
normalising triples under this action. All chains that form the left-hand component of triples in O have
the same length so we can set s(O) = (−1)|C|, where C is the first component of a triple in O. If R is a
set of representatives of the orbits of chain of p-subgroups of G under conjugation then one can see that
for each orbit O exactly one member of R appears as the first component in a member of O.

Notice that as P is contained in GC it can be used to define C∗. As X is contained in NG(P) and GC
then it is also in GC∗ and thus (C∗, P, X) is also a normalising triple uniquely determined by (C, P, X).
This gives us a permutation on the set of normalising triples where (C, P, X)∗ = (C∗, P, X).

We can extend the idea of this permutation as follows. If O is a G-orbit of normalising triples, then
set

O∗ = { (
C∗, P, X

) ∣∣ (C, P, X) ∈ O
}

.

The set O∗ is also an orbit of normalising triples as
(
(C, P, X)g)∗ = (

(C, P, X)∗
)g for all g in G.

Additionally s(O) = −s(O∗) so O �= O∗ but |O| = |O∗|. Finally note that (O∗)∗ = O and we say
that O and O∗ are paired.

We now quote a further result by Isaacs and Navarro [3, Lemma 4.4] which describes sets of
normalising triples.
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Lemma 2.5 ([3, Lemma 4.4]). For G a finite group, let T be a set of normalising triples in G, invariant
under the G-action. Let C be a chain in G and Q be the set of pairs (Q, Y) such that (C, Q, Y) is in T . Let
U be a GC-orbit on Q and let

S = {
(C, Q, Y)

∣∣ (Q, Y) ∈ U
}

.

Then there exists a unique G-orbit O on T such that S is contained in O. Furthermore the map τ , where
we set τ(U) = O, is a bijection from the set of GC-orbits on Q onto the set of G-orbits O on T such that C
is the first component of some triple in O.

Note that this makes sense because Q is GC-invariant as well as G-invariant. The proof of this result
is again due to Isaacs and Navarro [3, Lemma 4.4]. The following result gives us some properties of a
normalising triple provided X = NGC(P).

Lemma 2.6. Let G be a group and B a block of kG. If (C, P, X) is a normalising triple where X = NGC(P),
then the following hold:

(i) X = NGC∗ (P).

(ii) If P is a defect group of the block b of kGC with positive defect and bG = B then there is a unique
block b∗ of GC∗ associated to b with defect group P and (b∗)G = B.

Proof. Part (i) is due to Isaacs and Navarro [3, Lemma 4.3(a)]. For part (ii) first we note that as NGC(P) =
NGC∗ (P) we can apply the Brauer correspondence twice to get from blocks of GC with defect group P
to blocks of GC∗ with defect group P. Thus the block of kGC∗ corresponding to b is the block b∗ where
BrP(eb∗) = BrP(eb) and we know this is unique by the Brauer correspondence. Also as either C∗ � C
or C � C∗ we have that either (b∗)GC = b or bGC∗ = b∗ again by the Brauer correspondence. Thus by
transitivity of block induction, as stated in Lemma 2.2, we have (b∗)G = B.

Notice that the reason we need to exclude blocks of defect zero in (ii) is because they have trivial
defect group and normalising triples are not allowed to have trivial second component.

3. Block chain local functions

In order to prove an equivalence for the Alperin–McKay conjecture we first needed to define a block-
by-block version of chain local, which we have called block chain local. This section follows the general
structure of [3, Section 4], however the results themselves and their proofs are original, unless stated
otherwise.

3.1. Functions on blocks

We will consider a collection of pairs (G, B), where G is a finite group of order divisible by p and B is
a block of kG, which we will call a family, denoted F . We require that if (G, B) is in F then so are all
pairs (H, b) where H ≤ G and bG = B. Let U be a free abelian group, which will be the integers unless
otherwise stated. We can define maps from F to U and we require that if there exist pairs (G, B) and
(H, B′) in F such that there exists an isomorphism φ : G → H with φ(B) = B′ then each of these maps
f must have the property f (G, B) = f (H, B′), in other words they are isomorphism constant. Note that
these pairs in general are not Brauer pairs.

Isaacs and Navarro [3] considered a family consisting of just groups and functions on that family.
From there they defined chain local and used it to show certain functions were locally determined. We
wish to do something similar, however with functions on our family F . In order to do this we define
block chain local, a block-by-block version of chain local. Lemma 2.3 allows us to determine which
blocks of GC induce up to G, which will be very useful.
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Definition 3.1. An isomorphism-constant function f on F is block chain local if for all pairs (G, B) in
F we have

∑
C∈R

(−1)|C| ∑
b|BC

f (GC, b) = 0,

where R is a set of representatives of G-orbits of chains of p-subgroups of G and BC is as defined above.

We will also sometimes say a function is block chain local on just a pair (G, B) in which case we are
referring to the smallest family F containing (G, B), in other words (G, B) and all pairs (H, b) where
H ≤ G and bG = B. We will call the double sum above the alternating chain sum. It is easy to see that
the sum and integer multiples of block chain local functions with values in Z are also block chain local.
We now prove a further property of block chain local functions.

Lemma 3.1. Let f and g be block chain local functions on some familyF . If we have that f (H, b) = g(H, b),
for all subgroups H of G with Op(H) > 1 and blocks b of kH with bG = B, then f (G, B) = g(G, B).

Proof. We can assume that Op(G) = 1 as otherwise the result holds trivially. As f and g are block chain
local we have

∑
C∈R

(−1)|C| ∑
b|BC

f (GC, b) = 0 =
∑
C∈R

(−1)|C| ∑
b|BC

g(GC, b),

where R is a set of representatives of G-orbits of chains of p-subgroups. Notice that the trivial chain C0
is always in R and that for the trivial chain we have GC0 = G. When GC = G we have BC = B and thus
B is trivially the only summand of BC0 . Also note that, as Op(G) = 1, the trivial chain is the only such
chain where GC = G. We can therefore rearrange the left-hand side of the above to be

f (G, B) = −
∑

C∈R\{C0}
(−1)|C| ∑

b|BC

f (GC, b),

as |C0| = 0. We can also do the same with the right-hand side. Note that for C in R \ {C0} we have
Op(GC) > 1 so

∑
b|BC

f (GC, b) =
∑
b|BC

g(GC, b).

Thus summing over all of R \ {C0} we get

f (G, B) = −
∑

C∈R\{C0}
(−1)|C| ∑

b|BC

f (GC, b) = −
∑

C∈R\{C0}
(−1)|C| ∑

b|BC

g(GC, b) = g(G, B).

We can also, using our involution on chains, prove a strong result about all conjugacy-constant
functions on pairs.

Proposition 3.2. If G is a finite group such that Op(G) > 1 and B is a block of kG, then every isomorphism-
constant function on (G, B) and pairs (H, b), where H is a subgroup of G and bG = B, is block chain local.

Proof. If Q = Op(G) > 1, then for any chain C in G we have that Q is normalised by every group of
C and thus C∗ is defined with respect to Q. We therefore get a bijection from the set of chains of odd-
length to the set of chains of even-length given by sending C to C∗. Each of these sets is invariant under
G-conjugation. Also note that we have (Cg)∗ = (C∗)g for all g in G and thus GC∗ = GC. Further, we
must also have BC∗ = BC.
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Let R be a set of representatives of G-orbits of even-length chains in G and notice that we have
R∗ = {

C∗ ∣∣ C ∈ R
}

. Thus for f an isomorphism-constant function on (G, B) and pairs (H, b), where
H is a subgroup of G and bG = B, we can write the alternating chain sum as

∑
C∈R

⎛
⎝(−1)|C| ∑

b|BC

f (GC, b) + (−1)|C∗| ∑
b|BC∗

f (GC∗ , b)

⎞
⎠ .

Thus, because |C∗| = |C| ± 1, the pairs of terms cancel and the sum above goes to zero. We therefore
have that f is block chain local on (G, B) and pairs (H, b), where H is a subgroup of G and bG = B.

This means from now on when proving an isomorphism-constant function is chain local we need
only consider groups G in pairs in F where Op(G) = 1.

3.2. The Brauer correspondence and block chain local functions

In this section we will explore a specific condition for when a function is block chain local, arising from
the Brauer correspondence. To do this we define several functions on pairs and show that they are block
chain local. The proof of this result will follow roughly the same structure as the proof of Theorem D by
Isaacs and Navarro [3, Section 4].

Fix a group G and a block B of kG with positive defect. Let P be a non-trivial p-subgroup of G and
X a subset of G. For all subgroups H of G and blocks b of kH with bG = B, define ω(P,X)(H, b) to
be the number of H-orbits of pairs (Q, Y) that are G-conjugate to (P, X), where Q is a subgroup of H,
Y = NH(Q) and Q is a defect group of b.

Proposition 3.3. Let G be a group and B a block of kG with positive defect. The function ω(P,X) is block
chain local on (G, B).

Proof. Consider H = GC, the stabiliser of a chain C of p-subgroups in G. By definition Y normalises Q
and both Y and Q are subsets of GC. Thus (C, Q, Y) is a normalising triple. Let T be the set of normalising
triples (C, Q, Y) such that (Q, Y) is G conjugate to (P, X), Y = NGC(Q) and Q is a defect group of b,
where b is a block of kGC and bG = B. For a triple (C, Q, Y) in T note that (C, Q, Y)∗ is also in T by
Lemma 2.6(ii). By their definitions one can see that ω(P,X)(GC, b) is the number of GC-orbits of pairs
(Q, Y) such that (C, Q, Y) lies in T and Q is a defect group of b. Thus we see that

∑
b|BC

ω(P,X)(GC, b),

is the number of GC-orbits of pairs (Q, Y) such that (C, Q, Y) lies inT . We can therefore apply Lemma 2.5
to show that this is also the number of G-orbits O of elements of T such that C appears as the first
component of a triple in O. Recall that, as C is the first component of a triple in the G-orbit O, by
definition (−1)|C| = s(O) and we have

(−1)|C| ∑
b|BC

ω(P,X)(GC, b) =
∑
O

s(O),

where the sum on the right is over all G-orbits O in T that contain a triple with first component C. If we
now consider the set R of representatives of G-orbits of chains in G then for each O in T there is exactly
one C in R and b in BC such that C is the first component of a triple in O. Thus if we sum over R we
have

∑
C∈R

(−1)|C| ∑
b|BC

ω(P,X)(GC, b) =
∑
O

s(O),
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where now the sum on the right is over all G-orbits O in T . As we have established, every G-orbit O in
T is paired with a unique G-orbit O∗ which is also in T . Thus, as s(O) = −s(O∗) we see that the above
sum is zero and ω(P,X) is block chain local on the arbitrary pair (G, B), where B has positive defect.

We can now define the next function. Let N and G be finite groups and B a block of kG with nontrivial
defect group P. Define �N(G, B) = 1 if NG(P) ∼= N and �N(G, B) = 0 otherwise.

Corollary 3.4. The function �N is block chain local.

Proof. First note that we can assume Op(N) is non-trivial without loss of generality as, when Op(N) is
trivial �N is identically zero and hence trivially block chain local. Let (G, B) be a pair in F where B has
nontrivial defect group P. Let S be a set of pairs of subgroups (P, X) of G such that P � X and X ∼= N.
Let ω denote the restriction of �N to pairs (H, b), where H is a subgroup of G and bG = B. We proceed
by showing all the restrictions are block chain local for arbitrary (G, B) in F which in turn will show that
�N is block chain local.

Let H be a subgroup of G with order divisible by p and b be a block of kH such that bG = B. By
definition we have ω(H, b) = 1 if NH(Q) ∼= N where Q is a defect group of b and ω(H, b) = 0 otherwise.
Since all defect groups of b are H-conjugate, ω(H, b) is the number of H-orbits on the setP of pairs (Q, Y)

such that Y = NH(Q), Q is a defect group of b and Y ∼= N. Further, every member of each H-orbit on
P is G-conjugate to some unique (P, X) in S . The total number of H-orbits on P whose members are
G-conjugate to some given member (P, X) of S is ω(P,X)(H, b), where ω(P,X) is as in Proposition 3.3.
Thus

ω(H, b) =
∑

(P,X)∈S
ω(P,X)(H, b),

and as ω(P,X) is block chain local ω is as well. Thus as ω is block chain local and, as (G, B) in F was
arbitrary, we have that �N is block chain local for any N a finite group.

Theorem 3.5. Let f be an isomorphism-constant function on a familyF with values in a free abelian group.
If, for all (G, B) in F , we have f (G, B) = f (N, b), where N = NG(P), P is a defect group of B and b is the
Brauer correspondent of B, then f is block chain local for all pairs (G, B) where B has positive defect.

Proof. We make use of the function �M , which we proved is block chain local for any finite group M in
Corollary 3.4. Let (G, B) be a pair in F where B has positive defect. Let N be the normaliser of a defect
group of B, so (N, B′) is in F , where B′ is the Brauer correspondent of B, and f (N, B′) is defined. We have
that f (G, B) = f (N, B′). However note that we can also write

f (N, B′) =
∑
[M]

�M(G, B)
∑

b′
f (M, b′),

where the left sum runs over all isomorphism classes [M] of groups in pairs in F and the right sum
over all blocks b′ of M such that b′G = B. This is because �M(G, B) = 0 unless M ∼= N in which case
�M(G, B) = 1 and the only block of kM where b′G = B is B′.

If we now consider a chain C in G with stabiliser GC and b a block of kGC we have

f (GC, b) =
∑
[M]

�M(GC, b)
∑

b′
f (M, b′),

where the left sum is as above and the right sum is over all b′ of M where b′GC = b. Now, for R a set of
representative of G-orbits of chains, we have

∑
C∈R

(−1)|C| ∑
b|BC

f (GC, b) =
∑
C∈R

(−1)|C| ∑
b|BC

∑
[M]

�M(GC, b)
∑

b′
f (M, b′)
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=
∑
[M]

⎛
⎝∑

C∈R
(−1)|C| ∑

b|BC

�M(GC, b)

⎞
⎠ ∑

b′
f (M, b′)

= 0,

as �M is block chain local for all M a finite group. Thus as G and B were arbitrary we have that f is block
chain local on all pairs (G, B) where B has positive defect.

3.3. The Alperin–McKay function

Recall the Alperin–McKay conjecture states that for a group G the number of irreducible height zero
characters in a block B of kG with defect group D is the same as the number of irreducible height zero
characters of the block B′ of NG(D) with defect group D, that is Brauer correspondent to B. We can
rephrase this in terms of a function on a family of pairs F . Let am be the Alperin–McKay function
given as

am(G, B) = # of irreducible height zero characters of B,

for (G, B) a pair in F . This function is obviously isomorphism-constant and maps to the integers. The
Alperin–McKay conjecture is the statement am(G, B) = am(N, B′), where N = NG(D) and D is the
defect group of B and B′ is its Brauer correspondent, for all (G, B) in the family F and F being arbitrary.
We now have everything necessary to state our motivating result.

Theorem 3.6. The Alperin–McKay conjecture holds if and only if the Alperin–McKay function is block
chain local on all pairs (G, B) such that B has positive defect.

Note we do not need to consider blocks of defect zero as the conjecture is vacuous for blocks with
normal defect group, in particular defect zero.

Proof. The forward direction is a clear result of Theorem 3.5: recall that the Alperin–McKay conjecture
can be stated as am(G, B) = am(N, B′) for all G a p-group and all B a block of kG where N = NG(P), P
is a defect group of B and B′ is the Brauer correspondent of B.

Now let us consider the other direction, in other words suppose that the Alperin–McKay function
is block chain local and show this implies the Alperin–McKay conjecture holds. We do this by
contradiction. Let (G, B) be a minimal counterexample to the conjecture, so am(G, B) �= am(N, B′). This
implies that N �= G and thus |G| is divisible by p. By a result of Kessar and Linckelmann [4, Proposition 5]
we have that if (G, B) is a minimal counterexample to the Alperin–McKay conjecture then Op(G) = 1,
so we can assume this as well.

Let am0 be the function defined by setting am0(X, b) = am(M, b′), where M is the normaliser of
the defect group of b and b′ is the Brauer correspondent of b. This is clearly isomorphism-constant. By
definition am0(X, b) = am(M, b′) = am0(M, b′), for all (X, b) in F , so by Theorem 3.5 am0 is chain
local.

Note for X ⊆ G with Op(X) > 1 this implies X is a proper subgroup of G as Op(G) = 1. As G is
minimal we have am(X, b) = am(M, b′) = am0(X, b), where b is a block of kX such that bG = B and M
and b′ are as before. Thus, by Lemma 3.1, we have that am(G, B) = am0(G, B) = am(N, B′), where N is
the normaliser of a defect group of B and B′ is a block of kN such that B′G = B. This is a contradiction
and the result is proved.

The proof in itself relies on the insightful result of Kessar and Linckelmann [4, Proposition 5] as
without this information about a minimal counterexample our method would not work.
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3.4. Sufficient conditions for block chain local

Here we collect several more results that are also adapted from those given by Isaacs and Navarro. We
start with a direct corollary of Theorem 3.5.

Corollary 3.7. A constant function f is block chain local on all pairs (G, B) where B has positive defect.

Proof. As f is constant for all pairs (G, B) in F we have f (G, B) = f (N, b) where b is the Brauer
correspondent of B and N is the normaliser of a defect group of B. Thus Theorem 3.5 applies and the
result follows.

The next two results tell us about functions that are entirely described by the values they take on
p-subgroups and their blocks.

Theorem 3.8. Let f be a function from some family F to a free abelian group U such that

f (G, B) =
∑

Q

∑
b

h(NG(Q) , b),

where the first sum runs over a set of representatives of G-orbits of p-subgroups, the second sum runs over
all blocks b of NG(Q) such that bG = B and the function h is an isomorphism-constant function on F .
Then f is block chain local.

This theorem is the block chain local version of Theorem F(b) in Isaacs and Navarro [3]. Our proof
follows the same structure as theirs and thus in order to prove it we need to introduce one of the functions
that they use.

Let N be a finite group. Then for any group G let gN(G) be the number of conjugacy classes of
nontrivial p-subgroups Q of G such that NG(Q) ∼= N. Isaacs and Navarro prove that this function is
chain local [3, Corollary 4.6], in other words we have

∑
C∈P

gN(GC) = 0,

where G is any group with order divisible by p and P is a set of representatives of G-orbits of chains in G.

Proof. Using the function gN from above we see that for all pairs (G, B) in F we can write f as

f (G, B) =
∑
[N]

gN(G)
∑

b′
h(N, b′),

where the first sum runs over isomorphism classes of normalisers of nontrivial p-subgroups of G and
the second sum runs over all blocks b of NG(Q) such that bG = B. If we now consider the alternating
chain sum of the arbitrary pair (G, B) then we get

∑
C∈P

∑
b|BC

f (GC, b) =
∑
C∈P

∑
b|BC

∑
[N]

gN(GC)
∑

b′
h(N, b′),

=
∑
[N]

∑
C∈P

gN(GC)
∑
b|BC

∑
b′

h(N, b′),

where are sums are defined as before. As gN is chain local [3, Corollary 4.6(b)] we have that∑
C∈P gN(GC) = 0 for all groups N. Thus for each [N] in the first sum everything is zero and so

∑
C∈P

∑
b|BC

f (GC, b) = 0,

for all pairs (G, B) in F .
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This gives us a further sufficient condition to determine when a function is block chain local along
with Theorem 3.5. There is a third such result we can adapt from Isaacs and Navarro [3], that is
Theorem F(c). First recall that a radical p-subgroup of a finite group G is a p-subgroup Q with the
property Q = Op(NG(Q)).

Theorem 3.9. Let f be a function from some family F to a free abelian group U such that

f (G, B) =
∑

Q

∑
b

h(NG(Q) , b),

where the first sum runs over a set of representatives of G-orbits of radical p-subgroups, the second sum runs
over all blocks b of NG(Q) such that bG = B and the function h is an isomorphism-constant function on
F . Then f is block chain local.

The proof of this result has exactly the same structure as that of Theorem 3.8 however instead of
using the function gN it uses rN , also from Isaacs and Navarro [3]. For N a finite group and G a group
with order divisible by p we define rN(G) to be the number of conjugacy classes of nontrivial radical
p-subgroups Q of G such that NG(Q) ∼= N. This function is also chain local [3, Corollary 4.6(c)] and
thus the proof follows in the same way.

3.5. Blocks with defect one

Here we offer a block-by-block version of a result by Isaacs and Navarro [3, Theorem E(d)]. Let F be a
family of pairs of the form (G, B) and let k1(G, B) be the number of irreducible ordinary characters in B
with defect one.

Theorem 3.10. The function k1 is block chain local.

Proof. First note that for B a block of defect zero it cannot contain irreducible ordinary characters of
defect one by definition, so k1(G, B) = 0. By Lemma 2.1 all blocks b of subgroups of G, where bG = B,
have defect less than or equal to B. Thus for all pairs (GC, b) in the alternating chain sum for (G, B) we
have that b has defect zero so k1(GC, b) = 0. The alternating chain sum is therefore zero and k1 is block
chain local on pairs where the block has defect zero. Additionally Brauer showed that if a block contains
an irreducible ordinary character of defect one then all irreducible ordinary characters have defect at
most one [1, Theorem 3]. Thus for all blocks B with defect greater than one we get k1(G, B) = 0 and, by
Corollary 3.7, k1 is block chain local in this case.

We now only need to consider blocks B of kG with defect one as these are the only blocks where
irreducible ordinary characters of defect one lie. Also only irreducible ordinary characters of defect one
lie in these blocks. Let D be the defect group of B. A result by Dade [2, Theorem 1(i)] gives the number
of irreducible ordinary characters of B in terms of NG(D) and the block b of NG(D) with defect group
D. Crucially if we apply this to the block b we see that the number of irreducible ordinary characters of
it are in terms of NG(D) and the block b. Thus we have k1(G, B) = k1(NG(D) , b), and noticing that B
and b are Brauer correspondents we can apply Theorem 3.5. Therefore k1 is block chain local on pairs
(G, B) where B has defect one and therefore is for all pairs.
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