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Abstract

We revisit the low-energy effective U (1) action of topologically twisted N' = 2 SYM
theory with gauge group of rank one on a generic oriented smooth four-manifold
X with nontrivial fundamental group. After including a specific new set of Q-exact
operators to the known action, we express the integrand of the path integral of the
low-energy U (1) theory as an anti-holomorphic derivative. This allows us to use the
theory of mock modular forms and indefinite theta functions for the explicit evaluation
of correlation functions of the theory, thus facilitating the computations compared to
previously used methods. As an explicit check of our results, we compute the path
integral for the product ruled surfaces X = X, x CP! for the reduction on either
factor and compare the results with existing literature. In the case of reduction on
the Riemann surface Xg, via an equivalent topological A-model on CP!, we will be
able to express the generating function of genus zero Gromov—Witten invariants of
the moduli space of flat rank one connections over X, in terms of an indefinite theta
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function, whence we would be able to make concrete numerical predictions of these
enumerative invariants in terms of modular data, thereby allowing us to derive results
in enumerative geometry from number theory.

Keywords Topological field theory - Supersymmetric gauge theory - Sigma models -
Modular forms

Mathematics Subject Classification 81T45 (primary), 57R56, 53D45, 11F03

1 Introduction, summary and plan

The role of topological quantum field theory in modern physics and mathematics is
unambiguously important. One example is Donaldson—Witten (DW) theory, which is
a topological formulation of the ' = 2 supersymmetric Yang-Mills theory on an
oriented smooth four-manifold X. Its equivalent IR (long distance) counterpart is an
abelian theory where Seiberg—Witten (SW) geometry dictates the physics [1]. Due
to an electric-magnetic duality in the IR, characteristic functions of the theory enjoy
powerful modular properties [2]. In the seminal paper [3], the solution of the IR theory
was derived using the technique of lattice reduction for simply connected X. In the
same paper, the famous relation

Zow = Z, + Zsw ()

was found, where Zgw denotes the generating function of SW invariants of the four-
manifold [4], while Z,, denotes the contribution to Zpw from the Coulomb branch
of the low-energy effective U (1) theory, the so-called u-plane. The u-plane and its
contribution to the path integral were studied in detail in [3, 5-7]. The u-plane integral
Z, is of particular interest since it is non-vanishing only for four-manifolds with
b;r (X) € {0, 1}. In turn, such four-manifolds are of particular interest since they are
the only candidate topologies that probe the Coulomb branch B of the theory.

Recently, interest in DW theory and in particular the u-plane integral was revived
due to observations relating the latter for special four-manifolds to the theory of mock
theta functions and harmonic Maass forms [8, 9]. For more generic, but simply con-
nected, compact four-manifolds it was later reformulated in terms of the modular
completion of a mock modular form [10-12]. In this series of papers, the possibility
to add Q-exact operators to the action without affecting the correlation functions was
studied in detail. In particular, a specific new Q-exact operator related to the 2-cycles
of the background geometry was added to the action of the low-energy U (1) theory,
which makes the connection to mock modular forms apparent and elegant [10, 12].
This technique circumvents the cumbersome method of lattice reduction and allows
to evaluate correlation functions efficiently. To the best of our knowledge, all of the
recent results relating Z,, and mock modular forms are restricted to the case where the
low-energy U (1) theory is formulated on simply connected four-manifolds.

Taking inspiration from [7], we ask the natural question how these recent results
carry over to the case when the four-manifold X has a non-trivial fundamental group
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and nonzero first Betti number b1 (X). When the four-manifold is non-simply con-
nected, the theory is more complicated. This is due to the fact that the manifold now
admits more structures, in the form of 1-form fields and 1- and 3-cycles, which are not
present in the simply connected case. These cycles give rise to further contact terms
in the low-energy U (1) action [5, 7]. As a result, we consider more general Q-exact
operators related to these cycles. Below, we give a summary of the paper highlighting
our results.

Summary of the paper

In this paper, we present a natural extension of the recent results [10, 12] to the case
of non-simply connected four-manifolds with b; = 1. Specifically, we introduce a
number of new Q-exact operators in the low-energy effective U (1) theory that allow
us to express the integrand of the u-plane integral elegantly as the non-holomorphic
completion of a mock modular form. This further allows us to derive a closed-form
expression for the u-plane integral for any such four-manifold and for arbitrary period
point J, as is evident from the result of this paper, Eq. (52). This solution depends on
H{(X), afactthat s easily seen in the case of product ruled surfaces where it manifests
as a genus dependence, while when H (X) is trivial, (52) reduces to Eq. (4.10) of [10].
As abyproduct of our computations, we present a complete classification of all Q-exact
operators that the theory admits.

DW theory on product ruled surfaces X = CP! x ¥ ¢» With X, a genus g Riemann
surface, has been argued to be equivalent to a 2d topological A-model on CP! in the
limit of vanishing volume for X, [5, 13, 14]. In this paper, we present a concrete
derivation of this equivalence and in turn show that due to the relation between DW
theory and its low-energy U (1) effective theory as given by Eq. (1), a connection
between Gromov—Witten (GW) theory (realised physically by the A-model) and mock
modular forms (appearing in the low-energy effective action) exists, such that one can
compute GW invariants using modular data originating from the 4d theory, thereby
deriving results in enumerative geometry from number theory. As an example, we
make concrete numerical predictions of the genus zero GW invariants of the moduli
space of flat SU (2)-connections on X via their relation to an indefinite theta function.
The GW invariants studied here involve local and non-local operators which, as far
as we know, have not been studied.

Plan of the paper

The plan of the paper is as follows. In Sect. 2, we review the effective DW theory and
the low-energy SW geometry. We further discuss the new specific Q-exact operators
that we add to the action.

In Sect. 3, we rederive the u-plane integral Z,, by including the Q-exact operators
and show how Z, can be written in terms of a mock modular form.

In Sect. 4, we apply our results to the two possible reductions of the product ruled
surfaces X = CP' x = ¢ and check them towards existing literature [7, 15]. The
second reduction, where the volume of X shrinks, will be related to the genus zero
GW invariants realised by the correlation functions of the A-model on CP!.

In Sect. 5, we discuss the A-model on CP', and perform the computations that
produce the generating function of GW invariants. Together with the findings of Sect. 4,
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Table 1 Field content of DW

theory. The a, a fields originate Bosons Fermions Form degree
from the vacuum expectation a,a " 0

value of the scalar field of the

UV theory. The D field is an A

auxiliary field D X 2

we make concrete numerical predictions of the genus zero GW invariants of the moduli
space of flat SU (2)-connections on X via modular data.
In Sect. 6, we conclude our paper, where useful appendices follow thereafter.

2 Effective DW theory

DW theory is the topologically twisted formulation of the pure A" = 2 supersymmetric
Yang—Mills theory with gauge group G of rank 7 = 1 on a smooth four-manifold X
[1]. Inthe IR, the theory becomes a U (1) gauge theory that depends on the complexified
effective gauge coupling T = % + % € H, where H denotes the Poincaré half-plane.

DW theory contains a scalar fermionic BRST operator Q := ¢48Q 4ip that obeys
0? = 0. The field content of the theory is a collection of bosonic and fermionic
degree 0, 1 and 2 operator valued differential forms on X, where the degree of the
differential form is equal to the ghost number of the physical operator. In Table 1 we
summarise the field content of the DW theory.

The BRST transformations on these fields are

[Q. Al =, [Q. Y] = 4v/2da,
[Q.a] =0, [Q,a] = V2in,

[Q,7] =0, [Q, x] =i(Fy — Dy),
[Q. D] = (dy) 4.

@

The physical observables of the theory belong to the Q-cohomology. We are interested
in computing the path integral of the theory, the u-plane integral or Coulomb branch
integral, when evaluated on a non-simply connected four-manifold. To this end, let us
first introduce some notation.

Letbj := b;j(X) = dim H J(X) be the Betti numbers of the smooth, closed and
oriented four-manifold X with by (X) = b;’ (X) + b, (X), where the first (second)
summand corresponds to the number of positive (negative) eigenvalues of the quadratic
form Q of X. Fora € H'(X) and b € H* ' (X) we define

B(a, b) =f a A b. (3)
X

I Across the literature, this operator is often denoted as Q instead.
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Fora € H*(X) the quadratic form Q of X corresponds to
Q(a) := B(a, a). 4)

Furthermore, the signature of X is defined as o (X) = b; (X) — b, (X). Hereafter we
consider four-manifolds with b; (X) = 1. By Poincaré duality, we have that by = b4,
b1 = b3. We can assume b to be even, since the correlation function of the theory are
known to vanish unless 1 — b; + b;r is even [3].

The Coulomb branch integral is the path integral of the low-energy U (1) theory
with the insertion of the observables arising from the descent formalism as well as
contact terms and Q-exact operators. It takes the form

Zu(p, v, S, Y) = / [DD]y(r)e Jx £+ DHo+In Q)

where ® = {a, a, A, n, ¥, x, D} is the collection of fields of the theory (as in Table 1).

Below, Sects. 2.1-2.5 are devoted to reviewing and explaining in detail all the
ingredients of the u-plane integral (5). Finally, in Sect. 2.6 we introduce the new Q-
exact operators g following [10] as well as its generalisation (S, Y) that will allow
us to reformulate Z,, as an integral over a mock modular form.

2.1 Seiberg-Witten geometry

In the seminal papers [2, 16], Seiberg and Witten found the exact low-energy solution
of N = 2 supersymmetric Yang-Mills with gauge group SU (2). The N/ = 2 vector
multiplet consists of a gauge field A, a scalar ¢ and Weyl fermions A and v, all in
the adjoint representation. The potential of the theory is V(¢) = ngTr[qb, #71? and
we are interested in the moduli space of flat directions. These are found by setting
¢ = ao3, with o the third Pauli matrix and a a complex parameter. However, note
that the Weyl group of SU (2) acts on a by a — —a. We can then construct a gauge
invariant parameter as

S W ©)
"= lon? 7).

This serves as a good coordinate on the moduli space.

There are two strong coupling singularities in the gauge theory, located atu = +£A2,
where a monopole and a dyon become massless, respectively [2]. Here, A is the
dynamical scale of the theory, which is generated by the renormalisation group flow.
This will be set equal to one later in the paper. The central charge of a dyonic state
with electric and magnetic charges (n., n,,) is given by

Z =nea+nyap, @)
where ap is the magnetic dual of a, ap = %, with F the prepotential of the theory.
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F TF T F T3F

-1 0 1 2 3 4

Fig.1 Fundamental domain F0(4)\H of the congruence subgroup %4, the duality group of the pure SW
theory. It consists of six images of the key-hole fundamental domain F of SL(2, Z). The cusp at T = ico
corresponds to weak coupling, while the cusps at T = 0 and 2 correspond to the monopole and dyon points

The quantum moduli space of the gauge theory can be described in terms of a
certain family of elliptic curves, the so-called Seiberg—Witten (SW) curves,

y2 =x3—ux?+ A—I‘A4x. ®)

The complex structure of the curve is identified with the complex coupling t of the
gauge theory. The fields @ and ap can be determined from the SW differential Agw as

a=/)»sw, ap =/)»sw, 9)
A B

where A and B are the canonical basis of homology cycles on the elliptic curve.
By relating the j-invariant of the SW curve (8) to that of the Weierstrall curve, we
can solve for u in terms of Jacobi theta functions,

u() ()t + 930
A2 295(1)?93(1)?

=17 43¢ =3P 0@, (10)

where ¢ = €7 T See Appendix A for the definitions of the theta functions. Using this
formula it is straightforward to show that u is a modular function for the congruence
subgroup I'’(4) C SL(2, Z). The fundamental domain of this group is shown in Fig. 1.
The cusp at T = oo corresponds to weak coupling, while the cusps at T = 0 and
T = 2 correspond to the monopole and dyon singularities, respectively.

From the curve (8) we can directly find other quantities that will be important for
the analysis in the paper, such as S—Z or g—?. See for example [17] for a more detailed
discussion on how these quantities can be retrieved from the curve. These expressions
and their transformation properties under I'(4) are collected in Appendix A.2.

The u-plane integral can also be formulated for theories other than pure N' = 2

SYM with gauge group SU (2). For pure NV = 2 SYM with gauge group SU (N) and
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N > 2, integrals over the respective Coulomb branches have been performed in [18].
The modular structure for those theories is, however, much more involved, as was
recently elaborated in [19]. More tractable Coulomb branches are rank one theories
with matter hypermultiplets, such as N' = 2* (with one adjoint hypermultiplet) and
N = 2 supersymmetric QCD (with Ny < 4 fundamental hypermultiplets), both
with gauge group SU (2) [16]. Rank 1 Argyres-Douglas theories are non-Lagrangian
examples of A/ = 2 theories with 1-dimensional Coulomb branches [20, 21]. The
partition function has been studied only for the simplest of those, the (A1, A>) theory
[22]. The extension of such Coulomb branch integrals to manifolds with b1(X) > 0
is interesting because the ghost number selection rule admits the possibility of an
infinite number of non-vanishing correlation functions, in sharp contrast to the case
b1(X) = 0. The u-plane integral for N' = 2* theory has been formulated in [23] and
evaluated in [24], based on the Coulomb branch geometry found in [25]. The modular
structure of ' = 2 QCD on the other hand has been established much more recently
[17]. Integration over those Coulomb branches has yet to be completed [26].

2.2 Effective Lagrangian

The low-energy U (1) effective Lagrangian £ of the twisted theory is givenin [3,(2.15)].
The Q-exact terms as well as the kinetic terms do not contribute since the zero modes
are constant in DW theory on a four-manifold X with b; (X) = 1. For such manifolds
there is a useful fact stating that for any By, B2, 3, B4 € H 1(X , 7)), we have [27]

Bt A B2 A B3 A Bs=0. (1D

We will make extensive use of this fact below.
Let us define £’ as the part of the zero-mode low-energy U (1) effective Lagrangian
that contributes to the u-plane integral. It is given by [3]

V2 d7
c’=nifki+nirk%—lDA*DJri—anA(aJFD)
8 167 da (12)
i’«/idrw/\w/\(F D)
277 da - ’

where Fy = 4wk and for any two-form x we abbreviate B(x, x) = x2 as defined
in Eq. (3). In £/, we disregard any summands of £ containing Q-exact terms, exact
differential forms and A-products of four 1-forms. Here and throughout the rest of the
paper we use units where the dynamical scale A of the low-energy effective U (1) the-
ory is equal to one. The gravitational contributions to £ are described in the following
section.
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2.3 Measure factors

Assuming X is connected, the (holomorphic) measure factor [3, 28] is

b 53 4 2 +b1—2
274 [ d 2
V() = — <27/271) i i ) <£> . (13)

Here we used x (X) 4+ o (X) = 4 — 2b; to eliminate the Euler character of X, x (X).
This expression reduces to Eq. (2.9) in [10] if we take »; = 0. For the simply connected
theory one can use the microscopic definition of the theory to determine the effec-
tive gravitational couplings (e.g. by considering expansions of the Nekrasov partition
function) [29, 30].

The zero modes of the one-forms v live in the tangent space of a bj-dimensional
torus T = H' (X, R)/H' (X, Z) = H'(X, O%) which corresponds to isomorphism
classes of invertible sheaves (for X a smooth complex variety that is holomorphic line
bundles) on X which are topologically trivial. We can expand ¥ in zero modes as
U= Zf')l:l c; B; with B; an integral basis of harmonic one-forms, and ¢; Grassmann
variables. We then have the measure

— =y 2 de;. (14)

The photon partition function will also include an integration over by zero modes
of the gauge field corresponding to flat connections [7]. These zero modes span the
tangent space of T?. As a consequence of this, the photon partition function will have
an overall factor of y%(b ) [31]. Combining this with the measure factor (14) we see
that in the end there will only be a factor of y~!/2 surviving.

We can also consider the ¢; in the expansion of v as a basis of one-forms ﬂf €

H! (Tbl , Z,), dual to B, such that
by
v => B @B (15)
j=1
A useful fact about four-manifolds with b;r = 1 is that the image of the map
A HY(X,Z)® H'(X,Z) > H*(X,Z) (16)
is generated by a single rational cohomology class, which we denote as W [27].

This means that we can write ; A B; = a;;W,i,j = 1,..., b1, where a;; is an
anti-symmetric matrix. This further implies that the two-form on T?! can be written

2 This class is denoted ¥ in [7] and A in [15]. However, since we want to reserve X for the Riemann
surfaces studied below and A for the dynamical scale of the theory we choose to call the class W.
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as

Q=> ay;pf rpl. (17)

i<j
where /31# e H! (Tbl , Z), such that

Qb1/2

b1y —
vol(T°!) = Abl b (18)

Below, we will study four-manifolds of the type X = CP! x % ¢ With ¥, a genus g
Riemann surface. For these manifolds we have that W = [CP!] and VOl(Til) =1[7].

Using the analysis above we can now write Y A ¢ = 2(W ® ) [7]. This will be
very useful later on when we want to perform the integral over T? for the product
ruled surfaces.

2.4 Observables

Q-invariant observables can be constructed using the celebrated descent formalism. By
starting with the zero-form operator O® = 2u, we find all k-form valued observables
OW fork = 1,2, 3, 4 that are Q-invariant modulo exact forms by solving the descent
equations

dQ(j) = {0, O(j+1)} (19)

inductively. This ensures that for a k-cycle %) € Hi(X)in X, the integrals [« O®
are Q-invariant and only depend on £® . Fortunately, there is a canonical solution to
the descent equations: Due to the fact that the translation generator is Q-exact, there is
the one-form valued descent operator K , which satisfies d = {Q, K} [3]. This implies
that (19) can be solved by O = K/OO where the iterated (anti)-commutators are
implicit. The action of the operator K can be inferred from the BRST transformations
(2)as 3]

1
K,al=——v, [K,a]=0, [K, =-2(F_+ D), [K,A]l= -2iy,
[K,al 4«/§¢ [K,a]l (K, ] (F_+ D), [ ] X
i 32 3
[K,r/]z—ﬁda, [K, x]=— 2 x da, [K,D]:Z(de—*dn).

(20)

Let us study the insertion of all possible observables. For ease of notation, let us
denote p = £© a point class, y = =M a 1-cycle, § = =@ a2-cycleand Y = £
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a 3-cycle. The cycles y, S and Y can be expanded in formal sums as

by by b3
y=3 Gvi. S=Y.nS Y=Y 6. @1)
i=1 i=1 i=1

where y;, S; and Y; are a basis of one-, two- and three-cycles, respectively, A; are
complex numbers, while ¢; and 0; are Grassmann variables. By the common abuse
of notation, we use the same notation for the 3-, 2- and 1-forms Poincaré dual to the
cycles and use the convention

/wlz/a)l/\y, /w2=/a)2/\S, /a)3=/a)3/\Y. (22)
y X s X Y X

The most general Q-invariant observable we can add is then

I@:Zpu—i-al/

Ku +a2/K2u+a3/ K3u, (23)
14 S Y

where ap = ﬁ is fixed from matching with the mathematical literature [3] and?

_ 1 duw
C4y2da’
1 d%u V2 du
K? ——F, D
u= 32da2¢ Y — ( )s
1 du 3 d2u 3421 du
3
: F_+D —(2dy — xd
U= 27[d3w VAY — 16d2w( + D) — 16d( x — *dn).
(24)

2.5 Contact terms

The existence of the canonical solution to the descent equations allows to map an
observable of the UV theory to the low-energy U (1) effective theory on the u-plane. For
instance, the operator /() = |, <K 24 of the UV theory is mapped to the same observ-
able I(S) = fS K2y in the IR. This is not quite true for products 1 (S1)1(S2) -+ - I1(S,)
of such operators for distinct Riemann surfaces S; € Hy(X, Z). At the intersection
of the surfaces, contact terms will appear [3, 5]. When mapping a product of surface
operators to the IR, the product is corrected by a sum over the intersection points. Due
to the Q-invariance, the inserted operator is holomorphic and the point at which it is
inserted is irrelevant.

3 We find two small typos in [7]: F4 should be replaced with F_, and the third term in K 34 misses a factor
of % The contribution from K F_ cancels.
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Such contact terms appear for all cycles in X that can intersect. They have been
classified and the corresponding contact terms have been found in [7,Equations (2.8)—
(2.12)],

Im=/ T+al3/ T + a3 KT+a33/ KT
SNS YNy Yns Yny

PF PF I*F
+as3 —5 +tasss K— +ans -
snyny 9t yarny 07 ynynyny 91

Here 79 is the deformation parameter of the prepotential, related to the dynamical
scale by A* = ¢™™_ The coefficient functions can all be expressed as quasi-modular
functions on the u-plane. For instance, the contact term for S N S is

(25)

4 4
u_adu_ ;49 —Ep (26)
2 4da 69307

In terms of the prepotential F, it is given by T(t) = %B;T]; [32]. It furthermore
satisfies the identities [7] ’

dT <d2u>2da _du
dni—=|— ) —+7xi—,
dr

da da? da
dr 1 (du  d%u
_ = = —_— —a— s
da 4 \da da? 27
d’r _a d3u
da? —  4da’’
BF 2 dr
o=z (2T - a—)
9Ty 24 da
We can use the action (20) to find
KT — 1 dT "
C4y2da
’ (28)
K’T = id—Tw AP — LE(F + D)
~ 32da? 22 da '
The intersection constants can be obtained from duality invariance [7]
1.3 i 3 1 mi
ay =m 22%e” 4, az=m 224e¢4 /6,
a3 = —672ayas, ap = —632niay,  az = —97r2a§, (29)
asz3z) = —72\/§ni’a§, az3z = 367‘[2i’a§’, asz33z = —(671)3i’a§.
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Due to the identity (11), the two last terms in (25) vanish and we can disregard them.
Thus, from (25) and (28) we see that all terms in I except for one are only integrated
over ¥ and t, which we do in a later step. The remaining term

2a33 dT
_ “/_4‘133 G B+ DY AY). (30)
a

is to be integrated over D, x and .

2.6 Q-exact operators

As we will later see, the photon path integral combines with the insertion of the surface
observable to a Siegel-Narain theta function \IJI{ (t,z). See (47) for the definition.
This function can be expressed as a total derivative to a non-holomorphic modular
completion of an indefinite theta function, as has been previously shown in the simply
connected case [10, 12]. To facilitate the calculation further the authors of those papers
add the Q-exact operator I5.* In this section we will generalise this operator insertion
to simplify the calculations also in the case of non-simply connected manifolds. This
then allows us to evaluate correlation functions efficiently using mock modular forms
[10-12].

Since our computations should be valid for any b1 > 0 and in particular b; = 0, this
suggests that it is instructive to add the same Q-exact operator [10,(2.11) and (2.12)]

s 1 {Qdﬁ}

T Tan Js " da” 1)
V2i d%a i di

=——-——_— ——— | (F. — D).
47 da S 4 da S

The u-plane integrand (5) with Ig inserted can also in the case where b; # 0 be
written as an anti-holomorphic derivative. However, it does not give the same kind
of Siegel-Narain theta function as in the simply connected case. The reason is that
the putative elliptic argument z of \Ill{ does not couple to H2(X) symmetrically to
how its conjugate z couples to HJZF(X ). The insertion of /g in the case by = 0 can be
viewed as the unique correction to the path integral that symmetrises the couplings
to Hi (X). Without such an insertion, the resulting theta functions are not symmetric,
see for instance [3,Equation (3.18)].

As we demonstrate below, for by # 0 this issue can be cured by introducing
additional Q-exact operators. More precisely, the new observables and related contact

4 This term is called T+ (x) in [10, 11]. For ease of notation, we remove the tilde from such expressions
since we only discuss operators in the IR.
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terms require three new Q-exact terms. The first two

o 2 -
Iy = -2 [Q,df”xw] f/{ d_xww}
Y

16 da?
3fa3 d3i 3a; d2i
> —B( WA+ SF S B(Fy =Dy AY) (32)
; c12 dz
+# B(nx, wm/f>+f’ ’B<F+—D v AY)

compensate the observables (23). From the collection of contact terms (25), only the
one from the intersection ¥ N Y gives a term (30) that is integrated over D, n and .
This term requires the addition of the Q-exact operator

V2ia dT
Iyny = ——33f Q, —x
4 Yny da

/5 (33)
a33 d’T 2a33 daT
= —B YAY —B(F+—D,YAY
S (nx, )+ 1 4z (Fy )-
We can note that, according to (29), @33 = —a33. The sum of these additional Q-exact
terms can be compactly written as
Iy + Iyny = —v21B(x, 9 (y@)) — yB(Fy. — D, &), (34)
where we introduced the 2-form
2i d 3a; d*u dr
_ aidr LN _N2apdr (35)
27ny da 24 da? 4y da

This 2-form has the property that yw is holomorphic and thus y® is anti-holomorphic.
The form of (32) is derived in Appendix C, where we furthermore show that its one-
point function evaluates to zero, such that it is safe to include it into the path integral,
following the analysis in [11, 12]. We furthermore find it useful to follow [10] and
introduce the notation

S du Im(p)
=, b= —"2, 36
P 2 da y (36)

Anticipating the result as a Siegel-Narain theta function, the elliptic variable will turn
out to be 7 = p + 2I yw, which is a 2-form with holomorphic coefficients. In terms of
this variable, the sum of all Q-exact insertions (31), (32) and (33) combine nicely as

I(S,Y):=Is+ Iy + Iyny
; ) B 37
= —2 (V2B 939 + B(Fs — D, ).
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It is clear that this is purely anti-holomorphic. The operator I (S, Y) is then included
into the path integral, as in (5).

3 The u-plane integral for 71 (X) # 0

The u-plane integral (5) can be expressed as

1 ,
Zu(p, v, S8, Y) =/[dadadndxd1)]/ dyr v(7)——e Jx Lo+ IntI(S.Y)
Pic(X) JY

(38)

where fPi e(X) denotes a sum over isomorphism classes of line bundles, equivalent to

a sum over H 2(X , Z)), followed by an integration over T?1 .5 The Y zero modes are
tangent to Pic(X), so the integral over these modes is understood as the integral of
a differential form on Pic(X) [3]. At this point let us make a remark. The Q-exact
operator (S, Y) is not strictly required in order to derive our end result (52). As a
matter of fact, as shown in [12] this operator can be added freely as « (S, Y), with
o any number.® However, the case of & = 1 makes the analysis simpler and more
elegant, why we choose to include it.

Let us perform the integrals above in steps, using an economical notation. We
integrate first over the auxiliary field D, and then over the fermionic 0- and 2-forms,
n and x.

3.1 Integration over D, nand y

Using (35) and (36), we can expand the terms in the exponential of (38) that are
affected by the integrals over D, n and x as (ignoring the remaining terms for now)

2az3 AT
—f([,’+a21<2u+a31(3u)+1(s, Y)—@—B(F,JFD,YAY)
X 4 da
V2idzt V2idt
— —mitk? — itk + 2 D? = YL By k) — YL By, D
miThy — wiTh” + o 1 az B0 ke) = 7= Bnx. D)

i do _
— By, é) —27iB(k_, p) — 2mi B(ky. p) + yB(D. by)

/2
-
+ %BW A, ) — V2B (x, 3 (y®)) + dmyB(k—, »-)
— 47 yB(ky, ®)
+yB(D, w}) + yB(D, &) (39)

5 Pic(X) corresponds to the analytic Picard group of X. When X is a smooth projective variety, we do not
differentiate between the analytic and the algebraic Picard groups since they are isomorphic by GAGA [33].

6 In particular, we can have oo = 0.
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At any point we discard terms that vanish identically, such as 4-fermion terms or any
instance of (11) suchas Y Ay A Y AY, ¥ AY A AY or w A w. The exponential
(39) is Gaussian in D with saddle point

V2idt _
D= """y —4n(by + o) +dy). (40)
4y da

This can be found by differentiating (39) with respect to D and setting it to zero.
Inserting D in (39) gives ’

¥

2i - o= .
+ 5 BW A Y, Ly —27y(by + wy + dy)? — wiTk: — wiTk®
—2niB(k_, p) —2mwiB(ky, p) + 4nwyB(k_, w) — 4wy B(k+, ®)
V2idt i

- ! dp.
_X=""B ke —by — — —_ _RB , S
i B0 ke = by — 04 = 04) = 5B, 7

— V21B(x, 32 (y®)). 4D

The third line are the only terms involving n and x, which we will integrate over next.
Before, we can combine those terms in the expression

2i d7
—Qd—fs(nx,k—b—w+5)—4iyafca+2af,3). (42)
a

Integrating over n and x, we can rewrite this in a compact way as a total anti-
holomorphic derivative times an overall factor that, as we discuss below, cancels with
contributions from the rest of the measure,

21 d7
gd—fza (k—b—w+d—4iydi +20:, J)
a

dr -
=ﬁ£3f‘/2y3(k+b+w+w,l), (43)

where 9z acts on everything toitsrightand J = J /4/Q(J) € H_% (X) is the normalised
self-dual harmonic form on X. This result follows directly from the identities

21 1 1 b—0:p 1
TR L S IR U k. N WAL
4./y y  2iy? 27y 20y

(44)

I
dzy = E’

7 1If we integrate over D instead of inserting the equations of motion we get an additional factor of 27i, / %

in front of the integral [11]. The result of the integration does not change otherwise since both methods

aD?

agree for GauBian integrals up to an overall factor of /%i’ , if we integrate e over D. It is the same

factor as in the simply connected case because the quadratic D-term is the same. According to [3,p. 68] the
D determinant should be ignored because it cancels in any case with the fermionic determinants.
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As previously discussed, the photon path integral together with the measure for the
zero modes of ¥ contains a sum over all fluxes times a factor of 1/,/y and additionally
contributes (—1)8%X) where K is the canonical class of X [31]. The 1/ /¥ factor is
thus absorbed by the ,/y on the rhs of (43).

Using the change of variables

u:TO@\H > CP! (45)

provided by (10), we can further integrate over dt A d7 rather than over da A da. This
motivates the definition of the transformed measure

da
= ])—’
dr

=

(46)

such thatda Adav =dt A dfg—g v. The factor % cancels with the % of (43).

3.2 Siegel-Narain theta function

Let us demonstrate that the u-plane integrand for 1 (X) # 0, as in the simply con-
nected case [10], evaluates to a Siegel-Narain theta function. To this end, let us define

Ul(e ) =P N o (V2yBle+.))
keL+up 47)

_ 2 ° _ ° -
X (—1)BEK) oK /qu 3 /2,2 B(2.k-)=27i B ky)

with g = eI and B = ImTZ € L @ R, where L = H%(X, Z).
For the elliptic variable z = p 4 2iyw, we have 8 = b + @ + @ (here, we use that

yo is holomorphic). Both variables appear naturally in (41) and (43). In fact, we can
combine everything to find

Zu(p.y. S, Y) = f dr A df/[dd/] P (1, p + 2iyw)eloth, 48)
F0(4)\H b1

Here,

PF azp dT
I/ =/ T—l—a13/ T+a332/ — +t —= ¥ (49)
" Jsns YOy snyny 973 4v2 da Jyns

and

o 12
Iy = 2pu + f‘”d“fw Vai du 3 [ (50)

267 da?
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are the (holomorphic) remainders of the collections of O, . . ., 3-form observables and
their contact terms that has not yet been integrated over, and we eliminated all terms
that do not contribute.

Let us check that (48) is indeed true from the computations in Sect. 3.1. Aside from
the ¥ A ¢ term, the exponential of the first two lines in (41) immediately combine into
the definition (47) with said parameters, z = p +2iyw and 7 = p — 2i yw. Everything
not exponentiated is given by the T derivative term in (43), which precisely gives the
derivative term in (47). This proves (48).

The expression (48) generalises the result of the u-plane integral [12,(4.32)] to
four-manifolds X with b (X) > 0 by giving a decomposition of the integrand into a
holomorphic and metric-independent measure ¥ e’ otlh anda metric-dependent, non-
holomorphic component W l{ (7, z). Therefore, the evaluation techniques of [12] apply.
Namely, we can express the integrand of the u-plane integral as an anti-holomorphic
derivative,

d -~ ~ / /
EHﬁ(t, ) = bW (1, zg)elo™n. (51

The holomorphic exponential e’ ot1h does not affect the anti-holomorphic derivative,
and thus, the extension to m1(X) # 0 is simply through the elliptic argument z =
o+ 2iyw.

Once ﬁ{i (z, 7) is found, we can use coset representatives of SL(2, Z)/ r%4) to
map the six images of 7 = SL(2, Z)\H back to F (see Fig. 1). The regularisation and
renormalisation of such integrals originating from insertions of Q-exact operators has
been rigorously established in [11], and we review it in Appendix B. This then allows
to evaluate the partition function as

Zu(p. v $.Y) = 4Ly ()| o + Tu (=) o + T (B57) | - (52)

q
where by |,0 we denote the " coefficient of the resulting Fourier expansion, and the
t-integrand of (48) is given by

Tu(v) = | [dyIH(x. D). (53)

Tb1

The prefactors in (52) can be recognised as the widths of the cusps 7oo, 0 and 1 of the
modular curve I'0(4)\H. R

To derive a suitable anti-derivative HIJL(‘L’, T), it is auxiliary to choose a convenient
period point J. The u-plane integral for a different choice J’ is then related to the
one for J by a wall-crossing formula, given explicitly in [7]. It is shown in [12] that
for convenient choices of J, \I/;{ (7, z) factors into holomorphic and anti-holomorphic

terms, and the anti-derivative ﬁﬁ can be found for both L even and odd. Furthermore,

8 One could also contemplate switching the order of integration and integrate over v first. This would,
however, not necessarily result in a similar function to (52), and it might not be possible to use the results
of [12].
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the u-plane integral can be evaluated using mock modular forms for point observables
p € Hyo(X) and Appell-Lerch sums for surface observables z € H(X) [12].

In [11] it is furthermore shown that in the above mentioned renormalisation, any
Q-exact operator (such as 7(S, Y)) decouples in DW theory. However, it is clear that
the insertion of /(S, Y) crucially changes the integrand, making the Siegel-Narain
theta function symmetric. Instead of inserting /(S, Y), we can contemplate adding
al(S,Y) for an arbitrary constant «. It was noticed in [12] that the Siegel-Narain
theta function W ,{“a for b1 = 0 with the insertion « /g remains finite at weak coupling
(Imt — o0) if and only if o = 1. This can be seen from the exponential prefactor in
(47), whose exponent is negative definite if and only if z (which we suppress in the
notation) is the complex conjugate of z.

3.3 Single-valuedness of the integrand

An essential requirement, for the consistency of the theory, is that the path integral (48)
is single-valued. For this it is advantageous to first change variables in the 1/-integral as

127ias da d*u
/!
=Y+ —"F——— 54

R R (54)
This is because the coefficient function of ¥y A1 in yw is modular, while the 1 AY and
Y AY coefficients of yw are only quasi-modular. Such shifts (54) leave the measure of
[1dy] invariant, as dy» = dy’. Due to the order of integration in (48), the change of
variables (54) is well-defined. Since Y is also Grassmann-odd, ¥ and ¥ A-commute.

Using (29) and (27), this gives

V2i dt , 9«/571261% du
J— /\ R —
vAY+ i

= YAY. 55
@ 2y da 16y (55)

Let us use the notation of Appendix A.2. It is argued in [7] that ¥’ transforms as
(—1, D0 Using (112), one then finds that yow = (—1, 1) 19 transforms precisely
as p = (—1, L0 guch that 7 = o+ 2iyow = (—1, 110 is a modular form and
transforms exactly as in the 71 (X) = 0 case.

Furthermore, it is auxiliary to define [7,(2.14)]

da
S =8S+4niy—ow. (56)
du
It is well-defined, as 8’ = (1, D©O jg fully invariant. In contrast to (54), this is

not a change of variables or a redefinition, but rather a substitution to simplify some
expressions. For instance, the elliptic variable now reads

S’ du 57)
‘T da’
which takes the same form (36) as in the simply connected case.
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By incorporating the shift of 1 — ¥’ together with (56), we find that the contact
terms and observables in (49) and (50) can be written as

d
I@er_2pu—i—S’2T+\/—a1 u/lﬂ — 37 a]agu/Y+§d—u/ v Ay

3ni d 2
_%%é AP+ :_1713(1314//Y/\Y. (58)

All terms but S2T are modular functions with trivial multipliers. Due to (57), the
quasi-modular shift of 7 combines precisely with the one of V(z, 7).

Measure factor
Since A Vi da _ o 00 and 92 = 19,93, from (13) we have that v o L
odod>dt T 8 7,0; and g, = 30203, (0203)2-01

and therefore

,08-‘1‘0’

o G Y

- ; by .
We find that under the generators of @), v = (=1, e ™o/ Q=7 +b1.0) For this
we have used that o + b, = 2 and that b is even.
We also need to consider the fermion measure. As we have discussed earlier, this

comes with an overall factor of y’hT1 which gets absorbed by a similar factor coming
from the photon partition function. This leaves us with ]_[lblz 1 dci, which has weight
(—b1,0), since ¥ has weight (1,0) [31]. So after the integration over D, n and yx,
and after changing integration variables from da A da to dt A dt, the measure of the
integral will have weight (—2 — by, —2), and we thus need the rest of the integrand
to have weight (2 + b1, 2). Finally, the transformations of the Siegel-Narain theta
function \Ill{ (7, z) can be found in Appendix A.3.
The integrand of the u-plane integral (48) reads

Tl =dena df/[dl//] 5w (r, 2)elothn, (60)

T
Since it is integrated over the fundamental domain of '9(4), in order to check whether
the integral is well-defined 7, MJ must transform as a modular function for I'?(4) with

no phases. In Table 2 we collect the phases and weights of the individual factors as
discussed above. This shows that the integral is indeed well-defined.

4 Computation for product ruled surfaces

As an interesting application of our results we can study the u-plane integral for a
four-manifold of the type X = CP! x X ¢» Where X, is a genus g Riemann surface.
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Table 2 Modular weights and phases of the u-plane integrand (60) under 1'%(4) transformations. This
proves that jﬂj(yr) = Jl{(r) forany y € row4)

Object dr AdT S ldy] 7 W (. 2) lotin 7!
)1
Weight (=2,-2) (=b1,0) 2- %2 +b1,0) (%2, 2) (0,0 (0,0)
T4 1 1 -1 -1 1 1
nio wio 77{?12 nizz
s—lr-1g 1 1 e 4 e 4 e Tt e T+l 1

This is a product ruled surface with b;‘ (X) = 1 (see Appendix D.1). ? The DW theory
for these manifolds was worked out in [7, 15] and we can use these results as a check of
our formula. By shrinking the size of the Riemann surface X, we get a topological o -
model, more specifically the topological A-model, on CP! [13]. By calculating certain
correlation functions on both sides, we will be able to make an indirect connection
between mock modular forms and the topological o-model on CP! in Sect. 5.

The product ruled surfaces that we consider have by = 2g, b, = 2, b;‘ =1,
Kx = 0, which in turn means that o = 0 and y = 4(1 — g) [7]. We consider a general
period point

_ U ot -6
J(G)_ﬁ<e [CP'] +e70[5,]), 1)

where [CP!] and [Z ¢] are the cohomology classes that generate H 2(X ,7) [71.1° For
these manifolds we further have that the rational cohomology class W, discussed in
Sect. 2.3, is simply given by W = [CP!] [27]. The intersection matrix is

01
0= (10), (62)

such that indeed J (9)2 = 1. Natural representatives of [CP!]and [T ¢] are found by
choosing coordinates z € C for [CP'] and representing [ ¢] (for g > 1) as a quotient
of the Poincaré disk, D = {w : |w| < 1} with a Fuchsian group. This gives [7]

[(CIP’I]—i dz Adz
C 2w (142122 63)
(E.] i dw A dw
8

T 2m(g— 1) (1— [wP)?

The scalar curvature for this metric is 877 (e? — e~ (g — 1)). We see that this is positive
for ¢’ > g — 1, such that we do not get any contributions from the Seiberg—Witten

9 One could alternatively consider products X x X of Riemann surfaces; however, those have b; =1
if and only if either g = 0 or 4 = 0, such that for g, 7 > 1 the u-plane integral vanishes.

10 Sometimes we will be sloppy and write simply CP! and © ¢ for these classes and hope that this does
not confuse the reader.
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invariants in these chambers. In particular, this is true when the volume of CP! is
small, since this has 6 large and positive.

The connection to the topological o -model is made in the chamber where we shrink
the volume of X, [13]. For completeness, we will calculate the u-plane integral in
both chambers, where either of the factors shrink. The calculations are similar in both
cases and we will start with the chamber where the volume of CP! is small.

From Eq. (13) we find that the measure factor for these manifolds simplifies to

2 da\*¢ P4
b= @) (2 & (64)
T du dr

For these manifolds we also have that the ¥ ;{ of (48) can be written as a total derivative
wl(r,2) =307, (65)

of the indefinite theta function [34]

~ s 1

6, (=Y [EW2B*k+ 1) = sen(/2yBl+B.J))]
keL+pu (66)
« (_l)B(k,K)q—k2/2€—2m°B(z,k)’

where k> = k_%_ + k2, J' is a reference vector!! lying in the negative cone such that
0(J") <0, and

t
E:R— (=1,1), 1+ 2/ e dx (67)
0

is a reparametrisation of the error function. See also Appendix A.4 for more details
on these indefinite theta functions. This means that we can take as HIJL (7, 7) in (53)

(1, 7) = 50,7 (v, )elotIn, (68)
For the evaluation of the u-plane integral using this 7/, one may replace @lj/ "in

(68) after the modular transformations as in (52) with the mock modular form ®IJLJ '
defined in Appendix A.4. This is also in line with the approach in [10].

4.1 Shrinking CP'

Let us start by analysing the chamber where the volume of CP! is small. In this
chamber we fix the primitive null vector to be J' = [CP'] = W. Due to (62), with

1T The reason for picking J' in the negative cone is to assure that it does not contribute to Eq. (65). Had
we picked J in the positive cone, we would end up with the wall-crossing contributions from the chambers
where J and J' live, respectively.
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this choice we have that B(¥ A ¢, J') = 0, and in particular B(S’, J') = B(S, W).
As above, we denote z = p + 2iyw and 8 = b + w + @. We can introduce the split
k = m 4+ nW, with m chosen such that

Bm+8,J)

BOW. 1) € [0, 1). (69)

With this split the mock modular form @{LJ / coming from (68) can be written as

oM n=3 3 q—”‘Tze—271i’B(z,m)q—nB(W,m)e—ZninB(p,W)

nez meL+p
B(m+B,J)
“saw.y <D

x% [sgn (\/E(B(m +8,J)+nB(W, J)) —sgn (\/2>yB(m + B, W))]

2
Z q—mTe—Zni’B(z,m)
- _ ,—B(W.m),—2niB(p,W)’
meL+p 1 q ¢

(70)

where, in the second equality, we performed the sum over n. This is an Appell-
Lerch sum [34]. The u-plane vanishes in chambers where wy(E) - [CPY] # 0 [3].
This means that we only have solutions for wy(E) = 0 or wa(E) = W, implying
that B(, W) € Z. The only solutions for the conditions on m are then m = 0 for
wr(E) =0and m = Lw for wo(E) = W, this means that the contributions from the
theta function are

1
oW =
Oy (7. 2) T Z o 2niB(p, W)’
e~ TiB(p. W) -
Oy (t,2) =—

1 — ¢—27iB(p,W) :

We note that these are independent of . The u-plane integral in this chamber can
now be written as

Zun(p.y.S.V) =4 [( / ) [dw]e’b“ﬁ) v, (. p)} , (72)
To1

qO

with © IJLW as above. If we only include point and surface observables it is straightfor-
ward to do the integral over the torus. The final result is

(o) erary o] L s
0

5 2 .
227 da l—e™ a‘%s p

=~

Zu,u(ps S) =

d

o 12 8 o —zf,das
_ 4[(@‘1_»243) Q2put2siT e 18 i| C forp=Ww,
0

5 ;du ¢
227 da l—eilﬁé g
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(73)

where we also defined § = s[Xg] + t[CP!).12

4.2 Shrinking X4

We now go on to discuss the chamber where we instead shrink the volume of X,.
For this chamber we pick the primitive null vector to be J' = [X,]. The procedure is
similar to the above. However, note that now B(y A v, J') # 0. We start as before
by splitting k = m + nX, with m chosen such that

B(m+B,J) c

B(Z,.J) [0, 1). (74)

Let us start by looking at the contribution from infinity. After performing the sum
over n we find that the indefinite theta function becomes

—mz/ze—zniB(z,m)

J,[%] _ q
O (1. 2) = ) | = g~ B(Zem) g—27iBGTy) (73)
meL+u
B(m+p,J)
B €l

This is again an Appell-Lerch sum [34]. Following [15] we now pick wy(E) =
[CP'] + €[X,], with € = 0, 1. For this flux there is no contribution from infinity,
as can be seen from the above by realising that there are now no solutions to the
conditions on m. We therefore turn to the other cusps.

For the monopole cusp at 7 = 0 we can use the formulas in the appendix to define
the dual indefinite theta function as

2
72D
o pzp) = o e (<1 2
J,[Z] _
= ®0 # (TD, ZD _,U/,Z_/J/)7 (76)

T

®

where we used that Ky = 0 and b>(X) = 2 together with the transformation formulas
of the appendix. Following the procedure from above, splitting and summing over n,
and simplifying by only including point and surface observables, we eventually find
that

T.I%,1 o 1
o (tp,zp — M, Zp M)_l_e*hfﬁ‘(m*mig)

-1
= (1 + exp |:—2ni’ (B(pD, X,) — £ (3—;) Q):|> . 77
D

12 There is a small discrepancy between this result and that of [7], namely they differ by an overall phase
78. This is most likely due to a known discrepancy in the literature for the normalisation of .

C)
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Here we have used that B(u, Xg) = % and that ¥ A ¥ = 2W ® Q together with the
explicit expressions for w when only including points and surfaces as observables. We
also continue to denote dual functions with a subscript D. The explicit expressions
for these are given in the appendix, Eq. (115).

Next, we want to integrate over the torus. If we only write down the parts that are
actually dependent on ¥/, or equivalently €2, the integral over the torus is

V28 (d2u
d — | — WAS®Q
/qrbl v exp [2571 (daz)D ®

1 (78)
1+ 271 | Blpp. =) V2 (dr)
exp | —27 , —— | — .
P : P =80~ 357\ da D
A neat trick we can use is to realise that
1 1 . X"
T STt D Lia(=eH—, (79)

n>1

where Li, (y) is the polylogarithm [15]. Using this and again splitting S = s[X] +
f[CP!] we find that the integral over the torus evaluates to

S Gl @D (6,0 ()
(80)

where we dropped the first term coming from (79) since this does not contribute to the
u-plane integral (it will give a term whose g-series starts with a positive exponent).
Combining this with the other terms in the u-plane integral, we find that the contribution
from the cusp at T = 0 is given by

2 £ g du
€ _ | =2 2pup+2stTp . _ . -
o= [z 32 (s (e (55), ]
n=1
i (da\? [d%u o
—— | — — ) s
2 \du ) \da?/,
da\> (d " rdu\? [d
(o (@), (@),) (), @)Ly e
du ) \da/p da ) p \dt ) pdq)
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The contribution from the other cusp is easily calculated using the same procedure.
The result is

_ 2i 1)€e—2Punp—2stTp S 8 Li du
g»r=2—[;(_ )e Z " i, |—exp|—t qa i

n=1
i (da\? (d%u o
(= — ) s (82)
2 \du/p\da*/p
da\? (dr " fdu\? [da ]
x|\—nm|— — — — .
du/,\da/, da ) \dt /4
The full u-plane integral in this chamber is then the sum of these two terms.

13

Genus one

For g = 1 the Seiberg—Witten contributions vanish and the only contributions comes
from the u-plane integral [15]. The above expressions can be simplified to

eitfp+2stTp+2pup otfp=251Tp=2pup
Zi =2 .o+ Zf ., =21| ——————+ (- ,
1 1,7=0 1,7=2 (1+eith)2 (1 +elfD)2 .
(83)
where we introduced fp = (g—‘;) p to keep the expressions shorter. We can make
various expansions for this. For example, if s = 1 = 0 we get
2 4 2
ZV(p) =i (1 +2p* + §P4 + Epé + %PS + 0(P9)> ,
(84)
Zp) =2 (p+2p 4 = pS+ —=p” +00")
! 3 15 315 '
For p = 0 we instead find (expanding in small #)
2,0 = (14 2522 = 58 4 (16 4+ sy + 2577
b 2 24 6
1
+ﬁs2(240 +sH1° + (9(:7)> :
(85)

1 1 1
Zis, ) =i (st =12+ =57 — —52* 4+ ——5(80 + sH)1
10s, 1) l<S + 6s 2s + 120s( +57)

b 4,6 7
3gg (136 + 155H1° + 0t )>.

13 These expressions again differ from that of the older literature [15] by an overall phase (—1)€ (—f )g
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Genus two

For g = 2 we find

° 2
7E — Tt d_T E e 26tTp+pup)
27 2 \da/p\du/,

X ( — eM1TDH4PUD 5002 (1 f1 /2) (aps — tan(tfp/2)) (86)

+ (—=1)¢ sech?(tfp/2) (aps — tanh(tfp/2)) )} ,

qO

where by ap we actually mean L (%)D <d2“>D, by use of the relation (114) [35].

7 \dt da?
For s =t = 0 we simply get zero, but for p = 0 we get

1 1 4+ 54 1 s4—40 272 — 35
20 1) = ~s2f — ~ 51 P B S TP 22708 6 L o),
A e T w8 Tos0 * 2gs0 o O
1 1 1 1 1 1 s* =160
Zl ) = —s5 — —t o 3t2_7 2l3 - 5[4_7 4.5 3t6 Ol7 .
160 =gs =gl +16* THEETE 192° 5760 0 TOUD
87)

For g = 2 there will also be the Seiberg—Witten contributions given by [15,Eq.(3.33)],

_ ]
282 (pos. 1) = 5D (ﬁH’ sin(2s — 21) — (—=1)%e*PH5" sinh(2s — 2;)) .

(88)
The first few terms in the expansion for small s and ¢, and p = 0, are
3 7 2 6
28229 (25 5 4 o S Lo,
SwW (s, 1) B 630+ (%)) + g 180+ (s®)
(89)
e E 0w e ror
g 120 Y ’
and
22— (<2 -5 4 o6h ) + (L +oh)
swo U= e THY g "
(90)

53 s’ 8y ) ,2 3
+ (E ~ 5520 + O(s ))l +0@).
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N'=(2,2) Topological A-model N=2, SU(2) DW Action
on CP! 3g—0 on X=CP' xXXg

S~o descend to low-energy equivalent

N=2,U(1) Effective Action
on X=CP!'x%,

Fig.2 Schematic diagram of the relation between the 4d and 2d theories

5 Revisiting the A-model computations

The previous discussion is focused on the low-energy U (1) effective action of DW
theory on a generic oriented and non-simply connected four-manifold X, i.e. the
u-plane formalism. There were indications that for X a product ruled surface, the
correlation functions calculated in the previous section are related to Gromov—Witten
invariants [13-15, 36-38], that correspond to correlation functions of an N = (2, 2)
topological A-model in two dimensions, at the limit where the volume of one of the
factors of X vanishes. The aim of this section is to obtain Gromov—Witten invariants,
i.e., values of correlation functions of an A/ = (2, 2) topological A-model in two
dimensions, by direct comparison with results obtained from the previous section.
There, an explicit calculation was carried out in the case of a product four-manifold,
X =CP' x ¥ ¢ With g = 2, where both the u-plane and Seiberg—Witten terms
contribute, shown in (87), (89) and (90). These expressions are the ones we shall use
to obtain Gromov—Witten invariants.

Using the fact that the twisted N' = 2 gauge theory is topological, we are free to
shrink ¥,. We thus obtain an effective 2d theory on CP': the N = (2, 2) topological
A-model on worldsheet CP', with the target space being the moduli space M ga((E )
of flat SU(2) connections on Xg. As a consequence, flat SU (2) connections along the
directions tangent to X are required to prevent the effective 2d action from blowing up
when the limit of small X is taken. This result is rederived in Appendix E, following
[13].

There is, however, a subtle point about the relation of the 2d A-model to both 4d
theories, in that the relation should hold only within the limit of X, — 0. More will
be said about this further on. Nevertheless, what we can achieve with this relation
are predictions for Gromov—Witten invariants via coefficients from the expansion of
a 4d low-energy U (1) effective theory. This also offers an alternative approach in the
calculation of Gromov—Witten invariants from 4d theories via physical principles, as
illustrated in Fig. 2.

We will now proceed to obtain Gromov—Witten invariants in a similar fashion to
the steps in the previous sections in obtaining the u-plane integral. The ' = (2, 2)
topologically twisted A-model has the action
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1 2 Lo s L 5 ] i e i j
§==3 . d ZG,-;(EEW Ozg? + 502070097 +1pz Vax' +1pzVax )
C)

— Ri;kzpép!,x"x’> +l°0/ 9o,
CP!

with z, z as worldsheet coordinates and i, i etc, are coordinates on Maa(Eg) for
the map ¢ : CP' — Maga(Zg). In Eq. (91), e denotes the gauge coupling and 6
the instanton theta angle. The last term is a pullback of a Kéhler form w that directly
descends from the instanton term of f F A F in4d. The bosonic field is the worldsheet
scalar ¢, and fermionic fields are the scalar x and 1-form p. The covariant derivative
on the worldsheet is defined as V, x' = 8. x' + ijjleazwk and R; 5,7 is the Riemann
curvature tensor on Maga(2¢). The BPS condition of the A-model localises (91) to a
moduli space of holomorphic maps

Minaps(CPY, B) = { : CP' — Mgy (Zy) | d:¢0" = 0}, (92)

with the condition coming directly from that of the 4d theory, namely F™ = 0. Here,
B is the homology class of the map ¢ into the moduli space of flat connections on X:

B = ¢«[CP'] € Hy(Mpar(Zy), Z). (93)

The class B can be further indexed as B; according to the dimension of each stratum
of M that is

Br = ¢[CP'] € Hh(M{)(Z,), 2), (94)

where I = dim(Mgy).

Since we wish to obtain the Gromov—Witten invariants by comparison with coef-
ficients from (87), (89) and (90) as obtained via calculations in the u#-plane from the
previous sections, only the dimensionally reduced version of the 4d surface operators
on Xy x CPl'as § = s[Xg]+ [CP'] will be considered in this section. Note that sur-
face operator insertions on ¥, are non-local operators in 4d (on X), but get reduced
to local point operators in 2d on CP! as ¥ ¢ — 0.

The surface operator inserted is Tr fs (Yury + @ Fpup)dx” Adx”. When inserted on
S € X, it becomes a point operator on CP!, as mentioned:

00 = Trf (wwwu-) + ¢Fww)dw A dw
s 95)

= a)l.]fxixj € HO(C]P)l) ® 92(Mmaps)-

Here Fy,3 = 0 was used, where w, w are complex coordinates on X, and w;; is the
Kihler form (see Appendix E). Note that O©) is consistent with the features required
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for being a point operator on the worldsheet, since it does not contain worldsheet
indices. The presence of worldsheet indices requires a contraction with the worldsheet
metric gz, thereby making the operator Q-exact. Hence, this operator is indeed Q-
closed. The ghost number of O© is two, reflecting the fact that it is a 2-form on
Mmaps-

On the other hand, when inserted into S € CP!, it remains as a surface operator:

0 = Tr/ (Ilfziﬁz + ¢Fzz)dz Adz
DR (96)
= Tr/ <Xixfd>iijzg>dz Adz € H*(CP') ® Q*(Mumaps)-

Here the v;, ¥z drop out since they do not survive the reduction, while F,; contains
the components of the gauge field A, A; on CP' which are auxiliary fields (see Eq.
(187)). The fermionic parts of A,, Az do not contribute since there are no p zero
modes, to be explained below). Using F,, = 9, A, — 3, A, +[A,, Ay], F;z can then
be written in terms of @', ¢'.

Next, we have to look at which fermionic zero modes exist in the 2d theory after
dimensional reduction. The self-dual 2-form fermions x,, descend down to pé, ,oé,
which are one-forms over CP!. This dimensional reduction is coming from the high
energy theory, in which the gauge group SU (2) is still left unbroken. Connections in
this regime then remain irreducible and regular [1], and hence, we should not expect
p zero modes. The only other fermionic zero modes are from the x fields from the
vertex operators, which can be absorbed by the measure of the fermionic zero modes
in the path integral. The path integral that generates the GW invariants takes the form

Zow= Y [D®] =50 +0? 97)
BeH,(May) " P

where ® represents all fields we integrate over and we also perform a discrete sum
over (. This is equivalent to summing over the 4d instanton numbers k.

In the evaluation of Eq. (97), all fields will have both zero and fluctuating modes.
However, due to the independence of (97) on the coupling, we are free to take the weak
coupling limit. The functional integral over the fluctuating modes in the action then
equals £1 and zero modes for both bosons and fermions are annihilated in the kinetic
terms in the action when we take the quadratic approximation. With this approximation,
fluctuating modes in the operators O and O® can be suppressed, and we are then
left with fields in terms of zero modes only. These shall henceforth be labelled as O
and O® as well. It is necessary to have fields only in terms of zero modes since both
bosonic and fermionic zero modes correspond to tangent vectors in Maps.

The resulting fields should then correspond to differential forms in this moduli
space which, when combined together to obtain the correct index for the absorption of
fermionic zero modes give us a top form on M pps to be integrated over. In particular,
recall that the ghost numbers of O and O@ are two, reflecting their degree as
differential forms in M yaps. To achieve that, we expand the vertex operators in powers
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of O from the vertex to soak up the extra zero modes of x and x' in the measure.
We then obtain correlation functions, for each $, that localises on My,ps. Only the
terms which allow for the correct absorption of fermionic zero modes give a nonzero
contribution to Eq. (97). In the end, we obtain the usual Gromov—Witten invariants
associated with a 2d topological A-model. From the relation in dotted lines in Fig. 2,
we are able to conclude, in the limit of small Xg:

Zow = Zy + Zsw (98)

On both sides of Eq. (98), we have generating functions which contain terms that
are graded by the instanton numbers. This is because the instanton term in the 4d action
also descends down to a corresponding term in the 2d effective action. One can thus
identify terms on both sides of (98) and we can then see that modular forms appearing
in the u-plane integral can play an indirect (computation facilitating) role in Gromov—
Witten invariants for holomorphic maps to the moduli space of flat connections on a
Riemann surface.

With regard to wall-crossing, despite the condition of b;‘ = 1, where wall-crossing
phenomena are expected in Z, + Zsw, we should not expect to see wall-crossing
behaviour for Zgw. This is due to the fact that in shrinking X,, we are restricting
ourselves to the chamber of small X, and we should not expect any walls within a
chamber, by definition. Hence the relation (98) should only be understood to hold
within this particular chamber.

We can make a further comparison of (98) in another way: looking at how the
operators O and O in 2d were derived, we see that they come from dimensional
reduction of the operators in the four-dimensional high-energy theory. As mentioned,
we consider only surface operators on X, X CPl'as S = s[Z ] +t[CP']. The Gromov—
Witten generating functional Eq. (97) with only (4d) surface operators inserted will
then be

Zow =) /M [DD] e~ 50 ¢~ B@.h)gsOV+10?) (99)
5

maps

where S = So + B(w, B) and B(w, B) as the instanton contribution to the action.
Expanding the generating function (99), we can then compare Gromov—Witten
invariants with Z,, + Zsw for different powers of s and . In the genus two case ' where
we have ¢ : CP! - Mga(Z>) and we have to include both the u-plane and Seiberg—
Witten contributions, we can compare (99) with (87), (89) and (90). Performing the
procedure mentioned above of taking the weak coupling limit and integrating out

14 Gauge equivalent classes of flat G-connections on a manifold M correspond to equivalence classes of
homomorphisms f : w1 (M) — G for a gauge group G, up to conjugation. The number of homology cycles
on M minus the number of restrictions and redundancy of conjugations determine the number of solutions
for a linearisation of the flat connection equations, which then determine the dimension of M. For g = 0
we require at least 3 punctures on Xq for My, (X0) to be well-defined. For g = 1, though Mga(21) can
be well-defined with 1 puncture, it is still possible to define a My, (X1) without punctures, albeit with
certain complications that we wish to avoid. Since there are no punctures being considered on Xg, we shall
only consider cases of g > 2. The formula for dimM g, (Zg) is dimM gy (Zg) = rank(G)(2g — 2) and
rank(G) = 3 for gauge group G = SU(2).
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fluctuating modes in the action, we are left with O© and O® insertions in the path
integral. The operators in the vertex will just be expanded and collected to match
the different index numbers for the absorption of the correct number of fermionic
zero modes. For example, for a map of index 0, where Mpaps = Maa(X2), we
can have an invariant with the usual point operators that are inserted at x; € CP!.
These are identified with the pullback of w; € H*(Mgy) by the evaluation map
ev; : Mmags — Myq at x;.
In the s” term, we have

1

_ / [DxDg] (O(O))3€—B(w~ﬂ6)
12 Mmaps

= f [DxDel(w;;)* x 0™ P Fe (100)
Mmaps

= ¢~ B@.fo) / evim| A eviwy A evims.
maps

We can also look at the less commonly studied non-local surface operators. Collecting
the s3¢2 terms, we require terms from (99) to have a total of index 10:

R / [DXD§0] (O(O))3(O(2))23_3(“”ﬁ10)
maps

2
= / [Dx Dyl [(wl]‘)3</ @, 7Fzdz A dZ) :|Xloe_B(’”*ﬁ10),
Mmaps N

In (100) and (101), B¢ and Bjo are the homology classes for terms of index 6 and
10, respectively. We can identify §; with d, the degree of the map. From [36, 37,
39], the given formula for the index / = dim(Myaps) and degree d > 0 of ¢ :
CP' — Minaps(22) is I = 6+ 4d. This formula relates dim(M paps) to the instanton
number (degree of the map). The example in (101) then corresponds to an invariant
(H(g]P>l Y83 @ ( H(é]}’l 2R Q }&maps of a degree 1 map. The prescription for comparison

(101)

is thus simple: since O and O® are labelled by s and ¢, respectively, we just have
to insert the relevant number of O©’s and ©O®’s based on the corresponding powers
in the polynomial.

Hence, for an index 14 term, we can have

1 _
el N e (102)
maps
of (H8P1)®3 ® (H(EZIIP’I)®4 ® Q.l/élmaps of a degree 2 map. And an index 18 term as

1

o = / [Dx D] (00)>(OP)e B Fi9 (103)
192 Minaps
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for (H(g]P>I )5 ® (Hépl ¥4 ® Q-]/\S/Imaps of a degree 3 map. At first glance, the existence
of a negative sign in (102) might be a surprise, since these numbers actually represent
values of correlation functions between operators, i.e. scattering amplitudes. The A-
model considered, however, is non-unitary [40], implying the existence of negative
norm states.

As a consistency check, we can see that the lowest dimension of M p,ps is 6, which
agrees with (87), (89) and (90) since the lowest combined power of s and ¢ is cubic,
which have an index of I = 6. This is because terms with I < 6 (equivalently, maps
of negative degree d < 0) vanish. In fact, a quick examination of the combined powers
of s and ¢ of various terms in (87), (89) and (90) show that the index of all terms obey
the formula. This thus provides further evidence of having a direct correspondence
between values obtained via computations in the 4d low-energy regime from previous
sections and that of the 2d A-model.

6 Conclusions

In this paper, we studied the low-energy U (1) path integral of DW theory evaluated on
non-simply connected four-manifolds. Following the analysis of [10, 11], we derived
the full solution for the correlation functions of the theory in terms of the modular
completion of a mock modular form. The result can be readily extended to the case
with surface defects [41] or theories with matter hypermultiplets [3, 5, 16, 17, 24, 26,
42, 43] and even class S theories [44, 45], although we leave this for future work.

We also presented a concrete reduction of the theory on CP! x X, over X, whence
we obtained a topological A-model on CP', thereby demonstrating a novel connection
between mock modular forms and genus zero Gromov—Witten invariants.

We can also consider four-manifolds of the form X = M3 x M; with suitable
topological numbers that allow probing the Coulomb branch. We expect that the mock
modular form reformulation of Z,, can be applied in this case too, whence relations
between mock modular forms and topological invariants of 3-manifolds M3 can be
precisely formulated, thereby allowing us to derive results in geometric topology from
number theory. We will leave this for future work as well.
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A Automorphic forms

In this appendix, we collect some important aspects of modular and automorphic
forms.

A.1 Modular forms

The Jacobi theta functions ¢; : H — C, j = 2, 3, 4, are defined as

=3 ¢ @ =3 "7 @ =30 o

,ez+% ne’ nez

with ¢ = ¢2™7. They transform under SL(2, Z) in the following way:

S (=1/t) =+ —itva(7), N (=1/1) =/ —it93(7), Ya(—=1/1) =/ =it (7)

T: tht+1) = e%f (1), P3(t + 1) = v4(7), Pa(t + 1) = U3(7).
(105)

Under the generators T4, STLS of F0(4), they transform as

92(T +4) = —0(7), ﬁz(T i 1) =T+ 105(1),

93(1 + 4) = 93(1), 193<Tj_1) = VT 1 102(7), (106)

9a(T + 4) = D4(1). m(r :L 1) = T VT 104(0).

The Eisenstein series Ey : H — C for even k > 2 are defined as the g-series
2k &
Eix(t)=1— — _ n 107
k() Bk;ok 1(n) g (107)

with o (n) = Zdln d* the divisor sum. For k > 4, Ej is a modular form of SL(2, Z)
of weight k. On the other hand E, is a quasi-modular form, which means that the
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SL(2, Z) transformation of E> includes a shift in addition to the weight,

at + b 2 610
E> = (ct +d) Ex(t) — —c(ct + d). (108)
ct+d T

A.2 Ingredients of the u-plane integrand

In this section, we give explicit modular expressions for the ingredients of the u-plane
integrand. The integrand transforms under the duality group I'°(4), which is generated
by 7% and S~'T~!S. Let us introduce the shorthand f = (¢1, ¢)*! if a function
f is a non-holomorphic modular form of weight (k, [) for ['?(4) with multipliers, i.e.
transforms as

fe+41+4=0¢1f(z,7),

T T _ k= 1 _
f(—f+1,—f+l>—¢z(r+l) T+ 1D f(z, 7).

(109)

It is clear that

(81,62 (@1, 92) ") = (11 paga) IR,
(@1, ) *D = (41, (1_52)(“(), (110)

1 - -
(1, o) ®D — (1, ¢o) F 7D,

since |¢;| = 1. The functions

d2u_42E2+29§+23‘§‘ u 0497 a  2E 405+

da 3wf 0 AT w3930 A 69y (111
du  7A? ) da _ 1 dr 80 ¥t
dt 4 9292 du 2A 0 da wA 3
transform as
p=, 000 W _ g peo @ _ Hao
dr du
dr (112)
p= (=1, &=L D3Oy = (1, pEhb
a
The derivative 327’; is invariant under 7# but quasi-modular,
uf v\ 1 du 160 1 W)
da? \t+1) (t + 1)? da? T (T + 1)3193
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We also have that [35, 46]

i d’u da
= —— =, 114
T T da?de (114
We will also need what we call the dual expressions for the above quantities. These
are the expressions for the dual variable tp = —1/7, disregarding the modular weights.
They are

o+ od da 1
3 4
p=—2— 2 < = — 0304,
! 21‘}32194 (du)D 2i 0

da\ 7 0} du\  42E— 05 -9
dt ), 8 9304 da®), 3 98 ’

Ty (5 () g (116)
P74 \"\w), )

A.3 Siegel-Narain theta function

(115)

as well as

Siegel-Narain theta functions form a large class of theta functions of which the Jacobi
theta functions are a special case (see [10]) . We restrict here to a specific Siegel—-
Narain theta function for which the associated lattice L is a uni-modular lattice of
signature (1, n — 1) (or a Lorentzian lattice). We denote the bilinear form by B(x, y)
and the quadratic form B(x, x) = Q(x) = x2. Let K be a characteristic vector of L,
such that Q(k) + B(k, K) € 2Z foreach k € L.

Given an element J € L ® R with Q(J) > 0, we may decompose the space L ® R
in a positive definite subspace L spanned by J, and a negative definite subspace L_,
orthogonal to L. Let J = J/+/Q(J) be the normalisation of J. The projections of
avector k € L to L and L_ are then given by

ky =Bk, J)J, ko =k —ky. (117)

Given this notation, we can introduce the Siegel-Narain theta function of our interest
\I-flf :H x C — C. Let J be as discussed above (117) and 4 € L ® R. Then \Illf is

defined by

W) = S :(/2yBk + b, D) (~)PERIgE PG
keL+u (118)
x €—2niB(z,k,)—2m'B(Z,k+)

15 For brevity we list in \Illf only the holomorphic arguments 7 and z, even though the function does also
depend on T and Z.
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where b =Im(z)/y € LQR.
One finds for the modular transformations of \Ifli under the generators of SL(2, Z)
the following identities

2 2
W,{+K/2(r+1,z)=e"’(“ k=4 \L';f+K/2(r,z+M),
W n(=1/t.2/0) = —i(=i)} D)’ exp(—m’zz/r T niK2/2> (—1)BRK

X \I’[J(/Q(T, Z— ).
(119)

For u € L/2 one can show that ‘-Ili is a modular form of the congruence subgroup
'0(4). The action of the generators of rY4) on w l{ with u € L/2 is given by

W (1, —2) =~ BER Wl (2 ), (120)
Uil ) = @+ DEE+ DPexp(— 25 + 2K Wil (r, 2, (121)
Wz +4,2) = 2BEE g (7, ), (122)

Notice that for £ = 4 we can use that 2u2 + B(u, K) € Z.

A.4 Indefinite theta functions

In this appendix we present various aspects of indefinite theta functions and their
modular completions. We assume that the associated lattice L is unimodular and of
signature (1,n — 1).

To define the indefinite theta function, we choose two positive definite vectors J
and J' € L ® R with B(J, J') > 0, such that they both lie in the same positive cone
of L. Let J and J’ be their normalisations as before. The arguments of theta function
aret €eH,ze L®Candu € LQR. Weleth =Im(z)/y € L ® R. In terms of this
data, the indefinite theta function © IJ/ "is defined as

@{Lﬁ(r, 7) = Z 3 (sen(B(k +b, 1)) — sgn(B(k + b, J')))
keL+pu (123)
(_1)B(k,K)q7k2/Ze—2niB(z,k).

It is possible to show that the sum over L is convergent [34]. However, ®ﬁ] " does
only transform as a modular form after the addition of certain non-holomorphic terms.
References [34, 47] explain that the modular completion @IJ/ "of e’ "is obtained by
substituting (rescaled) error functions for the sgn-functions in (123). The completion
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SNJJ . . .« . .
®;,” then transforms as a modular form of weight n/2 and is explicitly given by

01w =Y S(EW2yBlk+b.0)— EG2y Blk+b,1))
keL+pu (124)
« (_1)B(k,K)q—k2/2e—2niB(z,k)

where E is a reparametrisation of the error function (67). Note that in the limit y — oo,
E in (124) approaches the original sgn-function of (123),

lim E (\/Zu) — sgn(u).

y—>00

If we analytically continue E to a function with complex argument, then this limit is
only convergent for —% < Arg(u) < 7.
The transformation properties under SL(2, Z) follow from chapter 2 of Zwegers’

thesis [34] or Vignéras [48]. One finds for the action of the generators on @{Li/ K2 (t,2)

~717/ F2 w2 ~717

Otk p+1,2) =W KM (r 24w,

@ﬁi,K/z(—l/t, z/t) = i(—it)"? exp(—m’zz/r +niK2/2) @}(j//z(r, = W).
(125)

For our application, the T-derivative of @{/ "is of particular interest. This gives the
“shadow” of @ﬁj ', whose modular properties are easier to determine than those of
® /JLJ ". We obtain here

0:0,7 (r,2) = Wi (r, ) — W} (z,2), (126)

with \Ill{ defined in (118). The modular properties of \Illf are given in (119) and can
be obtained using standard Poisson resummation.

The completion (124) may simplify if the lattice L contains vectors kg € L with
norm k(z) = 0. For such lattices J and/or J' can be chosen to equal such a vector,
and careful analysis of the limit shows that the error function reduces to the original
sgn-function [34]. We assume now that J' € L such that (J’ )2 = 0. To ensure
convergence of the sum, one needs to require furthermore that B(k + b, J') # 0 for
any k € L + K /2 + ., except if one also has B(k + b, J) = 0. Then the completion
@ZLJ, is given by

61/ wa= 3 F(EG29BU+b,1) —sen(B(k+b, J)
keL+K /241 (127)
% (_I)B(k,K)q—kz/ze—Zm'B(z,k)’
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with shadow
39:017 (1,2) = ¥ (1, 2). (128)

B Regularising the u-plane integral

The u-plane integrand can diverge at the cusps. We therefore need to be careful about
regularising the integral. This procedure was worked out in detail in [11] for the simply
connected case, but the analysis goes through without alteration when allowing for
71(X) # 0. For completeness, we summarise the important steps and refer the reader
to [11] for more details.

We are interested in evaluating integrals on the form (52) or (161). To make the
analysis simpler, we map these integrals over the fundamental domain H/ I'°(4) to
integrals over the ordinary key-hole domain JF of SL(2, Z) by mapping the six copies
of Fin H/ I'%(4) back to F (see Fig. 1). This means that the integrals now take the
form

/ dt AdEy ™" (1, ©), (129)
].—

where f(t, T) is anon-holomorphic modular form for SL(2, Z) of weight (2—s, 2—5),
and it corresponds to the sum of the six transformations of the corresponding integrands
by the elements of SL(2, Z)/ I'9(4). It has a Fourier expansion

f@ =) clmng"q", (130)

m,n>—0o0
with c(m, n) only nonzero for m — n € Z. These coefficients are bounded

W+«/ﬁ7 (13])

cim,n) <e

for some constant K > 0 and the sum over m and 7 is therefore absolute convergent
for y < oo. The integral does, however, diverge when m + n < 0. Which is the
domain of our integrals when considering addition of the Q-exact operators. To deal
with this we start by compactifying F to a domain Fy by introducing a cut-off Y > y
for T — ioco and some Y > 1 and defining the integral

Ir(Y)= / dr AdTy™* f(z, T). (132)
Fy
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We can now regularise our integrals by using the generalised exponential integral
E(2), defined by

71 fzoo e~ 't7ldt,  forz e C*,
forz =0, #0, (133)
forz=0,l=1,

El2) = 5.
07

where for non-integral /, the branch of ¢ is fixed by restricting the argument of any
complex number p € C* to lie in the domain (—, 7r]. The regularised integral is

T = Jim [If(Y) -2 Z c(m,m)y'= ES(4an):| . (134)
m>>—00

Now, to evaluate the integrals we can make use of Stokes theorem. Since in our
case we have dzh = y~* f for some & a modular form of weight 2 and f as in the
above. This can be integrated using E;(z) to give

h(t, %) =h(x) +2iy'™ > c(m,n)g" " Es(4mny), (135)

m,n>—0o0

for s # 1 and when s = 1 we need to change the terms with » = 0 in the sum to

—2ilog(y) »_ c(m.0)q"™. (136)

m>>—00

Here, & is a (weakly) holomorphic function with Fourier expansion

h(t)= Y d(mq", (137)

m>>—00

and h(7) is uniquely determined by the coefficients d(m) with m < 0. We can now
use Stokes theorem and the integral over Fy becomes

d(0) + 27 lim Z Yl_sc(m,m)ES(4an), (138)
Y—o0

m>>—00

and regularising this as in (134) we find that the only contribution of the regularised
integral is the constant term of i (7),

" =d(0). (139)

In Appendix C.3 we demonstrate that the correlation function of the Q-exact oper-
ator /(S, Y) that we add can be written as

(I(S,Y)) =/ dr Adtoz Fp, (140)
H/T04)
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where
Fi(r, )=y Y c(m,n)q"q". (141)
o
We then have that
0z Fr = —iy™* Y cm.n)@n + 35y~ """, (142)
s

which in the above prescription allow us to identify F; with some hi + hy, where
both /2; and 5 are of the form (135) but with s replaced by s 4 1 in the later case.
But, since Fy is a modular form of weight 2 the sum /| + &7 should vanish, as there
is no such holomorphic modular form, and in particular the sum of the constant terms
d1(0) + d2(0) = 0, which in term shows us that (/(S, Y)) = 0. We can thus safely
add this operator to the action.

C Constructionof I(S, Y)

In this appendix, we explain the construction of the Q-exact operator I(S,Y) in
(37), which aids the evaluation of the u-plane integral using mock modular forms.
A constructive approach is to classify all Q-exact operators in DW theory, add all
of them to the path integral, evaluate the path integral and solve for all coefficient
functions that lead to the desired properties. For two reasons, this is fortunately not
necessary. First, it is convenient that most such operators do not even alter the u-plane
integrand after integrating out the fermions and the auxiliary field. Second, the path
integral can be performed without insertions of any additional operators, or with the
insertion of just /s as was done in the case that b1(X) = 0 [10]. Such calculations
lead to integrands that do not contain the Siegel-Narain theta function \Ifl{ (7, z) for
any z; however, only a few terms are missing with an educated guess of z. Only very
specific Q-exact operators can provide the necessary terms for the new integrands to
complete into \I'l{ (7, 2).

In Sect. C.1, we classify all possible Q-exact operators that contribute to the u-
plane integrand. In Sect. C.2 we demonstrate how the correct Q-exact operators can
be selected, for the simplified example where the intersection ¥ N Y is empty (such
that there is no intersection term for ¥ N Y). In Sect. C.3 we finally show that the
Q-exact operators we add do not alter the u-plane integral.

C.1 Q-exact observables

Let us complete the result of [11] by computing the all Q-exact observables on a
four-manifold X with 7r1(X) # 0. Let us first collect

Ci={y},
Co={D, Fx, x, ¥ ANy},
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G={YAD.YAX.VANF, ¥ AY AV},
Co={YAYADYANYANXYANGNFL Y ANYAYAY,
DAD,DANF{,DANY,Fr ANFy, FL A x}.

These are all 1. ..4-forms that can be constructed out of the field content in Table 1.
Since any operator must be gauge invariant, we do not use the 1-form A to construct
operators but only ¥ = dA. Furthermore, some operators are identically zero due
to fermion saturation. The sets C; are then generating sets for the spaces of k-form
observables [11],

1
Oc=)Y_ > frjlaamx. (143)

Jj=0 XeCy

Here, fx, j(a, a) are real-analytic functions without singularities away from strong and
weak coupling. The most generic 0-form observable is Oy = fo(a, a) + fi(a, a)n.
Let us restrict now to the Q-exact k-observables [Q, Ok}/ that survive integration.
These do in particular either contain 1y or neither, since otherwise they would not
survive the fermionic integration, and they do not contain any derivative term d X, as
we consider 192+ (X) = 1 and thus their zero modes vanish. By the notation [Q, O} we
furthermore mean either {Q, O} or [Q, O], depending on whether O is Grassmann
odd or even.

Recall the action (2) of the supersymmetry generator Q. It follows that [Q, F1] =
(dy)+. The identities

[A, BC] =+4B[A,C]+[A, B]C
[A, BC]=—-B{A,C}+{A, B}C (144)
{A, BC} = —B[A,C]+ {A, B}C

are helpful when computing (anti-)commutators. The action of Q on functions f(a, a)
is given by

[Q. f(a,a)] = 0z f(a. &)[Q. al = /210 f (a, a)n. (145)

The general Q-exact observable [Q, Ok} from (143) is very tedious to compute,
luckily in [Q, Ok}f generally not many terms survive. Furthermore, (143) has 2|Cx|
terms; however, due to (2) and (144) we have [Q, nO} = —n[Q, O} and for the terms
with j = 1 it remains to multiply the j = O term by —». Then only one of [Q, O} and
—n[Q, O} is Grassmann even in the variables 1 and x, such that only one of those
can contribute to [Q, 0}-/ .Lastly, if O =[] I @1 is a composite operator, its Q-action
[Q, O} is an alternating sum ~ ZZ[Q, (51} ]_[k# @k, and so if all such summands
do not contribute (which can be easily checked) then the whole commutator does not

either. With this, it is now slightly less work to extract those summands (9,{ of (143)
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that contribute, [Q, (’)k}f =[0Q, (9,{}. They are

O{=f1x,
0f = b A x. (140)

O{=f31ﬁ/\¢AX+f4DAX+f5F+/\X,

while [, Oo}f =[9, Ol}f = 0. Their Q-commutators give

(Q, Oy = +2i0a finx +i fi(Fs — D),

[Q. 011 = —V2ida fanx A —i fo(Fy — D) A Y,

(Q. 00y = +V2itafinx AU AW +ifs(Fy =Dy Ay ny (14D
+ 2805 fanx AD +ifsD A (Fy — D)
+ V208 fsnx A Fy +1fsFy A(Fy — D).

These are all Q-exact operators in DW theory. The following Q-exact terms can then
be added to the action

12=/S{Q, ol}, 13=/y[Q, o/, 14=/X{Q, ol). (148)

C.2 Solution for Iy

By adding only I as suggested in [10, 11, 41], the u-plane integrand can be written
as a total derivative; however, it does not complete to a Siegel-Narain theta function.
Let us construct the operator /y such that this becomes true. For simplicity, we ignore
the contact terms /. This is possible since all contact terms other than the Y N Y are
integrated over i and t only and therefore do not affect the path integral calculation.
For simplicity and only in this section, we take the intersection ¥ N Y to be empty.

We therefore aim to find the functions fi, ... fs. In the case 71 (X) = 0, the total
integrand must go back to (38). If f4 and f5 are nonzero, this is not the case since they
alter the integral. ' We therefore set f4 = f5 = 0. Thus, in the simply connected case,
we have I, = Ig, which implies f] = —% g—g. We shall therefore consider adding the
correction

Iy = —2ida fonB(x. ¥ AY) =i f1B(Fy — D,y AY)

(149)
+ V219 fnB (X, AY) +if3B(Fy — D,y AY).

to the exponential in (38). The terms ¢ A Y and ¢ A ¢ are precisely the terms that
lead to the problems if only I is added. We can organise 1 := f39 A Y — oy A Y,

16 This is certainly true if f4 and f5 can be varied. It is possible in principle that for specific functions fy
and f5 the 1 (X) = 0 integral does not change.
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such that
Iy = ~2inB(x, 93h) + iB(F — D, h). (150)
Inserting it into the path integral we find

V2i d7 4mi
D=——nx—4nbs+ +ws) + —h,. (15D
4y da Yy

After integrating out D, this produces new terms

. V2dzt .
4mB(k++b+,h)+EﬁnB(X,h)jLﬁmB(x,aah) (152)
to (41) (notice that w A h = h A h = 0). The first term is only integrated over ¥ and
7, so it will not play a role immediately. The second and third terms yield after the
fermionic integration,

d_f (—Qh - «/Efafh) . (153)
da 4y

In view of (43) and the above discussion, we can aim this new contribution to give the
missing factor

dt dt 2i
ﬁd—faf\/ﬂfb = d—f (—\;_l w+ ﬁyB;c?)) , (154)
a a

such that the Siegel-Narain theta function has an elliptic variable z = p + 2i yw and
B = b+ w+ o. 7 Motivated by the computation (44), we make the ansatz h = icy@,
with ¢ € C some number. From this it follows that ydz@ = —%E)fh - %5). Notice that
h is purely anti-holomorphic, while @ is not. We find that (153) equals (154) precisely
for ¢ = 1. From this, it is easy to find

3tas d2i V2 d7
_Jdla3

Bt = ° 155
=g @ 3T Y7 da (153)

In the simply connected case, the correction I = Ig is necessary in order for the
surface observable /_(S) to combine into a Siegel-Narain function such that the u-
plane integral is a total derivative. In the case 71 (X) # 0, an analogous procedure is
required for the 3-cycle Y, which combines to a 2-form as ¥ A Y. In the m1(X) # 0
Lagrangian (12) there is a new term 1 A ¥ that is integrated over n, x and D, such that
the u-plane integral is a total derivative but does not contain a SN theta function. After
the insertion of an anti-holomorphic Q-exact 4-form operator, the integrand indeed
becomes a Siegel-Narain theta function.

17" Another possibility would be to choose / to be holomorphic and cancelling the w inside the derivative.
This is possible, however, the w dependence does not drop from the SN theta function.
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C.3 Ward-Takahashi identity for Iy

In [11] it was shown that the vacuum expectation value of any (Q-exact operators
vanish in the simply connected case. This then allows one to safely add such operators
to the u-plane integral. In this appendix we only consider the operator insertion Iy, the
analyses is similar for the other factors in (S, Y). To this end, we will demonstrate
that (Iy) can be written as an integral where the integrand can be written as a total
derivative. We can then use the renormalisation procedure of [11], as discussed in
Sect. B, to show that (I/y) = 0, such that the insertion of this operator does not change
the u-plane integral.

To see that the one-point function can be written as a total derivative we start from

(Iy):/[dadndde]/ dyv(r) Y Iye xE (156)
Pic(X)

keL+p

with £’ as in (12) and v(7) as in (13).
The integration over D yields

(Iy) = 2mi /[dadndx]/ dyrv(t)
Pic(X)

x 3 (—ﬁnXAaa<ycb)—4nyk+Acb (157)
keL+n
iv2 [d7 1dr N\ o fe
— | —=nx —=— A
Ty (d‘” 8da1///\w) “’)" ’
where now
d d
E”:m‘fki+nirk2+%_d—fn Ak —“/_ ’w AY Ak
1 [id%* 1 [dr GAYAYAY .
20\3da2 27y \da (158)
1 dz\?2 . n 1 deT‘/f A A
27y \da) T ey da da X

Next, we integrate over 1 and x. This yields

47'[[ "
(I >=/[d ]f dyrv(7) £
’ ¢ Pic(X) Z \/_

keL+p

« B yino+ idr . dr k2 i dr\?dt dz e J
w —_C() I— CL)
Y 132 M\ @ty @) aa

(159)
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where by ki and ¥* we mean B (ky, ky) and B(¥ A ¥, ¥ A ¥) and we now have

V2 d
L =itk + witk® — %—d—;w Ay Ak
i d’r 1 (dr\?\ ,
Lt - (£ : 160
+<3-2“da2 227y (da) )’W (160)

and its now straightforward to recognise that we indeed can write the integrand as a
total derivative

(Iy)=4ni/dt/\df/ dyd: Y (a(r)B(ﬁJ),De*fﬁ"’). (161)
Pic(X)

keL+p

We can now use the renormalisation procedure of [11] to show that (/y) in fact
vanishes. The broad strokes are summarised in Sect. B, and further details can be
found in [11,Sec. 5].

D Classical topological invariants

Let X and Y be topological spaces, and consider the homology over a field K. The
Kiinneth theorem states that there exists an isomorphism

Hy(X x Y. K) = @) Hi(X. K) ® Hy (Y. K). (162)
k=0

Written in terms of Poincaré polynomials px (z) := Y po br(X )zF, that is, generating
functions of Betti numbers by (X) := rank Hy(X), we have

Pxxy(2) = px(2)py (2). (163)

The Betti numbers are then related as

ba(X x Y) =Y br(X)by i (Y). (164)
k=0

Poincaré duality states that by (M) = b,_; (M) for any oriented closed n-manifold M.
The manifolds M under consideration satisfy b; (M) = 1 and vanish unless b{ (M) is
even. The topological invariants are then related as 0 + b, = 2 and x + 0 = 4 —2by.
Example. Note that px(—1) = x(X) gives the Euler characteristic of X.
Example. The circle S! has Betti numbers bo(S') = b1(S') = 1 and all other
zero. We therefore have pgi(z) = 1 + z (more generally, ps»(z) = 1 + z"). For the
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torus T := (S1)*", it follows from (163) that

n

P = psi @' =1 +2" =Y <k>zk, (165)
k=0

that is, b (T") = (})-

D.1 Classification of product four-manifolds with b;‘ =1

Let us study all decompositions of M into Cartesian products of smooth, closed,
oriented, connected 1, 2, 3-manifolds such that b;‘ (M) = 1. The dimension 4 has five
partitions, namely 4,3 + 1,2+ 2,2+ 1+ 1 and 1 + 1 + 1 + 1. First, note that if
M = X x Y, then o (M) = 0.8 The same is true for all decompositions of 4. Since
o(M)+by(M) = 2b2+(M), we have that b;r(M) = %bz(M) whenever M is a product.

Let us begin with4 = 1+ 1+ 1+ 1. If X is a I-manifold, then byp(X) = 1,
and by Poincaré duality also b;(X) = 1, such that X = S'. One easily computes
b;‘(§1 x S x S! x S') = 3, and thus the u-plane integral vanishes.

For 4 = 2 + 1 + 1 the most general manifold is M = ¥, x S! x S! with =, a
genus g Riemann surface. One finds that 192+ (M) = 1 + 2g, such that only at genus
g = 0 the u-plane integral is nonzero. This gives the manifold

CP' xS' x §! (167)

with x =0 =0and b; = 2.

For 4 = 2 + 2 the most generic 4-manifold is M = ¥, x X, a product of genus g
and /& Riemann surfaces. It has b;‘ =1+ 2gh, and w.l.o.g. we can take i = 0, such
that ¥, is a 2-sphere. Then the product ruled surface

CP!' x B, geNp (168)

haso =0, x =4(1 — g) and b = 2g.

When4 =3+ 1wehave M = Y x S!, where b1 (Y) = by (Y) by Poincaré duality.
Ithas by (M) = by (Y), such that for b (M) = 1 we have py(z) = 1 +z+2°+2° =
ps2(2) psi (z) and therefore M = S? x St x S!, just as in (167).

Now (168) in fact includes (167) because £; = T2 = S! x S'. This proves that
the Betti numbers of any smooth, closed, oriented and connected product 4-manifold
with 192+ = 1 are given by those of (168). The simplest examples are at genus 0 and 1,
which are CP! x CP' and CP' x S! x S.

18 Sketch of the proof: From (162) we have that
Hy(X x Y) = Hy(X) ® Hy(Y) @ H{(X) ® H|(Y) ® Hy(X) ® Hy(Y). (166)

Since H» (X x Y) is symmetric in X and Y, the intersection form H2(X xY,Ryx HX(X x Y, R) — Rhas
equally many positive as negative eigenvalues, bi"(X x Y) = by (X x Y). Therefore, o (M) = b;'(M) —
by (M) =0.
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D.2 Gromov-Witten invariants as A-model correlation functions

For a smooth projective variety X, GW invariants essentially count, in a refined way,
algebraic curves with certain incidence conditions. Physically, GW invariants are given
in terms of specific correlation functions in the topological A-model and count specific
holomorphic curves. This construction is well known [39] but we will provide a small
review in this section.

The action of the A-model is written explicitly in (91) for our case of interest in the
main body of the paper. For the purposes of this subsection, we can recast it as

S~/{Q, V}+/ oo, (169)
> >

with V = g,7(pLdz¢7 + 8,9 p) and ¢ : & — X where X is the worldsheet and X is
the target space. The second summand corresponds to the pullback of the Kéhler form
of X and it only depends on the cohomology class of w as well as the homotopy type
of ¢ making it invariant under continuous deformations of g = g(X). As discussed
in the main body of the paper, the correlation functions are given in the form:

(O1,...,0,) = /[D@] Op...04¢7 5 (170)

The fixed loci of the supersymmetry transformations (see [39]) are given as

Fel =0, (171)
dipl =0, (172)

and ¢ that satisfy these equations are called worldsheet instantons. For an image of
@(X) in X, there is a class B € H(X,Z) whose basis is given by {cy, ..., cn},
m = dim(Hy(X,Z)) = by(X). Restricting to the bosonic part Spes of (169) for
worldsheet instantons, it is possible to show that Syos = B(w, 8) which corresponds
to the volume of the image of the worldsheet, where w is the Kéhler form. Then

B(w, B) = —i’@(/ﬁa)) (173)
_ —i’Q(ini/ ) (174)
i=l G
_ —i’@(an) (75)
for weights n; such that

t; .= B(w, c;). (176)
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Correlation functions vanish unless

b= dn (77)
= dim(X)(1 — g) + B(c1(X), B), (178)

where p; and ¢; are the holomorphic (chiral) and anti-holomorphic (anti-chiral)
degrees of the operator O;. For example, a three-point function gives

(010,03) = #(D; N Dy N D3)eB@P (179)

where exp(B(w, 8)) is the instanton contribution to the correlation function.

The correlation function essentially contains the information on the counts the
number of holomorphic maps of genus g at n intersection points to the class 8 such
that the operator insertions O; are mapped into divisors D; of X.

E Reduction of DW theory to 2d

Using A, B and a, b to denote indices on the large and small Riemann surfaces,
respectively, for a four-manifold M4 of the form ¥ x C, where each factor is a real
2d surface, the metric can be written in a block diagonal form

ds? = (Gx)apdx?dx® + €(Ge)apdx®dx®. (180)

Eventually, we want to let ¢ — 0 in order to shrink C. The high energy DW action
(after twisting) can be written as

1 1 .
Spw = = fM ,/GM4Tr( — ZF’“’FW + D,¢D" ¢’ +inD vy,
4

ap v 1 ap 1
~ x4 (Gun) ™ DY + X g 91 = S5 Vulv 9]
+iv2nlgp, n — %[¢,¢T]2>. (181)

Using (180), we have /G¢c — €+/Gc, g% — €7 1g% Thus, for the inner product
of two 2-form terms O ), we have

/ O@) A*0q)
My

Zf VGu, 03 0 =6/ VGxy/Gcg" 8" 02y O p
My My

=€ / VGxyGc (gACgBDO(z)AB Ooycp + € 288" 02)ap O2)ca
My
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+2¢ g4 ¢" 0 ap 0(2)&1) - (182)

Taking e — 0, we see that only the terms O () o, with mixed indices survive. Repeating
the same process for the inner product of 1-forms gives us O(1)4, where only 1-forms
with a small index survives. Note also that the scalar interaction terms [¢, ¢ 1% and
nl¢, n]in (181) do not survive when the metric is deformed.

Upon reduction on C for My = X x C, the fields ¢, qu, n and Ay have no
derivatives on X, and become auxiliary fields which can be integrated out. What is left
of the fermionic fields are ¢ and xxc which can be interpreted as a 0-form, 1-form
on X, respectively. The bosonic field left will be the gauge field Ac. From (182), we
see that deformation of the metric forces us to have O(2)p = 0. For the field strength
Fy,», we thus have

Fu = 0. (183)

Since Ac is the only leftover bosonic field on X, we must have configurations of
Ac that gives us SU(2) flat connections on C. We can thus take A¢ to be a map
Ac 1 ¥ — M, where M is the moduli space of flat connections on C. We can
express variations of A¢ about configurations that give flat connections on C in terms
of basis cotangent vectors a;c on M¢ by

0A g
— =iy — Dy Ei, (184)
RIng

where E; are connections on M, and the indices i, i etc, are for collective com-

plex coordinates on M, z, 7 are complex coordinates on X, and w, w are complex
coordinates on C. The connection E; helps define a covariant derivative on M,

V; =0 — i E;. (185)

The remaining fermionic fields ¥/¢ and xxc, being cotangent vectors on M, can be
expressed as linear combinations of o; 3, o5, :

Vi = X', Yw = X0, Xew = PGy, Xzb = Pidii. (186)

Next, we integrate out the fields in 4d that do not depend on derivatives on X, namely
¢, ¢, nand A.. The equation of motion for A, gives [13, 49]

A, =0.9'Ei + 09" E; — &0l ¢, (187)
(and corresponding terms for Az) where ®; H is the curvature on M, defined by

®,;: =i[Vi, V;]. (188)

ij
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For ¢ and ¢, we obtain

DyDi¢ = i{Yw. v} . DuwDa¢' =ig{xew, x™"}. (189)

Lastly, we obtain, for 7, the constraints Dy, ¥y = Dyp¥y = Dy Xz = Dy xzw = 0.

Since the moduli spaces of flat connections on Riemann surfaces are Kéhler man-
ifolds, we introduce a metric (symmetric in its indices) and symplectic form on M¢
as

GifZ/ Tr(ai/\*ajf),
¢ (190)
w5 = /C Tr(o; A Otjf),

respectively. Given these two objects, we can also obtain the connection coefficients
and the Riemann tensor on M¢

Iy, =0;G;; = /Cdzw Tr(ag, Vidia)
. (191)
Rifki = B[I‘i]k = / d*w Tr(V; o w Vilko + Vka w Vilin)-

These (and the conjugates with barred indices) are the only components of the con-
nection and the Riemann tensor due to the fact that M is a Kédhler manifold.

We now use (187) and the constraints from integrating n out to obtain the field
strength as

Foy = 0;Ay — DyA;

; P (192)
=09 o, + Vo, 0. X
where the relation Dy ®; ;= \Y i has been used. Next, with the identity
[oi, otz ] = iDiy Dy, @, and (189), we obtain
6=x 05 o =gZplple,. (193)

Dealing with the kinetic terms in the 4d theory, we can substitute (193) into qu&Du-,qu,
and together with the square of the second term in (192) that comes from F' A xF, we
will obtain the Riemann tensor of M ¢ as shown in (191). Similarly, the square of the
first term in (192) with the Kéhler metric will give the kinetic term for the bosonic
field in the 2d A-model.

The only fermionic kinetic term left in 4d after reduction on C is y;y, Dz vy and
Xzw Dz Y. Since there is a covariant derivative on X, we make use of the expression
for A; in (187), and together with the cross terms of (192) from F A xF, we obtain
the kinetic terms for the fermion ﬁelds Xi Xt pé and ,oi In particular, we obtain the
covariant derivative on X as Vz x! = 9:x' + x/T kaz<p
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Table 3 Fields and ghost charges of the 4d and 2d actions

4d N =2DW U(1) ghost charge 2d A-model U(1) ghost charge
Ap 0 o, fﬂf 0
Y 1 xtox! 1
Xuv -1 ,Oi;, )Oé -1
n -1 - -
¢ 2 - _
¢T _2 _ _
D 0 - -
One can also add an instanton term o sn Tr (F A F) to the DW action in (181),

which then translates to the pullback of the Kahler form in the A-model [50].
At the end, we obtain the A-model, whose action is

1 1 . T 1 . < 7 . . T
§=2 <d2zG (zaz(ﬂlai‘ﬂj+§32¢laz¢j+fpz]V2Xl+fP%szJ>

—Riik;pépgxkxl> +?9Lq)*w. (194)

Explicitly, the pullback of the Kihler form goes as (with I, J as real coordinates on
Me)

10 _
ie/ . Z/g“w,,azgo’azgof. (195)
2n° Js

This term is the same as the corresponding one in the purely bosonic nonlinear sigma
model, even after adding supersymmetry. There are no fermions despite it being super-
symmetric. This is due to the fact that it is a topological term which does not change
under small continuous variations of the fields. Hence, there are neither bosonic nor
fermionic degrees of freedom which allows it to remain supersymmetric.

We can compare the fields from both theories in Table 3. Fields that become auxiliary
after reduction are left out from the 2d side of the table. On the 2d side, the bosonic
field is the map X : ¥ — M and from the ghost charge, can be identified with the
leftover gauge field Ac. Similarly, we can identify the corresponding fermionic fields
as well.
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