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1 | INTRODUCTION

Abstract

In this paper, we study a general non-autonomous model for bacterial dynamics in
rivers. The mathematical model is represented by a non-autonomous system of non-
linear ordinary differential equations. We show the existence of a bounded positive
invariant and attracting set. By using the Lyapunov function method, we establish
global stability of steady state solutions of the associated autonomous system. Sec-
ond, the existence of positive periodic solutions of the non-autonomous system is
proven using a continuation theorem based on coincidence degree theory.

KEYWORDS:
Periodic solutions, Global dynamics, Coincidence degree, Antibiotic resistance

Antibiotic resistant bacteria have been found to exist in rivers around the globe2. In many cases, their prevalence has been found
to be higher downstream of human activities such as hospitals, sewage treatment plants, or agricultural settings>#>', There are
therefore worries that antibiotic resistant genes may contaminate drinking water”® and, given that infectious diseases caused by
antibiotic resistant bacteria are among the most urgent global public health problems®?, this is a concern.

Mathematical modeling can be used to understand the dynamics of antibiotic resistant bacteria in the water systems to make
predictions about potential ways to counter this problem. In this context, we refer to the paper’’ where the authors have developed
a mathematical model of antibiotic resistant bacteria in a river. Their model takes the following form

P

dR,
dt

dR,
dt

4 dL\'
dt

dL,
dt

ﬁR[ B
= _aR(R, + L (1——)R,
(04 S( I+ I)+L+1+r K "

AR B
=aRS(RI+L,)—L+11+r<1—E>R,,
BL; B (1)
= F(t)—yL. —aL.(R, + L (1——)L,
s() Y s a s( 1+ 1)+L+1+r K s

F)—yL, +aLl (R, +L)— DL +r(1—§>L
I YLy s\ I L+1 K I

B=R +R,+L,+L;,, L=L,+L,.

0Abbreviations: ANA, anti-nuclear antibodies; APC, antigen-presenting cells; IRF, interferon regulatory factor
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where a, f, y, r and K are positive constants. In the model (EI), the authors consider two distinct classes of bacteria in the river:
those that are river bacteria, R, and those that are land bacteria, L. Both the river and land bacteria are further subdivided into
those that have the antibiotic resistant gene, called resistant, R;, L, and those that do not, called non-resistant or susceptible, R,,
L. The subscripts are drawn from infectious disease modelling where .S denotes susceptible and I infected; here the bacteria are
considered to be "infected” with an antibiotic resistance gene. Many antibiotic resistance genes are contained on plasmids. These
are genetic elements that can be replicated and transferred between bacteria upon contact between two cells. This is captured
above with the rate parameter a representing this transmission rate of an antibiotic resistant gene. Conversely, plasmids can be
spontaneously lost from the cell at rate f. r is the specific growth rate of all types of cells (here it is assumed that all subsets
of bacteria grow at the same rate), that are subject to a shared carrying capacity, K (meaning that the river can only sustain a
limited number of bacteria in total). To represent the fact that land bacteria are not in their natural environment in the rivers, an
additional death rate y is imposed where y > r.

Finally, F,(¢) and F,(¢) are the rates of bacteria entering the river from the shore. These functions have been assumed to be
positive and continuous in R, . In'”, some numerical simulations are shown in order to illustrate the dynamics of the model
, although no mathematical analysis has been presented for general parameters. However, in the referencell, the author has
done a qualitative study of this model by first looking at its associated autonomous system, then reviewing the non autonomous
system where F,(¢) and F;(¢) are periodic functions. In the autonomous case, the study showed the existence of three boundary

equilibria E(0, 0, 0,0) and E,(K,0, 0,0), and a third one E, E, K - ﬁ, 0,0 ) if § < aK. Moreover, the existence of a positive
a a

periodic solution was proven when F,(f) et F,;(t) are periodic functions under the condition

T
% / (F,(t) + F,(1))dt < aK, 2)
0

for additional details, readers are requested to consult the paper'-..

The most common approach to modelling resistance transfer, is to adopt mass action kinetics as above (the term a.S1 where
@ is transmission rate and S and I denote the non-resistant and resistant bacteria, respectively)2131405 However, this means
that if the number of non-resistant bacteria increases, the number of bacteria that become resistant per unit of time increases
even for very small numbers of resistant bacteria, which is not necessarily realistic. Instead, a good illustration in the context
of epidemiological models has been given by Keeling and Rohani inl®, where the contact between susceptible .S and infected
I is modelled by ~ 7 This has been used to represent the transfer of an antibiotic resistance gene between bacteria in the
17118119120

following works
The term —r—RS (and the corresponding terms in the other equations) gathers intra and inter species competition pressure
in a single term. However, as land bacteria enter the river from the shore and we assume they are not adaptable to the river.
Therefore, the inter and intra species competitive pressure should not be considered to be the same (see?). More specifically,
rB
the term —?R s should be replaced by

Re R Ls  Li\,

—r + + + 5
KRS KRI KLS’ KLI

On the other hand, in?? it is shown that E. coli bacteria isolated from highly contaminated river water are more likely to contain
resistance genes than those from cleaner water. The authors of ! have captured this through the assumption that contamination
correlates with the presence of land bacteria and hence the loss rate of the resistance gene should be a decreasing function of
L (the total number of polluting bacteria), g(L). This is not an unreasonable assumption: if the contamination is coming from,
for example, fecal bacteria in a nearby sewage plant, the presence of antibiotic resistant genes in those bacteria would suggest
also the possible presence of the relevant antibiotic. Resistance-loss is much less likely to occur in the presence of this stressor.
The specific function chosen in'®is g(L) = /(L + 1). However, several functions are existing and similar to the above specific
function. Moreover, in our proposed model we consider the terms of gz(L) and g; (L) for the river and land bacteria loss rates
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respectively. Here, we propose an extension of model (I)) that captures the four changes above as follows

dR R(R; + L R R L L
s:_aM_FgR(L)RI_'_r(]__S__I__S__’>RS,

dt B

dR, R,(R,+L) Ry R, Lg L,
e —grDR +r( 1= 2 = b = 5 = L Ry,

N dL L(R,+L R R L L 3
S=Fs(t)—yLS—aM+gL(L)L,+r 1-—=_-L _=__ )L,
dt B K., Kp K, K,
dL, L(R;+ L)) Ry R, Lg L,
L —F@0-yL,+a——L " ()L, +r|[1-_ - L _ S5 _—~L )\,
g W -rkite——g A S S o
B=R,+R;+L,+L;, R=R+R;, L=L,+L,
Nevertheless, mathematical study needs some simplifications, in this paper we consider the following model
((dR, R(R; + L;) B
=—a——L T L ()R, + <1——>R,
it~ " B SR (1= ) R,
dR, R(R;+ L) B
= a2 —g(DR, +r (1= 2 ) Ry,
it " B SR +r{l=g ) R
JdL, L(R;+ L)) B 4)
= F,() — yL, —a—=—L" =10 4 (L)L (1——)L,
T s —vLi—a B +8(L)L; +r z ) Ls
dL, L(R;+ Ly B
—L = R0 —yL +a=—=E — gL, +r<1 - E) L,
B=R,+R,+L,+L;,, R=R +R,, L=L,+1L,,
where F, and F; are continuous 7 -periodic functions such that
0 < F,(¢) £ a, = max F(t) 5)
teR,
and
0<F,(t)<a, = ?é%)f F (). (6)

These functions represent regular release of land bacteria into the river water, for example as might happen at set times of the
day downstream of a sewage treatment plant. It is assumed that all the parameters a, y, r and K are positive constants with y > r.
In addition, we suppose that g is a C'-function satisfying the following conditions:

(H1) g(L) > Oforall L >0,
(H2) g’(L) <0forall L >0,
(H3) lim g(L)=0.
L—+oc
We denote by

R ={(R,. R, L, L;))ER* R >0,R; >0, L, >0, L, >0}

and
IntR}) = {(R,, R;, L, L) ER*, Ry>0,R; >0, L;>0,L; >0}.

In this paper, we realize a qualitative study of the model (@) by first analyzing its associated autonomous system (i.e. F, = F; =
0), then investigating the non autonomous system. Specifically we show the existence of a positive periodic solution.
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In"Y, only sufficient conditions for global stability of equilibria have been given, whereas, in the present paper we have obtained
sufficient and necessary conditions for global stability by using suitable Lyapunov functions. In addition, the paper'!' has proven
the existence of a positive periodic solution for g(L) = /(L + 1), under the condition

T
% / (F.() + F,(t)d1 < aK,
0

this theoretical result has not been validated numerically. In this work, we establish the existence of a positive periodic solution
for every function g satisfying (H1)-(H3), no further conditions are necessary for that, this by an homotopy conveniently chosen;
moreover, here we have obtained a numerical solution which is periodic.

Obtaining reliable parameter estimates in this field is a huge challenge (even more so in models of this kind where each
variable captures a spread of bacterial strains and resistance mechanisms), and so any progress that can be made for general
parameter sets is an important step. The rest of this paper is organized as follows, in Section[2] we show boundedness of solutions
and existence of a positively invariant attracting set. In Section 3| a mathematical analysis of the associated autonomous system
is provided by establishing the local and global stability of equilibria. Section[]is devoted to study the existence of a periodic
positive solution of the non-autonomous system. In addition, we carry out numerical simulations to verify our theoretical results.
Some conclusions are given in the end and put into the context of the biology.

2 | BOUNDEDNESS OF THE MODEL AND EXISTENCE OF A POSITIVELY INVARIANT
ATTRACTING SET

Let us denote by F = (F,, F,, F;, F,) the right-hand side of system . Obviously, F € C'(Int(R}),R?), then from the

Cauchy-Lipschitz theorem the system admits a unique maximal solution in [0, T}, ), where T, > 0, for any associated Cauchy

problem?3. In the literature of biological models, the solutions are typically bounded in Int(R:‘_). Hereafter, the existence of a
positively invariant attracting set is regarded.
To prove the positivity of solutions we use the following proposition*.

Proposition 1. Consider a system of differential equations in R”,
x' = F(t,x),

x(@®) = (x,(®), x5(1), ..., x,(1), F(t,x) = (F,(t,x), F,(t,x), ..., F,(t,x)), where F(¢, x) is defined for all # > 0, x € R". Assume
that F has the property that solutions of the initial value problems x(#;) = x, are unique for x,, € [0, +0)", t, > 0. Furthermore,
assume that, forall j = 1,...,n,t > 0, we have

F;@,x) > 0 whenever x € [0, +00)", x; = 0, t>0.
Then x(¢) € [0, +00)" for all # > 1, > 0 for which it is defined, whenever x(t,) € [0, +00)".

Theorem 1. Let A be the set defined by

A= {(Rs, Ry, L, L) eniRY), R+ R, <K, L+ 1L, < a;t‘;’ } .
Then,
(a) A is positively invariant,
(b) for all (R,(0), R, (0), L,(0), L;(0)) € Int(R?),

(R, R;(1), L,(t), L;(1)) > A as t— +oo.

. a,+ay
remains to show that Ry + R; < Kand L, + L; <

. In fact, summing the first and second equations of (), we get

Proof. Let (R,(0), R;(0), L,(0), L;(0)) € A. The positivity of the solution can be obtained directly from P?EFOSMOH It

R() = r(l - g) R.
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Since, R, >0, R; >0, L, > 0 and L; > 0, then

ﬂ:r(l—£)R<r<l—§>R.
dt

Thereupon R(f) < x(f), where x(¢) is the solution of

a
as x(0) < K, then x(¢) < K, which implies that R(#) < K. In the same manner we can see that L(f) < —

dx X
b r<1 _ E>x’ x(0) = R,(0) + R;(0),

+a;
y—-r’

We proceed to demonstrate the second part of Theorem Let the initial condition (R(0), R;(0), L,(0), L,(0)) € Int(lRi).

As before,

then from a standard comparison theorem

Hence,

Likewise, L(t) satisfies

which yields

Since y > r, we have

and the proof is complete.

dR R
4R 1——>R, R(0) = R.(0) + R, (0
Sxr(1-% (0) = R,(0) + R, (0)
RO) Ke'
= ot 1 k2RO
R(0)
limsup R(?) < K. @)
t—>+00
% = F(t)+ F;() —yL +r (1 - g) L, L) = L,0)+ L,©)
L(t) < <L(0) - as-f-_al> o 4 AT
}/ —r }/ —-r
. [lY =+ a[
limsup L(f) < =——, ¥
t—+o00 y—r

3 | QUALITATIVE STUDY OF THE AUTONOMOUS SYSTEM

One important question is whether the bacterial resistance persists in the river once pollution stops. Mathematically, the
qualitative study of the associated autonomous system (F,(t) = F;(¢) = 0) is an answer to this question:

di’ - aRs(Rf; LD _ oy, +r(1- g) R,.
1 dcis =_yLS—aw +g(L)L,+r<1—£)LS, 2
R = A A (R T

B=R,+R,+L,+L;,, R=R +R;, L=L,+L,.

\

In this section, we discuss mainly the global stability of positive equilibria of system (9).

3.1 | Steady states and their existence

System (9) possesses the following three equilibria:

(1) The trivial equilibrium E(0, 0,0, 0).
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(i1) The resistant free steady state E;(K, 0, 0, 0).

SOK 80K
a a

(iii) The resistant steady state E, ( ,0, 0) which exists for a > g(0).

Biologically, E;(0,0,0,0) means that all bacteria are eliminated from the river. Furthermore, the stability of E; means the
disappearance of resistant bacteria. However, the stability of E, signifies that resistant bacteria persist. In all cases, the land
bacteria are eliminated from the river when unreplenished in this autonomous system.

Rivers, like everything else on earth are full of bacteria. Mathematically, this corresponds to the instability of E: positive
perturbations away from this equilibrium will result in bacterial regrowth.

Proposition 2. The equilibrium E| is unstable.

Proof. Firstly, from (§) one sees immediately that

lim L(t) = 0.

t—+0o

Accordingly, for an arbitrary £ > 0, there corresponds a 7 > 0 such that for each ¢ > 7, we have L(¢) < e. Hence, for all t > 7 the
function R = R, + R, satisfies

R’(t):r(l—R+L)R
K
2r<1—R+£>R
K
Zr<1—£> 1- R R
K

In this way, for all ¢ > 7 we have R(t) > R(r) where R is the solution of

R(t)=r (1 - i) 1-—=2 R R®=RO.
K .
This yields

liminf R(t) > K — €.

=+

Since € had been set arbitrarily, we obtain liminf R(#) > K. The instability of E, corresponds to the permanence of river
t—>+c0
bacteria. O

3.2 | Dynamical behavior: global stability

In this part, we establish the global stability of the equilibrium points E, and E,. To this end, we use the Lyapunov function
method.

Theorem 2. The equilibrium E, is globally asymptotically stable iff & < g(0).

Proof. Let us show the global stability of E;. To do this consider

R,
VI(RS,R,,LS,L,)zRS—K—K1n<?5> +R +L,+L,. (10)
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This function is defined and continuous on Int(IRi). Moreover, V(K,0,0,0) = 0 and for any (R, R;, L, L;) # (K,0,0,0),
Vi(R,, Ry, Ly, L;) > 0. The derivative of ¥ along solutions of the system (9) is
dV, a(R,—K)R;+L;) R,—-K

r 2 r r
= + LR, - —(R,— K)*— —(R,— K)R;, — —(R, - K)L +
T 3 7 SR, — (R = K) = (R, = K)R, = (R, — K)L +

R(R;+L;)

s

r r oo r r r roa
—g(L)R; — —=(R,— K)R; — =R — —=LR;—yL— —=(R,— K)L— —=LR;——L
g(L)R; K( s )R, KIUT K 1~7 K( s ) K I~ K
aK(R;+L;) Kg(L)R,

B R

s

= —%(RS—K+R,+L)2—;/L+

From the proof of Proposition[2] for an arbitrary & > 0, there exists a 7 > 0 such that for each ¢ > 7, we have L(1) < e.
Since g(0) > « and g is decreasing, it follow that for € sufficiently small

a < g(L) <ge) <g0)

and
dv, r 2
_dl (R, R;, L, L)< _E(RS -K+R;+L)y—yL-

KR
R

S

L(g(0) — a).

dv,
Consequently, d—tl(RS,R,,LS,L,) =0 if and only if (R,,R;,L,,L;) = (K,0,0,0). Thus, V|(R,,R;, L, L;) satisfies

Lyapunov’s asymptotic stability theorem??, which is our claim. O
Theorem 3. The equilibrium E, is globally asymptotically stable iff & > g(0).

Proof. Let us show the global stability of E, by using the following Lyapunov function

R R
Va(R, Ry, L,,L;)=R,— R* = R*In <R—> +R,— R - R;In (R—’> + L, +1L,, a1
s 1
K K
where Rj = & and R} = K — £0) . We have V,(R?, R},0,0) = 0. Moreover, an easy computation shows that
a a k
av, r ) gO)K(R; +L;) g0)g(L)R, K
2 =_LR +R, +L-K?-yL -
dr KBt Rt yorb+ B aR,
aKR (R;+ L OKR (R, + L Kg(0)g(L
_ s( I 1) +g( ) s( I ) + Kg(L) - g(0)g(L)
BR, R,B
0)K KR, Kg(L O)R,
<R 4+R+L-K? =L+ 80K o)+ KR g0y — iy KED) [ 8OR
K o B o B
Analysis similar to that in the proof of Theorem [2] gives
dv, K

(@R, —g(0)B)* <0.

r 2
<-TQR 4R +L—-K?—yL—
g S xR R y-rL-7RB

dv;
Therefore, d—tZ(Rs, R;,L,L;)=0ifandonlyif B=K, L =0and

_ 2B _gOK

s ’
(04 o

R

that means (R, R;, L, L;) = (R;‘, R;, 0, 0). According to the Lyapunov’s asymptotic stability theorem?, we obtain the desired
conclusion. O

Figures[I ]and[2 ]show the dynamics of resistant and susceptible bacteria in the river. Fig.[I_|represents the global asymptotic
stability of E, once a < g(0); this case occurs when the maximum loss rate of the antibiotic resistance gene is larger than
the transmission rate. On the other hand, Figs. show that E, is globally asymptotically stable when a > g(0), this case
appears when the transmission rate of the antibiotic-resistant gene is strong compared to the loss rate of this gene. It can be seen
that whether resistant or susceptible bacteria dominate in E, depends on the value of 2g(0) — a: positive values (i.e. where the
loss rate is significantly higher than transmission) yield higher levels of susceptible bacteria, negative values of resistant bacteria
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and when equal to zero the two types of bacteria are equal in number. Each of these scenarios is depicted in Figs.[2_H4 | The
parameters and the form of g(L) are chosen for illustrative purposes only.

Another important issue related to the non-existence of nontrivial periodic solutions of the autonomous system. It is a simple
matter to prove the non-existence using the Dulac’s criteria. This follows by the same method as in‘L.

4 | EXISTENCE OF PERIODIC SOLUTIONS OF NON-AUTONOMOUS SYSTEM

A positive periodic solution in the non-autonomous system plays a similar role to a stable equilibrium in the autonomous
system. In this section, we are concerned with the existence of positive periodic solutions of the non-autonomous system @). To
achieve this, we use the coincidence degree theory; specifically the continuation theorem2®; readers are encouraged to review
the methodology in12728,

Let X and Y be two Banach spaces, L : DomL C X — Y be a linear mapping and N : X — Y be a continuous mapping.
If L is Fredholm mapping of index zero, then there exist two continuous projectors P : X — X and Q : Y — Y such that
ImP =kerL,kerQ =ImL =sIm(I — Q) and X = ker L @ ker P ,Y = ImL & ImQ. As a result, the restriction of L on
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DomL nker P defined as L|pyroner p © (I — P)X — Im L is invertible and its inverse is noted by K. If Q is an open subset
of X, then N is called L-compact on Q if QN (Q) is bounded and K (I — Q)N : Q — X is compact. As Im Q is isomorphic

to ker L there exists an isomorphism J : ImQ — ker L.

Theorem 4. (Mawhin’s continuation theorem?®) Let Q C X be an open bounded set. Let L be a Fredholm mapping of index

zero and N is L-compact on X. If the following conditions hold
1. forall A € (0,1), x € 0Q N DomL, Lx # ANx,
2. forallx e 0Q nNnker L, ONx # 0,
3. deg{JON,Qnker L,0} #0,

then the equation Lx = Nx has at least one solution in DomL N Q.

Our main aim is to write the system (@) in the form Lx = Nx, with L a Fredholm mapping of index zero and N being

L-compact and select a suitable open set Q such that the three conditions of the continuation theorem are satisfied.
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First of all, since we look for positive solutions, the following change of variables is considered
R =€, Rin=e"", Li)=e", L;@1)=e4" (12)

Hence, the system (@) can be written as follows

-

x’l(t) = —M +e2Nig(e +e*)+r <1 - %) ,
X (1) = aen D F e gle™ +e) +r <1 - %) ;

VX)) =e S F @) -y - e ten) eMNg(e M)+ (1 - %) , (13)
X, () =e“F(t)—y+ genThen +en) gle® +e™)+r (1 - %) ,

W =e" +e"2 +e" 4™,
Let us denote by X the set
X =Y = {x(t) = (x,(t), x,(2), x3(2), x,1))" € C(R,,RY) : x(t + T) = x(¢), t > 0}
with the following norm
4
Il = 116e (@), x50, %30, x4 ) 1] = ;lg[% (1),
where | - | is the absolute value. Thereupon, (X, || - ||) and (Y, || - ||) are Banach spaces. We consider the mapping L defined as
L : DomL — X, L(x(1)) =x'(t) = (x’l(t), x'z(t), x'3(t), x:‘(t))T,

where DomL = {x(t) € C'(R,,R*) : x(t+T) = x(1), t > 0} C X. L is Fredholm mapping of index zero (see*"). One can see
that its inverse K, : Im L — DomL n KerP is given by

t T t
pr(t)=/x(s)ds—%//x(s)dsdt.
0 0 0

Let N : X — X be the mapping given by
Nx(t) = (8,(x(1), 1), 85(x(1), 1), 55(x(1), 1), 8,(x(1), )",

).
).

+ehge +et)+r (1 - %) ,

where
X, Xy
6y(x(0),1) = _aenten) +e2Mg(e +e™) +r <1 -
w

~le

X1 =X; (X2 (1) Xy
5,(x(), 1 = TN +ex4)+r<1 _
w

~le

Bix(00) = O F () -y - T

ae*sTx(e*2 + e*)

S,(x(1).1) = €V Fy (1) — 7 + — gt ey +r <1 - %) :

N is L-compact under Q for any open bounded set 2 C X. Ononeside, ON : X — X is ONx(t) = (q,(?), ¢,(?), g5(¢), q4(t))T,
T

where ¢;(t) = /5i(x(t), ndt, fori =1...4.In addition, K,(I — Q)N : X — X is written in the form

0
K,(I = QINx(1) = (i (x(0), 1), wr (x(0), 1), w3 (x(0), 1), iy (x(1), 1),
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with
t T ¢ T
wamo:/@umeng//@u@wap{%—%)/@quW&
0 0 0 0
fori = 1,...,4. Since ON and KP(I — Q)N are compositions of continuous functions, then they are continuous on X.

Furthermore, by using Arzela-Ascoli theorem?, the mapping
K,(I-Q)N:Q-X

is compact for any open bounded Q C X 48, Finally, QN (Q) is bounded and we conclude that N is L-compact under Q for any
open bounded set Q C X.

We have successfully written our system in the form Lx = Nx where L is a Fredholm mapping of index zero and N is
L-compact in a Banach space (X, || - ||). We are ready to prove the existence of a periodic solution using the continuation theorem.

Theorem 5. Let F, and F, be a T-periodic functions, then the system @I) has at least one positive T-periodic solution.
Proof. The proof is divided into several steps.

Step 1:

This part consists of the construction of an appropriate open € C X for which the equation Lx = AN x does not have solutions
on dQ, for each A € (0, 1). Lx = ANx is equivalent to the following system

x’l(t) =4 _M + e 1 g(e® +ex4)+,-<1 — %)] ,

'aexl—xz exz(t) 4 M
X (1) = 4 ( )

(0]

—g(e™ +e"4)+r<1 - %)] ,

xgn=xe*uun—y—5Eiiiﬂ+eﬂﬂm@%+&0+r(L-%>y a5

ae T4 (e*2 + o)

X,(t) = 4 e Fy(t) — 7 + —ﬂﬁ“+f0+r<k—%)y

o(t) = 10 4 020 4 e 4 ¥

Moreover, we multiply the first equation of by e¥1®, the second by e*2®, the third by e*® and the fourth by e*®. This
leads to

[ ae¥i(e2 + &)

e x| (1) =4 + eV g(e + ) + re® (1 - %)] ,

[ e (e + e*4)

e x(1) = A
®

w
— o2 3 4 e¥4) 4 re*2 (1 — _> s
e g(e e ) re ]

ae*3(e* + e™)

eBxi(t) = A | Fy(1) —ye™ — + eMig(e™ +e*) 4 re™ (1 - %)] ,

aeX3(e*2 + e*)

w

e x(t) = A | Fi(t) —ye™ + e g(e™ + ™) + re* (1 - %)] )

\
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Now, we integrate both sides of the above system from 0 to 7" with respect to ¢ to get the equations

T

X1 (pX2 Xy 1
/ [—M+e"2g(ex3 +ex4)+rex1 (1_2) dt=0,
w K |
0

T
X X, (1) Xy T
/ [a (7 +eh) e2g(e™ +e™) +re™ (1—%) dt =0,
) |

T
X3 (pX2 Xy ]
/ [Fs(t) —ye — 2en(en +en) + et g(e™ +e™) +re™ (1 - 2) dt =0,
w K /|
0

I
e

T

X3(e*2 4 ¥4 1

/ [F,(t) —ye™ + aehlen +eh) e*ig(e™ + e™) + re* (1 - %) dt
®

0
By summing (T5) and (T6)), we obtain

/(exl(t) + o) < a)(t)) di=0.

Consequently, by the mean value theorem?=", there exists y € (0, T) such that

T
() x,(f) %, (1)
1] — — I 2Ndt =0
r( X >/(e + )
0

which implies that w(u) = K, then e5¥ < K, fori = 1,...,4,1i.e. x;,(u) < In K. Hence, n[lgr}] x;(t)<InK,fori=1,...
tel0,

the other hand, the sum of (I7) and (T8) yields

T T T
/(Fs(t) + F,()dt -y /(e"3 +eM)dt + r/(ex3 + M) (1 - %) = 0.
0 0 0
Thus,
/(Fs(t) + F;(t)dt — (y — r)/(e"3 +e*)dt = r'/(ex3 + e"“)% > 0.
0 0 0
As y > r, we have
/ (@O 4 0y < L / (F,(t) + F,(1))dt.
Yy —r
0
From (T9), it follows
T
K / (€1 + e™)dt = / (¥ + e*)dt + / (e*1 + eX2)(e™ + e¥)dt,
0 0 0
thereupon
/ (e +e®)’dt < K / (€1 + e™)dt.
0 0

By applying the inequality of Cauchy-Swartz>Y, we get

1
2

T
/(e"‘ +em)2dt| < VTK.
0

5)

(16)

a7

(18)

19)

,4. On

(20)

2y

(22)
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Moreover, from (20)

T T T T
/(Fs(z) + F,()dt = (y — r)/(ex3 + e™)dt + % /(e"3 + e*)(e* + eM)dt + % /(e"3 + e*)2d1,
0 0 0 0

then

Therefore,

Now, we recall that

T T
% / (€% + e¥)2dt < / (F,(t) + F,(1))dt.
0 0

1
2

T 3 -
/(ex3 + )| < \/? /(Fs(t) + F;(t)dt] . 23)
0 0
x| =4 [—M +e2Ngle 4 M)+ 1 (1 - %)] .

Hence, from 1)) and (22) we have

T

T T

/exz—xlg(ex3 +ex4)dt = /Mdt—r/<l—2)dt
w K

0

Similarly,
T

/e"*‘_x-‘g(ex3 + e*)dt

0

0 0

IA

T T
aT + % /(exl +e)dt + % /(exs + e dt
0 0

I\

T % T
o + 2T /(exl +e)di| +— /(&3 +e)di
K K
0 0

T

o +rT + ﬁ 0/ (F,(1) + F,(t))dt = M,.

IA

T T T

—/e"3FS(t)dt+yT+/wdt—r/(l—g)dt
0] K

0 0 0

On the other hand, since g is a decreasing function on R, we obtain

T

T T

/Mm - /g(exa+eX4)dt—r/<1—9)dz
p” K

0

Likewise,
T

0 0

T
< g(OT +rT + m 0/ (F,(t) + F,(0))dt = M.

T T T

/Mw - _/e—X4F,<r>dt+yT+/g<e“+€x4)d"’/(1‘%>d’
w

0

0 0 0

IA

yT + My = M,.
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Hereafter, since (x,(t), X,(t), x5(2), x,(t))T € X, then the functions x; are continuous bounded on [0, T'] and they have maximum
and minimum values, we denote by x;(;) = max x;(t) and x;(§;) = min x;(t). We see that
1€[0,T] t€[0,T]

T T T T
X3 (e*2 X4
/ [Fs(t) +e*ig(e™ + e’“‘)] dt = /ye"3dl + / wdt - / re® (1 - %) dt.
w
0 0 0 0
As a result,
T T
x3(113)
/ F,(t)dt < yTe™™ + aTe™") + rTe™s™) + % /(Fs(t) + Fy(0)dt.
0 0
Hence,
T
/ F,(t)dt
e~3(13) > 0 =C;.

T
(r+a+nT+ ﬁ 0/ (F,(t) + F;(t)dt

Similar arguments apply to give
T

/ F,(t)dt

ex4('14) Z 0 — C4'

T
(v +80) + )T + ﬁ 0/ (F,(1) + F;()d1

Moreover, using a simple demonstration by reductio ad absurdum, we show the existence of C; > 0 and C, > 0 such that
e¥10) > C, and e2) > C,. Now the first equation of (14) gives

T T
X, + X4
X (0t < 4 sl e Nige 4 e ) +r (142 ) |ar.
1 - z
0 0
According to the above estimations, it follows that
T

/ |x! (1)]dt <2M,. o
0

T T

Similarly, 0" |x}(1)|dt < 2M,, / |x5(0)|dt < 2M, and/ |x},(t)|dt < 2M,. Thus, for ¢ € [0, T] we have
0 0

t T
x,(0) = x;(&) + / xj(s)ds < x,(&) + / |x/(s)lds < InK +2M,,
& 0
fori =1,...,4. Furthermore,
t T

x;(t) = x;(n;) + / x/()ds > x;(n;) — / [x/(s)lds > In(C)) = 2M,,
n; 0

fori =1,...,4. It may be concluded that

rr[lgl% [x;(®)] < max{|InK +2M,|,|In(C;) —2M;|} =R;,, i=1,...,4
tel0,
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Step 2:
Let (x;, X,, X3, x,)7 € ker L = R* be a solution of O N x = 0, this means that
( X1(e*2 + ¥4
_M + eng(€x3 + ex4) + re* <1 — %) = 07
ae*i(e¥2 4 e*u) ®
——= —eM2g(eB + ™)+ re™ <1 - —) =0,
w K
r (25)
] X3(e*2 4 X4
/ F,(H)dt — Tye™ — TLM +Te%g(e™ + e*) + Tre* (1 - %) =0,
®
0
T
X3(e*2 4+ e¥4
/ Fy(tydt —Tyes + T ptigien 4 o) 4 Tre (1 - %) =0.
®
L0

Now, we take R, > 0 large enough such that any solution x* = (x], x3, x3, x}) of the algebraic system (25) satisfies [|x*|| < R,.

Step 3:

The task is now to find deg{JON,Q nker L,0} where J is the isomorphism J : Im Q — ker L such that J(x) = x. We solve
the equation JONx = 0, for x € Q Nnker L, which is equivalent to the algebraic system:

To this aim, we consider an homotopy H : DomL X [0, 1] — X defined by H(x, u) =

X X e
/Fs(t)dt—Tye S (1 -=

0

T

0

/ F,(t)dt — Tye* + re* (1 _e

+u

ae*3(e™ 4 et
_poenerten)

ae*3 (e’ + e
e )

aeXi(e*? + e*
_¥ + eng(ex3 + ex4) -

aex](exz(t) + ex4)

(0]

e¥2g(e™ +e™) —

+ Te*g(e™ +e*) —
w

—Te*g(e™ +e™) —

c X1 (e*2 X4
ST | oglen + ey 4ret (1-2) =0,
K
aexl(exz(i) + ™) (0]
T eMg(e™ 4 eM) + re™ <1 - —) =0,
® K
., 26)
J X3 (X2 X4
/ Fs(t)dt _ Tyex3 — Tm + Tex4g(ex3 + ex4) + Tre® (1 - %) = Os
w
0
T
X3 (pX2 + Xy
/Fl(t)dt —Tye™ + Tw —Te*g(es 4 e*) + Tre* (1 - %) =0.
L0

re* (e’ + e* + e*)
K

re* (e¥1 + e* +e*)
K

rTe* (e +e*3 + e*4)
K

rTe*s (e*1 + e% + ™)
K
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It is easily seen that the following algebraic system

0
T
/FI(t)dt = Tye™ +re™ (1= e—Kz) =0,
L 0
has a unique positive solution given by
T T
e =K, e2=K, e%= L/Fs(t)alt, eX = L/F,(t)dt. 27
rT rT
0 0

Let us denote .
Ry =2K + L /(Fs(t) + F;(1))dt
yT
0

5
and R = 2 R;. Therefore, by choosing Q defined as
i=0
Q= {x = (xl,xz,x3,x4)T EX :|x|| < R} ,

then the first two conditions of the continuation theorem are fulfilled and the solution (27)) belongs to Q. Further, since the degree
is invariant among homotopy, then

deg{JON,Qnker L,0} = deg{H(-,1),Qnker L,0}
= deg{ H(-,0),Qnker L,0} =1+#0,

and the proof is complete. O

At the end of this section, we present some numerical simulations to illustrate the results. By choosing F, () = 5000 +
2500 cos (xt/10) sin (z1/10), F,(t) = 5200 + 2600 cos (x1/10) sin (z/10) and g(L) = % we obtain the dynamics in Fig.
+

[5 ] (again, parameters are chosen for illustrative purposes only).

S | DISCUSSION

In the present paper, we investigate a model describing the dynamics of resistant and non-resistant bacteria in polluted rivers. Our
model extends previous works realized by
resistant gene, and the generalization of the rate of loss of this gene. Our model is defined by a non-autonomous system of four
differential equations.

As with many models of this kind, certain aspects of the environment are naturally over-simplified. For example, there are
of course many different strains of bacteria that would in reality have different growth, death, transmission and loss rates.
Nevertheless, reducing the model to these four variables enables important headway to be made on understanding the general
dynamics of river bacteria without the need for model parametrization from inevitably noisy data.

Firstly, we establish the existence of a positively invariant attracting set, which confirms that populations survive and there is
a natural restriction to growth as a consequence of limited resources as captured in the logistic growth term.

Next, we study the associated autonomous system (i.e. F; = F; = 0) in order to understand bacterial resistance phenomena
under non-polluted conditions. The global asymptotic stability of the resistant free equilibrium E, (K, 0, 0, 0) and the resistant
equilibrium E, ( R, R},0, 0) is given by constructing Lyapunov functions. From a biological point of view, it can be noted that:
(1) if the loss rate of the antibiotic-resistant gene is high compared to its transmission rate, then the resistant bacteria will be

. The main modification here is the nonlinear transmission rate of the antibiotic
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FIGURE 5 Choosinga =1,y =7,r =3, K = 100000 and R,(0) = 67200, R;(0) = 19400, L (0) = 7500, L;(0) = 6700, we
have a periodic positive solution of (E[)

eliminated in the long run, i.e., the resistant bacteria renew the population of non-resistant bacteria via loss of the gene. (ii) If the
transmission rate of the antibiotic-resistant gene is strong as compared to the loss rate of this gene, then the resistant and non-
resistant bacteria eventually persist alongside each other, and if this difference is sufficiently high (@ > 2g(0)), resistant bacteria
could even outnumber susceptible bacteria (though this is a somewhat unrealistic outcome). In scenario (ii), even preventing new
resistant bacteria from entering the river would be insufficient to eradicate the resistance gene from the environment. Whether
the acquisition rate or loss rate of the antibiotic resistant gene is higher is likely to be determined by the environment in which the
bacteria reside: maintenance of the antibiotic resistance gene typically requires energy and so the bacteria may shed this gene at
a higher rate as an energy saving mechanism if they are not in the vicinity of antibiotic. Thus in areas immediately downstream
of, say, a hospital (where antibiotic residue is more likely to enter the river) may be more likely to give rise to resistant bacteria
persisting than elsewhere in the river.

Finally, the non-autonomous system is analyzed, in the case where F(¢) and F(¢) are periodic functions. In fact, the existence
of at least one periodic solution is established. Biologically, this means that if the pollutants are being deposited into the river
intensively and regularly, then pollutant bacteria remain in the river and promote antibiotic resistance. In our future work, we
will try to show the stability of a unique periodic solution by constructing suitable Lyapunov functionals.
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