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ARTICLE INFO ABSTRACT
Article history: Let R be a cyclic group of prime order which acts on the
Received 10 June 2014 extraspecial group F' in such a way that F' = [F, R]. Suppose
Available online xxxx RF acts on a group G so that C¢(F) =1 and (|R],|G|) = 1.
Communicated by E.I. Khukhro It is proved that F(Cg(R)) C F(G). As corollaries to this,
MSC- it is shown that the Fitting series of Cg(R) coincides with
20D45 the intersections of Cg(R) with the Fitting series of G, and
that when |R| is not a Fermat prime, the Fitting heights of
Keywords: Cc(R) and G are equal.
Automorphism © 2014 The Authors. Published by Elsevier Inc. This is an
Fixed-point-free open access article under the CC BY license
Fitting height (http://creativecommons.org/licenses/by/3.0/).

1. Introduction

If a group A acts on a group G in such a way that Cg(A) = 1, then one can often say
something about the structure of G given properties of A. For example, due to a result of
V. Belyaev and B. Hartley [1, Theorem 0.11], if A is nilpotent, then G is soluble. It was
conjectured by J. Thompson [11] that the Fitting height of a soluble group G, denoted
f(@), is bounded by a function of the order of one of its Carter subgroups (a Carter
subgroup is a self-normalising nilpotent subgroup, and in any soluble group there is
a single conjugacy class of such subgroups). It is applicable here since if a nilpotent
group A acts on a group G so that Cg(A) = 1, then AG is a soluble group and A is a
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Carter subgroup. J. Thompson proved his conjecture in the case where (|A],|G|) = 1.
The bounds he obtained were improved in numerous papers that followed, most notably,
linear bounds were found by H. Kurzweil [9] and best-possible by A. Turull [13]. This
conjecture is a special case of the more general Fitting height conjecture, which can be
stated as follows:

Let A be a group which acts on the soluble group G so that Cg(A) = 1. Then the
Fitting height of G is bounded above by the length of the longest chain of subgroups
in A.

This has been largely settled when A is soluble of coprime order to G; many of these
results are collected in [12]. Much of the recent work towards settling the Fitting height
conjecture when |A| is not assumed to be coprime to |G| has concerned when A is cyclic.
For example, it has been proved when A is cyclic of order a product of two and three
distinct primes by K. Cheng [2] and G. Ercan and 1. Giiloglu [5] respectively. Further
work has been done by G. Ercan in [3], where A is cyclic of order p™q for primes p and ¢
greater than 3 and n € N.

However, E. Khukhro has taken a slightly different approach, and has considered the
case where A has a nilpotent subgroup B so that Cg(B) = 1 and has asked: Can we
bound the Fitting height of G in terms of how elements outside of B act on G? In particu-
lar, he has considered the case where A is a Frobenius group and has proved the following:

Theorem 1.1 (Khukhro). Suppose that a finite group G admits a Frobenius group of
automorphisms FH with kernel F and complement H so that Cq(F) = 1. Then:

(Ca(H )) F,(G)NCg(H) for all i; and

Proof. See [7, Theorem 2.1]. O

Since Frobenius kernels are nilpotent, E. Khukhro is still considering the situation
where a nilpotent group acts fixed-point-freely on a group G, but there is also an ‘ad-
ditional” action which comes from the complement H; and indeed it is in terms of the
action of this complement that he obtains structural information about G, namely, that
its Fitting height is equal to that of the fixed-point subgroup of H.

In what follows, we also consider the situation where a group A acts on a group G
in such a way that for some nilpotent subgroup B < A, we have Cg(B) = 1, and we
obtain structural information about G in terms of how elements outside of this nilpotent
subgroup act on GG. Namely, we prove the following:

Theorem 1.2. Let R = Z, for some prime r and F be extraspecial. Suppose that R acts
on F in such a way that F = [F, R], and that RF acts on a group G so that Cq(F) =1
and (r,|G|) = 1. Then F(Cg(R)) < F(G).
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From this we obtain the following corollaries which reflect more obviously the recent
work of E. Khukhro.

Corollary 1.3. Let R = Z, for some prime r and F be extraspecial. Suppose that R acts
on F in such a way that F = [F, R], and that RF acts on a group G so that Cg(F) =1
and (r,|G|) = 1. Then F;(Ce(R)) = F;(G) N Cg(R) for alli.

Corollary 1.4. Let R = Z, for some non-Fermat prime r and F be extraspecial. Suppose
that R acts on F in such a way that F = [F, R], and that RF acts on a group G so that
Ce(F) =1 and (r,|G|) = 1. Then f(Ca(R)) = f(G).

It should be mentioned that by a theorem of A. Turull [13], we already have that
f(G) < f(Cg(R)) + 2, even without any F.

In Section 2 we set some notation and recall some results which will be needed in
the proof of Theorem 1.2. We will then prove Theorem 1.2 and Corollaries 1.3 and 1.4
in Section 3. The proof of Theorem 1.2 proceeds by considering a counterexample with
|RFG| minimal. A series of reductions are made until we find that G = QV where Q is an
RF-invariant Sylow ¢-subgroup of G, and V' = F(G) is minimal normal in RF'G. Hence,
V is an irreducible F,[RFQ]-module on which @ acts faithfully. We then consider V/,
which we take to be an irreducible k[RFQ]-submodule of W = V ®p, k where k is a
splitting field for RF'@Q. This is also a module on which @ acts faithfully. We obtain a
contradiction by finding that the nontrivial subgroup 1 # O,(Ce(R)) C Q acts trivially
on V.

After the present paper was submitted, the authors were informed by the referee
about a recent paper by G. Ercan and I. Giiloglu [4]. Here they consider a soluble finite
group G admitting a ‘Frobenius-like’ group of automorphisms F' R of odd order such that
|F'| is of prime order, C(F) = 1, and (|G|, |R]|) = 1. (‘Frobenius-like’ means that F is a
nilpotent normal subgroup and F'R/F’ is a Frobenius group with Frobenius kernel F'/F”
and complement R.) Theorem A of that paper asserts that F;(Ce(R)) = F;(G)NCg(R)
for all 4 and f(Cg(R)) = f(G). These results are of course very similar to Corollaries 1.3
and 1.4 of the present paper. They are more general in the sense they do not require R
to be of prime order, but less general in their stipulation that RF must be of odd order.
Furthermore, the authors were also made aware that [4] contains Proposition C, which
can be used to significantly shorten the proof of Theorem 1.2 of the present paper. This
proposition is as follows.

Proposition 1.5 (Ercan-Giiloglu). Let FH be a Frobenius-like group such that F' is of
prime order and [F', H] = 1. Suppose that FH acts on a q-group Q for some prime q
coprime to the order of H. Let V' be a kQF H-module where k is a field with character-
istic not dividing |QH|. Suppose further that F acts fized-point freely on the semidirect
product VQ. Then we have

Ker(Cq(H) on Cy(H)) = Ker(Cq(H) on V).
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We will make it clear later how Proposition 1.5 can be used to shorten the proof of
Theorem 1.2.

2. Preliminaries

Let G be a group. Then the Fitting subgroup, denoted F(G), is the largest normal
nilpotent subgroup of G. If we set Fy(G) = 1 and F1(G) = F(G), then we define F;(G)
to be the full inverse image of F(G/F;_1(G)) in G, for i > 1. Note that if G is soluble,
then there exists n € NU {0} such that F,,(G) = G, and the smallest such n is called
the Fitting height of G. We denote this by f(G).

The Frattini subgroup, denoted ®(G), is defined to be the intersection of all maximal
subgroups of G. We note that &(G) C F(G), and if G # 1, then ¢(G) # F(G). Also, for
N <G, we have §(N) C &(G).

The next couple results highlight some very useful properties of the Fitting and Frat-
tini subgroups.

Lemma 2.1. Let G be a p-group such that Z(P(G)) < Z(G). Then &(G) < Z(G).

Proof. Let G = G/Z(G) and let N be the inverse image of 21(Z(G)). We obtain that
[N,®(G)] = 1. In particular, N N &(G) < Z(P(G)), and so by hypothesis, N N P(G) <
1.

As #(G) < G and G is a p-group, this implies

Z(G). Then 1 (Z(G)) N P(G) =

P(G)=1. O

The following is a well-known generalisation of a theorem of Gaschiitz [10, Theo-
rem 1.12].

Lemma 2.2. Let X be a group and G < X. Set
V= F(G)/(@(X) ﬂG).

1. V=F(G/(2(X)NGQG));

2. V is a completely reducible X -module, possibly of mized characteristic (by which we
mean V =V, @ --- & V,, where for each i there exists a field F; such that V; is an
F;[X]-module).

One of the hypotheses of Theorem 1.2 is that the extraspecial group F acts on the
group G so that C(F) = 1. The nilpotence of F' here not only tells us that G is soluble,
but also gives very useful information about the action of F' on the Sylow subgroups
of G and G/N for some F-invariant normal subgroup N < G.

Theorem 2.3 (Belyaev—Hartley). Let A be a finite nilpotent group which acts on a finite
group G so that Cg(A) = 1. Then G is soluble.

Proof. See [1, Theorem 0.11]. O
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Lemma 2.4. Suppose that a finite group G admits a group RF of automorphisms where
RF is the split extension of the nilpotent group F by R. Suppose further that Cq(F) = 1.
Then there is a unique RF-invariant Sylow p-subgroup of G for each prime p € n(G).

Proof. See [8, Lemma 2.6]. O

Lemma 2.5. Let G be a finite group admitting a nilpotent group F of automorphisms such
that Cq(F) = 1. If N is a normal F-invariant subgroup of G, then Cq/n(F) = 1.

Proof. See [8, Lemma 2.2]. O

Throughout the proof of Theorem 1.2, we will often encounter the action of RF on
some direct product. We now set some notation and state some results which will be
very useful to us when considering these actions.

Definition 2.6. Let G be a group which acts on the set 2. Then we define:

1. Mov(G) ={a € 2| a9 # a for some g € G}; and
2. Fixp(G) ={a e 2| a9 =aforall g € G}.

Lemma 2.7. Let RG be a group and V an irreducible RG-module on which G acts faith-
fully. Suppose V.= Vo @ --- BV, where each V; is a G-submodule of V. Let H < RG
be such that H C Cq(Vy @ --- @ V,,) and G = (HTS). Then G = Go x -+ x G, where
Gi=Cc(Vo®---@Viei®Vip1 @--- 0 Vy).

Proof. First note that H C Gy. Let * € RG, and suppose Vi’ = V;. Let h € H and
v € Vj # V. Then v eV # Vo, and so [vfl,h] = 1. Hence v"" = v. Therefore,
h* € G;, and so we obtain that G = (HT%) C Gy ---G,,. Note that each G; is normal
in G as the kernel of an action. Suppose there exists an 7 such that G; [ H#i G; #1,
and let 1 #£ g € Giﬂl—[j#Gj. Then ¢ centralises Vo @ - @ Vi1 @ Vig1 @ -~ ®V,
since g € G;, and centralises V; since g € HJ— 4i G;. Thus g is a nontrivial element
of G which centralises V. This is a contradiction since V is a faithful G-module. Thus
G=G;x Hj# G;. By induction it follows that G = Gy x --- X G,,. O

Lemma 2.8. Let G be a group which acts on a group H = HyXx---X Hy, in such a way that
Cu(G) =1 and for each H; € {Hy,...,H,} and g € G we have H} € {Hy,...,H,}.
Let Go = Ng(Ho) Then CHO (G()) =1.

Proof. Note that by induction, we may assume that G is transitive on {Hy,..., H,}.
Now let T' = {go,91,-.-,9n} be a set of representatives for the right cosets of G in G.
Suppose Cp, (Go) # 1, and choose 1 # h € Cp, (Gyo). Let h = [ h9. We claim that & is
fixed by G.

First note that elements in a common coset of Gy in G act in the same way on h. Let
g: € Gogi, so g; = gg; for some g € Go. Then h9i = h99i = p9i.
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Now notice that the h9% commute. This follows since for distinct g;, g; € T, h9" and
h9% lie in distinct Hy. For any g € G, the set T'g is another set of representatives for G
in G. Therefore, {h99} = {h9}. Hence, h9 = ([[{h9})? = [[{h99} = [[{h%} = h since
the h9% commute. O

We now finish this section by outlining some of the representation theoretic results
which we will require throughout Section 3.

Lemma 2.9. Let A = (a) be a cyclic group which acts semireqularly on the abelian
group N. Let V be a faithful F[AN]-module where AN is the split extension of N by A.
Assume that char(F) and |N| are coprime and Cy(N) = 0. Then Vy is free.

Proof. This is a special case of [7, Lemma 1.3]. O

Theorem 2.10 (Flavell). Let r be a prime, R = Z, and P an r'-group on which R
acts. Let V' be a faithful irreducible RP-module over a field of characteristic p such that
Cyv(R) = 0. Then either:

1. [R,P]=1; or
2. [R, P] is a nonabelian special 2-group and r = 2™ + 1 for some n € N.

Proof. See [6, Theorem A]. O
3. Proof of the main result

The main aim of this section is to prove Theorem 1.2.

Let R = Z, for some prime r act on the extraspecial s-group F' in such a way
that F' = [F,R]. Then, clearly, r # s and Cp(R) C &(F). In what follows we will
show that if RF acts on a group G so that Cg(F) = 1, then F(Cg(R)) C F(G). The
proof will proceed by considering a minimal counterexample RF'G. Thus we must have
Cr(R) = Z(F). Otherwise Cr(R) = 1; but we know that a counterexample does not
exist in this case by Theorem 1.1. Hence, we will establish Theorem 1.2 by proving the
following:

Theorem 3.1. Let R = Z, for some prime r and F be an extraspecial s-group. Suppose
that R acts on F in such a way that [R,Z(F)] =1 and RF/Z(F) is a Frobenius group.
Suppose further that RF acts on a group G so that Ca(F) =1 and (r,|G|) = 1. Then
F(Ca(R)) < F(G).

Proof. Since F' is nilpotent, the condition Cg(F) = 1 forces G to be soluble by
Theorem 2.3. We begin by considering a counterexample with |RFG| minimal. So
F(Cg(R)) € F(G). For notational purposes set X = RFG, so G < X.
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Lemma 3.2. With G and X as above, we obtain that F(G) is a completely reducible
X -module.

Proof. We know by Lemma 2.2 that F(G)/(®(X)NG) is a completely reducible module
for X. We work to show that #(X) N G = 1. Suppose that #(X) NG # 1 and set G =
G/(#(X)NG). By minimality, we have F(Cg(R)) < F(G). We also have by Lemma 2.2

that F(G) = F(G). Now F(Cg(R)) < F(Cz(R)), and so F(Cg(R)) < F(G). Hence

F(Ca(R)(2(X)NG) < F(G)(P(X)NG) = F(G).
However, this is a contradiction since F'(Cg(R Q F(G O
Lemma 3.3. There exists a prime p such that F(G) = O,(Q) is an trreducible X -module.

Proof. We know from Lemma 3.2 that F(G) is a completely reducible X-module. Sup-
pose that F(G) is not an irreducible X-module, and let U and V denote two distinct
irreducible X-submodules. Clearly, U NV = 1. Therefore, G embeds into G/U x G/V
by the injective map given by ¢(g) = (gU, gV).

Now let G = G/U. Then F(Cg(R)) < F(Cz(R)) < F(G) where the inclusion
on the right follows by minimality. Thus it follows that (F(Cg(R))¢) < F(G). Simi-
larly, if we set G = G/V, then (F(Cg(R))%) < F(G). So the image of (F(Cg(R))%)
under ¢ is nilpotent. However, since ¢ is injective, (F(Cg(R))¥) must also be nilpo-
tent. So (F(Cg(R))¢) C F(G), since (F(Cg(R))Y) < G. This is a contradiction since

) € F(G). O

For notational purposes set F'(G) = V.

Lemma 3.4. There exists a nontrivial RF-invariant Sylow g-subgroup Q of G such that
G = QV for some prime q # p.

Proof. Set G = G/V. By minimality we have F(Cg(R)) < F(G). Now F(Ca(R)) ¢
F(G), and so there exists a prime ¢ # p so that O,(Cg(R)) # 1. By the above, we
obtain that O,(Cg(R)) < O,4(G). Let K denote the full inverse image of O,(G) in G.
So 0,(Ca(R)) € K < RFG. Now K is RF-invariant, hence Cx (F) = 1. By Lemma 2.4,
there exists a unique RF-invariant Sylow g-subgroup @ of K. Thus K = QV. However,
F(K) =V, and so by minimality it follows that G = K. O

Lemma 3.5. Let 1 # H < Oy(Cg(R)). Then Q = (HF).

Proof. By Lemma 3.4, G = QV where @ is an RF-invariant Sylow g-subgroup of G. By
coprime action, we obtain that O,(Cq(R)) < Q.

Set Qo = (HEF). Then Qo = (HT'), since H is centralised by R. Suppose Qo < Q,
and set Go = QoV. Now C(V) =V, and so O,(Gp) = 1. By minimality, we obtain that
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F(Cg,(R)) < F(Gp) = V. However, 1 # H C F(Cg,(R)). This contradiction forces
QV =Gy=G=QV,andso Qy=0Q. O

We may consider V as an irreducible F,[RFQ]-module. We now extend the ground
field to a splitting field k for RF'Q, and consider W =V ®p, k. Henceforth, let V be an
irreducible k[RF Q]-submodule of W.

Lemma 3.6. Q acts faithfully on V and Cy(F) = 0.

Proof. Suppose @ does not act faithfully on V. Then there exists 1 # K C @ with K <
RFQ so that Cy(K) = V. Now Cyp(K) C Cw(K) = Cv(K) ®r, k, and so Cy (K) # 0.
Since K <RF'Q, it follows that Cy (K) is normalised by RF'Q. By the irreducibility of V',
we have Cy (K) = V. However, @ acts faithfully on V.

The second claim follows as Cy (F) = Cy (F) ®r, k =0 and Cy(F) C Cw(F). O

Lemma 3.7. [Cy(R), O4(Ce(R))] = 0.
Proof. Note that Cg(R) = Cy(R)Cq(R) where Cy (R) 9 Cg(R). Thus
[Cv(R), Oy (C(;(R))] =Cy(R)N O, (CG(R)) =1.

By considering Cy(R) as an Fp[O4(Cqe(R))]-module, we obtain that [Cw(R),
04(Ce(R))] = 0. Since Cy(R) € Cw (R), it follows that [Cy(R), Oq(Ce(R))] =0. DO

At this stage we note that we could invoke Proposition 1.5 to finish the proof of
Theorem 1.2. As O4(Ce(R)) C Cg(R), Proposition 1.5 together with Lemma 3.7 tells
us that O,(Ce(R)) acts trivially on V. However, since @ is faithful on V, we obtain that
04(Ce(R)) = 1. It follows that F(Cg(R)) C F(G), which is a contradiction. We will
now continue the proof of Theorem 1.2 without an appeal to Proposition 1.5.

Lemma 3.8. Suppose V is an imprimitive module for RFQ. Then O4(C(R)) centralises
any block which is not normalised by R.

Proof. Let V = Uy @ --- @ U,, where the U; are blocks of imprimitivity in the action of
RFQ on V, and set 2 = {Uy,...,Uy,}. Let R = (a). We want to show that O,(Cg(R))
centralises

v= @ U

U;EMovgp (R)

Clearly, O,(C¢(R)) acts on Movg,(R). Let U; € Movg(R), and consider

U= @ Ue.
j=1
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Then foru e U;, w=u+u*+---+ u® " is centralised by R. Thus it is also centralised
by O4(Cc(R)). Hence, U’ is normalised by O,(Cc(R)). An r-cycle in Sym(r) is self-
centralising, so as Oq(Cg(R)) is an r’-group, it follows that O,(C¢(R)) normalises U;.
Since w is centralised by O,(Cg(R)), and O4(Cg(R)) normalises U;, it follows that
O4(Cc(R)) must centralise u. O

Henceforth, we will write V. = Vy @ --- @ V,, where the V; are the homogeneous
components with respect to Z(Q). Set I' = {Vp,..., Vo }.

Our next major goal is to prove that [Z(Q), Z(F)] # 1. We thus proceed with the
assumption that this is not the case and work to obtain a contradiction. We first need a
few lemmas.

Lemma 3.9. Assume [Z(Q),Z(F)] = 1. Then R has only one fized point on I'.

Proof. Let R = (a). By Lemma 3.8, we obtain that O,(Cg(R)) centralises all of the
subspaces V; € Mov(R). Now Cg(V) = 1 by Lemma 3.6, and so we have the strict
inclusion Movp(R) C I'. Now Fixp(R) # (), hence R is in the stabiliser of a point in
the action of RFQ on I', and is a Sylow r-subgroup of this stabiliser. Thus Nrrg(R)
acts transitively on Fixp(R). Now Nrrq(R) = RZ(F)Cq(R). Clearly R acts trivially on
Fixp(R). Also [Cg(R), Z(Q)] = 1, and by hypothesis we have [Z(Q), Z(F)] = 1. There-
fore, Z(F)Cq(R) € Crrq(Z(Q)). Thus by Clifford’s Theorem, Z(F')Cq(R) acts trivially
on I'. In particular, Z(F)Cq(R) acts trivially on Fixp(R), and so |Fixp(R)|=1. O

In the following lemma, let Q; = Co(Vu @ - - @ Vie1 @ Vip1 & --- dV,,).
Lemma 3.10. If [Z(Q), Z(F)] =1, then Q = Qo X - - X Q.

Proof. We can assume without loss of generality that Fixp(R) = {Vo}. Since R has no
fixed points on I' — {V}, it follows by Lemma 3.8 that V; & --- ¢ V,, is centralised by
04(Ce(R)). Thus Oy4(Ca(R)) € Qo. The result now follows from Lemma 2.7 with @
and V in place of G and V respectively. O

Let Fy = Np(Vp). Then Fy # 1 otherwise Vy would be in a regular orbit under the
action of F on I'. Thus (V") would be a free F-module and so C(F) # 1 contrary to
Lemma 3.6.

Lemma 3.11. If [Z(Q), Z(F)] = 1, then Qo = (O4(Ca(R))F0).
Proof. Let f € F and suppose Vof = V. Let g € O4(Ce(R)) and v € V; # V;. Then

v/ e Vi # Vo, and so [vf ', g] = 1. Hence v9" = v. Therefore, ¢/ € Q;, and so
0,(Ca(R))! C Qy if and only if f € Fp.
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Now Q/(Q1 %+ xQpn) = Qo and (Oy(Ci(R))F 1) C Q1 x-+-xQp. So if we consider
the canonical epimorphism ¢ : Q@ — Q/(Q1 X - -+ X Qy,), it follows that (O,(Cc(R)) ™)
maps onto Q/(Q1 X -+ X @) under ¢. So

Q= (04 (Ca(R)™) x Q1 x - X Q.

By considering orders it follows that |Qo| = [(O4(Ca(R))™)|. Hence Qy =
(Oq(Ca(R))™). D

Lemma 3.12. If [Z(Q), Z(F)] = 1, then Cg,(Fp) = 1.

Proof. By noting that Cg(F) = 1, this follows by Lemma 2.8 with F' and @ in place
of G and H respectively. O

Lemma 3.13. [Z(Q), Z(F)] # 1.

Proof. Assume that this is not the case so [Z(Q), Z(F)] = 1. Then Q = Qp X -+ X @Qp,
where the @; are defined as in Lemma 3.10, and Cg,(Fp) = 1 by Lemma 3.12.

Now since the V; are homogeneous components for Z(Q), and k is a splitting field
for Z(Q), Z(Q) acts on Vy by scalars. However, Z(Q) = Z(Qo) X --- X Z(Qy), and
Z(Q1) X -+ X Z(Qy) acts trivially on V. So Z(Qo) acts on Vj nontrivially by scalars,
otherwise Cg(V) # 1 as Z(Qo) # 1. This follows since 1 # O, (Cg(R)) C Q. We know
that Z(Qo) acts by scalars on Vp, and so every element in [Fy, Z(Qo)] acts trivially on V;.
However, since Q) acts faithfully on Vp, and [Fy, Z(Qo)] C Z(Qo), it follows that F must
centralise Z(Qy), and thus 1 # Cq, (Fo). This is a contradiction to Lemma 3.12. O

Corollary 3.14. Z(F') acts semiregularly on I

Proof. Suppose Z(F') normalises some V; € I'. Since RF is transitive on I', and Z(F) =
Z(RF), we find that Z(F) acts trivially on I". Now Z(Q) acts on each V; € I" by scalars,
and so [Z(F), Z(Q)] must act trivially on each V; € I'. This forces [Z(F),Z(Q)] = 1
since Co(V) = 1, which is a contradiction to Lemma 3.13. O

Lemma 3.15. Q acts trivially on any system of imprimitivity in the action of RFQ on V.

Proof. Let V = Uy @ --- @ U,, where the U; are blocks of imprimitivity in the action of
RFQ on V, and set 2 = {Uy,...,U,}. We work to show that O,(Cc(R)) acts trivially
on {2. Then the normal closure of O,(Cq(R)) in RFQ will also act trivially on (2. Since
(04(Cg(R))EFQ) = @, the claim will follow.

Let R = (a). Then O,(Cg(R)) centralises any U; € Movp(R) by Lemma 3.8. Also,
as in the proof of Lemma 3.9, we get that Fixo(R) # 0 and Nrpg(R) is transitive
on Fix(R). Now Nrpg(R) = RZ(F)Cg(R). Clearly, R acts trivially on Fixo(R).
Let U; € Fixn(R), and suppose Z(F) ¢ Np(U;). Then Np(U;) N Z(F) = 1 since
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Z(F) is cyclic of prime order. In particular, R acts semiregularly on Np(U;) because
Cr(R) = Z(F). Note that Np(U;) # 1, otherwise F' would have a regular orbit on 2 and
thus a nontrivial fixed point on V, contrary to Lemma 3.6. Therefore, Ny (U;) must be
elementary abelian since it is isomorphic to its image under the canonical epimorphism
¢+ F — F/Z(F). Also Cy,(Np(U;)) = 0 by Lemma 2.8. Hence Cy,(R) # 0 by
Lemma 2.9. Thus by Lemma 3.7, O4(Cq(R)) normalises U;.

Suppose that O4(Cg(R)) does not normalise U; € Fixp(R). Then reasoning as above
we must have Z(F) € Np(U;) and Cy,(R) = 0. Thus Cqg(R) can only map U; to a
subspace U; € Fixp(R) which itself is normalised by Z(F'). So Z(F') must act trivially
on Fixn(R), otherwise we get two distinct orbits in the action of Nrpg(R) on Fixo(R).
Since Z(F) is trivial on Fixo(R), we obtain that Z = [O4(Ca(R)), Z(F)) is also trivial
on Fixp(R). Also, Z centralises each subspace U; € Movg(R) since Z C Oy(Ce(R)), and
so Z acts trivially on £2. Note that Z # 1, since [Z(Q), Z(F)] # 1, and so by Lemma 3.5
we have @ = (Z). Thus it follows that @ also acts trivially on 2. This is a contradiction
since U; is not normalised by O,(Ce(R)). O

Corollary 3.16. Every characteristic abelian subgroup of Q is contained in Z(Q).

Proof. Let A be a characteristic abelian subgroup of Q. Let V = Uy & - - - @ U,, where
the U; are homogeneous components with respect to A. Then 2 = {Uy,...,U,} is a
system of imprimitivity for RFQ on V, and so @ is trivial on 2. Since A acts by scalars
on any given U; € (2, [Q, A] centralises V. This forces [Q, A] = 1, and thus A C Z(Q). O

Corollary 3.17. Q has nilpotence class at most two.

Proof. Since every characteristic abelian subgroup of @ is contained in Z(Q), it follows
that Z(2(Q)) C Z(Q). Thus #(Q) C Z(Q) by Lemma 2.1, and so Q/Z(Q) is abelian. O

Recall that I is the set of Z(Q)-homogeneous components in V. We know that the
subset of components in I" which are normalised by R is nonempty, and that Npp(R) =
R x Z(F) acts transitively on this set. We also know, since Z(F') < RF, that the orbits
of the action of Z(F) on I" forms a system of imprimitivity V = Wy @ --- @ W,, for the
action of RF on I'. We can assume without loss of generality that V{ is normalised by R
and that Wy is the direct sum of components in the orbit of Vj under the action of Z(F)
on I'. Henceforth, we set Q; = Cp(Wo @ -+ - @ W1 ® Wiy1 @ --- & W,,), and find that
Q= Qy X -+ X Qp, which follows exactly as in Lemma 3.10.

Lemma 3.18. Qy = (O,(Cg(R))Nr (Vo).

Proof. We first show that Np(Wy) = Z(F) x Np(Vp). We can assume without loss
of generality that Wy = Vo @ -+ @ Vi_1. Set A = {Vh,...,Vs_1}. By definition
Z(F) C Np(Wy) and is transitive on A. In particular, since |A| = s, Np(Wp) is prim-
itive on A. Since Np(W)) is an s-group and |A| = s, Np(Vp) must be the full kernel
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in the action of Np(Wy) on A. We find that Np(Wy)/Np(Vp) is regular on A, and
so Np(Wy)/Np(Vy) & Zs. Thus it follows that Np(Wy) = Z(F) x Np(Vp). Arguing
exactly as in the proof of Lemma 3.11, we find that Qy = (O,(Cg(R))Nr(W0)). Now
[R, Z(F)] = 1, and so O,(C(R))?*) = 0,(Ca(R)). Thus

Qo = (04 (Ca(R)) XNy — (0, (Ca(r)M ™). o
Lemma 3.19. [Z(Qo), R] = 1.

Proof. Since the subspaces V; C V' are homogeneous components for Z(Q), Z(Qo) acts
on them by scalars. Now W) is the direct sum of components which are normalised by R.
Since Z(Qy) acts by scalars on any given V; C Wy, it follows that [Z(Qo), R] acts trivially
on Wy. However, @ is faithful on V, and since Qg centralises Wi @ - - - @ W,,,, this forces
[Z(Qv), Rl =1. O

Lemma 3.20. Q) is abelian.

Proof. Note that Q' N Oy(Ce(R)) = 1. Hence
[04(Ca(R)). Ca(R)] € @' N0, (Ca(R) = 1,

and so Oy(C(R)) C Z(Cg(R)). By Lemma 3.19, we have [Z(Qo), R] = 1, and so since Q
has nilpotence class at most two, Qo = [Qo, R] * Cq, (R). However, since O4(Ca(R)) C
Z(Cg(R)), it follows that O4(Ca(R)) € Z(Cg,(R)), and so O4(Ca(R)) € Z(Qo) C
Z(Q). Set G = Z(Q)V. If Gy < G, then F(Cg,(R)) C F(Gy) = V by induction.
However, since O,(Cg(R)) C Z(Q), there are clearly g-elements in F(Cg,(R)). Thus
Go=G,andso Z(Q)=Q. O

We now complete the proof of Theorem 3.1.

It follows from Corollary 3.14 that Z(F) € Np(V;) for any V; € I'. Thus Z(F) N
Np(Vy) = 1 since Z(F) is cyclic of prime order. Hence Np(Vp) = [R, Nrp(Vp)]. Since Q
is abelian, Lemma 3.19 now says that [Qo, R] = 1, and so [Qo, Nr(Vo)] = 1. Thus
Qo = (0,(Cq(R))Nr(Y0))y = 0,(Cs(R)). Now Np(Vp) is abelian, and Cy, (Np(Vp)) = 0
by Lemma 2.8. Hence Cy,(R) # 0 by Lemma 2.9. Since [O4(Cg(R)),Cv(R)] = 1, we
must have that Qo acts trivially on Cy, (R). However, V} is a homogeneous component
for Qg, and so Qo must act trivially on Vy. It follows that Qg acts trivially on Wy and
thus Qq acts trivially on V. However, this is a contradiction since Co(V)=1. 0O

Corollary 3.21. Let R =2 Z, for some prime r and F be an extraspecial s-group. Suppose
that R acts on F in such a way that [R,Z(F)| =1 and RF/Z(F) is a Frobenius group.
Suppose further that RF acts on a group G so that Cq(F) =1 and (r,|G|) = 1. Then
Fi(Cq(R)) = F;(G)NCg(R) for alli.
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Proof. Let i € N be the least such that F;(Cg(R))
F(G) by Theorem 3.1, and so i > 1. Let G =

epimorphism from G onto G. Now F;(Cq(R)) <Cq
F;_1(Cg(R)) C ker(¢). Now

¢ F;(G). We know that F(Cg(R)) <
G / ( ), and ¢ be the canonical
(R) and F;(Cg(R)) is nilpotent since

Fi(Ca(R)) < F(Ca(R)) = F(Ca(R)) < F(G).

By the definition of F;(G), we have F(C_¥) (G
However, this is a contradiction since F SZ

Therefore, F;(Ce(R)) C Fi(Q).
a

Corollary 3.22. Let R = Z, for some non-Fermat prime r and F be an extraspecial
s-group. Suppose that R acts on F in such a way that [R,Z(F)] =1 and RF/Z(F) is
a Frobenius group. Suppose further that RF acts on a group G so that Cq(F) =1 and
(r,|G]) = 1. Then f(Cc(R)) = f(G).

Proof. Let n € N be the Fitting height of Cg(R). Now we know that F,,(Cg(R)) =
F.(G) N Cg(R), and so Cg(R) < F,(G). We work to show that F,(G) = G. Suppose
this is not the case, so F,(G) < G. Let S be an RF-invariant section of G/F,(G) which
has no proper RF-invariant subgroups. By coprime action, R acts fixed point freely on
G/F,(G). Also, F' acts nontrivially on S since Cq/, (@) (F) = 1. By Theorem 2.10, it
follows that either [R, F/Cr(S)] =1 or r is a Fermat prime. By hypothesis, the former
must hold. Since Cr(R) = @(F), we obtain that F = Cp(S)®(F). However, this implies
F = Cp(S), which is a contradiction. O

Note that if G is a minimal counterexample to Corollary 3.22, we obtain that f(G) <
f(Ca(R)) + 1 in any case, since G/F,(G) admits a fixed-point-free automorphism of
prime order.

Corollaries 3.21 and 3.22 together with Theorem 1.1 confirm Corollaries 1.3 and 1.4
stated in the introduction. Note that we cannot drop the condition that r be a non-
Fermat prime in Corollary 3.22. In particular, if R = Z, where r is a prime of the
form r = 2™ + 1, then there exists an extraspecial group F' on which R acts such that
F = [F,R], and a group G on which RF acts such that Cq(F) = 1, f(G) = 1 and

f(Ca(R)) =0.
Acknowledgments

This work forms part of the PhD thesis of the first author who was supported by an
EPSRC doctoral training grant. The authors would also like to thank the referee for his
thorough reading of this manuscript and his numerous suggestions for improvement.

References

[1] V.V. Belyaev, B. Hartley, Centralizers of finite nilpotent subgroups in locally finite groups, Algebra
Logic 35 (1996) 217-228.


http://refhub.elsevier.com/S0021-8693(14)00617-6/bib56s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib56s1

G. Collins, P. Flavell / Journal of Algebra 423 (2015) 798-811 811

[2] K. Cheng, Finite groups admitting automorphisms of order pg, Proc. Edinb. Math. Soc. 30 (1987)
51-56.

[3] G. Ercan, On a Fitting length conjecture without the coprimeness condition, Monatsh. Math. 167
(2012) 175-187.

[4] G. Ercan, 1. Giiloglu, Action of a Frobenius-like group with fixed-point free kernel, J. Group Theory
17 (5) (February 2014) 863-873, http://dx.doi.org/10.1515/jgt-2014-0002, ISSN (Online) 1435-4446,
ISSN (Print) 1433-5883.

[5] G. Ercan, I. Giiloglu, Finite groups admitting fixed-point-free automorphisms of order pgr, J. Group
Theory 7 (2004) 437-446.

[6] P. Flavell, A Hall-Higman—Shult type theorem for arbitrary finite groups, Invent. Math. 164 (2006)
361-397.

[7] E.I. Khukhro, Fitting height of a finite group with a Frobenius group of automorphisms, J. Algebra
366 (2012).

[8] E.I. Khukhro, N.Y. Makarenko, P. Shumyatsky, Frobenius groups of automorphisms and their fixed
points, Forum Math. 26 (2014) 73-112.

[9] H. Kurzweil, p-Automorphismen von auflésbaren p’-Gruppen, Math. Z. 120 (1971) 326-354.

[10] O. Manz, T.R. Wolf, Representations of Solvable Groups, Mathematical Society Lecture Note Series,
vol. 185, Cambridge University Press, London, 1993.

[11] J. Thompson, Automorphisms of solvable groups, J. Algebra 1 (1964) 259-267.

[12] A. Turull, Character Theory and Length Problems, NATO Advanced Science Institutes Series C:
Mathematical Physics and Physical Sciences, 1995, pp. 377—400.

[13] A. Turull, Fitting height of groups and of fixed points, J. Algebra 86 (1984) 555-566.


http://refhub.elsevier.com/S0021-8693(14)00617-6/bib42s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib42s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4775s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4775s1
http://dx.doi.org/10.1515/jgt-2014-0002
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib44s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib44s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib466Cs1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib466Cs1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4Bs1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4Bs1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4B4D50s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4B4D50s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4B75727As1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4D616E7As1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib4D616E7As1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib54686F6D70736F6Es1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib54s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib54s1
http://refhub.elsevier.com/S0021-8693(14)00617-6/bib5432s1

	On ﬁxed-point-free automorphisms
	1 Introduction
	2 Preliminaries
	3 Proof of the main result
	Acknowledgments
	References


