
 
 

University of Birmingham

Operator spreading in the memory matrix formalism
Mcculloch, Ewan; Von Keyserlingk, C W

DOI:
10.1088/1751-8121/ac7091

License:
Creative Commons: Attribution (CC BY)

Document Version
Publisher's PDF, also known as Version of record

Citation for published version (Harvard):
Mcculloch, E & Von Keyserlingk, CW 2022, 'Operator spreading in the memory matrix formalism', Journal of
Physics A: Mathematical and Theoretical, vol. 55, no. 27, 274007. https://doi.org/10.1088/1751-8121/ac7091

Link to publication on Research at Birmingham portal

General rights
Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

•Users may freely distribute the URL that is used to identify this publication.
•Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.
•User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
•Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.
Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 15. May. 2024

https://doi.org/10.1088/1751-8121/ac7091
https://doi.org/10.1088/1751-8121/ac7091
https://birmingham.elsevierpure.com/en/publications/6c70da7b-ecc3-4611-b614-36820ecd0ce7


Journal of Physics A: Mathematical and Theoretical

PAPER • OPEN ACCESS

Operator spreading in the memory matrix
formalism
To cite this article: Ewan McCulloch and C W von Keyserlingk 2022 J. Phys. A: Math. Theor. 55
274007

 

View the article online for updates and enhancements.

You may also like
An Improved Arnold Image Scrambling
Algorithm
Rui Liang, Yanyan Qin, Chengnan Zhang
et al.

-

AN EFFICIENT, COMPACT, AND
VERSATILE FIBER DOUBLE
SCRAMBLER FOR HIGH PRECISION
RADIAL VELOCITY INSTRUMENTS
Samuel Halverson, Arpita Roy, Suvrath
Mahadevan et al.

-

Proposal for measuring out-of-time-
ordered correlators at finite temperature
with coupled spin chains
Bhuvanesh Sundar, Andreas Elben, Lata
Kh Joshi et al.

-

This content was downloaded from IP address 147.188.108.22 on 23/08/2022 at 11:30

https://doi.org/10.1088/1751-8121/ac7091
/article/10.1088/1757-899X/677/4/042020
/article/10.1088/1757-899X/677/4/042020
/article/10.1088/0004-637X/806/1/61
/article/10.1088/0004-637X/806/1/61
/article/10.1088/0004-637X/806/1/61
/article/10.1088/0004-637X/806/1/61
/article/10.1088/1367-2630/ac5002
/article/10.1088/1367-2630/ac5002
/article/10.1088/1367-2630/ac5002
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsvJ25DxV3OTXx7t7NU_DBs16zaus9CcGnZc1olFdoxCZRfJ3SyyE79-HdL1ukwqreQ0lXt8tAZebPL1NS1kQUPo2HLIKWO9FSFSIw5Vj2iTzLd9NoVs0dJLYkOUQ3t4v0fHEKYsP6GDispKt5PJiUV5rf1qgTY3ndIN0XSvpQ_gRozExJTG0t9uyBdqSIlyM2t0gRt4gDPhSXvYNS7VNRKurbbCYLyG5qlupTJdafh_4DRnl-z74qOVw6-DdTCVRoLtW7ssKTwXAvnHkcZ3OcmKNNkrgmvYJYvHTIMeWl7_Yw&sai=AMfl-YTqsFb5_SEoyNvB-WF3t3QAHLtCPMG0X-a-E95jTRIK42ZsQlSp3o3qVLKXrFWc3GjCowR9fyX9Ztk0JWc&sig=Cg0ArKJSzMhKOu31yDi-&fbs_aeid=[gw_fbsaeid]&adurl=http://iopscience.org/books


Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 55 (2022) 274007 (58pp) https://doi.org/10.1088/1751-8121/ac7091

Operator spreading in the memory matrix
formalism

Ewan McCulloch∗ and C W von Keyserlingk

University of Birmingham, Birmingham B15 2TT, United Kingdom

E-mail: ewan.r.mcculloch@gmail.com and c.vonkeyserlingk@bham.ac.uk

Received 7 December 2021, revised 12 April 2022
Accepted for publication 17 May 2022
Published 16 June 2022

Abstract
The spread and scrambling of quantum information is a topic of considerable
current interest. Numerous studies suggest that quantum information evolves
according to hydrodynamical equations of motion, even though it is a starkly
different quantity to better-known hydrodynamical variables such as charge and
energy. In this work we show that the well-known memory matrix formalism
for traditional hydrodynamics can be applied, with relatively little modifica-
tion, to the question of operator growth in many-body quantum systems. On a
conceptual level, this shores up the connection between information scrambling
and hydrodynamics. At a practical level, it provides a framework for calculat-
ing quantities related to operator growth like the butterfly velocity and front
diffusion constant, and for understanding how these quantities are constrained
by microscopic symmetries. We apply this formalism to calculate operator-
hydrodynamical coefficients perturbatively in a family of Floquet models. Our
formalism allows us to identify the processes affecting information transport
that arise from the spatiotemporal symmetries of the model.

Keywords: hydrodynamics, operator spreading, scrambling, thermalisation,
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1. Introduction

Under time evolution a wide class of many-body quantum systems tend towards equilibrium,
where the final state is well described by a relatively small number of parameters such as
temperature or pressure. At this point, information about the local conditions of the initial
state is ‘scrambled’: it can no longer be determined by simple local measurements but is instead
encoded in increasingly delicate and complicated observables. The process of scrambling has
been the focus of intense study in the fields of black hole physics and holography [1–12],
integrable systems [13–17], random unitary circuits [18–24], quantum field theories [25–32],
and in the setting of chaotic spin-chains [33–43]. A principal reason for the flurry of interest
in scrambling is the striking universality observed in the information spreading dynamics of
apparently disparate models.

One universal feature of scrambling in ergodic systems is the ballistic growth of operators
(with ‘butterfly velocity’ vB), a feature connected to the universally observed linear growth of
quantum entanglement. This result has been demonstrated for random unitary circuits [19];
in 1D a simple picture emerges where operators grow according to biased diffusion [19, 20].
This picture is altered in the presence of additional symmetries which give rise to power-law
tails in the distributions of operator right end-points [21, 22]. In all of these cases, it appears
that in ergodic systems quantum information obeys a sort of hydrodynamics, with an unusual
conservation law, which we call ‘information conservation’. The purpose of the present work
is to show that the connection to hydrodynamics is not just an analogy and that a standard
hydrodynamical tool—the so-called memory matrix formalism (MMF) [44]—can be applied
with only a few technical (but consequential) modifications. Once we postulate a suitable slow
manifold (a concept we explain), the ballistic growth of information is inevitable; in the same
way that diffusion is inevitable in high temperature systems when the local conserved density
is identified as the sole slow variable. Moreover, the formalism provides a framework for the
perturbative calculation of information transport coefficients (e.g., the butterfly velocity) in
concrete models. This is useful because operator spreading tends to require working at infinite
temperature, where quantum field theoretic methods become harder to control. As such, the
MMF is one of the only tools available for the analytical calculation of operator transport
coefficients (although a similar effective membrane theory has been independently suggested
for the related issue of entanglement growth [45]).

This work is organized as follows. In section 2 we extend the MMF to include a slow mode
associated with the conservation of quantum information in the setting of translation invariant
one-dimensional Hamiltonian systems and in section 3 we do the same for translation invariant
one-dimensional Floquet models. Our formalism yields a succinct expression for the butterfly
velocity, and shows that the biased diffusion of operator fronts observed in ergodic systems
is arguably the simplest scenario consistent with the conservation laws. We also explain how
microscopic symmetries constrain the butterfly velocity and front diffusion constants (D). We
demonstrate the usefulness of the MMF in section 4 where we consider a translation invariant
Floquet circuit with no additional symmetries and give results for the circuit averaged butterfly
velocity and operator front diffusion constant in the limit of large local Hilbert space dimension

3
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q. In section 6.2, we calculate the O(1/q2) corrections to the butterfly velocity and attribute
various contributions to the discrete time translation symmetry and to the spatial translation
symmetry. Finally, inspired by this calculation we give predictions for vB and D for a family
of Floquet models to order O(1/q2). This calculation also serves as a consistency check on
our formalism, confirming that the slow manifold we have proposed is sufficiently complete
to perform hydrodynamical calculations.

2. Memory matrix formalism: operator spreading as a slow mode

The MMF is a method for predicting the hydrodynamical properties of many-body systems
[44, 46–48]. The input for the method is a Hamiltonian (or some other dynamics), as well as
a guess as to what the likely slow modes are in the system (the local densities of conserved
quantities are natural candidates). Under the assumption that all slow modes have been included
and that all remaining fast modes decay sufficiently rapidly, the formalism yields predictions
for the long-distance behavior of correlation functions involving the slow modes.

In this section, we adapt the formalism to include the slow mode associated with informa-
tion conservation in the setting of one-dimensional quantum systems with local dynamics, i.e.,
local Floquet circuits, or systems with local Hamiltonians. In this paper, the ‘conservation of
quantum information’ is equivalent to the statement that Heisenberg evolved operators have a
conserved Hilbert–Schmidt norm Tr(O†(t)O(t)) = const., a direct consequence of unitarity.

By averaging over choices of initial operator with the same right endpoint, we express the
distribution of operator right endpoints (or the ‘operator right density’ as we refer to it in this
paper), as an autocorrelation function of elements in the space of operators on two replicas
of the Hilbert space. Using the MMF, we investigate the pole structure of the corresponding
spectral function and give Kubo-like formula for the butterfly velocity vB and an expression
for diffusion constant D in terms of the memory matrix.

2.1. Quantifying operator spreading

We consider a one-dimensional lattice of N sites with single site Hilbert space Hlocal = Cq. The
space of operators on the full Hilbert space H is denoted B(H). A convenient basis for single
site operators are the generalised Pauli matrices1 {σμ}, a set of unitary matrices satisfying the
orthogonality relation Tr(σμ†σν)/q = δμ,ν . A time evolved operator O(t) can be expressed as
a linear combination of strings of generalised Pauli operators,

O(t) ≡ U†(t)OU(t) ≡ eitLO =
∑
μ

CO
μ (t)σμ. (1)

The time evolution is generated by a Hamiltonian H, U(t) = exp(−itH). In the second equality
we have introduced the Liouvillian L(·) = [H, ·],2 and in the last equality only the coeffi-
cients CO

μ (t) depend on time. We have normalised O such that the Hilbert–Schmidt norm gives

1 The generalised Pauli matrices are generated by the shift and clock matrices X and Z, σμ = Xμ(1)
Zμ(2)

. Where Xq =

Zq = 𝟙 and ZX = e
2πi
q XZ.

2 In the context of this paper, a Liouvillian L is a generator of Hamiltonian evolution (in operator space), as opposed
to a generator of Markovian dynamics in open quantum systems, as the name often refers.
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‖O‖2
HS = dim(H) = qN , this ensures

∑
μ|CO

μ |2 = 1. Following the work of [19, 20], we define
the right density ρR(x, t) (the probability of an operator having right endpoint at position x at
time t) by

ρR(x, t) ≡
∑
μ

|CO
μ (t)|2δ(Rhs(μ) − x), (2)

where Rhs(μ) denotes the rightmost site on which the Pauli string has non-trivial support.
Summing over the site positions in equation (2) gives us a conserved quantity,∑

x

ρR(x, t) =
∑
x,μ

|CO
μ (t)|2δ(Rhs(μ) − x) =

∑
μ

|CO
μ (t)|2 = 1. (3)

2.2. Operator right density as a correlation function

The starting point for the MMF is a temporal correlation function of slow variables, typically
local charge operators associated to a conserved quantity such as energy or charge. Analogous
to the local operators associated with energy or charge, we are able to associate pseudo-local
operators Ŵ x with the right density ρR. These operators, which we call the right density
operators, will play the role of slow variables in the MMF. One complication is that, rather
than being an operator on the original Hilbert space like charge/energy, Ŵx is an operator on
operators—a super-operator (or equivalently an operator on two replicas of the original Hilbert
space). Thus, in our application of MMF, we will be studying the dynamics of super-operators
like W x , eventually writing ρR as a temporal correlation function of ‘vectorised’ right density
operators |W x〉. This serves as the starting point for the MMF. Ŵ x is implicitly defined in the
equation for ρR(x, t) below,

ρR(x, t) ≡ 〈O(t)|Ŵ x|O(t)〉, 〈a|b〉 ≡ Tr(a†b), (4)

where the inner-product 〈a|b〉 is the infinite temperature operator inner-product suitable for
B(H). An explicit definition of Ŵ x is given by

(5)

where Λ̂+ is the identity super-operator, Λ̂− is the projector onto the identity operator and Λ̂0

is the projector onto the space of non-identity operators. Algebraically, Λ̂± are given by

Λ̂+ ≡
∑
μ

|σμ〉〈σμ|
q

, Λ̂− ≡ |𝟙〉〈𝟙|
q

, Λ̂0 ≡ Λ̂+ − Λ̂−. (6)

By writing equtaion (4) in the language of tensor diagrams, we make the following manipula-
tions to write the density ρR(x, t) as an overlap of two ‘vectors’,

(7)

We view the final expression as the inner-product of two vectors in the vector space W ≡
B(H) � B(H) of operators acting on two replicas of the Hilbert space (we have used a boxed

5
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tensor product to represent the tensor product between two copies of the operator space). In
particular, this allows us to write the density ρR as a temporal correlation function of the form
〈A(t)|B〉W as shown below,

ρR(x, t) ≡ 〈O(t)|Ŵx|O(t)〉 ≡ 〈O(t) � O(t)†|Wx〉W , 〈A|B〉W ≡ Tr(A†B), A, B ∈ W . (8)

Elements of W can be written as linear combinations of vectors |A � B〉, which has the
following diagrammatic representation,

(9)

where the legs 1, 1, 2, 2, represent the indices of the operators A and B which act on the first
and second replica respectively. An inner-product of two states has the obvious meaning of
connecting legs,

One also needs to include a rule for moving a symbol around a bend to ensure consistency,

The manipulation of equation (7) has the following consequences for the Λ̂± and Λ̂0,

Λ̂+ → q |+〉 ≡ 1
q

∑
μ

∣∣σμ � σμ†〉 , Λ̂− → |−〉 ≡ 1
q
|𝟙� 𝟙〉 , Λ̂0 → q |0〉 ≡ q |+〉 − |−〉 ,

(10)

where we have chosen to normalise the vectors |+〉 and |−〉, 〈±| |±〉 = 1 (this introduces
factors of q that differ from equation (6)). The vectors |±〉 take a simple diagrammatic form,

(11)

The vectorised right density super-operators |Wx〉 are then given by

(12)

6
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where d>x is the dimensions of the subsystem of sites to the right of site x. A closely
related super-operator is the purity super-operator F̂x , given by

(13)

where d�x is the dimension of the subsystem of sites r � x. Using this super-operator, we are
able to represent the purity γ�x(t) of the system (partitioned into a subsystem left (inclusive)
and right of x) as a matrix element,

dH 〈ρ(t)| F̂x |ρ(t)〉 dH ≡
〈
ρ(t)† � ρ(t)

∣∣ |Fx〉W ≡ Tr�x(ρ�x(t)2) ≡ γ�x(t), (14)

where ρ(t) is the density matrix for the state of the system. Up to an overall constant, the purity
operators Fx and the integrated right density operators,

∑
y�x W y, are equivalent. Therefore,

the W x can be written as a difference of (re-scaled) Fx’s,

Wx =
1

d>x
Fx − 1

d>x−1
Fx−1. (15)

Time evolution in the doubled operator space W is generated by a doubled Liouvillian
L ≡ L � 𝟙+ 𝟙� L, which evolves both replicas of the operator space independently. The time
derivative of Wx(t) ≡ eiLt(Wx) is given by ∂tWx(t) ≡ iL(Wx(t)). We can use this to write down
a continuity equation for W x ,

∂tW
x +Δx(Jx) = 0, Δx(Jx) ≡ Jx − Jx−1, (16)

where Jx = −iL(Fx)/d>x is the current associated with the operator right density. The currents
Jx are pseudo-local super-operators; they look, locally, like Λ+ everywhere to the left the cut
{x, x + 1} and Λ− everywhere to the right. Local unitary evolution acts trivially in the + and
− domains. We show this by considering the action of a (single-site) Liouvillian Li at site i in
the + domain,

(17)

By moving the conjugated Hamiltonians around the ‘bend’ from the barred legs onto the
unbarred legs, we find that the first and fourth terms cancel, as do the second and third. This
can be easily generalised to l-local interactions. By swapping legs 1 ↔ 2 in equation (17), we
the find the action of L in the − domain. The region separating the + and − domains can only
grow via the local evolution at its edges. In this sense, one can consider equation (16) to be an
equation of local conservation of operator right density.

2.3. Operator averaging

Rather than consider the evolution of the right density for a particular operator O, we average
over the all operators with right endpoint x. Doing this in the basis of generalised Pauli matrices,
the averaged density ρR(x, y, t) is given by

ρR(x, y, t) ≡ q2

q2 − 1
1

d2
�x

∑
Ox

〈
O†

x � Ox

∣∣ e−itL|Wy〉W , (18)

7
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where we have pulled the time evolution out from the operators O(t). The factor before
the sum is normalisation for the average (the reciprocal of the number of linearly independent
operators with right endpoint x). This is in fact just a temporal-correlation function between
right density super-operators,

ρR(x, y, t) =
q2d2

>x

q2 − 1
〈Wx| e−itL |Wy〉 . (19)

The W x are orthogonal but not normalised with respect to the trace inner-product. The result
of this is that the Fourier transformed right-densities W k are not orthogonal. This lead us to an
unusual inner-product

(
·|·
)

with respect to which the W x are orthonormal,

(
A|B

)
≡ 〈Φ (A)| |B〉W = Tr

(
Φ(A)† B

)
. (20)

Where Φ is given by

Φ ≡
∑

x

1
χ2

x
|Wx〉 〈Wx|+ Q, χx ≡ 〈Wx| |Wx〉 = q2 − 1

q2d2
>x

, =⇒ Φ |Wx〉 = 1
χx

|Wx〉 .

(21)

Q is the projector onto the fast subspace Q, the orthogonal complement3 of the slow subspace
P ≡ Span{Wx}. A proof that

(
·|·
)

satisfies the axioms of an inner-product is found in appendix
A. We must be careful with expression equation (19) as L is not self-adjoint with respect to
this inner-product. Making the operator average implicit, the right density becomes

ρR(x, y, t) =
(
Wx|e−itL|Wy

)
. (22)

The position dependent re-scaling of the right densities W x by Φ reflects the strong entropic
bias for operators to grow, i.e., for y > x we find

(
Wx|e−itL|Wy

)
= q2(y−x)

(
Wy|eitL|Wx

)
. (23)

Operators are exponentially more likely to grow than to shrink4.

2.4. Spectral and memory function

Having expressed the right density as a correlation function, we now investigate its late time
behavior. A helpful diagnostic in the long time behaviour of a correlation function is the pole
structure of the corresponding spectral function,

ρx,y (z) =

(
Wx

∣∣∣∣ i
z − L

∣∣∣∣Wy

)
=

∫ ∞

0
eizt

(
Wx

∣∣e−itL∣∣Wy
)

dt. (24)

Fourier transforming in space will allow us to express the poles at small z in terms of a
wave-number k. In particular this allows us to characterise the long-time and long-wavelength

3 Orthogonal with respect to the inner-product 〈·| |·〉, or equivalently
(
·|·
)

.
4 Evolution with L and −L can give rise to differing butterfly velocities (in section 2.5.2 we identify these as vR and
vL, the right/left velocities).

8
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behaviour of the averaged density ρR(x, y, t). The density super-operators in k-space are given
by

Wk =
1√
N

∑
x

e−ixkWx ,
(
W p|Wk

)
= δk,p. (25)

We choose to center the lattice at x = 0. In the k-space, the spectral function is given by

ρk,p (z) =

(
Wk

∣∣∣∣ i
z − L

∣∣∣∣W p

)
. (26)

By taking P ≡ Span{Wk} as the slow space in the MMF, we use some formal manipulations
of resolvent operators [44] to express the spectral function as

ρk,p (z) = i
[
z𝟙− Ω+ iΣ (z)

]−1

k,p
, (27)

where Ωk,p ≡
(
Wk |L|W p

)
and Σ(z)k,p is the memory matrix,

Σ(z)k,p =

(
Wk

∣∣∣∣LQ
i

z − LQ
L
∣∣∣∣W p

)
. (28)

By writing [A, · ] = lA − rA, where lA (rA) is left (right) multiplication by A, we can express
the doubled Liouvillian as L = (lH − rH) � 𝟙+ 𝟙� (lH − rH). It is simple to check using
equation (13) and (11) that 〈Fx| lH � 𝟙 |Fy〉 = 〈Fx| rH � 𝟙 |Fy〉 = q−|y−x| Tr(H) (and equiv-
alently for multiplication by H in the second replica). This gives 〈Fx| L |Fy〉 = 0 and, by
linearity, Ωk,p = 0.

For translationally invariant systems (in the thermodynamic limit N →∞), the memory
matrix is diagonal, Σ(z)k,p = Σ (k, z) δk,p and the inverse of z𝟙+ iΣ (k, z) is readily calculated,

ρk,p(z) = ρ(k, z)δk,p, ρ(z, k) =
i

z + iΣ (z, k)
. (29)

The long-time and long-wavelength pole structure is found by expanding the memory function
Σ (z, k), for small k and z. The k-space representation of the continuity equation equation (16)
is then given by,

∂tW
k ≡ iL

(
Wk

)
= −(1 − e−ik)Jk, (30)

where Jk = 1√
N

∑
xe−ikxJx. Putting this back into the memory matrix yields

Σ (k, z) = −i(1 − e−ik)

(
Wk

∣∣∣∣LQ
i

z − LQ

∣∣∣∣ Jk

)
(31)

= −v (z) ik − b (z) k2 + · · · . (32)

This will give the pole structure

ρ(k, z) ∼ i
z − v (z) k + ib (z) k2 + · · · . (33)

Provided the analyticity of v(z) and b(z) as−iz → 0+, this will be precisely the pole structure
associated with a biased diffusion equation. This analyticity condition is met so long as we can
assume that the fast variables Jk and LΦ(Wk) have rapidly decaying correlations (faster than
1/t).

9
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2.5. Butterfly velocity and diffusion constant

In this section we provide formal expression for the butterfly velocity vB and diffusion constant
D and sufficient conditions for the symmetry of the operator growth light-cone, vL = vR and
DL = DR.

2.5.1. Formal expressions for vB and D. Using equation (32), the butterfly velocity vB is
given by

vB = lim
z→i0+

v(z), v(z) = lim
k→0

− i∂kΣ(k, z). (34)

We introduce the proxy σ(k, z), defined as

σ(k, z) =

(
Wk

∣∣∣∣L i
z − LL

∣∣∣∣Wk

)
, Σ(k, z) =

σ(k, z)
1 + σ(k, z)/z

. (35)

Using L(Wk) ∼ k, we conclude that limk→0σ/k = limk→0Σ/k, provided that we take the k → 0
limit before taking z → i0+. Using this, we give a Kubo-like formula for vB,

vB = i lim
s→0

∫ ∞

0
dt e−st

(
W |L| J(−t)

)
, (36)

where J ≡ Jk=0 and W ≡ W k=0. Converting to the usual trace inner-product, we have(
W |L| J(−t)

)
= 〈LΦ(W)| |J(−t)〉. Importantly, Φ and L do not in general commute5. If they

were to commute, we would find L(Wk=0) = 0 and hence vB = 0, which would lead to the
incorrect conclusion that information propagates diffusively rather than ballistically. Using the
biased diffusion ansatz for the pole location,

z = vBk − iDk2 +O(k3), (37)

the diffusion constant is given by

D = lim
z→i0+

lim
k→0

(
vB∂z∂kΣ+

1
2
∂2

kΣ

)
. (38)

2.5.2. vR �= vL and the operator growth light-cone. Generically, the right and left butterfly
velocities, vR and vL, are not equal [42, 49, 50]. In this section we relate vR and vL in a way
that gives rise to a light-cone structure. We then determine sufficient conditions for a symmet-
ric light-cone, vR = vL and symmetric fronts DL = DR. We need to adapt our notation when
talking about both left and left and right density distributions at once, to do this we denote
Wx

R as the familiar right density super-operators and Wx
L to be the left density super-operator.

The altered inner-product is also right/left dependent, with
(
·|·
)

R
(
(
·|·
)

L
) corresponding to

the inner-productive suitable for right (left) endpoint calculations. The right and left density
distributions are given by

ρR(x, t) =
(
W0

R

∣∣e−itL∣∣Wx
R

)
R

, ρL(x, t) =
(
W0

L

∣∣e−itL∣∣Wx
L

)
L
. (39)

The equations for vL and DL are found to be

vH
L = lim

z→i0+
lim
k→0

i∂kΣ
H
L (k, z), DH

L = lim
z→i0+

lim
k→0

(
−vL∂z∂k +

1
2
∂2

k

)
ΣH

L (k, z). (40)

5 An example where [Φ,L] = 0 is when the Hamiltonian does not couple any sites, i.e., vB = 0.
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Where we have introduced a superscript H to label which Hamiltonian the systems is being
evolved with. In order to convert between these distributions let us introduce the involution I,
the spatial inversion symmetry operation, x →−x. It has the following action on the density
super-operators and the Liouvillian,

I |Wx
L〉 =

∣∣W−x
R

〉
, ILHI = LHI , (41)

where HI is the spatially inversion of the (translationally invariant) Hamiltonian H. Using this
involution on ρL gives the following

ρH
L (x, t) =

(
W0

L

∣∣e−itL∣∣Wx
L

)
L
=

1
χ0

〈
W0

L

∣∣ I2e−itLI2 |Wx
L〉 =

1
χ0

〈
W0

R

∣∣ e−itLI
∣∣W−x

R

〉
=

(
W0

R

∣∣e−itLI
∣∣W−x

R

)
R
= ρHI

R (−x, t), (42)

where χ0 =
〈
W0

R

∣∣ ∣∣W0
R

〉
=

〈
W0

L

∣∣ ∣∣W0
L

〉
. We have added labels to make clear under which

Hamiltonian the system is being evolved. This relation implies the following,

ΣH
L (k, z) = ΣHI

R (−k, z). (43)

Using this and expressions for vR/L and DR/L (equations (34), (38) and (40)), we find the
relationship between vL and vR and DL and DR to be

v(H)
L ≡ v(HI)

R , D(H)
L ≡ D(HI)

R . (44)

This implies a physically obvious result: in an inversion symmetric system the left and right
velocities are equal. A somewhat less obvious result is the following:

Remark. For a translationally invariant Hamiltonian H, if there exists a transformation R
that performs single site basis rotations, such that R†HR = −H or R†HR = H∗, the operator
growth light-cone is symmetric, vL = vR and DL = DR.

The second of these sufficient conditions applies for systems with a time-reversal/anti-
unitary symmetry, provided that the symmetry transformation can be achieved with single site
transformations. Before we prove this result, we will apply it to several models:

• An example where both sufficient conditions are met is the spin-1/2 model
H = −

∑
〈i, j〉 JYiZ j −

∑
i hXi. The choice of R = Y⊗N gives {R, H} = 0. Alternatively,

if we had chosen R to be a product of Pauli X operators on every even site and 𝟙 on every
odd site, we find R†HR = H∗, (a time-reversal symmetry). Despite this model lacking
inversion symmetry, it has a symmetric operator light-cone, vL = vR and DL = DR.

• An example where the second of the sufficient conditions is met is given by
another spin-1/2 model with two-body interactions and no external field coupling,
H = −

∑
i, j

∑
α,β Jα,β

i, j σ
α
i σ

β
j . By choosing R = Y⊗N , only σα

i σ
β
j terms containing a single

Y are sent to their negatives, every other term remains unchanged. The terms that flipped
sign make up the imaginary part of H, hence H → H∗, so that yet again vL = vR.

• Taking the integrable and non-integrable Hamiltonians of [42], in the special case λ = 0
the Hamiltonians lack inversion symmetry but satisfy both of the sufficient conditions
above, giving vL = vR in agreement with the results in [42].

11
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To prove this result we make use of the symmetry operation S = (1 ↔ 2), which swaps the
legs 1 and 2 on every site. S has the property S |Wx

R〉 = |Wx
L〉 and is a symmetry ofL. Therefore,

ρH
L (x, t) =

(
W0

L

∣∣S2e−itLH S2
∣∣Wx

L

)
L
=

1
χ0

〈
W0

L

∣∣ Se−itLH S |Wx
L〉

=
1
χ0

〈Wx
R| e−itLH

∣∣W0
R

〉
=

1
χ0

〈
W0

R

∣∣ eitLH
∣∣W−x

R

〉∗
=
(
W0

R

∣∣eitLH
∣∣W−x

R

)∗
R
= ρ−H

R (−x, t), (45)

where we have used the reality of the density. Using this gives

ΣH
L (k, z) = Σ−H

R (−k, z) =⇒ v(H)
L ≡ v(−H)

R , D(H)
L ≡ D(−H)

R . (46)

This implies the existence of a light cone structure, where the future light cone is a π rotation
of the past light cone. If, in the final equality of equation (45), we had brought the complex
conjugation onto each term, we would have instead found

ΣH
L (k, z) = ΣH∗

R (−k, z) =⇒ v(H)
L ≡ v(H∗)

R , D(H)
L ≡ D(H∗)

R . (47)

We can generalise this by considering any transformation which performs on-site basis rota-
tions, such a transformation is an isometry of the density super-operators, |Wx〉. Letting
R =

∏
x Rx be a product of unitary rotations, we can freely conjugate H by R at any point

in equation (45) (on-site rotation is an isometry of W x) and maintain equality. This gives

vH
L ≡ v(R†HR)∗

R ≡ v−R†HR
R , DH

L ≡ D(R†HR)∗
R ≡ D−R†HR

R . (48)

3. MMF for Floquet models

With only minor changes, the MMF generalises to Floquet models. In this section we repeat a
number of steps taken in the continuous time case, finding Floquet analogues of the memory
matrix and Ω. The main results of this section are equation (56) for the Floquet analogue of Σ
and Ω and formal expressions equation (58) for vB and D (and a Kubo-like formula for vB in
equation (61)). Readers only interested in main results should look at these equations and skip
the rest of the section.

Let U be a Floquet unitary, then the Heisenberg evolution of an operator O is given by

O(n) = U−n
ε OUn

ε . (49)

Writing Uad = lUrU−1 , where lU (rU) is left (right) multiplication by U, allows us to rewrite the
operator evolution as

O(n) = (Uad)−n(O). (50)

Evolution of elements in the doubled operator space W is given by

(A � B) (n) = (Uad � Uad)−n(A � B). (51)

Denoting U = Uad � Uad, the evolution of an element X ∈ W is given compactly by

12
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X(n) = U−n(X). (52)

Using equation (52), we define the discrete time derivative ΔtX(t) ≡ X(t) − X(t − 1) =
−LX(t), where L = U − 𝟙. The Floquet analogue of the continuous time continuity equation
equation (16) is then given below, where we have analogously defined a current J,

ΔtW
k(t) = −(1 − e−ik)Jk(t), Jx ≡ 1

d>x
L(Fx), (53)

Following the steps in section 2.1, the operator averaged right density is given by

ρ(x, y, n) =
(
Wx |Un|Wy

)
. (54)

For translationally invariant Floquet models, the spectral function ρ(z, k) is given by
equation (55), in analogy to equation (29) in the Hamiltonian case,

ρ(k, z) =
1

1 − eiz(1 +Ω+Σ)
. (55)

Ω and the memory matrix Σ are given, in analogy to equation (28), by

Ω(k) =
(
Wk |L|Wk

)
, Σ(k, z) =

(
Wk

∣∣∣∣LQ
1

e−iz − 1 − LQ
L
∣∣∣∣Wk

)
. (56)

Unlike in the Hamiltonian case, Ω does not in general vanish, as L ≡ U − 𝟙 is not a (doubled)
Liouvillian. The pole of the spectral function encodes the long time/distance hydrodynamical
limit, and is given by equation (57),

z = i log(1 +Ω(k) +Σ(k, z)). (57)

Using the biased diffusion ansatz equation (37), the butterfly velocity and operator front
diffusion constants are formally given by

vB = lim
z→i0+

lim
k→0

i∂k (Ω + Σ) , D = − lim
z→i0+

lim
k→0

(
∂z∂k +

1
2
∂2

k

)
(Ω+ Σ) − v2

B

2
. (58)

As in the continuous time case, the memory function is difficult to calculate. Once again, it
is convenient to define an auxiliary quantity σ, defined as

σ(k, z) ≡
(

Wk

∣∣∣∣LQ 1
e−iz − 1 − LQL

∣∣∣∣Wk

)
, Σ =

σ

1 + σ
e−iz−1−Ω

. (59)

Using L(Wk) = i(1 − e−ik)Jk ∼ k, as in the continuous time case, we deduce both Σ(k, z) ∼ k
and σ(k, z) ∼ k for small k. Once again giving

lim
k→0

Σ(k, z)/k = lim
k→0

σ/k

1 + (σ/k)k
e−iz−1−Ω

= lim
k→0

σ(k, z)/k. (60)

By using this equivalence and by splitting the current J it up into its slow and fast components
Jk

P = P(Jk) and Jk
Q = Q(Jk), we find the Kubo-like formula for vB, analogous to equation (36)

found in the continuous time case,

vB = −
(
W|JP

)
− lim

s→0+

∞∑
t=0

e−st
(
W|LQ|JQ(−t)

)
, (61)
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Figure 1. A Floquet layer with two-local gates followed by a layer of single-site
scramblers V.

where J = Jk=0 and W = W k=0. Although a slightly different object to the Liouvillian used
in the continuous time case, it remains true that L does not commute with Φ. Leading again,
inevitably, to the ballistic spreading of operators.

4. A minimal Floquet model

As a test of the formalism, we investigate a translationally invariant Floquet model with on-site
random unitary scramblers. We take the single site Hilbert space to be dimension q and choose
the Floquet unitary to be composed of a layer of nearest neighbour two-site unitary gates,
followed by a layer of on-site Haar random scrambling unitary V applied to every site (figure 1),
this ensures that the model has no additional conservation laws beyond those guaranteed by
unitarity,

Uε = V⊗Ne−iεH , H =
∑

j

Z jZ j+1. (62)

The coupling unitary can be written as a product of commuting two-site unitaries e−iεH =∏
j e−iεZ jZ j+1 . A single gate e−iεZxZx+1 = cos(ε)𝟙x𝟙x+1 − i sin(ε)ZxZx+1, straddling sites x and

x + 1, has diagrammatic representation

(63)

Where a black dot represent a Z operator,

(64)

Likewise, the conjugate of the gate eiεZxZx+1 is given by

(65)
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We write the Floquet unitary for the doubled operator space as U = UZV , where UZ = e−iεH ⊗
eiεH ⊗ e−iεH ⊗ eiεH contains the two-local gates and V is the on-site scrambling unitary (appro-
priate for the four copies of state space). As in the case with a single replica, we split UZ up
into a product bricks Ux,x+1, given by Ux,x+1 = e−iεZxZx+1 ⊗ eiεZxZx+1 ⊗ e−iεZxZx+1 ⊗ eiεZxZx+1 .
This replicated gate has the diagrammatic representation

(66)

On each leg (labelled by the replica index 1, 1, 2, 2 introduced in equation (9) and by site posi-
tion), the brick has the option of carrying either a Z or a 𝟙. If a leg is carrying a non-identity
factor A, we say that the leg is decorated and that the factor A is the decoration. In this spirit,
and using equations (63) and (65), we find the decoration expansion of the brick to be given
by

(67)

Multiplying 〈Fx| by a layer of two-site gates yields the following,

(68)

where

g(ε) ≡ cos(4ε) − 1
4

, and h(ε) ≡ sin(4ε)
4

. (69)

We have only depicted the sites x and x + 1 either side of the cut (the domain wall between the
+ and − wiring configurations). Every brick Ur,r+1 that does not straddle the cut is ‘absorbed’
into the state using the property

(70)
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To see this, we notice that the state 〈+| ⊗ 〈+| connects the replica 1 with 2 and 2 with
1 (see equation (11)), so that the two copies of Ur,r+1 each find a copy of U†

r,r+1 to yield
〈+| ⊗ 〈+| Ur,r+1 = 〈+| ⊗ 〈+|. The isometry of Ur,r+1, S = (1 ↔ 2), relates 〈+| and 〈−|
through 〈±| S = 〈∓|. Using this isometry, the first equation in equation (70) implies the second.

The calculation of Ω(k) is then straight forward. By utilising translational symmetry and
definition equation (25) for the momentum space density super-operators W k, we write

Ω(k) ≡
(
Wk |(U − 𝟙)|Wk

)
= η(k)(1 − e−ik)

∑
x

qxe−ikx〈F0 |(U − 𝟙)|Fx〉, (71)

where η(k) = 1−q−2eik

1−q−2 . When the cuts are misaligned (x �= 0), equation (70) can be used

to say
〈
F0
∣∣ (U − 𝟙) |Fx〉 =

〈
F0
∣∣ (U0,1 − 𝟙) |Fx〉 =

〈
F0
∣∣ (𝟙− 𝟙) |Fx〉 = 0. For aligned cuts

(x = 0), equation (68) yields
〈
F0
∣∣ (U − 𝟙)

∣∣F0
〉
= g(ε). Ω(k) is then succinctly given by

Ω(k) = η(k)(1 − e−ik)g(ε). (72)

In section 6.2 we will see that the circuit averaged6 memory matrix is O(1/q2). Therefore we
can use Ω alone in equation (58) to obtain a leading order expression for vB and D

v0(ε) ≡ lim
q→∞

〈vB(ε)〉 = 1 − cos(4ε)
4

, lim
q→∞

〈D(ε)〉 = v0(1 − v0)
2

. (73)

A straightforward calculation shows that brick-work circuits with commuting even and odd
bricks (within one Floquet layer) have a strict light-cone of vLC = 1 (as opposed to vLC = 2 in
brick-work circuits with non-commuting even and odd layers). Notably, the O(1) expression
equation (73) for D vanishes when there is either no ballistic spreading (vB = 0) or when oper-
ators spread at the light-cone velocity (vB = 1), although it should be noted that v0 can never
approach this limit in this particular model, 0 � v0 � 1/2. This is reassuring as an operators
spreading at the geometric light-cone velocity must have a front with zero width.

The operator spreading dynamics of this model occupies a markedly different regime than
that of holographic/SYK physics which exhibit a sharp front and of random unitary circuits
[19, 20], where the operator front diffusion constant is strongly suppressed at large q and vB

is close to the maximum velocity allowed by any (two-local) brick-work circuit (recent work
[43] investigates the crossover from holographic to random circuit behaviour of the front). In
the large q limit of our Floquet circuit, the operator front diffusion constant is roughly the same
size as vB, which itself is far from the light-cone velocity.

5. Corrections from memory effects: a summary

We have so far calculated the contributions to information transport (the butterfly constant vB

and operator front diffusion constant D) coming from slow processes only. In the remainder
of this paper we perturbatively calculate the corrections to the butterfly velocity coming from
the fast processes packaged in the memory matrix. The parameter that controls this perturba-
tive expansion is 1/q, and the corrections are a sum of real-time Feynman-like diagrams. This
perturbative expansion encounters technical subtleties at large times where q →∞ asymptotic

6 A circuit average refers to the average of the Haar random unitary V .
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methods are insufficient for circuit averaging. Fortunately, we are able to resolve this subtlety
by conjecturing that processes contributing to the memory matrix possess a natural exponential
decay timescale τ (ε) ∼ 1/|g(ε)| 7 for the (circuit averaged) real-time memory matrix. We pro-
vide analytical evidence backing this conjecture. This allows us to argue that the problematic
large-time contributions are in-fact subleading, enabling us to safely compute corrections from
memory effects to O(1/q2).

In section 6.1, we present the tools for the computation of memory effects at O(1/q2).
These tools are q →∞ scaling results for the Haar average of correlators and products of
correlators. For proofs of these results see [51]. In section 6.2, we use these large q results to
computeΣ(t), finding that the leading order contributions decay exponentially with a timescale
τ (ε) ∼ 1/|g(ε)|. Although only valid for times t � q, this result motivates our conjecture that
the exponential decay ofΣ(t) persists to arbitrarily late times. A detailed discussion of late-time
correlation functions and limitation of the large q results of section 6.1 is given in section 7.1.

Before going through the calculation of memory corrections in detail, we present the result
of section 6.2, in the form of a circuit averaged butterfly velocity,

〈vB〉 = v0(ε) + δvS(ε) + δvF(ε) +O(1/q3), (74)

where the memory corrections δvS(ε) and δvF(ε) are given at O(1/q2) by

δvS(ε) =
1
q2

1 + 5s − 4s2

1 − s − 3s2
, δvF(ε) = 2

g2

q2
(ν(ε) − f (ε)), (75)

with s(ε) = sin(ε)2 cos(ε)2 and ν(ε) = [4(1 − 2s)(1 − s(1 − 2s))]−1 and where f (ε) is given to
good approximation8 (figure C2) by

f (ε) =
1
7

s(ε)(1 − 4s(ε))2(1 + 6.8s + 16.1s2). (76)

It turns out that the contribution δvS(ε) only arises because of the spatial (S) translation sym-
metry of the model: the scramblers in any particular Floquet layer are identical. On the other
hand, δvF(ε) arises due to both the spatial and Floquet (F) symmetries in the problem. To see
this, we analyse variations of the model without spatial translation and Floquet symmetry (see
appendix E). In figure 2 we plot the different contributions to 〈δvB〉 ≡ 〈vB〉 − v0.

Spatial disorder is often associated with localization, and a suppression of transport. On
the other hand the spatiotemporal randomness in random circuits promotes ergodicity, and
the rapid growth of operators. Our results for vB are more in agreement with the former intu-
ition—translational symmetry enhances transport—because the butterfly velocity receives an
enhancement δvS > 0 when spatial translation symmetry is present. Even less obvious is the
role of Floquet symmetry; like translational symmetry, we find an enhancement δvF > 0 to
vB. It will be interesting to understand whether these effects are robust at higher orders in
perturbation theory, and hold for more general time evolutions.

We now briefly discuss the difficulties with small ε. The ε→ 0 limit represents an obvious
sanity check on our results, but also represents a challenging limit in a memory matrix calcu-
lation. As ε→ 0, the memory time must diverge, limiting our ability to truncate the memory

7 g(ε) is as defined in equation (69).
8 f (ε) is found by numerically evaluating a sum involving a 5 × 5 transfer matrix in appendix C and the form for the
fitting function is motivated in section 6.3.
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Figure 2. The contributions δvS(ε) and δvF(ε) to 〈δvB〉. As ε→ 0, the perturbative
expansion in 1/q breaks down (see section 7.2). δvB must rapidly approach zero, in
appendix E.1 we argue that this happen over an O(1/q) window.

effects. This is demonstrated in the failure of equation (74) for vB to vanish for ε = 0 where
sites decouple and the butterfly velocity is zero. As the memory time reaches t ∼ q, or equiva-
lently once ε ∼ 1/q, our perturbative expansion in 1/q breaks down. Therefore, the corrections
〈δvB〉 as given in (74) are valid only for ε > O(1/q), below which 〈δvB〉 must quickly go to
zero as shown in figure 2. We discuss this in detail in section 7.2.

6. Calculating corrections from memory effects

In this section we first present the large q scaling results that form the backbone of the per-
turbative expansion of Σ(t), before presenting a intricate booking keeping of the O(1/q2)
contributions in section 6.2.

6.1. Averaging n-point correlation functions and their moments

In this section we will present several useful theorems concerning the Haar averages of cor-
relators and products of correlators with random unitary dynamics. The reader is directed
to [51] for the proofs of the theorems below. We need only consider correlation functions
involving Z’s:

〈Z(t)〉 ≡ 〈Z(t1) . . .Z(tn)〉 = 1
q

Tr[Z(t1) . . .Z(tn)], (77)

where t = (t1, . . . , tn) and Z(t) = Z(t1) . . .Z(tn) is a product of n ‘scrambled’ Pauli Z matri-
ces Z(t) = VtZV−t (with a Haar random unitary V ). We call correlators of form equation (77)
arbitrary-time-ordered (ATO) n-point correlation functions as the times ti are not forced to be
ordered. A correlator is trivial if Z(t) = 𝟙. For the purposes of this section, we assume that
none of the correlators are trivial.

Before we present the theorems, let us introduce what we call the decoration delta constraint,
δA,B. This is zero unless the two operators A = Z(a1), . . . , Z(an) and B = Z(b1), . . . , Z(bn)
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are equal, AB−1 = 𝟙, for all scrambling unitaries V. If the strings a = (a1, . . . , an) and b =
(b1, . . . , bn′) do not have repeated consecutive times, then the delta constraint simply checks
that a = b. Otherwise, we need to introduce a concept called the minimal form of a operator.

Definition 1 (Minimal form). With Z(t) = Z(t1) . . .Z(tn) as a product of scrambled Pauli
Z operators andZ(t′) = Z(t′1) . . .Z(t′n) as the form reached after exhaustively using the property
Z(t)2 = 𝟙, we define the minimal form of Z(t) as Min(Z(t)) ≡ Z(t′). We also define the
minimal form of the string t as Min(t) ≡ t′.

We can then give a more general definition of the delta constraint.

Definition 2 (Decoration delta constraint). The delta constraint δA,B on operators A =
Z(a1), . . . , Z(an) and B = Z(b1), . . . , Z(bn) is defined by

δA,B =

{
1, if Min(a) = Min(b)

0, otherwise.
(78)

Theorem 1. The Haar average of a product of p ATO correlators has the following scaling
behaviour, ∫

dU〈Z(t1)〉 · · · 〈Z(tp)〉 = O(1/q2�p/2�) as q →∞. (79)

Theorem 2. The Haar average of a product of two ATO correlators is given by∫
dU〈Z(t)〉〈Z(t′)〉∗ = S(t)

q2

∑
τ∈Z

δZ(t+τ ),Z(t′) +O(1/q3) as q →∞, (80)

where we have used the decoration delta constraint and where the sum over τ allows for t and
t′ to differ by a global shift in time. The symmetry factor S(t) counts the degree of cyclic symme-
try of the list of times t, if there exists n cyclic permutationsα such that α(t) = t, then S(t) = n.
We will often study a special subset of ATO correlators, which we dub physical OTOCs. These
take the form 〈ZΓ1Z(T)Γ†

2
ZΓ2Z(T)Γ†

1
〉, where Γi = Z(1)si

1Z(2)si
2 . . . Z(T − 1)si

T−1 for binary
strings si = (si

1, . . . , si
T−1).

Theorem 3. The Haar average of a physical OTOC is given by∫
dV〈ZΓ1Z(T)Γ†

2
ZΓ2Z(T)Γ†

1
〉

=
1
q2

(
δ
Γ1Γ

†
1
Γ2Γ

†
2
,𝟙 − δΓ1,Γ2δΓ2,Γ1 − δΓ1,Γ1δΓ2,Γ2

)
+O(1/q3), (81)

where we have again used the decoration delta constraint. This result relies on theorem 4 of
[51] and is obtained in equation (B.6) of appendix B.

6.2. Computing Σ at O(1/q2)

We now compute the memory matrix at leading order in 1/q, enabling us to calculate the
butterfly velocity to O(1/q2). As discussed in section 3, we calculate the proxy σ(k, z) instead

19



J. Phys. A: Math. Theor. 55 (2022) 274007 E McCulloch and C W von Keyserlingk

of Σ(k, z). We will find that the O(1/q2) contributions to σ(k, t) decays exponentially fast with
a decay-rate γ(ε) ≈ 2|g(ε)| set by the interaction strength ε.

It is convenient to express σ(k, z) as

σ(k, z) = η(k)(1 − e−ik)D(k, z), (82)

where

D(k, z) =
∑

x

qxe−ikxD(x, z), D(x, z) = qx
〈
F0
∣∣LQ 1

e−iz − 1 − LQL |Fx〉 .

(83)

Corrections to vB from fast processes (i.e., processes counted by Σ) are then given by

δv = lim
z→i0+

lim
k→0

iσ(k, z)/k = −D(k = 0, z = 0). (84)

We will often work with the real time version of D,

D(x, T) = qx
〈
F0
∣∣LQUT−1QL |Fx〉 . (85)

We separate the scrambling part of each Floquet layer from the two-local bricks as before;
U = VUZ. Then a product Un can be written Un = UZ(1)UZ(2) . . .UZ(n)Vn where
UZ(t) = V tUZV−t. One consequence is that

〈F0|L = 〈F0|U − 〈F0|𝟙 = 〈F0|VUZ − 〈F0| = 〈F0|LZ , (86)

where LZ = UZ − 𝟙. We can similarly show L |Fx〉 = VLZ |Fx〉. Using this and [V ,Q] = 0
and simplifying the notation LZ → L and UZ → U, D(x, T) can be written as

D(x, T) = qx
〈
F0
∣∣ LQU(1) . . .U(T − 1)QL(T) |Fx〉 . (87)

Using the decoration expansion for each brick equation (67), we express D(x, T) as a sum over
decorations Γ,

D(x, T) =
∑
Γ

CΓDΓ(x, T), DΓ(x, T) = qx
〈
F0
∣∣LQΓQL(T) |Fx〉 . (88)

Γ = ⊗rΓ
r is a product of decorations on every site. The decoration on some site r is given by

Γr = Γr
1 ⊗ Γr∗

1 ⊗ Γr
2 ⊗ Γr∗

2 (i.e., a product of decorations on each leg of the site) and where

Γr
i = Z(1)sr,i

1 Z(2)sr,i
2 . . . Z(T − 1)sr,i

T−1 for a binary string sr,i = (sr,i
1 , . . . , sr,i

T−1). We will use the
decoration expansion, and a carefully chosen decomposition of the initial states to express
contributions as products of ATO’. We will use the theorems 1–3 to see what kinds of decora-
tions can give rise to O(1/q2) corrections to the circuit averaged σ, and then evaluate those. It
turns out that only certain values of x are relevant, x = 0, 1, 2 at this order, as we will see.

Using the inversion symmetry of the Floquet unitary, we find

D(−x, T) = q−2xD(x, T), for x > 0. (89)

We conclude that the contributions from x < 0 are at least a factor 1/q2 smaller than the x > 0
contributions. In the remainder of this section we will see that the contributions for x � 0 are no
larger thanO(1/q2), and that thereforeD(x < 0, T) = O(q−4). We will therefore only consider
x � 0 in the following sections.
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To evaluate DΓ, we first project L(T) |Fx〉 onto the fast space.

(90)

where we have suppressed sites r < x (r > x + 1) and carefully chosen an orthogonal decom-
position of QL(T) |Fx〉 in terms of four fast states, numbered from 1 to 4. We have used the
shorthand Z⊗2 and K to represent the following,

(91)

Z(T)⊗2 and K(T) are defined identically but with Z(T) in place of Z. Finally, |φ+(T)〉 and
|φ−(T)〉 are given by

|φ+(T)〉 = Z(T)⊗2 |+〉 − 1
q − q−1

|⊥〉 , |φ−(T)〉 = Z(T)⊗2 |−〉 − 1
q − q−1

|0〉 , (92)

where |⊥〉 = |−〉 − 1
q |+〉. The initial state is easily found using

〈
F0
∣∣LQ =

(
QL

∣∣F0
〉)T

.
The four states numbered in equation (90) obey a useful set of identities, which allow us to

identify and discard many lower order diagrams and significantly simplify the memory matrix
calculation.

6.2.1. Identities of the φ± states. It will be useful to determine some properties of |φ+〉 and
|φ−〉. The isometry S = (1 ↔ 2) (swaps legs 1 and 2) relates the two vectors, S |φ−〉 = |φ+〉.
We can then investigate |φ−〉 only. Firstly, |φ−〉 has no overlap with either |+〉 or |−〉.

Using S, we can then write

〈φ+| |±〉 = 〈φ−| |±〉 = 〈±| |φ+(T)〉 = 〈±| |φ−(T)〉 = 0. (93)

We next consider what happens when the wires of 〈±| are decorated. Let Γr be a decoration
on the four legs of some site r, i.e., Γr = Γr

1 ⊗ Γr∗
1
⊗ Γr

2 ⊗ Γr∗
2

, where each Γr
i take the form

Γi = Z(1)si
1 . . . Z(T − 1)si

T−1 for some bit-string si. This is shown graphically below.
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(94)

The overlaps between |φ−(T)〉 and a decorated 〈+| state is then given by

(95)

Similar identities hold for the overlaps 〈+| |φ−(T)〉 and 〈φ−| |±〉. These identities can be
summarised as follows

〈−|Γr |φ−(T)〉 = 〈Z(T)Γr†
1
Γr

1〉〈Z(T)Γr†
2
Γr

2〉

− 1
q2 − 1

(
〈Γr†

1
Γr

1Γ
r†
2
Γr

2〉 − 〈Γr†
1
Γr

1〉〈Γ
r†
2
Γr

2〉
)

,

〈φ−|Γr |+〉 = 1
q
〈ZΓr

1Γ
r†
2

Z(T)Γr
2Γ

r†
1
〉

− 1
q − q−1

(
〈Γr

1Γ
r†
2
〉〈Γr

2Γ
r†
1
〉 − 1

q2
〈Γr

1Γ
r†
2
Γr

2Γ
r†
1
〉
)

,

〈φ−|Γr |−〉 = 〈Z(T)Γr
1Γ

r†
1
〉〈Z(T)Γr

2Γ
r†
2
〉

− 1
q2 − 1

(
〈Γr

1Γ
r†
1
Γr

2Γ
r†
2
〉 − 〈Γr

1Γ
r†
1
〉〈Γr

2Γ
r†
2
〉
)
. (96)

In general, Γr will insert operators on each of the four legs of the input state. However, some-
times one can utilize the wirings between each of the legs to simplify the resulting expression,
an example for 〈+|Γr is shown below,

(97)
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We say Γr decorates the state if this simplification process cannot be used to remove
all four components of Γr. In the example above we were able to remove all of the non-identity
operators from the (2, 1) wiring but not from the (1, 2) wiring. Notice that in every case in
equation (96) and in (95), if either of the wirings in the +/− states carry a non-identity
operator, the overlap with the φ± states vanishes9.

Assuming that the decorations non-trivially decorate both wirings of the +/− states, these
overlaps can be summarised as follows

q 〈±|Γr |φ∓(T)〉 = OTOC − Corr × Corr′ +O(1/q2)

q 〈φ±|Γr |∓〉 = OTOC − Corr × Corr′ +O(1/q2)

〈±|Γr |φ±(T)〉 = Corr × Corr′ +O(1/q2)

〈φ±|Γr |±〉 = Corr × Corr′ +O(1/q2).

(98)

Where rather than give the full expressions we have simply presented the types of contributions
(i.e., OTOCs, products of non-trivial correlators or terms that are manifestly O(1/q2)). This is
often enough to identify diagrams that contribute to D(x, T) at O(1/q3). In cases that require
a more careful analysis we refer to equations (95) and (96).

These are useful identities because the diagrams contributing to the memory kernel tend to
involve products of terms of this form. We will now see how, using our OTOC identities from
section 5, this result allows us to pinpoint which diagrams are able to contribute at leading
order in O(1/q2).

6.2.2. Da,b(x, T). Casting our attention back to the orthogonal decomposition of the projected
vector QL(T) |Fx〉 in equation (90) where labelled each of four orthogonal states from 1 to 4,
we now use a short hand {|1, x, T〉 , . . . , |4, x, T〉} to denote each of these states. This is also
done for

〈
F0
∣∣ LQ. Using this, we define the following quantity,

Da,b(x, T) ≡ qx 〈a, 0, 0|U(1)U(2) . . .U(T − 1) |b, x, T〉 , (99)

and also the decoration expansion quantity,

Da,b
Γ (x, T) = qx 〈a, 0, 0|Γ |b, x, T〉 . (100)

The decorationΓ is a product of T − 1 decoration layers, Γ = Γ(1)Γ(2), . . . ,Γ(T − 1), one for
each unitary layer U(t) of equation (99).

In what follows, we examine Da,b for all possible pairs a, b; some calculations are carried
out in appendices C and D. All contributions are �O(1/q3), except for the (2, 1) and (4, 4)
terms as summarised in 6.3.

6.2.3. (a, b) = (1, 1), (2, 2) are O(1/q3). The arguments used for (a, b) = (1, 1) are the same
as used for (2, 2), for brevity we will only present them for (1, 1). We study x > 0 and x = 0
separately, writing D1,1

Γ (x, T) as diagram in both cases.

9 This is easily verified in equation (95) by substituting either Γr†
2
Γr

1 = 𝟙 or Γr†
1
Γr

2 = 𝟙.
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• x > 0:

Using the overlap identities equations (93), (95) and (96), we see that the contribution
from site 0 and x either vanish or have the form(

Corr0 × Corr′0 +O(1/q2)
) (

OTOCx + Corrx × Corr′x +O(1/q2)
)
.

Every other site may contribute either trivial or non-trivial correlators to the product.
Therefore, after Haar averaging, theorem 1 of section 6.1 gives∫

dVD1,1
Γ (x > 0, T) = O(1/q3). (101)

• x = 0:

On site x = 0, we have

〈φ+|Γ0 |φ+(T)〉 = 〈ZΓ0
1Z(T)Γ0†

2
〉〈ZΓ0

2Z(T)Γ0†
1
〉 − 1

q2 − 1
〈Γ0†

1
Γ0

1Z(T)Γ0†
2
Γ0

2Z(T)〉

− 1
q2 − 1

〈ZΓ0
1Γ

0†
1

ZΓ0
2Γ

0†
2
〉+ 1

q2(1 − q−2)2
〈Γ0

1Γ
0†
1
〉〈Γ0

2Γ
0†
2
〉

+
1

q2 − 1
〈ZΓ0

1Γ
0†
2
〉〈ZΓ0

2Γ
0†
1
〉+ 1

q2 − 1
〈Γ0†

2
Γ0

1Z(T)〉〈Γ0†
1
Γ0

2Z(T)〉

− 1
(q2 − 1)2

〈Γ0
1Γ

0†
1
Γ0

2Γ
0†
2
〉 − 1

(q2 − 1)2
〈Γ0

1Γ
0†
2
Γ0

2Γ
0†
1
〉

+
1

(q2 − 1)2
〈Γ0

1Γ
0†
2
〉〈Γ0

2Γ
0†
1
〉. (102)

The final three terms are manifestly O(1/q4). The fifth and sixth terms are of the form
Corr × Corr′/q2, where these correlators are non-trivial. Therefore, using theorem 1, the
Haar average of these terms (possibly multiplied by additional non-trivial correlators from
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other sites) is O(1/q4). The second, third and fourth terms all have pre-factors of 1/q2;
if they are to contribute at this order, the accompanying correlators must be trivial. Using
decoration delta constraints, this fact (a consequence of theorem 1) is written below∫

dV
1
q2

〈Z1〉 · · · 〈Zm〉 =
1
q2

∏
i

δZi,𝟙 +O(1/q3). (103)

All together, in the context of a Haar average, the following replacement is valid up to
O(1/q2).

〈φ+|Γ0 |φ+(T)〉 = 〈ZΓ0
1Z(T)Γ0†

2
〉〈ZΓ0

2Z(T)Γ0†
1
〉 − 1

q2
δ
Γ0

1
,Γ0

1δ
Γ0

2
,Γ0

2 +O(1/q3). (104)

We say that a decoration Γr leaves a site r undecorated if it contributes only trivial corre-
lators, 〈𝟙〉. In the present case keeping only O(1/q2) contributions forces all sites r �= 0
to be left undecorated. This allows us to take the Haar average of equation (104) directly,
using theorem 2 for the Haar average of a product of two correlators. This gives,

∫
dV 〈φ+|Γ0 |φ+(T)〉 = 1

q2
δ
Γ0

1
,Γ0

1δ
Γ0

2
,Γ0

2 − 1
q2

δ
Γ0

1
,Γ0

1δ
Γ0

2
,Γ0

2 +O(1/q3) = O(1/q3).

(105)

The analysis of x < 0 would replicate that of x > 0, but with an additional factor of q−2|x|.
The for all x,

∫
dVD1,1

Γ (x, T) = O(1/q3). Alternatively,

∫
dVD1,1(k, T) = O(1/q3). (106)

6.2.4. (a, b) = (4, 4) is O(1/q2). The (4, 4) calculation is significantly more difficult; we
present the full calculation here, however; readers interested only in the final result should
skip to the summary in section 6.3.

We use the decoration expansion once again to rule out contributions from x > 0 and to
identify the relevant contributions from x = 0.

• x > 0:

For x > 1, each of the sites 0, 1, x and x + 1 contribute non-trivial correlators. When
x = 1, sites 0, 1 and 2 all contribute non-trivial correlators. In either case, theorem 1 gives
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∫
dVD4,4

Γ (x > 0, T) = O(1/q3). (107)

• x = 0:

Both sites 0 and 1 contribute non-trivial correlators. Keeping only the O(1/q2) contri-
butions means selecting decorations on sites r �= 0, 1 that give trivial correlators only. For
r > 1 this means selecting decorations such that 〈−|Γr |−〉 = 〈Γr

1Γ
r†
1
〉〈Γr

2Γ
r†
2
〉 = 〈𝟙〉2 (for

r < 0 simply switch − ↔ + and 1 ↔ 2 in these equations). Choosing only Γr that leave
a site r < 0 (r > 1) undecorated (contributing only trivial correlators) is equivalent to the
decoration delta constraint δΓ

r
1,Γr

2δΓ
r
2,Γ1 (δΓ

r
1,Γr

1δΓ
r
2,Γ2 ). The implementation of these dec-

oration delta constraints is discussed in appendix B. The result of which is that for sites
r < 0 we sandwiching each decoration layer Γ(t) by 〈+| and |+〉 and by 〈−| and |−〉 for
sites r < 0.

Writing the definition of K in equation (91) as K = Z1 − Z2, where the index refers to
which leg the Z decorates, we write the following,

〈+|KΓ0K(T) |+〉
〈−|KΓ1K(T) |−〉 =

∑
i, j∈{1,2}

〈+|ZiΓ
0Z(T)i |+〉

〈−|Z jΓ
1Z(T) j |−〉+

terms with more than two
non-trivial correlators.

(108)

Because we are selecting only decorations which leave sites r �= 0, 1 undecorated, we are
able to take the Haar average of this expression in isolation. Terms with more than two
non-trivial correlators are O(1/q3) or smaller and are therefore discarded, leaving only the
Haar average of the first term. Using theorem 2, this is given by

∫
dV

∑
i, j∈{1,2}

〈+| ZiΓ
0Z(T)i |+〉

〈−| Z jΓ
1Z(T) j |−〉

=
1
q2

δ
Γ0

1,Γ1
1δ

Γ0
2
,Γ1

1δ
Γ0

2,Γ0
1δ

Γ1
2,Γ1

2 +
1
q2

δ
Γ0

1,Γ1
2δ

Γ0
2
,Γ1

2δ
Γ0

2,Γ0
1δ

Γ1
1,Γ1

1

+ (1 ↔ 2) +O(1/q3). (109)

These delta constraints are implemented by sandwiching the decoration layers Γ(t) with
the appropriate wirings. The four different wirings configurations for sites 0 and 1 are
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shown below.

Counting only the relevant decorations Γ, D1,1
Γ (x = 0, T) given by

(110)

We now sum over all decorations Γ weighted by the coefficients CΓ appearing in
equation (88). This converts back into the picture with full unitary layers U(t). Using
the property equation (70) for two-local bricks contracted with the states 〈±| ⊗ 〈±| or
|±〉 ⊗ |±〉,

∫
dVD1,1(x = 0, T) is given by the simplified form

(111)

where T is given by

(112)

and where the tensor contractions T+ and T− are given algebraically by

(113)
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Due to the replica symmetry of the unitary evolution operator, (1, 1) ↔ (2, 2), the contribu-
tions from the (i, j) = (1, 1) and (2, 2) wirings are identical, as are (1, 2) and (2, 1) wirings.
The unitary e−iεL also has the property Sw(1, 1)Sw(2, 2)e−iεLSw(1, 1)Sw(2, 2) = (e−iεL)∗,
where Sw(i, i) swaps unbarred leg i and barred leg i. This transformation is a symmetry of
the 〈+| and 〈−| wirings while exchanging the C1,1 (C2,2) and C2,1 (C1,2) wirings. Therefore,

ξ(ε) ≡
〈
C1,1

∣∣ T ∣∣C1,1

〉
=

〈
C2,2

∣∣T ∣∣C2,2

〉
=
〈
C1,2

∣∣ T ∣∣C1,2

〉∗
=

〈
C2,1

∣∣T ∣∣C2,1

〉∗
.

(114)

Using the decoration decomposition of a brick in equation (67) and the expressions for T+

and T− in equation (113), ξ(ε) is found to be

ξ(ε) = (1 + g)2 − 2ihg. (115)

All together we find,∫
dVD4,4(x = 0, T) = −4h2

q2
R{ξT−1}+O(1/q3). (116)

Summing over x, we find the O(1/q2) contribution to
∫

dVD4,4(k, T) is given by precisely
the same quantity. The decay rate is given by γ(ε) ≡ ln(|ξ|−1), which is always close to 2|g(ε)|,
2|g(ε)| � γ(ε) � 4 ln(2)|g(ε)|.

6.3. Table of results and summary

We summarise the contributions
∫

dVDa,b(k = 0, T) in the table below, highlighting the only
contributions at O(1/q2).

a\b 1 2 3 4

1
2
3
4

We calculate the (a, b) = (2, 1) contribution in appendices C and in D we find that the
remaining pairs (a, b) contribute at O(1/q3) or smaller. Using equation (84), we are only
required to know

∫
dVDa,b(k = 0, z = 0) to determine the butterfly velocity10. For (4, 4) this

is given below, with the re-parameterisation s(ε) = sin(ε)2 cos(ε)2,∫
dVD(4,4)(k = 0, z = 0) = − 1

q2

1 + 5s − 4s2

1 − s − 3s2
+O(1/q3). (117)

This re-parameterisation is motivated by the following observations about the dependence
of vB and D on ε. Firstly, under the variable shift ε→ π/2 + ε, the full coupling unitary then
transforms as e−iεH → (−i)N−1e−iεH. The operator dynamics is blind to global phases, meaning
that ε→ π/2 + ε is a symmetry of vB(ε) and D(ε). Secondly, by globally swapping leg 1
with 1 and 2 with 2, we find ΣV,ε(k, z) = ΣV∗ ,−ε(k, z). and Ωε(k) = Ω−ε(k), where we have
labelled Σ with the scrambler and coupling strength and labelled Ω with the coupling strength
used (Ω is independent of V ). By integrating over V, we find another symmetry of the circuit
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averaged butterfly velocity and diffusion constant 〈vB(ε)〉 and 〈D(ε)〉, namely ε→−ε. Using
these symmetries, we determine that 〈vB〉 is a function of s(ε) only.

For (a, b) = (2, 1), we find

∫
dVD(2,1)(k = 0, z = 0) =

2g2

q2
( f (ε) − ν(ε)) +O(1/q3), (118)

where ν(ε) = [4(1 − 2s)(1 − s(1 − 2s))]−1 and where f (ε) is found by numerically evaluat-
ing a sum involving a 5 × 5 transfer matrix in appendix C and given to good approximation
(figure C2) by

f (ε) =
1
7

s(ε)(1 − 4s(ε))2(1 + as + bs2). (119)

where a = 6.8 and b = 16.1. The factors 1
7 s(1 − 4s)2 is obtained analytically by diagonalising

the transfer matrix at small s and around the point s = 1/4. Altogether, we then find

∫
dVD(k = 0, z = 0) = 2

g2

q2
( f (ε) − ν(ε)) − 1

q2

1 + 5s − 4s2

1 − s − 3s2
+O(1/q3),

(120)

so that the correction to the circuit averaged butterfly velocity is

〈δvB(ε)〉 = −
∫

dVD(k = 0, z = 0) = δvF(ε) + δvS(ε) +O(1/q3), (121)

where

δvF(ε) = 2
g2

q2
(ν(ε) − f (ε)), δvS(ε) =

1
q2

1 + 5s − 4s2

1 − s − 3s2
. (122)

As discussed in section 5, the correction δvS(ε) only arises because of the spatial translation
symmetry of the model. Whereas δvF(ε) arises due to both the spatial and Floquet symme-
tries. To illustrate this point, we carry out a similar calculation for a version of the model with
independently distributed scramblers Vx,t for each site x and at each layer of unitaries Ut. This
is done in appendix E where we find the corrections to the circuit averaged butterfly veloc-
ity 〈δv〉 ∼ O(1/q3), i.e., vS,F both vanish. Turning to the variant of the model with spatial
translation symmetry but no time translation symmetry, we find 〈δvB〉 = δvS(ε) +O(1/q3).
Comparing these result to equation (74) allows us to identify the corrections to vB with the
symmetries of the model.

Away from the weak coupling limit, the averaged butterfly velocity is given by equation (74).
The weak coupling limit is discussed in section 7.2.

7. Discussion

In this section we discuss the late time behaviour of the memory function, addressing the lim-
itations of the Haar averaged ATO’ results of section 6.1. We also discuss the break down of
the perturbative scheme used in section 6.2 as ε→ 0.
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7.1. Late times

We have presented a Kubo-like formula for vB in equation (61), involving the time integral
of a correlator of fast operators, analogous to the J–J correlation functions in Kubo formulae
for more conventional transport. For ε > 0 (more precisely g(ε) �= 0), we find that the lead-
ing order correlation functions decay exponentially in time at leading order in 1/q. Given
that the correlation functions are between fast variables, it is plausible that this exponential
decay is not simply an artifact of the large q limit, i.e., the correlation functions decay over
some time scale which is bounded below by a q-independent quantity τ (ε), which is posi-
tive except at exceptional point where the sites decouple i.e., when ε = nπ/2 (we discuss the
decoupling limit later). Assuming that tε(q) is a (cutoff) time up to which we can safely use the
large q correlator theorems of section 6.1 to identify the O(1/q2) contributions to Σ, the error
incurred by truncating the infinite time evolution is O(exp[−tε(q)/τ (ε)]). We will now argue
that tε(q) increases linearly with q. As a result, the error due to truncation decays exponentially
in q, which is much smaller than the O(1/q2) corrections we calculate. This demonstrates the
validity of our expansion in q−1.

We now give some justification for the existence of a cutoff tε(q) = cq for a q-independent
constant c. We do this in two parts: (1) we argue that the expressions in section 6.1 for the
Haar average of few correlators are valid for times t < cq; (2) we argue that this is enough
to guarantee that contributions involving many correlators (more than two) are O(1/q3) (for
times t < cq).

In order to do this, we must go beyond the q →∞ scaling results of section 6.1. In the
absence of an analytical understanding of the corrections at finite q, we took a numerically
Haar average of an assortment of ATO correlators and products of correlators, finding good
evidence that the expression for the Haar average of a product of two correlators (theorem 2)
and of OTOCs (theorem 3) experience only O(1/q3) errors for times t < cq. It turns out that
this, along with the use of a Holder’s inequality and the monotonicity of the p-norm, is enough
to bound the Haar average of arbitrarily many correlators as O(1/q3).

To show this, we start by bound the expectation of a product of many (more than two)
non-trivial correlators as shown below,

|
∫

dV
∏

i

〈Z(ti)〉| �
∫

dV
∏

i

|〈Z(ti)〉|. (123)

Then, using the fact |〈Z(ti)〉| � 1, we can bound the average of a product of many correlators
by an average over only a few. We choose to highlight three correlators

|
∫

dV
∏

i

〈Z(ti)〉| �
∫

dV|〈Z(t1)〉||〈Z(t2)〉||〈Z(t3)〉|. (124)

Using a generalised Holder’s inequality and monotonicity of the p-norm, we further bound
equation (124) by

|
∫

dV
∏

i

〈Z(ti)〉| �
√∫

dV|〈Z(t1)〉|2
∫

dV|〈Z(t2)〉|2
∫

dV|〈Z(t3)〉|2.

(125)
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Then, for times t < cq and using theorem 2 for the second moment of a correlator, this
bound takes the form

|
∫

dV
∏

i

〈Z(ti)〉| � C
S(t1)S(t2)S(t3)

q3
, (126)

for an O(1) constant C. The correlators contributing to Σ have 1 � S(t) � 2, so that the
right hand-side of equation (126) then simplifies to C′/q3 for an O(1) constant C′. For
times t < cq, any contribution to Σ with three of more non-trivial correlators is O(1/q3),
and the O(1/q2) contributions are counted precisely as we have done in section 6.2 and the
appendix C.

7.2. The ε→ 0 limit

In the ε→ 0 limit, the Floquet unitary is given by a product of single-site unitaries, so that
there is no operator growth dynamics at all (vB = 0). However, the ε→ 0 limit of the expres-
sion equation (74) yields vB = 1/q2. The reason for this failure to predict the correct operator
dynamics as ε→ 0 lies in the fact that our 1/q perturbative scheme breaks down once ε is as
small as ε ∼ 1/q. Diagrams that we previously dismissed as O(1/q3) at strong coupling, can
in fact contribute at O(1/q2) due to appearance of factors of ε ∼ 1/q in the denominator (after
summing over time).

We do not have access to the exact expressions for the Haar average of ATO correlators
in the Floquet model, instead relying on O(1/q2) results. However, in appendix E, we study a
variant of the model with independently distributed scramblers Vt between time-step for which
exact Haar averaged results are possible for certain diagrams. If we were to naively identify
the 1/q2 contributions before taking a sum over time, as we did in section 6.2, we would
find the same, incorrect (a, b) = (4, 4) contribution and incorrect behaviour of vB as ε→ 0.
In appendix E.1, we consider the same family of diagrams, those involving only two non-
trivial correlators (whose contribution we dub D4,4

2 ), but now take the Haar average exactly. In
doing so, we find that the previously troublesome (4, 4) contribution now vanishes as ε→ 0
equation (E.23),

〈D4,4
2 (k = 0, z = 0)〉 ≈ − 8ε2

1 + 8q2ε2
. (127)

We suggest then, that there is a region of widthO(1/q) in figure 2, where vB rapidly approaches
zero.

8. Conclusion

In this paper, we re-purposed a hydrodynamic formalism (the MMF) for information transport
calculations by identifying the conservation of the right density of a Heisenberg time evolved
operator as a pseudo-local conservation law. A number of modifications to the existing MMF
are necessary: in particular, we are led to use an unusual inner product on our space of observ-
ables (equation (20)), which leads to the prediction of ballistic operator growth assuming we
have identified a sufficiently complete space of slow operators. We use this new formalism
to produce a Kubo formula for the butterfly velocity (equation (36)) and also find symmetry
constraints on the operator growth light-cone (equation (48)).

In section 4 we used this formalism to investigate a family of translationally invariant Flo-
quet models, finding leading order expressions for the circuit averaged butterfly velocity vB
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and operator front diffusion constant D. By leveraging large q random unitary dynamics [51],
we found that a simple hierarchy of contributions to the averaged memory matrix 〈Σ〉 emerges,
organised by the number of non-trivial correlators contributed. This enabled us to select only
the O(1/q2) contributions, associated with processes that explore a manageable sub-region of
Q in which only the sites directly either side of the cut (the+/− domain wall) are decorated by
non-identity operators. We have then counted all these processes and found that atO(1/q2), the
memory matrix decays exponentially fast, with an O(1) decay rate. We used this to calculate
corrections to vB, and were able to distinguish the effects of spatiotemporal symmetry on infor-
mation transport by identifying which processes arise as a consequence of spatial translation
and Floquet symmetry.

9. Further work/outlook

More exotic information hydrodynamics than biased diffusion is possible in the presence of
additional conserved charges. With a U(1) charge, the diffusive conserved components acts
as a source of non-conserved operators, giving rise to power-law tails in the spatial distribu-
tions of operator weight [21, 22]. It will be interesting to incorporate additional symmetries,
such as a U(1) or fracton symmetry, into the MMF and perform a mode coupling analysis to
confirm and perhaps extend existing results. Even in the presence of conservation laws, the
diffusive broadening of the operator front appears ubiquitous in chaotic and interacting inte-
grable systems in 1D [15, 52]. What makes this diffusive broadening so universal? Perhaps, by
examining MMF expressions for the front diffusion constant, we can say something about the
nature or number of additional slows required to find a hydrodynamical equation other than
biased diffusion. Other avenues to explore include the formulation of an information mode
MMF at finite temperature/chemical potential and, with only minor modifications, calculating
purity. Another potentially fruitful application of formalism is in the setting of perturbed dual
unitary circuits, which may serve as a testing ground for perturbative MMF calculations.
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Appendix A. An unusual inner-product

In this appendix we prove that the inner-product
(
·|·
)

defined in equation (20) satisfies the
necessary axioms. We repeat the definition below,

(
A|B

)
≡ 〈Φ (A)| |B〉W = Tr

(
Φ(A)†B

)
, (A.1)
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where the super-operator Φ is given by

Φ ≡
∑

x

1
χ2

x
|Wx〉 〈Wx|+ Q, χx ≡ 〈Wx| |Wx〉 , ⇒ Φ |Wx〉 = 1

χx
|Wx〉 .

(A.2)

Q is the Hermitian projector onto Q. We must show that this constitutes a bona fide inner
product by checking each of the inner product axioms.

(a) Conjugate symmetry:
(
A|B

)∗
=
(
B|A

)
,

Exploiting the conjugate symmetry of the inner product 〈·| |·〉, we write

(A|B) = 〈Φ(A)||B〉 = 〈A||Φ(B)〉 = 〈Φ(B)||A〉∗ = (B|A)∗, (A.3)

where we have used the fact that Φ is Hermitian, this is because χx is real and the projector
Q̂ is Hermitian.

(b) Linearity in second argument:
(
A|βB + γC

)
= β

(
A|B

)
+ γ

(
A|C

)
for scalars β, γ,

(A|βB + γC) = 〈Φ(A)||βB + γC〉 = β〈Φ(A)||B〉+ γ〈Φ(A)||C〉
= β(A|B) + γ(A|C). (A.4)

where we have used linearity in the second argument of the inner product 〈·| |·〉.
(c) Positive definiteness:

(
A|A

)
> 0 for A �= 0,

(
A|A

)
= 〈Φ (A)| |A〉 = 〈A|Φ |A〉 > 0 (A.5)

where we have used the fact that Φ is a positive definite matrix. This is easily seen by
noticing that all χ2

x are real and positive.

This confirms that
(
A|B

)
is indeed an inner-product and allows us to consider a new inner-

product space in which the weight operators are orthonormal.

Appendix B. Imposing the decorations delta constraints

In this section we revisit the Haar average identities for ATO correlators and their moments,
specifically theorems 2 and 3. The final results (at leading order in 1/q) involved ‘delta
constraints’ (as defined in definition 2) which are zero/one depending on whether or not the
decorations were equal (for all scramblers V ). We have also seen these delta constraints when-
ever we have demanded that a correlator be trivial (see equation (104)). In this section, we
show how these delta constraints can be imposed by placing the decorations on a contour and
inserting projectors at every time step; the insertion of projectors has an appealingly simple
graphical interpretation, which facilitates our calculation of σ in the main text.

B.1. The constraint δΓ1,Γ1

The simplest example of a decoration delta constraint to consider is δΓ1,Γ1 , where the two dec-
orations are time-ordered, i.e., Γ1 = Z(1)a1Z(2)a2 . . .Z(n)an and Γ1 = Z(1)b1Z(2)b2 . . . Z(n)bn

for binary strings a and b. In this case, the delta constraint checks that ai = bi for all i. This
is equivalent to putting Γ1 and Γ1 on a wiring with a single forward and backward contour
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Figure B1. A decoration Γ on the four legs 1, 1, 2 and 2 with n decoration layers.

(labelled 1 and 1) and then placing a projector between each of the decoration layers are shown
below.

(B.1)

The right-hand side checks that at each decoration layer t, at = bt, this is precisely the same as
the decoration delta constraint. A site r � 0 with decoration Γr contributes 〈+|Γr |+〉 in the
decoration expansion, suppose that we demanded that this contribution contained only trivial
correlators (〈+|Γr |+〉 = 〈𝟙〉2). The decorations that meet this condition are those that satisfy
the constraint δΓ

r
1,Γr

1δ
Γr

2,Γr
2 . The projector insertion technique described above selects precisely

these relevant decorations as follows

δ
Γr

1,Γr
1δ

Γr
2,Γr

2 = 〈+|Γr(1) |+〉 〈+|Γr(2) |+〉 . . . 〈+|Γr(n) |+〉 . (B.2)

For sites r > x + 1, where the contributions take the form 〈−|Γr |−〉, the decorations that
contribute trivial correlators are identified in the same way but by projecting with |−〉 〈−|.

B.2. The constraint δ
Γ1Γ

†
2
Γ2Γ

†
1

,𝟙

Consider next, a decoration Γ = Γ1 ⊗ Γ∗
1 ⊗ Γ2 ⊗ Γ∗

2 with n decoration layers (Γ =

Γ(1), . . . ,Γ(n)) given in figure B1, with Γ1 = Z(1)a1 . . . Z(n)an , Γ1 = Z(1)a1 . . . Z(n)an , Γ2 =

Z(1)b1 . . .Z(n)bn and Γ2 = Z(1)b1 . . . Z(n)bn for binary strings a, a, b and b.
As in the previous case, we will obtain a prescription for rewiring the legs of a contour at

every time step, this prescription will identify decorations Γ that satisfy the constraint. The

delta constraint δΓ
r
1Γ

r†
2
Γr

2Γ
r†
1

,𝟙 appears whenever we demand that the decoration Γr on some site
r, with 1 < r < x, contributes only a trivial correlator, q 〈−|Γr |+〉 = 〈𝟙〉 = 1. Finding the
Γ which contribute non-trivial correlators is equivalent to finding Γ which satisfy the delta
constraint.

Start then, with 〈−|Γ |+〉. Assume that, working in from the left, at least one of the deco-
ration layers non-trivially decorates the 〈−| wiring (so that the either one or both of the (i, i)
wirings in 〈−| carry non-identity operators). This excludes the case where 〈−|Γ = 〈−|, which

10We sum over times up to the cutoff tε(q) as discussed in section 5, incurring only an error exponentially small in q.
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Figure C1. The contribution (t1, t2, t3, t4, t5, t6) = (5, 3, 6, 2, 8, 7) to
∫

dVD(2,1)(x =
6, T = 12).

Figure C2. The contribution to vB from processes with overlapping OTOCs is given by
2g(ε)2 f (ε)/q2, f (ε) is by numerically and plotted in blue. A fitting function is plotted
in red.

we will examine last. Let ti, 0 < ti � n, be the first decoration layer in from the left that non-
trivially decorates the 〈−| wiring. Likewise, let tf be the first decoration layer in from the right
that non-trivially decorates the |+〉 wiring. If ti �= tf , the resulting correlator is certainly non-
trivial and therefore X �= 𝟙 (the delta constraint is not satisfied). Otherwise, if ti = tf , we have
〈−|Γ |+〉 = 〈−|Γ(ti) |+〉. In order for this to be a trivial correlator, Γ(ti) must decorate 〈−|
such that 〈−|Γ(ti) = 〈−| Z(ti)⊗2 (see equation (91) for definition of Z⊗2). We can select this
case by sandwiching every decoration layer t < ti by 〈−| and |−〉, every layer t > ti by 〈+|
and |+〉 and the layer ti by 〈−| on the left and on right by q |0〉. Finally, the cases where no
decoration layer decorates the 〈−| (an obvious example where X = 𝟙) wiring can be selected
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by sandwiching every layer with 〈−| and |−〉. Therefore, the decoration delta constraint can
be rewritten as

δ
Γr

1Γ
r†
2
Γr

2Γ
r†
1

,𝟙
=

n∑
m=1

(
m−1∏
t=1

〈−|Γr(t) |−〉
)

q 〈−|Γr(m) |0〉

×
(

n∏
t=m+1

〈+|Γr(t) |+〉
)

+

n∏
t=1

〈−|Γr(t) |−〉 . (B.3)

Or diagrammatically as

(B.4)

B.3. Connection to the OTOC Haar average

In this section we use the results of [51] to re-express the Haar average of a physical OTOC in
terms of decoration delta constraints, arriving at the form of this theorem presented in theorem
3 of section 6.1. The Haar average of an OTOC given in [51] is quoted below

∫
dV〈ZΓ1Z(T)Γ†

1
ZΓ2Z(T)Γ†

2
〉 = 1

q2

n∑
m=1

(
m−1∏
t=1

〈−|Γ(t) |−〉
)

× q 〈−|Γ(m) |0〉
(

n∏
t=m+1

〈+|Γ(t) |+〉
)

− 1
q2

n∏
t=1

〈−|Γ(t) |−〉+O(1/q3). (B.5)

Comparing this to equation (B.3), we have the following,

∫
dV〈ZΓ1Z(T)Γ†

1
ZΓ2Z(T)Γ†

2
〉 = 1

q2

(
δΓ1Γ

†
2
Γ2Γ

†
1
,𝟙 − δΓ1,Γ1δΓ2,Γ2 − δΓ1,Γ2δΓ2,Γ1

)
+O(1/q3).

(B.6)

Appendix C. (a, b) = (2, 1)
In this appendix, we evaluate the Haar average of the (a, b) = (2, 1) contribution to Da,b(x >
0, T).
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C.1. x = 0

(C.1)

Sites 0 and 1 each contribute a product of non-trivial correlation functions plus terms of size
1/q2. The Haar average of this is O(1/q4).

C.2. x = 1

(C.2)

Splitting the decoration site by site, we find

D2,1
Γ (x = 1, T) = qg2 〈φ−|Γ1 |φ+(T)〉

⎛
⎝∏

r�0

〈+|Γr |+〉

⎞
⎠(∏

r>1

〈−|Γr |−〉
)
. (C.3)

The contribution from site 1 is given in full below,

q〈φ−| Γ1 |φ+(T)〉

= 〈ZΓ1
1Z(T)Γ1†

2̄ ZΓ1
2Z(T)Γ1†

1̄ 〉 − 1
1 − q−2

〈ZΓ1
1Γ

1†
1̄ 〉〈ZΓ1

2Γ
1†
2̄ 〉

− 1
1 − q−2

〈Γ1†
2̄
Γ1

1Z(T)〉〈Γ1†
1̄
Γ1

2Z(T)〉+ 1
q2 − 1

〈ZΓ1
1Γ

1†
2̄

ZΓ1
2Γ

1†
1̄
〉

+
1

q2 − 1
〈Γ1†

1̄
Γ1

1Z(T)Γ1†
2̄
Γ1

2Z(T)〉+ 1
q2(1 − q−2)2

〈Γ1
1Γ

1†
1̄
Γ1

2Γ
1†
2̄
〉

− 1
q2(1 − q−2)2

〈Γ1
1Γ

1†
2̄ 〉〈Γ1

2Γ
1†
1̄ 〉 − 1

q2(1 − q−2)2
〈Γ1

1Γ
1†
1̄ 〉〈Γ1

2Γ
1†
2̄ 〉

+
1

(q2 − 1)2
〈Γ1

1Γ
1†
2̄ Γ1

2Γ
1†
1̄ 〉. (C.4)
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Every term is either an OTOC, a product of two non-trivial correlators, or is manifestly
O(1/q2). The decorations on each site r �= 1 may result in contributions that are either: (1)
a trivial correlator; (2) a single non-trivial correlator; (3) a product of two non-trivial correla-
tors. Note that none of these non-trivial correlators are OTOCs because they live on a contour
with only a single forward and backward segments. Therefore, if any decoration on sites r �= 1
does anything other than contribute trivial correlators, we have

∫
dVD2,1

Γ (x = 1, T) = O(1/q3).
Keeping only O(1/q2) contributions forces every site r �= 1 to contribute trivial correlators
only. This allows us to take the Haar average of equation (C.4) in isolation. To do this we find
it useful to write the follows results (consequences of theorem 1),

∫
dU〈Γ〉〈Γ′†〉 = δΓ,𝟙δΓ

′,𝟙 +O(1/q2),

∫
dU〈Γ〉 = δΓ,𝟙 +O(1/q2),

∫
dU〈ZΓZΓ′〉 = δΓ,𝟙δΓ

′,𝟙 +O(1/q2).

Where all Γ are products Z(1)α1 . . . Z(T − 1)αT−1 for some binary string α = (αi
1, . . . ,αi

T−1).
Using theorem 2 we find the useful result

∫
dU〈ZΓ〉〈ZΓ′†〉 = 1

q2
δΓ,Γ′

(1 − δΓ,𝟙) +O(1/q4). (C.5)

Using these results and theorem 3 for the Haar average of a physical OTOC, we find that at
O(1/q2), every term in (C.4) cancels,

q 〈φ−| Γ1 |φ+(T)〉Haar =
1
q2

[
δ
Γ1

1Γ
1†
1
Γ1

2Γ
1†
2

,𝟙 − δΓ1,Γ1δΓ2,Γ2 − δΓ1,Γ2δΓ2,Γ1

− δ
Γ1

1Γ
1†
1

,Γ1
2
Γ1†

2 (1 − δ
Γ1

1,Γ1
1 )

− δ
Γ1

1Γ
1†
1

,Γ1
2
Γ1†

2 (1 − δ
Γ1

1,Γ1
2 )

+ δ
Γ1

1,Γ1
2δ

Γ1
2,Γ1

1 + δ
Γ1

1,Γ1
1δ

Γ1
2,Γ1

2

+ δ
Γ1

1Γ
1†
1
Γ1

2Γ
1†
2

,𝟙 − δ
Γ1

1,Γ1
2δ

Γ1
2,Γ1

1

− δ
Γ1

1,Γ1
1δ

Γ1
2,Γ1

2

]
+O(1/q3)

= O(1/q3). (C.6)

and we find
∫

dVD2,1(x = 1, T) = O(1/q3).
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C.3. x � 2

(C.7)

Sites 1 and x each contribute factors of form OTOC + Corr × Corr′ +O(1/q2) (see
equation (98)). Our theorem for the Haar average of a product of correlators (theorem 1) implies
that if any other site contributes a non-trivial correlator, the Haar average of the total contri-
bution will be O(1/q3) or smaller. Thus, working to O(1/q2), we will look for contributions
where sites r �= 1, x give only trivial correlators. Moreover, theorem 1 also implies that the
leading order contribution comes from the OTOC1OTOCx cross term

∫
dU(OTOC1 + Corr1 × Corr′1 +O(1/q2))

×(OTOCx + Corrx × Corr′x +O(1/q2))

=

∫
dU OTOC1 × OTOCx +O(1/q3). (C.8)

In summary, in evaluating the contributions for x � 2, we need only consider those terms in
the decoration expansion corresponding to OTOCs on site 1, x, and trivial correlators on all
other sites. As in the (a, b) = (4, 4) calculation, we select decorations that leave the contours
on sites r > x (r < 1) undecorated by inserting the projector |+〉 〈+| (|−〉 〈−|) between every
Floquet layer. For sites 1 < r < x the non-decoration condition is more delicate. For these
sites, the input wiring configuration is of − type and the output wiring configuration is of +
type giving an OTO type contour. The requirement that the OTO contour is undecorated (i.e.,

a trivial correlator) is equivalent to the decoration delta constraint δΓ
r
1Γ

r†
2
Γr

2Γ
r†
1

,𝟙. In appendix B
we show that this decoration delta constraint can be rewritten as

δ
Γr

1Γ
r†
2
Γr

2Γ
r†
1

,𝟙
=

n∑
m=1

(
m−1∏
t=1

〈−|Γr(t) |−〉
)

q 〈−|Γr(m) |0〉

×
(

n∏
t=m+1

〈+|Γr(t) |+〉
)

+
n∏

t=1

〈−|Γr(t) |−〉 . (C.9)
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The final term in equation (C.9) selects the decorations Γr that never decorate the initial
state 〈−|, so that at each time step the 〈−| wirings never carry any non-identity operators.
With these |−〉 〈−| projectors in place, let us sum over all decorations Γ with the coefficients
CΓ of equation (88), in doing so we replace each of the decoration layers with the full unitary
layers U(t). This is pictured below, where we have highlighted site x, with its terminating state
|φ〉+(T).

(C.10)

Where, crucially, the brick property of equation (70) can be used to remove every brick to
the right of site r (below site r in the diagram above). This yields the right hand-side of the
equation above. A consequence of which is that the terminating states |φ+(T)〉 on site x is
contracted directly with 〈−|. Using equation (93), we see that this diagram vanishes. Therefore,
the decorations selected by the final term of equation (C.9) cannot contribute to D2,1(x > 2, T).
In what follows, we will consider only the decorations selected by the sum in equation (C.9).

As previously noted, only the OTOC1 × OTOCx terms can contribute at O(1/q2). This
allows us to drop all but the 〈−| Z⊗2 term in the 〈φ−| state (see equation (92)) of site 1 and
the Z(T)⊗2 |+〉 term in the state |φ+(T)〉 of site x. The fact that OTOC1 begins with 〈−| Z⊗2

and OTOCx ends with Z(T)⊗2 |+〉 and the condition that these OTOCs are complex conjugates
of each other (using theorem 2) forces both OTOCs to be physical OTOCs of the same length
(the length of physical OTOCs is the difference between the latest and earliest time appearing
in the OTOC). We will sum over all possible OTOC lengths τ , 1 � τ � T − 1.

We now describe how we select only those decorations that produce a physical OTOC with
length τ . For OTOC1, we must ensure that every unitary layer t > τ does not decorate the
|+〉 wirings on site 1. We do this by inserting the projector |+〉 〈+| to the left of each of these
layers. Requiring then that the τ th unitary layer decorates the |+〉 wiring by leaving Z(τ )⊗2 |+〉
is achieved by sandwiching the layer with q 〈⊥| and |+〉. Making all of these selections, the
contribution from site 1 is takes the form shown below,

q 〈−|Z⊗2Γ1(1) . . .Γ1(τ − 1)Z(τ )⊗2 |+〉 q 〈⊥|Γ1(τ ) |+〉

× 〈+|Γ1(τ + 1) |+〉 . . . 〈+|Γ1(T − 1) |+〉 . (C.11)

We use the same strategy to select decorations that contribute physical OTOCs of length τ on
site x as well. The resulting contribution takes the form shown below, where we have defined
τ ′ = T − τ ,

〈−|Γx(1) |−〉 . . . 〈−|Γx(τ ′ − 1) |−〉 q 〈−|Γx(τ ′) |0〉

× q 〈−|Z(τ ′)⊗2Γx(τ ′ + 1) . . .Γx(T − 1)Z(T)⊗2 |+〉 . (C.12)
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Rather than focus on a single decoration Γ, we are able to select every O(1/q2) to D2,1

(x = 2, T) simultaneous by summing over decorations Γ with the appropriate coefficients CΓ

(as introduced in the decoration expansion in equation (88)),

D2,1(x = 2, T) =
∑
Γ

CΓD2,1
Γ (x = 2, T). (C.13)

Each of these layers is contracted by various combinations of the +,−,⊥ and 0 states. We
introduce a short-hand for each of these contractions, this is given below,

(C.14)

One further short-hand we use is 〈Z−
t | ≡ 〈−| Z(t)⊗2 and

∣∣Z+
t

〉
≡ Z(t)⊗2 〈+|. The contractions

(of the unitary layers) at site 1 now take the more readable form,

(C.15)

The short-hand version for site x is found similarly, but with T − τ − 1 ‘−’ contractions, fol-
lowed by a ‘0’ contraction on layer T − τ , followed by the OTOC. We now also apply this
short-hand to the contributions on site r, 1 < r < x, in particular, this yields

(C.16)

where we have discarded the decoration that never decorates the initial state, as previously
discussed.

By keeping only the O(1/q2) contributions to D2,1(x � 2, T), have found a set of diagrams
labelled by: τ , the length of each of the physical OTOCs; tr for each site r ∈ {2, . . . , x − 1},
the positions the ‘0’ contraction on site r. Setting t1 = τ and tx = T − τ , we label each dia-
gram by a sequence (t1, t2, . . . , tx−1, tx). An example diagram, labelled (t1, t2, t3, t4, t5, t6) =
(5, 3, 6, 2, 8, 7), that contributes to D2,1(x = 6, T = 12) is given below

In fact, for x > 2, only contributions where t1 � t2 < t3 < . . . < tx are non-zero. One of
the following motifs must appear in any diagram not satisfying this property, each of which is
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zero,

(C.17)

In the non-zero diagrams (i.e., those for which t1 � t2 < t3 < . . . < tx) the contracted unitary
layers collapse into contractions of only a short portion of the full layer this follows from the
brick property equation (70). We demonstrate this process by collapsing a semi-infinite domain
of ‘+’ contractions below,

(C.18)

We collapse the ‘−’ domain in the same way. Ultimately, every layer reduces to one of the
motifs below,

(C.19)

where M(t) is a single site operator. Each diagram as a whole decomposes into a products of
the motifs below, which we use to introduce a compact diagrammatic notation. We also give
the numerical value of each motif.

(C.20)
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where we have defined λ(t − t′) = q 〈Z−
t |M(t + 1) . . .M(t′ − 1)

∣∣Z+
t′
〉
. To give an example of

the correspondence between the contracted unitary layer diagrams and this new diagrammatic
notation, consider the diagram corresponding to the sequence (t1, . . . , t4) = (3, 3, 6, 7) below

(C.21)

For x > 2, the diagrams come in two qualitatively different types: (1) t1 < t2 and (2) t1 = t2.
All type 1 diagrams have the following diagrammatic form

(C.22)

where T − tx = t1. Whereas, type 2 diagrams have the form

(C.23)

For x = 2, we will find diagrams with similar motifs. We had found that for x � 2,
the relevant diagrams are labelled by a sequence (t1, t2, . . . , tx), with tx = T − t1 and where
t1 = τ is the length of the OTOCs. For x = 2 the diagrams are simply labelled by (τ , T − τ ).
A complication for x = 2 is the fact that the OTOCs may overlap in time. This is because no
matter where we position the ‘⊥’ contraction of site 1 and ‘0’ contraction of site 2, we can
never encounter any of the vanishing motifs of equation (C.17), which in the case of x > 2
force t1 � t2.

To address this complication, we split x = 2 in three types of diagram: (1) T − τ > τ , the
OTOCs do not overlap—the treatment of these diagrams is exactly the same the type-1 dia-
grams discussed for x > 2; (2) τ = T − τ , the OTOC’s ‘touch’—this is similar to the type-2
diagrams in x > 2; (3) τ > T − τ , the OTOCs overlap.

The touching OTOC contributions (τ = T − τ ) have the following form/motif,

(C.24)

43



J. Phys. A: Math. Theor. 55 (2022) 274007 E McCulloch and C W von Keyserlingk

We give the overlapping OTOC contributions (τ > T − τ ) the following compact notation,

(C.25)

We study these contributions in detail in the next section, appendix C.4.
We are interested in computing

∫
dV

∑
xD(2,1)(x, T), we have seen earlier in this appendix

that the x = 0, 1 contributions are O(1/q3) (as are the x < 0 contributions, equation (89)).
Therefore, at O(1/q2), we need only sum over x � 2. Fortunately, there is an abundance of
cancellation between these diagrams. We will cover some examples and then give the general
result. Starting with the simplest, we compute

∫
dV

∑
xD(2,1)(x, T) for T = 2, 3 and 4 explicitly

(where the Haar average is implied, but not written below). The additional factor of g2 in
equation (C.7) has been divided through in the equations below.

We have used the third rule of equation (C.20) to cancel the two terms (associated with x = 2
and x = 3) for T = 2 and to cancel the second and fourth terms and the fifth and sixth terms
for T = 4. Notice that the terms that remain after cancellation are all connected diagrams (i.e.,
the OTOCs either touch or overlap), all the diagrams with ‘gaps’ (i.e., where a vertical line
can be drawn through them without intersecting a wobbly line, representing an OTOC) have
conspired to cancel. This is no coincidence, it is a consequence of the fact that processes that
contribute to Σ (and hence the corrections to vB) must explore only the fast space, this is due to
the Q projectors that project out all slow components at every time-step in Σ. Diagrams with
a gap represent processes that take a detour to the slow space. We can see this by returning
to the contracted unitary layer picture; take, for example, the T = 3 diagram associated with
(t1 = 1, t2 = 2), this is the first diagram in the T = 3 sum above. It is equivalently given by

(C.26)
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Between the two unitary layers we have vectors that are clearly in P . The only diagrams that
have no gaps are those for x = 1 (which we have seen all vanish at O(1/q2)) and the over-
lapping or touching OTOC diagrams for x = 2. We will next evaluate the overlapping OTOC
diagram contributions, before finally calculating the touching OTOC diagram contributions.

C.4. Overlapping OTOC diagrams

In this section we investigate the contributions to D(2,1)(x = 2, T) that take the form of over-
lapping OTOCs. We name this contribution D(2,1)

O (x = 2, T). These OTOC overlap diagrams
are given in detail below for OTOC length τ and total diagram length T.

(C.27)

It will be useful to define the single site operators M+(τ ) and M−(τ ′) and repeat the definition
for M(t) seen in equation (C.19).

(C.28)

The Floquet layers T − τ + 1 through to τ − 1 have been reduced to two site operators which
has already been introduced in equation (112) and named T (t) for Floquet layer t. With these
definitions we have

(C.29)

where we have denoted the following,

Using theorem 2 of section 6.1, the Haar average of a product of two physical OTOCs is
found to O(1/q2) to be
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∫
dV

〈ZΓ1
1Z(T)Γ1†

2
ZΓ1

2Z(T)Γ1†
1
〉

〈ZΓ2
1Z(T)Γ2†

2
ZΓ2

2Z(T)Γ2†
1
〉 =

1
q2

(
δ
Γ1

1,Γ2
1δ

Γ1
2
,Γ2

2δ
Γ1

2,Γ2
2δ

Γ1
1
,Γ2

1

+ δ
Γ1

1,Γ2
2δ

Γ1
2
,Γ2

1δ
Γ1

2,Γ2
1δ

Γ1
1
,Γ2

2

)
+O(1/q3). (C.30)

Each of the decoration delta constraints can be implemented as described in appendix B. In
doing so, we sandwich each decoration layer with a wiring configuration labelled A for the first
term in equation (C.30) and by a configuration labelled B for the second term. We then use the
shorthand below.

(C.31)

where the grey boxes are placeholders for the possible decorations at each layer. A grey box
(labeled t) may decorated each of the incoming legs 1 and 2 with Z(t) and each of the legs 1
and 2 with Z(t)∗. On the right-hand side, every super-leg carries a label a which labels one of
the permutations A, B of the legs 1, 1, 2, 2 given in equation (C.32) below,

(C.32)

Each super-leg is implicitly carrying a factor 1/q2. The contraction between decorations within
a column is given more explicitly below

(C.33)

All of the onsite scrambling evolution can be dropped on the right-hand-side of equation (C.31)
as the leg contractions are between decorations at the same time. In the case of equation (C.29),
the OTOCs are off-set by τ ′ = T − τ Floquet time-steps. These OTOCs can be brought into
alignment by globally shift the time arguments in the OTOCs, then we can use equation (C.31).
After Haar averaging, and shifting the OTOCs back to their original positions, the leg
contractions will stretch over τ ′ steps, as shown below.

(C.34)

where all scrambling evolution time arguments have been dropped. The new variables are
related to those in equation (C.29) by t = T − τ − 1 � 0 and s = 2τ − T − 1 � 0. As an
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example, we show the t = 1, s = 2 case,

(C.35)

where on the right-hand side we have introduced a shorthand which makes obvious the decom-
position into two chains of tensor contractions. In general, the Haar average decomposes into
t + 1 chains. By summing over T � 1, we are able to drop the delta constraint above, doing
this sum is equivalent to calculating the Laplace transformed

∫
dVD2,1(x = 2, T) at z = 0,

i.e.
∫

dVD2,1(x = 2, z = 0). This is sufficient for calculating vB. Before we determine the
decomposition for a general s � 0 and t � 0, we first define the following chains,

(C.36)

For any (s, t) There are two qualitatively distinct types of contribution to equation (C.34): (1)
t + 1 ≡ 0(mod s + 1), a product of tCa chains and one Ca

+− chain; (2) otherwise, a product of
t − 1Ca chains, one Ca

+ chain and one Ca
− chain. For case 1, the Ca

+− chain is n = s+1
t+1 − 1 � 0

transfer matrices long, i.e., Ca
+−(n), while all t of Ca chains are n + 1 matrices long, Ca(n + 1).

For case 2 with s + 1 = n(t + 1) + k for 1 � k � t and starting from the left, the first k − 1
M’s are on chains of length n + 1 and terminate on an M. The kth M sits on a chain of length
n and terminates on M−, the following t − k M’s sit on chains length n that terminate on an M.
Finally, the M+ sits on a chain of length n and terminates on an M. All together, the contribution
is Ca

+(n)Ca
−(n)Ca(n + 1)k−1Ca(n)t−k. This is summarised below,

g2

q2

∑
a=A,B

∑
n�0

⎡
⎣∑

t�0

Ca
+−(n)Ca(n + 1)t +

∑
t�1

×
t∑

k=1

Ca
+(n)Ca

−(n)Ca(n + 1)k−1Ca(n)t−k

]
. (C.37)

In both cases, all but the n sums can be evaluated to give,∫
dVD(2,1)

O (x = 2, z = 0)

=
g2

q2

∑
a=A,B

∑
n�0

[
Ca
+−(n)

1 − Ca(n + 1)
+

Ca
+(n)Ca

−(n)
(1 − Ca(n))(1 − Ca(n + 1))

]
.

(C.38)

It remains to calculate the different chains. To do this we approach the problem as a transfer
matrix problem, where T is the transfer matrix. Using the definition of T in equation (112),
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the decoration decomposition of a two-site brick in equation (67) and definitions of M and M±

in equation (C.28), T and each of M, M+ and M− have the following properties,

(C.39)

Then, using the definition of the labelled super legs in equation (C.32), the chain Ca(n)
simplifies to the expression below,

(C.40)

Notice that the dependence on the label a vanished. This is true of all chains. Algebraically,
these chains (now without leg labels) are equivalently given by

C(n) = 〈M| T n |M〉, C+(n) = 〈M+| T n |M〉 ,

C+(n) = 〈M| T n |M−〉, C+−(n) = 〈M+| T n |M−〉 ,
(C.41)

where these angles braces reflect the trace inner product for tensors with input and output super
legs l = (1, 1, 2, 2).

(C.42)

Equipped with this, we can now write, for the contribution due to overlapping OTOC diagrams,
the following ∫

dVD(2,1)
O (x = 2, z = 0) =

2g2

q2
f (ε), (C.43)

where f (ε) is given by

f (ε) =
∑
n�0

[
C+−(n)

1 − C(n + 1)
+

C+(n)C−(n)
(1 − C(n))(1 − C(n + 1))

]
, (C.44)

where the chains are implicitly dependent on ε. To evaluate this sum, we must understand the
space that the transfer matrix acts on. Each of the legs 1, 1, 2 and 2 may be either undecorated
or carry a Z decoration. This means that the state our state space is dimension 24 and T is a
16 × 16 matrix. Because all the M(±) are even in the number of Z decorations, and T preserves
decoration parity, we are able to reduce the state space to those states with an even number of
Z decorations only, i.e., 8 states. It will be useful to use the basis below,

(C.45)
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Let S be the space spanning {|𝟙〉 , |S11〉 , |S12〉 , |S12〉 , |4〉} and A be the space spanning
{|A11〉 , |A12〉 , |A12〉} One can easily check that |M〉, |M+〉 and |M−〉 are all in S. Explicitly,
with u(ε) = sin(ε)2

|M〉 = (u4 + (1 − u)4) |𝟙〉+ 2u2(1 − u)2 |4〉

− (1 + g)
g√
2

(
|S11〉+ |S12〉

)
+

g2

√
2
|S12〉 , (C.46)

|M+〉 = −g(1 + g)√
2

(
|S12〉 − |S12〉

)
+

g2

2

(√
2 |S12〉 − |𝟙〉 − |4〉

)
, (C.47)

|M−〉 = −g(1 + g)√
2

(
|S12〉 − |S11〉

)
+

g2

2

(√
2 |S11〉 − |𝟙〉 − |4〉

)
. (C.48)

T is block diagonal in the subspaces S and A, and since all |M(±)〉 lie in S, we are able to
restrict our considerations to this five dimensional space only. In this restricted space with
basis order (𝟙, 4, S1,1, S1,2, S1,2), T is given by the product T = T̃−ŨT̃+, where

Ũ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

(1 − u)2 0 0 0 0
0 u2 0 0 0

0 0 −g
2

0 0

0 0 0 −g
2

0

0 0 0 0
g
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(C.49)

T̃− =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(1 − u)2 u2 − g√
2

0 0

u2 (1 − u)2 − g√
2

0 0

− g√
2

− g√
2

g + 1 0 0

0 0 0 g + 1 −g
0 0 0 −g g + 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(C.50)

T̃+ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(1 − u)2 u2 0 − g√
2

0

u2 (1 − u)2 0 − g√
2

0

0 0 g + 1 0 −g

− g√
2

− g√
2

0 g + 1 0

0 0 −g 0 g + 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C.51)

Four of the eigenvalues of T are bounded by |λ1,2,3,4| � |g(ε)|(1 − 2|g(ε)|)/2. The largest
eigenvalue (for all ε) is bounded by |λ5| � (1 − |g(ε)|)3.

In section 4 we showed that 〈vB(ε)〉must have the symmetries ε→−ε and ε→ π/2 + ε. All
analytically computed O(1/q2) contributions (the (a, b) = (4, 4) contribution and the touching
OTOC contribution) are found to respect this symmetry, as does the O(1) contribution from Ω.
We therefore conclude that f (ε) must also have this symmetry. Additionally, we know that f (ε)
is a function of sin(ε)2 only (the transfer matrix and the initial and final vectors in our transfer
matrix calculation are functions of sin(ε)2 only). Together with the symmetry requirements,
this means that f (ε) is in fact a function of s(ε) = sin(ε)2 cos(ε)2.
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We evaluate the sum in equation (C.44) analytically for small ε, finding f (ε) ≈ ε2/7. Know-
ing that f is a function of s(ε) only, we use this to factorise f (ε) = 1

7 s(ε)w(s(ε)), where w(ε) is
a function that approaches 1 as ε→ 0. The transfer matrix dramatically simplifies at the point
s(ε) = 1/4. Where all but one eigenvalue is zero. We find analytically that f (ε) ∝ (1 − 4s)2

around this point. This suggests a further factorisation f (ε) = 1
7 s(ε)(1 − 4s)2 p(s(ε)). We find

a very good quadratic polynomial approximation for p(ε) = 1 + as + bs2, with a = 6.8 and
b = 16.1.

f (ε) =
1
7

s(ε)(1 − 4s(ε))2(1 + as(ε) + bs(ε)2). (C.52)

We also find numerically that
∫

dVD2,1
O (x = 2, T) decays exponentially quickly, with a

decay rate bounded below by γO(ε) � 6s(ε).

C.5. Touching OTOC diagrams

We will now sum up all of the touching OTOC diagrams. These are given in equation (C.24)
with T = 2τ so that the two OTOC have the same length. We name this contribution
D(2,1)

Touch(x = 2, T).
We are only interested in the z → i0+ limit, this is given by

∫
dVD(2,1)

Touch(k = 0, z = 0) = g2
∫

dV
∞∑

t=1

gλ(t)2 +O(1/q3). (C.53)

The factor gλ(t)2 is the contribution from the diagrams equation (C.24). The Haar average of
a product of OTOCs given in equation (C.31) is deployed again to say that

∫
dVλ(t)2 =

2
q2

〈M| |M〉t−1. (C.54)

This gives

∫
dV

∞∑
t=1

g3λ(t)2 =
2g3

q2

1
1 − 〈M| |M〉 = −2g2

q2
ν(ε), (C.55)

where 〈M| |M〉 = 1 − 8s(1 − 2s)(1 − s(1 − 2s)), s(ε) = sin(ε)2 cos(ε)2 and ν(ε) = −g/(1 −
〈M| |M〉). Touching OTOC diagrams decay exponentially with a decay rate γTouch(ε) =
log(〈M| |M〉−1) � 8s(ε).

C.6. Summary

Recalling equation (89), the contributions from x < 0 are O(1/q4) or smaller. Piecing together
the O(1/q2) corrections, we find

∫
dVD(2,1)(k = 0, z = 0) is given by

∫
dVD(2,1)(k = 0, z = 0) =

2g2

q2
( f (ε) − ν(ε)) +O(1/q3). (C.56)
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Appendix D. Remaining (a, b)

D.1. (1, 2)

(D.1)

Here, we can simply use equation (98) to see that both sites 0 and x + 1 contribute a product of
non-trivial correlation functions plus terms of size 1/q2. The Haar average of this is O(1/q4).∫

dVD1,2
Γ (x � 0, T) = O(1/q4). (D.2)

D.2. (3, 3)

• x = 0:

(D.3)

In this case, both contours on site 0 and on site 1 are non-trivially decorated, contributing
a total of four non-trivial correlators. The Haar average is then O(1/q4).

• x � 1: in this case, each site 0 and x + 1 contribute a product of non-trivial correlators
and therefore, as above, are O(1/q4) or smaller.

All together ∫
dVD1,2

Γ (x � 0, T) = O(1/q4). (D.4)

D.3. (3, 4) and (4, 3)

• x = 0:

(D.5)

Both site 0 and site 1 contribute two non-trivial correlators. The Haar average of this term
is O(1/q4) or smaller.
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• x � 1: each of the sites 0 and x + 1 contribute a product of two non-trivial correlators.
Each of the sites 1 and x contribute a non-trivial correlator. If x = 1, then this is only five
non-trivial correlators, otherwise it is six. The Haar average is then O(1/q5).

All together,

∫
dVD4,4

Γ (x � 0, T) = O(1/q4). (D.6)

D.4. (a, b), where either a ∈ 1, 2 and b ∈ 3, 4 or the converse

In these case, equation (98) is again enough to show that
∫

dVDa,b
Γ (x, T) = O(1/q3).

Appendix E. Model variation: independent scramblers Vx,t

We can carry out a similar calculation for a version of the model with independently distributed
scramblers Vx,t for each site and at each layer of unitaries Ut (analogous to the Floquet layer
in the Floquet model), i.e., we break both spatial and temporal translation symmetry. We start
with, for large t, the fact

∑
x xρ(x, t) = vBt to write

vB = lim
t→∞

∑
x

x [ρ(x, t) − ρ(x, t − 1)]

= lim
t→∞

lim
k→0

∑
x

i∂ke−ikx [ρ(x, t) − ρ(x, t − 1)]

= lim
t→∞

lim
k→0

i∂k [ρ(k, t) − ρ(k, t − 1)] . (E.1)

Using the definition of ρ(k, n) we write the following

ρ(k, n) =
(
Wk|U0(P + Q)U1 . . .Un|Wk

)
=
(
Wk|U0|Wk

)
ρ(k, n − 1) + H(k, n)

= (1 +Ω(k))ρ(k, n − 1) + H(k, n), (E.2)

where H(k, n) is given by

H(k, n) =
(
Wk|U0QU1 . . .Un|Wk

)
=

(
Wk|U0QU1 . . .Un−1(P + Q)Un|Wk

)
= (1 +Ω(k))H(k, n − 1) + σ(k, n), (E.3)

where σ(k, n) is as previously defined, but with the independently distributed scramblers.

σ(k, n) =
(
Wk|L0QU1 . . .Un−1QLn|Wk

)
. (E.4)

Using equation (E.3) inductively and the fact that H(k, n = 0) = 0 we find

ρ(k, n) − ρ(k, n − 1) = Ω(k)ρ(k, n − 1) +
n∑

m=1

(1 +Ω(k))n−m−1σ(k, m). (E.5)
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Using this in equation (E.1), we find

vB = lim
n→∞

lim
k→0

i∂k

[
Ω(k)ρ(k, n − 1) +

n∑
m=1

(1 +Ω(k))n−m−1σ(k, m)

]
. (E.6)

Then writing Ω(k) = v0(1 − e−ik) where v0 = |g(ε)| is the q →∞ butterfly velocity, and
noticing that limk→0∂k (Ω(k)ρ(k, n)) = iv0, we find

δvB ≡ vB − v0 = lim
n→∞

lim
k→0

i∂k

n∑
m=1

(1 +Ω(k))n−m−1σ(k, m). (E.7)

Analogous to the definition in equation (85) for the Floquet model, we define the quantity,

D(x → y, n) = qy−x 〈Fx| L0QU1 . . .Un−1QLn |Fy〉 (E.8)

then σ(k, n) is given by

σ(k, n) =
1

L(1 − q−2)

∑
x,y

eik(x−y)[D(x → y, n) −D(x → y − 1, n)

− 1
q2

(D(x − 1 → y, n) −D(x − 1 → y − 1, n))]. (E.9)

The circuit averaged D(x → y, n) is translationally invariant 〈D(x → y, n)〉 = 〈D(y − x, n)〉
where D(x, n) = D(0 → x, n). The circuit average of σ(k, n) is given by

〈σ(k, n)〉 = η(k)(1 − e−ik)
∑

x

e−ikx〈D(x, n)〉 = η(k)(1 − e−ik)〈D(k, n)〉. (E.10)

The circuit averaging of equation (E.7) is given by

〈δvB〉 = lim
n→∞

lim
k→0

i∂k

n∑
m=1

(1 +Ω(k))n−m−1η(k)(1 − e−ik)〈D(k, m)〉

= −
∞∑

m=1

〈D(k = 0, m)〉 = −〈D(k = 0, z = 0)〉. (E.11)

This is same expression for the circuit averaged correction to vB that we found using the MMF
in equation (121). We calculate 〈D(k = 0, z = 0)〉 in the same way as in section 6.2. However,
the two O(1/q2) contributions found for the Floquet model (i.e., the so-called (2, 1) and (4, 4)
terms) relied on correlations between different sites and on the discrete time translation sym-
metry. With independently distributed scramblers, such terms are smaller than O(1/q2). This
gives the result 〈δvB〉 = O(1/q3) which leads to

〈vB〉 =
1 − cos(4ε)

4
+O(1/q3). (E.12)

We can employ the same calculation above for the variant of the model with spatial trans-
lation symmetry but no time translation symmetry (i.e., independently random scramblers
between time-steps) in order to find 〈δvB〉 = δvS(ε) +O(1/q3) where δvS(ε) is as given in
equation (122).

53



J. Phys. A: Math. Theor. 55 (2022) 274007 E McCulloch and C W von Keyserlingk

〈vB〉 =
1 − cos(4ε)

4
+ δvS(ε) +O(1/q3), δvS(ε) =

1
q2

1 + 5s − 4s2

1 − s − 3s2
. (E.13)

Comparing these result to the result of equation (121) allows us to see that the O(1/q2)
corrections only arise when there is spatial translation symmetry. Moreover, this enables us
to identify the δvF contribution (see equation (122)) with the presence of time translation
symmetry.

E.1. The ε→ 0 limit in the absence of time-translation symmetry

In section 6.2.4, we identified all the contributions to σ(x = 0, t) that contained the product of
two non-trivial correlators and used theorem 2 to evaluate these contributions to O(1/q2). We
were unable to extract the correct ε→ 0 behaviour of these contributions due to the appear-
ance of ε in the denominator (after summing over the time t). Luckily, for the model variant
with independently random scramblers at each time-step, we are able to accurately sum over
all ‘two-correlator’ contributions, after circuit averaging. While this is ignores correlations
between Floquet layers, it demonstrated the failure of naively expanding the memory matrix
in 1/q before taking the ε→ 0 limit and the resolution by summing over all contributions.

We identify the contributions that have the form of two non-trivial correlators in the same
way as done in section 6.2.4. We repeat this below for ease of reading.

(E.14)

where, so as to ensure that only sites 0 and 1 contribute non-trivial correlators, we have sand-
wiched each layer by 〈+| (〈−|) and |+〉 (|−〉) for sites x < 0 (x > 1) to leave the two site
operators T (t) introduced in equation (112) and represented above in equation (E.14) by the
rectangle blocks. The second ellipsis represents terms that contain at least three non-trivial cor-
relators. Using the same argument as was used in section 6.2.4, we see that the (i, j) = (1, 1)
and (2, 2) choices give identical contributions and the (1, 2) and (2, 1) contributions are the
complex conjugate of the (i, i) contributions, equation (114). Therefore, we are free to study
only the (i, j) = (1, 1) case. We insert projectors ensure that the 2, 1 contour of site 0 and the
2, 2 contour of site 1 remain undecorated (so as to ensure that there are only two non-trivial
correlators). The contribution is given below,

(E.15)

where each closed loops is associated with a normalising factor of 1/q that is suppressed in
the diagram. The contracted single time-step unitaries are now just operators on four indices.
We denote the contribution to D4,4(x = 0, T) that includes only two non-trivial contours as
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D4,4
2 (x = 0, T). Separating out the scrambling part of the unitaries we find

(E.16)

where each of the pink bricks is given by the following contraction of T .

(E.17)

Circuit averaging this tensor contraction is easy as each unitary only appears twice. We use the
following result for the Haar average of two V’s and two V†’s.

(E.18)

where K is a projector. Using the definitions of |+〉, |−〉, |0〉 and |⊥〉, K is given algebraically
as

K ≡ |−〉 〈⊥|
1 − q−2

+
|+〉 〈0|
1 − q−2

=
|⊥〉 〈−|
1 − q−2

+
|0〉 〈+|
1 − q−2

. (E.19)

Using this, we write

〈D4,4
2 (x = 0, T)〉 = −2h2 〈−|Z⊗2(KYK)T−1Z⊗2 |−〉+ c.c

= −2h2

q2
〈0| (KYK)T−1 |0〉+ c.c. (E.20)

The matrix KYK is a 2 × 2 matrix acting on the space of wirings Span{|+〉 , |−〉}. Choosing
the orthormal basis |S, A〉 = 1√

2
(|+〉 ± |−〉). KYK is given by

KYK =
ξ

2

(
1 1
1 1

)
+

1 + g
2

(
1 −1
−1 1

)
+

1 + g + ih
q

(
1 0
0 −1

)
. (E.21)

By diagonalising this, we find

∞∑
n=0

1
q2

〈0| (KYK)n |0〉 = 2
1 + 8q2ε2 +O(q2ε3, qε2)

. (E.22)
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Using h(ε) ≈ ε for small ε, 〈D4,4
2 (x = 0, z = 0)〉 is then given by

〈D4,4
2 (x = 0, z = 0)〉 = − 8ε2

1 + 8q2ε2 +O(q2ε3, qε2)
. (E.23)

Importantly, this contribution, which keeps account of all orders in q, vanishes as ε→ 0, unlike
the O(1/q2) contribution (naively) calculated in section 6.2.4, which (incorrectly) predicts
limε→0〈D4,4(x = 0, z = 0)〉 = −1/q2. However, this is still far from a complete account of
contributions to 〈D(k = 0, z = 0)〉 (for instance, contributions involving more than two corre-
lators), but it does demonstrate that the apparent pathological behaviour as ε→ 0 is the result
of a naive (and incorrect at small ε) counting of the O(1/q2) contributions. Notice that for
qε � 1, the small ε results of section 6.2.4 (which predict 〈D4,4(x = 0, z = 0)〉 ≈ −1/q2) are
in agreement with the analysis presented here.
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[47] Davison R A, Delacrétaz L V, Goutéraux B and Hartnoll S A 2016 Hydrodynamic theory of quantum

fluctuating superconductivity Phys. Rev. B 94 054502
[48] Bentsen G, Gu Y and Lucas A 2019 Fast scrambling on sparse graphs Proc. Natl Acad. Sci. USA

116 6689–94

57

https://doi.org/10.1103/physrevx.7.031016
https://doi.org/10.1103/physrevx.7.031016
https://doi.org/10.1103/physrevx.8.021014
https://doi.org/10.1103/physrevx.8.021014
https://doi.org/10.1103/physrevx.8.021013
https://doi.org/10.1103/physrevx.8.021013
https://doi.org/10.1103/physrevx.8.031057
https://doi.org/10.1103/physrevx.8.031057
https://doi.org/10.1103/physrevx.8.031058
https://doi.org/10.1103/physrevx.8.031058
http://arxiv.org/abs/1210.6644
https://doi.org/10.1103/physrevx.8.041019
https://doi.org/10.1103/physrevx.8.041019
https://doi.org/10.1007/jhep10(2016)009
https://doi.org/10.1007/jhep09(2015)110
https://doi.org/10.1103/physrevb.95.134302
https://doi.org/10.1103/physrevb.95.134302
https://doi.org/10.1007/jhep06(2018)122
https://doi.org/10.1103/physrevlett.117.091602
https://doi.org/10.1103/physrevlett.117.091602
http://arxiv.org/abs/1703.02545
https://doi.org/10.1016/j.aop.2016.09.006
https://doi.org/10.1016/j.aop.2016.09.006
https://doi.org/10.1016/j.aop.2016.09.006
https://doi.org/10.1016/j.aop.2016.09.006
https://doi.org/10.1088/1742-5468/2005/04/p04010
https://doi.org/10.1103/physrevlett.111.127205
https://doi.org/10.1103/physrevlett.111.127205
https://doi.org/10.1088/1367-2630/aa719b
https://doi.org/10.1088/1367-2630/aa719b
http://arxiv.org/abs/1701.09147
https://doi.org/10.1088/1742-5468/2006/03/p03001
https://doi.org/10.21468/scipostphys.7.4.045
https://doi.org/10.21468/scipostphys.7.4.045
https://doi.org/10.1007/bf01645779
https://doi.org/10.1007/bf01645779
https://doi.org/10.1007/bf01645779
https://doi.org/10.1007/bf01645779
https://doi.org/10.1103/physrevb.95.094302
https://doi.org/10.1103/physrevb.95.094302
https://doi.org/10.1103/physrevb.96.020406
https://doi.org/10.1103/physrevb.96.020406
https://doi.org/10.1103/physrevx.9.021033
https://doi.org/10.1103/physrevx.9.021033
https://doi.org/10.21468/scipostphys.9.2.024
https://doi.org/10.1103/physrevx.9.031048
https://doi.org/10.1103/physrevx.9.031048
https://doi.org/10.1103/physrevx.10.031066
https://doi.org/10.1103/physrevx.10.031066
https://doi.org/10.1103/physrevb.91.195122
https://doi.org/10.1103/physrevb.91.195122
https://doi.org/10.1103/physrevb.94.054502
https://doi.org/10.1103/physrevb.94.054502
https://doi.org/10.1073/pnas.1811033116
https://doi.org/10.1073/pnas.1811033116
https://doi.org/10.1073/pnas.1811033116
https://doi.org/10.1073/pnas.1811033116


J. Phys. A: Math. Theor. 55 (2022) 274007 E McCulloch and C W von Keyserlingk

[49] Liu F, Garrison J R, Deng D-L, Gong Z-X and Gorshkov A V 2018 Asymmetric particle transport
and light-cone dynamics induced by anyonic statistics Phys. Rev. Lett. 121 250404

[50] Stahl C, Khemani V and Huse D A 2018 Asymmetric butterfly velocities in Hamiltonian and circuit
models (arXiv:1812.05589)

[51] McCulloch E 2021 Haar averaged moments of correlation functions and OTOCs in Floquet systems
(arXiv:2110.15151)

[52] Gopalakrishnan S 2018 Operator growth and eigenstate entanglement in an interacting integrable
Floquet system Phys. Rev. B 98 060302

58

https://doi.org/10.1103/physrevlett.121.250404
https://doi.org/10.1103/physrevlett.121.250404
http://arxiv.org/abs/ 1812.05589
http://arxiv.org/abs/2110.15151
https://doi.org/10.1103/physrevb.98.060302
https://doi.org/10.1103/physrevb.98.060302

	Operator spreading in the memory matrix formalism
	Contents
	1.  Introduction
	2.  Memory matrix formalism: operator spreading as a slow mode
	2.1.  Quantifying operator spreading
	2.2.  Operator right density as a correlation function
	2.3.  Operator averaging
	2.4.  Spectral and memory function
	2.5.  Butterfly velocity and diffusion constant

	3.  MMF for Floquet models
	4.  A minimal Floquet model
	5.  Corrections from memory effects: a summary
	6.  Calculating corrections from memory effects
	6.3.  Table of results and summary

	7.  Discussion
	7.1.  Late times

	8.  Conclusion
	9.  Further work/outlook
	Acknowledgments
	Data availability statement
	Appendix A. An unusual inner-product
	Appendix B. Imposing the decorations delta constraints
	B.3.  Connection to the OTOC Haar average

	ORCID iDs
	References


