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HYPERGRAPH REGULARITY AND RANDOM SAMPLING

FELIX JOOS, JAEHOON KIM, DANIELA KUHN, AND DERYK OSTHUS

ABSTRACT. Suppose that a k-uniform hypergraph H satisfies a certain regularity instance
(that is, there is a partition of H given by the hypergraph regularity lemma into a bounded
number of quasirandom subhypergraphs of prescribed densities). We prove that with high
probability a large enough uniform random sample of the vertex set of H also admits the
same regularity instance. Here the crucial feature is that the error term measuring the
quasirandomness of the subhypergraphs requires only an arbitrarily small additive correction.
This has applications to combinatorial property testing. The graph case of the sampling result
was proved by Alon, Fischer, Newman and Shapira.

1. INTRODUCTION

Szemerédi’s regularity lemma [27] is one of the most important results in discrete mathe-
matics and has numerous applications. Roughly speaking, it states that every graph can be
partitioned into bounded number of vertex sets so that most of bipartite graphs between the
parts are random-like. To be more precise, it says that for every € > 0 and m € N, there exists
an M (e,m) such that every large enough graph G admits an equipartition Vi,...,V; of its
vertex set such that m < ¢ < M and all but at most t? pairs V;, V; induce an e-regular pair in
G, as usual, a bipartite graph with vertex sets A, B is e-regular if it is (g, d)-regular for some
d € [0,1]. The latter means that |d —e(A’, B')(|4’||B’|)~!| < ¢ for all subsets A’ C A, B’ C B
with |A’| > ¢|A|,|B’| > ¢|B].

Being e-regular encapsulates random-like behaviour. Much of the information about the
graph is captured by the vertex partition Vi,...,V; together with the densities d(V;,V}) :=
e(Vi, Vi) ([Vil|V}]) between the pairs ij € ([5]) of parts. Consequently, it turned out to be
interesting in many occasions to decide whether a graph G on n vertices satisfies a particular
regularity instance R.(d) which is defined as follows.

Definition 1.1. For given € > 0, t € N\ {1} and d € [0, 1]([5]), we say that a graph G
satisfies a reqularity instance R.(d) if G admits an equipartition Vi,...,V; such that V;,Vj is
an (e,d(ij))-regular pair for each ij € ([2}).

The regularity lemma was further extended to hypergraphs in the ground-breaking work of
R6dl and Frankl [12] (who proved the 3-uniform case), Rédl and Skokan [24] (who proved the
r-uniform case, with the corresponding counting lemma proved by Rddl and Schacht [22]) as
well as by Gowers [15, 16]. This theory was further developed in e.g. Rédl and Schacht [23],
Tao [28], Allen, Bottcher, Cooley and Mycroft [1], Nagle, R6dl and Schacht [21], Allen, Davies
and Skokan [2], Moshkovitz and Shapira [19]. In particular, in [23], Rodl and Schacht proved
the so-called ‘regular approximation lemma’, which is a powerful version of the hypergraph
regularity lemma and which is of central importance to our proof.

The hypergraph regularity lemma guarantees that every (large) k-uniform hypergraph ad-
mits a partition of its edge set, where most classes of the partition consist of ‘regularly dis-
tributed’ edges. The appropriate notion for being regularly distributed is significantly more
complicated than in the graph case and it took two decades until a suitable notion was found
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and a corresponding theory was established. At a high level, many concepts from graph
regularity carry over to hypergraphs. In particular, one can define regularity instances for
hypergraphs as a sequence of densities recorded from the cluster structure provided by the
hypergraph regularity lemma. Again in many places it has turned out to be fruitful to work
with the much less complex regularity instance instead of the hypergraph itself.

Another very natural way to study the properties of a given discrete structure is via random
sampling. By examining a small random sample S of a combinatorial object O, can we
determine (with high probability) whether O has a specific property P or whether it is far
from satisfying P? Questions of this type are known as property testing and have been
intensively studied.

Rubinfeld and Sudan [25] introduced property testing and Goldreich, Goldwasser and
Ron [13] obtained results regarding k-colourability, max-cut and more general graph parti-
tioning problems. (In fact, these results are preceded by the famous triangle removal lemma of
Ruzsa and Szemerédi [26], which can be rephrased in terms of testability of triangle-freeness.)
This list of problems was greatly extended, see [4, 5, 6, 7, 11, 14]. This sequence of results in
property testing culminated in the result of Alon, Fischer, Newman and Shapira [5] who ob-
tained a complete combinatorial characterization of all testable graph properties. This solved
a problem posed in [13], which was regarded as one of the main open problems in the area. In
fact, the combinatorial characterization says that a property is testable if and only if it can
be decided whether a graph has the property solely by considering the regularity instances
it satisfies. A key step in their approach is the result that one can efficiently test whether a
graph satisfies a particular regularity instance.

Therefore, this suggests that is also of high importance to prove a similar result for hyper-
graphs. Duke and Rodl [10] proved that randomly sampled subgraphs of a dense and regular
pair (V;,V;) almost surely span an edge. Alon, de la Vega, Kannan and Karpinski [3] as well
as Mubayi and Rodl [20] then proved a stronger ‘inheritance’ result in the setting of uniform
hypergraphs, i.e. with high probability uniform edge-distribution is inherited by random sam-
ples. Further generalizing these results, Czygrinow and Nagle [9] proved that if a hypergraph
satisfies a regularity instance, then with high probability a randomly sampled hypergraph
also satisfies ‘the same’ regularity instance. However, their result has the disadvantage that
their argument gives polynomial regularity dependence which we sharpen to nearly best pos-
sible, up to an additive correction. We also reverse the inference in the result of Czygrinow
and Nagle [9], that regularity instances of sampled subhypergraphs predict that of the host
hypergraph.

As the precise definition of a regularity instance for hypergraphs is fairly involved, let us
now only state our result for graphs; in fact, Theorem 1.2 is proved by Alon, Fischer, Newman
and Shapira [5] as a crucial tool for their characterization of testable graph properties.

Theorem 1.2 ([5]). For alle > 0 and all § > 0 that are small in terms of €, there exists ¢ > 0
such that for all sufficiently large n and q with n > q, the following holds. Suppose (e,t,dy) is
a regularity instance and suppose G is a graph on n vertices with vertex set V. Let Q) € (‘(;)
be chosen uniformly at random. Then with probability at least 1 — e the following hold.

o If G satisfies the regularity instance (g,t,d;), then G|Q)] satisfies the regularity instance
(E + 57 ta dt) :

o If G[Q)] satisfies the regularity instance (e,t,dy), then G satisfies the regularity instance
(E + 57 ta dt) :

The main result of this paper is a hypergraph version for Theorem 1.2. In another pa-
per [17], we exploit this theorem to prove a combinatorial characterization for testable hyper-
graph properties. For this it is again crucial that a regularity instance can be tested with an
arbitrarily small additive error. It is by no means clear that one can generalize the results
of [5] to hypergraphs and obtain such a characterization of testable hypergraph properties:
Austin and Tao [8] showed that for the stronger but related notion of ‘repairability’ the graph
results do not extend to hypergraphs; see [8, 17] for a more detailed discussion.
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It is beyond the scope of an introduction to present the precise statement of such a result
as first several notions concerning hypergraph regularity have to be introduced. We therefore
defer the statement of our main result to Section 4.

In order to prove our main result, we prove Lemma 6.1, which is a strengthening of a version
of the hypergraph regularity lemma. This is a strengthening of a regular approximation
lemma (Lemma 4.1) proved by Rédl and Schacht [23]. The latter is a version of the regularity
lemma which of a given hypergraph H guarantees that by modifying a small proportion
of the hyperedges one can obtain a hypergraph H’ which has a ‘high’ quality regularity
lemma partition, that is, with very small error terms. We believe that Lemma 6.1 is also of
independent interest and will have additional applications. In particular, we apply it in [17]
to derive from our testability characterization that the max cut problem is testable.

2. CONCEPTS AND TOOLS

In this section we introduce the main concepts and tools (mainly concerning hypergraph
regularity partitions) which form the basis of our approach. The constants in the hierarchies
used to state our results have to be chosen from right to left. More precisely, if we claim that
a result holds whenever 1/n < a < b < 1 (where n € N is typically the number of vertices
of a hypergraph), then this means that there are non-decreasing functions f : (0,1] — (0, 1]
and ¢ : (0,1] — (0,1] such that the result holds for all 0 < a,b < 1 and all n € N with
a < f(b) and 1/n < g(a). For a vector x = (aq,...,qy), we let x, := {aq,...,a,} and write
[Xlloc = max;epg{a;}. We say a set E is an i-set if |E| = i. Unless stated otherwise, in the
partitions considered in this paper, we allow some of the parts to be empty.

2.1. Hypergraphs. In the following we introduce several concepts about a hypergraph H.
We typically refer to V' = V(H) as the vertex set of H and usually let n := |V|]. Given a
hypergraph H and a set Q@ C V(H), we denote by H[Q] the hypergraph induced on H by
Q. For two k-graphs G, H on the same vertex set, we often refer to |GAH| as the distance
between G and H. If the vertex set of H has a partition {Vi,...,V;}, we simply refer to H
as a hypergraph on {Vi,...,V;}.

A partition {Vi,...,V;} of V is an equipartition if |V;| = |V;| £ 1 for all i,j € [¢]. For a
partition {V1,...,V;} of V and k € [¢], we denote by Kék)(Vl, ..., V) the complete (-partite
k-graph with vertex classes Vi,...,Vp. Let 0 < A < 1. If |[V;| = (1 £ A\)m for every i € [{],
then an (m, ¢, k, \)-graph H on {Vq,...,V,} is a spanning subgraph of Kék)(Vl, ..., Vo). For
notational convenience, we consider the vertex partition {V,...,Vp} as an (m, ¢, 1, \)-graph.
If |V;] € {m,m + 1}, we drop A and simply refer to (m, ¢, k)-graphs. Similarly, if the value of
A is not relevant, then we say H C Kék)(Vl, ..., Vp) is an (m, ¢, k, *)-graph.

Given an (m,/, k,*)-graph H on {Vi,...,V;}, an integer k < i < £ and a set A; € ([?),
we set H[A;] == H[Uycp, V] If2 <k <i </l and H is an (m, £, k, x)-graph, we denote
by KC;(H) the family of all i-element subsets I of V(H) for which H[I] = Ki(k), where Ki(k)
denotes the complete k-graph on i vertices.

If HY is an (m, £, 1, *)-graph and i € [¢], we denote by K;(H™M) the family of all i-element
subsets I of V(H®M) which ‘cross’ the partition {Vi,...,V;}; that is, I € K;(H™") if and only
if [INVs] <1 forall se [/

We will consider hypergraphs of different uniformity on the same vertex set. Given an
(m, 0,k — 1,\)-graph H*=1) and an (m, ¢, k,\)-graph H*®) on the same vertex set, we say
H® D underlies H® if H®) C ICk(H(kfl)); that is, for every edge e € H®) and every
(k — 1)-subset f of e, we have f € H®* =1, If we have an entire cascade of underlying
hypergraphs we refer to this as a complex. More precisely, let m > 1 and £ > k > 1 be integers.
An (m, 0, k,\)-complex H on {V1,...,V;} is a collection of (m,¥, j, A)-graphs {H(j)}f:1 on
{(Vi,...,Vi} such that HU~Y underlies HU) for all i € k] \ {1}, that is, HU) C K;(HU~Y).



4 F. JOOS, J. KIM, D. KUHN, AND D. OSTHUS

Again, if |V;| € {m,m+ 1}, then we simply drop A and refer to such a complex as an (m, ¢, k)-
complex. If the value of \ is not relevant, then we say that {H(j)}f:1 is an (m, ¢, k, *)-complex.
A collection of hypergraphs is a complex if it is an (m, ¢, k, *)-complex for some integers m, ¢, k.

When m is not of primary concern, we refer to (m, ¢, k, A)-graphs and (m, ¢, k, \)-complexes
simply as (¢, k, \)-graphs and (¢, k, \)-complexes, respectively. Again, we also omit \ if |V;| €
{m, m+1} and refer to (¢, k)-graphs and (¢, k)-complexes and we write the symbol ‘«’ instead
of A if X is not relevant.

Note that there is no ambiguity between an (¢, k, \)-graph and an (m,/, k)-graph (and
similarly for complexes) as A < 1.

Suppose n > £ > k and suppose H is an n-vertex k-graph and F' is an {-vertex k-graph.
We define Pr(F, H) such that Pr(F, H)(;) equals the number of induced copies of F in H.
For a collection F of ¢-vertex k-graphs, we define Pr(F, H) such that Pr(F, H) (Z) equals the
number of induced ¢-vertex k-graphs F' in H such that ' € F.

2.2. Hypergraph regularity. In this subsection we introduce e-regularity for hypergraphs.
Suppose £ > k > 2 and Vi,...,V, are pairwise disjoint vertex sets. Let H*) be an (0, k, *)-
graph on {Vi,...,V;}, let {i1,...,ip} € ([ﬁ]), and let H*=Y be a (k,k — 1,%)-graph on
{Vii,..., Vi, }. We define the density of H®) with respect to H* =1 ag

HEAK, (HKE-1) . _
d(H®) | HE) ::{ SRy KEED) >0,
0

otherwise.

Suppose ¢ > 0 and d > 0. We say H® is (e,d)-regular with respect to HE&=1D if for all
Q¥-1 c H¢-1) with

K (QF=)| > |k (HFEV)|, we have |[H® 1 K(QF V)| = (d + )| K (Q¥FY)|.

Note that if H®) is (e,d)-regular with respect to H® =1 and H*=1D £ (. then we have
d(H®) | H*=1) = d+ . We say H®) is e-reqular with respect to H*=V if it is (e, d)-regular
with respect to H*=1 for some d > 0.

We say an (£, k, *)-graph H*) on {Vi,...,V;} is (e, d)-reqular with respect to an (£,k—1, %)-
graph H*=1) on {Vq,...,V;} if for every A € ([,?) H®) is (g, d)-regular with respect to the
restriction H*~D[A].

Let d = (da,...,dr) € RE;L. We say an (£, k, ¥)-complex H = {HU) ?:1 is (e,d)-regular
if HU) is (e, d;)-regular with respect to HU~Y for every j € [k] \ {1}. We sometimes simply
refer to a complex as being e-regular if it is (¢, d)-regular for some vector d.

2.3. Partitions of hypergraphs and the regular approximation lemma. The regular
approximation lemma of R6dl and Schacht implies that for all k-graphs H, there exists a
k-graph G which is very close to H and so that G has a very ‘high quality’ partition into
e-regular subgraphs. To state this formally we need to introduce further concepts involving
partitions of hypergraphs.

Suppose A DO B are finite sets, & is a partition of A, and & is a partition of B. We say &/
refines A and write o < A if for every A € of there either exists B € % such that A C B or
A C A\ B. The following definition concerns ‘approximate’ refinements. Let v > 0. We say
that o/ v-refines % and write & <, A if there exists a function f : &/ — B U{A\ B} such
that

D AN A < plAlL
Acg/
We make the following observations.

o of < A if and only if o <y AB.
o Suppose of , /" " are partitions of A, A', A" respectively and A” C A" C A. (2.1)
If o <, " and o' <, ", then o <, " .
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We now introduce the concept of a polyad. Roughly speaking, given a vertex partition
W) an i-polyad is an i-graph which arises from a partition 2® of the complete partite
i-graph K;(2M). The (i + 1)-cliques spanned by all the i-polyads give rise to a partition
P of Kiy1(2W) (see Definition 2.1). Such a ‘family of partitions’ then provides a suitable
framework for describing a regularity partition (see Definition 2.3).

Suppose we have a vertex partition 21 = {V1,...,V;} and £ > k. For integers k < ¢/ <,
we say that a hypergraph H is an (¢, k, %)-graph with respect to 21 if it is an (¢, k, ¥)-graph
on {V; :i € A} for some A € ([;/]).

Recall that ICj(QZ(l)) is the family of all crossing j-sets with respect to 2. Suppose that
for all i € [k — 1]\ {1}, we have partitions 2@ of K;(Z21)) such that each part of 2 is
an (4,4, *)-graph with respect to (1), By definition, for each i-set I € K;(2(1)), there exists
exactly one P = PO(T) € 2 so that I € P®). Consider j € [(] and any J € K;(2W).
For each i € [max{j,k — 1}], the i-polyad PO (J) of J is defined by

PO = {pm () : T e (J ) } | (29)

Thus P(i)(J) is a (j,4)-graph with respect to 2. Moreover, let

R . max{j,k—1}
Py = {PO} 23
and for j € [k — 1], let
PO = [PO(): ] € Kja(2M))}. (2.4)

We note that 21 is the set consisting of all (2,1)-graphs with vertex classes Vj, V; (for all
distinct s,t € [¢]). In other words, each element of 20 is a 1-graph with the vertex set
Vs UV, and the edge set VU V;. Also note that for any PU) € @(j), we have leJrl(P(j)) # (.
Indeed, if PU) € 20 it follows that there is a set J € Kjy1(2W) such that PU) = PU)(J)
and J € K;j41(PY ().

The above definitions apply to arbitrary partitions 22 of ICi(L@(l)). However, it will be
useful to consider partitions with more structure.

Definition 2.1 (Family of partitions). Suppose k € N\ {1} and a = (ay,...,ap_1) € NF71,
We say P = P(k —1,a) = {2W, ..., 2F=D} is o family of partitions on V if it satisfies
the following for each j € [k — 1]\ {1}:
(i) PO s a partition of V into a; > k nonempty classes,
(i) 2U) is a partition of K;(2WM) into nonempty j-graphs such that
o 20 < {I;(PU-D): PU-D ¢ 2G-D} and
o |{PY) e 20) . plU) C Kj(P(j_l))}| = a; for every PU-1 ¢ (-1,

We say &2 = P(k — 1,a) is T-bounded if ||allcc < T. For two families of partitions
P =Pk —-1,a7)and 2 = 2(k — 1,a?), we say & < 2 if 2U) < 20) for all j € [k — 1].
We say 2 <, 2 if 20) <, 20) for all j € [k — 1].

As the concept of polyads is central to this paper, we emphasize the following;:
Proposition 2.2. Let k € N\ {1}, a € Nk~V and &2 = 2(k—1,a) be a family of partitions.
Then for all i € [k — 1] and j € [a1], the following hold.

(i) ifi > 1, then 29 is a partition of K;(2 W) into (i,1,*)-graphs with respect to 21,
(il) each PO e 20 s an (i 4+ 1,1, %)-graph with respect to 20,
(iii) for each j-set J € K;j(2W), P(J) as defined in (2.3) is a complex.

We now extend the concept of e-regularity to families of partitions.
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Definition 2.3 (Equitable family of partitions). Let k € N\ {1}. Suppose n > 0 and a =
(ai,...,ap_1) € N1 Let V be a vertex set of size n. We say a family of partitions & =
P(k—1,a) on'V is (n,e,a, N)-equitable if it satisfies the following:
(1) ap > 77717
(i) 2W ={V; i € [a1]} satisfies |Vi| = (1 £ N)n/ay for all i € [a1], and
(i) if k > 3, then for every k-set K € Ki(2W) the collection P(K) = {P(j)(K)}?;ll is
an (e,d)-reqular (k,k — 1, x)-complex, where d = (1/ag,...,1/ax_1).
As before we drop A if |Vi| € {|n/a1], |n/a1]| + 1} and say & is (7, ¢, a)-equitable. Note
that for any A < 1/3, every (n, ¢, a, A)-equitable family of partitions & satisfies

() Vit < i}, (25)

We next introduce the concept of perfect e-regularity with respect to a family of partitions.

Definition 2.4 (Perfectly regular). Suppose ¢ > 0 and k € N\ {1}. Let H®) be a k-graph
with vertex set V and let &2 = P(k — 1,a) be a family of partitions on V. We say H®) g
perfectly e-reqular with respect to & if for every PE-1 ¢ pk-1) tpe graph H®) s e-reqular
with respect to pl=1),

Having introduced the necessary notation, we are now ready to state the regular approxi-
mation lemma due to R6dl and Schacht. It states that for every k-graph H, there is a k-graph
G that is close to H and that has very good regularity properties.

Theorem 2.5 (Regular approximation lemma [23]). Let k € N\ {1}. For all n,v > 0 and
every function € : N*=1 — (0,1], there are integers ty := to 5(n,v,€) and ng := ng 5(n,v,)
so that the following holds:

For every k-graph H on at least n > ng vertices, there exists a k-graph G on V(H) and a
family of partitions P = P(k —1,a”) on V(H) so that

(i) 2 is (n,e(a”),a?)-equitable and to-bounded,
(ii) G is perfectly e(a”’)-reqular with respect to &, and
(iii) |GAH| <v(}).

The crucial point here is that in applications we may apply Theorem 2.5 with a function &
such that e(a”’) < ||a”||z!. This is in contrast to other versions (see e.g. [16, 24, 28]) where
(roughly speaking) in (iii) we have G = H but in (ii) we have an error parameter ¢’ which
may be large compared to ||a”||Z!.

2.4. The address space. Later on, we will need to explicitly refer to the densities arising,
for example, in Theorem 2.5(ii). For this (and other reasons) it is convenient to consider the
‘address space’. Roughly speaking the address space consists of a collection of vectors where
each vector identifies a polyad.

For a,s € N, we recursively define [a]® by [a]® := [a]*~! x [a] and [a]' := [a]. To define the
address space, let us write ([“g])< = {(a1,...,0p) €[] 11 < <y}

Suppose k', ¢,p € N, £ > k', and p > max{k’ — 1,1}, and a = (a1, ...,a,) € NP. We define

k'—1
A(f, K —1,a) = <[a€1]> X H [aj](ﬂ')
< j=2

to be the (¢, k')-address space. Observe that A(1,0,a) = [a;] and A(2,1,a) = ([“21})( Recall
that for a vector x, the set x, was defined at the beginning of Section 2. Note that if &' > 1,
then each X € A(¢,k’ —1,a) can be written as x = (x(I), ..., x* =) where x(M) € ([ag])< and
4
j

xU) ¢ [aj]( ) for each j € [K'=1]\{1}. Thus each entry of the vector xU) corresponds to (i.e. is
(1)
indexed by) a subset of ([f]). We order the elements of both ([f]) and (x;.I ) lexicographically
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1)
x; )

(1)
and consider the bijection g : (xj ) — ([f]) which preserves this ordering. For each A € (

(4)

and j € [k — 1], we denote by x;’ the entry of x\) which corresponds to the set g(A).

2.4.1. Basic properties of the address space. Let k € N\ {1} and let V' be a vertex set of size
n. Let 2(k —1,a) be a family of partitions on V. For each crossing (-set L € Ko(2(1), the
address space allows us to identify (and thus refer to) the set of polyads ‘supporting’ L. We
will achieve this by deﬁning a suitable operator x(L) which maps L to the address space.

To do this, write 2(0) = {V; : i € [a1]}. Recall from Definition 2.1(ii) that for j €
[k—1]\ {1}, we partition K;(P PU=D) of every (j—1)-polyad PU~1 e 220-1 into a; nonempty
parts in such a way that L@(J) is the collection of all these parts. Thus, there is a labelling
¢ . 2U) — [a;] such that for every polyad PU-1) ¢ U= the restriction of ¢
{PU) ¢ 20) . pU) C ICJ(P(j_l))} is injective. The set ® := {¢(?), ..., ¢(~D} is called an
a-labelling of 2(k —1,a). For a given set L € K¢(2W), we denote cl(L) := {i: Vi L # 0}.

Consider any £ € [a1]. Let j/ := min{k — 1, — 1} and let j” := max{j’,1}. For every (-set
L € Ky(2WM) we define an integer vector %(L) = (x(V(L),...,xU")(L)) by

o xX(L) = (ay,...,ay), where ay < ... < ay and LN Vg, = {va,},
e and fori € [j'] \ {1} we set

. o o | (2.6)
x0(L) := (60(PD) : {ur: A€ A} € PO, PO € 20))

Ae(cl(iL)) :

Here, we order (d(iL)) lexicographically. In particular, x*)(L) is a vector of length (f)

By definition, X(L) € A((, j',a) for every L € K,(2WM)) with ¢, ;" as above. Our next aim
is to define an operator x(-) which maps the set PU-1) of (j — 1)-polyads injectively into
the address space A(j,j — 1,a) (see (2.7)). We will then extend this further into a bijection
between elements of the address spaces and their corresponding hypergraphs. However, before
we can define X(-), we need to introduce some more notation.

Suppose j € [k —1]. For x € A((,k' —1,a) and J € K;(21)) with cl(J) C x\", we define
<) .— U

J cl(J
A€ (X%U) or by aset J € K;j(2W).
Next we introduce a relation on the elements of (possibly different) address spaces. Consider
= (xM,x® . x*-Dy e A4,k —1,a) with £/ < ¢ and k" < k. We define § <p v % if
oy = (y(l),y@), e ,y(kﬂfl)) € A(ﬁ/, kK" —1,a),
° y(l) - X(l) and
(]) = yg\]) for any A € (y;)) and j € [k — 1]\ {1}.

) Thus from now on, we may refer to the entries of x(9) either by an index set

Thus any y € A(¢, k" —1,a) with y <p k-1 X can be viewed as the restriction of X to an
¢'-subset of the (-set x,(kl). Hence for x € fl(f, k' —1,a), there are exactly (;) distinct integer

vectors ¥ € A(¢', k" —1,a) such that y <p -1 X. Also it is easy to check the following
properties.

Proposition 2.6. Suppose &2 = P(k — 1,a) is a family of partitions, i € [a1] and i' =
min{i, k}.
(i) Whenever I € K;i(2W) and J € K;(2W) with I C J, then %(I) <;—1 %(J).
(i) If J € K;j(2W) and y <;—1 %(J), then there exists a unique I € (‘Z]) such that
vy =x(I).

Now we are ready to introduce the promised bijection between the elements of address
spaces and their corresponding hypergraphs.

Consider j € [k]\{1}. Recall that for every j-set J € K;(2W1)), we have x(J) € A5, 7—
Moreover, recall that K;(PU=1) # @) for any PU-Y ¢ L@(J D and note that %(J) =
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for all J,J' € ICJ(P(j_l)) and all PU-D e 220-1), Hence, for each PU~1D e 20U~ we can
define
%(PUY)Y := %(J) for some J € /CJ(P(J;I)). (2.7)
Let
A(j,j—1,a)49 = {x € A(j,j — 1,a) : IPU~D € 20~ such that x(PU~Y) = %}
= {x € A(j,j — 1,a) : 3J € K;(2W) such that x = x(J)},
A(Gj = La)g = A(G.j — La) \ A(j,j — La)x.

Clearly (2.7) gives rise to a bijection between 20-1) and fl(j,j —1,a)p. Thus for each
xeAQj,j— 1,a).p, we can define the polyad PU=D(x) of X by

PUD(x) := PU=D such that PV~ e 20~ with x = %(PU~D). (2.8)

Note that for any J € K;(2WM), we have PU=D(x(J)) = PU=1(J).

We will frequently make use of an explicit description of a polyad in terms of the parti-
tion classes it contains (see (2.12)). For this, we proceed as follows. For each b € [a;], let
PM(b,b) := V. For each j € [k — 1]\ {1} and (%,b) € A(j,j —1 ,a)zg X [aj], we let

P (x,b) := PY) ¢ 2 such that ¢ (PU) = b and PV C K;(PU~Y(x)). (2.9)

Using Definition 2.1(ii), we conclude that so far PU)(x,b) is well-defined for each (x,b) €

A(j,j — 1,a)4p x [aj] and all j € [k — 1]\ {1}.
For convenience we now extend the domain of the above definitions to cover the ‘trivial’
cases. For (%,b) € A(j,7 —1,a)y x [a;], we let

PU(%,b) := 0. (2.10)

We also let PM(a,b) := @ for all a,b € [a1] with a # b. For all j € [k—1] and % € A(j+1,j,a)g,
we define
]S(j)(fc) — U p(j)(y7x(]()1)) (2.11)
y<jj—1%

To summarize, given a family of partitions & = Z(k — 1,a) and an a-labelling ®, for
cach j € [k — 1], this defines PU)(%,b) for X € A(j,j — 1,a) and b € [a;] and PU)(%) for all
X € fl( j+1,7,a). For later reference, we collect the relevant properties of these objects below.
For each j € [k — 1]\ {1}, it will be convenient to extend the domain of the a-labelling ¢U/)
of 2U) to all j-sets J € K;(2W) by setting ¢V (J) := ¢pU)(PW)), where PU) € 20) is the
unique j-graph that contains J.

Proposition 2.7. For a given family of partitions & = P(k — 1,a) and an a-labelling P,
the following hold for all j € [k — 1].
(1) PO(): A+ 1, 4,a) 49 — 2Y) is a bijection.
(ii) For j > 2, the restriction of PU)(-,-) onto A(j,j — 1,a)4p ¥ [aj] is a bijection onto
20)
(i) x € A(j + 1,7,a)p if and only if K1 (PU (%)) # 0.
(iv) Each x € A(j +1,j,a) satisfies

P = |J PU >(y,x(ﬂ()1)) (2.12)
¥<j 1%
(v) {PU(x,b) : x € A(j,j — 1,a),b € [a;]} forms a partition of K;(2W).
(vi) {leJ'rl( P (%)) : % € A(j+1,4,a)} forms a partition of Kji1(2W).
(vii) {PUTD(x,0) : x € A(j +1,5,2),b € [aj11]} < {Kj1(PD(%)) : x € A +1 37 a)}.
(viii) If 2(k—1,a) is T-bounded, then | 2V| < |A(j+1,j,a)] < T?"' 1 and |2V < T?
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(ix) IflCJH(P(] (X)) # 0 for allx € A(j+1,7,a), then PY () : A(j+1,j,a) = P is a
bijection and, if in addition j < k—1, then PUTV(-..) 1 A(j+1,4,a) x [aj11] — 2U+D
1s also a bijection.

(x) A(j,j —1,a)y =0 for all j € [2] and thus PV (-) and PP (-,-) are always bijections.

(xi) If Z < 2(k — 1,a?), then {K;11(PY) (X)) : x € A(j + 1,5,a)} < {K;31(QYV) (%)) :
x € A(j +1,5,a2)}.

We postpone the proof of Proposition 2.7 to Section 4.

We remark that the counting lemma (see Lemma 5.4) will enable us to restrict our attention

to families of partitions as in Proposition 2.7(ix). This is formalized in Lemma 5.5.

For je[k—1],¢> j+ 1 and for each x € A(&j, a), we define the polyad of X by

NI N (2_12) N .
PU(R) = U PU(y) "= U P(J)(z,xij(z)). (2.13)
Y<jt1,5% 2<jj-1% ’
(Note that this generalizes the definition made in (2.8) for the case £ = j + 1.) The following
fact follows easily from the definition.

Proposition 2.8. Let & = & (k—1,a) be a family ofpartztzons Letj e [k—1] and ¢ > j+1.
Then for every L € Ko(2W), there exists a unique X € A((, j,a) such that L € Ko(PY(x)).

Note that (2.9) and (2.13) together imply that, for all j € [k —1] and x € A(j + 1, j,a),

P& =41 |J PO (2.14)
ij*Fl,'Lf( ’le[]]
isa (j+ 1, 4, %)-complex. Moreover, using Proposition 2.7(iii) it is easy to check that for each

% € A(j + 1,j,a) with K;41(PY) (%)) # 0, we have (for P(J) as defined in (2.3))
P(x) = P(J) for some J € K;11(2W). (2.15)

2.4.2. Density functions of address spaces. For k € N\ {1} and a € N¥~! we say a function
day : A(k,k —1,a) — [0,1] is a density function of A(k,k —1,a). For two density functions
d?ll , and di » we define the distance between d?ll , and di & by
k—1 _(k)
diSt(d;,ka di,k) = k! H a; ' Z ’dé,k(i) - d?a,k(ﬁ)’-

i=1 x€A(k,k—1,a)

R k

Since |[A(k, k—1,a)| = () = a( ) , we always have that dist(d] ,,d2 ,) < 1. Suppose we are
given a density function dj j, a real € > 0, and a k-graph H (k). We say a family of partitions
P = P(k—1,a) on V(H®) is an (e, day)-partition of H®) if for every x € A(k,k — 1,a)
the k-graph H®*) is (¢, da p(%))-regular with respect to PF-D(x). If 2 is also (1/ay,¢,a)-
equitable (as specified in Definition 2.3), we say & is an (g, a, da i) -equitable partition of H®,
Note that

if 15(’“*1)(-) : fl(k,k —1,a) — PN s 4 bijection, then H®) is perfectly e-reqular

with respect to & if and only if there exists a density function dgj such that & is (2.16)

an (g, da )-partition of HW&),
2.5. Regularity instances. A regularity instance R encodes an address space, an associated
density function and a regularity parameter. Roughly speaking, a regularity instance can be
thought of as encoding a weighted ‘reduced multihypergraph’ obtained from an application

of the regularity lemma for hypergraphs. To formalize this, let €9 g(-,-) : N x N = (0,1] be a
function which satisfies the following.

® 9 g(-, k) is a decreasing function for any fixed k € N with lim;_,o €9 o(t,k) = 0,
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® 9 g(t,-) is a decreasing function for any fixed ¢t € N,
® cog(t k) < t_4ke5‘4(1/t, 1/t,k —1,k)/4, where €5 4 is defined in Lemma 5.4.

Definition 2.9 (Regularity instance). A regularity instance R = (¢,a,da) is a triple, where
a= (a,...,a5-1) € N*71 with 0 < € < g9 g(||allso, k), and day is a density function of
A(k:,k: — 1,a). A k-graph H satisfies the reqularity instance R if there exists a family of
partitions &2 = P (k — 1,a) such that & is an (e,a,dq)-equitable partition of H. The
complexity of R is 1/e.

Since €9 ¢ depends only on ||a]|~ and k, it follows that for given r and fixed k, the number
of vectors a which could belong to a regularity instance R with complexity r is bounded by
a function of r.

We will often make use of the fact that if we apply the regular approximation lemma
(Theorem 2.5) to a k-graph H to obtain G and &2, then a” together with the densities of G
with respect to the polyads in k=1 naturally give rise to a regularity instance R where G
satisfies R and H is close to satisfying R.

3. MAIN RESULT: SAMPLING REGULARITY INSTANCES

Let us now turn to the statement of our main result thereby extending Theorem 1.2 to
k-graphs. It states that not too small random samples of vertex subsets satisfy with high
probability essentially the same regularity instance; that is, only an additive error term is
needed.

Theorem 3.1. Suppose 0 < 1/n < 1/qg < ¢ € 0§ < g9 < 1 and k € N\ {1}. Suppose
R = (2e0/3,a,da ) is a regularity instance. Suppose H is a k-graph on vertex set V with
[V|=mn. Let Q € (‘q/) be chosen uniformly at random. Then with probability at least 1 — e~
the following hold.

(Q1)3.1 If there exists an (o, a,da)-equitable partition Oy of H, then there exists an (g9 +
d,a,dq 1)-equitable partition 0o of H[Q)].

(Q2)3.1 If there exists an (g9, a, da i)-equitable partition Oy of H[Q)], then there exists an (g9 +
d,a,dq 1)-equitable partition Oy of H.

We use Theorem 3.1 to completely characterize all testable hypergraph properties in the
companion paper [17]. Similar in the graph setting, regular instances are the key objects and,
roughly speaking, a property is testable if regularity instances determine the property.

Now we illustrate a few key points in our approach. Roughly speaking, Theorem 3.1 states
the following.

Suppose H is a k-graph and Q a random subset of V(H). Then with high probability,
the following hold (where § < €g).

o If 01 is an eo-equitable partition of H with density function dg j, then there
is an (g9 +0)-equitable partition of H[Q| with the same density function dg j.

o If Oy is an eg-equitable partition of H[Q] with density function dgy, then
there is an (g0 + 0)-equitable partition of H with the same density func-
tion dg k.

The crucial point here is that the transfer between H and H[Q] incurs only an additive
increase in the regularity parameter £¢. In fact, this additive increase can then be eliminated
by slightly adjusting H (or H[Q)]).
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The key ingredient in the proof of Theorem 3.1 is Lemma 7.1. Roughly speaking, Lemma 7.1
states the following.

Suppose the following hold (where ¢ < § K ).

e Hy is a k-graph on vertex set Vi and 21 is an e-equitable partition of Hi
with density function dyo .
e Hy is a k-graph on vertex set Vo and Do is an e-equitable partition of Ho
with the same density function dy2 ..
e 0, is an go-equitable partition of Hy with density function dye j.
Then there is an (g9 + d)-equitable partition Oy of Ha, also with density func-
tion dye .

One may think of this results as follows; if two k-graphs both satisfy some ‘high quality’
regularity partition with the same parameters, then all ‘low quality’ regularity partitions
from one k-graph are also regularity partitions of the other k-graph to the expense of only a
small additive increase in the regularity parameter.

To prove Theorem 3.1, we will apply Lemma 7.1 with H playing the role of H; and with
the random sample H[Q] playing the role of Hy (and vice versa). In turn, our strengthening
of the regular approximation lemma (Lemma 6.1) will be one of the main tools in the proof
of Lemma, 7.1; see the beginning of Section 7 for a more detailed sketch.

4. MORE CONCEPTS AND TOOLS

Here we collect some further results that we need later in our proofs but which are not
needed to understand our main theorem.

4.1. A stronger hypergraph regularity lemma. We next state Lemma 4.1 which is a
generalization of the regular approximation lemma which was also proved by Rodl and Schacht
(see Lemma 25 in [23]). Lemma 4.1 has two additional features in comparison to Theorem 2.5.
Firstly, we can prescribe a family of partitions 2 and obtain a refinement & of 2, and
secondly, we are not only given one k-graph H but a collection of k-graphs H; that partitions
the complete k-graph. Thus we may view Lemma 4.1 as a ‘partition version’ of Theorem 2.5.
We will use it in the proof of Lemma 6.1.

Lemma 4.1 (Roédl and Schacht [23]). For all o,s € N, k € N\ {1}, all n,v > 0, and every
function e : NF=1 — (0, 1], there are pu = py 1(k,0,5,m,v,6) >0 and t =t4 1(k,0,8,m,v,¢) €
N and ng =ny 1(k,0,s,1,v,€) € N such that the following hold. Suppose
(O1)41 V is a set and |V| =n > ny,
(02)41 2= 2(k,a?) is a (1/a?, u,a?)-equitable o-bounded family of partitions on V,
(03)4 1 #%) = {H{k), o ,Hs(k)} is a partition of (Z) so that ) < 2(),

Then there exist a family of partitions 2 = P (k—1,a”) and a partition 4*) = {ng), A ng)}
of (V) satisfying the following for every i € [s] and j € [k — 1].

(P1)41 2 is a t-bounded (n,e(a”),a”)-equitable family of partitions, and a;Q divides afz,
(P2)y1 2 < {2V}_},

(P3)41 G( is perfectly e(a?)-regular with respect to 2,
(P4)g1 i G AHY| < (i), ond

(P5)4

P5)41 90 < 20 and if HY C Kp(20), then G C K (20).

In Lemma 4.1 we may assume without loss of generality that 1/u,t,ng are non-decreasing
in k, 0, s and non-increasing in 7, v
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4.2. The proof of Proposition 2.7.

Proof of Proposition 2.7. Observe that (i) and (ii) hold by definition. Note that x € A(j +
1,7,a)p if and only if X = x(J) for some J € K;+1(22W) if and only if there exists a set J €
Kj+1(PY(%)). Thus (iii) holds. To show (iv), by (2.11), we may assume x € A(j + 1, 5, a) 2.
Thus we know that le+1(P(j)()2)) contains at least one (j+ 1)-set J and x = x(J). By (2.2),

we have o o A
PU(x) = PU(J) = U PY(D).
1e(y)
By Proposition 2.6(ii), we know that y <; ;1 x if and only if y = x(I) for some I € (j) Con-
sider any j-set I C J. Recall that 15(7'*1)(32([)) 15(3'*1)( ), and thus I € K;(PU~D(x(I))).
Together with (2.9) this implies that PU)(I) = PU)(x(I), ") (1)), where PU)(I) is the unique
part of 20U) that contains I. Since ¢U)(I) = QS(J (PU(I)) = xU)(J); holds by (2.6), we have

PO (%) = U PUO(I) = U PO (%(I),xD(J))) = U P()(y7x(ﬂ()1))
1<) <)

This shows that (iv) holds. It is easy to see that (i), (ii), (iii) and Definition 2.1(ii) together
imply (v), (vi) and (vii). If Z(k — 1,a) is T-bounded, (i) implies that

o R I i j
’@(J)’§’A3+1]’ Hz(l SH J+1 <T21+11

Thus for j € [k — 1]\ {1}, we have | 2U)| < a;|20~V| < T? . Also | 20| = a; < T, thus

we have (viii). Statement (ix) follows from (i), (ii) and (iii). Property (x) is trivial from the

definitions.

Finally we show (xi). Suppose J € K;11(PY (%))NK;11(QY)(y)) for some x € A(j+1,j,a)
and y € A(j + 1,5,a?). Then (iii) implies that PU) (%) = PU(J) and QU (y) = QU (J).
Since & < 2, we have PU)(I) € QU (I). Thus

50) (%) (2:2) U PO(1 U QW1 (22 O ().
re() re()
Thus we have Kj1(PY)) C K;41(QUY)(J)). This implies (xi). O
4.3. Constructing families of partitions using the address space. On several occasions
we will construct PU)(x,b) and PU) (k) first and then show that they actually give rise to
a family of partitions for which we can use the properties listed in Proposition 2.7. The

following lemma, which can easily be proved by induction, provides a criterion to show that
this is indeed the case.

Lemma 4.2. Suppose k € N\ {1} and a € N*=1. Suppose 221 = {V;, ... ,yal} 18 a partition
of a vertex set V.. Suppose that for each j € [k —1]\ {1} and each (x,b) € A(j,7—1,a) x [a;],
we are given a j-graph P'U)(%,b), and for each j € [k] \ {1} and X € A(j,j — 1,a), we are
given a (j — 1)-graph p’(jil)(fc). Let
PO (b,b) :=V, for all b € [a1], and
P9 = {PU)(%,b) : (%,b) € A(j,j — 1,a) x [a;]} for all j € [k — 1]\ {1}.
Suppose the following conditions hold:
(FP1) P'D(b,b) # O for each b € [a1]; moreover for each j € [k — 1]\ {1} and each (X,b) €
A(j,5 —1,a) x [a;], we have P'9)(x,b) # 0.
(FP2) For each j € [k—1]\ {1} and x € A(j,j — 1,a), the set {P'U)(x,b) : b € [aj]} has size
a; and forms a partition of Kj(p’(jil)(fc)).
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(FP3) For each j € [k —1] and X € A(j + 1, j,a), we have

*

A() . N :
PUE = () POED).

y<jg-1%

Then the a-labelling ® = {1 ;:21 given by ¢ (P'D(x,b)) = b for each (X,b) € A(i,i —

1,a) x [a;] is well-defined and satisfies the following:

(FQl) &2 = {20 ;:11 is a family of partitions on V.

(FQ2) The maps PY)(-,.) and PY(.) defined in (2.8)~(2.11) for P, ® satisfy that for each
j€k—1\{1} and (%,b) € A(j,j — 1,a) x [a;], we have

PYU(%,b) = P'9(%,b),
and for each j € [k —1] and x € A(j +1,j,a) we have

POz) = PV (3).

5. HYPERGRAPH REGULARITY: COUNTING LEMMAS AND APPROXIMATION

In this section we present several results about hypergraph regularity. The first few results
are simple observations which follow either from the definition of e-regularity or can be easily
proved by standard probabilistic arguments. We omit the proofs. In Section 5.2 we then derive
an induced version of the ‘counting lemma’ that is suitable for our needs (see Lemma 5.8).

In Section 5.3 we make two simple observations on refinements of partitions and in Sec-
tion 5.4 we consider small perturbations of a given family of partitions.

5.1. Simple hypergraph regularity results. We will use the following results which follow
easily from the definition of hypergraph regularity (see Section 2.2).

Lemma 5.1. Suppose m € N, 0 < ¢ < o> < 1 and d € [0,1]. Suppose H® s an
(m, k, k,1/2)-graph which is (e, d)-regular with respect to an (m,k,k — 1,1/2)-graph H*=1),
Suppose Q*=1) € HFE=1D and H'®) € H®) such that |[Kp(QFD)| > a|Kp(H*=D)| and H'™®
is (g, d")-regular with respect to H*=Y for some d’ < d. Then
(1) Kp(H*D)\ HF) s (e,1 — d)-regular with respect to H* =1,
(i) H® is (¢/a, d)-regular with respect to Q=Y and
(iii) H®\ H'®) s (2¢,d — d')-regular with respect to H*=1),

Lemma 5.2 (Union lemma). Suppose 0 < e < 1/k,1/s. Suppose that ka), e ,Hs(k) are edge-
disjoint (k, k,*)-graphs such that each Hi(k) is e-reqular with respect to a (k,k — 1,*)-graph
H® D Then Ui, HZ-(k) is se-reqular with respect to H*+1).

We will also use the following observation (see for example [23]), which can be easily proved
using Chernoff’s inequality.

Lemma 5.3 (Slicing lemma [23]). Suppose 0 < 1/m < d,e,po,1/s and d > 2. Suppose that
o H® is an (e,d)-regular k-graph with respect to a (k — 1)-graph H&=1
o [KK(HED)| > mb / logm,

® pi,..sps >poand Y i pi < 1.
Then there exists a partition {Ho(k), ka), . ,Hgk)} of H®) such that Hi(k) is (3g, pid)-regular

with respect to H*=Y for every i € [s], and Hék) is (3¢, (1 — >  pi)d)-regular with respect to
HE=1),
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5.2. Counting lemmas. Kohayakawa, Rodl and Skokan proved the following ‘counting lemma’

(Theorem 6.5 in [18]), which asserts that the number of copies of a given Kék) in an (e,d)-
regular complex is close to what one could expect in a corresponding random complex. We
will deduce several versions of this which suit our needs.

Lemma 5.4 (Counting lemma [18]). For all v,dy > 0 and k,¢ € N\{1} with k < ¢, there exist
g0 = €5.4(7,do, k,£) <1 and mg := ng 4(v,do, k,€) such that the following holds: Suppose
0 <\ < 1/4. Suppose 0 < e < ey and mg <m and d = (da, ..., d) € RF such that d; > do
for every j € [k] \ {1}. Suppose that H = {H(j)}é‘?:1 is an (e,d)-regular (m, £, k, \)-complez,
and HY = {Vy, ..., V;} with m; = |V;| for every i € [(]. Then

koo £
Ko(H®) = (£ [T [Lmi
j=2 i=1

Recall that equitable families of partitions were defined in Section 2.3. Based on the
counting lemma, it is easy to show that for an equitable family of partitions & and an a-
labelling ®, the maps PU~V(.) : A(j,j — 1,a) = 2U~D and PU(.,.) : A(j,j — 1,a) x
la;] — 2) defined in Section 2.4 are bijections. We will frequently make use of this fact in

subsequent sections, often without referring to Lemma 5.5 explicitly.

Lemma 5.5. Suppose that k,t € N\ {1}, 0 < X < 1/4 and €/3 < e9g(t,k) and a =
(ai,...,ax_1) € [t]*' and |V| = n with 1/n < 1/t,1/k. If £ = P(k — 1,a) is a
(1/ay,e,a, X)-equitable family of partitions on V, and & with an a-labelling ® defines maps
PU-D() and PU=Y(.,.), then the following hold.
(i) For each j € [k —1], PU(:) : A(j +1,j,a) — P is a bijection and if j > 1, then
PO ) A(f, 5 —1,a) x [aj] — 2Y) is also a bijection. In particular, A(j,j—1,a) =
A(j, 7 — 1, a)». R R
(i) Foreachj e [k—1)\{1} and x € A(j+1,j,a), P(X) is an (¢, (1/az,...,1/a;))-reqular
(4 + 1,4, \)-complez.

Note that in Lemma 5.4 the graphs H*®)[A] for A € (f;) are all (e, dj)-regular with respect to

H (k_l)[A]. In view of Lemma 5.3, we obtain the following corollary, which allows for varying
densities at the k-th ‘level’.

Corollary 5.6. For ally,dy > 0 and k, ¢ € N\{1} with k < {, there exist eg := €5, (7, do, k, £)
and mg = ng g(7,do, k,£) such that the following holds: Suppose 0 < A < 1/4. Suppose
d >dy, 0 < e < ey andm > mg for each i € [€], and d = (da, ... ,dj_1) € RF2 such
that d; > do for each j € [k — 1]\ {1}. Suppose H = {H(j)};?:1 is an (m, £, k,\)-complez,
HY = {Vy,..., Vi} with m; = |Vi| for every i € [¢], and for every A € (ﬁ), the complex H[A]
is (g, (da,...,dk_1,pn))-regular, where pp is a multiple of d'. Then

k=1 5 ¢
K (HO) = (1) TT pa- [ L
aehy e

Note that in the above lemma, some pj are allowed to be zero.

Let F be an /(-vertex k-graph and H = {H(j)}é‘?:1 be a complex with HV = {V1,...,V,}.
For a bijection ¢ : V(F) — [{], we say an induced copy F’ of F in H®) is o-induced if for
each v € V(F) the vertex of I corresponding to v lies in V(). Let IC,(F,H) be the number
of o-induced copies F’ of F in H®) such that F’ is contained in an element of Cp(H®*~1).
Lemma 5.7 (Induced counting lemma for many clusters). Suppose 0 < 1/m < & <
v, do, 1/k,1/¢ with k € N\ {1} and suppose that

e F' is an L-vertex k-graph,
o dy <dj <1—dy for every j € [k — 1]\ {1},
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o H= {H(j)};?:1 is an (m, £, k)-complex with HY = {Vq,...,V;},

o for each A € ([i]), the complex H[A] is an (g, (da,...,dx—1,pA))-regular (m,k, k)-
complex, and
e 0:V(F)— [{] is a bijection.
Then

— Z
Hpa(e) H 1 Do e) H j(J .

eckF e¢F,le|=k
Proof. We select ¢ € N such that 1/m < ¢ <« 1/q < 7,do,1/k,1/¢ and define 7" -
Kp(HE=D)\ H*), We also define an (m, £, k)-graph H' on {Vi,...,V;} so that for each
V(F)
ee( A ),Wehave

H®[s(e)] ife€F,
Jia [o(e)] otherwise,

H'[o(e)] == {

and let H' := Uee(V(F)) H'[o(e)]. Note that H*~1) underlies H’. Observe that there is a
k
bijection between the set of all o-induced copies F’ of F*) in H*) such that F’ is contained
in an element of KC(H®*~1) and the set of copies of Kék) in H'. For e € (V%F)), we define
Do(e) if e € F,
p"(e) ~ | 1 =po(e) otherwise.

By Lemma 5.1(i), for each A € ([ﬁ]), the set {H(j)[A]};leU{H’[A]} isan (e, (d,...,dg—1,P)))-
regular (m, k, k)-complex. It suffices to show that

k-1,
oy = | TT phen |- T o 6.1)

Ae(y)

We apply the slicing lemma (Lemma 5.3) to find for each A € ([f;]) a subgraph H{[A] of
H'[A] which is (3¢, [gp\ | /q)-regular with respect to H*~D[A]. Similarly, for each A € ([4)
we apply Lemma 5.3 to the graph Kp(H*~D[A]) \ H'[A]. In combination with the union
lemma (Lemma 5.2) this gives a supergraph H5[A] of H'[A] which is (6e, [¢p,]/q)-regular
with respect to H (kfl)[A]

Let H] : UAe( ) HI![A] for each i € [2]. Observe that [K;(H})| < |Ke(H')| < |Ko(HS)|. By

Corollary 5.6 with v/2,1/q,1/q playing the roles of v, d’, dy, respectively,

k=1,
ko)l = (1= 1) TT larhl/a- T -m¢ ana
r<(}) =
740
Ky < (1+3) TT Taphlfa- TT 4 - m".
r<()) =

Note that for each A € (f;), we have p)y — 1/q < |gp/\]/q and [¢p)\1/q < p/\ + 1/q. Thus we
obtain (5.1) as required. O

The previous lemma counts o-induced copies of a k-graph F'. However, ultimately, we want
to count all induced copies of F'. Let us introduce the necessary notation for this step.
Suppose k,¢ € N\ {1} such that ¢ > k and suppose a € N¥~1. Suppose that day :

A(kz, k—1,a) — [0, 1] is a density function. Suppose F' is a k-graph on /¢ vertices. Let Bij(A4, B)
be the set of all bijections from A to B. Suppose X € A(f,k —1,a) and o € Bij(V(F),xgl))
is a bijection. Let A(F) be the size of the automorphism group of F'. We now define three
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functions in terms of the parameters above that will estimate the number of induced copies
of F' in certain parts of an e-regular k-graph. Let

k=1
IC(Fdap,%,0) = [[ dap@®) [] Q—=dax@®) ][] w9
V<k,k—1%, Y<k,k—1%, Jj=2
“)ea(F) vV ¢o(F)
C(F dak, ) : A( Z IC(Fa da,k,ﬁ,o-)’
oEBlJ(V(F) x(M)
F dak < IC(F, dan,f().

xeAzk 1,a)

We will now show that for a k-graph H satisfying a suitable regularity instance R =
(e,a,dak), the value IC(F,day) is a very accurate estimate for Pr(F, H) (recall the latter
was introduced in Section 2.1). The same is true if F' is replaced by a finite family of k-graphs
(see Corollary 5.9).

Lemma 5.8 (Induced counting lemma for general hypergraphs). Suppose 0 < 1/n < ¢ <
1/t,1/a; < v,1/k,1/¢ with 2 < k < £. Suppose F is an {-vertex k-graph and a € [t]F~1.
Suppose H is an n-vertex k-graph satisfying a regularity instance R = (¢,a,day). Then

Pr(F,H) = IC(F,dqy) £ 7.

Proof. Since H satisfies the regularity instance R, there exists a (¢, a, da 1, )-equitable partition
P = P(k—1,a) of H (as defined in Section 2.4.2). Let 221 = {V;,... V, Yandm = [n/a].
We say an induced copy F' of F in H is crossing-induced if V(F') € Ko(2M)) and non-
crossing-induced otherwise. Then by (2.5),

there are at most % () non-crossing-induced copies of F. (5.2)

The strategy of the proof is as follows. We only consider crossing-induced copies of F', as the
number of non-crossing-induced copies is negligible. For each x € fl(f, k —1,a), we fix some
bijection o between V (F') and xgﬁl). By Lemma 5.7, we can accurately estimate the number of
o-induced copies of F'. By summing over all choices for x and ¢ and taking in account which
copies we counted multiple times, we can estimate the number of crossing-induced copies of
Fin H. R X R

For each x € A(¢,k—1,a), we consider the (k—1)-polyad P*~D(x) = U&Sk,k_p? PE=D(3)
as defined in (2.13). By Proposition 2.8, for every crossing-induced copy F’ of F' in H, there
is a unique X € A(¢, k — 1,a) such that F’ is contained in some element of Kg(P*~1(x)) .

Consider any x € A(¢,k —1,a) and a bijection o : V(F) — xV. Let

H'(X) == { U 15@)(2)} and H (%) == H (%) U {H N Kx(PF D (%))}

7<) % 1€lk—1]

Hence H(x) is an (¢, k)-complex and H'(x) is an (¢,k — 1)-complex. Note that H'(x) =
Us<, .,z P(¥), where P(¥) is as defined in (2.14).

Lemma 5.5 implies that each P(y) = ’H’(f{)[y,@] is (¢,(1/ag,...,1/ag_1))-regular (if k£ > 3).
Furthermore, since & is an (e, a, da 1 )-equitable partition of H, for each e € (V(F)) the k-
graph H{o(e)] is (¢, da(¥))-regular with respect to P*=1D(y) = p(kfl)(fc)[uieyu) Vi], where

y is the unique vector satisfying y <z ;—1 % and y£}> =o(e).
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Thus, by applying Lemma 5.7 with H (%), a;l, v/ (30"), da i (¥) playing the roles of H, d;,~, Py
we conclude that (with IC,(F,H (%)) defined as in Lemma 5.7)

ICGEHE) = | ] dax® JI (0 —dar(®) 3@ Ha

V<k,k—1%, V<k,k—1%,
yOeo(F) “)séo(F)

= | IC(F,day,X%,0) :|:3€'Ha

Next we want to estimate the number of all crossing-induced copies of F' in H which lie in
some element of Ky(P*~1(x)). Observe that we count every copy of F exactly A(F) times
if we sum over all possible bijections . Therefore, the number of crossing-induced copies of
F in H which lie in some element of Kg(P*~1 (%)) is

1 oy 1 NI = SR
A5 EU:ICU(F,H(X)) = A Y | IC(F dag. %,0) + @gaj

g

- IC(Fdakfc)ilHaf(f) m?.
M N 3.]:2

Note that |[A(¢, k—1,a)| = (‘) Hf ) ](’) and (al)m = (1:|:7/10)( ), because 1/a; < ~,1/L.

Hence the number of crossing-induced copies of F' in H is

4
N Y —
E IC(F,dg, %) = 3 I | a; G) m?

*€A(Lk—1,a) Jj=2

- N IC(Fdag.%) | mfx ] Ha AW k= 1,a)m!
Re€A(l,k—1,a)

n
~ e(rau) £/}
This together with (5.2) implies the desired statement. O

In the previous lemma we counted the number of induced copies of a single k-graph F in
H. Tt is not difficult to extend this approach to a finite family of k-graphs. For a finite family
F of k-graphs, we define

IC(F,day) =Y  IC(F,day). (5.3)
FeF

Corollary 5.9. Suppose 0 < 1/n < e < 1/t,1/a1 < 7v,1/k,1/€ with 2 <k < {. Let F be a
collection of k-graphs on £ vertices. Suppose H is an n-vertex k-graph satisfying a reqularity
instance R = (g,a,da ;) where a € [t]F~1. Then

Pr(F, H) = IC(F, day) + 7.

Proof. For each F' € F, we apply Lemma 5.8 with 7/2(@ playing the role of v. As |F| < 2(@,
this completes the proof.
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5.3. Refining a partition. In this subsection we make a simple observation regarding re-
finements of a given partition. This shows that we can refine a family of partitions without
significantly affecting the regularity parameters.

Lemma 5.10. Suppose 0 < 1/n < e < 1/t,1/k with k,t € N\{1},0<n < 1, and a € N--1,
Suppose & = P(k — 1,a) is an (n,e,a)-equitable family of partitions on V with |V| = n.
Suppose b € [t]*~1 and a; | b; for all i € [k — 1]. Then there exists a family of partitions
2= 9(k —1,b) on V which is (n,e'/3,b)-equitable and 2 < 2.

It is easy to prove this by induction on k via an appropriate application of the slicing lemma
(Lemma 5.3). We omit the details.

5.4. Small perturbations of partitions. Here we consider the effect of small changes in
a partition on the resulting parameters. In particular, the next lemma implies that for any
family of partitions &2, every family of partitions that is close to & in distance is a family of
partitions with almost the same parameters. This is proved in [17].

Lemma 5.11. Suppose k € N\ {1}, 0 < 1/n < v < ¢, and 0 < X\ < 1/4. Suppose R =
(e/3,a,da ) is a reqularity instance. Suppose V is a vertex set of size n and suppose G®) H k)
are k-graphs on V with |GWAH®| < v(}). Suppose P = P(k —1,a) is a (1/a1,e,a,\)-
equitable family of partitions on V' which is an (e, dq)-partition of H®  Suppose 2 =
Q(k—1,a) is a family of partitions on V such that for any j € [k—1], X € A(j,j —1,a), and
b € [aj], we have

PO (%, ) AQY) (%, b)] < u<7f‘>. (5.4)
J

Then 2 is a (1/ay, e4+1v1/6 a, )\+y1/6)—equitable family of partitions which is an (€+1/1/6, dak)-

partition of G

The following lemma shows that for every equitable family of partitions & whose vertex
partition 2 is an almost equipartition, there is an equitable family of partitions with almost
the same parameters whose vertex partition is an equipartition.

Lemma 5.12. Suppose 0 < 1/n < A < ¢ <1, k € N\ {1}, and R = (¢/3,a,da}) is a
regularity instance. Suppose & = P(k—1,a) is a (1/a1,¢,a, \)-equitable family of partitions
and an (g, dq i;)-partition of an n-vertex k-graph HW®) " Then there exists a family of partitions
2= 2(k —1,a) which is an (e + \'/10, a, da i )-equitable partition of HW&),

Proof. Let m := |n/a;|. We write 22() = {V},...,V, }. Since Z is a (1/a1,¢,a, \)-equitable
family of partitions, we have |[Vi| = (14 A)m for all ¢ € [a1], and Lemma 5.5 implies that
for each j € [k — 1], the function PU)(. ) A(j+1,j,a) - 2U) is a bijection and for each
j €[k —1]\ {1}, the function PU)(-,-): A(j,j — 1,a) x [aj] = PV is also a bijection. Next,
we fix the size of the parts in the new equitable partition £ of V := V; U.---UV,,. For
each i € [a1], let m; :== |[(n+i—1)/ai|. Thus m; € {m,m + 1}. Choose U/ C V; of size
max{|V;|,m;} and let Uj := U;q, Vi \ Uj. We partition Ug into UY,..., Uy, in an arbitrary
manner such that |U/| = m; — |U/|. For each i € [a1], let

U := U/ UU! and 20 .= {Uy,..., U, }.
Moreover, let QW) (b,b) := U, for each b € [a1], and QW) (b,b') :=  for all distinct b, b’ € [aq].

For each i € [a;], we have
|U; AV < |(1 £ XN)m —m;| < dm+ 1.

For each X = (a1, a2) € A(2,1,a), let QU (%) := U,, UU,,. Note that {K2(QW (X)) : x €
A(2,1,a)} forms a partition of Ky(2W).
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Now, we inductively construct 23, . , 2k=1) in this order. Assume that for some j €
[k]\ {1}, we have already defined {Q(l)}g;ll with 200 = {QW)(x,b) : X € A(i,i—1,a),b € [a;]}
and 20 = {QW (%) : x € A(i 4 1,i,a)} for each i € [j — 1] such that the following hold.

(Ql)j—1 For each i e [j—1], x € A(i,i —1,a) and b € [a;], we have |P®(%,0)AQ® (%,b)| <
24ilAn’.
(Q2);_1 For each i € [j — 1]\ {1} and x € A(i,i — 1,a), the collection {Q® (%,b) : b € [a;]}
forms a partition of K;(QU~1(x)).
(Q3);_1 For cach i € [j — 1] and x € A(i + 1,4,a), we have Q¥ (%) = U}A’Si,i—lﬁ QW (y,x(?l)).
Note that 20 satisfies (Q1);(Q3)1. Suppose first that j < k — 1. In this case we will define
20) satistying (Q1);-(Q3);. For each % € A(j,j—1,a) and b e la;], we define

e PO N QU (%)) if b € [a; — 1],
Q(])(X7 b) := { (Q(J D(x))\ Ube[a 1] PU)(%,b)  otherwise.

Let
20 = {QV(%,b) 1 x € A(j,j — 1,2),b € [aj]}.
Then for any fixed x € fl(j,j — 1,a), it is obvious that Q(j)(&,l),...,Q(j)(fc, a;) forms a
partition of ICJ(Q(j_l)(i)). Thus (Q2); holds.
For each z € fl(j +1,j,a), let
Y3 (5) — () ()
@)= U Q@VE.2%).
V<jj-12
Then (Q3); also holds.
Note that for any fixed (j — 1)-set J' € PU"D(X)AQU~D(X), there are at most (1 + \)m

distinct j-sets in KC;(PU~D (%)) AK;(QU~1 (%)) containing J’. Thus for x € A(j,j — 1,a) and
b € [aj], we obtain

[P (%,0)AQY) (%,0)| < 15 (PY=D (%) AK; QU (%))
< (1+2)m|PU=Y (%) AQV~D (%)
(212),(Q3),_, , , | ,
< >0 2mlPUV(g.x)AQUTY (5, x|
¥<j-1,j-2%X
@),y o
< 2751 n’.

Thus (Q1); holds and we obtain {20) }] satisfying (Q1);-(Q3);. Inductively we obtain
2 = {20} satisfying (Q1)g_1- (Q3)k—1-

Note that since R = (¢/3,a,da ) is a regularity instance, we have the following inequality.

_ 4k _ _
e < |lall" es 4(llall’, lalls' & — 1, k).

Thus Lemma 5.4 (together with Lemma 5.5(ii)) implies for any j € [k — 1] \ {1} and (%,b) €
A(j,j — 1,a) x [a;] that \P(j (%,b)| > €/2nd. This with (Q1),_; shows that for any j €
[k —1]\ {1} and (%,b) € A(j,j — 1,a) x [aj], the j-graph QU)(%,b) is nonempty. Together
with properties (Q2)x—1 and (Q?))k,l this in turn ensures that we can apply Lemma 4.2 to
show that 2 is a family of partitions.

By (Q1)g—1 and the assumption that R = (¢/3,a,day) is a regularity instance, we can
apply Lemma 5.11 with 22, 2, H®) H® X \9/10 playing the roles of 2,2, H® G*) X v
to obtain that 2 = 2(k — 1,a) is an (¢ + A1/19, a, da i )-equitable partition of H®). O
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6. REGULAR APPROXIMATIONS OF PARTITIONS AND HYPERGRAPHS

The main aim of this section is to prove a strengthening of the partition version (Lemma 4.1)
of the regular approximation lemma. As described in Section 2.3, Lemma 4.1 outputs for a
given equitable family of partitions 2 another family of partitions &2 that refines 2. In
Lemma 6.1 & has the additional feature that it almost refines a further given (arbitrary)
family of partitions €. Observe that we cannot hope to refine & itself, as for example some
sets in (1) may be very small. We also prove two further tools: Lemma 6.2 allows us to
transfer the large scale structure of a hypergraph to another one on a different vertex set and
Lemma 6.3 concerns suitable perturbations of a given partition. Lemmas 6.1-6.3 will all be
used in the proof of Lemma 7.1.

Lemma 6.1. For all k,o € N\ {1}, s € N, all n,v > 0, and every function ¢ : NF=1 —
(0,1], there are p = pg1(k,0,8,m,v,6) > 0 and t = tg(k,0,8,mn,v,e) € N and ng =
ng.1(k,0,s,m,v,€) € N such that the following hold. Suppose

(O1)g.1 V is a set and |V| = n > no,

(02)g1 O(k—1,a ) = {0W}* ]: is an o-bounded family of partitions on V,

(03)6.1 2= 2(k,a?) is a (1/a?,u,ag)—equitable o-bounded family of partitions on V', and
(04)g.1 %) = {H(k s(k)} is a partition of (Z) so that %) < 9F),

Then there exist a family ofpartz'tz'ons P = P(k—1,a”) and a partition 9*) = {ng), e ng)}
of (V) satisfying the following for each j € [k — 1] and i € [s].

1)g.1 & is at-bounded (n,e(a ),a‘@)—equitable family of partitions, and a;Q divides afz,
P2)s1 2V < 20) and 2V) <, 60),

(P1)
(P2)g
(Gl)g1 G( ) is perfectly (a”?)-regular with respect to 2,
(G2)
(G3)

=

G2)g1 > I\G(k H(k | <V( ), and
G3)g1 9*) < 20 and if H C Ky (20) then GV C Ki(20),

We believe that Lemma 6.1 will have additional applications. As we mentioned it is also
used in the proof Corollary 9.3 in [17].

In Lemma 6.1 we may assume without loss of generality that 1/u,t,n¢ are non-decreasing
in k, 0, s and non-increasing in 7, v

To prove Lemma 6.1 we proceed by induction on k. In the induction step, we first construct
an ‘intermediate’ family of partitions {Z®}*7 which satisfies (P1)g 7 and (P2)g.1. The
partitions 21 ..., 2*-1) are constructed via the inductive assumption of Lemma 6.1 (see
Claim 2). We then construct a partition 2®) via appropriate applications of the slicing
lemma (see Claim 3). Finally, we apply Lemma 4.1 with %, = {& (i)}le playing the role
of 2 to obtain our desired family of partitions &2 and construct Gz(k) based on the k-graphs
guaranteed by Lemma 4.1.

Proof of Lemma 6.1. First of all, by decreasing the value of 7 if necessary, we may assume
that n < 1/(10k!). We may also assume that v <.

We use induction on k. For each k € N\ {1}, let Lg 1 (k) be the statement of the lemma.
Let Lg.1(1) be the following statement (Claim 1).

Claim 1 (Lg 1(1)). For all o,s € N, all n,v > 0, there are t = tg 1(1,0,s,v) = so[2v?]
and ng = ng.1(1,0,s,v) € N such that the following hold. Suppose

(Ol)é.l V' is a set and |V| =n > nog,

(02)%3 1 2M s an equzpartztzon of V into af < o parts,

(O3)é 1 FARE {H } is a partition of V so that A1) < 20,
Then there exists a partition 2L of V satzsfyzng the followmg

(P1)6 1 PW) s an equipartition of V into a <t parts, and a divides al‘},
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(P2, 20 < 20 and PO <0 2O,

Proof. Write 2(1) = {Q( € [a?]}. Let af’ = sai[2v72], let m := min{]QEl)] i € [af]},
and let m' := L|V|/a1 |. Thus |Q§1)| € {m,m + 1} for each i € [af]. The sets in 20 will
have size m’ or m’ + 1. Note that

P P P
aj V| aj ag
1 1

ay aj
[

P
. a . .
In particular, as = is an integer, we have
ay

L(/}
0 <m (mod m') < %. (6.1)
ag

To obtain 2(1) we further (almost) refine .7#(1). For each i € [s], we define ¢; := UHz(l)]/m’J
We arbitrarily partition H(l) into £(1,0),...,2(i,¢;) such that |Z(i,r)] = m’ for all r €
[¢;] and |-Z(i,0)] < m/. For each j € [al] let £'(5,0) := UH_(l)CQ(_l) Z(i,0). Let £} :=
||-Z"(5,0)|/m'|. We arbitrarily partition .£’(j,0) into £"(j, 0),,?’(]',]1),...,3’(]',4) such
that |-Z”(j,7)| = m’ for all r € [£}] and [£"(j,0)| < m'. Note that since A1 < 20 for all
j € [af], we have
&'= U #Y=20Gou ] 26 U =6
i HYcQW re(¢]] i: HV QW refe]
i =%j i =% 1

As all sets Z'(j,7) and Z(i,r) with r > 0 have size exactly m’, the fact that |-£"(5,0)| <m’
implies that we have |.£"(j,0)] = m (mod m'). On the other hand, this together with (6.1)
implies that |£”(,0)| < a{’/a? = O+ HO oW l;.

: 7V CQ!

Hence, by distributing at most one vertex from .£”(j,0) into each of the sets in {£’(j,r) :
re [ u{L(,r) HZ.(l) - le),r € [¢;]}, we can obtain the following collection

{L(l)(]a 1)’ L(l (.]’ ap / a )}

of sets of size m’ or m’ + 1, which forms an equipartition of Q(.l). Let

2V = {LW(j,r): j € [af'],r € [a) /aP]}.
Then (Pl)é.1 holds. By construction, for each L) € 22() ecither there exists (i,7) € [s] x [¢;]
such that |L0)\ Z(i,7)] < 1 or there exists (j,r) € [a?] x [¢}] such that LW\ Z'(,7)] < 1.
In the former case, let f(L(1)) := HZ-(l) and the latter case, let f(L(}) be an arbitrary set in
V. Then

SO\ < j2W+ YT 1L <a”+ ) 1£(,0)]

LWez® (4,r)€la?]x[£]] jela?] HP @

< af 4 sa?m’ <YV

The final inequality follows since n > ng. This and the construction of 2(1) shows that
20V <5 N and 21 < 2. This shows that (P2)%3.1 holds and thus completes the

proof of Claim 1. U

So assume that £ > 2 and Lg 1(k—1) holds. Let 4 1,t4 1,14 1 be the functions defined in
Lemma 4.1. By decreasing the value of £(a) if necessary, we may assume that for all a € NF~1,
we have

g(a) < 1/s,1/k,1/|al|0o- (6.2)
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(k—1) (k—1)
Q1 Qg(j)
(k—1)
M;
Z(i, )
(k—1)
i
c @(k—l)

Z(i, §,0)
ZL(i,j,7)

F1GURE 1. An illustration of the cascade of partitions in the proof of Lemma 6.1.

If k =2 let T := o t1[2072]. If k > 3, for cach a € N*"2 let T = T(a,0,v) =
max{||al|so, 0 T1[2072]}. If k > 3, then we also let 4/ : N¥=2 — (0,1] be a function such that
for any a € N¥~2 we have

i(a) < v,1/k1/0,1/alle and p'(a) < (ugq(k T, 25T% n,v/3,6%)%  (6.3)
For all k£ > 2, let
sod" 12,72 if k=2,
tk—l = 4k ’ 4k 41 —9 . (6'4)
max{tg 1(k —1,0,0" ,n,v/3,1'),0 [2v°]} if k>3,
which exists by the induction hypothesis. Choose an integer ¢ such that

1/t < 1)ty 1 (ks tooy, 2582 | 0, v/3,62),1/th_1, (6.5)
and choose 1 > 0 such that
1/t, g 1 (K, T, 28T2k,77, v/3,e%) if k=2,
B 1/t (@), (@), ug 1 (k —1,0,0" n,v/3,1/) if k> 3. (6.6)

for any a € [t]*=2,a’ € [t]F!

Finally, choose an integer ng such that

L ng < 1/ng 1 (b ty_1, 2862 | n,v/3,62),1/ng 1 (k — 1,0,0% ), 1/p. if k=2,
’ 1/ng 1 (k,teey, 2583 1,0, 0/3,2),1/ng 1 (k — 1,0,0" ,n,v/3,1/),1/p if k > 3.
(6.7)

Suppose O(k—1,a%), 2(k,a?) and s#*) are given (families of) partitions satisfying (Ol)g.1—
(O4)g.1 with p,t,ng as defined above. Write

o* ) — (0D 0EDY and 2®D = (Y L Uy,
Let

he v he v
o) = <k i 1) \Kior(0D), QBN = </<; i 1> \ Ke—1(2W), and  (6.8)

2% = (0% Qg.k*l) i€ [so+1],j € [sq+1]}\{0}.

We also write Z2*—1) = {ng_l), . ,Rg,c,_l)}. See Figure 1 for an illustration of the relation-
ship of the different partitions defined in the proof.
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Since ¢ and £ are both o-bounded, Proposition 2.7(viii) implies that

2
s" < (02k> <o (6.9)
Now our aim is to construct a family of partitions .Z as follows.
Claim 2. There exist { LD} and along (af,...,a |) € [tr—1]*"" satisfying the follow-
ing for all j € [k — 1], where ag (af,.. a;? 9)-

(L*1) {f(i)}f:_f forms an (n, ' (a®)V/?, along) equitable ty_1-bounded family of partitions,
and a? divides afﬂ ,

(L*2) 20) < 20),

(L*3) £V <, 5 O,

Note that if k& = 2, then the function ' is not defined, but in this case, u/(a? )1/ 2 plays no
role in the definition of an equitable family of partitions (Definition 2.3) since Definition 2.3(iii)
is vacuously true.

Proof. First we prove the claim for £ = 2. We apply Lg 1(1) with 20 M) §" v/2 playing
the roles of 21, #(1) s v. (This is possible by (6.7).) Then we obtain a partition £ of
V which satisfies (P1)k ; and (P2)% ;. Moreover, (6.4) implies that 2™ is ¢;-bounded, i.c.
6.1 6.1
afng € [ty_1]. Since Z < ¢M) | this in turn implies (L*1)—(L*3).
Now we assume k > 3. First, we apply Lg 1(k — 1) with the following objects and param-
eters. (This is possible by (6.4) and (6.6)—(6.9).)

object/parameter | V | {@W}22 | {2037 | %(k Dol s [n|v/3| |t
playingtheroleof|V| o | 2 | |o|s|7}| |€| t

Then we obtain a family of partitions .¥ = £ (k—2, a? ) and a partition .# (=1) of ( v ) with
A {Ml(k_l)7 .. M(ff_l)} which satisfy the following for each i € [s”] and j € [k — 2].
Zis (n, 1 (a%),a?)-equitable and t;_;-bounded, and ag divides af’ﬂ ,

(L'1)

(L'2) & J) < Q(J) and 2U) < V3 o),

(M'1) M;"" " is perfectly u'(a?)-regular with respect to .Z,

(M'2) zl 1\Mk YAR ) < (v/3)(,",), and

(M'3) =D < 2:=1) and if R*Y € Kj_y(20), then MY C Ky (20).

Thus {Z® =2 satisfies (L*1)-(L*3) for j € [k—2] and it only remains to construct .Z*#=1).
Let
t":= max{||a? |0, aZ_ 0" f2V72}}. (6.10)
Thus .Z is t'-bounded and ¢ < min{ty_1,T(a?,0,v)} by (6.4). For convenience, we write
PH-2) = {I:(kd) I:(kd)} Since .#*=1 < 2(k=1) by (M'3), for each j € [s"] there
exists a unique g(j) € [sq + 1] such that M;kil) - Q;’Z;)l). For each i € [¢'], j € [s"], we
define

Z(i,5) = K1 (L) 0 M(k_l)- (6.11)

For each i € [¢], we define J (i) := {j € [¢"] : Z(4, ) # 0}. Note that £(i,j) C Q 1) for all
ie[d].

Subclaim 1. For eachi € [s'] and for each j € J(i), the (k—1)-graph ngj_)l) is (i (a?), d;(j))—
reqular with respect to il(k*2)’ where d;(J € {1/a7:{1, 1}.

Proof. First, note that since .2 < {2U)}*=2 one of the following holds.

Jj=1
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(LL1) There exists Q2 e 2-=2) guch that f)gk_z) c Q2.
k—
(LL2) Kia (L") € (V) \ Ko (20)).
If (LL1) holds, then by (L'1) and the fact that u < p/(a?) < ||aZ]||<* we can apply

Lemma 5.4 twice to conclude that

(6.5),(6.6) R
K1 (L5 2)] > 6.2 vck LQED) ST B Q).

Note that, for each j € J(i), Qg(]
with Lemma 5.1(ii) this implies that Q;ZBU is (,UQ/g, 1/af{1)—regular with respect to ﬁgkim
for each j € J(4).

If (LL2) holds, j € J(i) implies that M(k 2 g_ Kr_1(2WM). Thus (6. 8) means that M(k_l)ﬂ

Qg;+11 # (), which implies g(j) = sg+1. Also (LL2) implies that Ky 1( (k= 2)) ng +11 Thus

LZ(‘k 2)

is (u, 1/af{1)—regular with respect to Q*~2). Together

le; +11 is (0, 1)-regular with respect to . This completes the proof of Subclaim 1. U

Moreover, (M'1) implies that for each ¢ € [¢'] and j € [s"], the (k — 1)-graph Z(i,j) is
i (a?)-regular with respect to I:Z(kfm, and thus it is (2u/(a%),d(ZL(i,]) | I:Z(Akﬁ)))—regular
with respect to ﬁgk_Q). Let

a | = a? 0" [2v77], (6.12)
and aﬁfng = (af,...,a ). By (6.10), we conclude
g lloo = ¢’ < min{ty_1,T(a”,0,v)}. (6.13)

Let 4; j :== |d(Z(4,7) | Agk 2>)a7§ilj, so l;; =0if j ¢ J(i). We now apply the slicing lemma
(Lemma 5.3) to .Z(i,7) for each i € [¢'] and j € [s"]. We obtain edge-disjoint (k — 1)-graphs
2£(1,7,0),...,2(i,7,4; ;) such that

("%1) g(l’j) = g(l,]a ) U Urgl g(i’ja"ﬂ)’

(£2) ZL(i,j,r) is (61 (a?),1/aif |)-regular with respect to L(Ak72) for each r € [¢; ;], and

(Z3) Z(i,7,0) is (64 (a ),dgj) -regular with respect to Lgk_ ) where d} ; < 1/af .

Observe that £ (4, j,0) may not have density 1/ai ;. Since we would hke to achieve this

density for all classes, we now take the union of all these (k — 1)-graphs and split this union
into suitable pieces. For all ¢ € [¢'] and p € [sg + 1], let

Zip) = | £65.0 = (Kea @) n Q) U ZGin
i g()=p jir: 9(3)=p.relti g
Note that if p ¢ ¢g(J(¢)), then .Z’(i,p) = 0. So suppose that p € g(J(i )) Then

L', p) is (W(@%)?3, 0 Jaf |)-reqular with respect to LZ( - for some

ip 6.14
¢, €N. (6.14)

Indeed the union lemma (Lemma 5.2) (applied with 37,y £6i; < s” af | < 04ka;§’i | play-
gir: g(j)=p,r€ll ;5] f(l j,’l“) is (:U’/( 3)3/4 Z] g(4)=p J/ail)_
regular with respect to LE 2 In addition, by Subclaim 1, K4 ( (k= 2))ﬂQ (k=14 s (p'( f),d;,)—
regular with respect to I:Z(k ) for some d, € {1/a ,1}. Note that (6.11) implies
. 5 (k— .
U 3(2,377“) g ,Ckfl(LE 2)) N Q](;k 1)-
Jir: g(d)=p,relts 4]
So Lemma 5.1(iii) implies that (6.14) holds where £] , := a;?_ld;,—zj:g(j):p lij. (Note t; , €N
since d;, € {1/a?_ 1,1} and ai_, | ai_;.)

ing the role of s) implies that .
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In addition, for all i € [s'] and p € g(J(i)), we have

(6.9),(6.12)

(£3) 5 (L (L B
ARk ST A ) n QiYL (6.15)

2 (ip)l < 19 (p)]-

4a;€%1
Again, we apply the slicing lemma (Lemma 5.3), this time to .£’(i,p). By (6.14), we obtain
edge-disjoint (k — 1)-graphs (i, p, 1),...,£"(i,p, £; ,) such that
(£1) 2'(ip) = U2 £(0,p.0),
(£'2) L'(i,p,0) is (1 (@?)/?,1/a_|)-regular with respect to I:Z(kfm for each £ € [¢; ].
Thus for each i € [¢], (6.11), (£1) and (£’1) imply that
U {£Gsr):hr with g(G) = p,r € [l ]} U{L (6,0, 1), L7 (6,0, £,)})
peg(J ()

forms a partition of le_l(IA/Z(k72

(1 (a?)V2 1/af |)-regular with respect to f)gk_z), where the latter follows from (£2) and
(£'2). We define

plk=1) . U {L(i,g,r) 7 €[l ]} U U {L (i,p,0) : L € [e;,p]}.
i€ls'],j€J (3) i€[s'],peg(J (7))

)) into a;il edge-disjoint (k — 1)-graphs, each of which is

Then (L*1) follows from (I/1) and the construction of £*~1 (t,_;-boundedness follows
by (6.13)). Note that for all i € [s'], j € [s"], 7 € [li;], p € [sq + 1], £ € [¢; ], we have

ZL(i,j4,1) C ngj_)l) and <" (i,p,¢) C Qgg_l), and so (L*2) holds.
Subclaim 2. ¢ <, gk-D,

Proof. To prove the subclaim, we define a suitable function fr_1 : f(k D — ¢%=1_ For
each j € [s"], let h(j) € [so + 1] be the index such that R§»k71) = ' Q(k Y for some
p € [sg+1]. Foreach i € [§], j € J(i), r € [l;4], L € [f;’g(j)], let

fee1 (L, G.r)) = O and fi 1 (Z'(6,g(7),0)) = Ol .
For fixed j € [s"], (6.11) and (£1) imply that
U 2. cm*h. (6.16)

i€[s],rell; ;]

Hence

> ILEIN S @S < ST G4\ S (L0 G)] + Y12 0]

L(k—1) g g (k—1) i,3,r i,p,¢
(6. 16) (£'1)
S U ol 1>y+2\.§,ﬂ'1p
JE[s"]
< Z\M \R | +v Z’Kfl “nQFh
JE[s"] 4P

(M</2) v n e n <2_1/ n
- 3\k—-1 k—1)— 5 \k—1)"

The fact that aff > n~! and (2.5) together imply that |[Ky_1(2M)| > %( "), so the subclaim
follows. U

This shows that (L*3) holds and completes the proof of Claim 2. O
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Note that {£® i:ll obtained in Claim 2 naturally defines Z*~D. Write 2¢-1 =
{L (k= 1 . ,f/gz;l)}. We now construct .Z*) by refining ICk(I:Z(Akfl)) for all i € [5.¢].

Claim 3. For each i € [3g], there is a partition {L*)(i,1),...,L®)(i,a?)} of Ki(L; L= 1))
such that L¥)(i,r) is (u'/2,1/a)-reqular with respect to f)ik for each r € [aZ]. Moreover,
we can ensure that {L(i,r) :i € [§¢],r € [a?Z]} < 20).

Proof. Since £ < Q(l), for each I:gkil) e Z*-1 ] either ICk(I:Z(Akfl)) C Kp(2W) or
KL ) € () \Ke(2D).

Suppose first that ICy(L; L= 1)) C Kp(2W). As 2*-1) < 9(k=1) there exists a (unique)
ng U ¢ 9(:=1) such that LZ( -1 Q Qg»k*l). In addition, there are exactly a;@ many k-graphs
Q™ (4,1),...,QWj, af) in 2 that partition le(Q§ )) For each r € [ak ], let

L® (i) = QW (j.r) N Ku(LY).
Hence {L¥)(i,1),..., L% (i,a)} forms a partition of Ky (L Ek 1)). We can now apply Lemma 5.4
twice and use (L*1 ) as well as (03)g 1 to obtain that

K@) = 621K @)1
Thus Lemma 5.1(ii), (03)g 1 and (6.6) imply that L") (i,r) is (4'/2,1/a?)-regular with re-
spect to I:(kfl)
Suppose next that we have Kp(L; L= 1)) - (Z) \ Ki(2W). We apply the slicing lemma
(Lemma 5.3) with ICk(LZ(k 1)),Lgk 1 , 1, 1/(1;02 playing the roles of H®) H* =1 d p; respec-
tively. We obtain a partition {L(*)(i,1),..., L% (i,a?)} of K(L; Ltk 71)) such that L®)(i,7) is

(11/2,1/a?)-regular with respect to f)ik D for each r € [af].

The moreover part of Claim 3 is immediate from the construction in both cases. U

Let
2B = (LW(i,r) i € [sg)r € o)) a% = (af ...l y.af) and L= (LD,

g® = ({H§’” NL® ies), L) e 2™y u{HM\ Kp(2W) i€ [8]}) \ {0}.

for each r € [a{].

{Jl(k),..., SJ} = 7® and J'(3) : :{j'E[SJ]:J()CH } for each i € [s].  (6.17)

Then 2% < 20) Let p, == p'/? if k = 2 and p, := g/ (@%)V/2 > p!/2 if k > 3. Then by
(L*1), Claim 3, and (6.13), we have
%, is a (1/af , i, a”*)-equitable t'-bounded family of partitions. (6.18)

Moreover, s; < 2st’2" by (6.13) and Proposition 2.7(viii). Also we have #®) < 7#(*) and
{J'(1),...,J'(s)} forms a partition of [sj].
Our next aim is to apply Lemma 4.1 with the following objects and parameters.

object/parameter | ., | j(k) [t |ss|n|v/3||n
playingtheroleof|£2|%” |t|0| | | | |u

Indeed, we can apply Lemma 4.1: (6.7) ensures that (O1)4 1 holds; by (6.3), (6.6), (6.13)
and (6.18), %, satisfies (02)4 1. By construction, /(k) < f*(k), thus (03)4 1 also holds. We

obtain # = Z(k — 1,a”) and ¥'*) = {G Is(f)} satisfying the following.
(P'1) Zis (n,e(a”)?,a”)-equitable and t- bounded and a * divides a‘@ for all j € [k —1],
(P'2) for each j € [k — 1], 2U) < 20,

(P'3) ™ s perfectly e(a?’)?-regular with respect to &2 for all i € [s/],

(2
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(P'4) Yo 16V 8T0) < (v/3)(}), and
(P'5) @'® < 2®) and if J* C K (£ D), then GV C K (2 D).

Here we obtain (P’1) from (6.5). In addition, we also have the following.
Qz(fc) is perfectly e(a”)?-regular with respect to 2 for all i’ € [sq + 1]. (6.19)

Indeed, 221 < Lk < (k=1 Thus for each P*~1 e P*=1 either there exists
unique Q¥ e 21 such that Kp(P*—) C Ki(QFD), or K (P*—1) C (Z) \ Kp(2M),
In the former case, by two applications of Lemma 5.4 and (P’1), it is easy to see that

[k (PED)] > 2K (QUD)).

Thus (03)g.1 with Lemma 5.1(ii) and (6.6) implies that Qz(fg) is e(a”’)2-regular with respect
to P,

Now suppose that i (P pl— 1) ) C (
Thus Q\F) N Kk (PE-D) = 9, and Q!
);

sQ + 1, then Qz(fc = ( )\ Ki(2 20
Thus we have (6.19).

It is easy to see that (P’'1) and (L*1) imply (P1)g 1. The statements (P’2), (2.1) together
with (L*2) and (L*3) imply (P2)g 1.

As 2% < 90) and (P’5) holds, we obtain /%) < 2(%) For each i’ € [sg + 1], let

G'(i) = {j €lss): G QW) and H'(¥):={ie[s]: HF C Q).

Note that {G'(1),... G'(sg+1)} forms a partition of [s]. Also by (04)g 1, {H'(1),... H' (sg+
1)} forms a partition of [s]. Moreover, both G'(i') and H'(i’) are non-empty sets. For each
i’ € [sg + 1], we arbitrarily choose a representative h}, € H'(i').

Recall that J'(i) was defined in (6.17). For each i’ € [sqg + 1] and i € H'(i') \ {h}}, we

define
o= U & ad gl=0P\ U

J\Ke(2W). If i’ € [sq], then we have Q C Kr(2W).
®) is (e(a 9)2 0)-regular with respect to P10, If i =
thus Q( is (e(a”)?,1)-regular with respect to P*=1,

1
JIET (NG () CeH! (iR,

Let
g®) .= {ng) i€ [s]}.

By the construction, 4*) forms a partition of (Z) Moreover, we have the following:

Suppose that i' € [sqg +1], i € H'(i') and j' € J'(i) N G'(i'). Then G/(k)
.

)

(6.20)

Note that the construction of ¥*), (P’3), the union lemma (Lemma 5.2), (6.2) and (6.13)
together imply that for each i’ € [sq + 1] and ¢ € H'(i') \ {h},}, ng) is perfectly (a?)3/2-
regular with respect to &. In particular, together with (6.19), the union lemma (Lemma 5.2)
and Lemma 5.1(iii), this implies that for each ¢’ € [sg+1], Ggf,) is also perfectly e(a”)-regular
with respect to &. Thus we obtain (G1)g 1. Z

By the definition of ng), we conclude that for every i € [s], there exists ¢’ € [sg + 1] such
that Gz(k) - Qg,k). Thus %) < 2% Moreover, if Hi(k) C K(2W), then i € H'(') for some
i' # sg + 1. Hence in this case Gz(k) C Qg,k) with i’ # sg + 1, and so ng) C Kr(2W). Thus
(G3)g.1 holds.

We now verify (G2)g 1. Consider any edge e € ng) \Hi(k) for some i € [s]. We claim that

k k
ce |J 1P\, (6.21)

J'€ls]
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To prove (6.21) note that since #*) is a partition of (V) there exists j/ € [s;] such that
e € J](,k). So (6.21) holds if e ¢ G;(/k). Thus assume for a contradiction that e € G/(k). Let
ix € [s] be the index such that j' € J'(i,). Then J(k) - H( )

Since {H'(1),...,H'(sqg + 1)} forms a partltlon of [s], there exists € [sg + 1] such that
ix € H'(i"). Thus e € J](,’“) - Hl(k) - Qg,k). Hence Qz(fg) N G;(,k) # (). Since @'*) < 2(k)
this implies that G/(k - QEE) and so j/ € G'(i'). Consequently, we have i, € H'(i') and
j' € J'(ix) N G'(i'). This together with (6.20) implies that e € G;(,k) - Ggf). Since 4% is a
partition of (Z), this implies that ¢ = i,. But then e € H i(f) =H i(k), a contradiction. This

proves (6.21).
Then

(6.21)
(0)\ pr0) () \ /(h)
SN ED < ST G, (6.22)

i€(s] J'€lsJ]

Since all of s#*) @), /(k) and ¢'(%) are partitions of (‘l;)’ we obtain

S e AP =23 16\ HP) and Y G asM =2 3 7\ G).

i€ls] i€[s] i€[ss] i€[s]

Thus we conclude

S A =23 168 H(k < 22 PAGAYesR (P§/4)V<Z>.

i€[s] i€[s] J'€lsg]

Thus (G2)g.1 holds. O

Suppose we are given a (k — 1)-graph H on a vertex set V. In the next lemma we apply
Lemma 4.1 to show that, given a different vertex set V', there exists another (k —1)-graph F'
on V'’ whose large scale structure is very close to that of H.

Lemma 6.2. Suppose 0 < 1/m,1/n < ¢ < v,1/0,1/k <1 and k,o € N\ {1}. Suppose
P = Pk —1,a) and 2 = 2(k — 1,a) are both o-bounded (1/ay,e,a)-equitable families
of partitions of V and V' respectively with |V| = n and |V'| = m. Suppose that H*~1) C
Ki_1(2W). Then there exists a (k—1)-graph G*=1) C K1 (P W) on V and a (k—1)-graph
FE=D C IC_1(2W) on V' such that

(F )62 |Hk 1)AG(k 1) | < V(k 1)
(F2)g.0 d(KCk(GF1) | PE=1(3)) = d(Kp(F*-D) | QE=1(2)) + v for each 2 € A(k,k —1,a).

To prove Lemma 6.2, we first apply Lemma 4.1 to obtain a family of partitions Z =
Z(k — 2,a”) and a k-graph G~V as in (F1)g 9. We then ‘project’ % onto V' (so that it
refines 2). This results in a partition .. We then apply the slicing lemma to construct
F®=1) which respects .& (and in particular has the appropriate densities).

Proof of Lemma 6.2. First suppose k = 2. Then HY C V. Let GV := HM . Thus (Fl)g.9
holds. Recall that for each b € [ay], the vertex sets P (b,b) and QM) (b,b) denote the b-th
parts in 2 and 2N respectively. For each b € [ay], let F()(b,b) be a subset of QM) (b, b)
with

FOG,0)] = | ZHD 1 PO,b)]
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and let F(1 = Usela ]F(l)(b b). For each z = (ay,az) € A(2,1,a), we have

1 A1) (5 |F(1)(01,a1)||F(1)(042,a2)|
AU (F) | V(@) =
B (|H® N PO (ay, )| £ n/m)(|HD N PO (ag, ag)| £ n/m)
(n/ay £n/m)?
= d(K2(GW) | P (2)) £ 0.

Thus (F2)g 9 holds.
Now we show the lemma for £ > 3. Let 1 be a constant such that e < ' < v,1/0,1/k.
Let ¢/ : N*=2 — (0, 1] be a function such that

¢'(b) < v,1/0,1/k,1/||b||s for all b € N¥72, (6.23)
Let t :=t4 1(k— 1,0, ot v, ¢’). Since £ < v,1/0,1/k,n', we may assume that
0<e<pyq(k—1,0, oy, ¢'),1/t,min{'(b) : b € [t]F 2}, (6.24)
and we may assume that n,m > ng :=ny 1(k — 1,0, o v, g’). Let

(a7, HEDY = (PED A gD piD) e Uy fpy,
{HSJFI ),...,H(k 1)} <{P(k‘ 1) \Hk 1) . p(k=1) c e@(].671)}

o
{7 ) ez ) o

y R (N /Gl Y

Hence 1) is a partition of (k‘jl) such that #*—D < P*-1 and s+ ¢ < 202" 11 < ot
by Proposition 2.7(viii). We first construct G*~1). By (6.24), we may apply Lemma 4.1 with
the following objects and parameters.

object/parameter | 2 | Y | o | s+ |0/ |v]e |k—1]t
playingtherole0f|£2| HF) |0| S |77|u|5| k |t

We obtain Z = Z(k — 2,a”) and 9*~1) = {ng_l) ng_s

Rl)go Z is (77 € ( a”),a”)-equitable and t-bounded and for each j € [k — 2], a; divides ajj,
R2)g.o {2V =% < {PD}3,

(
(
(R3)g.o for each i€ s+ 5, G(k_l) is perfectly &'(a”)-regular with respect to %,
(
(

} satisfying the following.

Rd)go i 1GF D amk ) <wv(,",), and
R5)g 9 @*-D < 2¢-1 and if H* D C Ky_y(2M), then GF Y C Kj_y (20).
Observe that a¥ > n'~! by (R1)g 9. Thus

1/af < v,1/0,1/k. (6.25)

Let G- = ()5 G* V. Then (F1)g 9 holds and G¢= C Ky, (2D).
Next we show how to construct F* =1 To this end we define a family of partltlons Z on
V' which has the same number of parts as Z. We apply Lemma 5.10 with {Q(J 1 ,e,a”

playing the roles of &2, ¢, b to obtain .Z so that

L = L (k—2,a%) is an (77’,81/3,a%)—equitable family of partitions such that £ <
{2yF
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Let &’ := (aq,...,a_2), where a := (ay,...,ap_1). By taklng an appropriate aZ-labelling for
£, we may also assume that for each x € A(k — 1,k —2,a’),
AR) = {3 € Ak — 1,k — 2,a%) : me<> C P2 (%))
—{yeAlk—1,k—-2,a%): L (y) c Q¥ (x)}. (6.26)

For each X € A(k — 1,k —2,a') and y € A(X), Lemma 5.4 implies that

kol k—1
IKkﬂL%2<>n><1—m (@) it 20 1 ) Ta2) (5 e
=1 =1
> K, @2, (6.27)

We would like the relative densities of F*~1) (with respect to the polyads of .Z) to reflect the
relative densities of G(*~1) (with respect to the polyads of #). For this, we first determine
the relative densities of G*~1) (see (6.32)). For each y € A(k — 1,k —2,a%), b € [aj_1], and
the unique vector x with y € A(x), we define

@0 = QE I (%,0) N K1 (L4 (),
PEY(9,0) = PED(3,0) N K (RETD(9)). (6.28)

Since each Q1 (%,0) € 2~V is (g,1/ap_;)-regular with respect to Q*~2(x) for each
b € [ag—1], Lemma 5.1(ii) and (6.27) with the definition of A(x) imply that

Sff’”(y, b) is (23,1 /ap_1)-reqular with respect to L*==2)(y). (6.29)
Similarly,
P*(kfl)(y, b) is (e2/3,1/aj,_1 )-regular with respect to RE=2)(y). (6.30)
For each § € A(k — 1,k —2,a%) and b € [a_1], let

G(y,b) == G+ D pE V(g b). (6.31)

Thus G(3,b) C Ki_1(R#=2(3)) by (6.28). Since ¥+~ < 2(¢-=1) by (R5)¢ 2 we know that
G(y,b) is the union of some (k — 1)-graphs in {Gik VA Ki_1(R*=2($)) : i € [s]}. Thus
(R3)g 9 and the union lemma (Lemma 5.2) with the fact that &’(a”) < 1/s imply that G(y,b)
is ¢/(a”)?/3-regular with respect to R*=2(y). As G(3,b) C P*(k_l)(y,b) and (6.30) holds,
there exists a number d(y,b) € [0,1/ax_1] such that

G(y,b) is (¢'(a?)V/2 d(y,b))-regular with respect to RF=2)(y). (6.32)

Now we use the values d(y,b) to construct F*~1. We apply the slicing lemma (Lemma 5.3)
with the following objects and parameters.

object/parameter | QY (y,0) | L*~2(y) | 1/ax_s | max{d(y,b)ar_1,1— d(y,b)ax_1} | 1
playing the role 0f| H® | H®*=D | d | P1 |s

By (6.29) we obtain a partition of Q,(f*”(y, b) into two (k — 1)-graphs such that for one of
these, say F(y,b), we have that
F(y,b) is (£(a®)V2,d(y,b))-reqular with respect to L¥=2(y) and (6.33)
F(y,0) € Q¥ (3.0). |

Let
F=1) = U F(y,b).
yeA(k—1,k—2,a%),bc[ay_1]

Thus FE=1 C K (20).
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Now we have defined F*~1 and G*~1. Tt only remains to show that these two (k — 1)-
graphs satisfy (F2)g 9. Fix any vector 2 € A(k,k — 1,a). Consider y and x such that
y € A(x) and x <j_j ;2 2. By (2.12) we have

PG = | P U(w, (’“(1)1)). (6.34)

W<p_1,k—22
By (6.26), y € A(x) implies that
Kr_1(RF=2($)) C Kp_1(P* (%)) and
K1 (R*2(9)) N K1 (PP (W) = 0 for W # .

Also PE=1) (v Z(k(_l) )) C Kp_1(P¥*=2)(W)) whenever W <j,_1 j_o 2. Together this implies

A (k1) /A A (_9) Ay (6.34 0 (k= A 6.28 O, (ke
PED @GN (RE2()) P2 PED 2 (RS2 (5) O PV (a0,
Thus
_ A(k— N A(k— N _ — ~ — 6.31
GED 0 P (2) 0 K (RED () = 640 0 PEY 320 2 6.

(6.35)
Together with (R2)g 9 this implies that
— Ak—1) 7~ k—1)
Gr=Dn pl=l(z) = U U Gy,z((l) .
X<p—1,k—22 yEA(X
Similarly
k— A(k—=1) (5 k—1)
FE=1D A Ol 1)(Z) = U U y,z((l) .
x<p_1 Je— 2Z yEA(X

For each y € A(k — 1,k — 2,a%) let

(k—1)

d(y,b) ifyec A(x)forsome X < 1 o2zand b=z, ",

daﬁ s k— }A’ =

2k 1¥) { 0 otherwise.

The properties (6.32) and (6.35) together imply that for each R(k—2>(y) c @(k—z)’
G- n P(k_l)(i) is (s’(a%j)l/z,da@i’k_l(y))—regular with respect to
RE=2(y).

Analogously using (6.33), we obtain that for each L*+~2)(y) e £2(*-2),

Fk=1) o Qk-1) (z) is (¢'(a /)1/2,dag,i’kfl(y))—regular with respect to
LE=2(y).

In other words, Z is an (8/(a%)1/2,dagz,i,k_l)—partition of G n pPk=1)(z). From (6.23)
and (6.25), we know

e'(a”) < 1/]|a% || < 1/a¥ < v,1/0,1/k.
In particular, this means that G*~1 N P(k_l)(i) satisfies the following regularity instance.
R = (a/(a%)l/Q,a%, da%,z,k—l)-

Similarly, F*=1 n Q(k_l)(i) also satisfies the regularity instance R. Thus we can apply
Lemma 5.8 twice with the following objects and parameters, once with G*+—1) N P(kfl)(i)
playing the role of H and once more with F(+~1) 0 Q(k_l)(i) playing the role of H.

object/parameter ‘ '(a”?)1/? ‘ 6% || ‘ a ‘ V20— ‘ aZ ‘ k-1 ‘ Kékq)
playing the role 0f| € | t | ar | y | a | % | Ia
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Thus we obtain
i (GHD 0 PE D (2))]
(x)
Kk (FE—D 0 QY (2))|
(%)

On the other hand, we can apply Lemma 5.4 to show that for every z € A(k:, k—1,a)

= IC(K" ™), dya ) £ 170 and (6.36)

= IC(K ™ gt ) £ 1707 (6.37)

J=1 - k
. | k(M
KR @QE @) = £ [[ o) mb > 07 (k>
j=1

This together with (6.36) and (6.37) implies that
d(Kp(G*Y) | PED (@) = d(Ku(FEY) | QU V(@) £ v,
(]

Suppose we are given two families of partitions &2, & such that &2 almost refines & and
such that & is an equitable partition of some k-graph H. Roughly speaking, the next lemma
shows that there is a family of partitions ¢’ such that &2 < ¢’ and such that ¢’ is still an
equitable partition of H (with a somewhat larger regularity constant).

Lemma 6.3. Suppose 0 < 1/m,1/n < e <K v K gy <1 and k € N\ {1}. Suppose V
is a verter set of size n. Suppose R = (60/2,aﬁ,daﬁ’k) s a regularity instance and O =
Ok —1,a%) is an (ao,aﬁ,da@k)—equitable partition of a k-graph H® on V. Suppose there
exists an (1,e,a”)-equitable family of partitions P = P(k—1,a”) on V such that P <, 0.
Then there exists a family of partitions €' on V such that
(0,1)6.3 P < ﬁ,,
(0'2)g.3 0" is a (1/af e + v1/?°,2% v/ equitable family of partitions and it is an (g +
p1/20, dpe 1)-partition of H®),
(0'3)g 3 for each j € [k—1] and (%,b) € A(j,j—1,a%)x [a‘jﬁ], we have |0'0) (%, ) AOY) (%,b)| <
p1/2 (’;)

We construct ¢ by induction on j € [k —1]. When constructing &” U=1 4 natural approach
is as follows. For a given class OU) (%, b) of 6U) we can let O'9) (%, b) consist e.g. of all classes
of 2U) which lie (mostly) in OVU)(%,b). This is formalized by the function f; in (6.38).
However, this construction may not fit with the existing polyads of pPG-1) (i.e. it may violate
Definition 2.1(ii)). This issue requires some adjustments, whose overall effect can be shown
to be negligible.

Proof of Lemma 6.3. For any function f: A(j,j —1,a”) x [a‘;]] — A(j,j —1,a%) x [a‘jﬁ], let
d(f) = 2. [PY(%,0)\ OV (f(%,))]-
(ﬁvb)eA(jJ*lva‘@)X[a}@]

Note that & <, € implies that for each j € [k — 1], there exists a function f; : A(j,j —

1,a”) x [a;]] — A(j,j —1,a%) x [af] such that

d(f;) < (’;) (6.38)
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Moreover, note that since R is a regularity instance (see Definition 2.9), we have gy <
||aﬁ\|go4ke5.4(||aﬁ\|gol,HaﬁHO—ol,k — 1,k). Thus Lemma 5.4 and the definition of an equi-
table family of partitions (see Definition 2.3) imply that for any j € [k — 1] \ {1} and
(%,b) € A(j,j —1,a%) x [a?], we have

J
109 (%,b)| > ni > ef*nd. (6.39)

2la%% "

For each i € [a{], let

0'W(i,i) := U PW(s,s) andlet o'W .= {0'W (i, i) :ie[af]}.
s€lai’].f1(s)=i

Note that (6.38) implies that |O'(D(i,4)| = (1 + afv)n/af = (1 £ vY?)n/af. For all
distinct 4,3’ € [a{], let O’(l)(z i') := (). Hence 0'() satisfies properties (0'1);-(0'4); below.
(Here, (O 2); and (O'4); are vacuous.) Assume for some j € [k — 1]\ {1} we have defined
0'M ..., 0" satistying the following for each i € [j — 1]:

(0'1); 0'® forms a partition of K;(0'M) and 20) < 0’0,
(02); if i > 1, then 0’ = {O'®(x,b) : (%,b) € A(4,i — 1,a%) x [a?]},
(0'3);

e

> 10" (x,b) \ O (x,b)| < ivn’,

(),b)€A(4,i-1,a9)x[af]
(0'4); if i > 1, then for each x € A(i,i — 1,a?), the collection {O'® (x,1),...,0'D(x,a?)}
forms a partition of IC‘(OA’(Z_D()A()), where
(7/ 1) 71— i—1
0" = U 0

y<z 1,i— 2X

We will now construct 6'") satisfying (0'1);-(0'4);. So assume that k£ > 3. Note that
(0'3);-(0’3),_1 with (6.39) shows that for any i € [j — 1] and (%,b) € A(i,i — 1,a%) x [af],

the 4-graph O'()(%,b) is nonempty. Together with (0'1);-(0'1);_1, (0’2 ) (O/ )i—1, (0’3)1—
(0'3);-1, (0'4)1-(0'4);_1, (6.39), and Lemma 4.2 this implies that {&’C }Ll forms a family

of partitions. Let ﬁ’(] b be the collection of all the O’( 1)( ) with x € A(],j —1,a%). Note
that Proposition 2.7(iv) and (vi) implies that

{(K;(0U-D(x)) : % € A(j, 7 — 1,a%)} forms a partition of K;(0"D). (6.40)
By Proposition 2.7(xi)
{I;(PUD(R)) sk € A(j,j — 1,a”)} < {K;(0V V(%) :x € A(j,j — L,a”)}.  (6.41)
Let
={y € A(j,j — 1,a”) : K;(PU=D(3)) € K;(0'M)}.
Then (6.41) imphes that
U K3 (PU-D(5)) = ks (6'D). (6.42)
yeA
By (6.40) and (6.41), for each § € A, there exists g(§) € A(j, j—1,a) such that K;(PU=1(y))
is a subset of ICj(O’(J )(g(y))).

Claim 1.
N K (PUD(3)) \ K (0V D (g(3)))] < (G — Dywn?.

yeA
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Proof. Observe that by (6.41) for each x € A(j,j — 1,a7), we have

U Kol PUD(5)) = k;(07 Y (%)).
y 9
This implies that

S IGEPUIEN GO D@ = Y G0

1)

(%) \ K (0V~V(x))].

Any j-set counted on the right hand side lies in K;(¢"(")) and contains a (j — 1)-set J €
0'U=1(z,b) \ OU=Y(z,b) for some 2 <;_1 ;9 % and b = X((l) ). Note that (0'3);—1 implies
that there are at most (j — 1)vn?~! such sets J. For such a fixed (j — 1)-set J, there are at
most n j-sets in KC;(¢"Y)) containing J. Thus at most (j — 1)vn/~t-n = (j — 1)vn’ j-sets are
counted in the above expression. This proves the claim. O

Ideally, for every x € A(j,j — 1,a%) and b € [afj], we would like to define O'U)(x,b)
as the union of all PU)(y,¥) for which f;(§,V') = (%,b) holds. However, we may have
fi(¥,0") # (9(3),0) for all b € [a] 7). This leads to difficulties when attempting to prove (04);.
We resolve this problem by deﬁmng a function fj, which is a slight modification of f;. To
this end, let

W= {(3,0) € Ax [a]]: f;(3.6) # (9(3),0) for all b € [af]}.
Thus if (y,b) € W then OW(f;(y,b)) N K;(OU~ 1)( (y))) = 0. This and the fact that

PO (y,V) C K; ( ~D(y)) imply that for (§,¥) €
PU(3,0)n O (f;(3,V)) C K;(PY~ 1)( )\ K5 (09D (g(3))). (6.43)

We define a function f]: A x [a ] = A(j,j —1,a%) x [af] by

. y),b) for an arbitrary b € [a?] if (3,0) € W,
) ::{ (g(y)b/)) ybelaf] if (3,0)

otherwise.
For each x € fl(j,j — 1,aﬁ) and b € [af], let

0"V (%,b) := U PO (g, b). (6.44)
(v.b")eAx[a]:
1) =)
Let 0'0) be as described in (0'2);. By (6.40), (6.41), and the fact that fj is defined for all
A x [a7’], we obtain (O'1);.
We now verify (O'3);. For this, we estimate d(f}), namely

a(f;) = > PO, \ OV (f(3,0)]

(¥,)€A(,j—1,27)x[a]

< S [POF. )\ 0D (f(3,0))
(v,0)€AGj—1,a7)x[a]]
+ 30 [P0 n09(f(5.0)]
(¥,0)ew
(6.43) . )
< d(fy) + Y I (PUTI(3)) \ K (09D (g(9)))]
yeEA
Claim 1 . (6.38)

< df)+ (G- Den! < jund. (6.45)
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This in turn implies that

> 09 (%,0) \ OV (%, b)|
(%,b)€A(j,j—1,29)x[a?]
624 > > POEH)\ 091

(XA ~1,a9)x[af] (¥,b)EAX[a]]:
13 6)=(x.0)
: : 645)
= S PO\ OV (i) <d(f) < jund.
(F.0)eAX[a?]
Thus (0’3); holds.

Suppose X € A(j,j —1,a%) and b € [ajﬁ]. Note that PU)(y,b') C K;(PU=V(y)) C

ICj(OA/(jil)(g(y))) for each y € A and ¥V € [a}‘?]. Together with (6.44) and the definition
of f}, we obtain that 0'9) (%,b) C Kj(é’(]_l)(k)). By this and (6.40)—(6.42), the collection
{0'U)(%,1),...,0'0)(%,af)} forms a partition of Kj(O’(]_l)(&)). Thus (0’4); holds.

By repeating this procedure, we obtain &', ... ¢'k=D  Let ¢’ = {ﬁ’(j)};?;ll. As ob-
served before (6.40), ¢’ is a family of partitions. Properties (0’1);—(0’1)x_; and imply
(0')6.3- A

Note that (O’3); implies that for each j € [k — 1] we have |Kj(ﬁ(1))Ale(ﬁ’(1))| < 2vn/.
Thus for each j € [k — 1] and (%,b) € A(j,j —1,a%) x [a‘jﬁ], this implies that

09,0009 (%,0)] < K (OV)aKk; 0D+ Y (0D (x,0)\ 0V (%,b)]
x€A(jj—1,a),b€[af]

(0'3);

<" (G +2wn! <v/? <n>
J

Thus we have (O’3)g 3. Finally, since R is a regularity instance, (0’3)g 3 enables us to apply
Lemma 5.11 with the following objects and parameters.

object/parameter | 7 | 7 | vt/? | 0 | €0 | dao | HK) | H®)
playing the role 0f| P | 2 | v | A | € | da k | H® | G®

This implies (0'2)g 3. O
7. SAMPLING A REGULAR PARTITION

In this section we prove Theorem 3.1. In Section 7.1 we provide the main tool (Lemma 7.1)
for this result and in Section 7.2 we deduce Theorem 3.1.

7.1. Building a family of partitions from three others. In this subsection we prove
our key tool (Lemma 7.1) for the proof of Theorem 3.1. Roughly speaking Lemma 7.1 states
the following. Suppose there are two k-graphs Hi, Ho with vertex set Vi, Va, respectively,
and there are two e-equitable families of partitions of these k-graphs which have the same
parameters. Suppose further that there is another gg-equitable family of partitions & for
Hy. Then there is an equitable family of partitions &5 of Hs which has the (roughly) same
parameters as ¢ provided € < €g. Even more loosely, the result says that if two hypergraphs
share a single ‘high-quality’ regularity partition, then they share any ‘low-quality’ regularity
partition.

Lemma 7.1. Suppose 0 < 1/n,1/m < ¢ < 1/T,1/af < 6 < g9 < 1 and k € N\ {1}.
Suppose a2 € [T]F~1. Suppose that R = (60/2,aﬁ,daﬁ’k) s a regularity instance. Suppose

V1, Vs are sets of size n,m, and H%k),Hék) are k-graphs on Vi, Vs, respectively. Suppose
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g P <y Oy

ﬁh Ql Step 1 Step 3 @1 < ﬁi

V; SN
! <@1 = c91 ﬁStep 4
L 4
~
9y = 92%32#@2%@5 = Oy

V2 Step 2 Step 5 Step 6

-

FIGURE 2. The proof strategy for Lemma 7.1.
(Pl)71 21 =2:(k—1,a?) is an (E,ag,dagk)—equz’table partition of H%k),
P2 Dy = Do(k —1,a2) is an (¢,a2,d, o ;. )-equitable partition o H(k), and
( 7.1 ) y a2 | )-€q p 2
(P3)7 1 01 =01(k—1,a%) is an (ao,aﬁ,daﬁ,k)—equitable partition of ka).
Then there exists an (g9 + 9, aﬁ,daqk)—equz’table partition Oy of HQ(k).

A crucial point here is that the construction of &5 incurs only an additive increase (by d)
of the regularity parameter of 0.

For an illustration of the proof strategy of Lemma 7.1 see Figure 2. Our strategy is first to
apply Lemma 6.1 to 21, 01 to obtain a family of partitions &7 that refines 2 and almost
refines 0 (see Step 1). Moreover, we refine 29 and obtain # in such a way that % has the
same number of partition classes as #?; (see Step 2). We then apply Lemma 6.3 to construct
a family €] of partitions that is very similar to &) and satisfies %) < 0] (see Step 3). Then
we analyse how ) refines 0] (see Step 4). We then use Lemma 6.2 to mimic this structure
in order to build &) from %, (see Step 5). Finally in Step 6 we apply Lemma 5.12 to show
that &) can be slightly modified to obtain the desired &s.

Proof of Lemma 7.1. We start with several definitions. Choose a new constant v such that
1/T,1/a < v < 4. Let 2 : N¥=1 — (0, 1] be a function such that for any a = (ay,...,a5_1) €
NF=1 we have 0 < Z(a) < v, ||a]|=*. Now given Z, we define
t=tg1(k,T, T, 1/a?,v,7).
Observe that 0 < e < 1/k,1/T,1/ai,v,1/t'. Thus we may assume that for any a € [t/]F~1,
we have .
0<e< &), pug 1k, T, T 1/, v,7).

Step 1. Constructing &1 as a refinement of 2.
Let
29 o= (0% ) : 0% € 54 DY g

2= (2 u{ () e} ) Lo

Since 2; is T-bounded, |Q§k)| < T? by Proposition 2.7(viii). Thus |Q’1(k)| < T4,
Moreover, the fact that R is a regularity instance (and the definition of €9 ) implies that
a? ¢ [T]*~1. We can apply Lemma 6.1 with the following objects and parameters.

object/parameter ‘ Wi ‘ 1z ‘ Q{(k) ‘ {e@ii)}le ‘ T ‘ T+ ‘ 1/a? ‘ v ‘
playingtherole0f|V|ﬁ|%ﬂ(k)| 2 |0| S | n |1/|

™ | M)

Observe that 07, {Q%i)}le and Q’l(k) playing the roles of @, 2 and #*), respectively, satisfy
(01).1-(04)g 1 in Lemma 6.1. We obtain a family of partitions 2, = 2 (k — 1,a”) such
that the following hold.
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(P11) 2 is (1/a?,2(a”),a”)-equitable and #-bounded, and a;@ divides afz for each j €

[k —1].
(P12) L@fj) < Q%J) and (@P) <y ﬁfj) for each j € [k —1].
Let
¢ :=%@”), and af =af =af :=1.

Hence ¢’ < v, ||a”||3F by the definition of &.

By (P12), for each j € [k — 1], ¥ € A(j,j — 1,a”), and ¥/ € [a‘f], either there exists
% € A(j,j—1,2%) and b € [a?] such that PV (3,1) € QY (%,b) or P (3,6") N QY (%,0) = 0
for all x € A(j,j —1,a?) and b € [a; Z]. This allows us to describe & in terms of 2; in the

following way. For each j € [k — 1], x € A(j,j — 1,a%), and b € a3 2], we define
Aj(%,0) = {(,V) € A, j — 1,a”) x [a/']: PY(3,) € QF (,)} and
A= U Aj(%,b). (7.1)
x€A(j,j—1,a2),b€[as?]

For each x € A(k:,k: —1,a?), let

A(®) = {y € Alk,k —1,a”): P{* V() € QF V(%)) and

Ap = U Ap(%).
%€A(k,k—1,a2)

The density function d,e j for 2; naturally gives rise to a density function for &;. Indeed,
for each y € A(k,k — 1,a”), we define
R dye (%) if ¥ € Ap(x) for some x € A(k,k — 1,a?) and
dyo 1 (¥) := ’ e R
0 ify ¢ Ay.
Recall that &) is a (1/af,e’,a”)- equitable family of partitions, 2, is a (1/a?,¢,a?)-

equitable family of partitions, and e < ¢ < v,||a?||zF. Thus Lemma 5.4 implies that for
cach je [k —1],y € A(j +1,j,a”), and x € A(j + 1, j,a2), we have
j j
K1 (PP )] = (1 £0) [[ (@) O+ and 161(QF ()] = (1 £v) [J(a?) U Ini .
i=1 i=1
(7.2)
By (P11), for each j € [k — 2],y € A(j +1,j,a”) and b € [a j+1] we have
A (j Ak Iy
PV E,0) = (1/afy 5@ DK (PP @) = (1 £20) [[@) Ut (73)
i=1

k)

It will be convenient to restrict our attention to the k-graph Gg
crossing k-sets of H, ) with respect to Q(l) (rather than H fk) itself).

which consists of the

Claim 1. Let G .= H{" n U, 5 Kie(P{" V(). Then

(G11) £, is an (¢',a ,dagk)—eqmtable partition of ng).

(G12) |G AHP) < v ().

Proof. Consider x € A(k,k —1,a?) and § € A(%). Note that (7.2) implies that
Kk (P (3] 2 €Rk(@F T R))]

Also by (P1)7 1, ka) is (¢, dy2 j(X))-regular with respect to Qlk 1)( ). Thus by Lemma 5.1(ii)
ka) is (¢/,dy2 (X))-regular with respect to P(k 1)( ). Together with the definition of
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da2 1 (¥) this in turn shows that for all y € A(k,k—1,a?) we have that G(k) (', dp2 1 (3))-

regular with respect to ]51(]?71)()7). Thus (G11) holds.
Note that (P12) and the definition of A, imply that

k k 4 1
o on < () el
Since 2, is (1/af,e,a?)-equitable and 1/a < v,1/k, we obtain

(}) ket < k—; () <o (})

This proves (G12). O
Step 2. Refining 25 into Ps which mirrors 1.

We have now set up the required definitions for the objects on Vi and will now proceed
with the objects on Va. By using Lemma 5.10 with 25, a?, ' playing the roles of 2, b, t,
respectively, we can obtain a (1/ a‘lg et/3 a? )-equitable family of partitions %y = Py(k —
1,a”) such that &2y < 2,. By considering an appropriate a”-labelling, we may assume that

for each j € [k—1], (y,0) € A(j,j—1,a”) x [afz] and (%,0) € A(j,j —1,a2) x [a}g], we have

PP (3,0') € QY (x,b) if and only if (3,b) € A;(x,b).
Again Lemma 5.4 and the fact that ¢ < v,||a”||<* imply that for each j € [k — 1],
yeA(j+1,j5,a”) and x € A(j + 1,5,a?), we have

J
|IC]+1(P(J ¥)=0+xv) H ~C) it and
1=1
4
A . (7.4)
K (@ )] = 1+ 0) [J(@?)CHImo e,
1=1

Let
k k ~(k—1) /A~
G =m0 | KBV ).

Similarly as in Claim 1, we conclude the following.

(G21) Py is an (¢/,a”,d, » k)-equitable partition of G(k)
(G22) |G AHP < w(y).

Step 3. Modifying Oy into Oy with & < 0.

Recall that &2 <, 0 by (P12). We next replace & by a very similar family of partitions
0} such that &, < ¢]. To this end we apply Lemma 6.3 with &7, 2 playing the roles of
0, P, respectively, and obtain ¢} = ¢} (k — 1,a?) such that
(0'11) &, < 07}.

(0'12) O is a (1/a¥,e¢ + v'/?0,a% 1/20)-equitable family of partitions which is an (g9 +
p1/20, daqk)—partition of ka).
(0'13) for each j € [k—1] and (%,b) € A(j,j—1,a7) x [a?], we have |0'0)(x,0) AOU) (%, b)| <
v1/2(").
j
Note that since (g9/2,a7, dae ) is a regularity instance and v < gg, we have
0 —4F O1—1 (1.0 -
eo+ v <% a5 4lla” 1 2%l B — 1 k).
Thus Lemma 5.4 implies for any j € [k — 1] and w € fl(] +1,4,a%), we have

K1 (O (w))] > g/ *nd* 1. (7.5)
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Also, (0’12) implies that for all j € [k — 2], W € A(j 4+ 1,j,a%) and b € [a ]H] we have
i+1) . N 2/3
O (#,0)] = (1/afy = 220)|K;41 (017 ()] = ", (7.6)
Moreover, by (0'12), (0’13) and (G12), we can apply Lemma 5.11 with &7, ﬁ{,ka) and
ng) playing the roles of 2, 2, H*) and G¥) to obtain that
0} is an (g0 + 21/1/20,da@7k)—pa7“tition of ng). (7.7)
Step 4. Describing O} in terms of its refinement ;.

We now describe how the partition classes and polyads of ¢ can be expressed in terms of
. This description will be used to construct &% from & in Step 5.

For each j € [k — 2], our next aim is to define Bj1(W,b) for w € A(] +1,5,a%) and
bela j+1] in a similar way as we defined A;,1(x,b) for x € A(j + 1,j,a?) and b € [a ]H] in
(7.1). To this end, for each b € [af], let

By(b,b) := {(t.V) € A(1,0,a”) x [a’] : PV (¥, ') C O\ (b, b))}
For each j € [k — 1], let
Bjyi = {ﬁ cA(j+1,5,a”): u n {b': (b',V) € By(b,b)}| <1 for each b € [aiﬁ]} .

Note that this easily implies that

i€ Bjyy if and only if K, 1(PY (1)) C K;1(0/V). (7.8)
Consider any j € [k — 1] and w € A(j + 1,5,a7). Let
- N N A ) O A, () /s
Bia(w) = {ae AG+1,5,a7) : K (PP @) C K07 )} (79)
Together with (O’11) and Proposition 2.7(xi) this implies that
5 @), 5 () n
K0 w) = U Ka@w). (7.10)
AEB; 41 (W)

Moreover, if j € [k — 2] and b € [a ]_H] let
Bja1(W,b) = {(ﬁ, V) € A +1,5,a7) x [a74) : PUT(a,) C o;<j+”(w,b)}. (7.11)
Thus (0’11), (7.2) and (7.5) imply that for all j € [k —1] and w € A(j +1,7,a%)
B ()| > — (@ (Wf)' B | (T aR) (712)
(o) o) U~ 270 34

Similarly, (O'11), (7.3) and (7.6) imply that for all j € [k — 1]\ {1}, w € A(j,j — 1,a%) and
be of).

A ro’“‘”wv,b)r Lo, o
Bt bl = 1+ 20) [T, (@?) i 25633}_[1(“5})(2) > 0. (7.13)

Note that by Proposition 2.7(xi) and (O’11), for each j € [k — 1], we have
MO Y . ( /) A Al ‘

(Kja (PP (@) i€ AGG +1,5,a7)} < {Kj1 (0 (W) s W € A(j +1,5,a”)}. (7.14)
Together with (7.8) and Proposition 2.7(vi) applied to &7, this implies that @& € Ej+1 if and
only if 1 € B]H( w) for some w € A(j +1,7,a7). Thus for each j € [k — 1],

(Bj1(W): W € A(j + 1,j,a%)} forms a partition of Bjy,. (7.15)

The following observations relate polyads and partition classes of ¢ and &7;. They will be
used in the proof of Claim 3 to relate &% (which is constructed in Step 5) and 2.
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Claim 2. (i) Forallj € [k —1]\ {1} and w € A(j,j — 1,a%), we have
U Bi(W.b) = B;(w) x [a]].

be [a].ﬁ}

(i) For all j € [k —1] and w € A(j +1,5,a7), we have

{(V u(]()1)) B ( ) v <jj-1 u} C U B](Z w(](z))
igj,j_l\?v
Proof. We first prove (i). Note that for all j € [k — 1]\ {1}, (4, V') € A( 4, i —1,a”) x [a‘;]]
and (w,b) € A(j,j —1,a%) x [af] with (&,b") € B;(W,b), we have

T w)).

Since PY) (0, 1') C K;(PY ™Y (1)), this means K;(PY 1 (@) n k(07 (w)) # 0. By (7.14)
this in turn implies that K;(P P P w)) c K](OQ(J 1)(w)) and thus @ € B;j(W). On the other
hand, if @ € Bj(w), then (O'11) implies that for each b’ € [ ?] there exists b € [af 7] such that
PP (a,1') € 09 (Ww,b), and thus (&) € B;(W,b).

We now prove (ii). Recall that for each w € A(j + 1,5,a%), OAi(j)(vAv) satisfies (2.12).
Together with (O’11) this implies that

- 0), ‘ »
0wy = | o9 w%)(:) U U PO, 1), (7.16)

2% W 2%55-1% (3.b)€B; (2,w))
z

*

P (a,v) € 09 (w,b) C I;(0}
-1

Then

(¥,b) € {(u¥) 1€ By (W), ¥ <5 )

2.12),(7.9) . ~ y A ) A oy
P Zae A+ 1,4.07) K (PP () € K5 (07 (W), PP (0,0) € PP(@)

CY 3,0y e POEY) x K (0 () s T C g
C2LQM - pi 5,11y € 04 ()
(7.16) . .
= (V,b) € U B](z,w(](z))
Z<j’j,1VAV
This proves the claim. U

Step 5. Constructing 0% from Ps.

Together Bj(w,b) and Bj(w) encode how &} can be refined into &;. We now use this
information to construct &% from Z%. Claim 3 then shows that this construction indeed
yields a family of partitions (whose polyads can be expressed in terms of those of &7;). Finally,
Claim 4 shows that the partition classes are appropriately regular.

For each b € [a{], we let

oMby = |J PV (7.17)
(V' ,b)eB1(b,b)

We also let ﬁ;(l) = {O;(l)(b, b) : b e [af]}. Again, as in (7.8), this easily implies that for each
j €k —1]

€ By if and only if K, (P (1) € K1 (04Y). (7.18)
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Note that for each b € [a{], by (0’12), we have that
o) = > R = (12 ) m/af. (7.19)
(b, ')eB1(b,b)
In analogy to (7.11), for each j € [k — 1]\ {1}, w € A(j,j —1,a%), and b € [af 7], we define
o w.b) = ) PV@w), (7.20)
(0,b")€B; (W,b)
and for each j € [k — 1]\ {1}, we let
03" = {07 (w.b) : W € A(j.j ~1.a”).b € [af ]}
Moreover, let 0% := {0} U )} . Note that since &5 is a family of partitions, (7.13) and (7.20)

imply that 02(3)(w, b) is nonempty for each j € [k—1]\ {1} and (W,b) € A(j,j—1,a%) x [a‘jﬁ].

The construction of &) also gives rise to a natural description of all polyads. Indeed, as in
(2.12), we define for all j € [k — 1] and W € A(j + 1,5,a)

A)

05 (w) = U oV (3)) (7.21)
2<j - 1W

=2y U PO ,1). (7.22)

25j,j-1W (v,b')eB; (zw (1))

Claim 3. 0} is a family of partitions on Va. Moreover, for all j € [k — 1] and W € fl(j +
1,5,a%), we have

KinOP )= | K@ @) (7.23)
AEB; 41 (W)

Proof. We will prove Claim 3 by applying the criteria in Lemma 4.2. For each j € [k—1]\{1},
we A(j,j—1,a%) and b € [a] 91, let V) (O (j)(xif, b)) :=b. Let £ € [k—1] be the largest number
satisfying the following.

(OP1), {ﬁ;(j)}le is a family of partitions,
(OP2)y Let O,Ej)(-,-) and O:E”() be the maps defined as in (2.8)-(2.11) for {ﬁ }J , and
{qﬁ(j }’l‘C Then {¢\) }Z o isan (af,...,af)-labelling of {6’2(] =1 such that for each

€ [\ {1} and (W,b) € A(j,j — 1,a”) x [af], we have

07 (w,b) = 037 (W, b),
and for each j € [(] and W € A(j + 1,,a%) we have
OV (w) = O (w).
It is easy to check that (OP1);—(OP2); hold and thus ¢ > 1. Since {ﬁ;(j) 521 is a family of

partitions, é” v is well-defined for each j € [¢]. Claim 2(ii) now allows us to express (the

cliques spanned by) these polyads in terms of those of BZ( 2

Subclaim 1. For each j € [(] and W € A(j + 1,4,a7), we have

Kin (0 w) = ) K@ @)

AEB; 11 (W)
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Proof. Consider j € [(] and w € A(j + 1,j,a%). Note that

U A U povum)

aeBj 1 (W) AEB; 41 (W) VSj,5-11
This together with (7.22) and Claim 2(ii) implies that Uﬁeéjﬂ(w) ]520)(&) C O;(j)(W), thus
we obtain
U K@ @) € K41(057 (w)). (7.24)
Q€Bjy1(W)
On the other hand, we have
A (5) nns (7.18) A1) /s
U KaBP@) "= k@) = | K0y w)). (7.25)
ﬁEBJ’+1 WGA(qul,j,aﬁ)

(Here the final equality follows from (OP1),, (OP2), and Proposition 2.7(vi) applied to
{O;(j) §:1-) Consider a (j+1)-set J € Kj+1(0;(j)(€v)). Then by (7.25) there exists u/ € Bjy;
such that J € le+1(P(j)( u)).

We claim that u’ € B]+1( w). Indeed if not, then by (7.15), there exists w’ € A(j+1,7,a%)\
{w} such that u’ € BJH( w’), thus we have

Loy (7.24) VP
Je | KPP @) < K08 wh).

WEB;11(W)

Hence Kj+1(O;(j)( ) N Kjr1(0; (j)( ’)) is nonempty (as it contains J). However, since
{ﬁé(z)}gzl is a family of partitions, this contradicts Proposition 2.7(vi) and (ix). Hence, we
have u” € Bjy1(w), thus J € Ugep, ) le+1(P2(j)(ﬁ)). The fact that this holds for arbitrary

J e Kj+1(éé(j)( )) combined with (7.24) proves the subclaim. O

Now, if ¢ = k—1, then 0 is a family of partitions and Subclaim 1 implies the moreover part
of Claim 3. Assume that ¢ < k —1 for a contradiction. Now we show that {ﬁ;(] ) ﬁiﬁ and the

maps {O;(j)(-, ),0 ()}erl satisfy the conditions (FP1)—(FP3) in Lemma 4.2. Condition
(FP1) follows from (OPl)g, (7.13) and (7.20). Condition (FP3) also holds because of (7.21)
and the assumption that ¢ < k — 1. Property (OP1), implies that (FP2) holds when j € [¢].
To check that (FP2) also holds for j = £+ 1, consider w € A(¢ + 1,¢,a%). By Claim 2(i)

and (7.13), we have that {By1(W,1),..., Byi1(W,af )} forms a partition of By (W) x [a,]

into nonempty sets. Thus by (7.20) and Subclaim 1, {O;(Hl)(vi/, 1),... ,O;(Hl)(vif,aﬁl)}

forms a partition of ,Cg+1(O;(£) (W)) into nonempty sets. Thus (FP2) holds for j = ¢ + 1.
Hence, by (7.17) we can apply Lemma 4.2 to see that (OP1)y41 and (OP2)y4q hold, a
contradiction to the choice of £. Thus ¢ = k — 1, which proves the claim. O

By Claim 3, &) is a family of partitions and (7.20) implies that &% < 0. Consider any
jelk—1] and w € A(j +1,j,a%). Note that

50 gy (20 pu) (725 (o : 2\=(7T1) g+l

K1 (077 (W) = Z K1 (P ()] = \Bj+1(W)\(1iV)H(a@) A
A€B; 1 (W) =
J

KON T2 S a9 @) Y 1B w1 £ ) [[0?) T mt
ﬁEBj+1(W) =1

(7.26)
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For notational convenience, for each w € fl(k:, k—1, aﬁ)7 let
O (w,1) = G N KO V(W) and O (w,1) = GY) N ke (OXFV (w)).
Claim 4. Forallje[k—1], w e A(j+1,j,a%) and b € [a ]_H] we have that O;(jﬂ)(\?v,b) is
e (g0 + 301/, 1/(1‘]»64r )-regular with respect to O 1) (W) ifj <k—2, and
o (g0 + 3012, dao (W))-regular with respect to O, 1) (W) ifj=k—1.

Proof. To prove Claim 4, we will apply Lemma 6.2 (see (J1) and (J2) and the preceding
discussion), which allows us to transfer information about &7 and 97 to 0} and 5. Fix

jelk—1, weA(+1,5,a%), and b € [a,,]. Let

1/a ifj<k—2
— 7+1 = )
d: {dq“) i k—1. (7.27)

Consider an arbitrary j-graph FU) C O;(j )(W) with
Kyt (FD)| > (g0 + 302|410 (). (7.28)

To prove the claim, it suffices to show that d(O;(jH)(W, b) | FU)) = d + (g9 + 30Y/?0). For
eachyefl(j%—l j,a y) let

a0 (9,0) € Bja(w, D)} ifj<k-2

d(y) == d 97,€(y) ify € Bjyi(w),j=k—1, (7.29)
0 ify & Bjyi(w),j=k—1
Thus Claim 2(i) and the above definition implies that
ify ¢ Ej+1(W), then we have d(y) = 0. (7.30)

Subclaim 2. For all § € A(j + 1,5,a”) and each i € [2], we have that OI(JH)(A ,b) is
("2, d(¥))-regular with respect to 15}“(9).

Proof. First, we note that if j < k — 2, then by (7.11) and (7.20), for ¢ € [2], we have

O (%, b) N I 11 (PY (3)) = U PUTY (g, 1).
b (9,0/)EBj+1(W,b)

Together with (Gll) (G21) and (7.29) this shows that O/(Hl)(xif b) N K]+1(]5(j)(y)) is the

disjoint union of a 71d(¥) < [|a”||s hypergraphs, each of which is (¢/,1/a7, )-regular with

Jj+1
respect to Pl-(j )( ). Thus the union lemma (Lemma 5.2) together with the fact that & <
1/||a”||o0 implies Subclaim 2 in this case.

If j = k — 1, then we have b = 1. If § € By(W), then Kip(PF 1 (3)) € Kp(OF V(W) by
(7.9) and Claim 3. Thus

0" (w, 1) n K5 (2F V() = 6 n i (PF D ().

Together with (G11), (G21) and (7.29) this implies Subclaim 2 in this case.
If y ¢ Br(w), then by (7.9), (7.14) and Claim 3 we have

0/ (w, 1) K (B Y (9)) € (01 (w)) e (P (9)) = 0.
Since d(y) = 0 in this case, this proves Subclaim 2. O

In order to show that O;(jﬂ)(\?v,b) is (g9 + 3v1/2)-regular with respect to O;(j)(xif), we
will transfer all the calculations about hypergraph densities from the hypergraphs on V5 to
the hypergraphs on Vj, because there we have much better control over their structure. To

this end we first use Lemma 6.2 to show the existence of two hypergraphs Jl(j ), Jz(j ) on Vi, Va,
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respectively, that exhibit a very similar structure in terms of their densities and where Jz(j ) is
very close to F). Consequently, Jl(j ) also resembles FU).
More precisely, we now apply Lemma 6.2 with FU {,@(l) }l 1,{93 J_1,J playing the

roles of H¥=1), 22, 9 k — 1 respectively (we can do this by (P11), (G21) and Claim 3). We
obtain j-graphs JQ(J) C Kj(ﬁél)) on V5 and J(J) - Kj(ﬁfl)) on V; such that

(J1) [J ARG | < y(m) and

(J2) d(lC]+1(J2 ) | P ( ) = d(lCJH(J1 ) | P ( )) v for each y € A(j +1,5,a”).
Our next aim is to estimate ]ICjH(JQ(]))] in terms of \ICjH(Jl(j))\.

K| = Y ) Nk (P e)
yeA(j+1,j,a%)
J

a2 [[@) it S a1 | B )
=1 yeA(j+1,5.a)
mi+1 s
LD 1) iP5 Y i ) 1 A0 ) %)

YyEA(j+1,5,a7)

mi+1 , N N
= <1i3u>n]ﬂ< > i) kPP @] v S fch(PfJ’(y)))
yeA(j+1,4,22) yeA(j+1,a)
K () & o), (7.31)
Similarly, we obtain
O w N K| = X O ) 1K () 0 K (P (9)
yeA(j+1,4,2%)
Subcl. 2 ~ j ~0) /A 507) /A
= > (3] N Ky (PP )] i ()]

YyEA(j+1,5,a2)

j
(74),(730) ( 1+ ) [[@”) Uit ST d@)d(K (1Y) | P”(S’))) M imI
i=1

yeBJ+1( w)
(J2),(7.2) mitl ~(5) ) j
= (1+3v)—— pyEs ‘Kj+1(P1(])(y))‘ Z d(y)d(ICj41 ( Jl(J )| P(J( N |+ dvm/ Tt
S'EBJ+1( w)
mj+1 A - R .
= <1i3u>mﬂ< > ) |Kin JP)mch(Pf”(y))()i4umf“
yEBJ+1( w)
(7.30),Subel. 2 m/ 1G4+ ) 50) 1 j1
20 [ 00 () 0 K (PO())] | £ 5vm
yeA(j+1,j,a?)
= I <‘O;(J+1)(w,b)ﬂleH(Jl(J))‘ :I:lOI/n]Jrl). (7.32)

Note that (J1) implies that

K (J) AR (PO < (fj) < vt (7.33)
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Since F0) C O éj)(vi/) by assumption, (7.33) implies that
151 (J)\ K2 (O ()| < wmi ™, (7.34)

We can transfer (7.34) to the corresponding graphs on V; as follows:

KN\ K O @) =3 K (U 1K (PP ()]

Y¢Bj1(W)
(7.2) J - (), i1 G)
< 40 [ Ut 3 a7 | PP ()
=1 YEBj1(W)
(J2) J J+1 1 +1
< (1+0) [Tt 3™ dik; 1 (J5) | PP()) | + 203
=1 YEBj+1(W)
(7.4),(7.23) pJ+l N )
< B I U)K (057 ()| + sund
(7.34) .
< 6un’tL. (7.35)
Next we show that |ICj+1(J1(j)) N lele(OA;(j)(vAv)ﬂ is not too small:
. ~G), . (7.35) . .
K (I 0 K07 G| =[] - 6vnd ™!
(7.31) nitl ) ,
> ey S} "Cj+1(t]2(]))‘ R
(7.33) ni+l . :
Z ? ‘ICJJrl(F(J))‘ - 12V7’LJ+1
(7.28) j+1 , ,
S & (e + 30120 ‘/c o<ﬂ>(Vv))‘_12unﬁ+1

J+1
> oo+ 2072) Ky (O (W) (7.36)

Recall that d was defined in (7.27). We now can combine our estimates to conclude that

' . ] (7.32),(7.33) mITT
O;(J+1)(W, b) N /Cj+1(F(J))‘ 2 i

(|01 .5y A 1 (2] £ 200 )

(7.7),(7.36),(0"12) T !
- nj+1

- n]+1(di(€0+2ul/20))<|,c 1 () = 1511 (TP \ K (01 (w))]) 2 200m

(@ (20 +2042)) [ K6j11(I) N1 541 (O (W) | = 2000741

(d £ (c0 + 201/%)) ‘/cj+1(J§j>)( + 40ymi+!

(d £ (0 + 201/%)) ‘;ch(FU))‘ + 50umi+]

(d = (g0 + 301/20)) ‘/ch(F(ﬂ’))‘ . (7.37)

Here, we obtain the final inequality since (7.12), (7.26) and (7.28) imply |K;q1(FU)| >
edm/*! and v < g¢. (7.37) holds for all FU) C O/(J)( ) satisfying (7.28), thus O;(jJrl)(vAv, b) is
(e0 + 301720 d)-regular with respect to 02( )( ). This with the definition of d completes the
proof of Claim 4. U

Claim 4 and (7.19) show that &} is a (1/a¥,eq + 301/, a%, 20'/20)-cquitable family of
partitions which is also an (g9 4 3v/%, dao 1,)-partition of ng) (as defined in Section 2.4.2).
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Note that (g9 + 3v1/20)/3 < £0/2, thus ((go + 3V1/20)/3,aﬁ,daﬁ7k) is a regularity instance.

Since \ng)AHék)\ < v('}) by (G22), this means that we can apply Lemma 5.11 with the
following objects and parameters.

object/parameter ‘ o) ‘ o) ‘ v ‘ o + 3v1/20 ‘ dao 1 ‘ G4 ‘ HP
playing the role 0f| 7 | 2 | v | € | da i | H®) | Gk

Hence 0% is also an (gq + 4v'/%, dne 1,)-partition of Hék).
Step 6. Adjusting O into an equipartition Os.

Finally, we modify &) to turn it from an ‘almost’ equipartition into an equipartition .
For this we apply Lemma 5.12 with ﬁé,Hz(k)go + 4V1/2072V1/207daﬁ,k playing the roles of
P HF) ¢ ), da i, respectively. This guarantees an (gg +301/200 /7 dae 1)-equitable partition
Oy of Hék), which completes the proof. O

7.2. Random samples. To prove our results about random samples of hypergraphs, we will
need the following lemma due to Czygrinow and Nagle. It states that e-regularity of a random
complex is inherited by a random sample (but with significantly worse parameters).

Lemma 7.2 (Czygrinow and Nagle [9]). Suppose 0 < 1/mg,1/s,e < €',dy,1/¢,1/k <1 and
k.0 € N\{1} with ¢ > k. Suppose # = {H(j)}é?:1 is an (e, (da, ..., dy))-regular (¢, k)-complex
with HY = {V4,..., Vi) such that d; € [do, 1], and |V;| > mq for all i € [€]. Let s1,...,50 > s
be integers such that |V;| > s;. Then for subsets S; € (‘s/z) chosen uniformly at random,
{HO[S;US,U---U Sg]}le is an (¢/,(da, ..., dg))-reqular (£, k)-complex with probability at
least 1 —e™%%.

Note that in [9], the lemma is only stated for the case £ = k, but the case £ > k follows via
a union bound. The next lemma generalizes Lemma 7.2 and shows how an equitable partition
of a k-graph transfers with high probability to a random sample.

Lemma 7.3. Suppose 0 < 1/n < 1/q < e < & < 1/t,1/k, and k € N\ {1}. Suppose that
P = Pk —1,a) is an (e,a, da 1 )-equitable partition of a k-graph H on vertex set V with
V| =n and a € [t]*~1. Then for a set Q € (‘(;) chosen uniformly at random, with probability
at least 1 — 6_53‘1, there exists an (€', a, da ) -equitable family of partitions 2 of H[Q).

The parameter ¢ in Lemma 7.3 will be too large for our purposes. But we can combine
Lemmas 7.1 and 7.3 to obtain the stronger assertion stated in (Q1)g ; of Theorem 3.1.

For the proof of Lemma 7.3 we also need the following lemma which is easy to show, for
example using Azuma’s inequality. We omit the proof.

Lemma 7.4. Suppose 0 < 1/n < 1/q < 1/k < 1/2 and 1/q < v. Let H be an n-vertex
k-graph on vertex set V. Let Q) € (‘(;) be a g-vertex subset of V' chosen uniformly at random.
Then

k 2
P ||H[Q] = %\H\ iu@ﬂ >1— 2T,
Proof of Lemma 7.3. We choose an additional constant v such that
O<e<v<1/t,1/ké.
Let Q be a set of g vertices selected uniformly at random in V. Write 20 = {V;,...,V,}
and let S; := QNV;. For S = (s1,...,84,) with Y i1, s; = g and s, € NU{0}, let £(S) be the
event that |S;| = s; for all i € [a1], and let

aq

I:= {S DS = (1:|:6)i for each i € [al]}.
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By some standard concentration inequality, we conclude

5/2

P [\/ E(S)] > 1 — a1 /(@10 > 1 _ g%, (7.38)

Sel
Recall that for x € A(k,k — 1,a), P(X) denotes the (k,k — 1)-complex induced by X in 2
as defined in (2.14) (as remarked at (2.14), for a family of partitions &, P(x) is indeed a
(k,k — 1)-complex). Let

A= {% € A(k,k—1,a) : day(%) > v} and G:= | (H N le(P(’“‘l)(fc))>U<H \ Kk(ﬁ(l))) .
X€EA
It is easy to see that G C H and |[GAH| < 2v(}).
For each x € fl(k:, k—1,a), let

P'(%) = P(x) U {G NI (PE D (%)

Note that P'(%X) is an (g, (1/ag, ..., 1/ax_1,dar(X)))-regular (k, k)-complex for each x € A
and P(x) is a (e, (1/ag, ..., 1/ag_1))-regular (k,k — 1)-complex for each x € A(k,k — 1,a).
For each x € A, we define the following event:

(E(%)) P'(%)[Q] is an (¢//2, (1/az, ..., 1/a_1,dar(X)))-regular (k, k)-complex.

For each X € A(k,k —1,a) \ A, we also define the following event:

(EX)) PR)[Q] is an (¢'/2,(1/ay, ..., 1]ax_1))-regular (k, k — 1)-complex.

Note that for each x € A(k,k —1,a) \ A4, the event £(X) implies that the complex P'(X)[Q]

is an (¢'/2,(1/az,...,1/ak_1,dar(X))-regular complex as we have dy (%) < v < € and
(G N KR(PHF D (%)))[Q] = 0. Thus we have that
/\REA(k,kfl,a) E(x) implies that 2[Q) is an (€' /2, dax)-partition of G[Q)]. (7.39)

Consider any x € A. Since ¢ is sufficiently large, we may apply Lemma 7.2 with the fol-
lowing objects and parameters.

object/parameter | P (%) | S | 1/a1,...,1 /a1 | da k(%) | e'/2 | v/2
playing the role of | H [ S; | di,...,de—y | di | € | do

We obtain for any fixed S € I, that
PEK) | £(S)] > 1 — e 1. (7.40)

In a similar way, for each x € fl(k, k —1,a)\ A, we can apply Lemma 7.2 to 75(32) to obtain

A

that (7.40) holds, too. Thus for each x € A(k,k — 1,a), we obtain

PE®)] = DY PER)|ES)PES) + Y PER) | ES)PE(S)]
Sel S¢I
(7§0) (1- 6762(]) Zp{g(s)] (7§8) (1- ei€2q)(1 _ 6755/2q) > 26765/2(].
Sel
Let & be the event that
(H\ G)[Q]| < 3v (Z) (7.41)

Since |H \ G| < QV(Z), we may apply Lemma 7.4 with n, H \ G,Q,v/2 playing the roles of
n, H,Q, v to obtain

PlE] > 1—e 1.
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N k "
As |A(k,k — 1,a)| <> by Proposition 2.7(viii), we conclude

8/3

Pleon N E®)| 21—t ax1 o (7.42)

x€A(k,k—1,a)

Now suppose that £(S) holds for some S € [ and that & A /\ﬁeﬁ(k,#l’a)g(f{) holds.
Then & induces a family of partitions Z[Q] on @ which is (1/a1,€'/2,a,e)-equitable. Note
e/ <« 1/t,1/k, thus (¢'/6,a,da ) is a regularity instance. Since v < &’ < 1/t, by using (7.39),
we can apply Lemma 5.11 with the following objects and parameters.

object/parameter | 2[Q] | 2[Q] | 3v | €//2 | day | GIQ] | HIQ] | €
playing the role 0f| P | 2 | v | € |da,k | H® | G® |>\

This implies that 22[Q] is an (1/ay,€' /2 + /7, a, v}/ 7)-equitable family of partitions on Q
which is also an (¢'/2 + /7, dy )-partition of H[Q).

Finally, since v < ¢/, Lemma 5.12 implies that there exists a family of partitions 2 which is
an (¢/,a, da 1, )-equitable partition of H[Q]. By (7.38) and (7.42), this completes the proof. [

Next we proceed with the proof of Theorem 3.1. To prove (Q1)3 1, we first apply the
regular approximation lemma (Theorem 2.5) to obtain an e-equitable partition & of a k-
graph G that is very close to H. Lemma 7.3 implies that (with high probability) G[Q] has
a regularity partition &5 which has the same parameters as &1, except for a much worse
regularity parameter /. However, we still have ¢/ < £¢ and thus we can now apply Lemma 7.1
to G, G[Q] and P, P, 01 to obtain an equitable partition @y of G[Q] which reflects &.
By Lemma 5.11, 05 is also an equitable partition of H[Q]. To prove (Q2)3 1, we again apply
Lemma 7.1 but with the roles of G and G[Q)] interchanged.

Proof of Theorem 3.1. Choose new constants 7,7 so that ¢ < n < v < 6. Let € : NF=1
(0,1] be a function such that for all b € N¥~! we have

2(b) < bl
Let tg :=t9 5(n, v, 8).

By Theorem 2.5, there exists a tp-bounded (n,8(a”),a”)-equitable family of partitions
P = P1(k—1,a”), a k-graph G and a density function da# i, such that the following hold.

Gl P is an ((a”),d,» ,)-partition of G, and
(G1)3.1 a?
(G2)3.1 IGAH] < v ().
(Here (G1)g 1 follows from Theorem 2.5(ii), (2.16), and Lemma 5.5.)

Let £ := 2(a”) and T := ||a”||s0. As t( only depends on n,V,€, We may assume that ¢ < e.
Together with the choice of  and the fact that 1/7° < 1/a{’ < n, this implies

0<l/n<l/g<ce<e< /T, 1/af <v<d<ey<l1.
Additionally, we choose €’ so that

0<l/n<llg<ce<e<e <1/T1)af <v<d<e<1. (7.43)
Let & be the event that

GlasmiQ) <2 (}).
Property (G2)3 1 and Lemma 7.4 imply that
PlE] > 1—e . (7.44)

Let & be the event that there exists a family of partitions &2 = P5(k — 1,a”’) which is
n (¢,a”, d,2 j)-equitable partition of G[Q]. Since ¢ < ¢, Lemma 7.3 implies that

Pl&] > 1—e 0. (7.45)
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Thus (7.44) and (7.45) imply that
PlEgAE]>1—2e"0>1 — e, (7.46)

Hence it suffices to show that the two statements (Q1)3 1 and (Q2)3 1 both hold if we condition
on & A E&1.

First, assume & A & holds and & exists as in (Q1)g 1. As v < 0 < €9, we can apply
Lemma 5.11 with &1, 01, v, €q, da, H and G playing the roles of &, 2, v, €, dg 1, H®) and
G"®) | respectively, to conclude that @} is also an (gg + 6/3, da 1 )-partition of G.

Note that (g9 +6/3)/2 < 2¢¢/3, thus ((9+6/3)/2,a,da ) is a regularity instance. By this
and (7.43), we can apply Lemma 7.1 with the following objects and parameters.

object/parameter |n | ¢ | 01| 21| P2 | G | GIQI| € | T]6/3]|e0+6/3]|daw s | dag
playing the role of‘ n ‘ m ‘ O ‘ 2, ‘ 2, ‘ Hl(k) ‘ HQ(k) ‘ € ‘ T ‘ ) ‘ €0 ‘ da2 ‘ dao

Hence there exists an (g9 4 20/3, a, da ; )-equitable partition @ of G[Q]. Since & holds and
v < 0 < g9, we can apply Lemma 5.11 with &, Oy, 2v, e + 26/3, day, H[Q] and G[Q)]
playing the roles of &2, 2, v, €, dap, G®*) and H® | respectively. Then we conclude that &
is an (gg + 0, a, da 1;)-equitable partition of H[Q]. Thus & A & implies (Q1)3 1.

Now assume & A & holds and 05 exists as in (Q2)31. As v < § < g9, we can apply
Lemma 5.11 with 0, Oy, 2v, €¢, dak, H[Q] and G[Q)] playing the roles of &, 2, v, €, da,
H®) and G, respectively. Thus € is an (o + 6/3, a, da i )-equitable partition of G[Q]. By
(7.43) and the fact that R is a regularity instance, we can apply Lemma 7.1 with the following
objects and parameters.

object/parameter | ¢ | n | 02| P2 | 21 |GQl| G || T]6/3]|e0+6/3]|daws | daw
playing the role of‘ n ‘ m ‘ % ‘ 2 ‘ 29 ‘ Hl(k) ‘ HQ(k) ‘ € ‘ T ‘ 1) ‘ €0 ‘ da2 i ‘ dao i

Thus there exists a family of partitions ¢ which is an (e0+20/3, a, da  )-equitable partition
of G. By (G2)3 1 and the fact that v < § < &9, we can apply Lemma 5.11 with 01, 01, v,
€0 + 20/3, dak, H and G playing the roles of &, 2, v, ¢, dap, G®) and H®) | respectively.
We conclude that €y is an (g9 + 6,a, da i)-equitable partition of H. Thus & A & implies
(Q2)7.3- O
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