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RESEARCH ARTICLE WILEY

Hamilton transversals in random Latin squares
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Birmingham, Edgbaston, Birmingham, UK Abstract
Correspondence Gyarfas and Sarkozy conjectured that every n X n Latin
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Email: spg377 @bham.ac.uk squares, by showing that as n — oo, all but a vanishing
Funding information proportion of n X n Latin squares have a Hamilton transver-

EPSRC, Grant/Award Number: EP/N019504/1 sal, that is, a full transversal for which any proper subset is

cycle-free. In fact, we prove a counting result that in almost
all Latin squares, the number of Hamilton transversals is
essentially that of Taranenko’s upper bound on the num-
ber of full transversals. This result strengthens a result of
Kwan (which in turn implies that almost all Latin squares
also satisfy the famous Ryser—Brualdi—Stein conjecture).
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1 | INTRODUCTION

1.1 | Transversals in Latin squares

An n X n Latin square is an arrangement of n symbols into n rows and n columns, such that each row
and each column contains precisely one instance of each symbol. A (full) transversal in an n X n Latin
square is a collection of n positions of the Latin square that use each row, column, and symbol exactly
once, and a partial transversal is a collection of at most n positions not using any row, column, or
symbol more than once. The most famous open problem on the topic of transversals in Latin squares
is the following.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in
any medium, provided the original work is properly cited.
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Conjecture 1.1 (Ryser, Brualdi, and Stein [8, 32, 34]). All n X n Latin squares have a partial
transversal of sizen — 1.

Conjecture 1.1 would be best-possible, because for even n the addition table of the integers modulo
n is a Latin square which has no transversal. If n is odd, it is actually conjectured that all n X n Latin
squares have a full transversal. For nearly forty years the best result toward Conjecture 1.1 was the
theorem of Hatami and Shor [19, 33] (improving [7, 37]) that all n X n Latin squares have a partial
transversal of size n—O(log”n). Recently however, Keevash, Pokrovskiy, Sudakov, and Yepremyan [22]
improved the error term to O(log n/ log log n).

Conjecture 1.1 is related to the following conjecture of Andersen [3]. An edge-colored graph is
rainbow if all of its edges have different colors, and an edge-coloring is proper if no two edges of the
same color share a vertex.

Conjecture 1.2 (Andersen [3]). All proper edge-colorings of K, the complete graph on n vertices,
admit a rainbow path of length n — 2.

In light of the result of Maamoun and Meyniel [27] that for infinitely many » there are proper
edge-colorings of K, without a rainbow Hamilton path, Conjecture 1.2 would be best-possible. Simi-
larly to Conjecture 1.1, progress toward Conjecture 1.2 has largely focused on increasing the length of
the longest rainbow path known to exist for any proper edge-coloring of K, (see, e.g., [10, 13, 16, 17]).
Alon, Pokrovskiy, and Sudakov [1] were the first to asymptotically prove Conjecture 1.2 by exhibit-
ing the existence of a rainbow path of length n — O(n3/%), with the best known error bound now being
O(n'/? log n), provided by Balogh and Molla [4].

Let I?n be the digraph obtained from the complete n-vertex graph K,, by replacing each edge with
two arcs (one in each direction) and adding a directed loop at each vertex. For every n X n Latin
square, we can uniquely associate an arc-coloring of K(_)n as follows: for every position (i, j) of the Latin
square, assign the symbol of (i,j) as a color to the arc in K(_)n with tail 7 and head j. Importantly, a
partial transversal corresponds to a rainbow subgraph of IZ with maximum in-degree and out-degree
one. A set of positions is a cycle if the corresponding subgraph of I?,), is a directed cycle, and a partial
transversal is cycle-free if it contains no cycle. Thus, cycle-free partial transversals correspond to linear
directed forests in I?n Gyérfas and Sarkozy [18] proposed the following conjecture, which combines
aspects of Conjectures 1.1 and 1.2.

Conjecture 1.3 (Gyarfas and Sarkozy [18]). All n X n Latin squares have a cycle-free partial
transversal of size n — 2.

A proper k-arc-coloring of a digraph is a coloring of its arcs with k colors such that no two arcs
of the same color have a common head, or a common tail. The set of n X n Latin squares is in fact
in bijection with the set of proper n-arc-colorings of I?,,, with the correspondence described above.
Thus, Conjecture 1.3 is equivalent to the following: all proper n-arc-colorings of I?,, contain a rainbow
directed linear forest with at least n—2 arcs. No undirected analog of this conjecture is known—Balogh
and Molla [4] proved that for every proper edge-coloring of K,,, there is a rainbow linear forest with at
least n — O(log’n) edges, and this bound is the best known.

Less is known in the directed setting. Gyarfas and Sarkozy [18] proved that every n X n Latin
square has a cycle-free partial transversal of size n — O(nloglogn/logn), and Benzing, Pokrovskiy,
and Sudakov [5] improved the error bound to on*?). Benzing, Pokrovskiy, and Sudakov [5] also
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proved that every proper arc-coloring of I?,, contains a rainbow directed cycle of size n — O(n*/%) and
asked by how much this bound can be improved. We believe it is also interesting to consider by how
much this bound can be improved if one considers both rainbow directed cycles and paths, that is,
rainbow connected subgraphs of maximum in-degree and out-degree at most one. We conjecture the
following.

Conjecture 1.4.  All proper arc-colorings of IZ admit a rainbow directed cycle or path of length at
leastn — 1.

We define a set of positions in a Latin square to be connected if the corresponding subgraph of
I?,), is (weakly) connected, and we say a transversal is Hamilton if it is both full and connected. For
the case of n-arc-colorings, Conjecture 1.4 is equivalent to the following: all n X n Latin squares
have a connected transversal of size n — 1. If true, Conjecture 1.3 implies that every n X n Latin
square has a partial transversal of size one less than what is predicted by Conjecture 1.1 and also that
every proper n-edge-coloring of K, contains either a rainbow path of length n — 2, as predicted by
Conjecture 1.2, or a spanning rainbow forest with two components. Conjecture 1.4, if true, implies all
of Conjectures 1.1-1.3.

1.2 | Random Latin squares

In this article, we study the above conjectures in the probabilistic setting. Recently, Kwan [23] proved
that at most a vanishing proportion of Latin squares fail to satisfy the statement of Conjecture 1.1, even
finding (many) full transversals in most Latin squares, as follows.

Theorem 1.5 (Kwan [23]). Almost all n X n Latin squares have at least

(a-omnk)
transversals.

Equivalently, a uniformly random n X n Latin square has at least ((l —o())n/ ez)n transversals
with high probability. We note that it was proven by Taranenko [35] (with a simpler proof later found
by Glebov and Luria [14]) that n X n Latin squares can have at most ((1 +o())n/ 62)" transversals, so
that the counting term given in Theorem 1.5 is best possible, up to the exponential error term. Analo-
gously, the authors, together with Kiihn and Osthus [15], proved that almost all optimal edge-colorings
(proper edge-colorings using the minimum possible number of colors) of K,, admit a rainbow Hamil-
ton path, which proves a stronger statement than Conjecture 1.2 for all but a vanishing proportion of
such colorings.

The main result of this article is the following strengthening of Theorem 1.5.

Theorem 1.6. Almost all proper n-arc-colorings of I?,, contain at least
n
(a=on%)
e

rainbow directed Hamilton cycles. Equivalently, almost all n X n Latin squares have at least
((1 —o()n/ 62)n Hamilton transversals.
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Theorem 1.6 implies that a uniformly random proper n-arc-coloring satisfies Conjecture 1.4 with
high probability, which in turn implies that a uniformly random n X n Latin square satisfies Conjec-
tures 1.1 and 1.3 with high probability as well. We note that the number of optimal edge-colorings of
K, is a vanishing fraction of the number of n X n Latin squares, so Theorem 1.6 does not imply the
result of [15].

Random Latin squares can be difficult to analyze, in part due to their “rigidity”” and lack of inde-
pendence. To prove Theorem 1.5, Kwan [23]—using Keevash’s [20, 21] breakthrough results on the
existence of combinatorial designs—developed a method for approximating a uniformly random Latin
square by an outcome of the “triangle-removal process,” which is in comparison much easier to ana-
lyze. Prior to Kwan’s [23] work, a limited number of results (e.g., [9, 26, 29, 36]) were proved using
so-called “switching” methods. Our proof, notably, does not rely on Keevash’s [20, 21] results and
instead introduces new techniques for analyzing “switchings” to study Latin squares, thus providing a
more elementary proof of Theorem 1.5.

1.3 | Organization of the article

In Section 2, we clarify some notation and definitions that we will use throughout the article. We
overview the proof of Theorem 1.6 in Section 3 and give some preliminary probabilistic results and
useful theorems of other authors in Section 4. Sections 5-7 are devoted to the proof of Theorem 1.6.

2 | NOTATION

For a natural number n, we define [n] := {1,2, ... ,n} and [n]y := [n] U {O}. We say that a partition
P = {D;}, of afinite set D into m parts is equitable if |D;| € {||D|/m], [|D|/m]} for all i € [m],
and when |D] is large we assume that each part D; has the same size |D|/m, where this does not affect
the argument.

For a digraph G, we write the arc set of G as E(G), and we denote an arc from a vertex u to a
vertex v as uv, and we say that u is the fail of the arc e = uv, denoted u = tail (¢), and that v is the
head of e, denoted v = head (e). We say that any vertex v such that uv € E(G) is an out-neighbor of
u in G, and that any v such that vu € E(G) is an in-neighbor of u in G. We define Nf(v) to be the set
of out-neighbors of v in G, sometimes dropping the subscript G when G is clear from context, and we
call N (v) the out-neighborhood of v in G. We define the in-neighborhood of v in G, denoted N;(v),
analogously, and we define the neighborhood of v in G to be Ng(v) := N£(v) U N;(v). We define
di(v) := |NE(v)| and d;(v) 1= |[Ng(v)|. For (not necessarily distinct) vertex sets A,B C V(G) we
define EG(A,B) := {ab € E(G) : a € A,b € B}, and eg(A,B) := |Eg(A, B)|. Suppose now that G
is equipped with an arc-coloring ¢¢ in color set C. Then for a color ¢ € C and an arc e € E(G) we
write ¢g(e) = ¢ to mean that e has color ¢ in the coloring ¢ of G. We frequently drop the notation G
when G is clear from context. Further, if ¢(e¢) = ¢ then we say that e is a c-arc, and in the case that e
is a loop we say that e is a c-loop. We write E.(G) for the set of c-arcs in G (including c-loops), and
we refer to E.(G) as the color class of c. Fix u € V(G). If d € C is such that there is a d-arc uv in
G, then the (unique) vertex v is called the d-out-neighbor of u, which we denote by N (u). We define
the d-in-neighbor N} (u) of u analogously. For D C C we define N}, (u) := {N} (u) : d € D} and
Np () :={N; (u) : d € D}, and for A, B C V we define Egp(A,B) := {e € Eg(A,B) : ¢(e) € D}
and eg p(A, B) := |Egp(A, B)|. For a subdigraph H C G, we define ¢pg(H) := {¢pc(e) : e € E(H)}.

With a slight abuse of notation, we often refer to a pair (H, ¢p) where H is a digraph and ¢ is a
proper arc-coloring of H as a “colored digraph” H implicitly equipped with a proper arc-coloring ¢y
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(or simply ¢ if it is clear from the context). Using this convention, we let @(I(?,,) denote the set of all
properly n-arc-colored digraphs G = I(?n with vertex set and color set [n]. (That is, the set of pairs (G, ¢)
where G & IZ and ¢ is a proper n-arc-coloring of G.) For a colored digraph G € dD(I?,:) and a set of
colors D C [n], we define G|p to be the colored digraph obtained by deleting all arcs of G having colors
notin D, and we set G}, := {G|p : G € @(I?,:)}, though we always drop the # in the superscript as n
will be clear from context. By symmetry of the roles of rows, columns, and symbols in Latin squares,
the correspondence between Latin squares and elements G € d>(1?n), and the well-known result that
any Latin rectangle has a completion to a Latin square, it is clear that G, could be equivalently defined
as the set of all pairs (H, ¢py), where H is a |D|-regular digraph on vertices [n], and ¢y is a proper
arc-coloring of H in colors D. Throughout the article, we will use the letter G for an element of @(E),
and the letter H for an element of Gy, (for any D). We often write random variables and objects in bold
notation. For an event £ in any probability space, we use the notation £ to denote the complement of £.

3 | OVERVIEW OF THE PROOF

The proof of Theorem 1.6 proceeds in two key steps. We first analyze uniformly random G € (D(I?;)
and show that with high probability, G satisfies three key properties. It then suffices to suppose that
a fixed G € QD(IZ) satisfies these three properties, and use that hypothesis to build many rainbow
directed Hamilton cycles in G. Before describing these properties, we discuss our strategy for building
rainbow directed Hamilton cycles. To that end, we introduce the following definition.

Definition 3.1. A subgraph H C G € CD(I?,,) is robustly rainbow-Hamiltonian (with respect to
flexible sets Vgex € V(H) and Crex € ¢(H) of vertices and colors, and initial vertex u € V(H) and
terminal vertex v € V(H)), if for any pair of equal-sized subsets X C Vyex and ¥ C Cye Of size at
most min{|Vpex|/2, |Criex|/2}, the graph H — X contains a rainbow directed Hamilton path with tail u

and head v, not containing a color in Y.

We show that for almost all G € CD(I?;) and arbitrary sets Viex, Crex C [n] of sizes |Viex| =
|Chex| = Q(n/ 10g3n), G contains a robustly rainbow-Hamiltonian subgraph H with flexible sets Viex
and Cyex, such that H has O(n/ log3 n) vertices and arcs in total. We construct rainbow directed Hamilton
cycles by using the popular “absorption” method, and H will form the key absorbing structure. More
precisely, we find a rainbow directed path P having the terminal vertex v of H as its tail, the initial
vertex u of H as its head, such that V(G) \ V(H) C V(P), V(P) n V(H) is a subset of Ve of size at
most |Vpex /2|, and likewise for the colors. Letting X := V(P) N V(H) and Y := ¢(P) N ¢p(H), the
robust rainbow-Hamiltonicity of H guarantees there is a rainbow directed Hamilton path P’ in H — X
with tail u and head v, not containing a color in ¥, and P U P’ is a rainbow directed Hamilton cycle.

We find H by piecing together smaller building blocks we call “absorbers” in a delicate way, where
each absorber has the ability to “absorb’ a vertex v and a color ¢ not used by P. We delay a definition of
a (v, ¢)-absorber to Definition 6.1, but we give a figure now (see Figure 1). Notice that a (v, ¢)-absorber
has a rainbow directed Hamilton path with tail x; and head x¢, and a rainbow directed path with the
same head and tail using all vertices except v and all colors except c. This is the key property of a
(v, ¢)-absorber, and by piecing these together in a precise way we ensure that the resulting union of
absorbers (with the sets of specified vertices “v” and colors “c” forming Vpex and Cyex, respectively)
has the desired robustly rainbow-Hamiltonian property. For technical reasons, we find (v, ¢)-absorbers
by piecing together two smaller structures we call (v, c)-absorbing gadgets and (y, z)-bridging gadgets
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FIGURE 1 A (v, c)-absorber. Here ¢p(xyw,) = dy, p(Wexs) = do, p(wax,) = ds, and ¢p(xsw3) = dy. Py, ... , P, are rainbow
directed paths with directions as indicated, sharing no colors with each other or with the rest of the (v, ¢)-absorber.

(see Definitions 5.1 and 5.2, respectively), together with the short rainbow directed paths Py, P,, P3,
Py as in Figure 1.

Thus, the first key property that we need almost all G € Q(I?n) to satisfy, is that G contains
many absorbing gadgets and bridging gadgets, in a “well-spread” way that enables us to construct an
appropriate robustly rainbow-Hamiltonian subgraph. We prove this in Section 5 using “switchings”
in Latin rectangles, then using permanent estimates (see [6, 11, 12], encapsulated by Proposition 4.4
in the current article) to compare a uniformly random k X n Latin rectangle to the first k rows of a
uniformly random n X n Latin square. Lemma 5.6 ensures the existence of the absorbing gadgets we
need, and Lemma 5.10 accomplishes the same for the bridging gadgets. This approach of using per-
manent estimates to translate statements between these probability spaces was pioneered by McKay
and Wanless [29], who investigated the typical prevalence of 2 X 2 Latin subsquares (also called “in-
tercalates”) in a uniformly random Latin square. For further insight into the usage of this method to
study intercalates in random Latin squares, see, for example, [24-26]. As the substructures we seek are
more complex than intercalates, and we moreover require that they are “well-spread,” our proof intro-
duces new techniques for switching arguments in Latin rectangles. We note that in [15], the authors,
with Kiihn and Osthus, used switching arguments to analyze a uniformly random 1-factorization of
K, and show that with high probability there is a large collection of subgraphs of a form analogous to
that of our (v, c)-absorbing gadgets in the undirected setting. Fortunately, this argument also works in
the directed setting with only minor changes that we do not cover here, instead providing the proof of
Lemma 5.6 in the appendix of the arXiv version of the paper. Thus, Section 5 is primarily devoted to
the proof of Lemma 5.9.

The second property of almost all G € d)(l?,,) that we will need concerns the colors of the loops.
Clearly, if we seek to find any rainbow directed Hamilton cycle of G € (I)(I?n), we need to know that
there is no color appearing only on loops in G, and this is given for almost all G € dD(K(_),,) (in the
context of Latin squares and in considerably stronger form) by Lemma 4.6.

The third and final property of almost all G € @(E) that we will need is an appropriate notion of
“lower-quasirandomness,” which roughly states that for any two subsets Uj, U, of vertices of G and
any set D of colors, the number of arcs in G with tail in U}, head in U,, and color in D, is close to what
we would expect if the colors of the arcs of G were assigned independently and uniformly at random.
We delay the precise definition of lower-quasirandomness of G € (I)(I?n) to Definition 7.1. The desired
property that almost all G € d)(l?n) are lower-quasirandom will follow immediately from [26, Theorem
2] (see Theorem 4.7 of the current article), originally stated in the context of “discrepancy” of random
Latin squares.
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Armed with the three properties of typical G € (D(I(?,,) described above, it then suffices to
fix such a G and build many rainbow directed Hamilton cycles. In Section 6, we show that the
existence of many well-spread absorbing and bridging gadgets enables us to greedily build a small
robustly rainbow-Hamiltonian subgraph H C G with arbitrary flexible sets Vpex and Cyex of size
O(n/log>n), and in Section 7, we use this to prove Theorem 1.6. The rough idea is to first choose the
flexible sets Viex and Cyex randomly. Next, we use the lower-quasirandomness property of G to build
a rainbow directed spanning path forest Q of G — H, one arc at a time, until Q has very few com-
ponents. Then, we use the random choice of Ve and Cyex, together with Lemma 4.6, to find short
rainbow directed paths linking the components of Q and the designated start and end of H, which use
all remaining colors of G — H, and at most half of Ve and Cpex. Finally, we use the key robustly
rainbow-Hamiltonian property of H to absorb the remaining vertices and colors in Vex and Cyex as
described above, completing the rainbow directed Hamilton cycle of G. To obtain the counting result
on the number of rainbow directed Hamilton cycles in G, it suffices to count the number of choices
we can make while building the rainbow directed spanning path forest Q of G — H.

We remark that this particular absorption strategy, wherein we create an absorbing structure with
“flexible” sets, is an instance of the “distributive absorption” method, which was introduced by Mont-
gomery [30] in 2018 and has been found to have several applications since. In particular, this method
is also used in [15, 23] to find transversals in random Latin squares and rainbow Hamilton paths in
random 1-factorizations, respectively. Our approach differs from that of [15, 23] in a few key ways.
First, the “asymmetry” of proper n-arc-colorings of IZ (in comparison to proper edge-colorings of K,
with at most n colors, which correspond to proper n-arc-colorings of I?,: with monochromatic digons)
and “connectedness” of rainbow Hamilton cycles/Hamilton transversals (in comparison to general
transversals in Latin squares) necessitate a more complex absorbing structure than the one of either [23]
or [15], which is more challenging to create and construct. Nevertheless, as mentioned, we show that
switching arguments are sufficient for finding our absorbing structure, yielding a more elementary
proof than that of [23], and moreover, by choosing our flexible sets randomly, we avoid complications
involving vertices with few out- or in-neighbors in Vi, on arcs with color in Cyey, providing a further
simplification of the approach in [23]. In [15], results [2, 31] on nearly perfect matchings in nearly
regular hypergraphs are applied to auxiliary hypergraphs to construct both the absorbing structure and
a nearly spanning rainbow path in a random 1-factorization of K,,, but since the absorbers we use here
(minus the internal vertices of the linking paths Py, ... , P4) are not regular, the analogous approach
fails in the directed setting (as the corresponding auxiliary hypergraphs are not regular). However, as
we show, the “lower-quasirandomness” of typical G € d)(l?:,) is enough for us to find Q, the nearly
spanning rainbow path forest, without these hypergraph matching results, and our absorbing structure
is robust enough to augment it to a rainbow directed path.

4 | PRELIMINARIES

In this brief section, we state some results that we will use in the proof of Theorem 1.6. We begin with
a well-known concentration inequality for independent random variables.

Let Xi, ... , X}, be independent random variables taking values in X, and let f : X™ — R. If for
alli € [m] and x},xy, ... ,x,, € X, we have
lf(-xl’ coe 5 Xim1 Xis Xig s --n sxm) —f(.XI, cee 9-x[—1,xl,',xi+17 3xm)| S Ci,

then we say X; affects f by at most c;.
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Theorem 4.1.  (McDiarmid’s inequality [28]). If X1, ... ,X,, are independent random variables
taking values in X and f . X™ — R is such that X; affects f by at most c; for all i € [m], then for all
t>0,

212
P [lf (X1, .. . X) —E[f(X1, ... .Xa)] | 2 1] <exp <—m2> :
2isiCi
Next, we need the notion of “robustly matchable” bipartite graphs, which will form a key part of
our absorption argument.

Definition 4.2. Let 7 be a bipartite graph with bipartition (A, B) such that |A| = |B].

e We say T is robustly matchable with respect to flexible sets A’ C A and B’ C B, if for every pair
of equal-sized subsets X C A’ and Y C B’ of size at most min{|A’|/2, |B’|/2}, there is a perfect
matchingin 7 — (X U Y).

e Form € N, we say T is a 2RMBG(7m,2m) if |A| = |B| = 7m and T is robustly matchable with
respect to flexible sets A’ C A and B’ C B where |A’| = |B’| = 2m.

The concept of using robustly matchable bipartite graphs in absorption arguments was first intro-
duced by Montgomery [30]. We need the following observation of the authors, Kiihn, and Osthus [15,
Lemma 4.5], which is based on the work of Montgomery.

Lemma 4.3 (Gould, Kelly, Kiihn, and Osthus [15]). For all sufficiently large m, there is a
2RMBG(7m, 2m) that is 256-regular.

For a colored digraph H € Gp, we define comp(H) to be the number of distinct ways to complete H
to an element G € <I>(K(_)n), or more precisely the number of H' € Cp\p having E(H) N E(H' "y =@ (and
therefore E(H)UE(H') = E (?,,)). We will use the following proposition to compare the probabilities of
events in the probability spaces corresponding to uniformly random H € Gp (for some small D C [n])

and uniformly random G € @(I?,,) (see, e.g., the proof of Lemma 5.10).

Proposition 4.4. Forany D C [n] and H,H' € Gp we have

comp(H) 2
m < exp(O(n log” n)).
Proposition 4.4 follows immediately from, for example, [26, Proposition 5] as Gp can easily be
seen to be equivalent to the set of |D| X n Latin rectangles.
Next, we show (in the context of Latin squares) that a uniformly random G € @(I?n) does not have
too many loops of a fixed color. We first need the following well-known result on the number of fixed
points of a random permutation.

Lemma4.5. Let 6 be a uniformly random permutation of [n], and let X denote the number of fixed

points of . Then, for k € [n]o, we have P[X = k] = %Zj':(f (_j‘ly.

Lemma 4.6. Let L be a uniformly random n X n Latin square with entries in [n], and suppose
t > 3logn/loglogn. Let X be the random variable which returns the maximum (over the symbol
set [n]) number of times that any symbol appears on the leading diagonal, in L. Then P[X > t] <
exp(—Q(tlog1)).
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Proof.  Let L, be the set of n X n Latin squares with symbols [n], and for L,L' € L, write L ~ L’
if L' can be obtained from L via a permutation of the rows. Clearly, ~ is an equivalence relation on
L,. Note that L can be obtained by first choosing an equivalence class S € £,/ ~ uniformly at
random and then choosing L. € S uniformly at random. We actually prove the stronger statement that
for every equivalence class S € £,/ ~, if L € § is chosen uniformly at random, then P[X > 7] <
exp(—Q(tlog?)).

Each equivalence class S € £,/ ~ has size n! and contains a unique representative Lg; with every
symbol on the leading diagonal being i, for each i € [n]. Applying a uniformly random row permutation
o to Lg; yields a uniformly random element L of S, and the number of appearances X; of i on the
leading diagonal of L is equal to the number of fixed points of ¢. Then, if r > 3logn/loglogn and n
is sufficiently large, we have by Lemma 4.5 and Stirling’s formula that

n n—k .
1 (-1y 1 _n 1
P[X1>t]=2* < —§—§exp<—7tlogt>,
~ k! = J! kT 2
where we have used the simple observation that Z/":_(f (_j‘ly < 1 for all k¥ € [n]y. A union bound over
symbols i € [n] now completes the proof. [

Finally, we need the following theorem of Kwan and Sudakov [26, Theorem 2], originally stated in
the context of “discrepancy” of random Latin squares. Theorem 4.7 ensures in particular that almost
all G CD(I(?,,) are “lower-quasirandom” (see Definition 7.1), which we will use when building and
counting the almost-spanning rainbow directed path forests (see Lemma 7.2) that we later absorb into
rainbow directed Hamilton cycles.

Theorem 4.7 (Kwan and Sudakov [26]). Let G € @(I?,,) be chosen uniformly at random. Then with
high probability, for all (not necessarily distinct) sets Uy, U, D C [n], we have that

U, ||U:2||D
ecp(U, Us) — ll”nﬂ’ = 0(\/|U1||U2||D|10gn+n log® n)

5 | ABSORBERS VIA SWITCHINGS

The aim of this section is to prove that almost all G € CD(I(Z,),) have many well-distributed absorbing
gadgets and bridging gadgets, which we define now (see also Figure 2).

Definition 5.1. For a vertex v and a color c, a (v, c)-absorbing gadget is a digraph A having vertex
set V(A) = {v,x1,x2, ... ,x¢} and arcs E(A) = {x1v, vxp, X1X2, X3X4, X3X5, X4X6, X5X¢ }, €quipped with a
proper arc-coloring ¢4, such that the following holds:

Pa(x1v) = Palxaxe) =: f1.
ha(vxz) = Palxsxs) =: fo.
Palx1x2) = Palxzxg) =: f.
palxsxg) = c.

The colors f1, f>, f3, ¢ are distinct.

In this case, we say (x4, xs5) is the pair of abutment vertices of A.
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FIGURE 2 The key building blocks for the absorbing structure we build in Section 6. (A) A (v, ¢)-absorbing gadget. (B) A
(v, 2)-bridging gadget

Definition 5.2. For distinct vertices y and z, a (y, z)-bridging gadget is a digraph B such that
V(B) = {y,2,w1, W2, ... ,we} and E(B) = {yw, wawy, waws, zw3, way, waws, wews, wez }, equipped
with a proper arc-coloring ¢p, such that the following holds:

Pp(yw1) = pp(wews) =: d.
pp(wawr) = ¢pp(wez) =: d.
¢p(way) = ¢pp(waws) =: ds.
bp(waws) = ¢p(zws) =: dy.
The colors dy, ... ,dy are distinct.

As discussed in Section 3, the union of a (v, ¢)-absorbing gadget and an (x4, x5)-bridging gadget
(together with some short rainbow directed paths) forms a structure we will call a (v, c)-absorber (see
Figure 1 and Definition 6.1), which is the key building block of our absorption structure. To show
that almost all G € <I>(I?,,) contain the gadgets we need, we analyze switchings in the probability
space corresponding to uniformly random H € G, (recall that Gp, is the set of digraphs obtained from
the digraphs in @(E) by deleting all arcs with color not in D) for small D C [n], before applying
Proposition 4.4 to compare this probability space with that of uniformly random G € <I>(I?,),) (see the
proof of Lemma 5.10).

First, we need the following lemma, which asserts that for small D C [n], a uniformly random
H € Gp does not have too many more arcs than we would expect between any pair of vertex sets, each
of size |D|.

Definition 5.3. For D C [n], we say that H € Gp is £-upper-quasirandom if eg(A,B) < (1 +
£)|D|? /n for all (not necessarily distinct) vertex sets A, B C V(H) of sizes |A| = |B| = |D|. We define
Q{; :={H € Gp : H is ¢-upper-quasirandom}.

For a color ¢ € D and uniformly random H € Gp, we write F. = F.(H) for the random color class
of ¢ in H (F here standing for “factor”), so that H is determined by the random variables {F}.cp.

Lemma 5.4. Suppose D C [n] has size |D| = n/10°. Fix ¢ € D, let H € Gp be chosen uniformly at
random, and let F. = F.(H). Then for any outcome F of F. we have

P [H e Q}|F. = F| > 1 — exp(—Q(n?)).

The authors of [15] proved a lemma [15, Lemma 6.3] analogous to Lemma 5.4 in the undirected
setting. The proof of Lemma 5.4 is similar so we omit it here. In the appendix of the arXiv version
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of the paper, we describe how the proof of [15, Lemma 6.3] can be modified to obtain a proof of
Lemma 5.4.

We condition on versions of upper-quasirandomness when we are using switching arguments to
show that almost all H € G admit many absorbing gadgets and bridging gadgets. Further, we will need
that H does not have many c-loops in order to find many (v, c)-absorbing gadgets, for any v € V(H).
Lemma 5.4 enables us to “uncondition” from these two events, so as to study simply the probability
that a uniformly random H has many absorbing gadgets.

Since, as discussed in Section 3, we eventually piece together gadgets in a greedy fashion to build
an absorbing structure in a typical G € @(I?,,), it will be important to know that we can find collections
A of gadgets which are “well-spread,” in that no vertex or color of G is contained in too many A € A.
We formalize this notion in the following definition.

Definition 5.5. Suppose that G is an n-vertex directed, arc-colored digraph with vertices V and col-
ors C. Fix v € V, ¢ € C, and fix y,z € V distinct. We say that a collection A of (v, ¢)-absorbing
gadgets in G is well-spread if for all u € V \ {v} and d € C \ {c}, there are at most n dis-
tinct A € A which contain u, and at most n distinct A € A which contain d. We say that a
collection B of (y,z)-bridging gadgets in G is well-spread if for all u € V \ {y,z} and d € C,
there are at most n distinct B € B which contain u, and at most n distinct B € B which
contain d.

The next lemma ensures that almost all G € CD(I(Z,: ) contain the collections of well-spread absorbing
gadgets that we need.

Lemma 5.6. Let G € @(IZ) be chosen uniformly at random, and let € be the event that for all
v,c € [n], G contains a well-spread collection of at least n*/ 219 (. ¢)-absorbing gadgets. Let C be
the event that no color class of G has more than n/ 10° loops. Then P[E|C] > 1 — exp(—Q(nz)), and
in particular, P [£] > 1 — exp(—&Q(nlogn)) by Lemma 4.6.

As with Lemma 5.4, the authors of [15] proved an analogous lemma [15, Lemma 3.8] in the
undirected setting with a similar proof, so we omit it here but provide details in the appendix of
the arXiv version of the paper of how the proof of [15, Lemma 3.8] may be modified to prove
Lemma 5.6.

The rest of this section is dedicated to showing that almost all G € dD(K(_),,) have large well-spread
collections of bridging gadgets (recall Figure 2B). For technical reasons that make the switching
argument a little easier to analyze, we instead actually look for a slightly more special structure. In
particular, we add some extra arcs so that all vertices we find are in the neighborhood of y or of z, we
partition the colors to limit the number of “roles” certain arcs can play when we apply the switching
operation, and we introduce the notion of distinguishability, which will be useful when arguing that
the gadgets we find are well-spread.

Definition 5.7. LetD C [n],let H € Gp, and let P = (D,-)f=l be an equitable (ordered) partition of
D into six parts. Let y, z € [n] be distinct vertices.

e We say that a subgraph B C H is a (y, z, P)-bridge (see Figure 3) if B is the union of a (y, z)-bridging
gadget B’ (with vertex- and color-labeling as in Definition 5.2) and the extra arcs yw,, zws, such
that d; € D; for all i € [4], py(ywy) € Ds, and ¢py(zws) € Dg.

e We say that a (y,z, P)-bridge B is distinguishable in H if B is the only (y,z, P)-bridge in H
containing any of the arcs wywy, wows, waws, wews.



GOULD AND KELLY

d 3 w3
P> L]
z
dg
do
wy ws g, we

FIGURE3 A (y,z, P)-bridge, with P = (D)), and d; € D; for each i € [6]

e We write 7(, . py(H) for the number of distinguishable (y, z, )-bridges in H.

e For s € [n|D|]y, we write MY for the set of H € Cp such that r(, ;. py(H) = s and ey(A, B) <
2|D|?/n + 125 for all A, B C [n] of size |A| = |B| = |D|, and we define Q(yzp) = U:fl_[())lM(yzp)
We frequently drop the (y, z, P)-notation in the terminology introduced above when the tuple

(v, z, P) is clear from context. For every distinct y, z € [n] and equitable partition P = (D,-)?zl,

9}, € Op, andif s < |D|*/(10*n?), then M, C Q. (5.1)

In Lemma 5.9, we use switchings on some H € G, to produce some H' € Gp having r(H') = r(H)+1.
As mentioned earlier, we condition on upper-quasirandomness in this lemma; more specifically, we
will condition that H € QD. The notion of distinguishability of (y, z, P)-bridges is useful because, as
we show in Lemma 5.10, Claim 7, a collection of distinguishable (y, z, P)-bridges in G|p is necessarily
well-spread (recall Definition 5.5).

We now discuss the switching operation that forms the backbone of the proof of Lemma 5.9.

Definition 5.8. LetD C [n],let H € Cp, let P = (D,~)i6=1 be a partition of D and suppose y,z €

n] are distinct. Let uy, ... ,ue, tt;, ... ,up,u}, ... ,u n .z}, where uy, ... ,ug, u’, ... ,u
[n] distinct. Let /1 é,l, é’e[] y h l]l é/
are distinct and {u}, ... ,ug} N {ur, ... ,ue, i}, ... ;uf} = @. Let U™ := {uj,up, ... ,ue}, UMY :=
{uf by ..o uf}, U = {uf,ufy, ... ,uf}. Then we say that a subgraph T C H[{y,z} U U™ U U™y
U is a twist system (see Figure 4) of H if:
() E(T) = {yui,yus,usy,zus, zus, uez, uy iy, upth, upuly, wyuz, uss, uglis, usus, ey, uy uf, ufu},
M/S/u/éf, u/g/u;/

(i) ¢ up) = qu (whus) = u (ugu) = ¢ (ueity) € Di.

(i) ¢y (uez) = pp (uah) = du (W) = dpu (ju1) € Dy.

(V) du (usy) = dp (urudh) = ¢y (M/g/uf{) = ¢n (uyus) € Ds.

V) ¢y (zu3) = ¢H (M4M5) = ¢y (Mgug) = ¢p (ujus) € Dy.

(vi) ¢u (yuz) € Ds and ¢y (zus) € Dg.
(vii) wouy, uhul, ul b, upuz, i ul, whul]  ugus, ulul, ugug , ugus, uhull, ug uy & E(H).

For a twist system 7T C H, we define twisty(H) to be the colored digraph obtained from
H by deleting the arcs wjuy,uyul, usul, upuly, ufuly, uyus, usuil, uuy , ugus, ugug, ug ull, uhus,
and adding the arcs wueus,ubuy, ugu; each in color ¢y (yuy), the arcs wuaus,uguy, usul
each in color ¢y (zus), the arcs wpus,uju),ufu; each in color ¢y (usy), and the arcs
wouy, uyu ,uluy each in color ¢y (uez). The (y,z,P)-bridge in twisty(H) with arc set
{yuy, yuo, usuy, upus, zZus, ugz, ZUs, Ugls, ugs, ugy} is called the canonical (y,z, P)-bridge of the
twist.
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FIGURE 4 A twist system. Here, d; € D, for each i € [6], and dashed arcs indicate an arc which is absent in H.

Notice that if H € Gp and T is a twist system of H, then twisty(H) € Gp, even if u’l, ,ug are
not distinct. We now use the twist switching operation to argue that almost all H € Qp have many
distinguishable (y, z, P)-bridges, for fixed y, z, P, and appropriately sized D.

Lemma 5.9. Suppose D C [n] has size |D| = n/106. Let y, z € [n] be distinct, and let P = (D,~)i6:1
be an equitable partition of D. Let H € Gp be chosen uniformly at random. Then

2 N
P [r(H) < ;:)W|H € Op| <exp (- (n?)).

Proof.  Let k := |D|. Recall that M, ... , M, is a partition of @D (see Definition 5.7). For each
s € [nk — 1]o, we define an auxiliary bipartite digraph B, with vertex bipartition (M, M;;;) by putting
an arc HH' whenever H € M, contains a twist system T for which the canonical (y, z, P)-bridge of
the twist is distinguishable in twisty(H) =: H' and H' € My,,. Define 6 := mingey, dl;(H) and
AL, = maxgen,,, dgv(H’), and note that |M,|/| M| < Ay, /65 . We will show that |Ms|/|Ms+1| <
1/10, if M, is non-empty. To that end, we first obtain an upper bound for A7,.Fix H € M,,. There
are s + 1 choices of a distinguishable (y, z, P)-bridge B in H' which could have been the canonical
(v, z, P)-bridge of a twist of a graph H € M, producing H’'. There are then at most n® choices for the
eight additional arcs added by a twist whose canonical bridge is B since the colors of these arcs are
determined by B and there are n arcs of each color in H'. For any such sequence of choices, there is
a unique H € M, and twist system T C H such that twisty(H) = H’, so we determine that Ay, ; <
(s + Dn®, for all s € [nk — 1].

We now find a lower bound for &;, in the case where s < k*/(10**n2). Fix H € M,. We proceed
by finding a large collection 7 of distinct twist systems in H, such that for each T € 7, the canonical
(y,z, P)-bridge of the twist is distinguishable in twistz(H) =: H' and H' € M,,,. We do this by
ensuring that for any 7' € 7, the arc deletions involved in twisting on 7' do not decrease r(H), and
that the only (y, z, P)-bridge created by the arc additions involved in twisting on T is the canonical
(y, z, P)-bridge B of the twist (whence B is evidently distinguishable in H"). We first use the assumption
on s to argue that H is not far from being upper-quasirandom (as per Definition 5.3). Indeed, since
H € Myand s < k*/ (10**1%) we have by Definition 5.7 that for any sets Wi, W, C [n] of sizes
[Wi| = |Wa| =k,

2k3 3k3

en(Wi,Wy) < — + 125 < —. (5.2)
n n
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We now use (5.2) to find a large set A of choices for a sequence of colors and arcs A =
(d1,da, ... ,dg,e1, ... ,es) withd; € D;, and e; € E4.(H), such that 1 has a number of desirable prop-
erties. We simultaneously use such a sequence 4 to choose vertices uy, ... ,ug, u}, ... ,ug, u}, ... ,uf
as in Definition 5.8 and a subgraph T, C H[{y,z} U Uiy U U™ U U], thus constructing a set 7~ of
such T; by ranging over all A € A. We will then use the known properties of the sequences A € A to
verify that each T; € T is a twist system for which the arc H twistr, (H) is in By.

Claim 1. There is a set D%f’z(’d of pairs (dy,d,) € Dy X D, such that |D*f’°2°d| > k?/100 and each
(d1,dy) € D%f’;d satisfies the following, where u; 1= Nj (), t; 1= Ny (1), us := Ny (2), ug :=
N, (ue).

(D;1) There are at most 103 loops with color d; in H.
(D12) u; has at most 300k? /n in-neighbors in the set NZ;5 ).
(D13) there are at most k/100 arcs e colored d; in H such that e is contained in a distinguishable
(v, z, P)-bridge in H.
(D,1) there are at most 108 loops with color d; in H.
(D22) ug has at most 300k? /n out-neighbors in the set NZ;6 (2).
(D23) there are at most k/100 arcs e colored d; in H such that e is contained in a distinguishable
(y,z, P)-bridge in H.
(V 1,2) the vertices y, z, uy, ug are distinct, and ), ug & {y,z, u1, ug}.
(Ry,2) there is no distinguishable (y, z, P)-bridge in H containing the arc u’1u1 or the arc u(,ué.

Proof of Claim 1. For i € [3], let D;; be the set of colors d; € D; that fail to satisfy (D;i). Since
H contains at most n loops, |D; ;| < n/10® = k/100. Since eH(Ngs(y),NZ;l ) < 3k3/n by (5.2),
|D12]| < k/100. Since any d,-arc of H whose tail is not y is contained in at most one distinguishable
(y,z, P)-bridge B and each B contains two such arcs, #(H) > |D;3|(k/100 — 1)/2. Thus, |D;3| <
k/1000. Let D} := D; \ (D1, UD;, U D, 3), and notice that |D|| > k/6 — k/50 — k/1000 > 7k/50.
Similarly there is a set D, C D, of size at least 7k/50 such that each d, € D), satisfies (D, 1)~(D,3).
At most two colors d| € D’l yield u; € {y,z}, and for any d, € D’1 there are at most three choices
of d, € D), such that u} € {y,z,u;}, and at most three choices of d, € D), such that us € {y,z,u;}.
For fixed d; € D}, by (D1) there are at most 10® choices of d, € D), such that uf = ue, and at most
three choices of d, such that ug € {y,z,u;}. Finally, if u; and z are distinct, then we have u’l # ug,
since otherwise u; = z has two distinct d-out-neighbors. Since |D}|, |D}| < k/6, we deduce that we
can remove at most 2|D}| + (10 + 9)|D!| < 10%k/3 pairs from D/ x D), to ensure that all remaining
pairs satisfy (V). To address (R 2), notice that for fixed d; € D/, by (D;3) there are at most k/100
choices of d, € D), such that uguj is contained in a distinguishable (y, z, P)-bridge B in H. Handling
uju; analogously we deduce that we may remove at most 2 - lkﬁ . % pairs from D} x D), to ensure all
remaining pairs satisfy (R; ). In total the number of pairs in D x D), satisfying (V;,) and (R; ) is at
least (7k/50)% — 10%/3 — k% /300 > k2/100 as claimed. u

Claim 2. For any (dy,d>) € D% there is a set DS = D5y (d), d3) of pairs (d3,ds) € D3 x Dy
such that [D§%| > k2/100 and each (d3,ds) € D5 satisfies the following, where uy = Ny ().
u = NL (ug), uz = N‘Z (2), uy =Ny (u3), and uy, u}, ug, and ug are defined as in Claim 1.

(D51) There are at most 10% loops with color d3 in H.

(D32) ug4 has at most 300k>/n out-neighbors in the set Ngﬁ (2).

(D33) there are at most k/100 arcs e colored d3 in H such that e is contained in a distinguishable
(v, z, P)-bridge in H.
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(D41) there are at most 108 loops with color d4 in H.

(D42) us3 has at most 300k? /n in-neighbors in the set NJr ).

(D43) there are at most k/100 arcs e colored d4 in H such that e is contained in a distinguishable
(y, 2, P)-bridge in H.

(V3,4) y,2,u1, u3, us, ug are distinct vertices, and u|, u}y, ul, ugy & {y,z, u1, us, us, ug }.

(R3,4) there is no distinguishable (y, z, P)-bridge in H containing the arc uju3 or the arc u4u’5.

The proof is similar to that of Claim 1, so we omit it.

Claim 3. For any (d|,d,) € DgoOCl and (ds,dy) € DgOOd(d 1,d>), there is a set Dgood (depending on
(d1, ... ,dy))of pairs (ds, dg) € Ds X Dg such that |Dg°°d| > k?/100 and each (ds, dg) € D 6 4 satisfies
the followmg, where u, .= Ng,5 O, uy = Nd,2 (up), ufy 1= Ng,3 (), us = Nde (2), ug 1= Ny 4, (us),
wh 1= Ny (us), and uy, u3, ua, ue, U, uly, us, ug are defined as in Claims 1 and 2.

(Ds1) wuouy, upuz & E(H).
(De1) uqus, ugus & E(H).
(Rs) There is no distinguishable (y, z, P)-bridge in H containing the arc u,u} or the arc upuj.
(R¢) There is no distinguishable (y, z, P)-bridge in H containing the arc ugus or the arc u/us.
(Vs.6) y.2,Uui,ua, ... ,ug are distinct, and ), u, ... ,uy & {y,z,u1,uz, ... ,ue}.
(As,61) For each (d],d}) € F12(ds), where F),(ds) is the set of pairs (d],d}) € D; X D; such
that N;; o) = N;; (1), we have NJ; (us) # Ny ().
(As,62) For each (dj,d}) € F34(ds), where F34(ds) is the set of pairs (d}, d}) € D3 X D4 such
that N;i ) = N:;; (u2), we have N[z,1 (us) # NJ; ).

Proofof Claim3. Let Ds be the set of colors ds € Ds which fail to satisfy (Ds1) and (Rs), let Dg be the
set of colors dg € Dg which fail to satisfy (Dg1) and (Re), and define D} := Ds\Ds and D), := D¢\ Ds.
By (D;2) and (D42), there are at most 600k> /n colors ds € Ds which fail to satisfy (Ds1). By (D,3)
and (D33), at most k/50 choices of ds € Ds give u, to be the tail of a d-arc or d3-arc contained in a
distinguishable (y, z, P)-bridge in H, and all other choices of ds € Ds satisfy (Rs). Using (D,2), (D32),
(D13), and (D43) similarly, we deduce that |Df|, [Dg| > 7k/50. By (D,1) and (D31), for any d¢ € D),
there are at most 2 - 108 + 10 choices of d5 € Df such that us € {y, z, ui, us, us, ug, u}, uly, u§, u} or us
is incident to a loop of color d; or d3. Further, for any d¢ € Dg, there are at most 12 choices of ds such
thatu, € {N; (w) : d € {dy,d3},w € {y,2,u1,u3,us,us}}. Thus there are at most (2 - 10 + 22)| D¢ |
choices of pair (ds,ds) € D% x Dj such that the choice of ds causes (Vs) to fail. Using (D;1) and
(D41) to address the choice of dg similarly, we conclude that we can remove a set of at most (5- 10%)k /6
pairs (ds,de) € D§ X Dy such that (Vs) holds for all remaining pairs. For (Asg1), notice that (5.2)
implies e (N (), N () < 3k?/n, so that there are at most k/100 colors ds € D’ for which u has
at least 300k% /n out-neighbors in the set Ngl (). Deleting all pairs (ds, dg) using such a ds, we have
in particular that all remaining pairs satisfy |Fy,(ds)| < 300k?/n. For a remaining pair (ds, d¢) and

each (d},d)) € F12(ds), we define the vertex Vara, 1= N%, (NJ, (z)). Now further deleting all (at
1 2

most % . 300%) pairs (ds, de) such that us € {vy a; : (d{,d}) € F12(ds)}, all remaining pairs satisfy
(Asg1). We address (As 62) similarly. In total, the number of pairs in D% X D satisfying (Vs ), (Ase1),
and (As¢2) is at least (7k/50)> — 5 - 108k /6 — 2(k*/600 + 50k> /n) > k2/100, finishing the proof of
the claim. [
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Claim 4. For any (di,dy) € D%, (ds,ds) € D5, (ds.dg) € DEYY, there is a set E&¢ =
E=Yd), dy, ... ,dg) C [liepa Ea,(H) such that [E2®| > 974/10 and each (e, ... ,es) € E2
(with e¢; € E4(H) for each i € [4]) satisfies the following, where u] := head (e;), u) := tail (ey),

"N o. . "noo. " oo. : "noo. "o noo. .
uy = tail(e3), uy := head(e3), us .= tail(es), uy := head(es), u7 := head(ey), ug := tail(ey),
and uy, ... ,ug, Uy, ... ,uf are defined as in Claims 1-3.
(V) ul,uy, ... uf are distinct vertices and u{, ... ,uf & {y,z,u1, ... ,ue,u}, ... ,ug}.

(E1) uiud, u vy, ululy, wlyul] , wld ul, ugug, ubul)  ugug & E(H).
(E2) {uf,uf, ... . ud} n(N(») UN(2)) = 0.
(Rg) there is no distinguishable (y, z, P)-bridge in H containing any of the arcs ey, ... ,es.

Proof of Claim 4. At most 32 d,-arcs of H have head or tail in {y,z,u, ... ,ue,uj, ... ,ug}, and
by (D, 1), at most 10% arcs in E,, (H) are loops. Choosing any other d-arc to be e;, and proceeding
similarly for e3, e4, ) (also avoiding the vertices of previously chosen such arcs), we deduce that we
can delete at most 4 - 10°° tuples from H?=1Ed, (H) so that the remaining tuples satisfy (V). Notice
that at most 2k choices of e, € E,4,(H) have head in N*(u}) or tail in N™(u}), and any other e, satisfies
uyu,uful, ¢ E(H). Dealing with e3, e4, e; similarly addresses (E1). Similarly, for (E2) it suffices to
notice that at most 8k choices of e,, for example, have either head or tail in N(y) U N(z). Finally, by
(D;3) for each i € [4], at most k/100 choices of each ¢; fail to satisfy (Rg). In total, at least n* —
4n3(10° — 2k — 8k — k/100) > 9n*/10 tuples in H?:lEd,-(H) satisfy (Vg), (E1), (E2), and (RE), as

desired. n

Let A be the set of tuples A = (di, ... ,dg, €y, ... ,eq) satisfying all properties in Claims 1-4.
For each A € A, we define a subgraph T; C H with the vertices V(T;) = {y,z,u1, ... ,ug} U
{u), ... .uf,u, ... ,uy} as defined in Claims 1-4 by the choice of A, and whose arcs are as in

Definition 5.8(i). (These arcs each exist in H by the way the vertices of T, were defined.) Then since
d; € D, for each i € [6] and since (Ds1), (Dgl), and (E1) hold for each 4 € A, we have that each
condition of Definition 5.8 is satisfied, so that 7, is a twist system of H for each A € A. Further,
clearly the T} are distinct. Define 7 := (T, : 4 € A}, and notice that |T'| > (k?/ 100)3 - 9n*/
10 = 9k%n* /107,

Claim 5. For any T, € T, the only (y, z, P)-bridge in twistr, (H) that is not in H is the canonical
(v, z, P)-bridge of the twist.

Proof of Claim 5. Fix T; € T (fixing the notation of all the vertices and arcs as above), and let B
be the canonical (y, z, P)-bridge of the twist (which has vertices V(B) = {y, z,uj, ... ,ug} and colors
dy, ... ,ds). Suppose that B’ is a (y, z, P)-bridge in twistTl (H) that is not in H, and label the vertices
of B as V(B') = {y,z,v1, ... ,ve} (where the role of v; in B’ corresponds to that of u; in B), and label
the colors of B’ as d] € D;, for i € [6]. By (V12), (V34), and (Vsg), all arcs we add when producing
twistr, (H) from H do not have y or z as an endpoint, and thus one (or more) of the arcs vovy, vovs,
V4Vs, Vs is added by the twist operation. Further, due to the color partition P, v,v; must either be in
H, or be one of the added arcs upu,, u|uf, uyu), with color d} € D,. But since we do not add any arcs
incident to y, by (E2), u} and u5 are not in the neighborhood of y in twisty, (H), whence u{' cannot be
vy, and ) cannot be v,. Thus v,v; must either be in H, or be uu. Similarly v,v3, v4vs, vevs must be
upu3, Uslls, Uglis, respectively, or be in H, in some combination. We now split the analysis into cases,
depending on how many arcs in F' := {vvy,v,Vv3, v4vs,V6vs} are in H. In each case, we show either
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that that case does not occur or that B’ = B, which will complete the proof of the claim. Since B’ ¢ H,
at most three arcs in F are in H.

Case 1: Precisely three arcs in F are in H.

Let e be the arc in F that is not in H. Suppose e = w,v|, which implies that e = wuy,
and d} = d,. Since N;{ ) =vi = u = N;l (y), we have d{ = d;. Then v¢ = N[;é 2 =
N;z (z) = us, and vs is the d{-out-neighbor of ve in twisty, (H), which is the d;-out-neighbor of
ug in twisty, (H), namely, us. This is a contradiction, since vevs is in H, but ugus is not. One
similarly obtains a contradiction if e is vyv3, v4vs, Or Vgvs, so we deduce that this case does not
occur.

Case 2: Precisely two arcs in F are in H.

Suppose that v,v; = wupu; and vevs = ugus. Then d| = dy, d5 = d,, and vyv3, v4vs are in H.
Hence v3 # u3, and the arc upvs3 is in H with color d}. Moreover the arc zvs is in H with color di. In
particular, (d}, d}) € F34(ds). Similarly v4 # us, we have v4y € E(H) has color d, and v4us € E(H)
has color d}. That is, N‘ZZ (us) = vy = N;; (), which contradicts (As¢2) of Claim 3. Similarly one can
use (As1) to show that assuming v,v3 = upu3 and v4vs = ugus yields a contradiction. Suppose instead
that vov; = upu; and v,v3 = upus. Then d) = d», and v; = u; so that d| = d,. Further, d} = d3, and
vz = u3 so that dj = d4. But this now also determines that v4vs = usus and vevs = ugus, a contradiction
since then no arcs in F are in H. All remaining possibilities yield a contradiction similarly, whence
this case does not occur.

Case 3: Precisely one arc in F' is in H.

In particular, either we have v,v; = uyu; and vov3 = upus or we have v4vs = uqus and vevs = ugis.
But as in Case 2, either way yields that no arcs in F are in H. We deduce that this case does not occur.

Case 4: No arcs in F are in H.

It is easy to see in this case that v; = u; for all i € [6] whence B’ = B. n

Forany T, € T, we have by Claim 5 that the canonical (y, z, P)-bridge of the twist is distinguishable
in twistr, (H), since the four arcs uouy, usuz, usus, usus are each added by the twist, and do not create
any other (y, z, P)-bridge. Further, since the twist operation only adds 12 arcs, we obtain from (5.2)
that etwistTA(H)(Wl, Wo) < 2k3/n + 12(s + 1) for all Wy, W, C [n] of sizes |W,| = |W,| = k. Thus by

(R12), (R34), (Rs), (Re), (Rg), and Claim 5, we have that twistr,(H) € M. We now give a final claim
which ensures that |{twistr,(H) : T, € T }| = |T|.

Claim6. FixH' € M,,,let A, A’ € A, and suppose that twisty, (H) = twistr, (H) = H'.Then 1 = 1'.

Proof of Claim 6. Let A = (di, ... .dg,e1, ... ,eq), ' = (d], ... ,d{, €|, ... ,¢}), with correspond-
ing vertices V(T;) = {y.z,u1, ... ;ue} U {uf}, ... ,ug,uf, ... ul}, V(Ty) = {y,z.vi, ... ,v6} U
Vi, ... vV, ... ,v{}. Let B and B’ be the canonical (y, z, P)-bridges of the twists correspond-
ing to 4 and A’, respectively. By Claim 5, B and B’ are each the unique (y,z, P)-bridge that
is in H' but not in H, and thus B = B’. In particular, d; = d/ and u; = v; for all i €
[6]. By considering the partition P of D, the four arcs in E(H) \ E(H') with no endvertex in
{ur, ... ,us} must be ey = ¢}, ex = €}, e3 = ¢}, and e, = €. We conclude that 2 = 1/, as
required. [

We determine that if s < k*/(10**4?) and M, is non-empty, then M, is non-empty, and &; >
|T| > 9k°n*/107, whence |M,|/|Mi| < AL,,/8F < 1/10. Recalling that H € Gp is uniformly
random, it follows that if s < k*/(10%12) then
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K*/(10%n2)—1 K /(10%n)—
A~ Msl |Mz| 1 /( n*)—s
]P’[r(H):s HEQD]S|7= s(—
| IMpsj10240) | Ml 10
9k*1og 10
<exp (—1025”2 > .

Moreover, we note that if M; is empty, then clearly P [r(H) =sHe QD] = 0. Since k = n/ 10°, we
obtain that P [r(H) <k*/(10%n})|H e QD] < (k*/(10%12) + 1) exp(—Q(n?)) = exp(—Q(n?)). Since
n2/10% < k*/(10%n?), the result follows. "

We are now ready to argue that almost all G € <D(I?;) contain large well-spread collections of
bridging gadgets, which will complete our study of the properties we need to be satisfied by uniformly
random G € (ID(I?,:).

Lemma 5.10. Let G € <I>(I?n) be chosen uniformly at random, and let € be the event that for all
distinct v,z € [n], G contains a well-spread collection of at least n* /10 distinct (y, z)-bridging
gadgets. Then P[] > 1 — exp(—Q(n?)).

Proof. For D C [n], let £|p denote the event (in db(l?,), )) that G|p contains a well-spread collection of
n?/10%° distinct (y, z)-bridging gadgets, for each distinct y,z, € [n]. Let H € Gp be chosen uniformly
at random, let P, denote the measure for this probability space, and let 88"1) denote the event (in
Cp) that H contains a well-spread collection of n2/10%° distinct (y, z)-bridging gadgets, and define

. ,2)
Ep 1= Ny zefn) distinetEp -

Claim7. Suppose D C [n] has size |D| < 3n/4,let P = (D,);e[¢) be an equitable partition of D into
six parts, and fix y, z, € [n] distinct. Then Pp [r@,Z,p)(H) >n?/ 1050] <Pp [Sg’Z)].

Proof of Claim 7. Suppose that H € Gp and that r(H) > n?/10%°. By definition of r(H) (see
Definition 5.7), there is a collection B of n?/ 10 distinct (v, z, P)-bridges such that for each i € [4],
any d; € D;, and any arc e € E4,(H) for which e does not have y nor z as an endvertex, we have that e
is contained in at most one B € B. Note that for each u € [n] \ {y,z}, we have for any B € B which
contains u, that B must contain an arc e incident to 1 with color in D; for some i € [4] such that e is
not incident to y nor z. Therefore u is contained in at most 4 - 2 - |[D|/6 < n distinct B € 3. For any
color d € Dy, any B € B which uses the color d must be such that N} (y) € {y, z} and must contain
the vertex N} (y), and thus the color d is used by at most n distinct B € B (and similarly for d € D;
for all i € [6]). Now, forming a collection B’ of (y, z)-bridging gadgets in H by deleting the arcs with
colors in D5 U Dg for each B € B, it is clear that B’ witnesses that H € Eg ©_The claim follows. =

Arbitrarily fix ¢ € [n] and D C [n] of size |D| = n/ 10%, and let F be the set of all possible color
classes for a proper n-arc coloring of IZ (more precisely, F is the collection of all sets F of n arcs of
I(?,, such that every vertex of IZ is the head of precisely one arc in F and the tail of precisely one arc
in F). Observe that for a fixed equitable partition P = (D,-)?=1 of D into six parts, and for fixed distinct
¥,z € [n], by (5.1), the law of total probability, and Lemma 5.4,

Py [Op| <Po|Q| = Y PoIF. = FIP [Q)IF. = F| < exp(—02)). (5.3)
FeFr
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Then the law of total probability, (5.3), and Lemma 5.9 give

1’12
Pp r(y,z,P)(H) < W

2 A~ ~
<Pp [r@,z,mm) <5 | QD] +Pp|0p| <exp-QuP). 54

By (5.4) and Claim 7, Pp [€g’Z)] < exp(—Q(n?)), so by a union bound we have Pp @] <
exp(—Q(n?)). Then by Proposition 4.4, we have

Y hez. comp(H)
% < Pp [Ep] - exp(O(n log” n)) < exp(—Q(n?)),
HEG,

P[&] <P[€lp] =

which completes the proof of the lemma. n

6 | ABSORPTION

The aim of this section is to show that if G € CIJ(E) satisfies the conclusions of Lemmas 5.6
and 5.10, then G admits a small robustly rainbow-Hamiltonian subdigraph H (recall Definition 3.1),
with arbitrarily chosen flexible sets of appropriate size. In Section 7, H will form the key “absorbing
structure.”

Definition 6.1. Let A be a (v, c)-absorbing gadget with abutment vertices (x4, x5), and let B be a
(v, 2)-bridging gadget (with all vertices retaining their notation as defined in Definitions 5.1 and 5.2).
If (y,2) = (xa,x5), V(A) N V(B) = {y,z}, and ¢4(A) N ¢p(B) = @, then we say B bridges A. In this
case, we also say a collection (P, P», P3, P4) of properly arc-colored directed paths completes the
pair (A, B) if:

P/ has tail x, and head x3.

P, has tail w; and head wjy.

P5 has tail ws and head w,.

P, has tail ws and head wg.

Py, ..., P4 are mutually vertex-disjoint and the internal vertices of Py, ... , P4 are disjoint from
V(A) U V(B).

. U?zlP,- is rainbow and shares no color with A U B.

In this case, we say that A* := AUBU U?zlP,- isa (v, c)-absorber (see Figure 1), and we also define
the following.

e The initial vertex of A* is x{, and the terminal vertex of A* is xg.
e The (v, c)-absorbing path in A* is the directed path with arc set {x;v, vxp, x3x4, X5x6 }U U?=1E(Pi).
o The (v, c)-avoiding path in A* is the directed path with arc set {xx;, x3X5, X4x6 }U U;LIE(P,-).

Observe that the (v, c)-absorbing path and (v, c)-avoiding path of a (v, c)-absorber satisfy the
following key properties.

(6.1) The initial (resp. terminal) vertex of a (v, c)-absorber is the tail (resp. head) of both the
(v, ¢)-absorbing path and the (v, ¢)-avoiding path.
(6.2) The (v, c)-absorbing path in a (v, ¢)-absorber contains all of the vertices.
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(6.3) The (v, c)-absorbing path in a (v, c)-absorber is rainbow and contains all of the colors.
(6.4) The (v, c)-avoiding path in a (v, c)-absorber contains all of the vertices except v.
(6.5) The (v, c)-avoiding path in a (v, ¢)-absorber is rainbow and contains all of the colors except c.

We now use (v, c)-absorbers to define a “T-absorber” for a bipartite graph 7, which will essentially
form our absorbing structure in almost all G € <D(I?,,), for suitably chosen T. The role of T is to pro-
vide the “template” for which pairs (v, ¢) must provide a (v, c¢)-absorbing path to the rainbow directed
Hamilton cycle we are building, and which pairs must provide a (v, ¢)-avoiding path.

Definition 6.2. Let 7 be a bipartite graph with bipartition (A, B). A digraph H equipped with a proper
arc-coloring ¢ is a T-absorber if the following holds.

(i) There exist injections fy : A — V(H) and f¢ : B — ¢(H) such that for every ab € E(T), there
is a unique (v, ¢)-absorber A, C H, where v = fy(a) and ¢ = fc(b), satisfying the following.

(a) Forevery ab € E(T), if V(Aup) N V(Ayp) # @ for some a’b’ € E(T) where a’b’ # ab, then
a=ad and V(A.p) N V(Auw) = {fv(a)}.

(b) For every ab € E(T), if ¢p(Aup) N Pp(Ayy) # @ for some a’'b’ € E(T) where a'b’ # ab, then
b =b"and ¢(Aw) N P(Ayr) = {fc(b)}.

(i1) There exist pairwise vertex-disjoint length-three paths Py, ... , P|gr) -1, €ach contained in H,
satisfying the following.

(a) Ulf(lT)l_lP[ is rainbow and ¢ (UE(IT)l_lp,'> Nng (UeeE(T) Ae) =g.

(b) For some enumeration (ey, ... ,e|gr)) of E(T), for each i € [|E(T)| — 1], the tail of P; is the
terminal vertex of A, and the head of P; is the initial vertex of A,_, .

(c) Foreachi € [|E(T)| — 1], P; is internally vertex-disjoint from UeeE(T) A..

(iii) Subject to (i) and (ii), H is minimal.

In this case, we say a vertex fy(a) for some a € A is a root vertex of H and a color f¢(b) for some
b € B is a root color of H. Moreover, we say the initial vertex of H is the initial vertex of A,, and the
terminal vertex of H is the terminal vertex of Aemrn .

Suppose that a bipartite graph 7 is robustly matchable (recall Definition 4.2) with respect to flexible
sets A’ and B’. The following lemma shows that a T-absorber is robustly rainbow-Hamiltonian (recall
Definition 3.1) with respect to the root vertices and colors corresponding to A” and B’. This (together
with Lemmas 5.6 and 5.10) reduces the task of finding such a subdigraph in almost all G € d?(l?,,) to
the task of using large well-spread collections of (v, c)-absorbing gadgets and (y, z)-bridging gadgets
to embed a T-absorber, for an appropriate robustly matchable T

Lemma 6.3. Let G € dD(K(_),,) with proper n-arc-coloring ¢. Let T be a bipartite graph with bipar-
tition (A, B), let H C G be a T-absorber, and let u and v be the initial and terminal vertices of H,
respectively. Let A' C A and B' C B, and let V' and C' be the set of root vertices and colors of H cor-
responding to A’ and B', respectively. If T is robustly matchable with respect to flexible sets A’ and B',
then H is robustly rainbow-Hamiltonian with respect to flexible sets V' and C' and initial and terminal
vertices u and v.

Proof. LetX C V' and Y C C’ such that |[X| = |Y| < min{|V’|/2,|C’|/2}. It suffices to show
that H — X contains a rainbow directed Hamilton path which starts at # and ends at v, not containing
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a color in Y. Since H is a T-absorber, by Definition 6.2(i), there exist injections fy : A — V(H)
and fc : B — ¢(H) such that for every ab € E(T), there is a unique (v, c)-absorber A,, C H,
where v := fy(a) and ¢ := fc(b), satisfying (i)(a) and (i)(b). By Definition 6.2(ii), there also exist
pairwise vertex-disjoint length-three paths Py, ... , Pig) -1, €ach contained in H, satisfying (ii)(a),
(ii)(b), and (ii)(c). Let (e, ... ,egm)) be the enumeration of E(T) guaranteed by (ii)(b).

Since V' and C” are the sets of root vertices and colors of H corresponding to A" and B’, respectively,
f7'(X) € A’ and f'(Y) C B'. Thus, since T is robustly matchable with respect to A’ and B’, there
exists a perfect matching M in T — (f;, IX)u Ifc (Y)). For each ab € E(T), define a directed path P,
as follows. If ab € M, then let P,;, be the (fy(a), fc(b))-absorbing path in A, and otherwise let P, be
the (fy(a),fc(b))-avoiding path in Ap.

Now let P := J,cpp) PV UEE(IT”_IP,-. We claim that P is a rainbow directed Hamilton path in
H — X which starts at u, ends at v, and does not contain a color in Y. To that end, we first show the
following:

(a) u has out-degree one and in-degree zero in P.

(b) v has in-degree one and out-degree zero in P.

(c) everyw € V(P) \ {u,v} has in-degree and out-degree one in P.
(d V(P)nX = 4.

) ¢P)NY =4.

® VHE)\X S V(P).

Indeed, (a) and (b) follow from (6.1), 6.2(i)(a), 6.2(ii)(b), and 6.2(ii)(c), and (c) follows from (6.1),
(6.4), 6.2(i)(a), 6.2(ii)(b), and 6.2(ii)(c).

To prove (d), note that if w € X, thena := f;'(w) & V(M). Thus w is not in the paths P, for
b € Nr(a)by (6.4) as they are all (w, fc(b))-avoiding. Therefore (d) follows again by 6.2(i)(a), 6.2(ii)(b),
and 6.2(ii)(c). The proof of (e) is the same, with (6.5) instead of (6.4), 6.2(i)(b) instead of 6.2(i)(a),
and 6.2(ii)(a) instead of 6.2(ii)(b) and 6.2(ii)(c). To prove (f), first note that if w € V' \ X, then there
exists ab € M, where a = f '(w). Thus, w € V(P,,) by (6.2) since Py, is (w, fc(b))-absorbing. In
particular, V' \ X C V(P). By (6.2) and (6.4), 6.2(iii) implies that V(H)\ V' C V(P). Thus, V(H)\ X C
V(P), as desired.

By (6.1), 6.2(ii)(b), 6.2(ii)(c), and (a)—(c), P contains no cycle, so (a)—(e) imply that P is indeed a
directed path in H — X, not containing a color in Y, which starts at # and ends at v, and (f) implies that
P is Hamilton in H — X, as required. It remains to show that P is rainbow. By (6.3), (6.5), and 6.2(i)(b),
Uve gy Pe is rainbow, so 6.2(ii)(a) implies that P is rainbow, as required. [

The following proposition implies that there are many short rainbow paths that are “well-spread”
inal G € d)(l?,)l). This enables us to embed these paths in any such G in a vertex- and color-disjoint
way while constructing a T-absorber for suitably chosen 7', and while absorbing the colors unused by
the large rainbow directed path forests we find in Section 7.

Proposition 6.4. Let G € (D(IZ) with proper n-arc-coloring ¢, let V := V(G), and let C .= ¢(G).
Let u,v € V such that u # v, and let ¢ € C. The following holds for n sufficiently large.

(i) There are at least n* /3 length-three directed rainbow paths in G with head v and tail u.
(ii) Ifatmost n/2 loops in G are colored c, then there are at least n? |5 length-four directed rainbow
paths in G with head v and tail u such that the second arc is colored c.
(iii) For every w € V, there are at most 2n length-three directed rainbow paths in G with head v
and tail u that contain w as an internal vertex.
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(iv) For every w € V, there are at most 3n length-four directed rainbow paths in G with head v
and tail u that contain w as an internal vertex such that the second arc is colored c.

(v) Forevery d € C, there are at most 3n length-three directed rainbow paths in G with head v
and tail u that contain an arc colored d.

(vi) Foreveryd € C\ {c}, there are at most 3n length-four directed rainbow paths in G with head
v and tail u that contain an arc colored d such that the second arc is colored c.

Proof.  First, for each vertex w € V, we let B,, := {x € V \ {w,v} : ¢p(wx) = ¢(xv)}, we say
w is bad if |B,,| > n/2, and we let B C V be the set of bad vertices. We claim that there is at most
one bad vertex; that is, |B| < 1. To that end, suppose for a contradiction that distinct vertices w and
w' are bad. Since |B,,| + |B,/| > n, we have B,, N B,y # @. Thus, there exists some x € B,, N B,s, so
P(wx) = ¢(xv) = ¢p(w'x), contradicting that ¢ is a proper arc-coloring.

Now we prove (i). Since |B| < 1, there are at least (n — 3)(n/2 — 5) choices of an ordered
pair (wy,wp) where wi € V \ (B U {u,v}) and w, € V \ (Bw, U {u,v,w1}) such that
Puwr) & {Pp(wiwz), d(wav)}. For each such pair, there is a distinct directed path P, ,, =
uwiwav in G. Since ¢p(uwi) € {Pp(wiwa), p(wov)} and wy & B,,, Py, is rainbow. There-
fore there are at least n?/3 directed length-three rainbow paths in G with head v and tail u, as
desired.

Now we prove (ii). Let X := {w € V : ¢p(ww) = c}; by assumption, |X| < n/2. Thus, since
|B| < 1, there are at least n/2 — 6 choices of an ordered pair (wy, w,) where w, € V\ (XUBU {u,v}),
wy € V\ {u,v,wr}, p(wiwy) = ¢, and ¢p(uwy) # c. For each such pair, there are at least n/2 — 8
choices of a vertex w3 € V' \ (B, U {u, v, w;,wz}) such that {p(waw3), p(w3v)} N {Pp(uwy),c} = 0.
For each such choice of (w1, w2, w3), there is a distinct directed length-four rainbow path P, ., =
uwiwowsv with head v and tail u such that the second arc is colored c¢. Therefore there are at least
(n/2 = T)(n/2 — 8) > n?/5 such paths, as desired.

The proofs of (iii)—(vi) are similar, so we only provide a complete proof of (vi). Fix d € C\ {c},
and let P,; be the set of length-four rainbow directed paths in G with head v and tail u that contain
an arc colored d such that the second arc is colored c. Partition P, into sets P 1, ... , Puis such
that for i € [4], a path P € P, if the arc colored d is the ith arc of P. Since d # ¢, Puiy2 = 0.
Every path in 7,;; is uniquely determined by the vertex in the path adjacent to v, every path in P, 3
is uniquely determined by an ordered pair (w,, w3) such that ¢(wow3) = d, and every path in P4
is uniquely determined by an ordered pair (w;, w;) such that ¢(w;w,) = c. Therefore |P,;| < 3n, as
desired.

We conclude by outlining the necessary changes to the proof of (vi) to obtain proofs of (iii)—(v).
Define P, Piv), and P, in an analogous way. Partition P;; and P;, based on the position of w in
each path, and partition P, based on the position of the arc colored d. Finally, show that each part
contains at most n paths. [

For any m = (1) (in Section 7, we will set m := |n/log’n|, and we assume 7 to be suffi-
ciently large) we have by Lemma 4.3 that there exists a 256-regular 2RMBG(7m,2m), say T (recall
Definition 4.2). In the following lemma, we show that if m < n/logn, then we may greedily embed a
T-absorberinany G € d)(l?n) that satisfies the conclusions of Lemmas 5.6 and 5.10, by choosing each
absorber successively in three steps: for each edge ve of T, we first embed a (v, ¢)-absorbing gadget A,
then choose a bridging gadget B that bridges A (recall Definition 6.1), and finally use Proposition 6.4
to embed the extra short rainbow paths required to complete the (v, ¢)-absorber and connect it to the
previously embedded absorber.
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Lemma 6.5. Let G € <I>(I?,,) with proper n-arc-coloring ¢, let V := V(G), and let C := ¢(G). Let
m < nflogn, let T be a 256-regular 2RMBG(Tm,2m), let U C V and D C C such that |U| = |D| =
7m, and let V' C U and C' C D such that |V'| = |C'| = 2m. For n sufficiently large, if

e forallv € Vandc € C, G contains a well-spread collection A, . of at least n?/2'% (v, ¢)-absorbing
gadgets and

e for all distincty,z € V, G contains a well-spread collection B, ; of at least n2 /10 (y, 2)-bridging
gadgets,

then G contains a T-absorber H rooted on vertices U and colors D such that V' and C' are the sets of
root vertices and colors of H corresponding to the flexible sets of T.

Proof.  Denote the bipartition of T by (A, B), let A’ C A and B’ C B be the flexible sets of T, and
enumerate the edges of T as ey, ... ,ejgq). Letfy : A —» Uandfc : B — D be bijections, chosen
such that fy/(A") = V' and f¢(B") = C’. For each j € [|E(T)|], we inductively choose

(i) a (v, c)-absorbing gadget A; in G, where ab :=e;, v .= fy(a), and ¢ := fy(b),
(ii) a(yj, zj)-bridging gadget B; in G, where (y}, z;) is the pair of abutment vertices of A;, which bridges
Aj, and
(iii) length-three rainbow directed paths Py, ... , Pjs in G, such that P;;, ... , P;4 complete the pair
(A}, Bj) to a (v, c)-absorber A]*,

such that the following holds:

@); VA)NU = {fv(a)}, V(A) N V(Ps5) =@ forall £ < j, and if V(A;) N V(A}) # @ for some
¢ <j,then V(A)) N V(A}) = {fv(a)}, where a € e;N e, C A;

(b); ¢A) ND = {fe(D)}, p(A) N Pp(Prs) = P forall £ < j, and if Pp(A;) N Pp(A}) # @ for some
¢ < j, then ¢p(Aj) N Pp(A%) = {fc(b)}, where b € ¢;n e, C B;

(©)j VBY)NV(@ALUPss)=@forall? <j,and V(B)NU = @;

(d); ¢B)NPAS UPys) =@ forall £ < j,and (B)) N D = @

(e); V(Pix)N V(AL UPss) =@ forallk € [4] and £ < j, and V(Pjr) N U = @ for all k € [5];

(); dPip) NP(AL UPss) =@ forallk € [4] and ¢ < j, and ¢p(Pjx) N D = @ for all k € [5];

(@) ¢(Pjs)NP(A) =@ forall £ < j, and ¢p(Pjs5) N p(Pys) =B forall £ < j;

(h); ifj > 1, then the tail of P; 5 is the terminal vertex of Aji"_l , the head of P; 5 is the initial vertex
of Aj’.‘, P;s is internally vertex-disjoint from A} for all £ < j, V(P;js) N V(Pss5) = @ for all
¢ <j,andif j =1, then P;s = .

To that end, we let i € [|E(T)|] and assume A;, B, and P; 1, ... , P;s satisfying (a);—(h); have been
chosen for j < i, and we show that we can indeed choose A;, B;, and P}, ... , Pj5 according to (i)—(iii)
satisfying (a);—(h); forj = i.Let U’ := UU Ukj V(A,UPs5s),andlet D' := DU Ukj $(ALUP,5). For
every ¢ < j, we have by (1)—(iii) that | V(A7 U Pz5)|, |¢p(A} U Pz s)| < 24. Thus, since T is 256-regular
and m < n/logn,

|U'|,|D'| < Tm+ 24j <43 008m < 43 008n/ log n. (6.6)

First we show that we can choose a (v, ¢)-absorbing gadget A; according to (i) satisfying (a); and (b);.
By assumption, G contains a well-spread collection A, of n>/2'% (v, ¢)-absorbing gadgets. For each
u€ U, let A, 1= {A% € A,. : u € V(A2eY}, and for each d € D/, let A, := {A% €
Av,c . d S d)(Agdg[)}. Let A(&C = Ayyc \ (UMEU/\{V} Au U UdED’\{C} Ad)‘ Slnce AV,C ls Well_spreada
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|Aul, | Ag| < nforeveryu € U'\{v}andd € D’'\{d},soby (6.6), | A} | > | A,.|—86 016n>/logn >
0. In particular, there exists A; € A} .. By construction of A, A; satisfies (a); and (b);, as
desired.

Now let (y;,z;) be the abutment vertices of A;. By a similar argument, we can choose a
(yj, zj)-bridging gadget B; according to (ii) satisfying (c); and (d);.

Finally, we show that we can choose P; 1, ... , P;s according to (iii) satisfying (e),—(h);. The argu-
ment is again similar, using (i), (iii), and (v) of Proposition 6.4 instead of the existence of a well-spread
collection of gadgets, so we omit the proof.

To complete the proof, we show that H : = ULE(IT“A*U UlE(T)l ! P15 is a T-absorber rooted on
vertices U and colors D. Since (a);-(f); hold for every j € [|E(T)|], H satisfies 6.2(i), and since (g);
and (h); hold for every j € [|E(T)|], H satisfies 6.2(ii). Clearly H is minimal with respect to these
properties, so H also satisfies 6.2(iii). Thus, H is a T-absorber rooted on U and D, as desired. Moreover,
by the choice of fy and fc, V’ and C’ are the sets of root vertices and colors of H corresponding to the
flexible sets of T, as desired. n

7 | PROOF OF THEOREM 1.6

In this section, we use the results we have obtained thus far to prove Theorem 1.6. We begin by arguing
that a “lower-quasirandomness” condition in G € <I>(I?n) (which holds in almost all G € d)(l?n) by
Theorem 4.7) is enough to ensure the existence of many rainbow directed path forests spanning all
but a small arbitrary set of vertices, avoiding a small arbitrary forbidden set of colors, and having few
components. We remark that the method we use to count the rainbow directed path forests is inspired
by the method used by Kwan (see the proof of [23, Lemma 5.5]) to count large matchings in random
Steiner triple systems.

Definition 7.1. Let G € dD(I?n) with proper n-arc-coloring ¢, let V := V(G), and let C := ¢(G).
We say that G is lower-quasirandom if for all (not necessarily distinct) sets U;, U, C V and D C C,
we have that eg p(Uy, Uy) > |Ui||U,||D|/n — n>/3.

Lemma 7.2. Let G € @(I?) with proper n-arc-coloring ¢, let V. := V(G), and let C := ¢(G).
Let U C V and let D C C be equal-sized sets of size at most n/ log’n. If G is lower-quasirandom,
then there are at least ((1 —o(1)n/e? ) spanning rainbow directed path forests Q of G — U such that
d(Q) N D = @ and Q has at most n°/'° components.

Proof.  Throughout the proof, we implicitly assume # is sufficiently large for certain inequalities to
hold. We say a rainbow directed path forest in G is valid if it has no vertices in U and no colors in D.
Letn' :=n—|U|— [n°/'°],and let n” :=n — |U|. If Q is a spanning directed path forest of G — U,
then the number of components of Q is equal to |V \ U| — |E(Q)|, so Q has at most n°/!° components
if and only if it has at least n’ arcs. Thus, it suffices to count the number of valid rainbow directed
path forests in G that have n’ arcs. To that end, we first count the number of ordered sequences of
arcs (eq, ... ,ey) such that U _/1 e; is a valid rainbow directed path forest in G. We claim that for every
jE [, ifeq, ... ,ej—1 are arcs in G such that U[ 1€i 1s a valid rainbow directed path forest, then there
are at least (1 — o(1)) ( -(- 1)) /n choices of an arc e; € E(G) such that Ui::lej is also a valid
rainbow directed path forest. Let Vi be the set of vertices u € V' \ U such that u has no out-neighbor
in U];:ei, let V7 be the set of vertices u € V '\ U such that u has no in-neighbor in Ué;iei, and let
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D' :=(C\D)\ U];id)(e,-). Since G is lower-quasirandom, since |Vy| = |Vy| = |D'| = n—|U|-(j-1),
and since j < n’ = n” — |n°/1°], we have that

(n_|U|_(]_1))3 _n5/3 > (1

n

egp(Vu,Vr) 2

" H

_0(1))w_ (7.1)
n

The spanning path forest in G — U with edge set {ey, ... ,ej_1} has k := n" — (j — 1) components,
which we denote Py, ... , Py. For every i € [k], there is a unique arc f; € E(G) (whose head is the tail
of P; and whose tail is the head of P;) such that P; U f; is a directed cycle. Let F := {fi, ... ,fr}, and
let ¢; € Egp(Vy, Vr) \ F. By the choice of Vy, Vr, D', and F, we have that U£=1ei is rainbow, has
maximum in-degree and out-degree one, and contains no cycle. Hence, it is a valid rainbow directed
path forest, as required. By (7.1), |Eg.p(V, V) \ F| = (1 —o(1)) (n" — (j — 1))3/n, so the claim
follows.

Therefore, the number of ordered sequences of arcs ey, ... ,e,y € E(G) such that U;’;lei is a valid
rainbow directed path forest is at least

j=1

Since |U| < n/log*n, we have n’ > n — 2n/log’n and (n"’)* /n > (1 — 3 /log’n)n®. Hence,

<(n)3> 2 ((1— > )n2> g > (1= o(1))n?)". (7:3)
n log“n

Since the function x — log(1l — x) is negative and monotonically decreasing for x € [0, 1),

n . n'/n
Z&log(l—] ,,1> 2/
—in n 0

J=1

"

1
log(1 —x) dx > / logx dx = —1. (7.4)
0
By substituting (7.3) and (7.4) into the right side of (7.2), the expression in (7.2) is at least
2\" 30" n*\"
((1—0(1))n ) e > d —0(1))6—3 . (7.5)

By Stirling’s approximation, n! = (1+0(1/n))\/2zn(n/e)" < (1 + o(1)n/e)". Hence, since (7.5)
provides a lower bound on the number of ordered sequences of edges e, ... ,ey € E(G) such that
U;il e; is a valid rainbow directed path forest, the total number of valid rainbow directed path forests
in G with at most n°/1° components is at least

<<1 —o(l))’i)n/n! > (a —o(l))e%)",

as desired. n

We now have all the tools we need to prove Theorem 1.6.

Proof of Theorem 1.6. Let G € <I>(I(?n) with proper n-arc-coloring ¢, let V := V(G), and let C :=
¢(G). By Lemma 4.6, Theorem 4.7, and Lemmas 5.6 and 5.10, it suffices to show that if
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(7.6) for every ¢ € C, at most n/2 loops in G are colored c,

(7.7) G is lower-quasirandom,

(7.8) G contains a well-spread collection of at least n/ 2190 (y, ¢)-absorbing gadgets for every v € V
and c € C, and

(7.9) G contains a well-spread collection of at least n2/10%° (y, z)-bridging gadgets for every y,z € V,

then G contains at least ((1 —o())n/ ez)" rainbow directed Hamilton cycles.

Letm = |n/log’n|, and let T be a 256-regular 2RMBG(7m, 2m) (which exists by Lemma 4.3). We
build a T-absorber H in G using Lemma 6.5, but first we need the following claim to choose the roots
of H that will correspond to the flexible sets of 7.

Claim 8. There exist V/ € V and C' C C such that |[V'| = |C’'| = 2m and for every u,v € V such
that u # v and for every ¢ € C, there are at least n°*/>° directed paths P in G such that

(i) P is rainbow and has length four.
(ii) P has head v and tail u.
(iii) The second arc of P is colored c.
@iv) V(P)\ {u,v} C V"

V) ¢(P)\ {c}cC.

Proof of Claim 8. Letp := (2m + n®/'%)/n, and let U’ C V and D’ C C be chosen randomly by
including every v € V in U’ and every ¢ € C in D' independently with probability p. We claim that
the following holds with high probability:

@) |U'|,|D'| = pn+n*/>.
(b) For every u,v € V such that u # v and for every ¢ € C, there are at least p®n?/10 directed paths
P in G satisfying (i)—(iii), such that V(P) \ {u,v} C U’ and ¢(P) \ {c} C D'.

Indeed, (a) follows from a standard application of the Chernoff bound. To prove (b), we use
McDiarmid’s inequality. To that end, fix u,v € V distinct and ¢ € C. We let f denote the random
variable counting the number of paths satisfying (b). Note that f is determined by the independent
binomial random variables {X,, : w € V} U {X; : d € C}, where X,, indicates if w € U’
and X, indicates if d € D’. By (7.6) and Proposition 6.4(ii), there are at least n>/5 paths satis-
fying (i), (i), and (iii), and each such path satisfies V(P) \ {u,v} C U’ with probability p*> and
#(P) \ {c} € D' with probability p*, independently. Hence, E [f| > p®n?/5. For each w € V, by
Proposition 6.4(iv), X,, affects f by at most 3n, and for each d € C, by Proposition 6.4(vi), X, affects
f by at most 3n. Therefore by McDiarmid’s inequality (Theorem 4.1) applied with ¢ := E [f] /2,
there are at least p®n?/10 paths satisfying (b) with probability at least 1 — exp(—Q(p'*n)). Hence, by
a union bound, (b) holds for every u,v € V with u # v and every ¢ € C with high probability, as
claimed.

Now we fix a choice of U’ and D’ satisfying both (a) and (b) simultaneously. By (a), |U’|, |D’| >
2m, so there exists V' C U’ and C' C D' such that |V’| = |C’'| = 2m, as required. Moreover, by (a),
|[U"\ V'|,|D' \ C'| <2n°/'°, Thus, by Proposition 6.4(iv) and (vi), (b) implies that for every u,v € V
distinct and ¢ € C, there are at least p®n® /10 —2(2n°/19)(3n) > n*°/°0 directed paths satisfying (i)—(v),
as desired. n

Now let U € V and D C C such that |U| = |D| = 7m, V' C U, and C' C D. By Lemma 6.5, (7.8),
and (7.9), there is a T-absorber H in G rooted on U and D such that V' and C’ are the sets of
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root vertices and colors of H corresponding to the flexible sets of 7. By Lemma 6.3, H is robustly
rainbow-Hamiltonian with respect to flexible sets V’ and C’ and initial and terminal vertices ¢ and A,
where ¢ is the initial vertex of H and # is the terminal vertex of H. Note that

|V(H)| = 22|E(T)| =2+ |U| and |p(H)| = 22|E(T)| - 3 + |D|. (7.10)

Claim 9. If Q is a spanning rainbow path forest in G — V(H), sharing no color with H, with at most
n°/19 components, then G has a rainbow directed Hamilton cycle F such that F — V(H) = Q.

Proofof Claim9. LetP, ... , P;be the components of Q, and for each i € [k], let &; be the head of P;,
and let 7; be the tail of P;. Let t;,; denote the initial vertex of H, and let hy denote the terminal vertex of
H.Thatis, ty4; :=tand hy := h.Letcy, ... , cp be an enumeration of the colors in C \ (¢(H) U ¢(Q)).
Since Q is rainbow, |¢(Q)| = |E(Q)| = |V \ V(H)| — k, so by (7.10), k' =k + 1.

By Claim 8, for each j € [k + 1], there is a collection P; of at least n%/*° directed paths satisfy-
ing (i)—(v) where u = hj_, v = t;, and ¢ = ¢;. For each j € [k + 1], we inductively choose a path
P € P; such that

(@); ¢(P) N P(Py) =@ forevery £ <.
(b); V(PJ’-) NVP,)NV' =@ forevery £ <j.

To that end, we let i € [k + 1] and assume ij € P; has been chosen to satisfy (a); and (b); for each
Jj < i, and we show that we can indeed choose such a ij forj =i LetU; :=V'n U,;:l1 V(P),), and
let D; := D'n|J;,p(P,). Foreach u € Uj, let P, := {P € P; : u € V(P)}, and for each d € D;,
let Py = (PP :de¢P)Let? i= P\ (U, PubUsen, Pd). By Proposition 6.4(iv),
|P,| < 3n for each u € Uj, and by Proposition 6.4(vi), | P;| < 3n for each d € D;. Since P, has length
four for each # < j, we have |Uj|, |D;| < 3k. Hence, |P/| > n®/>° — (6k)(3n) > 0. In particular, there
exists P; S 73j’ . By construction of Pj’, P]’ satisfies (a); and (b);, as desired.

Since Q shares no vertices or colors with H, for each j € [k + 1], since the internal vertices of
P]’ are in V' C V(H) and since (l)(P}) \ D' = {¢;}, it follows that P]’ U P; is a rainbow directed path
with tail 4;_; and head &;. Moreover, by induction, using (a); and (b);, if j < k, then U’%z 1(P’f UPy)is
a rainbow directed path with tail sy and head #;, and in particular, P} := P U UI;:I(P} UPy)isa
rainbow directed path with tail 4y and head #;4.

Let X := VU2 V(P), and let ¥ := D'n{JZ ¢(P)). Note that [X],[Y| < 3(k+ 1) < m.
Therefore, since H is robustly rainbow-Hamiltonian, there exists a rainbow directed Hamilton path P;
in H —X with tail #;4; and head A, not containing a color in Y. Now F' := P{UP5 is arainbow directed
Hamilton cycle in G, and F — V(H) = Q, as desired. [

By Lemma 7.2 and (7.10), there is a collection Q of at least ((1 —o())n/ ez)n spanning rainbow
directed path forests in G — V(H) that share no colors with ¢(H) and have at most n°/!° components.
By Claim 9, for every Q € Q, there is a rainbow directed Hamilton cycle Fy such that FF — V(H) =
Q. Therefore {Fp : Q € Q} is a collection of at least ((1 —o())n/ ez)" distinct rainbow directed
Hamilton cycles in G, as desired. n
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