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1. Introduction

Suppose G is a connected reductive algebraic group over an algebraically closed field K of characteristic
p > 0, and let g be its Lie algebra. Each simple module over g can be assigned a p-character, a linear map
X : § — K controlling how a certain central subalgebra of the universal enveloping algebra U(g) acts on
the module. We define the reduced enveloping algebra as U, (g) = U(g)/(z? — 2Pl — x(z)? |z € g), where
x — 2Pl is the p-th power map on g which equips it with a restricted Lie algebra structure. Every simple
g-module is a simple U, (g)-module for some x € g*, and thus understanding the representation theory of
reduced enveloping algebras is critical to understand the representation theory of modular Lie algebras.

For suitable A € bh*, where § is the Lie algebra of a maximal torus T of G, we may define (so long as we
make certain reasonable assumptions on x) a U, (g)-module Z, ()\), which we call a baby Verma module.
The key quality possessed by baby Verma modules is that every irreducible U, (g)-module is a quotient
of some Z, (\). In general, a baby Verma module may have more than one irreducible quotient, and an
irreducible module may be a quotient of more than one baby Verma module. However, these complications
can be removed in certain cases. If we assume x is in so-called standard Levi form, each Z, (\) has a unique
irreducible quotient. We also find in this case that if an irreducible module is a quotient of two baby Verma
modules then these baby Verma modules are isomorphic.

There is a bijection between the set of y € g* in standard Levi form and the set of subsets I of simple
roots of g. If x € g* corresponds to I, we may equip U,(g) with an X/ZI-grading, where X := X(T) is
the character group of T', and we may consider X/ZI-graded U, (g)-modules. For technical reasons it is
convenient not to work with the whole category of such modules, but instead a certain subcategory %,
copies of which the wider category is a direct sum. This category has been extensively studied in [9] (see
also [10,11]).

The most well-known example of x € g* in standard Levi form is x = 0. In this case, I is empty and
the category € becomes precisely the category of GiT-modules (G being the first Frobenius kernel of G).
Andersen, Jantzen and Soergel, in their seminal work [3], study when x = 0 a category they call €4 (they
also study the analogous category for quantum groups). Here, A is a commutative Noetherian S(h)-algebra
and the objects of ¥4 are Uy ® A-modules with an X-grading satisfying some conditions, where Uy is a
certain quotient of U(g) lying between U(g) and Up(g). When A = K, made into an S(h) algebra via the
counit, one recovers precisely Jantzen’s category € for xy = 0.

The motivation for Andersen, Jantzen and Soergel’s study of this category was their interest in proving
Lusztig’s conjecture [16], which they were able to do for p > 0. Lusztig’s conjecture, the reader will recall,
gives a prediction for the characters of certain simple G-modules in terms of combinatorial properties of the
affine Weyl group; one can also understand it as predicting composition multiplicities of simple G-modules
in Weyl modules. It is a positive characteristic analogue of the famous Kazhdan-Lusztig conjecture [14]
(independently proved by Beilinson-Bernstein [4] and by Brylinski-Kashiwara [6]), a fundamental result in
the characteristic zero theory.
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In the last few years, there have been several major developments in our understanding of Lusztig’s
conjecture. Williamson [20] has shown that Lusztig’s conjecture cannot hold under the expected assumptions;
however Riche and Williamson showed in [18] that it would be possible to prove a modification of Lusztig’s
conjecture (using so-called p-Kazhdan-Lusztig polynomials) if one could find a nice action of the Hecke
category on a certain category of G-modules. Recent preprints by Bezrukavnikov and Riche [5] and by
Ciappara [7] are able to find such an action.

Work of Abe [1,2] also investigates actions of the Hecke category and, in particular, defines such an
action on the category of X-graded Up(g)-modules (i.e. G1T-modules). As observed above, the category of
G1T-modules is a special case of the category % studied by Jantzen, and so a natural question is whether
one can construct a similar categorical action on the category & for any x in standard Levi form. Lusztig
conjectured in [15] a variation of his conjecture for such y; finding such a categorical action could plausibly
enable us to prove a variation of this conjecture, just as Riche-Williamson [18] were able to do for the
classical version.

Abe’s construction [1] of the Hecke action requires an in-depth understanding of a number of categories
and functors introduced by Andersen, Jantzen and Soergel in [3]. To generalise this to work for non-zero
X in standard Levi form, one must first generalise the Anderson-Jantzen-Soergel categories and functors,
particularly the category €4 discussed above, to work for such . Jantzen discusses this situation briefly in
[9], but doesn’t give an full treatment. We do so here. In subsequent work, we hope to be able to use these
categories and functors to generalise Abe’s description of the category of G;T-modules, and thus find an
appropriate categorial action.

In this paper, we study a category which we, similar to [3], denote by €4 (since we generally fix x in
standard Levi form throughout this paper, we do not incorporate x into the notation). Its objects are certain
U, ® A-modules which have an X/ZI-grading and which satisfy several other conditions. The algebra U,
here is defined similarly to the algebra Uy, and indeed the notations are compatible.

This category turns out to have a number of nice properties, many of which are similar to those explored
for x = 0 in [3] and for A = K in [9] (under assumptions on G and p similar to those required in the
latter). There are a number of induction functors which interact nicely with the category. This allows us,
for example, to define baby Verma modules Z4 ,(\), for A € X, in €4. Note that in graded settings we
use the character group X instead of h* to define baby Verma modules. When A = F is a field, these baby
Verma modules have unique irreducible quotients, denoted L, (\) (see Proposition 6.1) and, under certain
conditions, we may characterise when two baby Verma modules are isomorphic (see Corollary 8.3).

The key distinction from the xy = 0 case is that there are a few other categories of interest at play here.
We write g; for the standard Levi subalgebra of g obtained from the set of simple roots I corresponding to
X- One may then look at the category €’} which is obtained from g; in the same way that €4 is obtained
from g. Since x/|g, is regular nilpotent (i.e. I contains all the simple roots for this Lie algebra) the category
%! has a lot of nice structure which doesn’t usually exist. We may then define induction functors which get
us from €4 to €.

The fundamental benefit of this is that it allows us, subject to some reasonable conditions on A, to define
objects Q,ILI,X()‘)’ A € X, obtained by inducing to €4 certain projective objects Q4,1 () € €4 (which will
be projective covers if A is a field). These objects are central to understanding €4 - indeed their versions
over K play a critical role in understanding ¢ in [9] and [11].

One important application of the Qz{l,xo‘) is that they allow us to prove the existence, when A is a local
ring with residue field F', of projective objects Q4 y(A), A € X, such that Q4 (A\) ® 4 F equals the projective
cover of Lg,(X) in €. This is the content of Theorems 8.28 and 8.29, which generalise Proposition 4.18
and Theorem 4.19 in [3].

We begin the paper by defining the category €4 that we work with. We define the algebras necessary
to construct the category, the category itself, and certain variations of the category over subalgebras in
Section 3. In Section 4, we see how the categories are interrelated using induction functors, and define baby
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Verma modules in this context. We also see the extra categories and induction functors we get when y is
non-zero. We survey some miscellaneous results about the category %4 and its objects in Section 5, which
will be useful for what follows. In Section 6 we discuss some properties of baby Verma modules in this
context. Finally, Sections 7 and 8 contain the most substantive results in the paper. We explore in detail
the projective objects in the category %4, working with regular nilpotent x in Section 7 and more general
x in Section 8. In Section 8, we also introduce the objects Qz{l,x(/\) and we conclude by showing, when A is
local with residue field F', the connection between projective objects in the categories €4 and €.

The author was supported during this research by EPSRC grant EP/R018952/1. He would like to thank
Simon Goodwin for many useful discussions about this subject and for his opinions on an earlier version of
this paper, as well as the referee for their comments. The author has no competing interests to declare.

2. Notation

Let G be a connected reductive algebraic group over an algebraically closed field K of characteristic
p > 0. We fix a maximal torus 7" < G of rank d, and a Borel subgroup B containing 7. We denote by
X the character group X (T') = Hom(T, G,,), where G,, is the multiplicative group of the ground field K.
For the Lie algebras, we write g = Lie(G), h = Lie(T) and b = Lie(B). We then write R C X for the set
of roots of g (i.e. the weights of g under the adjoint action of T'), and we set R to be the set of positive
roots and II to be the set of simple roots corresponding to our choice of B. We write Il = {ay, ..., a,} and
RT™ ={p1,...,0-} with 8; = a; for 1 < i < n. We also write Y (T') = Hom(G,,, T) for the cocharacters of
T, and we write (-,-) : X(T) x Y(T) — Z for the natural pairing. Given o € R, we denote by oV € Y (T)
the coroot associated to a.

We associate to g a basis {e,, hi|a € R, 1 <i < d} of g, where e, € g4, the root space of o € R, and
h1,...,hq is a basis of h with the property that hEp] = h, for each 1 < i < d. Here, x — zP! is the p-th power
map on g. We write hy = [eq,e_q] for each o € R, and we set nt = @ p+ 0o and 17 = P cp+ 9-a-
Given x € g*, we write U, (g) for the reduced enveloping algebra of g, whose definition we shall explain in
more detail in the body of the article. Note that U, (g) = Uy.,(g) for each g € G (where g - x denotes the
image of x under the coadjoint action of G).

We shall make Jantzen’s standard assumptions as in Section 6.3 of [11]. In other words, we assume (1)
that G has simply-connected derived subgroup, (2) that p is good for G, and (3) that there exists a non-
degenerate G-invariant bilinear form on g. Recall here that a prime p being good for G means that it is not
bad for any irreducible component of R, i.e. p > 2 if R has a component of type By, C,, or D,, p >3 if R
has a component of type Fg, E7, Fy, or G2, and p > 5 if R has a component of type Fs. Under Jantzen’s
assumptions, we may assume in studying the representation theory of U, (g) that x is nilpotent; in fact,
that x(b) = 0. However, we will go further and assume throughout this paper that x is in standard Levi
form, i.e., that x(b) = 0 and that there exists a subset I C II such that for & € RT the map  is defined by

(e o) = 1 ifael,
M=) =V 0 ifag¢l.

In this case, ZI is a subgroup of the character group X, and the quotient group X/ZI can be equipped
with a partial ordering such that:

A+ZI > p+7ZI if and only if )\f,quZI:ZmiaiqLZIforsomeml,...,mn20.
i=1
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3. The category %'a
8.1. Definition of algebras

Since g is a Lie algebra over K, we may of course define the universal enveloping algebra U(g) as

T'(g)
(toy—y@r—|[r,y]lz,y€g)’

Ulg) =
where T'(g) is the tensor algebra of g. Given y € g*, the reduced enveloping algebra of g is defined as

U(g)
(xP — alPl — x(z)P |2 € g)

Ux(g) =

When working over the field K, the reduced enveloping algebras are key objects of study in the representation
theory of g. When working instead with a general commutative algebra A, however, we will need to also
consider an algebra lying between U(g) and U, (g), which we will call U,,. This is defined as

Uy :=Ulg)/(et, — x(ea)’ | € R).
In particular, U, has a K-basis consisting of elements of the form

a/y‘ ... al bl;:. bd Cl.a. C/y‘
g, €lg M hy'eg g

with 0 < a;,¢; < p and b; > 0. We also need notation for certain subalgebras of U,,. Specifically, we set

and

Recalling that x is in standard Levi form with associated subset I of simple roots, we furthermore define
U! to be the subalgebra of U, generated by h and the root vectors e, for « € RN ZI. Going forward, we
will sometimes write Ry := RNZI and R}r = RTNZI. If we write g; for the Lie subalgebra of g generated
by these elements, then we may also describe U’ as

Ulgr)

Ul = )
(ea — x(ea)? | € Ryp)

If we now write u™ for the Lie subalgebra of g generated by the root vectors e,, for a € RT\ ZI, and u~ for
the analogous Lie subalgebra for the negative roots, we get that g = u~ ®g; ®ut. We may then additionally
define the subalgebras

Uf =U,(u") =Up(u") C U,

and
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Observe that, as K-vector spaces,
Uy=U eU’cUt=U; oU' @ U;.

Now, it is straightforward to see that U, may be equipped with an X/ZI-grading in the following way,
where we write (Uy)xyzs for the A + ZI-graded part of U,:

ea € Uy)atzr forall a e R; and b C (Uy)ot+zi-

The commutative Lie algebra b then acts on each (Uy)x4zr, which means that each (Uy)x+z; decomposes
into weight spaces for this action. In particular, we have a decomposition into K-subspaces

d
(UX))\+ZI = @ (Ux)xljrzp
dueh™
HENHZI+pX

where h € b acts on (Ux)i’iz ; as multiplication by du(h). We then have the following lemma (cf. Lemma
1.4 in [3]).

Lemma 3.1. There exists a group homomorphism X — AutK_alg(UO), 1 — 11, with the property that
su = up(s)

forall s € U°, \€ X, p € A+ ZT+pX, and u € (U)¥ .

Proof. This follows as in Lemma 1.4 in [3]. Namely, for 4 € X we define i : U° — U° by setting u(h) =
h + du(h) for each h € b, and extending in the natural way.

8.2. Definition of the category €

Let A be a commutative Noetherian algebra over U° with structure map 7 : U — A. For example, we
could take A =K with w(h) =0 for all h € b.

We define the category €4 in the following way. The objects of €4 are U, ® A-modules M which, as
K-vector spaces, decompose as

M= @ Mqu
MZIEX/ZI

for some subspaces Mz, subject to some additional properties. In general, we treat a U, ® A-module as
being a left U,-module and a right A-module, so that (v ® a)m = uma for u € U, m € M and a € A. The
defining conditions which objects of ¥4 must satisfy are the following:

(A) The A-action preserves the X/ZI-grading, i.e. My17;A C My gz forall \+ ZI € X/ZI.

(B) There are only finitely many A+ ZI € X/ZI with M,z # 0, and each My, z; is finitely-generated
as an A-module.

(C) For any 0 + ZI, AN+ ZI € X/ZI, we have (Uy)o+z1Mryz1 C Myiriz1-

(D) For each A+ ZI € X/ZI there is a decomposition

dp

Myzi= @ MY,
dpeh™
HENZI+pX
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with the property that
sm = mm(fi(s))

for each s € U°, uy € A+ ZI + pX, and m € M;\iiZI' Furthermore, if & € R and m € M then

A+ZI
eam € M:\i_(ﬁjfz)], and ma € Mf\liZI for all a € A.
A morphism M — N in €4 is then a homomorphism of U, ® A-modules which sends Mg_‘f_ZI to NgiZI for
each A\+ ZI € X/ZI and p € A+ ZI + pX.
Let us make a couple of observations about condition (D). First, we note that, by construction, ji(s) =
u/—_i—\/pT(s) for any u,7 € X and s € U, and so we indeed only care about du rather than g itself in the
direct sum. Second, the assumption that eaMd“ C M) for each a € R, N+ ZI € X/ZI and

az1 = MatatzZD
wE N+ ZI + pX, is not strictly necessary, as it will follow from the other conditions once we observe that

M, ={m € Myyz;|hm = mr(ji(h)) for all h e bh}.

For this latter equality to hold, it is key to note that, for u,0 € A+ ZI + pX and h € h, we have
pw(h) —a(h) = h+du(h) — h —do(h) = d(pn — o)(h) € K. Finally, as a notational matter, we shall call the
decomposition in condition (D) a (D)-decomposition when it helps make things clearer.

At times, it will be useful to think about €4 in a different way. We observe that U, is X/pZI-graded,
with (Uy)apzr = (Uy)$3z, for each X+ pZI € X/pZI. That this is indeed a grading can be checked
directly, but also may be seen using a similar argument to that used in the proof of Lemma 3.2. We may
then define %4 to be the category whose objects are U, ® A-modules M with K-decompositions

M= P My
ApZIeX/pZI

for some K-subspaces My ,zr, subject to the following properties (where, as above, we treat a U, ® A-action
as both a left U, -action and a right A-action):

(A’) The A-action preserves the X/pZI-grading, i.e. Myi,z1A C Myypz; for each A+ pZI € X/pZ1I.

(B’) There are only finitely many A\+pZI € X/pZI with My, ,z; # 0, and each M,z is finitely-generated
as an A-module.

(C') For any o + pZI, A+ pZI € X/pZI, we have (Uy)otpziMrspzr € Moiripzi-

(D) We have that

sm = mm(a(s))
for each s € U°, € A+ pZI, and m € M, pzr

In this category, morphisms are U, ® A-morphisms which preserve the grading.
Lemma 3.2. There is an equivalence of categories between €4 and %4.

Proof. Let ® : €4 — ‘%/4 be the identity map on objects (as Uy, ® A-modules), and let M € €4. We want
to equip ®(M) with an X/pZI-grading.
Let \+ZI € X/ZI and s € A+ ZI + pX. Then there exists 7 € X and o € ZI such that 4 = A+ o +pr.
") d(p—pt
Therefore A+ ZI = p— pT + ZI and d(p — p7) = dp, and thus M;Z_ZI = M#(_”WZZ)I.
M/‘\iﬁZI can be written as MAﬁZI for some v € X. Furthermore, if v+ ZI = +' 4+ ZI and dvy = d(v'), then

This means that each
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v—~" € ZINpX. Since we make Jantzen’s assumptions on g and p, we have ZI N pX = pZI (see Section
11.2 in [11)).

We may hence equip ®(M) with an X/pZI-grading by setting ®(M)xypz; = M} ;. We have ®(M) =
@M-pZI (M) ripzr since

M= @ EB Mf\liZI

MZIeX/ZI duenp”
HENHZIT+pX

This makes ®(M) into an X/pZI graded U,-module using conditions (C) and (D). The object ® (M) satisfies
condition (A’) because of the last clause of condition (D), satisfies condition (B’) because pZI has finite
index in ZI and because A is Noetherian (so A-submodules of M) 7z are finitely generated), and satisfies
condition (D’) by construction. So ®(M) € EJZ;. It is then easy to see that ® sends morphisms to morphisms,
and so defines a functor €4 — ‘2;1.

On the other hand, let ¥ : €4 — %4 be the identity map on objects (as Uy ® A-modules), and let
N € €4. We wish to define the A-submodules U(N)arzr and \IJ(N))\+ZI

Set U(N)x+z1 = @, pzrcaszr Nr+pzr- This clearly gives (N) an X/ZI-grading as a Uy-module, so
U(N) satisfies condition (C). It clearly also satisfies condition (A) by condition (A’) and condition (B) by
condition (B’). For condition (D'), let A+ZI € X/ZI and pn € A+ ZI+pX, and set \IJ(N)M_ZI Noipzi1s
where v + pZI is the unique element of X/pZI with v+ ZI = A+ ZI and v + pX = p + pX. This exists
by above. It is clear that

U(N)azi= P (N g

dueh®
HEN+ZI+pX

since, if p+pZI C A+Z1, we have N, 71 = \I/(N)d 7 and if p € \-ZI+pX we have \I/(N)M_ZI NApZI
for some v+ pZI € X/pZI with v+ pZI C A+ ZI The remaining parts of condition (D) follow easily from
conditions (D) and (A’). Clearly ¥ sends morphisms to morphisms, and thus defines a functor %G1 — Ca.

All that remains is to see that ¥ and ® are inverse equivalences of categories This follows since
Q(WU(N))rypzr = YN 7, = Naspzr and W(R(M)V 5, = ©(M),4pz1 = for v +pZI € X/pZI
such that v+ ZI = A+ ZI and dvy = dp.

7+ZI

Lemma 3.3. The category €4 has kernels, cokernels and images.
Proof. This is easy to see in ‘/574, using the fact that A is Noetherian.

It is clear from the definition of €4 that if I = () (i.e. if x = 0) then %4 is precisely the category called
%4 in [3]. The same observation can be made with a tiny bit more work for the category we call €4.

From now on, while we principally work in the category %4, we occasionally shift to the category (/674
Without comment. In particular, the equivalence of these categories means that instead of defining, say,

)\+ZI for each \+Z1 € X/ZI and n € \A+ZI1+pX, it suffices to define My, ,z; for each A\+pZI € X/pZI.

3.3. Categories defined over subalgebras

Let us write €7 for the category with the same definition as 44 but where the objects are U°UT ® A-
modules rather that U, ® A-modules. Objects in this category are X/ZI-graded by definition. However,
since x(b) = 0, the algebra U°U™ is also X-graded. These gradings are related by

U°U sz = P U°UN),.
HEN+ZI
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We may hence define by @ the category of X-graded U'U* ® A-modules M which satisfy the following:

The A-action preserves the X-grading, i.e. M) A C M) for each A € X.

There are only finitely many A € X with M, # 0, and each M) is finitely-generated as an A-module.
For any o, \ € X, we have (U°UT), My C My .

For each 1 € X, m € M,,, and s € U°, we have sm = mn(ji(s)). Here, fi is as in Lemma 3.1.

(&)
(8)
(©)
(D)

Morphisms are homomorphisms of U’U* ® A-modules which preserve the grading. In particular, the category
%, is precisely the category which is called €7 in [3].

Proposition 3.4. There exists a functor Ty : C/JZ — E.

Proof. We define T4 : C/JZ — %) as follows. Given M € 2’4, we set T4(M) = M as a UUT @ A-module.
We need to equip Y 4(M) with an X/ZI-grading, and define the subspaces Y 4 (M ),\+Z1 for \+ZI € X/ZI
and p € A+ ZI + pX. We do that as follows:

TA(M)AJrZI = @ M,.
CENHZLI
Ta(M)y = P M.
CEN+ZI
do=dp
In order to check that YT 4(M) € €, we need to check conditions (A), (B), (C) and (D).
Condition (A): For A+ ZI € X/ZI, we have

YaA(M)rizA= < $H M) P MAC P M, =Ta(M)rizr-

ocENZ]T cENZIT ocENZ]T

Condition (B): The set of A+ ZI € X/ZI such that Y o(M ),z # 0 is the set of A+ ZI such that there
exists 0 € A+ ZI with M, # 0. Since there are only finitely many such o, this set is finite. Furthermore,
since each M, is finitely-generated over A and there are only finitely many o € A\ + ZI with M, # 0, we
see that T 4 (M) is finitely-generated over A.

Condition (C): Since (U°U")xz1 = @, cr;z,(U°UT), we have

OUU)osztYa(M)rszr € Y (UUN)M, C Y My © Y My =Ya(M)oprszr-

e€o+Z1 eco+ZI TECHN+ZI
vVENZI VENZI

The last inclusion follows because if e € 0 +ZI and v € A+ ZI thene+v eo+ A+ ZI.
Condition (D): First, we need to see that for A + ZI € X/ZI we have,

Ya(M)rizr = @ TA(M)iiZI'
dueh™
HEN+ZI+pX

The left-hand side is equal to

Ta(M)zi= @ M

HENZI

while the right-hand side is equal to
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dp
@ TalM)Yszr = EB @ Mo
duch” du€h®  oENHZI
HENHZT+pX HENFZI+pX do=dp

Equality will follow once we note that
A+ ZI={o e AX+ZI|do=dufor someu € \+ ZI + pX},

which is easy to see. Furthermore, the right-hand side is indeed a direct sum since we index the summands
by elements of h*, not of X.
Now, for A+ ZI € X/ZI and p € A+ ZI + pX, suppose m € TA(M)i’erI and so

>, mo

oENZI
do=dp

for my € M,. Let s € U°. Then we have

sm = Z sMe = Z (mem(a(s))).

ocENZLI TcENHZLIT
do=dp do=dp

Note that o = fi, since fi(h) = h + du(h) = h + do(h) = (h) for all h € h. Hence, we get that

sm= 3 (mon(E() = | S me | 7ii(s)) = mr(iils)).
CENFZI HEN+ZI
do=dp do=dp

We furthermore have that, for a € R,

d(p+a
eqm = E €aMy € @ Mo’+a: @ MT:TA(M))\S»aJr%I'
ocENZI cENZLI TEN+ZT
do=dpu do=dp dr=d(p+a)

Finally, it is easy to see that ma € TA(M)‘i’iZI for all @ € A. Hence, condition (D) holds.
In conclusion, we indeed have that T 4(M) € €. Furthermore, it is clear from the construction that T 4
sends homomorphisms to homomorphisms.

We may similarly define €7 to be the category of U° ® A-modules with an X/ZI-grading, which satisfy
conditions appropriately analogous to conditions (A), (B), (C) and (D), and also define € to be the
corresponding category with X-gradings instead (So that €’ is the category that was called € in [3]).

Once again, there is a well-defined functor Y 4 : ‘5 — ¢4 defined in the same way as above.

Proposition 3.5. There is an equivalence of categories between € and the category of finitely-generated
X/pZI-graded A-modules.

Proof. We saw in Lemma 3.2 that ¢4 and %A are equ1valent categories. A similar argument shows that
¢ and ‘KA’ , where the latter is defined analogously to %4 for U ® A- modules, are equivalent. That the
forgetful functor from ‘5;{ to the category of finitely-generated X/pZI-graded A-modules is an equivalence
of categories then follows from a similar argument to that of Lemma 2.5 in [3].

Corollary 3.6. Modules in € are projective if and only if they are projective as A-modules. Hence, € has
enough projectives.
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4. Induction
4.1. Induction along U°

Induction is one of the key tools in representation theory. Since we have defined a number of categories
at this point, let us use induction to see how they all fit together.
For each M € ¢){, we define

(M) :=UU™ @yo M.

We let u € UUT act on the first factor via left multiplication, while a € A acts on the right as it does on
M. We then want to show that @'y (M) lies in €. For A + ZI € X/ZI we define

Ut @po M)sszr = € U°UN)vszr ®vo Ma_yizr,
v+ZIEX/LI

and we define, for p € A+ ZI + pX,

d o d(p—o
(U°U* @yo M))\lerI = @ @ (UOU+)CVZ+ZI ®yo M/\(fwrz)l'
v+ZIeX/ZI doch™
occv+ZI+pX

Since U? preserves each M;\i_’tz ; and (U +)l‘f‘iz 1, the tensor products are well-defined. Furthermore, o €
v+ ZI + pX implies A — o € A — v + ZI + pX, so the right-hand side of the tensor product in the second
decomposition makes sense. The distributivity of direct sums over tensor products shows that we indeed
have direct sum decompositions of the relevant spaces. It is easy to see that conditions (A), (B) and (C) hold
for @', (M). For condition (D), we let s € U, u € (U0U+)§l\i21a and m € M%7, (where p € A+ ZI 4+ pX
and o0 € v+ ZI 4+ pX). Then

—_~

s(u®m) = (su) @ m = (ui(s)) ® m = u® (i(s)m) = u® (mr(&7i(s))) = (u® m)r((u + 0)(s)).

Checking easily that ®, is compatible with morphisms, we hence have obtained a functor @/, : € — €.
We may similarly define a functor

@A:%X%%A, @A(M):UX@)UOM.

Lemma 4.1. The functors ®4 and @', are exact and are left adjoint to the corresponding forgetful functors.
Therefore, ® 4 and D'y both map projective modules to projective modules.

Proof. This can easily be adapted from the proof of Lemma 2.7 in [3], since U°U™ is free over U°.
Lemma 4.2. The categories €a and € have enough projectives.

Proof. We have already seen in Lemma 3.6 that €7 has enough projectives. The proof then works as in
Lemma 2.7 in [3].

4.2. Baby Verma modules
There is another type of induction functor in this area which is key in the modular representation theory

of Lie algebras and which we need in order to define baby Verma modules. We aim to define the induction
functor Z4  : €4 — €4 by sending M € € to
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ZA7X(M) = Uy, Qpoy+ M.
Observe, as in Section 2.10 of [3], that we have as K-vector spaces that
Zayx(M)=U" @k M.

We therefore define, for A + ZI € X/Z1I,

Zax(M)xyzr = @ (U7 )vszr @ Mx_yiz1
v+ ZIEX/LI
and, for p € A+ ZI + pX,
d —\do d(p—o
Zax(M)yiz; = @ @ U)oz ® MAEMV+Z)I'
v+ZIeX/ZI doeh”
ocev+ZI4+pX

Since the U°U™*-action on M is compatible with the grading, by conditions (C) and (D), the natural
surjection U @ M — U ®goy+ M induces a surjection

@ Ux)vsz1 ® Mx_pyz1r = Zax(M)xizr
v+ ZIEX/LI

and a surjection

d d(p— d
@ @ (U)v5zr ® M)\(—uu-:Z)I = Zax(M)iz;
v+ZIeX/ZI  doch*
ocev+ZI+pX

This implies that conditions (C) and (D) are satisfied for Z4 (M), and so we indeed have Z4 (M) € €a.
It is clear that this process sends morphisms to morphisms, and thus we have a functor ¢, — %4. The
following lemma can be proved in the standard way.

Lemma 4.3. Let M € €y and N € G4. Then
Home, (Za,x (M), N) = Home, (M, N).

The functor Z,4 , goes from € to €4, but as in the usual representation theory of U, (g) we shall be
mostly interested in applying it to modules most naturally thought of as lying in ;. We fix this incongruity
by constructing a more-or-less trivial functor €f — %’ in the following way.

There is a natural algebra surjection U°U+ — U°, and so we may view a U’® A-module M as a U'U+ ® A-
module via this surjection. We want to show that this procedure sends modules in €’ to modules in €.
If M € ¢ then, as a K-module, M is clearly still X/ZI-graded when viewed as a U°UT ® A-module, and
conditions (A) and (B) follow from those conditions in €. Furthermore, if y + ZI # 0, then (U°U"),, 47/
is in the kernel of the surjection U°UT — UY, so condition (C) is satisfied. Condition (D) follows easily,
and so, in sum, we have the following:

Proposition 4.4. There exists a fully-faithful functor € — € sending M to M.

For each A € X, we define an object A* € ¢ as follows: As a right A-module, it is just the algebra A
with the usual right multiplication. We set (A*),,z; to be A if A € o + ZI and zero otherwise, and we set
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(AM)97 4, to be A if dr = dX and zero otherwise. We then define sa = an(fi(s)) for a € A* and s € U°.
Hence, A* € €| and so we may define the baby Verma module

Zarx(N) := Za,(A*) € Ca.

Similarly, we define ®4()\) := ®4(A4*) and ®,()\) := ®,(A*). Baby Verma modules have the particular
strength that it is relatively easy to see when there exists a map from a baby Verma module to another
module, as we now see.

Let M € 4. As in Lemma 4.3, for A € X we have

Home, (Za(N), M) = Homg, (A*, M).
It is easy to see that
Homg, (A%, M) = (M3z))"
where

(M)C\lj‘rZI)“Jr ={me ML, |eam=0foralacR"}.

In other words, there exists a non-zero homomorphism Z4 ,(A) — M in €4 if and only if there exists a
non-zero m € M:\ij\rZI with e,m =0 for all o € RT.

Proposition 4.5. Let M € €4. Then there exists X € X such that there is a homomorphism Za (X)) = M
mn %A'

Proof. Let m € M with e,m = 0 for all « € R*. Then m can be written m = ZH_pZIEx/pZI mf_lZI with
. d

mfj_ZI € Mf_T_ZI. So, 0 = e,m = ZT+pZI€X/pZI eami:-z[ with eamfj_ZI IS MT(+T;+‘XZ)I for all 7 + pZI €

X/ZI. Since 7+ a + pZI = 0 + « + pZI implies T + pZI = o + pZI, we get that e,m = 0 implies that

eam? ;=0 for all 7+ pZ1I. So to get the result, it suffices to show that there exists m € M with eom =0

for all & € R*. This fact follows from an inductive argument as in [10, B.3].
4.8. Z-filtrations
Let us say that M € ¥4 has a Z-filtration if it has a filtration of submodules
0O=MycMyCcMyC---CM,_ 1CM.=M

such that each M;/M;_1 = Z4,()\;) for some A\; € X. In order to show that certain modules have Z-
filtrations, it will be useful to see how our induction functors interact with the functor Y4 defined in
Proposition 3.4. To do this, recall the functor which we will call ‘I/)Zx but was denoted @, in [3], which is a
functor @ — %,\i\ (using our notation for the categories) defined analogously to our functor @', : €4 — €.

Proposition 4.6. The following diagram commutes:

— YTa
1 1
€ &
l&),\ \L(I)/
A A
—~ YTa
/ /
A %,




14 M. Westaway / Journal of Pure and Applied Algebra 226 (2022) 107033

Proof. The diagram clearly commutes as a diagram of ungraded modules (since the maps on the left and
the right are the same, and the horizontal arrows are identities, for ungraded modules). So all that must
be shown is that the decompositions correspond. In other words, we must show for M € @, and for each
AN+ ZI € X/ZI and p € A+ ZI + pX, that

O (Ta(M))sizr = Ta(@(M))rszs

and

(T a(M))5H 5, = Ta(@ (M),

We may see that

Y (Ca(M))rizr = P P Ut @ M,
v+ZIeX/ZI ocv+ZI
YEN—V+ZI

and

TA<(P/ ( A+ZI @ @ UOU+ ®uo M, _,.

TENZIveEX

Then we must show that
{(0,7) e W+ ZI) x (A—v + ZI) for some v+ ZI € X/ZI} = {(v,7 —v) € X x X for some 7 € A+ ZI}.

If (v, 7 —v) is in the right-hand side, so v € X and 7 € A+ ZI, then (v, 7 —v) € (W+ZI) x (A—v+ZI),
and so (v, 7 — v) also lies in the left-hand side. Conversely, if (o,~) is in the left-hand side, so 0 € v + ZI
and v € A — v+ ZI for some v+ ZI € X/ZI, then (0,7) = (0,(y+ o) — o) where v+ o € A+ ZI. Hence,
(0,7) lies in the right-hand side, and we have equality.

We may also see that

YY(Ca(M), = P &b b P U)o M

v+ZIeX/ZI doeh* TEVv+ZI eeEN—v+ZI
cev+ZI+pX dr=do de=d(p—o)

and
TA@ M) = D DU, @po My
CENZITEX
do=du
Now, set
v+ 271 € X/ZIand do € h* with o € v+ ZI + pX
A = XxX
! {(T’€)€ x such that 7 € v+ ZI, dr =do, e € A\— v+ ZI, de =d(p— o)
and

Ay ={(r,0—7) € X x X |0 €A+ ZIland do = dy}.

Then we must show that Ay = Ay. If (1,e) € Ay then (1,¢) € Ag sincee = (e+7)—7, where e+7 € A+ZI
and d(e + 7) = du. Conversely, if (7,0 —7) € Az, s0 0 € A+ ZI and do = dpu, then (1,0 — 7) € A since
TeETHZI,dr=dr,oc—71€XN—7+ZI and d(oc — 7) = d(A — 7). Thus, A; = A, as required.
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Corollary 4.7. Let M € @ such that M, is free over A for each o € X. Then T a(M) has a filtration with
factors A* for X € X. Furthermore, Zs (Y 4(M)) has a Z-filtration.

Proof. We know that each M € @ with the given property has a filtration with sections A* for A € X
(see Lemma 2.12 in [3]). It is clear that T 4(A*) = A* (abusing notation to denote by A* the analogous
object in each category), and it is straightforward to see that Y 4 is exact. Hence, T 4(M) has the desired
filtration. Since Z4 ,, is also exact, Z4 (Y 4(M)) has a Z-filtration.

Corollary 4.8. Let M € @ such that My is free over A for each A € X. Then ® 4 (Y 4(M)) has a Z-filtration.
In particular, ® o(\) has a Z-filtration for each X € X.

Proof. This follows from the fact that ®4(Ta(M)) = Za, (P, (Ta(M))) = ZA_,X(TA(CI;;(M))), using
Proposition 4.6 for the last equality.

Corollary 4.9. Let A € X. There exists a projective module Q € €4 which surjects onto Za(\), and has a
Z -filtration. Specifically, Q = ®4(N).

Proof. There is, in @, a surjection <I§f\4()\) — AX. This induces a surjection TA(@(/\)) — Ta(AY), e, a
surjection ®’,(\) — A*. This, in turn, induces a surjection ®4(A) = Za  (®4(\)) = Za (A). The object
® 4(\) has a Z-filtration by Corollary 4.8. Furthermore, ®4(\) is projective since ® 4 maps projectives to
projectives by Lemma 4.1 and A” is projective in €} by Corollary 3.6.

This in fact holds more generally:

Theorem 4.10. Let M € €4. There exists a projective module Q € €4 which surjects onto M, and which
has a Z-filtration.

Proof. We may restrict M to an element of €. Since ¢ has enough projectives, we can find a projective
P ¢ ¢} with P — M. Since being projective in % is equivalent to each PfﬁZI being projective as an
A-module, we may assume that each P;\iiz ; is free over A (so P is free over A).

IfP= TA(ﬁ) for some P € @ with each 18)\ free over A, then by Corollary 4.9 we have that ® 4(P) has
a Z-filtration. Since

Homg, (®4(P), M) = Homey (P, M)

we would then get a map ®4(P) — M in %4, which would be surjective. Furthermore, as ®4 sends
projectives to projectives, we may take @ = ® 4(P) to get the result.
All that remains, therefore, is to find P. The following lemma tells us that we can do this.

Lemma 4.11. Let M € €Y. Then there exists M e @ with TA(]\//Z) = M. Furthermore, if each Mg_’iz[ is

free over A then M may be chosen with each ]/\/[\T free over A.

Proof. We have already observed in Proposition 3.5 that €7 is equivalent (via the forgetful functor) to
the category ¢ of finitely-generated X/pZI-graded A-modules, and Lemma 2.5 in [3] shows that €7 is
equivalent (also via the forgetful functor) to the category G of finitely-generated X-graded A-modules.

There is a natural morphism T4 ¢ : 4 — & such that Y a9(M) = M as A-modules and such that
Ta9(M)ripzr = Dyeripzr Mo for each A+pZI € X/pZI. 1t is straightforward to see that T4 and T4«
are compatible with the equivalences of categories induced by the forgetful functors. Therefore, it is enough
to show that, for each M € ¢, there exists M € 9 with TAg(M\) =M.
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Define a map f : X/pZI — X which, for each A\ + pZI € X/pZI, picks a representative A € A + pZI
(using the axiom of choice). Then, define M € ¢ to be equal to M as an A-module, and to have X-grading

J/w-\ _ MUerZI ifoe f(X/pZI)v
7 0 if otherwise.

This clearly lies in &, and it is straightforward to see that T A,g(M\ )= M.
Finally, it is clear from the construction that if each My, 7 is free over A then each M, is free over A.

4.4. Induction from parabolic subcategories

The induction functors discussed so far are all analogous to functors defined in [3]. For x non-zero,
however, we may also define some new functors (which coincide with the previously discussed functors when
I =0). In order to do this, we start by defining categories from which we can induce.

Write ¢’ for the category corresponding to ¢4 for the Lie algebra g; with x5 = X|g; (i-e. the category
of U ® A-modules with an X/ZI-grading and the relevant conditions). Similarly, we write ‘5{{1* for the
category corresponding to ¢4 for p = g;®ut (i.e. the category of UIU?' ® A-modules with an X/ZI-grading
and the relevant conditions). Note that €} has enough projectives by the same argument as for €4.

Let M € ‘51411’4' and define 'y, : ‘fé’+ — %4 by

Fax(M) =U, Quryf M.

This is a Uy-module via left multiplication and a right A-module via the A-action on M. We now want to
see that T'4 (M) lies in €4. For the X/ZI-grading, we note that as K-vector spaces, we have

U, 2U; @U'US
and so
Tay(M)=U; ® M.
We then define, for A+ ZI € X/Z1I,

Can(M)rizr = EB (U )vszr @ My yz1
v+ZIEX/ZI

and, for p € A+ ZI + pX, we set

d, —\d d(A—
FA’X(M))\P-:-ZI = @ @ Ur )iz ® MA(—V-&-JZ)I'
v+ZI1eX/ 71 doeh™
cEv+ZI+pX

We can show that this indeed defines an object in ¥4 by using an almost identical argument to the
argument that Z4 , send ¢’ to @4 used in Subsection 4.2. Since I 4 ,, clearly sends morphisms to morphisms,
it is a functor I'y , : %j’+ — Ca.

For baby Verma modules, we saw that each M € ¢ may be viewed as an object in €, via the surjection
USU+ — U°. A similar argument shows that each M € %} may be viewed as an object in €5, using
the surjection U'U; — U’. This does indeed give an object of €4 ": conditions (A), (B) and (D) are
obvious, and condition (C) follows from the fact that each (UXU;)x;z; with A\ ¢ ZI lies in the kernel of
the surjection.
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We may also define the functor <I>f4+ €1 — ‘Ki’+ by
oLt (M) = UlUS @y M.
Similar to the above, one can show that <I>II4’+(M) € (fi"'r. Note that, unless I = @), we do not have that
Ul c (Ux>g9|-z ;- Therefore, the proof that <I>114’Jr is well-defined, and the definition of the gradings and
(D)-decompositions, more closely resemble the analogous proofs and definitions for I'4 ,, than for &’,.
Finally, we define the functor:
ol =Ty, 00l ¢ - 61, MU @y M.
We may easily check the following:
Proposition 4.12. Let L € €%, M € ‘gi’Jr and N € €4. Then
Homeg, (T4 (M), N) = Hom%£,+(M, N),
17 ~J
Hom1.+ (95" (L), M) = Homy (L, M)
and

Home, (®(L), N) = Homes (L, N).

Corollary 4.13. The functors I' 4 y, @iﬁ and (I>f4 are exact and map projectives to projectives. In particular,
Cfi’Jr has enough projectives.

Given X € X, let us write Z4 1, (\) € €} for the baby Verma module in ¢} corresponding to A. It is
then easy to check that, viewing Z4 1, ()\) as an object of %j’ﬂ

Fax(Zarx(N) = Zax(A) € Ca.
Furthermore, for any M € €4 with M, ,zr = M, one may straightforwardly check that
L (M)ryzr = M € €4
and similarly, for any M € ‘fj’Jr with M,z = M, we have
Car(M)arzr =M eey™.
The following lemma is a direct analogue of Proposition 2.9 in [3].

Lemma 4.14. Let M be a module in ‘@{’Jr that is projective in ‘gj. Then M has a projective resolution P,
in %£,+ such that, for each N € %”j’Jr, there exists an integer r > 0 with

Hom. 1+ (P,,N)=0 foralli>r.
Proof. The proof of this lemma works in much the same way as the proof of Proposition 2.9 in [3]. We

briefly summarise the key differences. We use a group homomorphism h : X/ZI — Z with h(a+ZI) > 0 for
all @« € R\ ZI. One needs to employ the functor %" instead of the functor denoted &', in [3]. Finally, one
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has to use the fact that, regarded as a K-vector space, <I)f4+(M) is the direct sum of all (U;_)/H-ZI ®Myizr,
the fact that (U} )o4+zr = K and the fact that h(v + ZI) > 0 for all other v + ZI with (U;"),,zr # 0.

To conclude this section, note that we may also define, analogously to %j’Jr, the category ‘Kj_, which is
the category of U; U ® A-modules with an X/ZI-grading and the relevant conditions (which corresponds
to p’ =u~ @ gs). We may then similarly define functors

Wy Gy = Ca, M= Uy ®@y-yr M,
and
el e, MeUSU eur M.

In particular, we also have & = Fi“,x o <I)II4’7. These also satisfy the Frobenius reciprocities discussed in
Proposition 4.12. Furthermore, any M € %4 may be viewed as a module in €’ j’_ by letting u™ act trivially.
This is permissible since x(u™) = 0.

For most of this paper, we focus our attention on the category %ffr and the related functors defined
earlier, rather than on ‘Kf"_ and the functors just defined. Nonetheless, it will occasionally be useful to have
this other category and these other functors as well. Everything we say going forward about the category
‘@I"'F and its associated functors will also apply for ‘K/I"_ (suitably adjusted).

5. Miscellaneous
5.1. The category €4

We have been talking here about the category €4 a fair amount, so let us understand it a little more.
We observe that (U!)g,z; = Ul and (U)y;z; =0if \+ZI # 0+ ZI.

Let M € €%. Then, by definition, M = @)\JFZIGX/ZI My1z; as A-modules. The observation about
the graded structure of U! then clearly shows that each M,z lies in €4, so the decomposition M =
@D zrex/zr Mrtz1 is a decomposition in 1.

If we write %j()\—i—ZI) for the full subcategory of objects M in ‘@I‘ with M,z = M, then this observation
can be rewritten as

€i= P CiA+ZI).
A+ZI

Now, suppose that A € X and M is a Ul ® A-module with a decomposition

M= & Mm*

dpep”
HEN+ZI+pX

such that
sm = mm([i(s))

for each s € U%, p € A+ ZI + pX and m € M. Then M can be made into an object in €4(\ + ZI)
by placing it entirely in grade A + ZI and setting Mf\liz =M 1 This works, in particular, for the baby
Verma modules Z4 1, (d\). (Note that we write Z4 1, (d\) instead of Z4 1, () here, since the ungraded

U! ® A-module depends only on the derivative). Furthermore, since
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M = {m € M |hm = m=(fi(h)) for allh € b},

any Ul ® A-module homomorphism M — N sends each M to N . Thus, we also get a morphism in
CLN+ ZI).

Conversely, if M € €a(A+ZI) then M is clearly a U’ ® A-module with a decomposition as above, setting
M = Mj\iiz ;- Furthermore, each morphism in ‘@{(A—&—ZI ) clearly induces a U ® A-module homomorphism.
The category €4 (A + ZI) is then precisely the category of U! ® A-modules with a decomposition as above.

5.2. Truncations

The following section should be compared with Chapter 3 of [3].

For each v + ZI € X/ZI, we define €4(< v + ZI) to be the full subcategory of €4 consisting of all
M € €4 with the property that My, zy # 0 only if A+ ZI < v+ ZI. It is easy to see that €a(< v+ ZI) is
closed under submodules, quotients, and extensions, and that it contains Z4 () for each A+ ZI € X/ZI
with A\+ZI <v+ ZI.

Applying a similar argument to the one in Section 3.6 in [3], one can show that M/(;; M; € Ca(<
A+ ZI) for any collection of M; € €4 with the property that M/M; € €a(< A+ ZI). We may therefore
define, for each M € €y, the submodule O* 21 M to be the intersection of all submodules M’ of M with
the property that M/M’ € €4(< X+ ZI). Then M/OMZIM € €4(< XA+ ZI), and we will denote this
object by TMZI)T

Suppose now that M € G4, N € €4(< A+ ZI) and that f: M — N is a morphism in %4. It follows
that M/ ker(f) € €a(< A+ ZI) and thus that OM2ZI M C ker(f). This implies that the map

TMEL @y — Ca(< N+ Z)
is a functor, with the property that for all M € €4 and N € €4(< A+ ZI) there is an isomorphism
Home, (<xtz1) (T*2IM, N) = Homg, (M, N).

In other words, T2/ is left adjoint to the (exact) inclusion functor €4 (< A+ ZI) — €. This proves the
following lemma:

Lemma 5.1. Let M € €4 and A+ ZI € X/ZI. If M is projective in €a then T TZIM is projective in
CKA(S A+ ZI).

We now want to talk about Z-filtrations. We will need the following lemma (cf. Lemma 2.14(a) in [3]):

Lemma 5.2. Let A € X. If Ext(Z4 (A\),M) # 0 then A+ ZI < p+ ZI for some p+ ZI € X/ZI with
My, #0.

Proof. Suppose A+ ZI & p+ ZI for all p+ ZI € X/ZI with M,z # 0. Let
0—-+M—>N—=Zay(A)—0

be an extension of Z4 ,(A\) by M. Write vy for the standard generator of Z4 () and pick an element
wy € N which maps to vy. In particular, we may assume w) € ij‘_ZI.

For each o € RT, eqwy € N;li’\;fz)l. If MgS_A;fZ)I # 0 then A+ ZI £ XA+ a + ZI, which clearly cannot
d(A+a) -0

happen (although, unlike the x = 0 case, it can happen that A + ZI = A + a + ZI). Hence M, ",
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But, eqw) is in the kernel of the map N — Z4,()) (as equx = 0), which is precisely M. In particular,
d(A+a)
M)\+04+ZI

There therefore exists wy € Nf\liZI with eqw = 0 for all & € R and wy — vy. Hence, the extension is
split, so Ext(Z4 ,(\), M) =0.

eqWy € =0 and so ewy = 0.
Corollary 5.3. Let A\, p € X. If Ext(Za,y(N), Zay(p)) # 0 then A+ ZI < p+ Z1.

This corollary in particular gives us the power to reorder somewhat the terms of a Z-filtration, as we
now see. Suppose M € €4 has a Z-filtration

O=MycM,CcM,C---C---M,=M

with sections M;/M; 1 = Z ,(\;) for A; € X. Let us assume that there exist j < i with \;, +ZI £ \; +Z1.
In particular, there exists k with A1 + Z1 ﬁ Ak + ZI1. We then have a short exact sequence

M, M, M,
ko My My
My My_1 M,

0— — 0.

By the above lemma, we see that Ext(Za,y(Ae+1), Za,x(Ax)) = 0, and so the extension splits. We may
therefore swap the order in which Z , (\x) and Z4  (Ak41) appear in the filtration.
We obtain the following results, comparable to Lemma 2.14(c) and Lemma 3.7(b) in [3].

Proposition 5.4. Let M € €4 have a Z-filtration, with notation as above. Then M has a Z filtration with
the property that j < implies \; + ZI < \; + Z1.

Proposition 5.5. Let M € €4 have a Z-filtration, with notation as above. Let \+ZI € X/ZI. Then M has a
Z filtration with the property that there exists k such that \;+ZI1 £ X\+ZI for alli < k and \;+ZI < \+ZI
for alli > k.

Proposition 5.6. Let M € €4 have a Z-filtration. Then T’ZINM has a Z-filtration.

Proof. We may assume, as in Proposition 5.5, that M has a Z-filtration with the property that there exists
k such that X\; + ZI £ A+ ZI for all i < k and \; + ZI < A+ ZI for all i > k.

Under this assumption, we clearly have that M /My, € €a(< A+ ZI), so OMZIM C M;,. Conversely, for
each N € €a(< AN+ ZI) and each p+ZI € X/ZI we get p+ ZI £ X+ ZI only if Home, (Za (1), N) = 0,
since the standard generator of Zy4 ,(x) must map to an element of NZiZ I
that Home, (M, M/OMZIN) =0 and so My C OMZI.

Hence My = OMZIM. This easily shows that T2/ M = M/OZIM = M/Mj, has a Z-filtration.

= 0. This particularly means

5.3. Extension of scalars

Maintaining our usual notation for A, let A’ be an A-algebra. Clearly A’ is also a U%-algebra via the
structure map 7 : UY — A — A’. It will be important for us to understand how the categories €4 and €4/
can be compared, which we do in this subsection. Much of this works the same way as in Section 3.1 of [3].
Similar to [3], we define the category ¥€4 to be defined in the same way as the category €4, but where we
replace condition (B) with condition (F):

(F) The set of all u+ Z1I € X/ZI with M,z # 0 is finite.
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In other words, we drop the requirement that each M),z is finitely-generated over A.

We would like to define a restriction functor ¥4 — %a. However, if A’ is not finitely-generated over
A then restriction would clearly not preserve the finite-generation of the My z;. Thus, in general, the
restriction functor is a map Y64 — 9% 4. However, if we assume A’ is finitely-generated over A then we
indeed have a restriction map €4 — €a.

Going in the other direction, we need an extension of scalars. Given M € 9% 4 we define M @4 A’ € GEC s
in the obvious way as a U, ® A’-module, which we equip with grading given by (M®aA")x1z1 = Masz1Qa A
and (D)-decomposition given by (M ®4 A’ )‘i’jrz ;= giZ ; ®a A’ Tt is straightforward to check that these
objects lie in 9% 4/, and furthermore to check that M ® 4 A’ € €4 whenever M € €4. So we may also
discuss the extension of scalars functor €4 — % a-.

If M, N € 9% then there exists an isomorphism

Homyge, (M, N) = Homg%A, (M XA Al, N)
So extension of scalars is left adjoint to the restriction functor. We may of course define similar maps for

€, ¢4, €5 and %f‘ﬂr, with similar adjointness properties.
Given M € €%, we see that there exists a canonical isomorphism

LM @A A= (Uy@ur M) @4 A =U, @p1 (M @4 A') =04, (M4 A).

Similarly, given M € %},

ZA,X(M) XA A = (UX Ruoy+ M) XA A = UX Ruoy+ (M XA A/) = ZA’,X(M XA AI).
We may also derive analogous results for ® 4, ®/,, (I>f4’+ and I'yg .
Lemma 5.7. Let M € €. If M is projective in €4 then M @4 A’ is projective in € 4.
Proof. A similar argument to that of Remark 2.7 in [3] shows that if M projective in €4, then M projective
in ¥64. Now, we argue as in Lemma 3.1 in [3]: M being projective in €4 implies M being projective in
%% 4. The adjointness property then tells us that M ® 4 A’ is projective in ¥% 4. It is then clearly projective
in (gA/.

Lemma 5.8. Let M € G4 have a Z-filtration. Then M ® o A’ has a Z-filtration.

Proof. Since M has a Z-filtration it is free over A. Therefore, any short exact sequence where all of the
terms have a Z-filtration splits over A. Since Z4 (1) @4 A’ = Zas (1), the result follows.

Corollary 5.9. Let M € €a have a Z-filtration, and let A’ be an A-algebra. Then there is an equality
T/\+ZI(M ®a4 A/) _ T)‘+ZI(M) ®a A

5.4. Duality

Let A be a commutative Noetherian UC%algebra with structure map 7 : U° — A. If M is a module in
€4, the A-module Hom 4 (M, A) may be equipped with a U_,, ® A-module structure as follows. Given x € g,
f € Homy (M, A) and m € M, we define

(@ - f)(m) = f(=z-m).
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It is straightforward to check that - f € Hom4 (M, A) and that this defines a U_,-module structure on
Hom 4 (M, A) which clearly commutes with the A-module structure.
Furthermore, we may equip Hom 4 (M, A) with an X/ZI-grading such that

Homa(M, A)x1zr = {f € Homa (M, A) | f(My4z;) =0 for all o +ZI # -\ + ZI}
for each A+ ZI € X/ZI. Tt is straightforward to see that

Hom4 (M, A) = @ Hom (M, A)xsz1-
A+ZIEX/ZI

Similarly, given A+ ZI € X/ZI and p € A+ ZI + pX, we may define

Homa (M, A)$" 5, = {f € Homa(M, A)xiz1| f(M25,) =0 for all 0 + ZI # —\ + ZI and dw # —dp},

so that
d,
Homa(M,A)syz; = €D  Homa(M,A) ;.
dueh™
HEN+ZIT+pX

In order to describe in which category the object Hom 4 (M, A) lies, we must introduce some notation.
Since we use the notation €4 to denote a category of U, ® A-modules, we shall denote by %4 the analogous
category of U_, ® A-modules. Note that, although —yx is not in standard Levi form as it has been described
in this paper, since it still has the quality that it is only non-zero on a set of negative simple roots all the
results in this paper work equally well for €4 as they do for €4. We also denote by A the U%-algebra which
is equal to A as a K-algebra, but whose structure map 7 : U? — A is defined by extending the assignment
7(h) = —m(h) for all h € b.

Proposition 5.10. Let M € €. Then Homa(M, A) lies in 6.

Proof. We need to check conditions (A), (B), (C) and (D) in 4. Condition (A) is easy to see, and condition
(B) is straightforward once one observes that Hom (M, A) = Hom 4 (M7, A) as an A-module. One may
check condition (C) by direct computation, so all that remains is to check condition (D). It is obvious that the
(D)-decomposition summands should be the ones described above, so we check that UY acts appropriately
on them. Let h € ), \+ ZI € X/ZI, u e N+ ZI +pX, f € HomA(M7A)§’iZI and m € M. Then

_ dw
m= > > Mot

o+ZIeX/7I1 dweh™
weo+ZI+pX

and so we have

(h-f)m) = > f=h-m¥gy)
o+ZIeX/ZI dweh™
weo+ZI+pX

= ) > fm3szr) - (—m(@(h))
o+ZIeX/LI dwebh™
weo+ZI+pX

Fm=¥gp) - (=m(=p(h))

= f(m)m(u(h))
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as required, noting that —m(—pu(h)) = —m(h — du(h)) = —w(h) + du(h) = 7(fi(h)). This is then enough to
conclude the result.

This in particular gives us a contravariant functor ¥4 — %4. Furthermore, if M is free over A we have
Hom 4 (Hom a4 (M, A), A) = M
in €4 (noting easily that ?j =%a).
Corollary 5.11. Let A = F be a field, and let M, N € €r. Then
Home, (M, N) = Hom%(HomF(N, F),Homp(M, F)).

Another construction will be necessary in order to understand duality in the category 4. As in [12], the
Lie algebra g and the algebraic group G may be equipped with compatible automorphisms, both of which

1

we shall call 7. The map 7 preserves hh and T, induces x o7~ " = —x and induces —w; on X, where wy is the

longest element in Wy, the Weyl group corresponding to R; (this will be explained a little more in Subsection
2). This therefore induces an isomorphism 7 : U, — U_,, and so an isomorphism 7! : U_, — U,, which
sends U° to U° (and b to b).

We denote by ™A the commutative Noetherian U%algebra which is equal to A as a K-algebra but which
has structure map 77 : U® — T A extended from 7m(h) = w(771(h)) for all h € h. We then define, for each
M € G4, the U_,, ® A-module "M which has the same A-module structure as M but with the U_, action
given by x - m = 77 (z)m for x € U_,, and m € M.

Proposition 5.12. If M € €4 then "M € €~ 4.
Proof. We give "M an X/ZI-grading by setting

("TM)xyzr = M_xiz1

for \+ZI € X/ZI and we define the summands of the (D)-decomposition by

VAL d(r 7 ()
( M)AlerI = M7A+Z;

for 4 € A+ ZI + pX. Let us ensure that the right-hand-side makes sense, i.e. that 7=(u) € —\+ ZI +pX
for u € A+ ZI + pX. Suppose u = A+ k + pd. Then
T ) = 7NN + T (R) + T (pd)
= —wi\ —wrk + pr ()
= - A+ AN—wr)) — k- (wrk — k) —pr~1(8) € =N+ ZI + pX

since wyA — A € ZI. The same argument shows that 7(u) € —A + ZI + pX for p € A+ ZI + pX (since 7
and 77! induce the same maps on X). Hence, j +— 77 1(p) is a permutation of —\ + ZI + pX, and we have

d
(TM)M-ZI = @ (TM)A{T.Z[
dpep™
PEXN+ZI+pX

as required.
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It is clear that "M satisfies conditions (A) and (B). For condition (C), we must show that
U)otz1("M)ayzr € ("M)pirtzs for all o + ZI, N+ ZI € X/ZI. This will be clear from the de-
scription of the action and the grading once we observe that 77((Uy)y4z1) € (Uy)—o+z1- This holds since
if z € b then 771(x) € h and if z € g, then 771(x) € g_u,0 (by [12]). Noting that o — wya € ZI, we see
that —wra +ZI = —a+ ZI, and so 77 1(2) € g_qsz1-

All that remains is therefore to check that U° acts the right way on each (TM)™ . Let \+ZI € X/ZI,

NZI*
-1
peEN+ZI+pX,me ("M)¥,, =M % and h € h. Then

h-m =71 (h)m = mnr(r=1(u) (771 (h)).

—~—

What is m(7=1(u)(77(h))? Recall that fi(h) = p + du(h) for any h € . So

—~—

m(r= () (77 (h)) = wor ™ (h) +d(r ™ () (T ().

But d(77 (1)) (771 (h)) = du(r o 771(h)) = du(h). Furthermore, recall that o 771(h) = "n(h). Hence, we
conclude that

m(r= () (v (h) = Tm(h) + du(h) = T (i(h)).
The result follows.

Therefore, M + "M is a covariant functor G4 — €. Let write DA for the U%algebra with the same
K-algebra structure as A but with structure map Dz = 7(7) : U’ — A extended from h — —7(7~1(h)) for
h € . Combining the two functors just discussed, we hence get a functor

D:%a— (g]D)A-
Similarly, we write DA for the U°-algebra with the same K-algebra structure as A but with structure map

D7 : U® — A extended from h + —m(7(h)) for h € h. Then a similar argument to the above shows that
there is a functor

D:6s—Gy,, M Homa(T M, A),

where ™ "M denotes the U_, ® A-module with € U_,, acting on = M as 7(z) € Uy acts on M. It is
clear that DDA = A = DDA. When A = F is a field, we also have that DD(M) = M = DD (M) in %r.
(This is in fact an application of the result that DD (M) = M = DD(M) in %4 for any M € %4 which is
free over A). Thus we get the following result (cf. [11, 11.16]).
Proposition 5.13. If A = F is a field, the functor D : €4 — $pa is an anti-equivalence of categories.
6. Properties of baby Verma modules

We have already seen how baby Verma modules Z4 , ()\) can be constructed in the category €. As these

are such important modules, we would like to understand a little bit more about their structure in 4. We
do so in this section.
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6.1. Irreducibility

Of particular importance in this area of study is the case when A = F' is a field. If F' = K, the usual
results of [9,11] apply, but even when F' is not necessarily algebraically closed we can derive some of the
same results. One result which is of central importance in the study of ¢k is the fact that each baby Verma
module has a unique irreducible quotient. We see the same here.

Proposition 6.1. Let A € X. Then the baby Verma module Zr(\) has a unique irreducible quotient.

Proof. One way to prove this, which we will follow, is to show that there is a proper U, ® F-submodule
of Zp,(A) in which every submodule of Zp, (\) in @ lies. This will further follow if there is a proper
U~ ® F-submodule of Zp, () in which every U~ ® F-submodule (and hence every U, ® F-submodule) lies.

As a U~ ® F-module, it is clear that Zp,()) is isomorphic to U~ ® F. If U~ ® F has a unique simple
quotient as a U~ ® F-module, then the result will hold. In particular, this will hold if there is a unique
irreducible U~ ® F-module such that U~ ® F is the projective cover of that module. Observing that
U™ =Uy(n") and Uy(n") ® F = Uy(n~ ® F), this then follows from the same argument in Section 3 and
Theorem 10.2 in [11], except applied for fields which are not necessarily algebraically closed.

Let us write RadZp , (A) for the radical of Zg, () in €. Then we define the simple object

ZF ,x()‘)
LF,)((/\) = RadZF,X()\) € Gr.
Proposition 4.5 then shows that all the simple modules in ¢ are of the form L, (\) for some A € X.

We know that the category @ has enough projectives and that all modules have finite length (as they are
finite-dimensional as F-vector spaces). This in particular means that there is a one-to-one correspondence
between simple modules and projective indecomposable modules in €r. Thus, for A € X, we denote by
Qr(A) € €r the unique (up to isomorphism) projective indecomposable module in € with

QF,X()‘)

Rad(@Qry(v) XM

6.2. Isomorphisms of baby Verma modules

We would now like to briefly discuss when baby Verma modules are isomorphic. In order to do this, we
first must recall some definitions relating to the Weyl group. Firstly, given a € R, we define s, : X — X as
the reflection sending A € X to A — (A, a¥)a, where o is the coroot associated to . Furthermore, given
m € Z, we define s, ,n, : X — X to be the map A — A — (A, @)+ ma. Then the Weyl group W is defined
to be the subgroup of Autz(X) generated by the elements s, for & € R, and the affine Weyl group W, is
defined to be the subgroup of Autz(X) generated by the elements s, ), for &« € R and m € Z. Note also
that, if « € R and m € Z and we define ., o : X = X by A = A+ ma, then sq m = ta,m © Sa, and so W),
is also the subgroup generated by W and tq ) for all « € R and m € Z.

Furthermore, we define the following parabolic subgroups: Wy is defined to be the subgroup of W gen-
erated by the elements s, for a € Ry (so, as above, it is the Weyl group corresponding to Ry), and Wy, is
defined to be the subgroup of W, generated by the elements sq m;, for a € Ry and m € Z. By definition,
the groups W, Wy, Wr and Wy, act on X. We also need another action, the dot-action, which is defined by
w- A =w(A+ p) — p. Here p € X is the half sum of positive roots. Note further that these groups similarly
act on h*, both through the usual action and through the dot-action.

When A = K, we know (from Proposition 11.9 in [11]) that Zk , (A\) = Zk , (u) if and only if A € Wy, - .
How does this work for other A?
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Proposition 6.2. Suppose that A is a commutative, Noetherian U°-algebra, with structure map m: U° — A.
Suppose that w(he) =0 for allao € RNZI. Then Z,(N) = Za(p) if A€ Wiy - p.

Proof. Let A € X and let us fix o € I. Tt is enough to show that Z4 (X)) = Z4 (A + pa) and Z4 (N) =
Zax(8q - A).

For the former, write vg € Z4,(X) and wy € Z4 (A + pa) for the standard generators, so that vy €
Zax(N3zr and wo € Za (X —i—pa)‘;(j‘;ffél ZaxA+pa) 7. Then, since egug = 0 = egwy for all
B € R*, there are inverse homomorphisms Za ,(\) ¢ Za (A + pa) with vy <> wg. Thus, Z4,(N) =
ZA7X(>‘ + pav).

For the latter, suppose (A\,a¥) = mp + a for m € Z and 0 < a < p, so that we have s, - A = X —
(a + 1)ae + mpo. We therefore want to define an isomorphism f : Za (A — (a + 1)) = Za(A) (since,
combined with the former observation, this gives an isomorphism Z4 ,(sq - A) = Z4 (A)). Let us write
wp for the standard generator of Z4 , (A — (a + 1)a) and v, for the standard generator of Z4 , (). Let us
define f : Za (A~ (a+1)a) = Za (A to be the map sending w to e*} vg. We need to ensure this is well
defined.

Firstly, we know that wo € Za (A — (a + 1)04)?\(_”\(23?;;(1!?%]. Furthermore, from conditions (C) and (D)

of the definition of ¥4 we have that e*Flvg € Z4 ()\)i(x(;f;;;)f% Iz
Next, suppose 8 # « for 3 € Rt. Then, since « is simple, it is easy to see that eﬁe‘H'1 =0.

+

Finally, we want to look at e,e® vg. We may calculate that

—_~— —_~—

eal’ g = e UO(W(X(hQ)) +7((A—a)(ha)) + -+ 7((A— aa)(hq)).

—~—

Note that 7((A — ia)(ha)) = 7(ha) + d(X — i) (hy ). Thus,

ea” g = e vo(m((a+ 1)ha) + dA(he) + dX — @) (ha) + - - + d(A — a)(ha))

=e? uo(m((a+ 1Dha)) + e yuo((X, ") + (A —a,a’) + -+ (A —aa,a”))
=e2 vo(m((a+1)ha)) + e vo((a+1)a—(14+2+---+a){a,a’))

=e” wo(m((a+ 1ha ato | (a+1a—2 <(CLT+1)>)
= (a+1)e? yuo(7(ha))-

Here, we use the fact that d\(ha) = (A, ). Since we assume that 7w(hs) = 0, we get that e e vy = 0.
Hence, there is a well-defined homomorphism f : Z4 , (A—(a+1)a) = Za,(N) in 4. We need to show it
is an isomorphism. Note that e’ ;a71w0 maps to vg, so vg lies in the image of f. In particular, f is surjective.
Furthermore, Z4 (A — (a + 1)a) is a free A-module with the following A-basis: As usual, we write
{$1,...,Br} for the positive roots in R, although we now assume ; = a. The A-basis consists of the
elements

k, ko k1
€_p, €, €—p, W0

for 0 < k; < p. Similarly, Za () is a free A-module with basis consisting of elements

ke e k2 k1
€_3, €_8,€-p, Y0

for 0 < k; < p.
From the above, we see that

r

k. k k k.. k
Flelrg - el el wo) = elrg - el el 5 00
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where k1 +a+1=mp+1 for m € Z and 0 <[ < p. In particular, f sends an A-basis to an A-basis, and so
is an isomorphism.
We therefore conclude that

ZaxA—(a+1)a) = Za,(N),
and hence that, if p € Wy, - A, we have
ZaxN) = Zax ().

Remark 1. We shall soon develop a more general argument that will easily imply the result just proved.
Nonetheless, we include the more explicit proof of this result to highlight where the requirement that
7w(he) = 0 for all &« € RN ZI has relevance.

7. Regular nilpotent p-characters

Let A be a commutative, Noetherian U%-algebra with structure map 7 : U% — A. As usual, we write ¢4
for the category obtained from this A and 7. The algebraically-closed field K is a commutative Noetherian
UP-algebra with structure map 7° : U° — K sending each h € b to zero. This extends to a map 7° : U? —
K — A, since A is a K-algebra. We then write ¢’ for the category obtained from this A and 7°.

We shall make the assumption throughout this section that 7(h,) = 0 for all « € R.

7.1. An equivalence of categories

Notwithstanding the title of this section, we do not yet assume that x is regular nilpotent (i.e. we do
not assume I = II), although our standing assumption in this section will be most meaningful when that
is so. The key power of the assumption is that it gives us an equivalence of categories as in the following
proposition.

Proposition 7.1. If m(h,) = 0 for all o € R, there is an equivalence of categories © 4 between €5 and €a.

Proof. Let us first define ©4 : €5 — €a. For each M € €4, we define © 4(M) to be equal to M as an
A-module. We equip O 4 (M) with an X/ZI-grading by setting

Oa(M)rrzr = Mxyz1
and we define the (D)-decomposition summands by
d d
OAM)Y 7z, = M7,

for N\ +ZI € X/ZI and p € A+ ZI 4+ pX. What remains is to define the U,-module structure on © 4(M).
We do this in the following way: for m € © 4(M) and o € R we define

€o * M = €qm,
i.e. each e, acts on ©4(M) as it does on M. For s € U and m € @A(M)f\l’jrm, we define
s m = m(ji(s)),

which we extend to an action on all of M through the (D)-decomposition and the grading.
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We need to check that this defines a Uy-module structure on © 4(M). For this, it suffices to check that
it gives a g-module structure such that each e? acts as scalar multiplication by x(e,)?. This latter point is
clear, and checking that © 4 (M) is a g-module is mostly a straightforward case of checking that commutators
of Chevalley basis vectors act in the right way. The only complication in the calculation is in ensuring that

eq(6—q -m)—e€_q(€q -m)=hs -m

for all @ € R and m € ©4(M). It is enough to check this for m € Mgiz ;- It is straightforward to see that
the left-hand side of this equation is then

mm® (i(ha))

while the right-hand side is

We note now that

fi(ha) = ha + dp(ha)

and so

and
7°(f(ha)) = 7°(ha) + dp(ha).

Since, by assumption, m(h,) = 0 = 7°(hy), we indeed have equality.

Hence, © 4 (M) is a U, ® A-module with an X /ZI-grading and a (D)-decomposition. That © 4 (M) satisfies
conditions (A), (B), (C), and (D) is easy to check. Therefore, we indeed have © 4 (M) € E4.

It is also straightforward to see that any homomorphism f : M — N in %3 induces a homomorphism
©4(f) : ©4a(M) — ©4(N) such that ©4(f)(m) = f(m) for all m € M. Hence,

@A:%Z%%A

is a well-defined functor.
Similarly, we define ©3' : €4 — €3 by setting ©' (M) to have the same A-module structure, X/ZI-
grading, (D)-decomposition, and e,-action (o € R) as M does, and by defining the U° action such that

sm = mn®(fi(s))

for s € U% and m € @Zl(M)iiZI = M;\liZI'

the same way that we saw that © 4(M) was in 4. It is also a functor in the same way.

That this indeed gives an object of €4 can be checked in much

All that remains is to see that © 4 o @Zl =Id= @;1 0 0 4. This is obvious, with condition (D) ensuring
that the U%-actions coincide.

Proposition 7.2. Let A’ be an A-algebra, and suppose w(hy) =0 for all « € R. For each M € €5, we have

@A(M) XA A = ®A’(M®A A/)
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Proof. Tt is easy to see that © 4 (M) ®4 A’ and © 4/ (M ®4 A’) are equal as A’-modules (as both are equal
to M ®4 A’), that

(©a(M) @4 A)r1z1 =Oa (M @4 A)\121
for all A\+ZI € X/ZI, and that
(OA(M) @4 AN 5, =Oa (M es AN 4,

for all p € A+ ZI + pX. It is also easy to see that each e, for & € R acts the same on © 4 (M) ®4 A’ and
©4/ (M @4 A). Finally, let m ® a lie in the K-vector space (M ® ar A)f’iZI and let s € U°. Let us write
7 : U% — A for the structure map of A and 7 : U° — A’ for the induced structure map of A’. If we view

m ® a as an element of (O4(M) ®4 AI)iiZI = GA(M)‘i’iZI ®4 A’ then we have

s(m®a) = (sm) ® a = (mx(ji(s))) ® a = m @ (a7 (7i(s))).

On the other hand, if we view m ® a € O 4 (M ® 4 A’)‘;ﬁrZI then we have

s(m®@a) = (m®a)w(i(s)) = m @ (a7 (1(s)))
as required.

Given A € X, we may easily see that Zx , (\) ®k A € €3. Since 7(he) = 0 = 7°(hy) for all & € R, one
can show that

O4(ZKk (N) @k A) = Za(N).
Hence, we conclude that, for A\, u € X,
Home, (Za,x(A), Zax () = Homeg (Zk (N) ®k A, Zk (1) @k A)
as A-modules, and, more generally,
Extig, (Zax (V) Zax (i) = Extigs (Zi,x (A) Ok A, Zi (1) @ A)

for all 7 > 0.
The proof of Lemma 3.2 in [3] works exactly the same way here, and so, since A is flat over K, we get
that

EXt%ﬁ (ZK,x(/\) @k A, ZK,x(ﬂ) ®K A) = EXt%]K (ZK,x(/\): Z]K,x(ﬂ)) ®K A
for all 2 > 0. So we have

EXt%A (ZA,X()‘)a ZA’X (M)) = EXt%]K (ZK,)(<)‘)7 ZK,X (M)) QK A

forall ¢ > 0 and all A\, u € X.
If A is a local algebra, with residue field F', then we similarly obtain

EXt%F (ZF7X(>‘)7 ZF,X(.U)) = EXt%g(ZK,X()‘)a ZK,X(N)) ®k F
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for all ¢ > 0 and all A\, u € X. Hence there is an F-isomorphism

Extly, (Zrx(N), Zry (1) 2 Extig, (Zax (V) Zax (1)) ©a F

for all i > 0.
This means, in particular, that if Ext%F (Zpx(N), Zp (1)) = 0 then

Extig, (Zax(N), Zax (1) = Extl, (Zax(N), Zax (w)m

where m is the unique maximal ideal of A. If Extng (Z4ay(N),Z4 (1)) is finitely-generated over A then
by Nakayama’s lemma this implies that Exte, (Z4,,(\), Za,y (1)) = 0. Since each Ext is a quotient of a
submodule of a finitely-generated A-module, and A is a Noetherian ring, we indeed have A-finite-generation
of Exte, (Z4,x(N), Zax(1)-

In conclusion, we have the following theorem.

Theorem 7.3. Let A be a commutative, Noetherian, local U°-algebra with structure map 7 : U° — A, and
let F' be the residue field of A. Suppose that w(hy) =0 for all « € R. Then A\, € X lie in the same block
over A if and only if they lie in the same block over F.

Another result we can get from this equivalence of categories is the following.

Proposition 7.4. Suppose that A be a commutative Noetherian U°-algebra, with structure map m : U° — A
such that m(he) =0 for all o € R. Then Za,(N) = Za(p) implies A € W, - .

Proof. Since Z4,(\) = Za (1) in €4, we may use the equivalence of categories © 4 to conclude that
Zx . (\) ®k A= Zx (1) @k A

in 5. Now, observing as in [11, Theorem 9.3] (referencing [13]) that U(g)® = U(h)We, we write cengy :
U(g)® — K for the algebra homomorphism sending u to u(d\), where we view u € U(g)? = U(h)"* as
a polynomial function on h*. Then we have uz = cengy(u)z for all u € U(g)® and 2z € Zg ,()), and so
uz = cengy(u)z for all u € U(g)“ and z € Zk , (\) ®k A. Since Zk , (\) ®k A = Zk (1) ®k A, we therefore
conclude that cengy(u) = ceng, (u) for all u € U(g)®. Thus, cengy = ceng, and so d\ € W - du by Corollary
9.4 in [11] (see also [13]).

We therefore conclude that A € W - u+ pX, and we know that A + ZI = y + ZI (as both are maximal
in the partial order among those elements of X/ZI with the property that, say, Za (\)s4+zr # 0). As in
[11, Prop 11.9], we pick w € W such that A —w - p € pX. Then p — w - p € ZI since w € W. Hence,
A—w-p=A—p+pu—w-u € ZI. Therefore, \ —w-pu € ZI NpX, which is equal to pZI as in Section 11.2
in [11] (which relies upon Jantzen’s standard assumptions). Hence, A € W), - i, as required.

7.2. Projective covers

In this subsection, we do now assume that x is regular nilpotent, which we recall means that I = II.
Suppose for the moment that A = F' is a field, and let A € X. Then we have already observed that
Or(ZKk (A) ®k F) = Zry(A), so we can derive the following.

Proposition 7.5. Let A € X, and suppose x is regqular nilpotent (i.e. I = I1). Let F be a field which is a
U°-algebra via 7 : UY — F, with the property that w(ha) = 0 for all « € R. Then Zg ,(\) @k F is irreducible
in €p and Zp, (N) is irreducible in €p.
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Proof. As just mentioned, Zp,(\) = Op(Zk () ®k F). Since O is an equivalence of categories, it
is enough to show that Zg ,()\) ®x F is irreducible in %p. Furthermore, as any proper submodule of
Zg (X)) ®k F in €5 is also a proper submodule of Zk ,(A\) ®k F as a U,(g) ® F-module, it is enough
to prove that Zk ,(\) ®k F is irreducible as a Uy (g) ® F-module. (Note here that in ¢ all modules are
U, (g) ® F-modules, not just U, ® F-modules).

Since x is regular nilpotent, we know that Zk ,(A) is an irreducible U, (g)-module [8, Theorem 4.2]. So
the result will follow if Zk , ()\) is an absolutely irreducible U, (g)-module (recalling that a U, (g)-module M
is called absolutely irreducible if M ® F is an irreducible U, (g) ® F-module for all field extensions K C F').
Because Zk () is finite-dimensional, it follows from Proposition 9.2.5 in [19] that Zk ,()) is absolutely
irreducible if Endy, (4)(ZKk,y(A)) = K. This follows since K is algebraically closed.

As in Section 6.1, let us write Qk (A) for the projective cover of Zk (M) in €k, write Qr (X)) for the
projective cover of Zp () in €r, and write Qpo ,(A) for the projective cover of Zk ,(\) ®k F in €p.

Lemma 7.6. Let A € X, and suppose w(hy) =0 for all a € R. Then Qpo () = Qk (A @k F in €p.

Proof. We observed in Section 5.1 that

= P GO+z

MZIeX/LI

where €2(A + ZI) may be identified as the category of F-finite-dimensional U, (g) ® F-modules M which
have an F-vector space decomposition

Vo @ e
dueh”
HWENHZI+pX
such that
hm = mdu(h)

for all m € M and h € b. Note here that we may consider U, (g) ® F-modules rather than U, ® F-modules
because the U-algebra structure on F is extended from K.
Let us write 2~ for the category of F-finite-dimensional U, (g)® F-modules M which have a decomposition

M:@M”

o€ANp

where
Ao ={o:h = K|o(h)? = a(hP)for allh € b}
and where
hm = mao(h)
for all m € M7 and h € bh. Morphisms in this category are U, (g) ® F-module homomorphisms which

preserve the decomposition. It is then straightforward to see that £ is the direct sum of €2 (x + ZI) over
all k+ZI € X/ZI. In other words, £ is an equivalent category to €p.
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Now, it is clear that Qo (A) is the projective cover of Zpo () € 2" and that Qk ,(A\) ®k F is projective
in &, since all of these objects lie in €p(A+ ZI).

Let us now write .#F for the category of all F-finite-dimensional U, (g) ® F-modules, and .#k for the
category of all K-finite-dimensional U, (g)-modules. One can check without any difficulty that 2 is a full
subcategory of ..

Let us write @F°7X()‘) for the projective cover of Zpo () in .#Fp. Since Qk () is a Uy(g)-module,
QK x(\) ®k F' € #p. Furthermore, one can show (using an easier version of Lemma 3.1(a) in [3]) that
Qx (N ®k F' is projective in ..

Since this is so, and since @Foﬁx()\) is the projective cover of Zpo , () in .#F, there exists a surjection
in Ar from Qg (\) ®x F onto QF",X()‘)- Now, Proposition 11.18 in [11] shows that

dimp(Qk x(\) @k F) = p™ ™ |W - d)|.

Furthermore, the proof of Lemma 10.9 in [11] works just as well for U, (g) ® F = U, (g ® F)-modules (for
example, that U, (g) ® F is symmetric follows from the fact that U, (g) is). In other words, we have

dimp(Qro (V) = pT ™ 37 [Zpo 1 (dN) : Zpo o (dp))-
nEAo

Clearly [Zpo ,(dX) : Zpo y(dp)] equals 1 if Zpo , (dX) = Zpo ,(dp) and 0 otherwise. Observing that
Hom,z (Zx x (dA), Zx x (dp)) @x F = Hom g, (Zre 5 (dN), Zro x(dpr))

we get that Zpo \ (d\) = Zpo  (dp) if and only if Zg , (d\) = Zk  (dp). Hence [Zpo \ (dN) : Zpo \(dp)] =1
if and only if d\ € W - dpu, and is zero if and only if not. Hence,

dimp (Qre () = p™™ ™" W - dA| = dimp (Qk () ®k F).
Therefore, we have

Qrox(\) = Q. (\) @k F.

Hence, Qk ,(\) @k F is the projective cover of Zpo () in #p. Since Qk ,(\) ®k F in fact lies in 2,
it is also the projective cover of Zpo ,(A) in Z". Therefore, QK (A) ®x F = Qpo (A) in 27, and so

QK,X()‘) QK F'= QF",X()‘)
in €.

Corollary 7.7. Let A € X and suppose 7(hy) = 0 for all @ € R. Suppose also that A is local with residue
field F. Then there exists a projective module Qa(\) € €a with Qa(X) ®a F = Qry(N).

Proof. Define Q4,,(\) = ©4(Qk,(A) ®k A). This is projective since Qg ,(\) ®k A is projective in €3 by
Lemma 5.7 and © 4 is an equivalence of categories. We then have
Qax(N) ®a F =04(Qk x(A) Ok A) ®4 F = Op(Qk x(A) Ok A®a F)
= 0r(Qk.x(N) ®k F) = Op(Qre x (V) = Qrx (V).
Here, the second equality comes from Proposition 7.2, the fourth equality comes from Proposition 7.6,

and the fifth equality comes from the fact that an equivalence of categories must map projective covers to
projective covers.
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It is important to observe that when A is not local we may still define

Qax(\) :=04(Qk y(\) ®k 4),

which will still be a projective module in 4.

Note that Qa,y()) lies in Ga(A + ZI) since Qg (\) € €k (A + ZI). Furthermore, from this construction
it is clear that, as Qk , () has a Z-filtration in which the only module appearing is Zk , (A), which appears
|[W - dA| times [11, Prop. 11.18], the module Q4 ,()) also has a Z-filtration in which the only module
appearing is Z4 (), similarly appearing exactly |W - dA| times. In particular, each @4, ()) is free over A
with rank pdimn’ |[W - d|.

Furthermore, if Z4 () is a factor in any Z-filtration of @ 4., (), then there must exist a non-zero homo-
morphism Z4 () = Za,y(A), using the just discussed Z-filtration. Since we have Home, (Z4  (14), Za,x (X))
= Homy, (Zk (1), Zk y(N)) ®k A, we are able to conclude that Home, (Zk (1), Zk (X)) # 0 and so
ZK (1) = Zk 5 (N), which implies Z4 (@) = Za(N).

Proposition 7.8. Let A\, € X and suppose w(hy) = 0 for all @ € R. Then Qa(A) = Qa (1) if and only
ifxe Wy, p.

Proof. For the forward implication, we have that

Home, (QA,x(A)v QA,X (,u)) = Homy (QK,x(A)v QK,X (,u)) ®k A

as in the previous subsection. Hence, Home, (QK (A), Qk (1)) # 0. Since Qk (M) has a filtration all of
whose sections are isomorphic to Zk (), and Qk (1) has similarly, we conclude that

Homa, (Zx (V) Zk x (1)) # 0,

implying (as these baby Verma modules are irreducible) that Zx , (\) = Zk (1) and so A € W, - p.
Conversely, A € W), -  implies Zk (X)) = Zk (1), and so Qk (X)) = QK (1). This then easily implies
that Qa,x(A) = Qax (k).

Let us therefore write A for the set of W,-dot-orbits on X, so that elements of A enumerate the
pairwise non-isomorphic @4, () and also, by pairing Proposition 6.2 with Proposition 7.4, the pairwise
non-isomorphic baby Verma modules Z4 () (recalling that throughout this subsection x is regular nilpo-
tent). We shall also use the notation A for a fundamental domain of the W)-dot-action on X, so that we
may view elements of A as being in X.

We may now observe that these projective Q4 ,(A\) are ubiquitous in @4.

Lemma 7.9. Let M € €4 and suppose w(hy) = 0 for all o € R. Then there exists Q € €a with Q — M and
such that

Q= Qax(mw™

HEA

for some m,, > 0.

Proof. Let P € €. This means that P is an X/pZI-graded finite-dimensional K-module. Then P ®k A €
(€3)" is free as an A-module (where (¢3)" is the category analogous to €4 for A with the structure map
U — K < A). Conversely, suppose Q € (€3)", so that @ is an X/pZI-graded finitely-generated A-
module, and suppose that @ is free (of finite rank) over A. Let x1,..., 2, be a free basis of A (where each x;
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n

is homogeneous). Then @, z;K is an X/pZI-graded finite-dimensional K-module, with (D, z;K) ®x
A = Q. In other words, every ) € (%3)” which is free over A is isomorphic to an object of the form
N @k A € (¢3)" for some N € ¢f.

Now, let M € ¥4. When we view M as an element in 47, there exists a projective module Q@ € €
with @ — M (since ¥4 has enough projectives). We may assume () is free over A (since Q € € projective
implies that each Qi’iz ; is projective over A so is a direct summand of a free module). Hence, there exists
P € ¢ with P ®g A= Q. It is then straightforward to check that

PA(Q) = O4(Px(P) ®K A).

Since P is projective in 6, @ (P) is projective in ¢k . Hence,

O (P) = P Qr (W)™

HEA

for some m,, > 0. Therefore

ok (P) @k A = D (Qr (1) K A)™
HEA

and so

24(Q) = @ Qur (i)™

HEA

Since Q@ — M in €, we have ®4(Q) — M in G4. We therefore get the result.
In the following proposition we consider the extent to which such a decomposition of @ is unique.

Proposition 7.10. Suppose that A is local with residue field F', and that w(hy) =0 for alla € R. Let Q € €4
with

Q=Qax(M)® - ©Qax(Ar) = Qan (k) &+ & Qay(s)
Then r = s and there exists o € S, such that
QaxXi) = Qax (ko)
nCa foralll <i<r.
Proof. Since Q4 (A) ®a F = Qp(A) by Corollary 7.7, we have that

Qrx(A\) © - ©Qry(A) = Qrx(11) ® - © Qr(Hs)-

Since in €F the Qpy(A) are the projective covers of the irreducible modules Zp, (\) and since all objects
in € have finite length, we may apply the Krull-Schmidt theorem. Hence, » = s and there exists o € 5,
such that

Qrx(N\i) = Qrx (ko))

in6p forall 1 <i<r.
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Now, QF,(Xi) is (isomorphic to) a direct summand of Qr y(fo()), and we know Q4 (A\i) ®a F =
Qrx(Xi) and Qa x (fo(i)) ®a F = Qr y(1o(s))- Hence, by a similar argument to that of Remark 4.18 in [3],
we get that Qa,,()\;) is (isomorphic to) a direct summand of Q 4\ (te(i))-

Thus, there exists M € €4 with

QA»X(/‘LO'(i)) = QA,X(Ai) D Ma
and so
QF7X(/’LU(i)) = QF7X()‘i) S (M XA F)7

implying that M ® 4 F' = 0. But M € %4 is projective, as it is a direct summand of a projective module,
and so M is projective over A. (This follows by a similar argument to the proof of Lemma 2.7(c) in [3],
using our ® 4 in place of the functor denoted ® 4 in [3]). Since M is finitely-generated projective over A (as
A is Noetherian) and A is local, it is free over A, and so M ®4 F = 0 implies M = 0. Therefore,

QA,X(Ma(i)) = QA,X(/\i)7
as required.

Lemma 7.11. Suppose A is local with residue field F, and suppose that w(hy) = 0 for all « € R. Let
AL, -3 A €A and P, N € €4 with

QaxM)@ -~ ©Qax(\)=PoN
in €a. Then N and P each decompose into direct sums of Qa,(\;)’s.
Proof. Since we know, in %4, that
Qax(M) @ ©Qax(\)ZPON
we see that, in €, we have
Qrx(M) @ ®Qry(A) 2 (P4 F)® (N ®aF).

Clearly P ®4 F and N ® 4 F are projective in %, and since the Qp, ();) are the projective covers of the
irreducible modules in €, each projective module in @ is a direct sum of some Qp,(A)’s. Hence, there
exist pi1,..., s € A and 7q,...,7 € A such that

PRAF=ZQr (1) ® - ®Qry(ts)
and
N®@AFZQpy(T1)® - ®Qry(Tt)-
Therefore, we have
Qrx(M) ® -+ @ Qrx(A) = Qrx () &+ & Qrx(ps) © Qry(T1) & -+ & Qrx (7).

Now, by Proposition 7.10 we may assume (permuting the terms if necessary) that s +¢ = r and that
/\1 =M1,/\2 ZILLQ,...,/\S :M37/\s+1 = T1,...,>\7«_1 = Tt—-1 and )\7« = T¢.
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Let us define the map fi : Qa (A1) ® - ® Qax(As) = P as the following composition

QA7X()‘1) D---D QA,X()\s) — QA,X()\I) D---D QA,X()\r) =S PN —»P.

The above discussion then shows that f1 ® 1 : Qr (A1) & -+ & Qry(As) =& P ®4 F is an isomorphism
in @r. By Nakayama’s lemma, we hence have that f; is surjective (as an A-module homomorphism, and
so in €4). We define fo : Qa(Ast1) @ -+ @ Qa (M) = N analogously, and it is surjective by the same
argument. We then define the map

f:QAJ(()‘l)@'”@QA,X(/\T) — P®N, f=(f1, f2)

It is surjective since f1 and fy are. Furthermore, both Q4 (A1) @ -+ ® Qax(A) and P @ N are free A-
modules with the same finite rank (since each Qa,();) is and since the two modules are isomorphic by
assumption). Any surjection between free A-modules of the same finite rank is an isomorphism, so f is an
isomorphism. Hence, f; and f are isomorphisms, and we get the result.

8. Arbitrary standard Levi form

In this section, let A be a commutative, Noetherian UY-algebra with structure map 7 : U° — A. As
usual, we write €4 for the category obtained from this A and w. We assume Y is in standard Levi form,
with associated subset I of simple roots.

We shall make the assumption throughout this section that 7(h,) =0 for all « € R; = RN ZI.

8.1. The module Q) (\)

As an initial matter, under this assumption, we can characterise the irreducible modules in €4 and %j+
when A = F is a field.

Proposition 8.1. Let A = F, a field with the property that mw(hy) = 0 for all « € Ry. Let A € X. Then
Zr1x(N) is irreducible in both €L and ‘Kéﬁ (being viewed as an element in the latter by trivial extension).
Furthermore, every irreducible object in €% and in %§’+ is of the form Zp 1 (n) for some p € X.

Proof. We already know that each Zp 1, () is irreducible in €% by Proposition 7.5. Since any submodule
of Zp () in ‘5;* would also be a submodule in €%, it follows that it is also irreducible in (5;"'7 That
each irreducible object in €% is of this form follows from Proposition 4.5. What remains is hence to show
that the irreducible objects of €5 are all of the form Zp (1) for u € X.

Let M be irreducible in ‘KI§+ We may view M as an element of ‘Ké, where it necessarily has a composition
series of Zp,y 1(11)’s. As discussed in Section 5.1, M has a decomposition M = @, z; Mxjzr in GF. Let
A+ZI € X/ZI such that My, z; # 0 and such that M, z; # 0 implies g+ ZI # A+ ZI. This in particular
means that e,m = 0 for all @« € R™ \ Ry and m € My, zr. This further means that My, z; € %f:ﬂ and so
since M is irreducible in %I{J+ we have M = M), z;.

In €L there exists v € X such that Zr,1,x(v) embeds in M = M4z, since all simple objects in L
are of this form. Let f : Zp,(v) — M be this inclusion. For &« € R™ \ Ry, we observe that f(e,v) €
f(Zrrx(V)vtatzr) =0 and eq f(v) € Myqaqzr =0 for all v € Zp 1, (v) (observing that v+ ZI = A+ ZI
by necessity, and that Zp . ;(v) € €(A+ZI)). Since f is a morphism in €7 with this property, it is in fact
a morphism in ‘5I§+ Therefore, since M and Zp ,, (v) are simple in %I{JJF, we conclude that M = Zp, 1(v).
This concludes the proof.
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Returning to the case of arbitrary A, we note in particular that ¢ satisfies the assumptions of the
previous section. There is thus an equivalence of categories

o} : ()" = ¢

(where we write (¢4)° for what we called € in Subsection 7.1). For A € X, we may therefore define the
module Q4 1, ()\) € €] as in Corollary 7.7, namely,

Qaryx(N) =04 (Qx 1 ,(\) @k A) € €4

where QK 1., (\) € € is the projective cover of Zk 1, ()) in L.

If A is alocal ring with residue field F', we once again have the property that Q7 (A)®aF = Qp 1 (A) €
L, where Qp 1, ()\) is the projective cover of the simple baby Verma module Zp s , () in €7.

For any A and A € X, we hence define the object Q27X()\) in €4 as

Qi,x(/\) = FAyX(QA,LX ()‘))7

recalling the definition of I'4 , from Section 4.4, and viewing Q4 1,y as a module in %j’+ via the surjection
UIU?' —» U, If A is local with residue field F, it is clear that

Qi) @4 F = Qp, (V),
but in what follows we don’t assume A is local unless explicitly mentioned.
Proposition 8.2. Suppose that w(hy) =0 for all @ € Ry. If Za(N) = Z4 (1) then X € Wi, - .

Proof. That Z4,(\) and Z4 (1) are isomorphic in €4 implies that A+ ZI = p+ ZI and so Za 5 (A)xt+z1
is isomorphic to Za,,(1t)u+zr in €5. We know, as in Section 4.4, that Za(A)a1zr = Za,1x(N) in €}.
Therefore, we have that Z4 7 ,(A) = Za 1, (1) in 1. By Proposition 7.4, we therefore have that \ € Wrip-p

Remark 2. We already saw the converse to this proposition in Proposition 6.2. That result now follows
easily since A € Wy, - pu implies Zg 1, (X) = Zk 1,5 (1), and so implies Zg 1, (\) @k A = Zg 1, (1) @k A,
and so implies Za,1,(A) = 0} (Zk,1,x(\) @k A) = 04 (Zk 1, (1) ®x A) = Za,1,x (1), which finally implies
Zax(N) ETay(Zarx(N) ETa(Zarx(1) = Zax(p).

Corollary 8.3. Let A\, ;v € X and suppose that w(he) = 0 for all « € Ry. Then Za(X) = Z4 (1) if and
only if \ € Wiy - .

Proposition 8.4. Let A\, u € X and suppose that w(h,) =0 for all a € Ry. Then QII‘LX(A) =~ QI{‘,X(/J,) if and
only if € Wiy - .

Proof. If qu’x()\) =~ Qz{x,x(ﬂ) then we have A + ZI = p + ZI as the maximal element of X/ZI appearing
non-trivially in the grading. Then Q4 1, (A) = Q,I4,X(/\)>\+ZI = Q,IA,X(M);H-ZI = Qa,r1x(p), which implies
A € Wi, - i by Proposition 7.8.

Conversely, if A € Wi, - p then Qa 15 (X) = Qa1 (1) in €4, which obviously implies that Q%  (\) =
Qh ().

We write A; for the set of Wy ,-dot-orbits on X, so that elements of A index the pairwise non-isomorphic
Qz{hx(/\) and also the pairwise non-isomorphic baby Verma modules Z4 , (\). As for the set A in the previous
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section, we also use the notation A; for a fundamental domain of the Wy p-dot-action on X, allowing us to
view elements of A; as being in X. Note, of course, that if A and p in X lie in the same W ,-dot-orbit then
A+ ZI = p+ ZI, so we may talk about A + ZI for A € A; without any ambiguity.

Proposition 8.5. Let A € X and suppose that w(hy) =0 for all « € Ry. Then QQ’X()\) has a Z-filtration.

Proof. First, we show Qa7 (\) has a Z-filtration in ¢%. Since Qa,1,(\) = 04(Qk.1,()) ®x A) and
O (Zk () ®x A) = Za(p) for all p € X, it is enough to show that Qg r,(\) ®k A € €5 has a filtration
with sections of the form Zk , (u) ®k A for p € X. Since — ®k A is an exact functor ¥x — €3, this follows
from the fact that Qg s, () has a Z-filtration in ¢k as in [11, Prop. 11.18].

Now, viewing Q a,7,, () as an element of %f‘* via trivial extension, it has a filtration in ‘@Iﬁ' with sections
of the form Za 1, (1) € ‘@I"'F for p € X. The induction functor I'4 , is an exact functor %ffr — 64, SO
Q% (A) =Ta(Qa1x(N) has a filtration with sections of the form ' y(Za 1y (1)) € €a for p € X. Since
Tay(Zay(p)) is equal to Z4 4 (p) in €4, the result follows.

Remark 3. The proof of Proposition 8.5 demonstrates the structure of a Z-filtration of QQ’X(A). Namely,
since the Z-filtration of Qk 1 (\) € % consists of |[Wy-d\| factors each isomorphic to Zg s, ()), the
Z-filtration of ij‘l,x()‘) consists of |Wr - d\| factors each isomorphic to Z4 ,(X). Furthermore, if Z4 (1)
is a factor of any Z-filtration of Qﬁl,x()‘) then the above discussion shows that u + ZI < X\ + ZI, while
consideration of the ranks of QQ’X(A) and QQ’X()\)M_ZI as A-modules guarantees that yu+ ZI > A+ Z1.
This then implies that Z4 1, (1) appears in a Z-filtration of Q4,1 (), proving that Za 1, (1) = Za 1, (N)
and Za (1) = Za(N).

Definition 1. Let M € €4. We say that M has a Q-filtration if it has a filtration in ¥4 whose sections are
all of the form QI{"X()\) for XA € X.

Remark 4. Proposition 8.5 clearly implies that if M € €4 has a Q-filtration then it has a Z-filtration.

Proposition 8.6. Let M be a module in €4 with a Q-filtration, and suppose that w(he) = 0 for all & € Ry.
Then M has a projective resolution Py in €4 such that, for each N € €4, there exists an integer r > 0 with

Home, (P;, N) =0 for alli>r.

Proof. We first prove this result for M = Q) (A) with A € X. Since Qa,1,()) is projective in %7,
when we extend it to a module in %j’+ it satisfies the assumptions of Lemma 4.14. Hence, there exists a
resolution P, in ‘Kffr with the property given in that lemma. Applying the functor I'4 ,, to this resolution,
we get a projective resolution P, = FA7X(}5). of T'4,(Qa,1x(A)) which, by Frobenius reciprocity (see
Proposition 4.12), satisfies the requirements of this lemma.

As in [3] Lemma 2.15, this then implies the result for all M € €4 with a Q-filtration using induction and
the algebraic mapping cone.

The following proposition is just Proposition 3.4 in [3] adapted to our setting.

Proposition 8.7. Let M € €4 have a Q-filtration, and let N be a module in €4 which is projective as an
A-module. Suppose that w(hey) = 0 for all « € Ry, and suppose further that for all maxzimal ideals m of A
and all i >0

Exti, (M ®4 A/m,N @4 A/m) = 0.

Then the following results hold.
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1. The homomorphism space Homg, (M, N) is projective as an A-module.
2. For all A-algebras A’,

EXt%A/ (M®@as ANy A')=0 foralli>D0.
3. For all A-algebras A’,
Homg, (M, N) @4 A" = Homg,, (M @4 A, N @4 A").

Proof. By Proposition 8.6, there exists a projective resolution P, of M in €4 and an integer r > 0 such
that Home, (P;, N) = 0 for all ¢ > r. Since M has a Q-filtration it has a Z-filtration, and so is free over A.
Furthermore, all the P; are projective over A since they are projective in @4 (recall this argument from the
proof of Proposition 7.10).

The proof then works exactly the same way as the proof of [3] Proposition 3.4, once we observe that [3]
Proposition 3.3 generalises to our setting precisely.

Now is a good time to note that as well as the equivalence of categories
I Iyo ~. ol
G)A : (%A)O — (gA
there is also an equivalence of categories

~

oLt (et eyt

defined in the same way. This works since we don’t need the actions of eje_, — e_ne, and h, to coincide
here for o ¢ Ry.

Lemma 8.8. Let M € it be projective, and suppose that w(hy) = 0 for all o € Ry. Then @2(@]{§’+(M)®A) €
¢t is a direct sum of modules of the form Qa .1(i) for p € Ar.

Proof. Since M € %Hé is projective, # (M) is a projective U'-module, where .Z is the forgetful functor. We
have that .# (M) is a projective U, (gr)-module, since all modules in € are in fact Uy (gs)-modules. Recall
that we write p for the parabolic p = gr D ut.

We have ﬁ(@%’JF(M)) = <FIV>]{§"F(Q’(M))7 where

By Mod(Uy(g1)) = Mod(Uy(p), M = Uy(p) ©u,(q,) M = U'UF @1 M,

is the induction functor. It is easy to check Frobenius reciprocity, i.e. that for L a U, (gr)-module and N a
U, (p)-module, we have

HomUX(P)(i]{(A_(L)a N) = HomUX(gI)(L, N)

Hence, 5&* : Mod(U,(gr)) — Mod(U,(p)) sends projectives to projectives, and so &)]{g+(9\(M)) is a
projective U, (p)-module.

Since Uy (p) is free over U, (gr), we conclude that $&+(Q(M)) is a projective U, (gr)-module. Since
Q(Q)]{{+(M)) = &){;(ﬁ(M)), we conclude that (I>I{§’+(M) is projective in 6}.

In particular, this means that

@]{§+(M) = @ QK15 ()™
m

EAT
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for some m,, > 0. This further means that

e (M) ok A= ) Qi)™ ®x A
HEAT

and so

oLt (@gt (M) ek A) = P Qarx(w)™.
HEA

It is straightforward to check that
Ot (2g " (M) ek A) = @57 (O (M @k )
as elements of ‘gj. Hence, we conclude that

LT (O (M ek A) = P Qarr(m)™.

nEAT

Lemma 8.9. Suppose that w(hy) =0 for all a € Ry. Let M € ‘gi’Jr (resp. in €% ) which has a filtration with
sections of the form Qa1 (\) for A € X. Then T'a (M) (resp. ®L,(M)) has a Q-filtration.

Proof. If M € €, has a filtration with sections of the form Q4 s, ()\), then T'4 (M) has a Q-filtration
since T'4  is exact and T4, (Qa,r (V) = Q%4 (V).

If M € €4 has a filtration with sections of the form Q4 1 ()\), then we would like to show the same
for @{4+(M). Firstly, we observe that since each Q4 1, (\) is projective in €4, we in fact have that M is a
direct sum of modules of the form Q4 1 ()). So we may assume M = Q4 1, (N).

We may then apply Lemma 8.8 to conclude that, in ¢,

L (QarN) = P Qarn)™

HEAT

for some m,, > 0. Note that each Qa 1., (1)™* lies entirely in grade u + ZI and that ®4%(Q4 5, ())) is in
%y Let po + ZI be maximal with the property that @' (Q4,7,v(\)),1z1 # 0. Then each Qa1 (1)™ in
the decomposition with pu + ZI = pg + ZI is a submodule of (IJIIL"+(QA’1,X(/\)) in ‘@I"*_. We may hence put
these at the bottom of a filtration, take the quotient, and iterate the process. At the end of this process, we
have a filtration of ®;"(Q.4.7,(\)) in €4 whose sections are all of the form Q4 1, (1) (viewed as elements
of %j*). We may then apply the first part of the result to conclude that ®% (M) has a Q-filtration.

Proposition 8.10. Let M € €4 and suppose that w(hy) =0 for all o € Ry. There exists a projective module
P € €4 with a Q-filtration such that M is a homomorphic image of P.

Proof. If we view M as lying in €4, then Lemma 7.9 shows that there exists Q € €} with

Q=P Qarx(w™

HEAT

for some m,, > 0 with @ — M in %1. Lemma 8.9 then implies that P := &L (Q) has a Q-filtration, and it is
projective since @ is projective in ¢’} and ®1 sends projectives to projectives. Furthermore, since @ — M
in €1, we get that P = ®L(Q) surjects onto M in €.
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Corollary 8.11. Suppose that w(hy) = 0 for all « € Ry. Let M € €4 have a Q-filtration. Then M is
projective in €4 if and only if M @4 A/m is projective for all mazimal ideals m of A.

Proof. The proof works the same way as that of Corollary 3.5 in [3], using our Proposition 5.7, Proposi-
tion 8.7, and Proposition 8.10 where relevant.

Let us consider what P is (or could be) in Proposition 8.10 when M = Qf47x()\). There is a natural

surjection ®4(Qa 1, (V) = Qary(\) in €4t Hence P = ®4(Qa 1, (N) = Tay(®57(Qar, (V)
surjects onto QY | (A) = Ta\(Qa,r())), and it is projective and has a Q-filtration by Lemma 8.9.
For each A € X, let us therefore define

Eh A) =24 (Qarx(N) € %a.

We note now that @2’+(QA,I,X(/\)),\+ZI = Qarx(\) € €L (as in Section 4.4, since Qa,1(N)rrzr =
Qa,1x(N) and ‘I),IL{+(QA,I,X(>\))#+ZI # 0 implies ¢ + ZI > X + ZI. By the proof of Lemma 8.9,
4 (Qa.1,(N) has a filtration with factors of the form Q4 s (p). By the previous discussion, we must
have p + ZI > X+ ZI for each such p which is not A, and Q4 1,,(\) appears exactly once (at the top).

—_
—

Hence, applying I" 4 , we conclude that “ﬁ,x()‘) has a Q-filtration with Qf&x()‘) appearing exactly once (at
the top) and with each other factor being of the form Qf‘l’x(“) for p € X with p+ 21 > X+ ZI.

8.2. Projective covers

We would now like to prove a result similar to Corollary 7.7 when y is not necessarily regular nilpotent,
ie., to find, when A is a local algebra with residue field F, a projective module Q4 (\) € €a with
Qax(A) ®a F = Qpy(X) in €. To do this, we need to establish some preliminary results.

Proposition 8.12. Suppose that w(hy) =0 for all « € Ry. Let A € X and let N € €4 with N\+ZI1 £ n+ 721
for all p+ 21 € X/ZI with N, z; # 0. Then

Extl, (Qh (V). N) = 0.
Proof. Let
0=NSMBQL (=0
be an exact sequence in €4. Then

IN+ZI DA+ZI I
0= Nxyzr —— Myyzr —— Qa(Mryzr — 0

is an exact sequence in ¢4. Since QY | (Ma1zr = Qa 1,x(A) in €4, the exact sequence in €} is

0= Najzr 5 Myszr =5 Qary(N) — 0,
which splits since Qa,71,,(\) is projective in %% Hence there exists a map
[:Qarx(A) = My zr €M

in (5}1 with pxyzro f =1d. Since No1z5 = QQ’X()\)UJFZI =0forall c+ZI € X/ZI with c +ZI > AN+ ZI,
we must have that M, ,z; =0 for all 0+ ZI € X/ZI with o +7ZI > A+ ZI. Hence, f is in fact a morphism
in %f"*—.
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By Frobenius reciprocity, we get a morphism

F1Qh () =Tay(Qarn(\) = M

extending f. Given u @ m € Q) | ()), we then get

po f(u®m) = p(uf(m)) = u(pf(m)) = u@m.
Hence, our original exact sequence splits.
Corollary 8.13. Suppose that w(hy) =0 for all « € Ry. Let \,u € X with N+ ZI & u+ ZI. Then
Bxtl, (@4 (V) @ (1)) = 0.

Corollary 8.14. Let M € €4 have a Q-filtration, and suppose that w(hy) = 0 for all « € Ry. Then M has a
(possibly different) Q-filtration

O=MyCM CMC---CM.=M
with sections M;/M;_1 = Qa(Ni) for \i € X such that X\; + ZI > \j + ZI implies i < j.
Lemma 8.15. Suppose that w(hy) = 0 for all & € Ry. Let M € ¥4 have a Q-filtration, and suppose
MZI € X/ZI has the property that M.z # 0 and M, z7 = 0 for allo+ZI € X/ZI witho+7ZI > \+Z1.
Then M has a (possibly different) Q-filtration
0=MyCM{CM,yC---CM, =M
with sections M;/M;_1 = Qax(N) for \; € X with the property that there exists 1 < k < r such that
Ni+ZI=X+27ZI, forall i<k
and
N +ZI#N+ZI1 implies i > k.
Proof. Suppose not. By the assumptions on A + ZI, there must exist 1 < < r with \; + ZI = A\ + Z1I.

Then there exists 1 < ¢ < j <7 such that \; +Z1 # A+ Z1, and \j + ZI = A+ ZI. Therefore, there exists
1 <i<rsuchthat \; + ZI # A+ Z1I and ;11 + ZI = XA+ ZI. There is then a short exact sequence

M; My, My
— -
M; 1 M; M;

0— =0

which we may of course write as

M;
0= Qh (N) — Mi = Q4 (Nig1) = 0.

If EXt%A(Q,{x,X()‘iH)v Qf&x()‘i)) # 0, then by Corollary 8.13, we have

ANi+ZI>Nij1+ZI =X+ 7Z1.
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However, My, z; # 0 since Qﬁhx(/\i) is a section of a Q-filtration of M and Qf‘&,x()‘i)&-i'ZI # 0. This
contradicts our assumption on A + ZI, and so we must have that EXt%A(ngx()\i+1)7Q{47X()\i)) = 0. In
particular, the short exact sequence above splits, and so we may swap QQ,X()‘i) and Q£7X(Ai+1) in the
Q-filtration. Iterating this argument, we obtain the result.

Remark 5. The proof of the previous lemma shows that, if M has a @Q-filtration, then M also has a Q-
filtration with the given property and with the same Qil,x(/\) appearing the same number of times in the
new filtration as in the original one.

For the remainder of the subsection, we assume that A is a local ring with residue field F.

Proposition 8.16. Suppose that w(hy) = 0 for all o € Ry. Suppose further that A is local with residue field
F, and let M € €4 have a Q-filtration. Let

0=MyCM CMC---CM,=M
and
0=NogC N CNC---CNg=N

be two Q-filtrations of M, with sections M;/M;_1 = Qa(N;) and Nj/N;_1 = Qa (1) for i, pn; € X.
Then r = s and there exists o € S, such that

Qﬁl,x()‘z) = Qz{l,x(uo(i))
foralll1 <i<r.

Proof. Let us apply induction on r + s. If r = s = 1, it is clear. Let A+ ZI € X/ZI have the property that
Myyzr #0and My, z; =0 for all k+ZI € X/ZI with kK +ZI > A+ ZI. By Lemma 8.15, we may assume
that there exists 1 < k; <rand 1 < kg < ssuch that \; + ZI = A+ ZI for all i < ki, \i + Z1 # A+ ZI1
forall ¢ > ki, uj +Z1 = A+ ZI for all j < ko and pj + ZI # A+ ZI for all j > ky. As in the previous
remark, we see that making this assumption doesn’t change which Qz{l,x(“) appear or how many times, so
this assumption is permissible.

This implies, in particular, that My z; = (Mg, )axzr = (Mg, )aaz1. Since, if \; + ZI = A+ ZI, we have
that Q{LX,X<)‘i)>\+Z1 =Qa,rx(N\i) € %%, and each Qa,1,x(N\;) is projective in €4, we get in ¢4 that

Myiz1 ZQarx(M)®---©Qar(Ax,)
ZQar()® B QA1 (ky)-

Proposition 7.10 then says that k1 = ko and that there exists w € S, such that
Qa,1,x(Ni) = Qa1 (i)
for all 1 <14 < kq, and so
QL () = QL (b))

forall 1 <i<k.
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We now want to show that My, = Ny,. Let us write L for the submodule UyM)yz; of M (i.e. the
minimal submodule of M containing My, zr). Note that (UXM>\+ZI)V+ZI = (Ux)u—)\+ZIM>\+ZI =M, z:N
UxMx1z1, and

d d(p—e € d
(UXMA+ZI)V5LFZI = Z (UX)VEH)\+)ZIM§+ZI = MinI NUMyizr,
dech™
66/\+%?+]7X
so L is indeed a submodule of M in €4. Since My, and Ny, are submodules of M, and we have My 75 C
My, N Ny,, we clearly have L C My, and L C Ny,.

Conversely, we have that M; = QxI‘LX()\l) lies inside Uy, - (M1)x42z1, that My lies inside My +U, - (M2) x+z1
and so forth. In particular, we get that My, lies inside Uy, - (My,)av+zr = UyMxiz1, so My, = L. By the
same argument, Ny, = L, and so My, = Ng,.

Now, M/L has two @ filtrations, one with r — k; factors and one with s — ko factors. The result follows
by induction, since kq, ks > 1.

Proposition 8.17. Suppose that A is a local ring with residue field F', and that w(hy) = 0 for all o € Ry. Let
M € €4 have a Q-filtration, and suppose M = N @ P in €4. Then N and P have Q-filtrations.

Proof. Let A + ZI € X/ZI be such that My, z; # 0 and M,,zr = 0 for all 0 + ZI € X/ZI with
o0+ ZI > \+ZI. By Lemma 8.15, we may assume that the Q-filtration

0=DMyC M CM;C---CM, =M,
with sections M;/M;_1 = Q4. (\;) for \; € X, has the property that there exists 1 < k < r such that
NAZI=A+7ZI, forall i<k
and
Ni+ZI# N+ ZI implies i> k.
We have that My, z; = Narzr ® Pyyzr. In €4, we observe that

Myizr = Qarx(M) @B B Qa1 ()

9

since all of the Q 4,7, (A;) are projective. By Lemma 7.11, both Pyyz; and Nyyz; decompose into Q a,r, (1)’s
in ¢’]. More specifically, one may see from the proof of Lemma 7.11 that (M1)x1zr = Qa,1,x(\1) embeds
into, say, Nxtz;. Since N is a submodule of M in €4, and Q4,1 () generates qu’x()\) in €4, we conclude
that M; C N, and so M/M; = (N/M;)@® P. The result follows by induction on the length of the Q-filtration.

Corollary 8.18. Suppose that A is a local ring with residue field F and that w(hy) = 0 for all « € Ry. Any
M € €4 which is projective in €4 has a Q-filtration.

Proof. By Proposition 8.10, there exists a projective module P € €4 with a Q-filtration such that P surjects
onto M in %4. Since M is projective in %4, the surjection splits and M is a direct summand of P. The
result then follows from Proposition 8.17.

We would like to know how many times a given Qz{l,x()‘) appears in a @Q-filtration of certain projective
modules. In order to determine this, let us briefly discuss how the functor D discussed earlier interacts with
our standing assumptions in this section.
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Proposition 8.19. Let A be a commutative Noetherian U°-algebra with structure map m: U — A. Suppose
7(ha) = 0 for all @ € R;. Then T(hy) = "m(hy) = D7(hy) = D(hy) = 0 for all a € Ry.

Proof. This is clear for 7, and the result for D7 will follow from the result for 77. The result for D will
be similar, so we only prove "7 (h,) =0 for all @« € R;. We have

7 (ha) = 77 ([eare-a]) = [T (ea), T e—a)] = Kle—wiar Cwral = Khusa

for some k € K* since 771(ga) = g—w;a by [12]. Since o € Ry, wra € Ry, and 50 7(huw,o) = 0. Thus
"1(he) = (77 (hy)) = 0.

In particular, once we assume 7(h,) = 0 for all « € Ry, all the results which need this assumption will
also hold in categories over the modified U%algebras. We will use this without comment going forward.
Furthermore, we note from the calculations in [12] that 7 sends U’ to U?, UfL to U; , and vice versa. So
the automorphism 7 : gy — g; which we use to define the functor D : €4 — ‘KﬁA is just the restriction of
the automorphism 7 : g — g that we have been using throughout.

Proposition 8.20. Suppose w(hy) =0 for all a € Ry. The following diagram commutes:

61
(€h)° - 3
|o |o
@I
(Gh4)° ———=Ch,.

Proof. It is not difficult to check that, for A + ZI € X/ZI, uy € X+ ZI +pX and M € %4, we have

]D)(M)fferI = D(M;fé?l(”))) as U% ® A-modules. With this in mind, the computation is straightforward,

noting that 77(ga) C §_w,a for all a € Ry.

Note that DA = A if w(h) = 0 for all h € b, and so, if A = F is a field and this holds, D is a duality on

Proposition 8.21. The following diagram commutes:

s (6]
lD )
G (Bl

Proof. This is straightforward once we observe that Hom 4 (M ®k A, A) and Homg (M, K) @k A are isomor-
phic as U, ® A-modules.

The following proposition tells us that the functor D “fixes” irreducible objects in €p.

Proposition 8.22. Suppose that A = F is a field and that w(ha) = 0 for all « € Ry. Then D(Lpy (X)) =
Lpry () forall X € X.

Proof. Let A € X. Then one may easily check that D(Lg,(\))xyz;s is isomorphic to D(Lgy (A)aszr) in €4,
since 7 preserves UL. We know that Lr,(N)aszr = Zr1,(N) in €p, since the irreducible Zp, (\)arzr =
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Zr,1,x () surjects onto the non-trivial Lpy(A)xzr. Then D(Zg 1, (N)) = D(Zk 1,4 (N)) @k F from Propo-
sitions 8.20 and 8.21. By [11], we have D(Zk 1,,(\)) & Zk 1,,(A) in €, and so D(Zr,1,x(N) = Zppr(N).
We therefore have D(Lry(A))atzr = Zpp1,y(A). Since D(Lpy (X)) is an irreducible object in ¢pp from
the anti-equivalence of Proposition 5.13, we have D(Lpy(\)) = Lpg, (1) for some p € X. Then we have
Zprix(N) = Zppry(pn) and so A € Wy, - p by Proposition 8.2. Thus, Lpr, (1) = Lpry()), and so
D(Lryx(A) = Lppy (D).

We aim to generalise Corollary 7.7 to the current setting. This involves an approach similar to the proof
of Proposition 4.18 in [3]. Let v + ZI € X/ZI. Recall that Qp(\) € € is the projective cover of the
irreducible module Lg (X) € €. Let us write Q;TXZI()\) for the object T+21(Qr,(\)) € €r(< v + ZI).
In order to understand the structure of the projective covers Qg () and Q}:’;{ZI (M), we need the following

proposition. Its proof, and that of the theorem following it, uses techniques similar to those of Nakano in
[17].

Proposition 8.23. Suppose 7(hy) = 0 for all « € Ry. The module Qf,’X()\) is the projective cover of Zp 1 ()

.l —
n €y .

Proof. Recall that Q% (A) = ['ry(Qrry())), where Qrry(X) is the projective cover of Zp 1y (A) in Gf.
By Frobenius reciprocity, we have

Hom%}(QELX(A), FF,X(QF,I,X(A))) = Hom(glg’* ((I)i“’i(QF,I,X(/\)): FF,X(QF,I,X(A))'
The morphism m ~ 1 ® m in €% thus extends to a morphism

DL (Qrin(\) = Tra(Qrry(N)

in 5", which is surjective since 1 ® Q.7 (\) generates Dp (Qr.r.(N)) in €5~ . It is easy to see that

dimp (57 (Qrrx(M) = p™™ dimp(Qr 1 (V) = dimp(Try (Qrrx (M)

and so they are isomorphic in %I{x*,
Now, 1~ (Qr.1.,(\)) is projective in €4~ and we have

Hom,r - (PF 7 (Qrrx (V) Zr 1 (1)) = Homg1 (Qr1,x(A), Zr,1x (1))

and

F if ZF,I,x()‘) = ZFJ,X(:“‘)?

Homegy (Qrrx V), Zrax(n) = { 0 if otherwise

This implies that Q%,x()‘) & fI)if(Q F.1,x(A)) is a projective indecomposable module with unique irre-
ducible head Zp 1, (\) in 5. The result follows.

Since Qr,y(A) is projective in €, it has a Q-filtration by Proposition 8.18. Restricting to (fé’_, the

F.x (1) are projective, and so we have

Qrx(N) = @ Qb ()™

HEAT

where each
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my, = (QF,)(()\) : Q%,X(u))7

the number of appearances of Qéﬁx(“) in the Q-filtration of @ (A). This number is well-defined by Propo-
sition 8.16.

Theorem 8.24. Suppose w(ho) = 0 for all & € Ry, and let \,p € X. Then (Qr(N) : Q%)X(;L)) =
[ZDF,X (,u)a LID)F,x(A)]‘

Proof. We have the following chain of equalities, denoting the functor Homp(—, F') as *.

(Qrx(N) : QE () = dimp Home 1~ (Qry(A), Zr.1x (1))
= dimp Hom@(zﬂl,x(ﬂ)*a Qrx(AN)7)
= dimp Homeg— (TG (Zr1,x(1)"); QFx(N)7)
= dimp Home, (Qrx(A), T% _ (Zr1x(1)7)")
=[5 (Zrrx(B))" : Leyx(V)]
=[I% _(Zrrx(1)") : Lrx ()]
=[T% _(Zrix(1)") : Loy (N)]
= Pporx(D(Zr1x (1)) : Lo (V)]
= [Zprx (1) : LpFx(A)]-

Let us explain where these equalities come from. The first equality comes from the fact that

Hom,gs - (@, (), Zr1. (1) = { e W

The second equality comes from an analogue of Corollary 5.11 for the category Cg}’_ (nothing in its proof
depending upon the objects being U, ® F-modules rather than U, U! @ F-modules). The third equality
comes from Frobenius reciprocity, which works just as well for U_, ® F-modules as for U, ® F-modules.
The fourth equality also follows from Corollary 5.11. The fifth equality is a general fact about projective
covers. The sixth equality comes from applying Homg(—, F'), noting that the simplicity of Lz, (\) in €F
implies the simplicity of Lg,(\)* in %%. The seventh equality comes from applying the functor €& — 6pr,
M +— "M, and using Proposition 8.22. The eighth equality will be addressed momentarily. Finally, the
ninth equality comes from Proposition 8.22, since that implies D(Zp, 1,5 (1)) = Zpr 15 (1) in GF.

For the eighth equality, suppose M € ‘5% with M = M_,,z;. We want to show that

T (M) =Tppy (M)

in ¢pr. By Frobenius reciprocity, we have
Hom%lé,;r ( 7—]\/[, TF%7_X(M)) = HOm%DF (F]DF,X( T]\f)7 TF%7_X(M)),

noting that 7 means the same thing in all appearances here, since we observed above that the 7 used in
%p 1 is just a restriction of the 7 used in épp. Here, "M is viewed as lying in %D by trivial extension.
There is a morphism in %D; from "M to TT: —x( ) which sends m € "M to 1®@m € "I _X( ). This

is a morphism in %ﬁ); since, if u € (U] )yyzr for o +ZI1 > 0+ ZI, and z € ("T% _ (M))x+z1, we have

X
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u-z €I 7X(M)—A—U+ZI (using here that 7' (u*) = u~ as in [12]). But T';

o+ 7ZI1 >0+ ZI, by construction, so we indeed have a morphism in %ﬂé;

7X(M)—)\—U+Z[ = 0 whenever
This therefore induces a morphism I'pr, ("M) — "I 7X(M ) in épr. It is clear that 1 ® M generates
T _X(M ) in 6pr. Hence, there is a surjective morphism in épp:

I'ppy(TM) — TF’F_X(M).
Since the F-dimensions coincide, this must be an isomorphism, as required.

Corollary 8.25. Suppose m(ho) = 0 for all o € Ry, and let \,up € X. Then (Qry(N) : Qﬁx()‘» =1 and
(Qr(N) : pr’x(u)) is non-zero only if p+ZI > XN+ Z1I.

Proof. It is clear that [Zp g (1) : Lpp,y(A)] # 0 only if u+Z1I > A+ZI. Furthermore, since Lp g (M) a+z1 =
Zppy(A)ryz1, the simple module Lp g, (A) can only appear once in a composition series of Zg,y (A) (it clearly
must appear at least once).

)=0foralla € Ry, let \,un € X, and let v+7ZI € X/7ZI with \+ZI < v+ZI.

Corollary 8.26. Suppose w(h,,
)) =1 and (QV+ZI( A) QF,X( )) is non-zero only if w+ ZI > XN+ ZI and

Then (Q;TXZI(A) L QL (A
pw+7ZI <v+7I.

Corollary 8.27. Suppose w(hy) =0 for all « € Ry, and let A € X. Then Qﬁx()\) is projective if and only if
Zpry(A) is irreducible.

We are now ready to prove the main result of this section, which should be compared with Proposition
4.18 in [3].

Theorem 8.28. Suppose that w(hy) = 0 for all & € Ry. For all A € X with A+ ZI < pu+ ZI, there exists a
projective module QZ\TXZI( ) € Ca(< v+ ZI) with Qv+Zl( ) @u F Qv+Z1( ).

Proof. Recall the definition of =, (X) from the end of Subsection 8.1. We know that =} (\) € €4 is
projective and has a Q-filtration where QQ,X(A) appears once (at the top) and all other factors are of the
form Q% (u) for p € X with p+ ZI > XA+ ZI. Set Q = T"T21(2], (X)) € €a(< v + ZI). This is a
projective module in €4(< v+ ZI) by Lemma 5.1. It has a Q-filtration by Corollary 8.18 and there exists
a surjection @ —» Q,IA,X()‘)-

Then Q® 4 F is projective in € (< v+Z1I) by a similar argument to that of Lemma 5.7. Since the simple
objects in (< v+ ZI) are precisely the objects L (u) for p € Ap with p+Z1 < v+ ZI, and since each
Q”+Zl( ) is the projective cover of such Lz, (1) in €p(< v+ ZI), every projective object in €p(< v+ ZI)
is a direct sum of some Q;&Zl(u) with p € Ay with p+ ZI < v+ ZI. Hence, Q ®4 F is a direct sum of
some copies of Q”FEZI(M) with p € Ar, p+2ZI1 <v+27ZI.

If Q”+Z1( ) appears in the direct sum decomposition then, by Corollary 8.26, Qiﬁx(/‘) appears in the
Q-filtration of Q® 4 F. Therefore, from what we know about the Q-filtration, we must have u+2Z1 > A\+Z1.
Furthermore, there can be at most one Q”+ZI (1) appearing in the filtration with p + ZI = XA+ ZI. Since
both Q ®4 F and Q”+ZI( A) surject onto L (A), and since Q”*ZI(A) is the projective cover of Lp, () in
¢r(< XA+ ZI), the module Q”+ZI (M) must appear at least once in the decomposition. We therefore have

QeaF=Qi M\ e & QB! (pym)

AZI<p+ZI<v+ZI

for some m(u) > 0.
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If A+ ZI = v+ ZI, we may therefore take Q”+Z1( ) = Q. The remainder of the proof works in exactly
the same way as Proposition 4.18 does in [3], using an analogue of Proposition 3.3 in [3] where necessary.

Theorem 8.29. Suppose that w(hy) = 0 for all « € Ry. For all X € X, there exists a projective module
Qax(AN) € €a with Qa(N\) ®a F = Qpy(X). This module is uniquely determined up to isomorphism.
Furthermore, any projective module in €a can be expressed as a direct sum of some Qa(N).

Proof. One may easily check that E,{LX(/\) € €4 lies inside €4(< 2(p — 1)p+ ZI). Choosing then v+ ZI €
X/ZI with v+ ZI > 2(p —1)p+ ZI, we get that =}, (X) = TvHEIEL (A), which is the object @ from the
previous proof. Then @ and Q”+ZI( ) are projective in €4, and we have Q”+ZI()\) QaF = Q;&ZI(A). Since
there is a surjection HFX( ) —» QFX( ) = Zpy(A) = Lpy(N), and since QF,X(/\) is the projective cover of
Lpx(A) in €, there is a surjection 4, (X) - Qry (). In particular, Qr\(A) € €r(< 2(p—1)p+ ZI) and
S0 QV+ZI( A) = Qrx (). Therefore, we may take Q4 (\) = QV+ZI( A).

Suppose Q4. (A) and Q 4., ()) are both projective modules in %4 such that Qa(A\) @4 F = Q4 (A) ®24
F = Qry()\). By Remark 4.18 in [3] (adapted to this case), there exists M € %4 such that Qa,(\) =
@A}X(A) @ M. We must then have M ®4 F = 0. But M is projective in %4, so has a Q-filtration by
Corollary 8.18, and so is free over A. This implies M = 0. A similar argument proves the final claim.

9. Index of notation

In this section we give a list of the notation used in this paper. We omit notation which is only used in
individual proofs.

Section 2. Notation

K: Algebraically closed field of characteristic p > 0.

G: Connected reductive algebraic group over K.

T: Maximal torus of G of rank d.

B: Borel subgroup of G containing 7T'.

X: Character group X = X (7).

g, b, b: Lie algebras of G, T, B respectively.

R: Root system of g with respect to T

R ={pi,...,B}: Positive roots in R corresponding to B.
II={ai,...,a,}: Simple roots in RT.

Y (T): Cocharacter group of T.

(+,+): Natural pairing X(T) x Y(T) — Z.

aV: The coroot corresponding to o € R.

x + z!Pl: p-th power map on g, b, h.

{ea,hi | @ € R,1 <i < d}: Chosen basis of g, with e, € g, for a € R, and hgp] =h; for 1 <i <d.
he == [eas€—al-

nt = @aeR+ Ya-

= ®a€R+ J-a-
: Subset of II.

n
1
x: Linear form on g in standard Levi form corresponding to I C II.
>: Partial ordering on X/ZI.

Section 3. The category €4
Subsection 3.1. Definition of algebras
U(g): Universal enveloping algebra of g.



50 M. Westaway / Journal of Pure and Applied Algebra 226 (2022) 107033

Uy (9): Reduced enveloping algebra of g.
Uy = U(g)/ (e} — x(ea)? | 0 € R).

Ut :=U,(n") =Up(nt) CU,.

U™ :=U,(n") CU,.

U%:=U(h) CU,.
U!: Subalgebra of U, generated by h and {e, | « € RNZI}.
R;r:=RNZI.

Rf :=R'NZI.

gr: Lie subalgebra of g generated by b and {e, | « € Rs}.

u™: Lie subalgebra of g generated by {e, | « € RT \ ZI}.

u~: Lie subalgebra of g generated by {e, | « € R~ \ ZI}.

U =U,(ut) = Up(ut) CU,.

Uy =U,(u")=Up(u") CU,.

Uy = @,izrex/zr(Ux)r+zr: Standard X/ZI-grading on Uy.

(U )aszr = ®dlt€b*7H€>\+Z1+pX(UX)iiZI: Weight space decomposition of (Uy)x4zr-

p +— 2 Group homomorphism X — AutK,alg(Uo) from Lemma 3.1.

Subsection 3.2. Definition of the category %4

7 : UY = A: Commutative Noetherian algebra over U°.

% a: Category of X/ZI-graded U, ® A-modules satisfying Conditions (A), (B), (C) and (D).
Myizr: A+ ZI-graded part of M.

M:\iiZI (D)-decomposition summand of My z; corresponding to du € h*, u € A+ ZI + pX.
%a: Category of X/pZI-graded U, ® A-modules satisfying conditions (A’), (B’), (C’) and (D’).
Subsection 3.3. Categories defined over subalgebras

%) Category of X/ZI-graded UU* @ A-modules satisfying Conditions (A), (B),
%’ Category of X-graded U°U* @ A-modules satisfying Conditions (A), (B), (C)
T 4: Functor ‘KA — %) (or ‘ﬁ — %) from Proposition 3.4.

M,: o-graded part of X-graded module M.

¢y Category of X/ZI-graded U° ® A-modules satisfying Conditions (A), (B), (C) and (D).
‘5” Category of X-graded U® @ A-modules satisfying Conditions (A), (B), (C) and (D).

()and(D)
and (D).

Section 4. Induction

Subsection 4.1. Induction along U°

®’,: Induction functor € — €.

® 4: Induction functor €% — €a.

Subsection 4.2. Baby Verma modules

Z A, Induction functor € — €a.

A*: Object in € as defined in this subsection, corresponding to A € X.

Zax(N) = Za,(AN) with A* viewed as an object of ¢’y by inflation, for A € X.

Subsection 4.3. Z-Filtrations

®’,: Functor @ — ¢y defined analogously to ®’,.

Subsection 4.4. Induction from parabolic subalgebras

¢4 Category of X/ZI-graded Ul ® A modules satisfying Conditions (A), (B), (C) and (D).
p: Parabolic subalgebra g; @ u™ of g.

‘@{’Jr: Category of X/ZI-graded U'U;” ® A modules satisfying Conditions (A), (B), (C) and (D).
I' 4y : Induction functor (fi7+ — 6.

@2# Induction functor ¢ — %j’f

<I>£‘: Induction functor (fj — 64.

Za.1.x(A\): Baby Verma module in ¢ corresponding to A € X.
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p’: Parabolic subalgebra u™ @ g; of g.

%i’_: Category of X/ZI-graded U; U @ A modules satisfying Conditions (A), (B), (C) and (D).
Iy .+ Induction functor CLT = Ca.

<I>II4’7: Induction functor ¢4 — €.

Section 5. Miscellaneous

Subsection 5.1. The category ¢}

€5 (XN + ZI): The full subcategory of objects M in €4 with My, z; = M.

Subsection 5.2. Truncations

EGa(< v+ ZI): The full subcategory M € €4 with My,z; #0 only if \+ ZI <v+ ZI.
TAZI: Truncation functor €4 — €a(< A+ ZI).

Subsection 5.3. Extension of scalars

9 €a: The category of X/ZI-graded U, ® A-modules satisfying conditions (A), (F), (C) and (D).
7:U% — A< A" Commutative A-algebra.

Subsection 5.4. Duality

%a: The category analogous to €4 for U_, ® A-modules.

7 : UY — A: UC-algebra defined by 7(h) = —m(h) for h € b.

7: Automorphism of G (and of g) defined in [12].

Wr: Weyl group corresponding to Rj.

wr: Longest element in W7y.

Tr:U% — TA: U%algebra defined by "m(h) = n(r~1(h)) for h € b.

"M: The U_, ® A-module with the same A-module structure as M and with the U_, action given by
z-m=r71"Y(x)m for x € U_, and m € M.

D7 : U° — DA: UY-algebra defined by Dm = 7 (7).

D: Duality functor €4 — ¢pa-

Dr: U — DA: U-algebra defined by D7 (h) = —7(7(h)) for h € .

D: “Inverse” duality functor €4 — Coa-

Section 6. Properties of baby Verma modules

Subsection 6.1. Irreducibility

7: U — F: Commutative Noetherian UY-algebra which is a field.

Lp,(N\): Unique irreducible quotient of Zpg, (\), for A € X.

QFx(A\): Projective cover of Lp () in €F, for A € X.

Subsection 6.2. Isomorphisms of baby Verma modules

So: Reflection X — X sending A € X to A — (A, a¥)a.

Sa,m: Reflection X — X sending A € X to A — (A, a¥)a + ma.

W: Weyl group of R.

tm,o: Translation X — X sending A € X to A 4+ ma.

W, p-affine Weyl group of R, subgroup of Autz(X) generated by W and t, ,,, fora € R, m € Z.
Wr: Weyl group of Rj.

Wy p: p-afine Weyl group of Ry, subgroup of Autz(X) generated by W and t, ., for o € Ry, m € Z.
p: Half-sum of positive roots in X.

Section 7. Regular nilpotent p-characters

Recall that in this section x is regular nilpotent, and w(hy) = 0 for all a € R.
7°: U% — A: U%-algebra defined by 7°(h) = 0 for h € b.

Subsection 7.1. An equivalence of categories

¢’5: Category defined analogously to €4 for U%-algebra m° : U° — A.



52 M. Westaway / Journal of Pure and Applied Algebra 226 (2022) 107033

O 4: Equivalence of categories 43 — %4 defined in Proposition 7.1.
Subsection 7.2. Projective covers

QK (\): Projective cover of Zg , (A) in ¢k, for A € X.

Qr,x(A\): Projective cover of Zg,(A) in €F, for A € X.

Qre (A\): Projective cover of Zpo ,(A) in €p, for A € X.

Qax(A) =04(Qk (N @k A) for A € X.
A: Set of W)-dot-orbits on X, also fundamental domain for W),-dot-action on X.

Section 8. Arbitrary standard Levi form

Recall that in this section x is in standard Levi form corresponding to I C 11, and w(hy) = 0 for all a € Ry.
Subsection 8.1. The module Q; | ())

(€4)°: Category defined analogously to €4 for U°-algebra n° : U® — A.

©: Equivalence of categories (¢)° = €] defined in this Subsection.

QK,1,x(N): Projective cover of Zk 1, (A) in ElL, for e X.

Qarx(A) = GQ(QK,I,X(A)) for A € X.

Qﬁ,x()‘) i=Tay(Qax(N)) for A € X.

Ap: Set of Wy p-orbits on X, also fundamental domain for Wy p-action on X.

@iﬁ: Equivalence of categories (%j*)" = ng’f

2l ) =24 (Qary(N) € Ca for X e X.

Subsection 8.2. Projective covers

QU EI(N) == T+ (Qp (X)) € Ga(< v+ ZI) for X € X.

Q”+Z1( ): Projective module in G4(< v + ZI) with Q”+ZI( )®@a F = Q”+ZI( ) when A is a local ring
Wlth residue field F, for A € X.

Qa,x(N): Projective module in €4 with Q4 (\) ®4 F = Qp(A\) when A is a local ring with residue field
F,for e X.
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