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� 3D Lagrangian flow trajectories are determined in a mechanically agitated vessel.
� A new multiscale wavelet analysis is used to study turbulence properties.
� Trajectories are decomposed into deterministic and stochastic components.
� Decomposed trajectories yielded turbulence kinetic energy and its dissipation rate.
� The stochastic trajectory component yielded the turbulence diffusion coefficients.
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Flow turbulence properties are of utmost importance for the optimization of mixing in stirred vessels. A
new experimental-theoretical framework is developed to study such turbulence properties. A discrete
wavelet transform is used to decompose Lagrangian flow trajectories measured by positron emission par-
ticle tracking into their mean and stochastic components representing different scales. The mean compo-
nent represents low frequency scale motion or non-diffusive/background motion, while the stochastic
component accounts for high frequency scale motion or diffusive motion of small eddies. Decomposed
Lagrangian trajectories are used to construct maps of local mean and fluctuation flow velocity, turbulent
kinetic energy and its dissipation rate, and, for the first time, turbulent diffusion coefficients. Particle
image velocimetry measurements are utilised to independently validate results and tune the input
parameters of the analysis. Such detailed information on local mixing scales is invaluable to aid equip-
ment design and operation and facilitate heat/mass transfer and enhance reaction kinetics.

� 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Mechanically agitated vessels operating in the turbulent regime
are extensively used in various industries such as chemical, bio-
chemical, pharmaceutical, crystallization, minerals, food, and dis-
solution (Shah et al., 2015). Mixing quality or mixedness in this
type of equipment is of paramount importance in determining pro-
cess reliability, product quality and cost. To properly design mixing
units, knowledge of flow turbulence characteristics such as turbu-
lent kinetic energy (TKE) and its dissipation rate are required, as
the spatial distribution and magnitude of these parameters deter-
mines the efficiency and quality of the mixing process. It is gener-
ally difficult to obtain these turbulence properties as it is hard to
conduct pointwise experimental investigations of the internal flow
within mixing vessels due to its complexity. A lack of proper
understanding of mixing hydrodynamics may cause severe manu-
facturing problems costing billions of dollars per year (Paul et al.,
2003). Therefore, proper and accurate combined experimental
and theoretical approaches to characterise turbulence properties
in stirred vessels to help evaluate mixing quality are of crucial
importance.

Over the years, several experimental methods have been devel-
oped for measuring TKE and its dissipation rate. Traditionally, the
dissipation rate of TKE is measured using a hot-wire probe which is
based on the heat loss of an electrically heated wire (Antonia,
2003; Wallace and Vukoslavčević, 2010; Zhu and Antonia, 1996).
This technique directly measures the dissipation rate; however, it
is an invasive technique and it needs multiple hot-wire probes to
measure all 3D velocity components and their gradients, which
can significantly perturb the flow (Wallace and Vukoslavčević,
2010). Other measurement techniques are laser-based optical
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Nomenclature

Symbols
Aj approximate sub-signal at j-th level
b constant in turbulent diffusion coefficient equation
c concentration, mol/m3

c
�

mean concentration, mol/m3

Cimp impeller clearance, m
D impeller diameter, m
Dj detail sub-signal at j-th level
Dm molecular diffusion coefficient, m2/s
fs sampling frequency
H liquid height in the tank, m
k turbulent kinetic energy or TKE, m2/s2

K turbulent diffusion coefficient, m2/s
n length of time series
N impeller rotational speed, 1/s
Np power number
P input power, W
r radial position, m
R tank radius, m
Reimp impeller Reynolds number
t time, s
T tank diameter, m
u instantaneous velocity, m/s
up periodic fluctuation velocity, m/s
u0 fluctuation velocity, m/s
u0 0 pure random fluctuation velocity, m/s
Urz r-z velocity, m/s
U3D total velocity, m/s

Utip impeller tip velocity, m/s
Vl tank volume, m3

w baffle width, m
W impeller width, m
x x-direction position, m
xdet x-direction deterministic Lagrangian displacement, m
xsto x-direction stochastic Lagrangian displacement, m
y y-direction position, m
z z-direction position, m

Greek Symbols
d standard deviation of fluctuation velocity, m/s
e turbulent kinetic energy dissipation rate, m2/s3

e
�

mean turbulent kinetic energy dissipation rate, m2/s3

l viscosity, kg/ (m.s)
m kinematic viscosity, m2/s
q liquid density, kg/m3

r standard deviation of stochastic Lagrangian displace-
ments, m

w wavelet mother function

Abbreviations
DWT discrete wavelet transform
LDV laser Doppler velocimetry
PBT pitched-blade turbine
PEPT positron emission particle tracking
PIV particle image velocimetry
TKE turbulent kinetic energy
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imaging techniques such as laser Doppler velocimetry (LDV) and
particle image velocimetry (PIV). LDV measures local, instanta-
neous flow velocities in transparent media using the Doppler shift
principle in a laser beam scattered by seeding particles suspended
in the flow (Tropea, 1995). For example, Zhou and Kresta (1996)
used 1D LDV to study the influence of vessel geometry on the max-
imum TKE dissipation rate. They reported that 28.1% of the turbu-
lent energy is dissipated in the discharge plane of the impeller.
Several other researchers employed dimensional analysis to indi-
rectly estimate the turbulent dissipation rate distributions in agi-
tated vessels (Boffetta and Romano, 2002; Kresta and Wood,
1993; Schäfer et al., 1997), while some workers directly measured
the energy dissipation rate using 2-point 4-channel LDV, with 9 out
of 12 mean squared velocity gradients (Ducci and Yianneskis,
2005; La Forgia et al., 2019).

PIV is widely accepted and gives non-invasive Eulerian mea-
surements based on the spatial averaging of small tracer displace-
ments between images (Adrian, 1991). Most researchers have used
2D flow velocity fields and very few workers have used stereo-PIV
to evaluate the local TKE distribution, its mean and dissipation rate
(Gabriele et al., 2011; Guida et al., 2010a; Mortensen et al., 2018;
Sharp and Adrian, 2001; Stanislas et al., 2008). The accuracy of tur-
bulence properties measured by PIV is mainly determined by the
spatial resolution. It is hard to have a high spatial resolution in
PIV measurements due to noise in the data, hence, the measured
flow properties at high resolution may be well overestimated due
to noise amplification (Tanaka and Eaton, 2007). Although, some
efforts have been devoted to increasing the temporal and spatial
resolution by using 3D PIV (Tao et al., 2000, 2002; Zeff et al.,
2003), the applicability to measure turbulence properties is still
limited by the complexity of the technique and associated data
analysis. Despite their advantages, laser-based optical image tech-
niques suffer from flow transparency constraint, which limits their
2

application of these techniques to real industrial flows which tend
to be opaque. Therefore, the use of an experimental measurement
technique which can be used in opaque flows is of utmost impor-
tance for extracting turbulence properties. Positron emission parti-
cle tracking (PEPT) is an experimental measurement technique
which can provide 3D Lagrangian trajectories of flow in opaque
systems (Fangary et al., 2002; Guida et al., 2010b). A tiny radio-
labelled tracer is used as a flow follower which can be tracked in
3D space and time, thus, revealing the long-term Lagrangian trajec-
tory of the fluid which can be used to extract the turbulence prop-
erties of the flow.

Turbulent fluid mixing in mechanically agitated tanks takes
place at different scales, i.e., molecular, eddy and bulk scales. As
such, it can be treated as a multiscale problem involving micro-
and macromixing. Turbulent flow in agitated tanks consists of
eddies of different scales, whereby the largest eddies have a size
of the same order of magnitude as the rotating impeller, while
the finest eddies have sizes defined by the Kolmogorov length
scale. Larger eddies give rise to smaller eddies, so that kinetic
energy is cascaded down from large-scale eddies to small ones.
Viscosity predominates at the smallest scales and energy is dissi-
pated as heat (Argoul et al., 1989). Mixing on the largest scales,
i.e., macromixing, is characterized by bulk fluid motion and reflects
how quickly an added substance is dispersed in the volume of the
tank. On the other hand, micromixing occurs via small eddies and
molecular diffusion, causing homogeneity of scalar entities. The
identification of these mixing scales is of significant industrial rel-
evance as macromixing determines the blending time and
micromixing affects the transfer of heat and mass as well as reac-
tion rates.

As advocated above, a combined theoretical–experimental
approach is necessary for estimating the flow turbulence proper-
ties in agitated tanks. While an accurate experimental method is
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crucial for determining turbulence characteristics, an appropriate
theoretical technique is also critical for experimental data analysis.
Lagrangian trajectories provided by PEPT contain abundant 3D
flow information which can be used to infer a detailed description
of the mixing scales in the vessel. Such trajectories consist of deter-
ministic displacements (low frequencies) and stochastic ones (high
frequencies). The deterministic part represents the mean or back-
ground flow motion, while the stochastic part accounts for the
movement of small-scale fluid parcels. Decomposing the flow
Lagrangian trajectories into deterministic and stochastic parts
can provide valuable information on the degree of macro as well
as micromixing. Wavelet analysis is a powerful and well-
established technique in the field of signal processing. It can eluci-
date the localized characteristics of a signal both in temporal and
frequency domains. Mallat (1989) developed one of the most reli-
able decomposition techniques implementing wavelet analysis
called discrete wavelet transform (DWT). The method is based on
a convolution between the original signal and two filters, a high-
pass and a low-pass filter. Outputs of this transform consist of a
series of decomposed sub-signals at different scales, giving a mul-
tiresolution representation of the signal. DWT has been used to
analsye time series signals in different fields such as engineering
(Ellis et al., 2003; Guenther and Breault, 2007; Wu et al., 2013),
oceanography (Thiebaut and Vennell, 2010; Thomson and Emery,
2014), biology (Babichev et al., 2018; Xiong et al., 2015) and med-
icine (Addison, 2017; Lyashenko et al., 2016), but it has not been
used to study the dynamics of flow systems such as stirred vessels.

In this work, a new accurate multiscale analysis of long-term
PEPT Lagrangian trajectories based on discrete wavelet decomposi-
tion is used to describe the different mixing scales in a single-phase
mechanically agitated tank. The trajectories are decomposed into
their deterministic and stochastic parts, which are then used to
estimate the local mean (background) and fluctuating velocity flow
maps, local turbulent kinetic energy and its dissipation rate, and
local eddy diffusivities. Moreover, local velocity measurements
acquired via a PIV technique are used to independently validate
the results and tune the input parameters of the multiscale analy-
Fig. 1. (a) Experimental setup for PEPT and PIV measurements; (b

3

sis. Detailed information on the mixing scales and turbulence
properties are obtained, enabling regions with different mixing
scales to be identified.
2. Experimental section

2.1. Apparatus

Mixing experiments were performed in a standard-
configuration mechanically agitated cylindrical tank with diameter
T = 0.19 m, as shown in Fig. 1. The tank was filled with water to a
height H = T and the impeller was a pumping-down 6-blade 45�
pitched-blade turbine (PBT), having diameter D = 0.5 T, width
W = 0.1 T and off-bottom clearance Cimp = 0.33 T. The tank was
equipped with four wall baffles of width w = 0.1 T. The impeller
rotational speed was N = 3.67 s�1 corresponding to an impeller
Reynolds number (Reimp = qND2/l) of 40000, thus, ensuring fully
turbulent flow.
2.2. PEPT experiments

PEPT is a non-invasive measurement technique which uses a
single tiny positron-emitting-tracer particle to track a liquid or a
solid phase and provide its 3D long-term Lagrangian trajectory
within a of flow setup (Barigou, 2004). PEPT has the advantage of
being able to diagnose flow in opaque systems which circumvents
the transparency constraint of optical visualisation methods. PEPT
is a well-established technique and has been extensively used to
investigate single and multiphase flows inside agitated vessels
and pipes (Barigou, 2004; Eesa and Barigou, 2008, 2009;
Fairhurst et al., 2001; Guida et al., 2012; Li et al., 2022; Savari
et al., 2021; Sheikh et al., 2022). In this study, a neutrally buoyant
resin tracer (�300 lm) radio-labelled with 18F, was used to track
the space–time trajectory of water inside a stirred vessel at ambi-
ent temperature (�20 �C), as illustrated in Fig. 1. In a typical PEPT
experiment, the tracer is made neutrally buoyant by adding salt to
) Cartesian grid mesh used for PEPT Lagrangian data analysis.
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adjust the density of water so that it matches that of the tracer
(1150 kg/m3). The 3D Lagrangian trajectory was recorded for a
period of 6.5 h to obtain a large number of particle locations in
the tank domain and enhance data statistics. Nonetheless, using
shorter tracking times yielded a similar level of accuracy, as shown
in Figs. S2 and S3 in Supplementary Material; for the minimum
tracking time of 30 min typically used in PEPT tracking experi-
ments, the maximum relative difference in the global TKE value
is only about 10%.

2.3. PIV experiments

In 2D PIV measurements, coated silver particles (10 lm) were
suspended in the working fluid (water) and then illuminated using
a laser with dual head Nd:YAG (New Wave Research, Fremont,
USA). A single frame-straddling charge-coupled device (CCD) cam-
era (TSI PowerView Plus, USA) was used to capture 15 image pairs
per second. The resolution of images was 2048 � 2048 pixels2 and
a TSI LASERPLUS 610,035 synchronizer was used to control the
laser and camera. The images were split into 16 � 16 pixels2 inter-
rogation areas each measuring 1.04 � 1.04 mm2. The captured
images were processed by a recursive Nyquist grid. Fast Fourier
transform cross correlation was used to interrogate the pairs of
images by TSI Insight software. The same vessel used for PEPT
experiments was utilised for PIV measurements at ambient tem-
perature (�20 �C). The laser plane was used to conduct measure-
ments in vertical planes at azimuthal positions of 5�, 45� and 85�
from the nearest baffle (Fig. 1). The glass mixing vessel was located
inside a water filled square-section tank (also made of glass) to
minimise light distortion. Other software and hardware details of
the measurements and associated data analysis and protocols are
described in our previous work (Guida et al., 2010a).

3. Theory and data analysis

3.1. Lagrangian trajectory decomposition

The Lagrangian trajectory of the PEPT tracer consists of deter-
ministic and stochastic parts. Let the x-direction of the trajectory
be represented by the x(t) time series which can be written as a
sum of its low frequency (deterministic) xdet(t) and high frequency
(stochastic) xsto(t) displacements of the tracer, thus:

x tð Þ ¼ xdet tð Þ þ xstoðtÞ ð1Þ
These two components can be separated using the wavelet

analysis technique. The wavelet transform is an effective decompo-
sition transform which provides precise frequency information at
both high and low frequencies. In this work, the discrete wavelet
transform which has been extensively used in the field of digital
signal processing, is used to decompose the position time series
into multiple frequency bands, and is defined as (Sundararajan,
2016):

DWT j; kð Þ ¼ 1ffiffiffiffiffiffiffiffi
2j
��� ���r Z

xðtÞw t � k:2j

2j

 !
dt ð2Þ

where, w is the mother wavelet function, j and k are the scale
and time lag coefficients, respectively. Mallat (1989) proposed an
efficient algorithm for an orthogonal wavelet transform by passing
the input time series through a set of low-pass and high-pass fil-
ters. While passing through these filters, the frequency resolution
is doubled at each level of the decomposition, and the time resolu-
4

tion is halved through down-sampling. The decomposed sub-signal
at the j-th scale is composed of an approximation Aj(t) and a detail
sub-signal Dj(t). The detail and approximation components at
j-level, lie within a frequency band of [2�(j+1)fs, 2�jfs] and
[0, 2�(j+1)fs], respectively, where fs is the time series sampling
frequency. As a result, the original time series x(t) can be recon-
structed from the decomposed sub-signals, thus:

x tð Þ � Aj;x tð Þ þ Dj;x tð Þ þ Dj�1;x tð Þ þ � � � þ D1;x tð Þj ¼ 1;2;3; � � � ; J ð3Þ
This decomposition can also be applied to the y- and z-direction

time series giving a multiresolution representation of the 3D
Lagrangian tracer trajectory. As shown in Fig. 2, by considering
the decomposed sub-x, y and z signals, two Lagrangian sub-
trajectories, deterministic and stochastic, are reconstructed which
can be used to study flow dynamics in lieu of the original trajec-
tory. This is called multiscale or multiresolution decomposition
of the trajectory, which allows the flow trajectory to be investi-
gated at different scales.

3.2. Analysis of flow dynamics

3.2.1. Instantaneous, mean and fluctuating velocity fields
The original and decomposed Lagrangian PEPT trajectories can

be used to calculate the mean and fluctuating flow velocity fields.
The instantaneous and background velocities (i.e., mean flow) can
be calculated from the time derivative of the original and deter-
ministic trajectories, respectively:

u ¼ uxex þ uyey þ uzez ¼ dx
dt

ex þ dy
dt

ey þ dz
dt

ez ð4Þ

u
� ¼ u

�
xex þ u

�
yey þ u

�
zez ¼ d x

�

dt
ex þ d y

�

dt
ey þ d z

�

dt
ez

where, t is time and ex, ey, and ez are unit vectors. Thus, a
Lagrangian data set [t, x, y, z, ux, uy, uz, �ux, �uy, �uz] can be generated.
The time derivatives in each direction can be estimated using a dif-
ferencing method and the ratio of position to time. The fluctuating
Lagrangian velocity at each point is the difference between the
mean and instantaneous velocities, thus, the fluctuating velocity
data set [t, x, y, z, u0

x, u0
y, u0

z] can be calculated. The Eulerian flow
fields can be constructed from the Lagrangian data using a 3D
Cartesian mesh, as shown in Fig. 1. The local velocity values in each
cell are calculated by averaging the velocities at all particle data
points along trajectory segments corresponding to different tracer
visits inside the cell.

3.2.2. Turbulent kinetic energy
Turbulent kinetic energy is one of the key turbulence properties

in the design of mixing systems and refers to the mean kinetic
energy contained within eddies in the flow. In the Reynolds-
averaged Navier–Stokes approach, the turbulence velocity field is
split into average and instantaneous velocity fields and a time
average is used to extract the mean flow properties. This can be
performed using the ensemble-averaged velocity:

ui ¼ u
�
i þ u0

i ð5Þ

where, ui, u
�
i and u0

i are instantaneous, time-averaged and fluctu-
ating components in the i-direction, respectively. A similar decom-
position can be implemented for angle-resolved velocity data
(Sharp and Adrian, 2001), thus:

ui ¼ u
�
i

���
h
þ u00

i ð6Þ



Fig. 2. Flow diagram of multiscale wavelet decomposition of Lagrangian PEPT trajectory.
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where, u
�
i

���
h
is the angle-resolved averaged velocity. For mechan-

ically agitated vessels, the velocities near the rotating impeller
fluctuate in different ways: some are purely turbulent, while
others are caused by the periodic motion of the impeller. The latter
fluctuations behave differently from pure turbulence and must,
therefore, be accounted for in a distinct way. The periodic fluctua-
tions in angle-resolved velocity data can be determined as:
up ¼ u
�
i

���
h
� u

�
i ð7Þ

Because the fluctuating part should only consist of pure random
fluctuations caused by turbulence, the periodic component in the
flow should be removed. Hence, the pure or random fluctuations
for angle-resolved velocity data are obtained from:
u00
i ¼ u0

i � up ð8Þ
Rigorous calculation of TKE, k, needs all three fluctuating veloc-

ity components to be known, such that:
k ¼ 1
2

u02
x

�
þu02

y

�
þu02

z

�� �
ð9Þ

Thus, the TKE at each Lagrangian data point can be estimated
from Eq. (9), using the fluctuating Lagrangian velocities inferred
in each direction.

For 2D PIV where only two velocity components are measured,
k is usually estimated using a pseudo-isotropic approximation, as
follows:
Fig. 3. Example of y-coordinate decomposed trajectory sub-signals.
k ¼ 3
4

u02
x

�
þu02

y

�� �
ð10Þ

This approximation has been used by many researchers and
was verified by Khan et al. (2006) for mixing tanks by stereoscopic
PIV data.
5



Fig. 4. Illustration of (a) original, (b) deterministic superimposed on original and (c) stochastic trajectories in the y-direction, yielding (d) reconstructed 3D Lagrangian
trajectory.
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3.2.3. Turbulent kinetic energy dissipation rate
In mixing tanks, the input turbulent kinetic energy is converted

into heat through viscous dissipation and eddy generation. The TKE
dissipation rate reflects the micromixing intensity in the system
and is a key property for quantifying turbulence intensity in the
flow. It can be evaluated from the kinematic viscosity (m) and fluc-
tuating velocity gradients based on the Reynolds-averaged TKE
equation (Hinze, 1967):

e¼ m

2 @u0x
@x

� �2
þ @u0y

@x

� �2
þ @u0z

@x

� �2
þ @u0x

@y

� �2
þ2

@u0y
@y

� �2
þ @u0z

@y

� �2
þ @u0x

@z

� �2
þ @u0y

@z

� �2
þ2 @u0z

@z

� �2
þ2 @u0x

@y

� �
@u0y
@x

� �
þ @u0x

@z

� �
@u0z
@x

� �
þ @u0y

@z

� �
@u0z
@y

� �� �

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

ð11Þ
6

Since PEPT experimental data provides three velocity compo-
nents, all fluctuating velocity gradients in the equation can be calcu-
lated using a 3D Cartesian mesh, as illustrated in Fig. 1. The local TKE
dissipation rates can be determined in each cell using the average of
fluctuating velocity components and dividing by the cell width.

3.2.4. Turbulent diffusion coefficients
Mass transfer within a moving fluid takes place via two mech-

anisms, i.e., advection which is defined by the mean fluid motion,
and diffusion defined by the random motion of species and Brow-
nian motion of molecules. The conservation of species in 3D Carte-
sian coordinates is (Bird et al., 2007):

@c
@t

þ ux
@c
@x

þ uy
@c
@y

þ uz
@c
@z

¼ Dm
@2c
@x2

þ @2c
@y2

þ @2c
@z2

 !
ð12Þ



Fig. 5. Contours of azimuthally-averaged total velocity superimposed on r-z velocity vector plots: (a) original, (b) background, (c) enlarged background, (d) stochastic flow
maps obtained from Lagrangian PEPT trajectories.
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where, c and Dm are species concentration and molecular diffu-
sion coefficient, respectively. In turbulent flow, the instantaneous
concentration can be decomposed into mean and fluctuation
components:

c ¼ c
�þc0 ð13Þ

Substituting Eq. (13) into Eq. (12) and using u0
xc0 ¼ �Kx

@ c
�

@x ,

u0
yc0 ¼ �Ky

@ c
�

@y and u0
zc0 ¼ �Kz

@ c
�

@z , gives the advection–diffusion

equation for turbulent flow:

@ c
�

@t
þ u

�
x
@ c

�

@x
þ u

�
y
@ c

�

@y
þ u

�
z
@ c

�

@z
¼ Dm

@2 c
�

@x2
þ @2 c

�

@y2
þ @2 c

�

@z2

 !

þ @

@x
Kx

@ c
�

@x

 !
þ @

@y
Ky

@ c
�

@y

 !

þ @

@z
Kz

@ c
�

@z

 !
ð15Þ
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where, Ki is the turbulent or eddy diffusivity coefficient in the i-
direction. The left-hand side term represents advection transport,
whilst the first term on the right-hand side represents diffusion
transport and the last three terms express turbulent diffusion
transport. The turbulent diffusion coefficients play an important
role in turbulent flow mixing as they control micromixing.

Here, the decomposed Lagrangian PEPT trajectory provides an
unprecedented opportunity to estimate turbulent diffusion coeffi-
cients in mechanically agitated vessels. They can be estimated by
combining turbulence and mixing length theory (Obukhov,
1941). In this way, based on the analogy with the kinetic theory
of gases, the contribution of eddy diffusivity due to velocity fluctu-
ations is considered proportional to the product of the correspond-
ing ‘mixing length’ and the ‘characteristic velocity scale’ of the
fluctuations. Okubo and Ebbesmeyer (1976) further suggested that
the local mixing length and characteristic velocity scale can be
approximated, respectively, by the standard deviation of the
Lagrangian stochastic displacement and the fluctuating velocity
components. Hence, the turbulent diffusion coefficients can be
expressed, thus:



Fig. 6. Comparison of 2D contour maps of normalized TKE inferred from PIV and PEPT measurements in different azimuthal h -planes of the same mixing vessel.
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Kx ¼ brxdx; Ky ¼ brydy; Kz ¼ brzdz ð16Þ
where, b = 0.1, and r and d are standard deviations of Lagran-

gian stochastic displacement and fluctuating velocity components,
respectively. This model has been used and validated in different
mixing studies of oceanography (Ivanov and Chu, 2019; Ivanov
et al., 2021; LaCasce, 2008; Monin and Yaglom, 2013).
4. Results and discussion

4.1. Mean and random trajectories

In theory, the maximum wavelet decomposition level can be
calculated as log2(n), where n is the length of the given time series.
The higher the decomposition level, the more sub-signals and
detailed information of the time series can be acquired. There is
no general way for choosing an appropriate decomposition level
as this depends on the purpose of the analysis and the process at
hand. In this study, the appropriate decomposition level was deter-
mined by comparing the TKE calculated from decomposed PEPT
Lagrangian trajectories to that obtained from PIV measurements,
as discussed further below in section 4.3. It turned out that the best
8

agreement between TKE from PEPT and TKE from PIV corre-
sponded to 5 levels of decomposition.

For illustration purposes, the original and decomposed sub-
signals for 10 s of the trajectory in the y-direction are shown in
Fig. 3. The original signals can be decomposed into six signal com-
ponents on different frequency bands after the five levels of
decomposition. Two different scales can be extracted from the
decomposed sub-signals, i.e., macro or low frequency scale (0–
1.56 Hz) represented by approximate sub-signal A5,y, and micro
or high frequency scale (>1.56 Hz) represented by detail sub-
signals D1,y, D2,y, D3,y, D4,y and D5,y. Thus, for each coordinate, a
mean (deterministic) and stochastic signal can be constructed
using A5,y and D1,y + D2,y + D3,y + D4,y + D5,y, respectively. The orig-
inal, mean, stochastic and reconstructed 3D Lagrangian trajectories
corresponding to signals from Fig. 3 are shown in Fig. 4. It is worth
noting that the reconstructed 3D trajectory has been rebuilt by
combining the A5 and D1-D5 sub-signals. As can be seen from
Fig. 4b, the mean or background component of the trajectory is
very similar to the original one in Fig. 4a, but with a smooth tracer
movement representing the flow motion at the largest scales, i.e.,
advection without the smaller fluctuations. The stochastic trajec-
tory (Fig. 4c) which represents the fluctuation parts of the original



Fig. 7. Comparison of azimuthally-averaged 2D axial and radial distributions of normalized TKE inferred from PIV and PEPT measurements in the same mixing vessel.
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trajectory reflects the smallest scales of the fluid flow (i.e., eddy
and molecular diffusion). The reconstructed trajectory obtained
by combining the mean and stochastic parts (Fig. 4b and Fig. 4c)
is presented in Fig. 4d and is superimposed on the original trajec-
tory (Fig. 4a). The original and reconstructed trajectories coincide
exactly, given that the reconstructed error between the two trajec-
tories is 1.5 � 10-8 mmwhich is vanishingly small, proving that the
decomposition process is reliable and introduces no significant
errors.

4.2. Flow velocity maps

As discussed in section 3.2.1, Lagrangian trajectories can be con-
verted to Eulerian velocity maps using an equal volume mesh grid.
Such velocity maps are usually presented as azimuthally-averaged
9

and normalized by the impeller tip velocity (Utip). The Eulerian
total velocity (U3D) contour map and the r-z velocity (Urz) vector
plot obtained from the original PEPT trajectory are superimposed
in Fig. 5a. The flow field shows a large predominant anti-
clockwise flow loop above a less prominent flow loop with clock-
wise circulation beneath the impeller, which is typical of flow in
tanks stirred with a down-pumping PBT impeller with a high
impeller-to-tank diameter ratio as is the case here (Aubin et al.,
2001; Jaworski et al., 2001). The eye of the primary circulation
loop is located at an elevation � 0.45H and a radial position
at � 0.75R. The fluid above the impeller is entrained into the
PBT and discharged towards the vessel wall by a high-speed obli-
que jet, and then slows down as it approaches the free surface.
The fluid near the surface is relatively quiescent with velocities
around 0.1Utip.



Fig. 8. Contour maps of azimuthally-averaged TKE inferred from PEPT measure-
ments by (a) 2D and (b) 3D estimations.
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The azimuthally-averaged normalized mean (background) flow
velocity map superimposed over the r-z velocity vector plot is pre-
sented in Fig. 5b. The gross flow pattern of the mean flow is qual-
itatively similar to the original one, but the velocities are much
smaller (Fig. 5a). The background flow map shows the primary
motion of fluid in the tank and indicates mixing on the large tem-
poral and spatial scales, i.e., macromixing characterised by the
length scale of the rotating impeller. For better clarity, the same
velocity map is shown enlarged in Fig. 5c. Here, macromixing pre-
vails in the region above the impeller and near the tank wall, where
the advective velocities are highest. This scale of mixing is associ-
ated with large turbulent eddies, i.e., primary circulation loop
which determines the homogenization and the movement of the
bulk fluid. In other words, it determines how quickly fluid dis-
perses and blends throughout the vessel.

The azimuthally-averaged fluctuating velocity contour map is
shown in Fig. 5d; the colour scale highlights the regions charac-
terised by high velocity fluctuations. Note that no velocity vectors
can be shown as the fluctuating velocities have random direction.
This velocity field represents a map of the micromixing scale in the
tank. Micromixing prevails in the impeller discharge stream and
where the discharge stream impinges on the tank wall. This
micromixing scale is governed by small eddies which are created
within vortices behind the impeller blades and by the fluid jet
impinging on the vessel wall. The above description is specific to
the flow and mixing conditions considered here. The intensity of
macro- and micromixing as well as its spatial distribution is influ-
enced by a number of factors including mixer configuration, fluid
rheology and regime of flow. A variation in any one of these param-
eters may impact the different mixing scales to different extents.
Hence, an analysis of the sort proposed here is therefore very use-
ful for unravelling these phenomena.
4.3. TKE maps

The decomposed 3D Lagrangian PEPT trajectories were used to
estimate local TKE values within the vessel. To independently val-
idate these TKE estimations, PIV measurements obtained in the
same vessel were used. It should be noted that 2D PIV has been
shown to give accurate measurements of turbulence properties
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compared to LDV and hot-wire anemometry (Gagnon et al.,
2008; Lavoie et al., 2007; Saarenrinne et al., 2001). Since PIV data
are 2D, TKE values were estimated from Eq. (10) for both PIV and
PEPT using the same 2D approach. The 2D TKE contour maps esti-
mated from PEPT and PIV, normalized by the square of the impeller
tip velocity (k/U2

tip) are compared in Fig. 6. Results are presented in
different sample azimuthal planes, i.e., h = 5�, 45�, 85�, and an aver-
age contour of 17 such azimuthal planes is also shown. In addition,
for a more detailed quantitative comparison, azimuthally-averaged
axial and radial TKE distributions are depicted in Fig. 7, in planes
of particularly high TKE values, i.e., z = 0.17, 0.27, 0.37, 0.42, 0.47,
0.52H; and r = 0.15, 0.38, 0.59, 0.74, 0.86, 0.97R.

A sensitivity analysis of TKE values to the number of levels used
in the decomposition of PEPT trajectories showed that 5 levels gave
the closest agreement with PIV, as depicted in Fig. S1 in Supple-
mentary Material. A smaller number of decomposition levels
favours large scale advection, thus, underestimating TKE; whereas,
with a higher level, small scale fluctuations are overrepresented,
thereby overestimating TKE. Comparison of the PIV and PEPT
results indicates that TKE magnitude and its spatial distribution
are in good agreement (Figs. 6 and 7). Slight discrepancies exist
near the tip of the impeller and close to the tank wall where the
estimations yielded by PEPT are slightly higher than those obtained
from PIV. These results give useful insight into the distribution of
TKE within the stirred vessel. The highest TKE values appear in
the impeller discharge stream and where it impinges on the vessel
wall, caused by trailing vortices behind the impeller blades.

As discussed above, the use of 2D data to estimate TKE assumes
pseudo-isotropic turbulence, which seems to be unrealistic in a 3D
mixing flow. Here, 3D PEPT Lagrangian data provides an unprece-
dented opportunity to check this assumption in stirred tanks. Thus,
TKE values estimated from PEPT trajectories based on 2D approxi-
mation (Eq. (10) and based on 3D calculations (Eq. (9)) are com-
pared in Figs. 8 and 9, respectively, on the basis of contour plots
and azimuthally-averaged axial and radial distributions. The con-
tour maps in Fig. 8 based on 2D and 3D estimations are similar
except for locations in the impeller discharge stream and opposite
the impeller at the wall. The quantitative distributions in Fig. 9,
however, generally show some small discrepancies between the
two sets of data, with the 2D profiles underestimating TKE. The
most significant differences appear just above the impeller and in
the impeller plane, increasing as the discharge flow approaches
the wall. Apart from these latter strongly anisotropic regions, the
generally fair agreement between the 2D and 3D distributions
shows that in most parts of the vessel the assumption of pseudo-
isotropic turbulence is reasonable.

4.4. TKE dissipation rate maps

A 2D contour map of azimuthally-averaged TKE dissipation rate
estimated from PEPT data and normalized by N3D2, is superim-
posed over the r-z velocity vector plot in Fig. 10. The dissipation
rate is highest between the blades within the impeller volume
and decreases gradually as the discharge stream approaches the
vessel wall. The fluid in the bulk of the tank has a very low dissipa-
tion rate, an order of magnitude lower. Thus, the vast majority of
the TKE is dissipated within the impeller, which represents only
a small fraction of the vessel volume.

To verify the TKE dissipation rate estimations, the local e values
were integrated over the grid shown in Fig. 1 to yield the average

dissipation rate in the tank, as e
� ¼ 0:13 m2/s3. Using the well-

established value of 2.0 for the power number (Np = P/qN3D5) of
the PBT impeller (Liu and Barigou, 2013), the power input P was



Fig. 9. Azimuthally-averaged axial and radial distributions of TKE inferred from PEPT measurements by 2D and 3D estimations.
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obtained and, hence, the mean dissipation rate was estimated,

thus, e
�
= P/(qVl) = 0.14 m2/s3, where Vl is liquid volume in the ves-

sel. The close agreement of the two estimated values of e
�
confirms

the accuracy of the TKE dissipation rate estimations.
11
4.5. Turbulent diffusion coefficients maps

The 3D PEPT trajectories enabled for the first time the estima-
tion of the turbulent diffusion coefficients in a stirred vessel. 2D



Fig. 10. Contour map of azimuthally-averaged TKE dissipation rate superimposed
on r-z velocity vectors.
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contour maps of the azimuthally-averaged values estimated from
PEPT data are superimposed over r-z velocity vector plots in
Fig. 11, while their axial and radial distributions are presented in
Fig. 12. The radial diffusion coefficient (Ky) exhibits some of the lar-
gest values compared with Kx and Kz. Kx which represents tangen-
tial turbulence has its highest values within the impeller volume,
and so turbulent diffusion in the x-direction is predominant in this
region. The radial Ky coefficient exhibits its largest values in the
impeller discharge stream where turbulent diffusion appears to
be predominant in the radial direction. On the other hand, the axial
coefficient Kz attains its largest magnitude where the discharged
Fig. 11. Contour maps of azimuthally-averaged turbulent dif
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stream impinges on the vessel wall and in the region above the
impeller, indicating that turbulent diffusion in these areas is pre-
dominant axially. The average value of these coefficients within
the vessel is on order of 10-4 m2/s which is � 105 times the typical
molecular diffusion coefficient in water (Perry et al., 1997). This
indicates that micromixing in turbulent stirred tanks are com-
pletely controlled by turbulent eddy diffusion.
5. Conclusion

A discrete wavelet transform was used to decompose experi-
mental 3D Lagrangian PEPT flow trajectories into their determinis-
tic and fluctuating components in a turbulent mechanically
agitated vessel and provide a pointwise description of the mean
and fluctuation velocities, TKE and its dissipation rate as well as
turbulent diffusion coefficients. The deterministic component
accounts for low frequency scale motion, i.e., non-diffusive or
background motion, while the stochastic component represents
high frequency scale motion, i.e., diffusive motion of small eddies.
The analysis was independently validated via 2D PIV
measurements.

Background flow represents the primary fluid motion in the
bulk of the tank and prevails in the region above the impeller
and near the tank wall, where the highest axial velocities occur.
Fluctuating flow, which is governed by small eddies, however, is
predominant in the discharge stream and where the discharge
stream impinges on the tank wall. The primary circulation loop
in the vessel contains a high level of TKE which is mainly attributed
to the trailing vortices in the flow loop created by the wake of the
impeller blades. TKE values inferred from 2D PIV measurements
are slightly lower than those rigorously estimated from 3D PEPT
data. The most significant differences appear just above the impel-
ler and in the impeller plane, increasing as the discharge flow
approaches the wall. Apart from these latter strongly anisotropic
regions, the generally fair agreement between the 2D and 3D dis-
tributions shows that in most parts of the vessel the assumption
of pseudo-isotropic turbulence is reasonable.

The proposed wavelet analysis enabled estimation of the tur-
bulent diffusion coefficients for the first time. Eddy diffusivities
in different directions are prevalent in different regions of the
fusion coefficients superimposed on r-z velocity vectors.



Fig. 12. Azimuthally-averaged axial and radial distributions of turbulent diffusion coefficients.
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tank. Kx has high values within the impeller volume, while the
highest Ky values are located in the impeller discharge stream.
Axial Kz coefficient exhibits high values in the discharged plane
where fluid impinges on the vessel wall and in the region above
the impeller. The values of turbulent diffusion coefficients
obtained show that micromixing in turbulent stirred vessels is
completely controlled by turbulent eddy diffusion rather than
molecular diffusion.
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