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Abstract

We study the stochastic cubic nonlinear wave equation (SNLW) with an additive noise
on the three-dimensional torus T2 In particular, we prove local well-posedness of the
(renormalized) SNLW when the noise is almost a space-time white noise. In recent
years, the paracontrolled calculus has played a crucial role in the well-posedness study
of singular SNLW on T3 by Gubinelli et al. (Paracontrolled approach to the three-
dimensional stochastic nonlinear wave equation with quadratic nonlinearity, 2018,
arXiv:1811.07808 [math.AP]), Oh et al. (Focusing CI>‘3‘-model with a Hartree-type
nonlinearity, 2020. arXiv:2009.03251 [math.PR]), and Bringmann (Invariant Gibbs
measures for the three-dimensional wave equation with a Hartree nonlinearity II:
Dynamics, 2020, arXiv:2009.04616 [math.AP]). Our approach, however, does not rely
on the paracontrolled calculus. We instead proceed with the second order expansion
and study the resulting equation for the residual term, using multilinear dispersive
smoothing.
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1 Introduction
1.1 Singular stochastic nonlinear wave equation
In this paper, we study the following Cauchy problem for the stochastic nonlinear

wave equation (SNLW) with a cubic nonlinearity on the three dimensional torus T°> =
(R/(27Z))3, driven by an additive noise:

2u+ (1 — Au +u® = ¢¢

(x,1) € T?> x R, (1.1
(u7 8;“)'[:0 = (M(), ul)a

where £ (x, t) denotes a (Gaussian) space-time white noise on T3 x R with the space-
time covariance given by

E[£(x1, )& (x2, 12)] = 8(x1 — x2)8(t1 — 12)

and ¢ is a bounded operator on L?(T?). Our main goal is to present a concise proof
of local well-posedness of (1.1), when ¢ is the Bessel potential of order «:

¢p=(V)“=(1-A)" (1.2)
for any o > 0. Namely, we consider (1.1) with an “almost” space-time white noise.
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Given a € R, let ¢ = ¢, be as in (1.2). Then, a standard computation shows that
the stochastic convolution:

1=ZI((V)") (1.3)

belongs almost surely to C(R; W* :20(T3)) for any s < o — % See Lemma 3.1 below.
Here, we adopted Hairer’s convention to denote stochastic terms by trees; the vertex
“.” in 1 corresponds to the random noise ¢p& = (V)~*&, while the edge denotes the
Duhamel integral operator:

T=@@>+1-A)"", (1.4)

corresponding to the forward fundamental solution to the linear wave equation. Note

that when o > %, the stochastic convolution ! is a function of positive (spatial)

regularity o — % — &.! Then, by proceeding with the first order expansion:

u="14+v

and studying the equation for the residual term v = w — 1, we can show that (1.1) is
locally well-posed, when o > % See [13,58] in the case of the deterministic cubic
nonlinear wave equation (NLW):

u+1—ANu+u>=0 (1.5)

with random initial data. Furthermore, by controlling the growth of the #!-norm of
the residual term v via a Gronwall-type argument, we can prove global well-posedness
of (1.1), when a > 1.2 See [13].

When o < % solutions to (1.1) are expected to be merely distributions of negative

regularity o — % — ¢, inheriting the regularity of the stochastic convolution, and thus

we need to consider the renormalized version of (1.1), which formally reads

u+ (1 — Au+u®—o00-u= (V)%

1.6
(u, 0ru)|r=0 = (uo, uy), (0

where the formal expression u3 — 0o - u denotes the renormalization of the cubic

power u>. In the range % <a < %, a straightforward computation with the second
order expansion:

u:T—\V—I—U

! In this discussion, we only discuss spatial regularities. Moreover, we do not worry about the regularity
of the initial data (uq, u1).

2 This globalization argument is the only place, where the defocusing nature of the nonlinearity plays a
role. See also Remarks 1.4 and 1.6. In particular, all the local-in-time results, including Theorem 1.1, also
hold in the focusing case.
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yields local well-posedness of the renormalized SNLW (1.6) (in the sense of Theo-
rem 1.1 below). Here, the second order process Y is defined by

where  denotes the renormalized version of 13. See [51] for this argument in the
context of the deterministic renormalized cubic NLW (1.5) with random initial data.
We state our main result.

Theorem 1.1 Let 0 < o < % Given s > %, let (ug, u1) € H(T3) = HY(T3) x
HS~Y(T3). Then, there exists a unique local-in-time solution to the renormalized cubic
SNLW (1.6) with (u, d;u)|;=0 = (ug, u1).

More precisely, given N € N, let Ey = &, where wy is the frequency projector
onto the spatial frequencies {|n| < N} defined in (1.13) below. Then, there exists a
sequence of time-dependent constants {on (t)}neN tending to oo (see (1.16) below)
such that, given small ¢ = €(s) > 0, the solution uy to the following truncated
renormalized SNLW :

un + (1 — Muy + u3, —3oyuy = (V) %y

(1.7
(upn, Oun)|i=0 = (uo, u1)

converges to a non-trivial® stochastic process u € C([—T, T1; H a-y—e (T%)) almost
surely, where T = T (w) is an almost surely positive stopping time.

Stochastic nonlinear wave equations have been studied extensively in various set-
tings; see [15, Chapter 13] for the references therein. In particular, over the last few
years, we have witnessed a rapid progress in the theoretical understanding of nonlinear
wave equations with singular stochastic forcing and/or rough random initial data; see
[12,19,20,25-27,45,47-51,53-57,66]. In [26], Gubinelli, Koch, and the first author
studied the quadratic SNLW on T>:

Pu+ (1= Au+u?=¢. (1.8)

By adapting the paracontrolled calculus [24], originally introduced by Gubinelli,
Imkeller, and Perkowski in the study of stochastic parabolic PDEs, to the dispersive
setting, the authors of [26] reduced (1.8) into a system of two unknowns. This system
was then shown to be locally well-posed by exploiting the following two ingredients:
(1) multilinear dispersive smoothing coming from a multilinear interaction of random
waves (see also [12,45]) and (ii) novel random operators (the so-called paracontrolled
operators) which incorporate the paracontrolled structure in their definition. These
random operators are used to replace commutators which are standard in the parabolic
paracontrolled approach [14,40].

3 Here, non-triviality means that the limiting process u is not zero or a linear solution. As we see below,
the limiting process u admits a decomposition v = 1 — ¥ + v, where the residual term v satisfies the
nonlinear equation (1.25). See Remark 1.4 (ii) on a triviality result for the unrenormalized equation. See
also [30,47,51,54] for related triviality results.
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More recently, Okamoto, Tolomeo, and the first author [48] and Bringmann [12]
independently studied the following SNLW with a cubic Hartree-type nonlinearity:*

u+ (1 — A+ (Vxu?)u =&, (1.9)

where V is the kernel of the Bessel potential (V)™ of order 8 > 0. In [48], the
authors proved local well-posedness for § > 1 by viewing the nonlinearity as the
nested bilinear interactions and utilizing the paracontrolled operators introduced in
[26]. In [12], Bringmann went much further and proved local well-posedness of (1.9)
for any § > 0. The main strategy in [12] is to extend the paracontrolled approach
in [26] to the cubic setting. The main task is then to study regularity properties of
various random operators and random distributions. This was done by an intricate
combination of deterministic analysis, stochastic analysis, counting arguments, the
random matrix/tensor approach by Bourgain [9,10] and Deng, Nahmod, and Yue [18],
and the physical space approach via the (bilinear) Strichartz estimates due to Klain-
erman and Tataru [36], analogous to the random data Cauchy theory for the nonlinear
Schrédinger equations on R? as in [2-4].

From the scaling point of view, the cubic SNLW (1.6) with a slightly smoothed
space-time white noise (i.e. small « > 0) is essentially the same as the Hartree SNLW
(1.9) with small 8 > 0. Hence, Theorem 1.1 is expected to hold in view of Bringmann’s
recent result [12]. The main point of this paper is that we present a concise proof of
Theorem 1.1 without using the paracontrolled calculus. In the next subsection, we
outline our strategy.

Due to the time reversibility of the equation, we only consider positive times in the
remaining part of the paper.

Remark 1.2 The equations (1.1) and (1.6) indeed correspond to the stochastic nonlinear
Klein—Gordon equations. The same results with inessential modifications also hold
for the stochastic nonlinear wave equation, where we replace the linear part in (1.1)
and (1.6) by a,zu — Au. In the following, we simply refer to (1.1) and (1.6) as the
stochastic nonlinear wave equations.

Remark 1.3 Our argument also applies to the deterministic (renormalized) cubic NLW
on T3 with random initial data of the form:

w gn(a)) inx h"(w) in-x
(g, ut) = < E <n>1+ae , E —(I’l)"‘ e ),
nez?

neZ3

4 1n[12], Bringmann studied the corresponding deterministic Hartree NLW with random initial data.

5 We point out that the scope of the papers [12,48] goes much further than what is described here. The main
goal of [48] is to study the focusing problem, in particular the (non-)construction of the focusing Gibbs
measure associated to the focusing Hartree SNLW. They identified the critical value = 2 and proved
sharp global well-posedness of the focusing problem (with a small coefficient in front of the nonlinearity
when 8 = 2). On the other hand, the main goal in [12] is the construction of global-in-time dynamics
in the defocusing case, where there was a significant difficulty in adapting Bourgain’s invariant measure
argument [8,9]. This is due to (i) the singularity of the associated Gibbs measure with respect to the base
Gaussian free field for 0 < g < % [11,48] and (ii) the paracontrolled structure imposed in the local theory,
which must be propagated in the construction of global-in-time solutions. See the introductions of [12,48]
for further discussion.
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where the series {g,},c73 and {h,},cz3 are two families of independent standard
complex-valued Gaussian random variables conditioned that g, = §_y, hp = h_,,
n € Z3.In particular, Theorem 1.1 provides an improvement of the main result (almost
sure local well-posedness) in [51] from o > % toa > 0.

Remark 1.4 (i) The first part of the statement in Theorem 1.1 is merely a formal

(i)

statement in view of the divergent behavior oy (f) — oo for t # 0. In the next
subsection, we provide a precise meaning to what it means to be a solution to (1.6)
and also make the uniqueness statement more precise. See Remark 1.9.

In the case of the defocusing cubic SNLW with damping:

32u 4 du+ (1 — Au +u’ = (V) 79,

a combination of our argument with that in [47] yield the following triviality result.
Consider the following truncated (unrenormalized) SNLW with damping:

Fun + duy + (1 = Auy +u3 = (V) "%y
(un, dun)|i=0 = (uo, u1),
where éy = my&. As weremove the regularization (i.e. take N — 00), the solution

u y converges in probability to the trivial function u, = 0 for any (smooth) initial
data (ug, uy). See [47] for details.

Remark 1.5 (i) Inour proof, we use the Fourier restriction norm method (i.e. the X* b

(i)

spaces defined in (2.8)), following [12,57]. While it may be possible to give a proof
of Theorem 1.1 based only on the physical-side spaces (such as the Strichartz
spaces) as in [25-27], we do not pursue this direction since our main goal is to
present a concise proof of Theorem 1.1 by adapting various estimates in [12] to our
current setting. Note that the use of the physical-side spaces would allow us to take
the initial data (u0, u1) in the critical space H2 (T3) (for the cubic NLW on T?). See
for example [25]. One may equally use the Fourier restriction norm method adapted
to the space of functions of bounded p-variation and its pre-dual, introduced and
developed by Tataru, Koch, and their collaborators [28,31,37], which would also

allow us to take the initial data (ug, #1) in the critical space H%(']IG). See for
example [3,46] in the context of the nonlinear Schrodinger equations with random
initial data. Since our main focus is to handle rough noises (and not about rough
deterministic initial data), we do not pursue this direction.

On T3, the Bessel potential ¢, = (V)™ is Hilbert—Schmidt from L?(T3) to
H*(T3) fors < o — % It would be of interest to extend Theorem 1.1 to a general
Hilbert-Schmidt operator ¢, say from L2(T3) to H*~3(T3) as in [16,44,52].
Note that our argument uses the independence of the Fourier coefficients of the
stochastic convolution ' but that such independence will be lost for a general
Hilbert—Schmidt operator ¢.

% Ora general y-radonifying operator ¢ as in [21], where the authors proved local well-posedness of the
one-dimensional stochastic cubic nonlinear Schrodinger equation with an almost space-time white noise.
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Remark 1.6 (i) When o = 0, SNLW (1.6) with damping
Pu+ou+ (1 —ANutu’—oco-u=¢ (1.10)

corresponds to the so-called canonical stochastic quantization equation’ for the
Gibbs measure given by the <I>‘31—measure on # and the white noise measure on d;u.
See [60]. In this case (i.e. when o = 0), our approach and the more sophisticated
approach of Bringmann [12] for (1.9) with 8 > 0 completely break down. This
is a very challenging problem, for which one would certainly need to use the
paracontrolled approach in [12,26,48] and combine with the techniques in [18].

(ii) As mentioned above, when o > %, the globalization argument by Burq and
Tzvetkov [13] yields global well-posedness of SNLW (1.1) with ¢ as in (1.2).
When o = 0, we expect that (a suitable adaptation of) Bourgain’s invariant mea-
sure argument would yield almost sure global well-posedness once we could prove
local well-posedness of (1.10) (but this is a very challenging problem). It would be
of interest to investigate the issue of global well-posedness of (1.6) for 0 < o < %
See [27,66] for the global well-posedness results on SNLW with an additive space-
time white noise in the two-dimensional case.

1.2 Outline of the proof

Let us now describe the strategy to prove Theorem 1.1. Let W denote a cylindrical
Wiener process on L2(T3):3

W(t) =) Bu(D)en,

neZ3

where e,(x) = €~ and {By},cz: is defined by B,(t) = (&, 1j0.] - en)xr.r. Here,
(-, -)x.r denotes the duality pairing on T3 x R. As a result, we see that {Bn},ezs 18
a family of mutually independent complex-valued Brownian motions conditioned so
that B_, = B,,n € Z>.In particular, By is a standard real-valued Brownian motion.
Note that we have, for any n € 72,

Var(B, (1)) = E[(€, 110,11 €n)x.s & Lo - eala] = 0 - allls = 1.

With this notation, we can formally write the stochastic convolutiont = Z((V)~%¢)
in (1.3) as

sin((t — t')(V)) sin( t—t ,
T:/0 <(<v>1+)a< Z 6"/ n)i+a >)dB”(t)’

nez?

(1.11)

7 Namely, the Langevin equation with the momentum v = 9;u.

8 By convention, we endow T3 with the normalized Lebesgue measure (271)_3dx.
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where (V) = /1 — A and (n) = /1 + |n|2. We indeed construct the stochastic
convolution 1t in (1.11) as the 11m1t of the truncated stochastic convolution !N defined
by

. /
nez?
In|<N (1.12)

for N € N, where y denotes the (spatial) frequency projector defined by

anf =), fen (1.13)

[n|<N

A standard computation shows that the sequence {1n}NeN is almost surely Cauchy

in? C([0, TT; W""%”o"('ﬂg)) and thus converges almost surely to some limit, which
we denote by 1, in the same space. See Lemma 3.1 below.
We then define the Wick powers VN and VN by

VN(x7t> = (TN($7t))2 - UN<t>7
W (x,t) = (1n(2,1)® = 3on(t) - 1 (x,1), (1.14)

and the second order process V', by
Vv =Z(wy), (1.15)

where 7 denotes the Duhamel integral operator in (1.4). Here, oy (¢) is defined by10

¢ sin((t — t')(n))]?
on(t) =E[(n(z,1)°] = Y /0 [W} i

In|<N

Z _ sin(2¢(n)) tlogN, for a= 3,
et 2+20‘ 4(n)3+2 tN'=20 for 0 <o < 3

Y

(1.16)

We point out that a standard argument shows that VN and V' N converge almost surely to
V in C([0, T]; W2¢—1=%(T3)) and to ¥ in C([0, T]; W3*~32—%°(T3)), respectively,
but that we do not need these regularity properties of the Wick powers V and W in this
paper.

9 Hereafter, we use a— (and a+) to denote a — ¢ (and a + ¢, respectively) for arbitrarily small ¢ > 0. If
this notation appears in an estimate, then an implicit constant is allowed to depend on ¢ > 0 (and it usually
diverges as ¢ — 0).

10 1y our spatially homogeneous setting, the variance o (¢) is independent of x € T3,
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As for the second order process VY, in (1.15), if we proceed with a “parabolic

thinking”,!! then we expect that Yy has regularity'? 3o — %— = (Ba — %—) +

1, which is negative for o < é In the dispersive setting, however, we can exhibit
multilinear smoothing by exploiting multilinear dispersion coming from an interaction
of (random) waves. In fact, by adapting the argument in [12] to our current problem,

we can show an extra ~ %-smoothing for \{/ N uniformly in N € N, and for the limit

Y=z (V) = limy o0 Vv and thus they have positive regularity. See Lemma 3.1.

As in [12,26], such multilinear smoothing plays a fundamental role in our analysis.
Let us now start with the truncated renormalized SNLW (1.7) and obtain the limiting

formulation of our problem. By proceeding with the second order expansion:

uy =18 =V + v, (1.17)

we rewrite (1.7) as
(8,52+1*A>UN = —(vN+ N *\VN)3+3UN(TN *\VN+’UN) + N
= —U?V + 3(?]\; — TN)UJQV — 3(??\; — Q\VNTN)UN — 3VNUN

+ \V:]gv — 3??\7TN + 3YNVa,
(1.18)

where we used (1.14). The main problem in studying singular stochastic PDEs lies in
making sense of various products. In this formal discussion, let us apply the following
“rules”:

e A product of functions of regularities s; and s, is defined if 51 4+ 52 > 0. When
s1 > 0 and s; > 57, the resulting product has regularity s».

e A product of stochastic objects (not depending on the unknown) is always well
defined, possibly with a renormalization. The product of stochastic objects of
regularities sy and s has regularity min(sy, s2, 51 + 52).

We postulate that the unknown v has regularity %4—,13 which is subcritical with
respect to the standard scaling heuristics for the three-dimensional cubic NLW. In order
to close the Picard iteration argument, we need all the terms on the right-hand side of
(1.18) to have regularity —%—i—. With the aforementioned regularities of the stochastic
terms 1 5, /57> and VY, and applying the rules above, we can handle the products on
the right-hand side of (1.18), giving regularity —%~|—, except for the following terms
(for small ¢ > 0):

Yninon, VNUN, and  YnVn. (1.19)

n Namely, if we only take into account the (uniformly bounded in N) regularity 3o — %7 of VN and
one degree of smoothing from the Duhamel integral operator Z without taking into account the product
structure and the oscillatory nature of the linear wave propagator.

12 By “regularity”, we mean the spatial regularity s of \VN as an element in C([0, T]; W$-%°(T3)), uni-
formly bounded in N € N.

¢ 1
13 As for the unknown v, we measure its regularity in (the local-in-time version of) the X**2 T -norm.
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As for the first term V" 5, 1 v > We first use stochastic analysis to make sense of Yatn

with regularity o — %—, uniformly in N € N, (see Lemma 3.3) and then interpret the
product as

Ynivon = (Yain)on.

Note that the right-hand side is well defined since the sum of the regularities is positive:
(a— %—) + (%+) > 0. The last product \}’ \,+7,; in (1.19) makes sense but the resulting

regularity is 2o — 1—, smaller than the required regularity —%—i—, when « is close to 0.
As for the second term in (1.19), it depends on the unknown vy and thus the product
does not make sense (at this point) since the sum of regularities is negative (when
o > 0is small).

As we see below, by studying the last two terms in (1.19) under the Duhamel integral
operator Z, we can indeed give a meaning to them and exhibit extra (%—i—)—smoothing

with the resulting regularity %+ (under 7), which allows us to close the argument. By
writing (1.18) with initial data (uq, u1) in the Duhamel formulation, we have

oy = S(t)(ug, u1) —|—I( — 03+ 3(VN — 130 — 3??\71)]\/)
+6Z((Yntn)vn) — 33N (uy)
+I(\V§’V _3\V?VTN) +3$N7 (1.20)

s1n(t(V

where S(t)(ug, u;) = cos(t{V))ug + —=—=u; denotes the (deterministic) linear

solution. Here, JVN denotes the random operator defined by
3N (v) = Z(vw)
v) = NV (1.21)
and (as the notation suggests), the last term in (1.20) is defined by

Yy =Z(Yavn) (1.22)

(without a renormalization). By exploiting random multilinear dispersion, we show
that

e the random operator VN maps functions of regularity %—}— to those of regularity
%—i— (measured in the X*-’-spaces) with the operator norm uniformly bounded in

~V

J

N e Nand 3V converges to some limit, denoted by J*, as N — oo. We study

the random operator JVN via the random matrix approach [9,10,12,18,59].'% See
Lemma 3.5.

14 We also mention a recent preprint [61], where the random matrix approach is also used to prove proba-
bilistic local well-posedness of the Zakharov—Yukawa system on the two-dimensional torus T2,
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o the third order process \\% v has regularity %—i— (measured in the X*-?-spaces) with

the norm uniformly bounded in N € N and Q& v converges to some limit, denoted
by Qp, as N — oo. See Lemma 3.4.

We deduce these claims as corollaries to Bringmann’s work [12]. In [12], the smoothing
coming from the potential V = (V)~# in the Hartree nonlinearity (V % u?)u played
an important role. In our problem, this is replaced by the smoothing (V)~* on the
noise and we reduce our problem to that in [12], essentially by the following simple
observation:

k
[[o)7 S+ +n0)™ (1.23)
j=1
for any y > 0.

Remark 1.7 In the following, we also set
YN = NTN (1.24)

By carrying out analysis analogous to (but more involved than) that for 'y’ ;1 ; studied

2
in Lemma 3.3 below, we can show that {\VN N} NeN forms a Cauchy sequence in
c(o, 1], W“‘%_voo(']IG)) almost surely, thus converging to some limit \{/2T. In this
paper, however, we proceed with space-time analysis as in [12]. Namely, we study

VN in the X $:b_gpaces and show that it converges to some limit denoted by V™. See
Lemma 3.4.

Putting everything together, we can take N — oo in (1.20) and obtain the following
limiting equation forv = u — 1 + \E

v=5(t)(ug,u1) + Z(— v+ 3(V — 1)v* — 3?21))
+6Z((Y1)v) — 33V (v)
3
By the Fourier restriction norm method with the Strichartz estimates, we can then

prove local well-posedness of (1.25) in the deterministic manner. Namely, given the
following enhanced data set

E= (Uo,Ul, T?Wa?h&? AKVLv jv) (1.26)

of appropriate regularities (depicted by stochastic analysis), there exists a unique local-
in-time solution v to (1.25), continuously depending on the enhanced data set E. See
Proposition 3.7 for a precise statement.

@ Springer



Stoch PDE: Anal Comp

This local well-posedness result together with the convergence of 1,y and V', then
yields the convergence of uy = Tnv — Y + v in (1.17) to the limiting process

U:T—\V+U,

where v is the solution to (1.25).

Remark 1.8 In terms of regularity counting, the sum of the regularities in 1 - v? is
positive. In the parabolic setting, one may then proceed with a product estimate. In
the current dispersive setting, however, integrability of functions plays an important
role and thus we need to proceed with care. See Lemmas 2.7 and 3.6.

Remark 1.9 (i) By the use of stochastic analysis, the stochastic terms 1.V, V1, Qp

Ak})t‘, and 3" in the enhanced data set are defined as the unique limits of their trun-
cated versions. Furthermore, by deterministic analysis, we prove that a solution v to
(1.25) is pathwise unique in an appropriate class. Therefore, under the decomposition
u =1 —"Y + v, the uniqueness of u refers to (a) the uniqueness of 1 and Y as the
limits of 1,y and 'Y 5; and (b) the uniqueness of v as a solution to (1.25).

(i1) In this paper, we work with the frequency projector my with a sharp cutoff
function on the frequency side. It is also possible to work with smooth mollifiers
ns(x) = 8_3n(8_1x), where n € C*®(R3; [0, 1]) is a smooth, non-negative, even
function with [ ndx = 1 and suppn C (-, 7]? ~ T3. In this case, working with

us + (1 — Mus +uj — 3osus = (V) %ns * &
(1.27)
(us, ius)li=0 = (uo, u1),

we can show that a solution u; to (1.27) converges in probability to some limit « in
C(=T,, Tpl: H“’%’S(TIG)) as 8 — 0.Furthermore, the limit u is independent of the
choice of a mollification kernel 1 and agrees with the limiting process u constructed
in Theorem 1.1. This is the second meaning of the uniqueness of the limiting process
u.

Remark 1.10 (i) From the “scaling” point of view, our problem for 0 < o < 1 is

more difficult than the quadratic SNLW (1.8) considered in [26], where the para-
controlled calculus played an essential role. On the other hand, for the proof of
Theorem 1.1, we do not need to use the paracontrolled ansatz for the remainder
termsV = U — 1+ Y thanks to the smoothing on the noise and the use of space-
time estimates, which allows us to place v in the subcritical regularity %—i—.
Our approach to (1.6) and Bringmann’s approach in [12] crucially exploit vari-
ous multilinear smoothing, gaining ~ %-derivative. Wheno = 0 (or B = 0in
the Hartree SNLW (1.9)), such multilinear smoothing seems to give (at best) %-
smoothing and thus the arguments in this paper and in [12] break down in the
a = 0 case.
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(i1) In [26], Gubinelli, Koch, and the first author studied the quadratic SNLW on I
with an additive space-time white noise (i.e. « = 0):

Pu+ (1 —ANu+u®>=¢. (1.28)

With the Wick renormalization and the second order expansion ¥ = T — Y+,
where V' = 7(v), the remainder term v = u — 1+ satisfies

(B2 +1—Ayw=—(v—") =210 +21Y. (1.29)

As observed in [26], the main issue in studying (1.29) comes from the regularity
%— of v, which is inherited from the regularity —%— of Y. As a result, the
product 1v in (1.29) is not well defined since the sum of the regularities of 1 and
v is negative. As in (1.21), it is tempting to directly define the random operator

3'(v) = Z(1v), using the random matrix estimates. However, there is an issue
in handling the “high x high — low” interaction and thus the random matrix
approach alone is not sufficient to close the argument. In [26], this issue was
overcome by a paracontrolled ansatz and an iteration of the Duhamel formulation.
We point out that the use of the paracontrolled ansatz in [26] led to the following
paracontrolled operator Jo(v) = Z(v @ 1), which avoids the undesirable high
x high — low interaction. Instead of the paracontrolled calculus, one may use the
random averaging operator from [17] together with an iteration of the Duhamel
formulation. We, however, point out that due to the problematic high x high
interaction, the random averaging operator as introduced in [17] alone (without
iterating the Duhamel formulation) does not seem to be sufficient to study the
quadratic SNLW (1.28).

Organization of the paper In Sect. 2, we go over the basic definitions and lemmas from
deterministic and stochastic analysis. In Sect. 3, we first state the almost sure regularity
and convergence properties of (the truncated versions of) the stochastic objects in
the enhanced data set E in (1.26). Then, we present the proof of our main result
(Theorem 1.1). In Sect. 4, we establish the almost sure regularity and convergence
properties of the stochastic objects in the enhanced data set. In Appendix A, we recall
the counting lemmas from [12] which play a crucial role in Sect. 4. In Appendices B
and C, we provide the basic definitions and lemmas on multiple stochastic integrals
and (random) tensors, respectively.

2 Notations and basic lemmas

We write A < B to denote an estimate of the form A < CB. Similarly, we write
A ~ Btodenote A < Band B < A and use A < B when we have A < ¢B for
small ¢ > 0. We also use a+ (and a—) to mean a + ¢ (and a — &, respectively) for
arbitrarily small ¢ > 0.

When we work with space-time function spaces, we use short-hand notations such
as CrHS = C([0, T1; H*(T3)).
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When there is no confusion, we simply use & or () to denote the spatial, temporal,
or space-time Fourier transform of u, depending on the context. We also use Fy, F;, and
Fr.+ to denote the spatial, temporal, and space-time Fourier transforms, respectively.

We use the following short-hand notation: n;; = n; +n}, etc. For example, n123 =
ni +ny + n3.

2.1 Sobolev spaces and Besov spaces

Lets € Rand I < p < oco. We define the L>-based Sobolev space H*(T>) by the
norm:

1A llas = 1) F) 2
and set H* (T?) to be
H(T?) = H*(T%) x H*~1(T?).
We also define the LP-based Sobolev space W* 7 (T?) by the norm:
I lwse = [F7H(n) Fo |-
When p = 2, we have H*(T?) = W*2(T?).

Let ¢ : R — [0, 1] be a smooth bump function supported on [ - %, %] and ¢ =1
on[ — 2, 3] For& € R?, we set o(§) = ¢ (|£]) and

#1(6) = #(5]) = 0(37)
for j € N. Note that we have

Y g =1 @.1)

Jj€No

forany £ € R3. Then, for j € Ny := NU{0}, we define the Littlewood-Paley projector
P; as the Fourier multiplier operator with a symbol ¢ ;. Thanks to (2.1), we have

f=) Pif. 2.2)
=0

Next, we recall the following paraproduct decomposition due to Bony [6]. See
[1,24] for further details. Let f and g be functions on T3 of regularities s and s»,
respectively. Using (2.2), we write the product fg as

fg§=f0g+50g+f0Og
= Y PifPg+ > PifPig+ Y P;fPg. (2.3)

Jj<k=2 |j—k|<2 k<j—2
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The first term f © g (and the third term f © g) is called the paraproduct of g by f
(the paraproduct of f by g, respectively) and it is always well defined as a distribution
of regularity min(sy, s; + s2). On the other hand, the resonant product f © g is well
defined in general only if 51 4+ 52 > 0.

We briefly recall the basic properties of the Besov spaces B, , (T3) defined by the
norm:

299 ||Pjull

u BS = .
lullsy, .

Note that H*(T%) = Bj ,(T?).

Lemma 2.1 (i) (paraproduct and resonant product estimates) Let s1, 52 € Rand 1 <
P, P1, P2, q < 00 such that % = % + é. Then, we have

IfOglg2 SNfleelglygs: - 2.4)
P.q P24
When s1 < 0, we have
51+ < S 5 . .
If @gllpnm S Uflgy lglgn 2.5)

When s + s2 > 0, we have
s 5" < S 5 . .
1f ©8llyen S 1 Nelgn, 2.6)
(ii) Letsy <spand1 < p,q < oo. Then, we have
gy, S lulwar. @7

The product estimates (2.4), (2.5), and (2.6) follow easily from the definition (2.3)
of the paraproduct and the resonant product. See [1,39] for details of the proofs in the
non-periodic case (which can be easily extended to the current periodic setting). The
embedding (2.7) follows from the £4-summability of {2¢1752)7} N, fors1 < s2 and
the uniform boundedness of the Littlewood-Paley projector P;.

We also recall the following product estimate from [25].

Jj€

Lemma22 LetO<s <1.Letl < p,q,r < oo such thats > 3(% + % — %) Then,

we have

V) sy S V7 Flle sy V) gl a3y
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Note that while Lemma 2.2 was shown only for s = 3(% + [17 - %) in [25], the
general case s > 3(% + é — 1) follows the embedding L™ (T*) C L"(T%), r = r».

2.2 Fourier restriction norm method and Strichartz estimates

We first recall the so-called X*-?-spaces, also known as the hyperbolic Sobolev spaces,
due to Klainerman-Machedon [34] and Bourgain [7], defined by the norm:

el o p3 iy = 1) (lT] = ()5, Dl g2 1223 xm) - 2.8)

For b > %, we have X C CR; HY (’]I‘3)). Given an interval I C R, we define the

local-in-time version X*-?(I) as a restriction norm:
”M ||X3’b(1) = inf { ||U ||XS'b(T3><R) . U|[ = I/l} (29)

When I = [0, T, we set X3:* = X5P(I).
Next, we recall the Strichartz estimates for the linear wave/Klein—Gordon equation.
Given 0 < s < 1, we say that a pair (g, r) is s-admissible if 2 < g < 00,2 <r < 00,

3 3 1
-+ -=-—s5 and -
g r 2 q

N =

1
+-=
r

Then, we have the following Strichartz estimates.

Lemma 2.3 Given 0 <s < 1, let (g, r) be s-admissible. Then, we have
IS@) (b0, @V L4 11 (19) S (@0, @D s (13 (2.10)

forany0 < T < 1.

See Ginibre—Velo [23], Lindblad—Sogge [38], and Keel-Tao [32] for the Strichartz
estimates on R?. See also [33]. The Strichartz estimates (2.10) on T3 in Lemma 2.3
follows from those on R? and the finite speed of propagation.

When b > %, the X*-?-spaces enjoy the transference principle. In particular, as a
corollary to Lemma 2.3, we obtain the following space-time estimate. See [35,64] for
the proof.

Lemma24 Let0 < T < 1. Given 0 < s < 1, let (q, r) be s-admissible. Then, for
b > %, we have

< )
loellpg g S Maell o
We also state the nonhomogeneous linear estimate. See [22].
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Lemma 2.5 Let—% <b <0<b<b +1 Then for0 <T < 1, we have

Usin((t — ') (V)) o
T g0 = H /0 SO b

_ /
ST NF o
X;:b T

In the following, we briefly go over the main trilinear estimate for the basic local
well-posedness of the cubic NLW (1.5) in H%J’g (T3).

Lemma 2.6 Fix small §1, 62 > 0 with 46, < &1. Then, we have
Tl i s S T H 13 o 2.11)
T

forany0 < T < 1.

Proof Recall that (¢, r) = (4,4) is %-admissible. Then, in view of Lemma 2.4, inter-
polating

< =
||M||L;.x S ||M||XT%,%+50 and ||M||L2T.x ||M||Xt;,0 (2.12)
with small §o > 0, we obtain
u < |lu . 2.13
[lee| e S ||X%,51,%,%51 (2.13)
T,x T
Moreover, noting that (%, %) is (% + %81)-admissible, we obtain from
Lemma 2.4 that
fluel| 2 < Cs,, 82””” 1435134 (2.14)
T,x T

for any §, > 0.
Hence, from Lemma 2.5, duality, Holder’s inequality, (2.13), and (2.14), we obtain

8
“I(u1u2u3)” +51 7+52 ~ ST 2”1"11"21/53” _2+51,_%+2(52

=75 sup
lwl 1 5 1 5 =1
281325

<T»  sup (HHujn i )n (e

”wllx%fal,%fzazzl Ly,

ururuzwdxdt
3

3

)
ST [T b don
j=1

provided that 0 < 4§, < §; < 1. This proves (2.11). O
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We conclude this part by establishing the following trilinear estimate, which will

be used to control the term 1 v in (1.25). See Proposition 8.6 in [12] for an analogous
trilinear estimate.

Lemma 2.7 Let 81, 872 > 0 be sufficiently small such that 85> < §1. Then, we have

luruousll s 1ios, S Munll Nuall 15, tos, sl 1y 14, (2.15)
XT2+51, 2+252 L?OWX 7+251.oc XYZ+51,7+52 X?+51,7+52

foranyO0 < T < 1.

Proof By applying the Littlewood-Paley decompositions, we have

LHS of (2.15)
o0

= Z [P i3 (P ur Py (uau3)) ”X’%Hw%mz'

J1+J23,J123=0 r

For simplicity of notation, we set N| = 2/, Np3 = 2723, and Njo3 = 2/123, denoting
the dyadic frequency sizes of ny (for uy), ny3 (for uruz), and nip3 (for ujusuz),
respectively. We set vy = P, ui. In view of n123 = n1 + n23, we separately estimate
the contributions from (i) Ny23 ~ max(Ny, N»3) and (ii) N123 < max(Ny, Np3).
Case 1: N123 ~ max(Ny, No3).

By Holder’s inequality and the L*-Strichartz estimate (2.12), we have

2+51

”ij (v]Pj23 (u2u3))Hx;%+al “lyosy S N12 1P oy (“2“3)”L%X

3
< N u 1_[ u;
SN IHL%’W;%HSI’OO 1 [ j”L‘]{J

<Ny ||u1|| o H il gy
T

This is summable in dyadic Ny, Na3, Ni23 > 1, yielding (2.15) in this case.
Case 2: N123 < max(Ny, N23).

In this case, we further apply the Littlewood-Paley decompositions for u#> and u3
and write

oo
wpuy =Y (Pju2)(Pjus).
J2.J3=0

Without loss of generality, assume N3 > N,, where Ny = 2/ k = 2,3. Then, we
have

N1z S Ny ~ Na3 S Ns. (2.16)
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By duality and (2.13) (with §; = 46,), we have

T
||Pju|| 01, = sup f / (Pj”)((Pj—l +Pj +Pj+1)v)dxdt
X ol o1y =11J0 JT3
X272
< 2G40y . (2.17)
L33

T.x

Then, from (2.17), (2.14), and (2.16) with 86, < §;, we have

1 1
—5+681 5,5 —482
||Pj123(U1Pj23(UZU3))HX—%HI,%HBZ SNz Nz luiPjs (vl 45
T T,x
_ 1_2s
< §1—482 A7 2 1
S N3 ONj ||v1||LOOW7%+zslﬁoollv2|| %IIWIILZM
T T,x
1 1

81—482 2201 ;=2 =81

§N123 Nl N3
X ||u u u
” 1||L%0W;7+231,oo” 2||X7%+852,%+52 ” 3”er%+51,0

3
—45y =51 A =81
S Nigsg Ny Ny Pl | . —%+28|.ool—[||uj” Loy Loy
L7 Wy j=2 X7

This is summable in dyadic N1, N2, N3, N3, N123 > 1, yielding (2.15) in this case.
O

2.3 On discrete convolutions

Next, we recall the following basic lemma on a discrete convolution.

Lemma2.8 (i) Letd > 1 and a, B € R satisfy
a+B>d and o,p <d.

Then, we have

1
- < d—a—p
2 e na)f ~

n
n=n1+ny

foranyn € Z¢.
(ii) Letd > 1 and o, B € R satisfy o + B > d. Then, we have

1
< d—a—p
2 oy yp ~

n=ni—+ny
[nil~In2|

foranyn € Z¢.
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Namely, in the resonant case (ii), we do not have the restriction v, 8 < d.Lemma?2.8
follows from elementary computations. See, for example, Lemmas 4.1 and 4.2 in [41]
for the proof.

2.4 Tools from stochastic analysis

We conclude this section by recalling useful lemmas from stochastic analysis. See
[5,43,62] for basic definitions. See also Appendix B for basic definitions and properties
for multiple stochastic integrals.

Let (H, B, 1) be an abstract Wiener space. Namely, p is a Gaussian measure on
a separable Banach space B with H C B as its Cameron-Martin space. Given a
complete orthonormal system {e;};en C B* of H* = H, we define a polynomial
chaos of order k to be an element of the form ]_[?11 ij ({x,ej)),wherex € B,kj #0
for only finitely many j’s, k = Zjoz] kj, H; is the Hermite polynomial of degree &,
and (-, -) = g (-, -) p= denotes the B—B* duality pairing. We then denote the closure of
polynomial chaoses of order k under L%(B, w) by Hy. The elements in Hy are called
homogeneous Wiener chaoses of order k. We also set

fork e N.

Let L = A —x-V be the Ornstein-Uhlenbeck operator.'> Then, it is known that any
element in Hy is an eigenfunction of L with eigenvalue —k. Then, as a consequence
of the hypercontractivity of the Ornstein-Uhlenbeck semigroup U (t) = e’ due to
Nelson [42], we have the following Wiener chaos estimate [63, Theorem 1.22]. See
also [65, Proposition 2.4].

Lemma 2.9 Let k € N. Then, we have

k
IXlLr@ = (P — D21IIXI 2@

forany p > 2 and any X € H<.

The following lemma will be used in studying regularities of stochastic objects.
We say that a stochastic process X : R, — D’'(T¢) is spatially homogeneous if
{X(,D}rer, and {X(xo + -, 1)};er, have the same law for any xo € T9. Given
h € R, we define the difference operator §; by setting

SnX () = X(t+h) — X(1).

Lemma 2.10 Ler {Xy}nen and X be spatially homogeneous stochastic processes
: Ry — D'(T9). Suppose that there exists k € N such that Xy (t) and X (t) belong to
H<i foreach t € Ry.

15 For simplicity, we write the definition of the Ornstein-Uhlenbeck operator L when B = R4,

@ Springer



Stoch PDE: Anal Comp

(1) Lett € R. If there exists so € R such that
E[IX(n, D] < (n) =472 (2.18)

foranyn € 74, then we have X (1) € W“’Oo(Td), s < So, almost surely.
(ii) Suppose that Xy, N € N, satisfies (2.18). Furthermore, if there exists y > 0
such that

]E[|§N(i’l, t) — ?M(;@ [)|2] <N <n>—d—2s0

foranyn € Z8and M > N > 1, then Xn (1) isa Cauchy sequence in WS-00(T),
s < 8o, almost surely, thus converging to some limit
in W (T4).

(iii) Let T > 0 and suppose that (i) holds on [0, T]. If there exists o € (0, 1) such
that

E[16nX (n, DI?] < (n)~4=20%7 o

for any n € 74, t € [0,7T], and h € [—1,1]1,1¢ then we have X €
C([0, T]; WS°(T?)), s < s — 3, almost surely.

(iv) Let T > 0 and suppose that (ii) holds on [0, T]. Furthermore, if there exists
y > 0 such that

E[18: XN (1, 1) — 83 X s (n, )] S N7V (n)~4=20%0 )

foranyn € 74, t € [0,T], h € [-1,1], and M > N > 1, then Xy is a Cauchy
sequence in C([0, T']; WS'OO(’]I‘d)), s < so— %, almost surely, thus converging to some
process in C([0, T]; W5 (T9)).

Lemma 2.10 follows from a straightforward application of the Wiener chaos esti-
mate (Lemma 2.9). For the proof, see Proposition 3.6 in [41] and Appendix in [50].
As compared to Proposition 3.6 in [41], we made small adjustments. In studying the
time regularity, we made the following modifications: (n)~¢=2%0+20 5 ()=d—250+0
and s < 5o — 0 F> s < so — 5 so that it is suitable for studying the wave equa-
tion. Moreover, while the result in [41] is stated in terms of the Besov-Holder space
C*(T9) = BS, ,,(T9), Lemma 2.10 handles the L>-based Sobolev space W*->°(T?).
Note that the required modification of the proof is straightforward since W*>°(T¢)
and B, (T?) differ only logarithmically:

o
I f llwsoe <D AP fllwse S I1F Wl e, (2.19)

Jj=0

for any ¢ > 0. For the proof of the almost sure convergence claims, see [50].

16 we impose 4 > —t such that7 + h > 0.
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3 Local well-posedness of SNLW, a > 0

In this section, we present the proof of local well-posedness of (1.25) (Theorem 1.1).
In Sect. 3.1, we first state the regularity and convergence properties of the stochastic
objects in the enhanced data set E in (1.26). In Sect. 3.2, we then present a deter-
ministic local well-posedness result by viewing elements in the enhanced data set as
given (deterministic) distributions and a given (deterministic) operator with prescribed
regularity properties.

3.1 On the stochastic terms

In this subsection, we state the regularity and convergence properties of the stochastic
objects in (1.26) whose proofs are presented in Sect. 4.

Lemma3.1 Leta >0and T > 0.

(i) Forany s < a — % {tn}Nen defined in (1.12) is a Cauchy sequence in
C([0, T1; WS2°(T?)), almost surely. In particular, denoting the limit by 1 (for-
mally given by (1.11)), we have

1 e C([0,T); W 2—°°(T3))

for any ¢ > 0, almost surely.

(i) Let0 < a < % Then, for any s < «, {\VN}NEN defined in (1.15) is a Cauchy
sequence in C ([0, T1; WS °°(T?)) almost surely. In particular, denoting the limit
by \V we have

Y e C([0,T); Wems(T%))

for any ¢ > 0, almost surely.

Remark 3.2 (i) As mentioned in Sect. 1, a parabolic thinking gives regularity 3o — %—

for V. Lemma 3.1 (ii) states that, when o > 0 is small, we indeed gain about %-
regularity by exploiting multilinear dispersion as in the quadratic case studied in
[26]. We point out that our proof is based on an adaptation of Bringmann’s analysis
on the corresponding term in the Hartree case [12] and thus the regularities we
obtain in Lemma 3.1 (ii) as well as Lemmas 3.3, 3.4, and 3.5 may not be sharp
(especially for large o > 0; see, for example, a crude bound (4.9)). They are,
however, sufficient for our purpose.

(i1) Inthis section, we only state almost sure convergence but the same argument also
yields convergence in L” (£2) with an exponential tail estimate (as in [12,27,48]).
Our goal is, however, to prove local well-posedness and thus the almost sure
convergence suffices for our purpose.
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Lemma3.3 Let 0 < a < % and T > 0. Let {In}nen and {Vn}ven be as in

(1.12) and (1.15). Then, for any s < o — 1, {\VNTN}NeN is a Cauchy sequence in
C([0, T1; WS-(T?)) almost surely. In particular, denoting the limit by 1, we have

V1 € C((0,T]; Wo™275(T?))

for any ¢ > 0, almost surely.
Lemma3.4 Leta >0, T > 0,and b > % be sufficiently close to %
(i) For any s < o + % {\\?N}NeN defined in (1.22) is a Cauchy sequence in
X%([0, T1). In particular, denoting the limit by \\? we have
1
Pe xetzm="([0,1)),

for any ¢ > 0, almost surely.
(ii) Forany s < o + %, {%}NeN defined in (1.24) is a Cauchy sequence in

X5([0, T1). In particular, denoting the limit by V™, we have

P e xtim=b([0, T]),

for any ¢ > 0, almost surely.

Given Banach spaces By and B,, we use L(By; B>) to denote the space of bounded
linear operators from Bj to By. We also set

Lyt = () L(x*vbqo, Th: X2 ([0, TD) 3.1)
0<T<Ty

endowed with the norm given by

b (3.2

—0
”S“ 51,80, = SUP T ||S|| s1.b, 5.
Ly L7 X27)

0<T<Ty

for some small 6 > 0.

Lemma3.5 Let @ > 0 and Ty > 0. Then, given sufficiently small §1, 5, > 0, the
sequence of the random operators {jVN } nven defined in (1.21) is a Cauchy sequence

£%+51,%+51,%+62
To

in the class , almost surely. In particular, denoting the limit by jv,

we have

1 1 1
~\ 5+01,5+61,5+02
JV e ETO ,

almost surely.

The following trilinear estimate is an immediate consequence of Lemma 2.7.
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Lemma3.6 Let o > 0. Let 81, 82, € > 0 be sufficiently small such that 261 + ¢ < a.
Then, we have

Iroreel o gomn S 1o gocoe 911 g s 021 oo g
T

forany0 < T < 1.

3.2 Proof of Theorem 1.1

In this section, we prove the following proposition. Theorem 1.1 then follows from
this proposition and Lemmas 3.1 - 3.5.

Proposition3.7 Leta > 0, s > %, and Ty > 0. Then, there exists small ¢ = &(«, s),
81 = 61(a, 8), 82 = 82(ex, ) > O such that if

e 1 is a distribution-valued function belonging to C ([0, Ty]; W“_%_S’OO(T3)),

e Visa distribution-valued function belonging to C ([0, To]; We=5°°(T3)),

o« Viisa distribution-valued function belonging to C ([0, Tp]; W“_%_g’oo(T3)),

° \\? is a function belonging to X“+%_5’%+‘32([0, To)),

° is a function belonging to xo+—e %”2([0, To)),

£%+31,%+51,%+52
0

e the operator IV belongs to the class defined in (3.1),

then the Eq. (1.25) is locally well-posed in H*(T3). More precisely, given any

(ug, u1) € H* (T3), there exist 0 < T < Ty and a unique solution v to the cubic
SNLW (1.25) on [0, T'] in the class

X2t (0, 7)) ¢ € ([0, T]; H2 P (T%).

Furthermore, the solution v depends continuously on the enhanced data set

E = (uo,ur, 1, Y, V1, ¥, 9%, 3V) (3.3)

in the class

X3 = H(T%) x C([0, T W3 75°(T?))
x C([0, TT; We™5(T?) x C([0, T]; W25 (T%)
% Xa+%7£,%+82([0’ T]) x X0t+%78,%+82([0’ )
x L(XTH03H9 (0, T]); X 323402 ([0, T7)).
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Proof Givena > 0 and s > %, fix small ¢ > O such that ¢ < min(c, s — %). Given
an enhanced data set E as in (3.3), we set

=€) = (1,1, 74,9, 9Y)
and

IEE)yge = 117l

L
Ty Ty

emtmeoe TV loy wemeee V11

1
a—5—€,00
x

To To

v
+117 “£%+51,%+51,%+627

1 1 1
where £%0+51 T S0 asin (3.2). In the following, we assume that
IEE) Iy = K (34)

for some K > 1.
Given the enhanced data set E in (3.3), define a map I'g by

T=(v) = S(t)(uo, u1) + Z( — v + 3(Y — 1)o? — 3¥%0)
+6Z((Y1)v) — 33V (v)

+I(V) -3+ 3%
Fix 0 < T < Ty. From Lemmas 2.5 and 2.4 with (3.4), we have

1 9
IZCHO i osn S TPIV gy o < TNV e o3
T T ’

< b 2
S T KHU”XI%HL%MQ

(3.5)

and

2 0 0
IZCF O gesr g < TNV Iz ll0llez < TR0l 1o, 4o,
T T
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for some 6 > 0. Similarly, we have
3 o 3 0 0 1<
HI(\V )H §+51 L4sy ~ ST QH\V || %+51,—%+262 <T H\VH%%‘?I <T K3,
3.7

From Lemma 2.5 and Lemma 2.2 with (3.4), we have

HI((\VWU)HX%MI Laso N T52H(\VT) HX7%+51 — 5428y A Téz”(\%) HL H—%Hl
T

T Tz
0
STV gl 3
0
ST K|l §+61 L6y
3.8)
provided that 61 + ¢ < «. From (3.2) and (3.4), we have
~V 0~V 0
15 (’U)sz-wl L46g <7737 1+ol Loy, §+62” vl| §+51 L6, <T°K|qv|| 2+61 L4sg-
To
3.9)

Hence, by applying Lemmas 2.3 and 2.5, then Lemma 2.6, (3.5), Lemma 3.6, (3.6),
(3.8), (3.9), (3.7), and Lemma 3.4 with (3.4), we have

POy 4o e S Mol + T (01 4, 4+ K0) + K.

1,51
+81, 548
X7

An analogous computation yields a difference estimate on I'g (v1) —I"g (v2). Therefore,
Proposition 3.7 follows from a standard contraction argument. O

4 Regularities of the stochastic terms

In this section, we present the proof of Lemmas 3.1 - 3.5, which are basic tools in
applying Proposition 3.7 to finally prove Theorem 1.1. In view of the local well-
posedness result in [51], we assume that 0 < o < 4—11 in the following. Without loss
of generality, we assume that 7 < 1. The main tools in this section are the counting
estimates from [12, Section 4] and the random matrix estimate (see Lemma C.3 below)
from [18], which capture the multilinear dispersive effect of the wave equation. For
readers’ convenience, we collect the relevant counting estimates in Appendix A and
the relevant definitions and estimates for random matrices and tensors in Appendix C.
We show in details how to reduce the relevant stochastic estimates to some basic
counting and (random) matrix/tensor estimates studied in [12, Section 4] and [18].
In the remaining part of this section, we assume 0 < 7 < Tp < 1.
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4.1 Basic stochastic terms

We first present the proof of Lemma 3.1.

Proof (i) Lett > 0. From (1.16), we have

E{[in(n,t)*] < C(t){n)—27> 4.1

for any n € Z3 and N > 1. Also, by the mean value theorem and an interpolation
argument as in [26], we have

E[[iw(n,t1) = Tn(n, t2)%] S (n) 200+t — g0

forany 6 € [0, 1],n € Z?,and0 < t, < t; < T witht; —t, < 1, uniformlyin N € N.

Hence, from Lemma 2.10, we conclude that TN € C([O,T]; Wa_%_E7OO(T3))
for any ¢ > 0, almost surely. Moreover, a slight modification of the argument,
using Lemma 2.10, yields that {1n}ven is almost surely a Cauchy sequence in
c(o, 1], W“_%_E’OO(TIG)), thus converging to some limit 1. Since the required mod-
ification is exactly the same as in [26], we omit the details here.

Remark 4.1 In the remaining part of this section, we establish uniform (in N) regularity
bounds on the truncated stochastic terms (such as " ,;) but may omit the convergence
part of the argument. Furthermore, as for ' 51 studied in Lemma 3.3, we only
establish a uniform (in V) regularity bound on ¥ 1 7 (t)foreachfixed0 <t < T < 1.
A slight modification as above yields continuity in time but we omit details.

(i) It is possible to prove this part by proceeding as in [26,45] (i.e. without
the use of the X*’-spaces). In the following, however, we follow Bringmann’s
approach [12], adapted to the stochastic PDE setting. More precisely, we show that
given any §; > 0 and sufficiently small §, > 0, the sequence {'y }nen is a

. s 1
Cauchy sequence in X~ !7%-=2%%2([0, T7), almost surely, and thus converges almost
surely to ¥ in the same space, where ¥ is the almost sure limit of {¥x } yecy in

C([0, T]; W3¥=3=°°(T3)) discussed in Sect. 1.
Our first goal is to prove the following bound; given any §; > 0 and sufficiently
small §, > 0, there exists & > 0 such that

3
RN iy = sy [ oy S PPT?
X e 4.2)

forany p > 1and 0 < T < 1, uniformly in N € N.
Let us first compute the space-time Fourier transform of VN (with a time cutoff

function). From (1.14) with (1.12), we can write the spatial Fourier transform VN (”u t)
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as the following multiple Wiener—Ito integral (as in [41]):

Ity = > /// Hsm 1+a 9) 4B, (t)d B, (t2)dBy, (11).

n=ni+nz+ns
[nj|<N

(4.3)

We emphasize that the renormalization in (1.14) is embedded in the definition of the
multiple Wiener—Ito integral.

We now compute the space-time Fourier transform of 1 0,7\ where 19,7 denotes
the sharp cutoff function on the time interval [0, T']. From (4.3) and the stochastic
Fubini theorem ([15, Theorem 4.33]; see also Lemma B.2), we have

— 1
LoV (”77’):7 Z /1[0T]€ it / / /
N \/771 =ni+nz+n3
[nj|<N
3
t—1t;)(n;
11 W By, (t3)dBn, (t2)dBn, (t1)dt
j=1
; I
= —F— Z ny,ne,n; Tl t2 td)dBn (td)dan(tZ)dBm(tl)
\/Tn ni1+nz+ns3 o ’
[n;|<N
“4.4)
where F, 5,05 (11, 12, 13, T) is defined by
T 2esin(( —1))(n;))
Fuimans (st 3,0) = | e [] T aite lealtdr.(35)
0 J

j=1

Note that F,, ,.n5(t1, 12, t3, T) is symmetric in t1, t2, #3.
Given dyadic N; > 1, j = 1, 2, 3, let us denote by A% NN, the contribution to
2.N3

L. 17N from Inj| ~ j, j =1,2,3,1in (4.4). We first compute the X*~!’-norm
of AN N1.Na.Ns with b = —5 — & for § > 0. We then interpolate it with the trivial
X%%_bound. Recall the trivial bound:

lull s = 16n)* (1] — ()2 T, Dll g2 2
< > ) +eom) i, Dl
soef—1,1) (4.6)
= Y I (@ am. T —eom)lere
goef—1,1}

for any s, b € R. Then, defining « (1) = K¢y ¢1,65,65 (1, 12, 13) by

k(n) = go(n123) + €1{n1) + &2(n2) + £3(n3), 4.7
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with ¢; € {—1,1} for j = 0, 1, 2, 3, it follows from (4.6), (4.4), Fubini’s theorem,
Ito’s isometry, and expanding the sine functions in (4.5) in terms of the complex
exponentials that

2

Z Z/ 2s=1) ()= 1-28

806{ L1} nez3

x { > / Fynyny (11, 12,13, T — €0 (n ))|2dt3dt2dt1}df

n=nj-+ny+n3

[nj|I<N
[nj|~N;
< 2s=1) (£)=1-28
SN SRS o KUSCUURE D ol g
£0,€1,62,63€{—1,1} pez3 n= n|+n2+n31 1
|nj|<
lnjl~N;j
T . i 2
x / f e T gy dt3dt2dt1}dt
[(),T]3 max(t,12,13)

(n)26=D 1
S Z Z Z T )2(1+a) /R (T)1H20 (7 — K(ﬁ))2dt

£0.€1,€2,63€{—1,1} pez3 n=ni1+nz+n3 j=1(n/
nj|~Nj

DD DD

3 2(14a)
£0,€1,€2,63€{—1,1} nez3 ﬂ="14‘-n2+n3 HJ 14nj)
nj|~N;

S sy, ),

3 A2(14a)
e0.61,62,63€{—1,1) €L 73 "=|”1'|*'"2+n3 Hj=1<nf>
nj ’\/Nj

2(s—1)
iid (ke ()12

<n>2(s—1)
Yeiy—mi<1y  (4.8)

for any § > 0, uniformly in dyadic N; > 1, j = 1, 2, 3. By noting

3
l_[n] 2 < (nyp) 72 (4.9)

we can reduce the right-hand side of (4.8) to the setting of the Hartree nonlinear-
ity studied in [12]. In particular, from (4.8) with (4.9) and the cubic sum estimate
(Lemma A.1), we obtain

S N (4.10)

H ||A%1,N2,N3” s—l,—%—ﬁ L2(Q) ~ ‘'max >
X (

where Npmax = max(Np, Nz, N3). This provides an estimate for s < o and b =

1 1
—§—8<—§.
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On the other hand, using (4.4), we have

N N 2
! - i
H” Nl,Nz,N3”X(}’0 L2(Q) I Nl,Nz,NanZT_X L2(Q)
3
0 =2(1
<0 3 [[mpre @.11)
nl,rlz,n3€Z3j:1
|njl~N;
0 A73—06
ST Nmaxa

for some # > 0. Hence, it follows from interpolating (4.10) and (4.11) and then
applying the Wiener chaos estimate (Lemma 2.9) that given s < «, there exist small
62 > 0 and & > 0 such that

< 300 A —¢
SprTUN,

max

AN
H AN, N2, s ”X;“*‘%”Z LP(Q)

for any p > 1, uniformly in dyadic N; > 1, j = 1,2, 3. By summing over dyadic
blocks N; > 1, j = 1,2, 3, we obtain the bound (4.2) (with b = —1 + 8 > —1).

As for the convergence of VN to ¥ in X"‘_l_‘sl’_%Jr‘sz([O, T1), we can simply
repeat the computation above to estimate the difference Lo — Lo vN for
M > N > 1. Fix s < a. Then, in (4.8), we replace the restriction |n ;| < N in the
summation of n;, j = 1,2, 3, by N < max(|n1], |n2|, |n3]) < M, which allows us to
gain a small negative power of N. As a result, in place of (4.10), we obtain

< —& p7S—a+e
L2() ~ N Nmax

M N
H ||AN1,N2,N3 - ANl,Nz,NS ”XS*I”%"S
T

for any small ¢ > O and M > N > 1. Then, the interpolation argument with (4.11) as
above yields that given s < «, there exist small § > 0 and & > 0 such that

<SprTON
Lr () (4.12)

H”l[o,TWM LoVl ooy,
T

forany p > 1and M > N > 1. Then, by applying Chebyshev’s inequality and the
Borel-Cantelli lemma, we conclude the almost sure convergence of ¥ r. See [51].
Finally, fix s < «. Given N € N, let H y = I(l[O,T] (wn — )). Then, we have

Ya(t) =Y(t) = Hn(t) (4.13)

fort € [0, T'], Note that from (4.4), we have_ﬁ n(n, t) € H3 and, furthermore, by the
independence of {B;},c73 (modulo B_, = B,), we have

E[Hy (1, t1)Hy (m, 12)] = Lysm—o E[Hy (0, 1) Hy (n, 1) ] (4.14)
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for any #1, t» € R. Then, by (4.13), Sobolev’s inequality (with finite » > 1 such that
réo > 3 for some small §o > 0), Minkowski’s integral inequality, the Wiener chaos
estimate (Lemma 2.9) with (4.14), Hausdorff—Young’s inequality (in time), we have,
for any p > max(q,r) > 1,

I = Pl weogey S NENTysoretior | ooy
< ’ | 3 (7ot By teno) o)
nezsd Ly LY
3 ~
S| @i e i, 0ea @), o
nez? Ly Ly

3 5 8o 73
S PANTY ()00 oy (n, 7) | 2 e 1

Now, by the triangle inequality: (7)% < (|z| — (n))% (n)%, Holder’s inequality (in
1), followed by the nonhomogeneous linear estimate (Lemma 2.5) and (4.12) (with
p =2, M = o0, and s replaced by s 4+ 289 < «), we obtain

3
H ||\VN - \VHLOTOW;?"’O HLp(Q) 5 p2 H ||HN||Xs+250,%+50 HLQ(Q)
SpITONTE
by choosing §p > O sufficiently small. Then, the regularity and convergence claim

for {\V N } Nen follows from applying Chebyshev’s inequality and the Borel-Cantelli
lemma as before. O

Remark 4.2 Given a function f € L>((Z? x R4)X), define the multiple stochastic
integral I[ f] by
Lifl= ) / Fnn i 1)d By (1) - d By (1)
[0,00)

ny,...,ng€Z3

See Appendix B for the basic definitions and properties of multiple stochastic integrals.
In terms of multiple stochastic integrals, we can express (4.3) as

@N(n7 t) - -[3 [fn,t]a
where f;, ; is defined by

3.
sin((t —tj)(n;))

Sy, 11, n2, 12,03, 13) = Ly—ppy - (H TJJ’“]
J

A j1<n - 1[0,t](tj)>
j=1

for (n1, 11, na, t2, n3, t3) € (Z> x R)3. Then, by Fubini’s theorem for multiple stochas-
tic integrals (Lemma B.2), we have
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o —

Loa1vy (n,7) = L[ Fi(Ljo.)fn, ) (7)),

where F; denotes the Fourier transform in time. With this notation, it follows from
Lemma B.1 that we can write the second moment of the X*:®-norm of A%l Ny, N3
appearing in (4.8) and (4.11), in a concise manner:

2

N
H”ANI’NZ’M”X‘YT’}’ JRIE)

2
02 L2 dra
np,np,n3 tl.tz.t:;,

=3!E:uépw%uﬂ——m»%nthanﬁﬁxw

neZ3

where fn]\:’t is given by

3
N
fn,t = for- 1_[ 1|”j|'\’Nj'
Jj=1

In the following, for conciseness of the presentation, we express various stochastic
objects as multiple stochastic integrals on (Z> x R, )* and carry out analysis. For this
purpose, we set

zj=nj,t;) €2’ xRy (4.15)
and use the following short-hand notation:

If@pller = ”f(njatj)”({;ij;_- (4.16)

Note, however, that one may also carry out equivalent analysis at the level of multiple
Wiener—Ito integrals as in the proof of Lemma 3.1 presented above.

Next, we briefly discuss the proof of Lemma 3.3.

Proof of Lemma 3.3 By the paraproduct decomposition (2.3), we have
Ynin=Yvein+Ynvoin+Vnorn.

In view of Lemma 2.1 with (2.19), the paraproducts V' 5, @ 1 and Yy © 1, belong

to C([0, TT; W“_%_S’o" (T?3)) for any ¢ > 0, almost surely. Hence, it remains to study
the resonant product \é’, := V' © 1. We only study the regularity of the resonant
N

product for a fixed time since the continuity in time and the convergence follow from
a systematic modification. In the following, we show

~

E[|D, (n0)P] < ()2t

(4.17)
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for any n € Z* and N > 1. Note the bound (4.17) together with Lemma 2.10 shows
that the resonant product %N is smoother and has (spatial) regularity 2o — 1 — =

)
@)+ (a—1-).

Asin[41], by decomposing % (n, t) into components in the homogeneous Wiener
chaoses Hy, k = 2, 4, we have

A 32

\E;N(nv t) = \&N

where % (n,t) € Hy and \l? (n,t) € Ha. See, for example, [43, Proposition
1.1.2] and Lemma B.4 on the product formula for multiple Wiener-Ito integrals (and
it also follows from Ito’s lemma as explained in [41]). From the orthogonality of H4
and H>, we have

(% (0P| =E[ %) 0P +E[ T 00

Hence, it suffices to prove (4.17) for \i?;][), j=2,4.
From a slight modification!” of (4.8) with Lemma A.2, we have

E[[Py(n.t)2] < C(t)(m) 32 4.18)

foranyn € Z3 and N > 1. Then, from Jensen’s inequality (see (B.2)),'8 (4.1), (4.18),
and Lemma 2.8, we have

(%) 0P S Y E[Falu, OPIE[f (- i, 0]

nezs
[n1|~|n—n1]

1
< C() Z (ny)3+20(n — ny)2+2

nezs
[n1|~|n—ni|

< O(t)(n) =24 (4.19)

forany n € Z> and N > 1, where |n1| ~ |n — np| signifies the resonant product ©.

(4
This yields (4.17) for

17 Namely, with s = 0 and dropping the summation over n in (4.8).
18 See the discussion on g in Section 4 of [41]. See also Section 10 in [29].
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From Ito’s lemma (see also the product formula, Lemma B.4), (1.12), and (4.3)
with (4.15), we have

A

t
\(I?N (nat) = 3/ I [gn,t,t’(z% 23)] dtla
0

where g, ; ; is defined by

"sin((r — 1) (n123))

t
gnir@ ) = ) lnznzz'l\nzlfN'llnz\sN/
0

Ini|<N (n123)
[ny|~[n123]
3. _
sin((t" —1;){n;)) sin((t — t1)(n1))

(4.20)

Note that g, (z2,23) is symmetric (in zp and z3). From Fubini’s theorem
(Lemma B.2), we have

A

t
%N (n,t) =313 [/ Gntt! (22723)6“/}
0

.21

We now apply Lemma B.1 to compute the second moment of(4.21). Then, with « () as
in (4.7), it follows from expanding the sine functions in (4.20) in terms of the complex
exponentials and switching the order of integration in ¢ and #; that

2

t
B 0.0P] ~ | [ gnetia,ta, .t
0

2
gnz n3 Lt2 t3

1
S Z Z (ng)2+2a(pg)2+2a

€0,61,62,636{— 11}7’L| na2+ns3
nj|<

1 2
( 2 <m<n>><mzs><m>2+2a>

[n1|<N

1
S Z Z (ng)2+2a(png)2+2a

60751,62,536{ ll}n n2+ns

In;|<
(XX o

meZ \<N

2
) (n123)( n1>2+2a '1{|ﬁ(n)m|<1}> .
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Under the condition |ny| ~ |n123| and n = ny + n3, we have |n;| 2 |n|. Then, by
applying the basic resonant estimate (Lemma A.3) and Lemma 2.8, we obtain

1 log?(2 + N- 1
E[\%ﬁ)(n,t)ﬂﬁw Z % Z (ng)2t2a(ng)2+2a

In|SN1 SN 1 n=nz+n3
dyadic ;| <N;

< 1 Z 1 <TL> 3 804+.
~ <n>2+4a7 erti <n2>2+204 <n3>2+2a ~
i |[<N;

(4.22)

2
This computation with Lemma 2.10 shows that %5\,) is even smoother and has (spatial)
regularity 4o —.
Therefore, putting (4.19) and (4.22) together, we obtain the desired bound (4.17).
O

4.2 Quintic stochastic term

In this subsection, we present the proof of Lemma 3.4 (i) on the quintic stochastic
process \\P  defined in (1.22). In view of Lemma 2.5, we prove the following bound;
given any ¢ > 0 and sufficiently small §, > 0, there exists 6 > O such that
Bnll o1 < p2T?
HH NHXT A (4.23)

forany p > 1 and 0 < T < 1, uniformly in N € N.
We start by computing the space-time Fourier transform of Y with a time cutoff.

As shown in (1.22), the quintic stochastic objects QK N is a convolution of \V N in(1.15)
and VN in (1.14):

~

In(n,t) = Z \T’N(nu:a,t) VN (nas, t).

n=n123+n4s5 (4.24)

Using Lemma B.2, we can write Y, and vy as multiple stochastic integrals:

~

t t
Y(n,t) = / I3[ fru (21, 22, 23) | dt’ = I3 [/ fopw (21,22, 23)dt' |,
0 0

AN(na t) =1 [gn,t]a
4.25)
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where f, ;  and g, are defined by

sin((t —t')(n123))
(n123)

3
sin((t' — nj))
<1_[ n])1+a 1\'l/|</V Lo, (tj)) (4.26)

J=1

fn,t,t/(zlv 22,23) = 1n=n123 :

8n,1(21,22) = Ly=ny, - <]_[ w “Ajnji<n - 1[0,r](f/)>-

j=1 i)

By the product formula (Lemma B.4) to (4.24), we can decompose QEN into the
components in the homogeneous Wiener chaoses Hy, k = 1, 3, 5:

o = (5) = (3) - (1)
Yn(n,t) =Yy (n,8) + Ly (n,1) + By (1, 1), 4.27)

L)) & (3) 1)
where W € Hs, V' € Hs, and V), € H1. By taking the Fourier transforms

in time, the relation (4.27) still holds. Then, by using the orthogonality of Hs, H3, and
‘H;, we have

E[Fxm0P] = 3 B[l moP)

j€{1,3,5}

Hence, it suffices to prove (4.23) for each \\K%) j=173,5.
5 (5)
Case (i): Non-resonant term QK ~ . From (4.25) and (4.26), we have

o (mt) = L[f)].

where fn(i) is defined by

Usin((r — t')(n123))

(5
fn,[ (Zlv 22,23, 24, ZS) = ln:n12345 . ,/()

(n123)
3.
sin((#' — tj)(n;)) ,
X(}:[l Ti] Apji=n - 1[0,#1(0'))“”
5
sin((t —tj)(n;))
<1_[ —ljwn] “Ajnj1<n - 1[0,:](fj)>-
j=4

(4.28)
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Let Sym(f, (5)) be the symmetrization of f,*; ) defined in (B.1). Then, from Lemma B. 1
(i1), we have

v (n.1) = I [syn(£)].

Then, by taking the temporal Fourier transform and applying Fubini’s theorem
(Lemma B.2), we have

3 )

F(lpomy ) (n,7) = Is [Fo(lpo.1 Sym(£) (1)] = I [ Sym(Fi(Lor1 £2) ()]

Then, by (4.6), Fubini’s theorem, and Lemma B.1 (iii) with (4.15) and (4.16), we have

[k

X222
5 2
S Z Z/ )% (@) || syn(F(Lon 52 @)~ eolm)|7, _dr
eo€{—1,1} neZ3 1500925
(4.29)

where z = (z1, ..., 25).
By expanding the sine functions in (4.28) in terms of the complex exponentials, we
have

) )3 ettrm i) g1

o~ —it k2(n
fn,t (Zla 22,23, 24, Z5) :C’1n=n12345 & / e *dt
< <I’l123> max(tq,12,13)

5 5
1
X ( [ TPECE 1n_,-|<N> < I1 l[O,t](tj)>Fl @15 ..., 25),
j=1 " j=4
(4.30)
where F|(z1, ..., zs5) is independent of ¢ and ¢ with |F{| < 1. Here, £, %, k1 (1), and
ko (n) are defined by
E={er,....e5,em3 e {-1,1}}, T=¢ 23]_[8,,
4.31)
k1(n) = e123(n123) + €4{n4) + &s(ns),
Kk2(n) = €123(n123) — €1{n1) — 2({n2) — e3(n3).
By integrating in ¢/, we have
/ : it gy — €0 — e 4.32)
max(tq,12,13) _iKZ(n)
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where tik23 = max(t1, tp, t3). Then, from (4.30) and (4.32), we have

1
S (3 _
70155 @ = 0D S Do G0 e s 1o = e
1 >
. 1 nil< . 1 i N
x (n123)<]l_[1( e IniI=N [O’T](t])>
(4.33)
where x3(n2) and k4(n) are defined by
k3(n) = eo(n1234s) + €123(n123) + €4(ny4) + &s(ns),
> 4.34
K4 (1) :80<”l12345>+28j(nj>- 39
j=1

Given dyadic N; > 1, j = 1,2, 3,4, 5, we denote by B% o Ns the contribution

t0 110 713 from n;| ~ N in (4.33). Let & = € U {gg € {—1, 1)} and Nyngs =
max(Ny, ..., Ns). Then, from (4.29), Jensen’s inequality (B.2), and (4.33) with (1.23),
we have

2

N
H || l[O,T]Bng-.A ,Ns HXST—I,—%—5 LZ(Q)

< . 2(s i 1 5 1
P Y Y S mer( )

I’l123
Eo nez3 M=ni234s
Injl~N;

1
x /R T min(r =@ [t =@

2s—a+ie—1)
n 2
<7° Z sup l( 12345? :
g el = gs (n1234) 2 (n12) 2 n123) 2 [T (n )2
Injl~N;
Xl{le(ﬁ)—mlsl}(1{\K3(ﬁ)—m’|§l} + 1{|K4(ﬁ>—m'|sl}) (4.33)

for some 6 > 0, provided that § > 0. In the last step, we used the following bound:

1
d
/lem (min(|T — k3()], |7 — ka2

1 1
= /R O —m@prt T /R O — @R

< (o3 ()) 12+ (ea (i) T

1
=3 W(l{\m(wmwg} +1{|K4<*‘t>*m/|f”)

m'€Z
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for § > 0. Then, by applying Lemma A.4 to (4.35), we obtain

< TIN% (4.36)

2@ ~ max

for some §p > 0, provided that ¢, § > 0. Using (4.29) and (4.33), a crude bound shows

0 ArK
STONg 4.37)
L2(Q)

5 || x0.0

N
H HI[OVT]BNl,m,N

for some (possibly large) K > 0. By interpolating (4.36) and (4.37), applying the

Winner chaos estimate (Lemma 2.9), and then summing over dyadic Nj, j =1, ..., 5,
we obtain
5
107 NN H <p2T?
HH [0, 71\'N 57§+62([0T]) Lr(@)

for some 6 > 0, uniformly in N € N. Proceeding as in the end of the proof of
Lemma 3.1 (ii) on ¥y, a slight modification of the argument above yields convergence

5
of Q%V) to QK(S). Since the required modification is straightforward, we omit details.
3 1
A similar comment applies to \\%\;) and QKEV) studied below.

3
Case (ii): Single-resonance term QKSV) In view of the product formula (Lemma B.4)!°

and Definition B.3 together with (4.25) and (4.26), we have
5 3) 3
\\KN (na t) =1 [fr(L,t)] )

where fn(3,) is defined by

(Zl 22,24) = Z | PR (H 1nj|<1v>% 10,1 (t4)

nyeZ3
Lsin((r — 1) (n123)) { sin((t' —#;)(n;)) .
X/O (1123) <]lj[1 (nj)l-',-oz : 1[0,#]0]))
" sin((t — 13)(n3) sin((t' — 13) (n3)) ,
<( (n) ¥ o )

19 Note that both St and gu ¢ in (4.26) are symmetric in their arguments.
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By the Wiener chaos estimate (Lemma 2.9) and Holder’s inequality, we have

HHQKN 5—§+52

o < I

L2, H‘”‘%‘E LP(Q)
1 3
< Ta2p2 511 H
(4.38)
for small §; > 0. Hence, (4.23) follows once we prove
sup H QK e < 00
te[0,T] H - L2(Q) (4.39)

for ¢ > 0, uniformly in N € N.
With the symmetrization Sym( fn(,?)l)) defined in (B.1), it follows from Lemma B.1
and Jensen’s inequality (B.2) that

2

RO, a5 gy = 2 0> s [ Sy e
v nez3
b Z Z n 20717%( H ﬁ)/ |3 (21, 22, t4)*dtrdtadts,
nezd ‘vzny‘n<12\4 je{1,2,4} <nj> [0,]3
(4.40)
where 33 (z1, z2, t4) is defined by
> o [ ’
= Y f sin((t — ) (n123))
N (n123)(13)272% Jinax(ty.10)
2
x (]_[ sin((t' — r,-)(n,~))) (4.41)
j=1

t/
X / sin((t — 13)(n3)) sin((t' — 13)(n3))dtzdt’.
0

By switching the order of the integrals in (4.41) (with @ = max(t1, 2)):

t pt a pt t pt
/ / fdtgdt’:/ / fdt’dt3+/ / fdt'dts
a JO 0 Ja a Ji3

and integrating in ¢’ first, we have

1
RIS > > —,  (442)

242
£1,62,€3,123€{—1,1} [n3|<N (n123) () {re2 ()
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where «7 () is as in (4.31). Hence, from (4.40), (4.42), and Lemma A.3, we obtain

H”QIG%)H ;(Q)S Z Z Z <n>2a—1—25( H W)

€1,62,€3,6123€{—1,1} n€Z3 =124 je{1,2,4}

[njl<N

l{lliz (7)—m|<1} 2
2 2 2 )

1<N3<N meZ |n3|~N3 (n123) (n:

ol

H

dyadic
23‘@”"25\4} je{r,24y VY
_ Z 3 .
[n1|<N 7L1 2+20‘ [n2|<N <n12>2<n2>2+20‘

1
X( Z 1—2a+42¢ 2 2a>}'
ey (20 T
By applying Lemma 2.8 iteratively, we then obtain

11

2
<1

~Y )

1
Hy 2 °L2(@)

provided that 6; > 0. This yields (4.39).
&M

Case (iii): Double-resonance term N7 ~ . As in Case (ii), from the product formula
(Lemma B.4) and Definition B.3 together with (4.25) and (4.26), we have

& (1) 1

T (n,8) = L [£17),

where fn(,lt) is defined by

3
Men="Y 1, n1-<1"[1|n,.|§N)
j=1

no,n3eZ3

y /, sin(( — 1) {n123)) sin((@’ — t){n1)) 1jo,1(t1)

n123 (n)l+e
</' / 1—[ sin((t — ¢;) nj));fz(a(t )<nj>)dt2dt3>dt’.

Arguing as in (4.38), it suffices to show

sup |44 )

te[0,7)

< 0
L2(@) (4.43)

Hozf%fs

for ¢ > 0, uniformly in N € N.

@ Springer



Stoch PDE: Anal Comp

With the symmetrization Sym( f,, (1)) defined in (B.1), it follows from Lemma B.1
and Jensen’s inequality (B.2) that

SO s,y = 2 @0 [symUD] 20
nez3
S Y )t [ a0 P,
[ma|<N (0.4 (4.44)
where 3V (z}) is defined by
1
FO () =
o= L T
nal,In3|<N
t
X/ sin((r — ') (n123) sin((¢" — 1) (n1)) (4.45)
1

t t 3
x / / [T sin( = tj)tn;) sin((" = 1))(n;))dt2dtzdt’.
0J0 o

By switching the order of the integrals in (4.45) and integrating in ¢’ first, we have

Vel s ) 1 —, (4.46)

<y (1123)(12)2 2 (n3) 242 o (7))

where «, () is as in (4.31). Hence, from (4.44) and (4.46), we obtain

el

2

fows T e

€1,62,63,6123€{—1,1} [n1|[<N

L{jka(n)—ml<1}
<n123> <n2>2+2a <n3>2+2a <m>

MEZ |na|,|n3|<N

Now, apply the dyadic decompositions |n ;| ~ N;, j = 1,2, 3. Bynoting that (n12)* <
N{' N3 and that |[k2(7) —m| < 1 implies |[m| < Nmax = max (N, N2, N3), it follows
from Lemma A.5 that
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2
L P > Mgy
N HY 202 ~ max 2o Ao
‘ €1,62,63,6123€{—1,1} 1<N1,N2,N3SN 2 3
dyadic
% z ”1 —3—2¢ sup Z 1{|r€2(ﬁ)7m\§1}
2 2
Z n123)(N12)*(n2)*(n3
s w2 Tz ) (na) 20
[n3|~N3
NZa 2e
—2a+2
S Z Nf;/lﬂxNQaN4a max(Ny, No) g
1<N1,N3,N3<SN
dyadic

<1

)

provided that ¢ > 0, where y = y (¢, @) > 0 is sufficiently small. This yields (4.43).
This concludes the proof of Lemma 3.4 (i).

4.3 Septic stochastic term

In this subsection, we present the proof of Lemma 3.4 (ii) on the septic stochastic term
% defined in (1.24). Proceeding as in (4.38), it suffices to show

<1

~

L2(9) (4.47)

sup
te[0,7)

ot

for ¢ > 0, uniformly in N € N. As in the previous subsections, we decom-

pose "W n(n, 1) into the components in the homogeneous Wiener chaoses My,
k=1,3,57:

—(2 +1
Zw b,
(4.48)

(2j+1)
where W N € Hoj41. From the orthogonality of Hy, we have

2j+1)

3
B[ (1)) = SB[, 0)?].
7=0

. W(QjJrl)
Hence, it suffices to prove (4.47) for, N »j=0,1,2,3.
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—(7)
Case (i): Non-resonant septic term We first study the non-resonant term kN € Hr.
From (1.12) and (4.25) with (4.26) and (4.15), we have

—=(7)
Ly (n,t) = L[], (4.49)

where fn(?t) is defined by

7
7
f( )(Zl ~~~~~ 27) = Lnz=nypaas67 - (1_[ llﬂj\SN>

3
t—t 1 —tj
o /(') sin(( (nuz n123) (l—[ m(( Hl ))l[t, (e ))dz
j=1 (4.50)
6
sin((t — 1")(nase) m((t” —1){n;)) PR
) /(; (nase) (1:[ it T )>dt
sin((¢ — 17){n7))
X Twllo,zl(ﬁ)-
By defining the amplitude ® by
, sin((r — 1) (n123)) T m((t 1))
d>(t,z1,zz,z3)=/ I1° g drs (45D
max(t1,12,13) I’l123> j=1
we have
sin((t — t7){n7))
f(7)(zlv ceey Z7) = Q(t? 215432, Z3)q)(t7 24, 25, Z6)(n7)—l-|—0l
Let k(n) be as in (4.31). Then, from (4.51), we have
sup |®(t,21,22,23)| S K(nl,nz,n%)l_[ nj)~,
1€[0,T] il
where K (n1, ny, n3) is defined by
K(ny,na,n3) = I ! (4.52)
1,12,N13) = TN .
(n123) (k2 (7)) Kz(n) iz
Note that from Lemma A.1, we have
> K*(n1.ng.n3) S max(Ny, Ny, N3)Y (4.53)
nl,ng,n3€Z3
Injl~Nj
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forany y > 0.Inview of (4.52) and (4.31), K (n1, na, n3) dependson €123, €1, €2, €3 €
{—1, 1}. In the following, however, we drop the dependence on €173, €1, €2, €3 €
{—1, 1} since (4.53) uniformly in €123, €1, €2, &3 € {—1, 1}. The same comment
applies to (4.54) below.

With the symmetrization Sym(f, (7)) defined in (B.1), it follows from Lemma B.1,
Jensen’s inequality (B.2), and Lemma 2.8 (to sum over n7) that

2

[ Ol e o,

NZ 2a125 Z / |Symf(7 !dtl

Z3 N=n1234567
e Inj|<N
2a—1—2¢ 6
7l1234567> )
S I o .
=7 (ng)?+2e )20 K?(n1,n2,n3) K*(na, ns, ng)
ny,...,n7EL3 ]:1
[n;|<N

6
0
~T Z \ <”123406 (H

[ Y <Y/ J:1
[n;|<N

) %(ny,n2,n3) K*(na, ns, ng)

for some ¢ > 0, provided that §; > 0. By applying the dyadic decomposition |7 ;| ~
Nj, j=1,...,7, and then applying (4.53), we then obtain

6

2 1
LQ(Q) ~ Z H NQOC—V ’S 1’
1<N1,..,.Ng<N Nj=1""j
dyadic

[REELOl*

Hy

as long as y < 2«a. This proves (4.47).
Case (ii): General septic terms As we saw in the previous subsections, all other terms

in (4.48) come from the contractions of the product of Y- ¥n - IN. Inorder to fully
describe these terms, we recall the notion of a pairing from [12, Definition 4.30] to
describe the structure of the contractions.

Definition 4.3 (pairing) Let J > 1. We call a relation P C {1, ..., J}? a pairing if

(i) P isreflexive,ie. (j, j) ¢ Pforalll <j < J,
(i) P is symmetric, i.e. (i, j) € P if and only if (j, i) € P,
(iii) P is univalent, i.e. foreach 1 <i < J, (i, j) € P foratmostone 1 < j < J.

If (i, j) € P, the tuple (i, j) is called a pair. If 1 < j < J is contained in a pair, we
say that j is paired. With a slight abuse of notation, we also write j € P if j is paired.
If j is not paired, we also say that j is unpaired and write j ¢ P. Furthermore, given a
partition A = {Ag}£=1 of {1, ---, J}, we say that P respects A if i, j € Ay for some
1 < ¢ < L implies that (i, j) ¢ P. Namely, P does not pair elements of the same set
Ay € A. We say that (ny,...,ny) € (Z3)J is admissible if (i, j) € P implies that
ni+n;= 0.
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<5k
In order to represent W (n, t) k =1, 3,5, as multiple stochastic integrals as in

(4.49), we start with (4.50) and perform a contraction over the variables z; = (n}, t;),
namely, we consider a (non-trivial)?? pairing on {1, ..., 7}. Then, by integrating in ¢’
and ¢” first in (4.50) after a contraction, a computation analogous to that in Case (i)
yields

o]
< Z Z Z <nnr>2a—1—25

€123,61,62,63€{—1,1} P€ll {n;};¢p

K(ni,n2,n3)K(ng4,ns,n 6 2
1,12,N3 4,M5,M6)
X Z Yny,...mg) - (ny)Ite H (nj)e > ’

admissible

{n;tjer J=1
(4.54)
where K is as in (4.52) and the non-resonant frequency ny, is defined by
Mo = Y nj. (4.55)
jEP
Here, IT; denotes the collection of pairings P on {1, ..., 7} such that (i) P respects

the partition A = {{1,2,3}, {4, 5,6}, {7}} and (ii) |[P| = 7 — k (when we view P

(7)
as a subset of {1, ..., 7}). Note that the estimate on WN discussed in Case (i) is a
special case of (4.54) with P = @. By applying Lemma A.6 (with (1.23)), we then
obtain

<1
(%)

— — )
« 2 €

I

H (R840

provided that ¢ > 0. This concludes the proof of Lemma 3.4 (ii).
4.4 Random operator

In this subsection, we present the proof of Lemma 3.5 on the random operator VN
defined in (1.21).

In view of (3.1) and (3.2) in the definition of L‘YTIO’SZ’I’, (1.21), and the nonhomoge-
neous linear estimate (Lemma 2.5), it suffices to show the following bound:

| sup sup Vol s 1 eas <p
Te01] o 1,5 1,4 <1 Xp? 272l () (4.56)
X% 13 2

20 Namely, P = @.
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for some small 61,62 > 0 and any p > 1, uniformly in N € N. From (2.9), we see
that (4.56) follows once we prove

| supswp g, g,

<
~ p'
T€l0,1] |lv]| T LP(Q) 4.57)
X

<
%+51,%+52 -

Furthermore, by inserting a sharp time-cutoff function on [0, 1], we may drop the
supremum in 7" and reduce the bound (4.57) to proving

sup ‘|1[071](t) 'VNUHX7%+61,7%+252
Yordra =t

H ol ey S P @58)
X

As in the proof of Lemma 3.1 (ii), we first prove

sup ”1[071}(75) ’VNUHX7%+61,7%75
IR~

<
oy~ (459

H [[]
X

namely withb = —%—8 < —% onthe X**?-normof 1 0.1 (t) - vyvfors > 0.Infact,
we prove a frequency-localized version of (4.59) (see (4.72) below) and interpolate it
with a trivial X%9 estimate (see (4.73) below), as in the proof of Lemma 3.1 (ii) and
Lemma 3.4 (i), to establish (4.58) with b = —1 + 28, > —1

We start by computing the space-time Fourier transform of 1 1 (t) - vnv. From
(4.25) and (4.26), we have

}—IE(VN : ’U)(n, t) = Z 6(n37t)12[gn—n3,t}7

n3€Z3

where g,,_p,.1(21, z2) is as in (4.26). Now, write v = v; + v_1, where
V1(n, T) = 1j0,00)(7) - V(n, 7) and V_1(n, T) = L(—00,0)(7) - V(n, 7).

Then, by noting [0(n, 7)|*> = [01(n, 7)|> + [v_1 (n, 7)|?, we have
D llvesllzes
e3e{—1,1}

3 @ e T + 83(n))||§%L%.

eze{—1,1}

2
lo1l%s.
X

(4.60)

With this in mind, we write
Fut(L0,1)(t) - VNvey) (0, T — €0(n))

1 —~
= (n)2 ™" Z <n3>2+61/RU83(n377—3+€3<n3>)H(n7n377—77—3)dT37
[ns| <N
4.61)
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where g9, £3 € {—1, 1} and the kernel H = H®"3 is given by

1 1 1 L
H(n,n3, t,13) = (n>—§+81 (,13)—7—51 _/ e—tt(f—fs—&)(n)—az(m))12[g _nsildt.
\/E 0 n—ns,t
By Fubini’s theorem (Lemma B.2), we can write H as

H(nnz, 7. 13) = ()20 n3) "2 Bl o.ms ), (4.62)

where h, ;¢ 7, is given by

—it(t—13—80(n)—e3(n3))

1 1
hy n3,7,73 (z1,22) = 1n—n3:n12 y——— e
e V27 Jo

, . (4.63)
sin((t — 1) (n;))
: (,U] e tmi=y - loa@) Jdr.
Then, by (4.6), (4.61), Cauchy—Schwarz’s inequality, and (4.60), we have
su 1 t) - VNU|| _L1.s _1_
| o e ® vl
x2t01,5+62—
< .
= Z H ol sup lH]-[O,l](t) VNU63HX—%+51,—%—5 L (9)
es€{-1,1} B+ E
1 1
S osup sup (1)727° Y (ng)z ™
c0.e3€{~1,1} ”U”X%jL(;ly%Jr(;Q <1 |n3|<N
X /iJ\EB(ng,Tg+83<n3))H(n7n3,T,Tg)d7’3
R Gllor@ir2)
< 48yt g
~ sup <T> <T3> H (n7n377—77—3)H€%3—>€%
eo,e3€{—1,1} LP(Q;L%,TS)

Y

Lr(Q)

< sup sup HHH(H,H&TaTS)HZ% 02
€0,€3 T,73ER 3

as long as §, 6o > 0, where, in the last step, we used Minkowski’s integral inequality
followed by Holder’s inequality (in 7 and 13). Here, we viewed H (n, n3, 7, 13) (for
fixed 7, t3 € R) as an infinite dimensional matrix operator mapping from Z,% , into Z%.
Hence, the estimate (4.59) is reduced to proving

< p. (4.64)

swp sup [IH @ ms v )l ez, o S

n
£0,€3 T,13€R 3
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As mentioned above, we instead establish a frequency-localized version of (4.64):

< pN%
Loy S PNk (4.65)

sup  sup H||HN1,N2,N3(H,H3J, Bl e
£0.€3 7,13€R 3

for some small §o > O, uniformly in dyadic Nj, N2, N3 > 1, where Npax =
max(N1, N2, N3) and Hy, n,,n; 18 defined by (4.62) and (4.63) with extra frequency
localizations 1}, JI~NGs j =1, 2, 3. Namely, we have

—14s —1_s Ni,N2,N
Hyy vyN; (1,03, T, 13) = (n) 7270 (n3) 270 L[N 2 05, (4.66)

Ni.Ny.N3 . .
where h,, ), 77y is given by

1 L
h;llv’ln’;\’/%:-]r\?(zlv Z2) = Z Csl,azln—m:nlz ' 1\113|~N3 : _f e i#(z—rs—e(a)
‘ e1,e26l—1,1) vam Jo
e*il‘j&j(ﬂj)
X ( l_[ <>—1+(x . 1|"j|'\’Nj . 1[()’;](t./'))dt (467)
j=1 Injl<N

with «(n) as in (4.7).
For m € Z, define the tensor h™ by

2
Tn1n2n3 = Cey,en ln=nyns - 1|n3|“‘1\/3< 1|”j"’Nj>
j=1 lInjI=N
(4.68)
n) 2
X Lje@y—mi<1) T
(n1)179 (ng) 1+ (n3) 2+
Then, from (4.66), (4.67), and (4.68), we have

Hy, nyny (3, T, 13) = Y > H™(n,n3,7,73)

e1,60€{—1,1} meZ (469)

= Z Z IZ[h:lnnlnzn3'6nm3,T,T3]’

e1,60€{—1,1} meZ

where ﬁn”;’r’m

is given by
Dy 1.0, (21, 22)
1 1 . 2
= —— | Lwa- \<1}e_”(1_”_m))( e~ 1[o,t](t')>d"
«/E/O k(n)—m|< . j

J
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Performing ¢-integration, we have

19, ooy @1 2Dl 12 qoupy S (T—13—m)7 (4.70)

ny,np =yt

Then from Lemma C.3, (4.70), and Lemma C.2 (with (1.23)), there exists §3 > 0 such
that

[1H" 03,7, ) g ez

3 LP(Q)

SPNS —1

max \T — T3 —m)

X max (”hm ||n1n2n3%n’ “hm ”n3ﬁnn|n2v ”bm ||n|n3%nn29 ”hm ||n2n3%nn|>

< pNES(r — 13 —m) L. 4.71)
for any ¢ > 0, provided that §; < «, which is needed to apply Lemma C.2. Hence,
by noting that the condition |« (7) — m| < 1 implies |m| < Npax and summing over
m € Z, the bound (4.65) follows from (4.69) and (4.71) (by taking ¢ > O sufficiently
small), which in turn implies

N, N: s
H sup H].[O,l}(t) ‘VNI QUN3||X—%+61,7%—6 L () Smea?(
o0l 51,45 <1
4.72)

for some &g > 0, where vy, = f;1(1|n‘~N3ﬁ(n)) and

TN (nt) = I [h:mz ‘ (ﬁ W sl < Log (mﬂ’

j=1 In;|<N

Namely, the frequencies n1, n2, and n3 are localized to the dyadic blocks {|n ;| ~ N},
j=1,2,3.
On the other hand, a crude bound shows

N1,N:
| s v

1oy 1oy, 345, <1

< pNEK
LP(Q)Np max- (4.73)

’UNSHXUvO

for some (possibly large) K > 0. By interpolating (4.72) and (4.73) and then summing
over dyadic N;, j = 1, ..., 3, we obtain (4.58) for some small §; > 0.

Lastly, as for the convergence of TVN o ’JV, we can simply repeat the computation
above to estimate the difference 1[0,1]V MU — 1[071}\/ nv for M > N > 1. In con-
sidering the difference of the tensors h” in (4.68), we then obtain a new restriction
max(|ny|, [n2]) 2 N, which allows us to gain a small negative power of N. As aresult,
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we obtain

for some small ¢, 8; > 0, Then, interpolating this with (4.73) and summing over
dyadic blocks, we then obtain

—e nr—0)
S, pN € Nmax

Lr(Q)

sup

‘1[0,1] (t)- (VQII\Z - V}?}’Ayz)’UNs

1 1
) ’ X- 501 —3-6
1ol gasy goa <1

i3 = 3%

SpNTE,

1 1 1
+61,54+01,5+6
CQ 1271913 2 [P(Q)

forany p > 1 and M > N > 1. Then, by applying Chebyshev’s inequality, summing
over N € N, and applying the Borel-Cantelli lemma, we conclude the almost sure
convergence of JVN_ This concludes the proof of Lemma 3.5.
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Appendix A: Counting estimates

In this section, we state the counting estimates used in Sect. 4 to study the regularities
of the stochastic terms. These lemmas are taken from Bringmann [12]. Note that
some statements are given in a slightly simplified form. The same comment applies
to Lemma C.2.

LemmaA.1 (Proposition 4.20 in [12]) Let 0 < s < 1 and 0 < B < 1. Given
gje{=1,1}for j =0,1,2,3, let k (N) = Kep,e,,65,65 (N1, N2, 13) be as in (4.7). Then,
we have

| NP
sup Z (n123)2(5_1) {lc ())—m|<1} <N2(s—,3)’

286 T73 \2 ~ ''max
an,nz,n3eZ3 <n12> ]_[le (nj>
Injl~Nj
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uniformly in dyadic N1, N2, N3 > 1 and ¢; € {—1,1} for j = 0,1,2,3, where
Nmax = max(Ny, Na, N3).

LemmaA.2 (Lemma 4.22(i) in [12]) Given ¢; € {—1,1} for j = 0,1,2,3, let
k() = Kgg,e1,60.63 (M1, N2, n3) be as in (4.7). Then, we have

sup sup #{(nl,ng,m) eZ:Injl~Nj, j=1,2,3, n=n3, {|k@@) —m| < 1}}
meZneZ3

< med(N1, N2, N3)* min(N1, Na, N3)?,
uniformly in dyadic N1, N2, N3 > lande; € {—1, 1} for j =0,1,2,3.
Next, we recall the basic resonant estimate.

LemmaA.3 (Lemma 4.25in [12]) Givene; € {—1,1} for j =0,1,2,3, let k(n) =
Keo.e1,60,63 (M1, N2, n3) be as in (4.7). Then, we have

Z Z 1{|/<(n) m|<1} < log(2 + Ny)
RN ’

= n.ez3 ){n123)(n1) (n23)
[n1[~Ni

uniformly in dyadic N1 > 1 and ¢; € {—1, 1} for j =0, 1, 2, 3.

The next two lemmas (and Lemma A.3 above) are used for estimating the quintic
stochastic term.

LemmaA4 Lets < % —nand B > 0 for some n > 0. Given €123, ¢; € {—1, 1} for
j=0,...,5 let ko(n), k3(n), and k4(n) be as in (4.31) and (4.34). Then, we have

(n12345)26~D

(n1234) % (n12)2 (n123)2 [T ()2

sup
'eZ
m.m Nlyeeny EZ%

(A.])
x l{lkz(ﬁ)*mlfl}(1{\K3(ﬁ)—m’|§1} + 1{|K4<fz>—m'|sl}>

< max(Ny, Na, N3, Ng) 2PHENS"

for any ¢ > 0, uniformly in dyadic Ni,...,N5 > 1 and e123,¢; € {—1, 1} for
j=0,...,5 where Nymax = max(Ny, ..., Ns).

Lemma A .4 is essentially Lemma 4.27 in [12], where the condition |k4 (7)) —m’| < 1
in(A.1)isreplaced by |«4(71)+€123 (n123)—m’| < 1. We point out that this modification
does not make any difference in the proof. In our notation, the first step of the proof
of Lemma 4.27 in [12] is to sum over ns, using [12, Lemma 4.17], for which the
conditions |k4(7) —m’| < 1in (A.1) and |k4(71) + €123 (n123) — m’| < 1 do not make
any difference since the extra term €123 (n123) is fixed in summing over ns.

@ Springer



Stoch PDE: Anal Comp

LemmaA.5 (Lemma4.29in[12])Let B > 0. Givenenz, € € {—1, 1} forj =1,2,3,
let ky(n) be as in (4.31). Then, we have

sup sup Ly Giy—m|<1}
meZ3 niI~Ni |,y (n123)(n12)P (n2)2(n3)?2
[n3|~N3

< max(Nj, Ny)~P+e

for any ¢ > 0, uniformly in dyadic N1, N>, N3 > 1 and €123,¢; € {—1,1} for
j=1723.

Lastly, we state the septic counting estimate. See Definition 4.3 in Sect. 4.3 for the
definition of a paring.

LemmaA.6 (Lemma 4.31 in [12])

Let% <s<landB > 0. Giveneips, g € (—1,1} for j = 1,2, 3, let ko(n) be as
in (4.31) and set

3
E 1 K2(n)—m|< 1
,C(n],nz’ n3) = ( | 2(n)—m|<l1} 1—[ <

ﬂ
ez, (M mis)(mi2)” )

Let P be a pairing on {1, - - - , 7} which respects the partition {{1, 2,3}, {4, 5, 6}, {7}}.
Then, we have

2(s—1)
Z (nor) ( Z Lnpssser1~Nizaaser * Liniosgl~Niazr * Linasel~Nase * Lingl~Ny
{njljer {njljep

2
K(ni, na, n3)K(na, ns, ne)
X l(nl ,,,,, ny) *
admissible (n7)
2s—1+¢
< Nmax

for any ¢ > 0, uniformly in dyadic N1234567, N1237, Nase, N7 > 1 and €123, ¢ €
{—1,1}for j =1, 2, 3, where Nmax = max(Ny, --- , N7) and nyy is as in (4.55).

Appendix B: Multiple stochastic integrals

In this section, we go over the basic definitions and properties of multiple stochastic
integrals. See [43] and also [12, Section 4] for further discussion.
Let X be the measure on Z := Z> x R, defined by

di = dndt,

where dn is the counting measure on 73. Given k € N, we set M = ®';=1 A and
L2(Z*) = L>((Z? x Ry)K, Ap). Given a function f € L?(Z*), we can adapt the
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discussion in [43, Section 1.1] (in particular, [43, Example 1.1.2]) to the complex-
valued setting and define the multiple stochastic integral I;[ f] by

Ik[f]_ /0 )kf(nl H, oo 0, )d By (1) -+ - d By, (1),

nk€Z3

Given a function f € L2(Z¥), we define its symmetrization Sym( f) by

1
SYm(A)@t, 02 = 75 D F oo 2o, (B.1)
T oeSk
where z; = (nj, t;) as in (4.15) and Sy denotes the symmetric group on {1, ..., k}.

Note that by Jensen’s equality, we have

1
Syl < 25 D 1 Gotrys o 2o)I” (B.2)

T oeSk

for any p > 1. We say that f is symmetric if Sym(f) = f. We now recall some basic
properties of multiple stochastic integrals.

LemmaB.1 Let k, £ € N. The following statements hold for any f € L*(Z*) and
g€ L*(ZY:

() Iy : L*(ZF — Hi c L%(Q) is a linear operator, where Hy denotes the kth
Wiener chaos.

(1) IL[sym(f)] = L[ f].

(iii) Ito isometry:

E[1[f1Telg]] = Lies - k! f Sym(f)Sym@dis.
(Z3 xR)*

(iv) Furthermore, suppose that f is symmetric. Then, we have

Ik[f]=k! Z /// flnyn, oo g, )d By (1) - - - d By, (1),
ny €23

where the iterated integral on the right-hand side is understood as an iterated
Ito integral.

We state a version of Fubini’s theorem for multiple stochastic integrals that is
convenient for our purpose. See, for example, [15, Theorem 4.33] for a version of the
stochastic Fubini theorem.

LemmaB.2 Letk > 1. Givenfinite T > 0, let f € L*>((Z? x [0, TD* x [0, T, drx ®
d t). (In particular, we assume that the temporal support (for the variablesty, . .., tx,t)
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of f is contained in [0, T]kﬂfor any (ny, ..., ng).) Then, we have
T T
/’@Ummm=&L/fnnM] B.3)
0 0
in L3().
Proof From Lemma B.1 (ii), we may assume that f(z1,..., 2k, t) is symmetric in
z; = (nj,t)), j = 1,...,k. Letn = (n1,...,n;) and t = (t1,...,%). From

Minkowski’s integral inequality, Lemma B.1 (iii), and Cauchy—Schwarz’s inequality,
we have

T T
H‘/O LI(f — @), D]dt ,S/O ICf — o), t)||g%((z3)k;Ltz([o,T]k))dt

LX) (B.4)

1
=T2|f - gﬂ”ﬁ((Z%";L%,([O,T]"'*"))'

On the other hand, by Lemma B.1 (iii) and Cauchy—Schwarz’s inequality, we have

wl [ - oena]

T
”Hﬁ(f_@“”“

L2(Q) GUZALERY))  (B.5)

1
<T: ”f - (p”g%((ZB)k;LtZ‘([O’T]kH))-

Hence, it follows from (B.4), (B.5) and the density21 of Zi((ZS)k; Crz ([0, T1ty)
in Zﬁ((Z3)k; Ltz_t([O, T1¥t1)) that we may assume that f is symmetric and belongs
to Eﬁ((Z3)k ; Cre ([0, T1%*t1)). Furthermore, we may assume that f has a compact
support in n. Namely, there exists K > 0 such that if max(|n{|, ..., |nk|]) > K,
then f(ny,t1,...,nk,tk,t) = 0 for any #q,...,%,t € [0, T]. Then, together with
Lemma B.1(iv), we have

T
/0 ILf G )

T T prn fg—1
=k!/ > / / / F@is .., 2k, )dBy, () - - - d By, (t)dt
0 - o Jo 0

Ny, Nk
max(|nyl,...,[nk Y<K

T T I3l th—1
=k ) / f / f F@1 ez DBy (1) -+ d By, ()dt,
0 0 JO 0

AYyenns nkEZ3
max(|ni,....Ing D<K

(B.6)

2l By identifying a function f e 2((Z3)%; L?,([0, T1**1)) with a sequence { Sadne@dy C

Ltz, £ ([0, TTA+1), we can approximate each f, by a smooth function ¢p, such that || f —¢n || <

L2,(0.TF+)
&n such that g is symmetric inn and Zn e(Z3)k En =& Then, the function ¢ = {¢y} ne(Z3)k approximates

f within distance ¢ in Z% ((Z3)k; Ltz.t ([0, Tkl )). Since f is symmetric, we can choose ¢ to be symmetric.
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since the summation is over a finite set of indicesn = (n1, ..., ny) and f is symmetric.
Hence, it remains to justifying the 7-integration with the stochastic integrals for each
fixedn = (ny, ..., ng). For this reason, we suppress the dependence of f onn =
(n1, ..., ng) in the following.

When k& = 1, we can exploit the smoothness of f and have

T T T T T
/ f f (1, 1)d By, (1)dt =/ ST, 1) By (T)dt */ / By (11)8y, f (11, 1)dndt
o Jo 0 o Jo

T T T
= Bn](T)/(; f(T,t)dt—/O Bnl(tl)8t1</(; f(tl,t)dt)dh

T /T
= / [ f(t1, t)dtd By, (t1),
o Jo

where, at the second equality, we used the standard Fubini’s theorem in view of the
almost sure boundedness of B, on [0, T']. This proves (B.3) when k = 1.

For the general case, let us first consider the innermost integral in (B.6). For
notational simplicity, let us suppress all the variables of f except for #; and z. Let
Ay ={0<71 <71 <+ <71 < T} be apartition of [0, T'] and define a step func-
tion f, (-, t) by setting f,,(t,1) = f(rj—1,1) for t;_1 < T < 7;. Then, by defining
Jm by

tr—1 m
Jn(t) = /() Sm (., t)dBnk () = Z(I[O,tk_ﬂf)(fj—Ia t)(Bnk (":j) - Bnk (Tj—l))v

j=1

B.7)
it follows from the definition of the Wiener integral that
tk—1 ) 5
In(t) — /0 S (e, )d By, (1) in L7(€2), (B.8)
as m — oo (such that [A,,| — 0). By integrating (B.7) in ¢, we have
T m T
/o I (t)dt = Z (/0 (l[O,Ikl]f)(Tj—l»t)dt) (B (tj) — Buy(tj—1)). (B.9)
j=1
By the definition of the Wiener integral once again, we have
th—1 T
RHS of (B.9) — / f ftx, )dtd By, (f;) in L3(Q), (B.10)
0 0
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while from Minkowski’s integral inequality, (B.8), and the bounded convergence the-
orem (recall that f is smooth), we have

T T -1
H/ I (t)dt —f / f(t, )d By, (tr)dt
0 0 0

< [ o= [ s naman

L@ (B.11)
— 0,

dt
L2(Q)
as m — oo. Hence, from (B.9), (B.10), and (B.11), we conclude that
T - tk—1 T
/ / [, )d By, (t)dt = / / [, t)dtd By, (1) in Lz(Q). (B.12)
o Jo 0 0

Next, we consider

th—2 T
/ / Ftvr, )dtdBu,_, (1)
0 0

tk— pT te—1
= / / </ S =1, tx, )d By, (tk)>dtdBnk1 (te—1)-
0 0 0

Given the partition A, of [0, T] as above, we define an adaptive step function Fy, (-, t)
by setting Fy, (1, t; w) = F(tj_1,t; w)fort;_; < v < 7;. Then, we can simply repeat
the previous computation (but with Ito integrals instead of Wiener integrals) and obtain

T pties tr—2 T
f / Fte_1, )dBuy_, (t1)d1t = / / Fter, )dtdBa,_, (1)
0 0 0 0

(B.13)

(B.14)
in L2(Q). Combining (B.13) and (B.14) with (B.12), we then obtain
T prir—2 ph-1
/ / / S (tk—1, tk, )d By (tx)d By, _, (tx—1)dt
o Jo 0
tk—2 k=1 T
= / / / S (tk—1, tk, 1)dtd By, (tx)d By, (tr—1)
0 0 0
in L>(2). By iterating this process, we conclude
T T 1 f—1
f / / / f(t, .o te, )d By, (1) - - - d By, (11)dt
o Jo Jo 0
T 1 t—1 T
=/ / / / f, ... e, )dtd By, (tx) - - - d By, (t1)
o Jo 0 0
in L2(Q). Together with (B.6), this proves (B.3). ]
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We conclude this section by stating the product formula (Lemma B.4). Before doing
so, we first recall the contraction of two functions.

Definition B.3 Let k, £ € N. Given an integer 0 < r < min(k,[), we define the
contraction f ®, g of r indices of f € LZ(Z]‘) and g € LZ(ZZ) by

& G i) = Y /f(m,...,zkr,;l,...,;)

Mmi,..., m,eZ3

X (Tt dors - s Zhrt—2r> Clo - o Er)dsy - - - dsy,

where ¢; = (mj, s;) andzj = (=mj,sj).

Note that even if f and g are symmetric, their contraction f ®, g is not symmetric
in general. We now state the product formula. See [43, Proposition 1.1.3].

LemmaB.4 (product formula) Let k, £ € N. Let f € L*(Z¥) and g € L*(Z") be
symmetric functions. Then, we have

min(k,l)

k\ (¢
LIf1-Llgl= ) ”!<r><r)lk+€2r[f®rg]-

r=0

Appendix C: Random tensors

In this section, we provide the basic definition and some lemmas on (random) tensors
from [12,18]. See [18, Sections 2 and 4] and [12, Section 4] for further discussion.

Definition C.1 Let A be a finite index set. We denote by n4 the tuple (n; : j € A). A
tensor h = hy,, is a function: (Z*)4 — C with the input variables n4. Note that the
tensor & may also depend on @ € 2. The support of a tensor 4 is the set of n4 such
that h,,, # 0.

Given a finite index set A, let (B, C) be a partition of A. We define the norms || - ||, ,

and ” : ||n3—>nc by

1
2
1Al = Al = (Z |hnA|2)
na

and

102, e = sup { S |

nc np

1, =1], @

where we used the short-hand notation ), for ez 2 for a finite index set Z.

Note that, by duality, we have ||, —ne = Ihllnc—sny = ||E||n3_>nc for any tensor
h=h,, If B=@orC = g,then we have ||hll,3nc = |hlln,-
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For example, when A = {1, 2}, the norm ||A||;;, -, denotes the usual operator norm
lI2ll;2 _ 2 for an infinite dimensional matrix operator {/n,n, },, »,ez3- By bounding
Ill nz ?
the matrix operator norm by the Hilbert—Schmidt norm (= the Frobenius norm), we

have

Ikl e, < hllz (€2)

ny,ny

Let (B, C) be a partition of A. Then, by duality, we can write (C.1) as

1Allag—nc = sup { S b fu e

nc np

: = =1,
Iz, = lgle, }

from which we obtain

sup |hp, | = sup |hupnc| < Nhllng—nc- (C.3)
nA

np,nc

Next, we recall a key deterministic tensor bound in the study of the random cubic
NLW from [12].

LemmaC.2 (Lemma 4.33 in [12])

Lets < % + B for some B > 0. Given ¢; € {—1,1} for j =0, 1,2, 3, let k(n) be
as in (4.7). For m € Z, define the tensor h™ by

s—1

3
(n)
Bninany = <l_[ 1|n,-|~N,->1{|K<ﬁ>m|sl}

=1 Injl<N (n12) (n1){n2) (n3)?

Then, there exists 8o > 0 such that

max (”hm”nlngm—m, ||hm||n3—>nn1n2a ”hm ”nlng—)nnza ”hm ||n2n3—>nn1>

< max(Ny, Na, N3) ™%,

uniformly in N > 1, m € Z, dyadic N1, N>, N3 > 1, and ¢; € {—1,1} for j =
0,1,2,3.

We conclude this section with the following random matrix estimate. This lemma
is essentially Propositions 2.8 and 4.14 in [18]; see also Proposition 4.50 in [12].
In our stochastic PDE setting, however, we need a slightly different formulation (in
particular, adapted to multiple stochastic integrals with general integrands) and thus
for readers’ convenience, we present its proof.

Let A be a finite index set. As in (4.15) and (4.16), we set z4 = (ka, t4) for
(ka,ta) € (Z)* x R and write f, = f(za) = f(na, 1).
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Lemma C3 Let A be a finite index set with k = |A| > 1. Let h = hpcp, be a tensor
such thatnj € 73 for each j € A and (b, c) € (Z>)? for some integer d > 2. Given
N > 1, assume that

supph C {|b|, cl, |nj| S N foreach j € A}. (C4)
Given a (deterministic) tensor hpen, € E% cn g define the tensor H = Hp. by

Hpe = I[hpeny f24 ] (C.5)

for f € E;’lj (234, L,2A (Rﬁ)), where I denotes the multiple stochastic integral
defined in Appendix B. Then, for any 6 > 0, we have

k
1 Hpellp—e 1oy S pzNa( max ||h||bnwnc)||f(nm tllge 12+ (CH)

where the maximum is taken over all partitions (B, C) of A.

Remark C.4 (i) The assumption that hpc,, € €5, and f € €°(Z)%; L7 (RY))
ensures that the multiple stochastic integral I [hbcn Sz A] in (C.5) is well defined.
Note that if for instance we have a stronger condition f € €>((Z*)%; L2(R})),
then the conclusion (C.6) trivially holds without any loss in N. We also note that
even if the tensor & is random, Lemma C.3 holds with the same proof as long
as h is independent of the Brownian motions {B, ,} defining multiple stochastic
integrals.

(i) By translation invariance, we may replace the condition (C.4) in Lemma C.3 by

supph C {Ib — byl |c — cl, Inj —nj 4| S N foreach j € A}

for some (b, cx) € (Z*)? and njs € 73, j € A.

Proof of Lemma C.3 We follow the proof of Proposition 4.14 in [18] and use a higher
order version of Bourgain’s 77T *-argument [9]. Let T : 63 — 61% be the linear operator
whose kernel is Hp.. Namely, T is defined by

(Tg)y =) Hpeger g€ L2 (eX)
c

For j € N, we define the operator Tj by T; = (TT*)" if j = 2m,and T; = (TT*)"T
if j = 2m + 1. We claim that 7; has a kernel which is given by a linear combination
of terms 7; of the form

I[ypp(zp)], when j is even,

7T = C.8
! !Iz[ybc(ZD)], when j is odd, (C8)
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for some finite index set D and £ = |D| < kj, where yu; (zp) (or ype(zp)) satisfies
the following bound:

”)’bb’(ZD)”gimDLfD (Or ||)’hc(ZD)||gimDLt2D)
< L j—1 A ; (C.9)
max na, t)ll .
< (mas Whllngsenc ) Whsensliz, 15 Cus i)l 12

where the maximum is taken over all partitions (B, C) of A. Here, the implicit constant
depends on k, £, and j. While it grows with j (and £), this does not cause an issue
since for a given small 6 > 0 in (C.6), we fix j = j(0) > 1.

Let j = 1. In this case, comparing (C.8) with (C.7) and (C.5) and using
Lemma B.1(ii), we have ypc(zp) = Sym(hpen, f(24)) with D = A and thus the
bound (C.9) follows from Holder’s inequality. Note that, in this case, it follows from
Lemma B.1 (iii) that

Iseadll,, 12, = 6D [ 1Hbcllg |20y

where the right-hand side is the second moment of the Hilbert—Schmidt norm of the
operator T'. By taking higher powers T, we control the operator norm of 7.

Now, assume that the claim with (C.8) and (C.9) hold true for j — 1. We assume
that j is odd. The proof for even j is analogous. Noting that 7; = T;_; T, it follows
from the inductive hypothesis (C.8) with (C.5) and Lemma B.1 (ii) that the kernel for
T; is given by a linear combination of terms 7; of the form

(T))pe = Z(Z’—l)bb’Hb/c
b/
= Z Le[yor zp)] - Ik[hireny £ (z4)]

b/

=Y Ii[ symQpp (z))] - Ik [ Sym(hpen, £ (za))]-
-

Then, from the product formula (Lemma B.4), we have

min(k,£)

k\ (€
Tbe =Y, r!<r><r)1k+g_zr[2(Sym(ybw ®; Sym<hbfcf))]
b/

r=0

Hence, it suffices to show that ), (Sym(ypp) ®r Sym(hy.f)) satisfies (C.9) for
each 0 < r < min(k, £). For notational simplicity, we drop Sym in Sym(ypy) and
Sym(hy f) in the following. Note that this does not cause any issue since, in taking
the L2(§2)-norm, we can remove Sym by Jensen’s inequality (B.2) as in Sect. 4.
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Fix 0 < r < min(k, £). From Definition B.3 on the contraction, we have

(yor ®r hiye f)(zB)

= Z/ Yor (zBys 2¢) + (hpe f)(z2B,, Z0)dtcC, (C.10)
ne IR

where Z¢ = (—nc, t¢) for given z¢ = (nc, t¢). Here, By, By, and C are pairwise
disjoint sets such that |By| = € —r, |B2| =k —r,|C| =r, B = By U By, and (by
suitable relabeling of indices)

BiUC =D and ByUC = A. (C.11)

Then, from (C.10), Cauchy—Schwarz’s inequality (in f¢), Minkowski’s integral

inequality (with L7, = L?Bl L,ZBZ, (C.1), and the identification in (C.11), we have

2 2
ebzrng tp

H > (o ®r hwre ) (np, 18)
™

< H > 1yew (ns, tay ne, tc)||Lr231[C Ny e f)(nB,, ts,, —nc, IC)”L,sz

2
b’,nc fc Eme
< (np,,tg, NC, 2 2 H hycf)(zB,, 2 2
lyber (B, By nC c)llgbb,nBInCL[BI,C e f)(zB, C)”L’Bzfc pnc—ens,
= (z 2 2 |hy Z 2 . C.12
e, o e e |, (€12)

Moreover, from (C.1), we have

e 1 @)l 2

2 =< ”hh/an ”h/nc—)cn;,\c Il f(na, tA)"EaLrZA

b'nc—cna\c
< . .
= ( max) 1hben ”bnAl%anz)”f(nA, tA)||£3</>4Lt2A )

(A1,A2
(C.13)

where the maximum is taken over all partitions (A, A) of A. Hence, from (C.12),
(C.13), and the inductive hypothesis (C.9) (with j — 1 in place of j), we obtain (C.9)
for j. Therefore, by induction, the claim holds for any j € N.

We are now ready to prove (C.6). Consider the product T, = (TT*)" form > 1.
Let us denote by Ry, the kernel of 75,,, which consists of terms ’T] satisfying (C.8)
and (C.9). Namely, we have

J
Ramloyr = 9 Dokt [y @pin)] (C.14)
j=1
for some J > 1,0 < £; < m, and y}(){}, satisfying (C.9). Note that we have Ry, €
‘H<2mk. Then, by the standard 7 7™* argument, (C.2), Minkowski’s integral inequality,
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(C.14), the Wiener chaos estimate (Lemma 2.9), Lemma B. 1 (iii), and (C.9), we obtain

€
2m

[ Hpello—e | Loy = 11HbeIZ™ | ?ﬁ(g) =ITI%" 2 .
L L
=TTy e )7y = Rl |7
1
< [N Rawdowl, g1 o 12

A

L
) 2m
2
ehh’

J 1
k . 2m
5P2<Z||y;§ﬁ(zpu>)||g§m Nz )
D

=1 @ 'pl)

J
o (3 [l D2 o M

1
! [
< pi2 2m
S pE (s Wlnsenc) " WAIE 1o i)z 13,

s

(C.15)

for any p > 4m. Moreover, from (C.4) and (C.3), we have
lhlle < N3 sup lhpen,| < N3O max llpnyene.  (C.16)

ben g b,C,FlA (Bvc)

Therefore, by combining (C.15) and (C.16) and taking m sufficiently large, we obtain
the desired bound (C.6). O

References

1. Bahouri, H., Chemin, J.-Y., Danchin, R.: Fourier analysis and nonlinear partial differential equations. In:
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 343, pp. xvi+523. Springer, Heidelberg (2011)

2. Bényi, A., Oh, T., Pocovnicu, O.: Wiener randomization on unbounded domains and an application
to almost sure well-posedness of NLS. In: Excursions in Harmonic Analysis, vol. 4, pp. 3-25, Appl.
Numer. Harmon. Anal. Birkhduser/Springer, Cham (2015)

3. Bényi, A., Oh, T., Pocovnicu, O.: On the probabilistic Cauchy theory of the cubic nonlinear Schrodinger
equation on R3, d > 3. Trans. Am. Math. Soc. Ser. B 2, 1-50 (2015)

4. Bényi, A., Oh, T., Pocovnicu, O.: Higher order expansions for the probabilistic local Cauchy theory
of the cubic nonlinear Schrédinger equation on R3. Trans. Am. Math. Soc. B 6, 114-160 (2019)

5. Bogachev, V.: Gaussian measures. In: Mathematical Surveys and Monographs, vol. 62, pp. xii+433.
American Mathematical Society, Providence (1998)

6. Bony, J.-M.: Calcul symbolique et propagation des singularités pour les équations aux dérivées par-
tielles non linéaires. Ann. Sci. Ecole Norm. Sup. 14(2), 209-246 (1981)

7. Bourgain, J.: Fourier transform restriction phenomena for certain lattice subsets and applications to
nonlinear evolution equations, I: Schrodinger equations. Geom. Funct. Anal. 3, 107-156 (1993)

8. Bourgain, J.: Periodic nonlinear Schrodinger equation and invariant measures. Commun. Math. Phys.
166(1), 1-26 (1994)

9. Bourgain, J.: Invariant measures for the 2D-defocusing nonlinear Schrodinger equation. Commun.
Math. Phys. 176(2), 421-445 (1996)

@ Springer



Stoch PDE: Anal Comp

10.

12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.
33.

34.

35.

36.

37.

Bourgain, J.: Invariant measures for the Gross—Piatevskii equation. J. Math. Pures Appl. 76(8), 649-702
(1997)

. Bringmann, B.: Invariant Gibbs measures for the three-dimensional wave equation with a Hartree

nonlinearity I: measures. Stoch. Partial Differ. Equ. Anal. Comput. (2021). https://doi.org/10.1007/
s40072-021-00193-y

Bringmann, B.: Invariant Gibbs measures for the three-dimensional wave equation with a Hartree
nonlinearity II: dynamics, to appear in J. Eur. Math. Soc

Burg, N., Tzvetkov, N.: Probabilistic well-posedness for the cubic wave equation. J. Eur. Math. Soc.
(JEMS) 16(1), 1-30 (2014)

Catellier, R., Chouk, K.: Paracontrolled distributions and the 3-dimensional stochastic quantization
equation. Ann. Probab. 46(5), 2621-2679 (2018)

. DaPrato, G., Zabczyk, J.: Stochastic equations in infinite dimensions. In: Encyclopedia of Mathematics

and its Applications, 2nd edn, vol. 152, pp. xviii+493. Cambridge University Press, Cambridge (2014)
de Bouard, A., Debussche, A.: The stochastic nonlinear Schrodinger equation in H 1 Stoch. Anal.
Appl. 21(1), 97-126 (2003)

Deng, Y., Nahmod, A., Yue, H.: Invariant Gibbs measures and global strong solutions for nonlinear
Schrodinger equations in dimension two. arXiv:1910.08492 [math.AP]

Deng, Y., Nahmod, A., Yue, H.: Random tensors, propagation of randomness, and nonlinear dispersive
equations. Invent. Math. (2021). https://doi.org/10.1007/s00222-021-01084-8

Deya, A.: A nonlinear wave equation with fractional perturbation. Ann. Probab. 47(3), 1775-1810
(2019)

Deya, A.: On a non-linear 2D fractional wave equation. Ann. Inst. Henri Poincaré Probab. Stat. 56(1),
477-501 (2020)

Forlano, J., Oh, T., Wang, Y.: Stochastic cubic nonlinear Schrodinger equation with almost space-time
white noise. J. Aust. Math. Soc. 109(1), 44-67 (2020)

Ginibre, J., Tsutsumi, Y., Velo, G.: On the Cauchy problem for the Zakharov system. J. Funct. Anal.
151(2), 384-436 (1997)

Ginibre, J., Velo, G.: Generalized Strichartz inequalities for the wave equation. J. Funct. Anal. 133,
50-68 (1995)

Gubinelli, M., Imkeller, P., Perkowski, N.: Paracontrolled distributions and singular PDEs. Forum
Math. Pi 3, €6, 75 (2015)

Gubinelli, M., Koch, H., Oh, T.: Renormalization of the two-dimensional stochastic nonlinear wave
equations. Trans. Am. Math. Soc. 370(10), 7335-7359 (2018)

Gubinelli, M., Koch, H., Oh, T.: Paracontrolled approach to the three-dimensional stochastic nonlinear
wave equation with quadratic nonlinearity, to appear in J. Eur. Math. Soc

Gubinelli, M., Koch, H., Oh, T., Tolomeo, L.: Global dynamics for the two-dimensional stochastic
nonlinear wave equations. Int. Math. Res. Not. (2021). https://doi.org/10.1093/imrn/rnab

Hadac, M., Herr, S., Koch, H.: Well-posedness and scattering for the KP-II equation in a critical space.
Ann. Inst. H. Poincaré Anal. Non Linéaire 26 (2009), no. 3, 917-941. Erratum to “Well-posedness and
scattering for the KP-II equation in a critical space”, Ann. Inst. H. Poincaré Anal. Non Linéaire 27,
no. 3, 971-972 (2010)

Hairer, M.: A theory of regularity structures. Invent. Math. 198(2), 269-504 (2014)

Hairer, M., Ryser, M.D., Weber, H.: Triviality of the 2D stochastic Allen—Cahn equation. Electron. J.
Probab. 17(39), 14 (2012)

Herr, S., Tataru, D., Tzvetkov, N.: Global well-posedness of the energy-critical nonlinear Schrodinger
equation with small initial data in H!(T?). Duke Math. J. 159(2), 329-349 (2011)

Keel, M., Tao, T.: Endpoint Strichartz estimates. Am. J. Math. 120(5), 955-980 (1998)

Killip, R., Stovall, B., Visan, M.: Blowup behaviour for the nonlinear Klein—-Gordon equation. Math.
Ann. 358(1-2), 289-350 (2014)

Klainerman, S., Machedon, M.: Space-time estimates for null forms and the local existence theorem.
Commun. Pure Appl. Math. 46, 1221-1268 (1993)

Klainerman, S., Selberg, S.: Bilinear estimates and applications to nonlinear wave equations. Commun.
Contemp. Math. 4(2), 223-295 (2002)

Klainerman, S., Tataru, D.: On the optimal local regularity for Yang—Mills equations in R 7 Am.
Math. Soc. 12(1), 93-116 (1999)

Koch, H., Tataru, D.: A priori bounds for the 1D cubic NLS in negative Sobolev spaces. Int. Math.
Res. Not. no. 16, Art. ID rnm053, 36 (2007)

@ Springer


https://doi.org/10.1007/s40072-021-00193-y
https://doi.org/10.1007/s40072-021-00193-y
http://arxiv.org/abs/1910.08492
https://doi.org/10.1007/s00222-021-01084-8
https://doi.org/10.1093/imrn/rnab

Stoch PDE: Anal Comp

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Lindblad, H., Sogge, C.: On existence and scattering with minimal regularity for semilinear wave
equations. J. Funct. Anal. 130, 357-426 (1995)

Mourrat, J.-C., Weber, H.: Global well-posedness of the dynamic &% model in the plane. Ann. Probab.
45(4), 2398-2476 (2017)

Mourrat, J.-C., Weber, H.: The dynamic <I>§ model comes down from infinity. Commun. Math. Phys.
356(3), 673-753 (2017)

Mourrat, J.-C., Weber, H., Xu, W.: Construction of d>‘3‘ diagrams for pedestrians. In: From Particle
Systems to Partial Differential Equations, Springer Proceedings of Mathematics and Statistics, vol.
209, pp. 1-46, Springer, Cham (2017)

Nelson, E.: A quartic interaction in two dimensions. In: 1966 Mathematical Theory of Elementary
Particles (Proc. Conf., Dedham, Mass.), pp. 69-73. M.L.T. Press, Cambridge (1965)

Nualart, D.: The Malliavin calculus and related topics. In: Probability and Its Applications (New York),
2nd edn, pp. xiv+382. Springer, Berlin (2006)

Oh, T., Okamoto, M.: On the stochastic nonlinear Schrodinger equations at critical regularities. Stoch.
Partial Differ. Equ. Anal. Comput. 8(4), 869-894 (2020)

Oh, T., Okamoto, M.: Comparing the stochastic nonlinear wave and heat equations: a case study.
Electron. J. Probab. 26, paper no. 9, 44 (2021)

Oh, T., Okamoto, M., Pocovnicu, O.: On the probabilistic well-posedness of the nonlinear Schrodinger
equations with non-algebraic nonlinearities. Discrete Contin. Dyn. Syst. A 39(6), 3479-3520 (2019)
Oh, T., Okamoto, M., Robert, T.: A remark on triviality for the two-dimensional stochastic nonlinear
wave equation. Stoch. Process. Appl. 130(9), 5838-5864 (2020)

Oh, T., Okamoto, M., Tolomeo, L.: Focusing <I>%—model with a Hartree-type nonlinearity (2020).
arXiv:2009.03251 [math.PR] ’

Oh, T., Okamoto, M., Tolomeo, L.: Stochastic quantization of the @%—model. arXiv:2108.06777
[math.PR]

Oh, T., Okamoto, M., Tzvetkov, N.: Uniqueness and non-uniqueness of the Gaussian free field evolution
under the two-dimensional Wick ordered cubic wave equation, preprint

Oh, T., Pocovnicu, O., Tzvetkov, N.: Probabilistic local well-posedness of the cubic nonlinear wave
equation in negative Sobolev spaces, to appear in Ann. Inst. Fourier (Grenoble)

Oh, T., Pocovnicu, O., Wang, Y.: On the stochastic nonlinear Schrodinger equations with non-smooth
additive noise. Kyoto J. Math. 60(4), 1227-1243 (2020)

Oh, T., Robert, T., Tzvetkov, N.: Stochastic nonlinear wave dynamics on compact surfaces.
arXiv:1904.05277 [math.AP]

Oh, T., Robert, T., Sosoe, P., Wang, Y.: On the two-dimensional hyperbolic stochastic sine-Gordon
equation. Stoch. Partial Differ. Equ. Anal. Comput. 9(1), 1-32 (2021)

Oh, T., Robert, T., Sosoe, P., Wang, Y.: Invariant Gibbs dynamics for the dynamical sine-Gordon model.
Proc. R. Soc. Edinb. Sect. A 151(5), 1450-1466 (2021)

Oh, T., Robert, T., Wang, Y.: On the parabolic and hyperbolic Liouville equations. Commun. Math.
Phys. 387(3), 1281-1351 (2021)

Oh, T., Thomann, L.: Invariant Gibbs measure for the 2-d defocusing nonlinear wave equations. Ann.
Fac. Sci. Toulouse Math. 29(1), 1-26 (2020)

Pocovnicu, O.: Probabilistic global well-posedness of the energy-critical defocusing cubic nonlinear
wave equations on R*. J. Eur. Math. Soc. (JEMS) 19, 2321-2375 (2017)

Richards, G.: Invariance of the Gibbs measure for the periodic quartic gKdV. Ann. Inst. H. Poincaré
Anal. Non Linéaire 33(3), 699-766 (2016)

Ryang, S., Saito, T., Shigemoto, K.: Canonical stochastic quantization. Progr. Theor. Phys. 73(5),
1295-1298 (1985)

Seong, K.: Invariant Gibbs dynamics for the two-dimensional Zakharov—Yukawa system.
arXiv:2111.11195 [math.AP]

Shigekawa, L.: Stochastic analysis. In: Translated from the 1998 Japanese Original by the Author.
Translations of Mathematical Monographs. Iwanami Series in Modern Mathematics, vol. 224, pp.
xii+182. American Mathematical Society, Providence (2004)

Simon, B.: The P(¢), Euclidean (quantum) field theory. In: Princeton Series in Physics, pp. xx+392.
Princeton University Press, Princeton (1974)

Tao, T.: Nonlinear dispersive equations. In: Local and Global Analysis, CBMS Regional Conference
Series in Mathematics. Published for the Conference Board of the Mathematical Sciences, Washington,
DC, vol. 106, pp. xvi+373. American Mathematical Society, Providence (2006)

@ Springer


http://arxiv.org/abs/2009.03251
http://arxiv.org/abs/2108.06777
http://arxiv.org/abs/1904.05277
http://arxiv.org/abs/2111.11195

Stoch PDE: Anal Comp

65. Thomann, L., Tzvetkov, N.: Gibbs measure for the periodic derivative nonlinear Schrodinger equation.
Nonlinearity 23(11), 2771-2791 (2010)

66. Tolomeo, L.: Global well-posedness of the two-dimensional stochastic nonlinear wave equation on an
unbounded domain. Ann. Probab. 49(3), 1402-1426 (2021)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Three-dimensional stochastic cubic nonlinear wave equation with almost space-time white noise
	Abstract
	1 Introduction
	1.1 Singular stochastic nonlinear wave equation
	1.2 Outline of the proof

	2 Notations and basic lemmas
	2.1 Sobolev spaces and Besov spaces
	2.2 Fourier restriction norm method and Strichartz estimates
	2.3 On discrete convolutions
	2.4 Tools from stochastic analysis

	3 Local well-posedness of SNLW, α> 0
	3.1 On the stochastic terms
	3.2 Proof of Theorem 1.1

	4 Regularities of the stochastic terms
	4.1 Basic stochastic terms
	4.2 Quintic stochastic term
	4.3 Septic stochastic term
	4.4 Random operator

	Acknowledgements
	Appendix A: Counting estimates
	Appendix B: Multiple stochastic integrals
	Appendix C: Random tensors
	References




