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Abstract

For a constrained optimal impulse control problem of an abstract dynamical system, we in-
troduce the occupation measures along with the aggregated occupation measures and present two
associated linear programs. We prove that the two linear programs are equivalent under appropri-
ate conditions, and each linear program gives rise to an optimal strategy in the original impulse
control problem. In particular, we show the absence of the relaxation gap. By means of an example,
we also present a detailed comparison of the occupation measures and linear programs introduced
here with the related notions in the literature.

Keywords: Dynamical System, Optimal Control, Impulse Control, Total Cost, Constraints,
Linear Programming.
AMS 2000 subject classification: Primary 49N25; Secondary 90C40.

1 Introduction

Impulse control of dynamical systems attracts attention of many researchers. The underlying system
can be described in terms of ordinary differential equations, see [3, 4, 6, 10, 23, 25, 26, 27|, or by a fixed
flow in an Euclidean space or in an abstract Borel space, see [15, 29]. An impulse or an intervention
means an instantaneous change of the state of the system. In most of the aforementioned works, the
target was to optimize a single objective functional, typically having the shape of the integral with
respect to time of the running cost and the impulse costs. The popular methods of attack to such
problems include dynamic programming, see [3, 4, 15, 29], and the Pontryagin maximum principle,
see [6, 25, 27]. When the total number of impulses is fixed over a finite horizon, the impulse control
problem can be treated as a parameter optimization problem, see [23, 26].

In this paper, we consider an impulse control problem of a dynamical system over an infinite
horizon with multiple objectives. For optimal control problems with functional constraints, dynamic
programming is not always convenient, and the so called convex analytic approach, also known as
the linear programming approach, proved to be effective, especially in handling the solvability issues.
For the linear programming approach to Markov decision processes, see [14, 20, 21, 28], and for this
approach to deterministic optimal control problems without impulses, see [17, 19, 24]. In a nutshell,

*Declarations of interest: none.
fCorresponding author.



the linear programming approach, if justified, reduces the original optimal control problem to a linear
program in the space of suitably defined occupation measures with the same (optimal) value, and
one can retrieve an optimal control strategy for the original problem from the optimal solution to the
induced linear program.

For a deterministic impulse control problem over a finite horizon, a linear program formulation
was presented in [10], from which, as the primitive goal of that paper, the authors established a
numerical method for solving approximately the original problem. For this reason, [10] dealt with an
unconstrained problem for a specific model with polynomial initial data, and did not show that the
formulated linear program was equivalent to the original impulse control problem. Another, slightly
different linear programming approach appeared in [11, 18], where the equivalence between the linear
program and the original problem was only briefly discussed. In the aforementioned works, the flow
in an Euclidean space came from an ordinary differential equation, whereas in the present paper the
flow is arbitrary enough and lives in a Borel space. In [30], we introduced a different definition of
occupation measures as compared to those in [10, 11, 18], and consequently a different linear program
formulation was presented. Making use of the results from Markov decision processes, it was shown
to be equivalent to the original impulse control problem. This type of result is often referred to as the
absence of relaxation gap.

In certain sense, the present paper can be regarded as a follow-up of [30]. Indeed, we will start
with recapitulating briefly the linear programming approach developed in [30], which was in the space
of occupation measures, see (10),(11) and (16). Then we introduce another notion of occupation
measures, referred to as the aggregated occupation measures. Accordingly, a second linear program
is formulated in the space of aggregated occupation measures, see (14), (15). The main advantage
of the aggregated occupation measures over the occupation measures in [30] lies in the reduction of
dimensionality: see Remark 4.2. On the other hand, this paper is an independent piece of work as much
effort here is made to show the equivalence between two linear programs, whose feasible solutions are
measures satisfying certain characteristic equations (both arising from the impulse control problem,
though). In fact, our main contributions lie in this equivalence, see Corollary 4.1, and in that we
reveal how to induce an optimal strategy for the impulse control problem from an optimal solution
to either of the two linear programs. Besides, by means of an example (see Section 5), we present
a detailed account on the relation between the aggregated occupation measures and the associated
linear program and their counterparts in [10, 11, 18].

We now summarize (and partially reiterate) the novelty of the present paper as follows:

e the dynamical system is described by a flow in an arbitrary Borel space, rather than by an
ordinary differential equation in an Euclidean space;

e the optimal solution must satisfy a number of functional constraints which were absent in the
cited literature;

e under suitable conditions, we rigorously prove that the optimal values of the original impulse
control problem and of the introduced linear programs coincide, i.e., there is no relaxation gap;

e we show how to retrieve the optimal control strategy from the solutions to the associated linear
programs.

The rest of this article is organized as follows. The problem statement is described in Section 2.
In Sections 3 and 4, we formulate the preliminary observations and the main results correspondingly.
In Section 5, we present an example and compare our approach with works [10, 11, 18]. The proofs of
the main theorems are given in Sections 6 and 7. Some auxiliary lemmas are presented and proved in
the Appendix.



Notation. Throughout this paper, we use the following notations: N := {1,2,...}, RY := [0, ],
Rg :=[0,00), Ry := (0,00). The term “measure” will always refer to a countably additive H_Q(j_—valued
set function, equal to zero on the empty set. Consider two o-finite measures 11 and 72 on a common
measurable space (€2, F) such that 77 > 1y set-wise. Then there exists a measurable decomposition
{Qn}02 of Q such that 71(£2,) < co and 72(€2,) < co. The difference between these two measures is
defined by (m1 — n2)(dw) := > 02 (m(dw N Q) — m2(dw N Qy,)). P(E) is the space of all probability
measures on a measurable space (E,B(E)). On the time axis RY the expression “for almost all v’
is understood with respect to the Lebesgue measure. By default, the o-algebra on Rg is just the
Borel one. If (E,B(E)) is a measurable space then, for Y € B(E), B(Y) = {X NnY, X € B(E)}
is the restriction of the a—algebra B(E). Integrals on a measure space (E,B(E),u) are denoted as
[ h(e)du(e) or as [, h(e)u(de). If b= oo then the Lebesgue integrals - f(u)du are taken over the
a,
open interval (a,00). Expressions like “positive, negative, increasing, decreasing” are understood in
the non-strict sense, like “nonnegative” etc. For I CR, 7 € R, 7+ I := {7+ x: x € I} is the shifted
set. I{-} is the indicator function; d,(dz) is the Dirac measure at the point y. For b, ¢ € [—o0, +00],
bt := max{b,0}, b= := —min{b,0}, b A ¢ := min{b, c}, b V ¢ := max{b, c}.

2 Problem Statement

We will deal with a control model defined through the following elements.
e X is the state space, which is a topological Borel space.

o f(,): X x Rg — X is the measurable flow possessing the semigroup property ¢(z,t + s) =
P(p(x, s),t) for all z € X and (¢,s) € (RY)?%; ¢(x,0) = z for all z € X. Between the impulses,
the state changes according to the flow.

e A is the action space, again a topological Borel space with a compatible metric p4.

e [(,r) : X x A — X is the mapping describing the new state after the corresponding ac-
tion/impulse is applied.

e For each j = 0,1,...,J, where and below J is a fixed natural number, ng(-) X = R[}r is a
(gradual) cost rate.

e For each j = 0,1,...,J, CJI(,) : X x A — RY is a cost function associated with the ac-
tions/impulses applied in the corresponding states.

All the mappings ¢, [, {C’g _o and {C’ } _o are assumed to be measurable. The initial state g € X
is fixed.

We assume that the states x € X have the form = = (Z,t), where t € RQF equals time elapsed since
the most recent impulse, and z € 5(, an arbitrary Borel space with a compatible metric p. In this
connection,

¢z, u) = ¢((7,1),u) = ($(,u), t + u),
where (Z)(, ) X x RS]F — X is the measurable flow in X possessing the semigroup property. Similarly,
I(z,a) = (I(z,a),0), where I(-,-) : X x A — X is a measurable mapping: after each impulse, the

t-component goes down to zero. Any initial state is in the form zo = (Zo,0) and thus has the time
component zero. The mappings ¢> and [ are assumed to be measurable.

Remark 2.1 If the original state space is just X, then it is always possible to extend it by including
the component t.



We exclude from the consideration all the points from X x Rg which cannot appear in the dynamical
system generated by the flow ¢, so that

X:={(ft) e XxRy: §= é(z,t) for some Z € X}.

In Ri, the standard Euclidean topology is fixed. The product space X x R(}r is equipped with the
product topology, which is metrizable (see [1, §2.14]). The topology on X is the restriction of the
product topology on X x RS)F on it. We endow X with its Borel o-algebra, which is the restriction of
the Borel o-algebra B(X X ]RSL) on X, see [5, Lem.7.4]. Since X is a projection of the graph of the
measurable mapping é, it is not immediately obvious whether X is a Borel subset of X x RQF. In this
and the next section, we assume that X is a Borel space. Sufficient conditions will be imposed later
to guarantee this is indeed the case (see Lemma 4.1).

Let Xa := X U{A}, where A is an isolated artificial point describing the case that the controlled
process is over and no future costs will appear. The dynamics (trajectory) of the system can be

represented as one of the following sequences

x0—>(91,a1)—>x1—>(02,a2)—>...; 0; < +oco for all i € N,
or (1)
xTo — (91,0,1) — . > Ty — (—i—oo,anH) - A= (0n+2,an+2) - A= ce
where zg € X is the initial state of the controlled process and 6; < 4+oo for all i = 1,2,...,n. For the

state x;—1 € X, i € N, the pair (0;,a;) € R& x A =: B is the control at the step i: after #; time units,
the impulsive action a; will be applied leading to the new state

) UP(xi-1,0:),ai), if 0; < +oo;

The state A will appear forever, after it appeared for the first time, i.e., it is absorbing.

Remark 2.2 We underline that all the realized points x;, i = 1,2, ..., provided that they are not equal
to A, have the form (Z;,0). For technical needs, unless stated otherwise, we allow xo to be an arbitrary
point in X.

After each impulsive action, if 81,6, ...,60;, 1 < +00, the decision maker has in hand the complete
information about the history, that is, the sequence

o, ((91, al), Llyeeny (Hi_l,ai_l),xi_l.

The selection of the next control (6;,a;) is based on this information, and we also allow the selection
of the pair (6;, a;) to be randomized. Below, the control (6,a) € B is denoted as b.
For each j =0,1,...,J, the cost accumulated on the coming interval of length 6; equals

[ ]Cg(gb(xi,l,u))du +1{0; < +00}C(¢(wim1,0;), as), (3)
0,0;

the last term being absent if §; = +o00. The next state z; is given by formula (2).
In the space of all the trajectories (1)

0 = U [X x (RS x A) x X)" x ({+00} x A) x {A} x (B x A) x {A})]
UIX x (RY x A) x X)>,



we fix the natural o-algebra F. Finite sequences
hi = (xo, (01, a1), 21, (02, a2), ..., 2;) = (20, b1, 21, b2, ..., ;)

will be called (finite) histories; i = 0, 1,2, ..., and the space of all such histories will be denoted as H;;
Fi := B(H;) is the restriction of F to H;. Capital letters X;,T;, 0;, A;, B; = (0;, A;) and H; denote
the corresponding functions of w € €Q, i.e., random elements.

Definition 2.1 A control strategy m = {m;}32 is a sequence of stochastic kernels m; on B = R(}r x A
gwen H;_1. A Markov strategy is defined by stochastic kernels {m;(dblx;—1)}2,. A control strategy
is called stationary, and denoted as 7, if there is a stochastic kernel T on R(}r x A given XA such
that m;(dblhi—1) = 7(db|x;) for all i = 1,2,.... Every measurable mapping f : Xa — B defines a
deterministic stationary strategy, which is given by m;(db|hi—1) 1= 0¢(y,_,)(db), and identified with f.

Note that every Markov strategy can be represented as
7:(d6 x dalr) = pip(df])p'y (dal, 0),

where p’. and p'y are stochastic kernels on R‘i given XA and on A given X X RQF, correspondingly:
see [5, Prop.7.27].

For a given initial state x € X and a strategy 7, there is a unique probability measure P} (-) on
constructed using the Ionescu-Tulcea Theorem, satisfying for all i € N, I' € B(R). x A), I'x € B(Xa),

P;(X() S Px) = 55,;(1“)() for 'y € B(XA);
Pr((©i,4;) €T|Hi—1) = m(T|Hi-1); (4)

Y. ) AL — 6l(¢(Xi—1,ei):Ai)(FX)7 i X € X, 0 < +oo;
Pr(Xi € I'x|Hi-1,(0i, 4;)) = { da(Tx) otherwise.

This is a standard definition of strategic measures in Markov Decision Processes. Let E7 be the
corresponding mathematical expectation.
Let us introduce the notation

Vj(z, )

= ET

ZH{Xi—l =+ A} {/ qu(d)(Xl_l,u))du + H{@Z < +OO} CJ[((b(Xi_l, @Z), Al)}
i=1 [0,0;]

for each strategy m, 7 =0,1,...,J and initial state = € X.
The constrained optimal control problem under study is the following one:

Minimize with respect to 7 Vy(xo, ) (5)
subject to Vi(xo,m) < dj, j=1,2,...,J.

Here and below, {d,; }3]:1 are fixed constraint constants and zg = (%o, 0) is a fixed initial state, where
To € X

Definition 2.2 A strategy w is called feasible if it satisfies all the constraint inequalities in problem
(5). A feasible strategy 7 is called optimal if, for all feasible strategies w, Vo(zg, ") < Vo(zo, 7).

We shall assume that problem (5) is consistent.
Condition 2.1 There exists some feasible strategy 7w such that Vo(xg, ) < 00.

In what follows, we develop the linear programming approach to problem (5).



3 Preliminary Observations

Clearly, the control model presented in Section 2, from the formal viewpoint, is a specific constrained
Markov Decision Process [2, 14, 21, 28] , which is defined by the following elements. The state space
is Xa := X U{A}, as before, where the state A ¢ X is an isolated point and X is assumed to be a
Borel space. The action space is B := R(}r x A, which is endowed with the product topology and the
corresponding Borel o-algebra. The transition kernel is defined by

] upmay(dy), ifx# A, 0% oo
@yl (0.0 = { oa(dy) otherwise,

The cost functions are given by

Cj(z,(0,a)) :=={z # A} { C’f((ﬁ(x,u))du +I{6 < +oo}C’Jfr(<b(x,9), a)} , J=0,1,...,J.

[0,6]

If = oo, then the above integration is understood over [0,00). Below, we omit such remarks. The
initial state (Zo,0) € X and the constraint constants d; € ng j=1,2,...,J are as before.
Let us impose the next set of compactness-continuity conditions.

Condition 3.1 (a) The space A is compact, and +oo is the one-point compactification of the pos-
itive real line R(}r.

(b) The mapping (x,a) € X x A — l(z,a) is continuous.

(c) The mapping (z,0) € X x RY — ¢(x,0) is continuous.

(d) For each j =0,1,...,J, the function (z,a) € X x A — Cf(a:, a) is lower semicontinuous.
(e) For each j =0,1,...,J, the function z € X — C]g(x) 18 lower semicontinuous.

According to Theorem 1 of [29], under Condition 3.1, assuming that X is a Borel space, the
function on X defined by inf; ET [> 22, E}]:o C’j(Xi, B;+1)| is lower semicontinuous.

Condition 3.2 There exists 6 > 0 such that E}]:o C;(a:, a) >0 for all (z,a) € X x A.

The above condition asserts that each impulse is costly. Below in this section, we assume that
Conditions 3.1 and 3.2 are satisfied.
Consider a point x € X such that

oo J
inf £7 > ) Ci(Xi,Biy)| =0 (6)

1=0 5=0

(provided that such a point exists). Then Ef [Z?Oo Zj 0 G (X, Bi+1)} = 0 for the deterministic

stationary strategy f*(z) = (oo, a) with the immaterial value of @ € A being arbitrarily fixed: for all
other values of B; € B, Z 0Cj(z,B1) > 6> 0.

Clearly, the control (oo a) is optimal in problem (5) at all such states x € X, at which (6) holds.
Moreover, for all such states z, Q({A}|z, f*(z)) =1 and X; = A P{ -almost surely, so that

oo J J
O:EQJ:* Z ] XivBi—‘rl) :Zéj(x, (OO / ch
i=0 j= =0 [0.00) j=0



and consequently, for all j =0,1,...,J, Cg (¢(x,u)) = 0 for almost all u > 0. Conversely, if, at some
reX, forall j=0,1,...,J, C (gi)( u)) = 0 for almost all v > 0, then (6) holds.
Below, let us denote

oo J
Vi=qoeX: infE] | ) Ci(Xi,Biy1)| >0 = xGX/ ch ))du > 0
i

i=0 j=0 [Ooo

and V¢ := XA \ V. The set V, as the preimage of an open set under a lower semicontinuous function,
is open in X. The set V¢ can be equivalently defined as

Ve = {A}U{x €X: CY(o(x,u)) =0 forall j =0,1,...,J, for almost alluZO},

and it is absorbing with respect to the flow ¢: for each x € X, as soon as ¢(z,u) € V¢, ¢(x,s) € V°
for all s > u. The case V =X and V¢ = {A} is not excluded.

In view of the previous observations, under Conditions 3.1 and 3.2, it is sufficient to consider the
class of reasonable strategies m = {m;}°, defined as follows.

Definition 3.1 Assume X is a Borel space, and suppose Conditions 3.1 and 3.2 are satisfied. A
strategy ™ = {m;}$2, is called reasonable if m;(db|xo,b1,21,. .., Ti-1) = Ofe(y,_,)(db) for all ;1 € V°,
and

7i([07 (Zi—1),00) X Alxo, b1, x1,...,25-1) =0, i =1,2,....
Here, x;—1 = (Z;—1,0) (see Remark 2.2) and
0%() := inf{0 € RS : ¢((#,0),0) € V°} (7)
is a function defined for each & € X. (As usual, inf ) := +00.)

Since the flow ¢ is continuous, the function 6*(-) is measurable: see [13, Lemma 27.1] or [16,
Prop.1.5, p.154]. After we introduce notations

Vi={#eX: (#,0) €V} and V*:={# € X: (#,0) € V} =X\ V,

it is clear that, for Z € V, é*(i) > (0 because the set V' is open and the set V¢ is closed; in case
0*(Z) < oo, the infimum in (7) is attained, and

0* () = sup{t € RY : ¢((%,0),t) € V}.

If & € V¢, then 0*(%) = 0.

We thus concentrate on selecting actions at the states x € V and restrict ourselves to the set of
reasonable strategies.

A linear programming method was established in [30] regarding how to select actions at = € V,
and it serves the beginning of the analysis in the present paper. For this reason, let us briefly describe
it: see (10), (11) below. The formulation of that linear program is related to the occupation measures
1™ defined as follows:

pr(Ty x Tp) := B | T{(Xi,Biy1) € Ty x To} |, VT1 € B(Xa), T2 € B(RY x A). (8)
1=0



Under Conditions 2.1, 3.1 and 3.2, for each reasonable 7 as in Definition 3.1,
Vi(zo, ) = / Cj(x, (0,a))u" (dz x d x da).
VxR x A

It follows that the restriction on V' x R(}r x A of any occupation measure u™ = p of our interest is
concentrated on the measurable subset M x A, where

M = {(y,0) : y = (£,0) with Z € V and 0 € [0,6%(&)) U {oc}}. (9)

Moreover, there is no need to consider such occupation measures that ™ (M x A) = oo: the latter

means that, with positive probability, actions from Rg x A at states from V appear infinitely many

times, leading to the infinite value of at least one of the objectives Vj(zo, ) = [i,, g0 o o Cj(, (6, a))
+

X" (dx x df x da).
The impulse control problem (5) is now equivalent to the following linear program:

Minimize / Col, (6, a))p(dz x do x da) (10)
VXR&XA

over finite measures gy on V x B =V x Rg x A concentrated on M x A

subject to pu(dz x RY x A) = 6, (dx) +/ Q(dx|y, (0,a))u(dy x df x da) on B(V);  (11)
VxRY xA

/’ Cy(x, (0, a))u(dn x db x da) < d;, j=1,2,...,]
VxR xA

See Proposition 3.1 for a precise statement of this equivalence.

One can recognize that the form of this linear program is standard for the total cost Markov
Decision Processes (see e.g., [2, 14, 21]). For every reasonable strategy m, the occupation measure u™
satisfies equality (11).

The next statement comes from Theorem 4.1 of [30].

Proposition 3.1 Suppose the space X is Borel and Conditions 2.1, 3.1 and 3.2 are satisfied. Then
the following assertions hold.

(a) There exists a solution p* to the program (10), (11), which gives rise to the optimal (in problem
(5)) stationary strategy ™ coming from the decomposition

p*(dz x db) = p*(dx x B) x 7w(db|z), x € V.

On the space V¢, the optimal strategy is given by f*(x) = (0c0,a) as before; the value of a4 € A
is immaterial. The minimal value of the program (10), (11) is finite and coincides with the
minimal value of the original problem (5).

(b) If T is a reasonable strategy, whose occupation measure u™ on 'V x B is concentrated on M x A
and solves the linear program (10), (11), then the strategy ©* is optimal in problem (5).

In what follows, we use the notation Ag = A U {O}, where O ¢ A is an artificial isolated point.
The target of this article is to pass to the equivalent in some sense linear program in the space
of measures 7 on V' x Ag. The reason is connected with the form of the objectives V;(x, 7). Since



they are linear with respect to the original functions ng and CJI on V and V x A correspondingly, it
is desirable to represent them in the form of [, . Cj(y,a)n(dy x da), where

g 3 — -
Cj (y)7 if a = Da

Cily,a) = { le(y,a), if a € A, (12)

and develop the characteristic equation for the measures 7.
Consider a finite measure p in the linear program (10), (11), which can be written in the form

p(dz x df x da) = pr(d|z, a)pa(da|z)p(de x RS x A), (13)

where pr(-) and pa(-) are stochastic kernels on R} and A correspondingly: see [5, Prop.7.27]. The
dependence of pr and p4 on p is not explicitly indicated here. Hence, using the Tonelli Theorem (see
[1, Thm.11.28)), some straightforward calculations imply that

/ C’f(d)(:ﬁ,u))du wu(dz x df x da)
VxR x A [0,0]
- / O (W) d(x, u) € Vidu § p(de x db x da)
VxR xA [0,0]
= / / / CY((w,u))l{p(z,u) € V}du pr(df|z,a)pa(dalz)p(dr x RY x A)
vV JA JRY J[0,0]
= / / . ng(gb(aj,u))ﬂ{qb(m,u) € Vipr([u, o0]|z, a) du pa(da|z)u(de x R x A),
v.JAa JRrY
where the first equality holds because C]E! (¢(z,u)) = 0 for each z € V, for almost all u € RY such that
¢(z,u) € VC, for all j =0,1,...,J. To put it differently, C(¢(x,u)) = 0 for almost all u > 6*(z) for

all z = (z,0).
After we introduce the following measure on V

n(dy x O) = /V/RO S(a,u) (dy){p(z,u) € V'} </ApT([u, oo]|x,a)pA(da|1:)> du p(dz X ]Rg x A)

_ /R O { /V  otaan (Al x fu00] ¢ da)} du (14)

= /RO {/‘75¢((5g,0),u)(dy)M(dfTC x {0} x [u, 00] x A)} du,

we may write vakixA {f[o,e} C’f((b(x,u))du} p(dz x df x da) = [, CJ(y)n(dy x O).
Similarly to the above, taking into account that the measure u is concentrated on M x A, we have
that, for each j =0,1,...,J,
/ {I{0 < +00}C} (¢(x,0),a) } p(dz x df x da)
VxRY x A
= / {I{6 < +o0}{e(z,0) € V}C][(d)(x, 0),a)} p(dz x df x da)
VxR xA

= C(y, a)n(dy x da),
VxA



where
n(dy x da) = / / Oo(a,0) (dy){d(,0) € V}u(dr x db x da) (15)
v Jro

is a finite measure on V' x A, since the measure p is finite.
If Conditions 2.1, 3.1 and 3.2 are satisfied, and the space X is Borel, then the linear program (10),
(11) can now be rewritten as

Minimize : / Co(y,a)n(dy x da) (16)
VxAn

over finite measures y on V x B =V x R(}r x A concentrated on M x A

subject to : (11), (14), (15) and / Ci(y,a)n(dy x da) < dj, j=1,2,...,J.
VXAD

The space Ag := A U {0} and the functions C; are as introduced above: see (12). Proposition 3.1 is
valid for the linear program (16), too.

Definition 3.2 Suppose Conditions 2.1, 3.1 and 3.2 are satisfied, and assume that the space X is a
Borel space. For a finite measure pp on 'V x R(}r X A satisfying equation (11), the measure n on'V x Ag
defined by

U(FX X FA) = U(FX X (FAQA)) +77(FX X D)H{D € FA}, 'y € B(V), I'ye (A[\), (17)

where the measures n(dy x O) on V and n(dy x da) on V x A were introduced in (14) and (15), is
called the aggregated occupation measure (induced by ).

In what follows, we will characterize the aggregated measures n without references to the measures
p: see linear program (20), (21).

4 Main Results
Definition 4.1 We call the orbit of a point ° € X the following subset of X:

20X = {((3%1),1): teRY} = {5((°,0),t): t R}

We underline that the flow ¢ has no cycles and, if the flows ¢ and gzNS are continuous, then every
orbit is a closed set in X x R&.

Condition 4.1 Two different orbits do not intersect, i.e., for any two distinct points ¥\ # 19 € X,

Definition 4.2 Under Condition 4.1, for each y = (g,t) € X, we introduce h(y) equal to the point
7% € X such that § = ¢(i°,t) and put 7, = t. The mappings F : XxRY — X and F~1: X - XxRY}.
are defined as

F(@°,t) = (6(2°,1),1) = ¢((2°,0),1), and F~'(y) = (h(y), 7). (18)
Note that the mapping h : X — X is well defined: if, for y = (§,t) € X, for two points 0 # 1Y

from X, § = d;(i(l),t) = &(ig,t), then the different orbits #2X and 7 are not disjoint having the
common point .
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o Flow ¢ orbits
%
t A
i . $(z,0%(2))
t(y]t:ry) // ”_— (
=y=F(%°t s
¥ (x5,t) Ve

x = (%°0) _
= (h(),0) ¥=Et

)Flowff)

Figure 1: Flows qg and ¢. The grey area is V,,: outside it © = 0.
In general, the closed set V¢ can be arbitrary enough. Here, we assumed that the functions CJQ ((z,1))
do not depend on ¢, so that V¢ is the vertical cylinder.

All the introduced notations are illustrated on Figure 1.

The mapping F describes the forward movement from the starting point (% 0) along the orbit
70X; the inverse mapping F~! defines the starting point #°, along with the duration of movement.

If Condition 4.1 is satisfied, one can define the flows gz~5 and ¢ in the reverse time. For each
y = (§,t) € X we say that ¢(g, —t) = h(y) and, for all u € [0, t], we put ¢(§, —u) := ¢(h(y),t—u). For
the flow ¢, we put ¢(y, —u) = ¢((7,t), —u) = (¢(§, —u),t — u). The semigroup property here takes
the form ¢(x,t + s) = ¢(d(x,s),t) for s and ¢ satisfying s > —7,, t + s > —7,. Note that ¢ in the
reverse time is a function defined on {(y, —u) : y = (9,t) € X, 0 < u < t}.

The next condition requires that the speed of moving along the flow ¢ from h((g,t)) to g is bounded.

Condition 4.2 Condition 4.1 is satisfied, the flows J) and ¢ are continuous, and there exists a (0,00)-
valued function d on Rg, bounded on every finite interval [0, T] and such that for all yy = (g1,t1), y2 =
(92,12) € X,

p(h(y1), h(y2)) = p((T1, —t1), d(T2, —t2)) < (d(t1) V d(t2))p(y1,y2),

where p and p denote the compatible metrics on X x RS]F and X, respectively.

Lemma 4.1 Suppose Condition 4.2 is satisfied. Then the mapping h : X — X, introduced in
Definition 4.2, is continuous, the flows ¢ and ¢ in the reverse time are continuous, the mapping F is
a homeomorphism between X X ]Rg_ and X, and the set X is a Borel space.

The proofs of this and several other auxiliary lemmas are postponed to the Appendix. Below, we
assume that Condition 4.2 is satisfied.

For the points Z € V, the function 6*(#) defined by (7) describes the time duration of the orbit
#X to be within the set V. Recall that every orbit remains in V¢ after it reaches that set.

11



Remark 4.1 Suppose 2.1, 3.1, 3.2, and 4.2 are satisfied. Then the mapping F defined in (18) (its
restriction on D, to say more precisely) provides a homeomorphism and thus also an isomorphism
between the sets

D:={(@%t): 2 eV, 0<t <@} ={@%1): o((2°0),t) €V} (19)

and V. Indeed, F(3°,t) € V if and only if the pair (:TUO,Nt) belongs to the set D. Thus, F(D) =V and
F~Y(V) = D. Recall that $((2°,0),t) € V¢ for all t > 0*(i").

We underline that the points (#%,¢) € D and (§,t) € X have different meanings, although the
components 20,7 € X and t € RS’F look the same. That is the reason to equip the first coordinates
of points in D with the upper index 0, to make them look different from the points in X. The pair
(z%,t) € D is just the reference point of the orbit ;0X' and the duration of movement from (7°,0). It
can easily happen that (2°,¢) ¢ X.

Definition 4.3 Suppose Conditions 2.1, 3.1, 3.2, and 4.2 are satisfied. If  is a measure on V, then
¢ denotes the image of ¢ on D under the mapping F~':

() =¢(F(T), T eBD).

In case the measure C is finite, we, with slight but convenient abuse of notations, introduce f(f) =
C(T'xRY) for T' € B(V) and ((dt|z°), the stochastic kernel from V to RY. such that

C(dz° x dt) = {(dz°){(dt|7°),
see [5, Cor.7.27.2] or [20, Prop.D.§].
Clearly,
¢ < (o set-wise <= (5 < { set-wise.

Note that if ¢ is a finite measure, then ([0, 6*(2°))|2°) = 1 for (-almost all Z° € V, and we extend
the kernel ¢ to RY by putting C([6*(2Y), 00)|2°) := 0. If the measure ( is zero outside the set V x {0},
then ¢(T') = 0 for all measurable subsets ' € DN {(2°,#) € X x R} : ¢ > 0}, ¢(T) = ¢(T x {0}) for
all T e B(V), and {(dt|z°) = do(dt) for (-almost all 20 € V.

Definition 4.4 Under Conditions 2.1, 3.1, 5.2 and 4.2, a measure ( on V is called normal if there
exist a finite measure L on V and a bounded measurable function g(3° u): V x RQF — RQF such that

((di° x du) = g(2°, u)du L(dz°).
FEquivalently, for allTx x Ty € B(V),
(Tx xTy) = /D]I{F(gzo,u) € I'x x Ty }¢(di° x du)
s Bt TR ) L),

See Remark 4.1.
A measure n on 'V x Ap is called normal if n(V x A) < oo and the measure n(dz x O) on V is
normal.
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Clearly, every normal measure is o-finite. Similarly, a normal measure ¢ defined on some orbit
;X C X is understood:

C(di® x du) = g(u)du 65(dz?).

Lemma 4.2 Suppose Conditions 2.1, 3.1, 3.2 and 4.2 are satisfied. Then the following assertions
hold true.

(a) For every finite measure p on V. x R x A satisfying equality (11), the induced aggregated
occupation measure 1 on V X Ag is normal.

(b) If n* and n* are two normal measures on V x Ag such that n* > n? set-wise, and thus the
difference n* —n? is a (positive) measure, then n := n' —n? is also a normal measure on V x Ap.

In Definition 4.5, we introduce the class of so called test functions used to characterize measures
on X.

Definition 4.5 W is the space of measurable bounded functions w on X, absolutely continuous, either
negative and increasing or positive and decreasing along the flow ¢ (see Definition A.1) and satisfying
conditions

e w(y) =0 for ally € V¢ and

o lim oo w(¢(x,t)) =0 for all x € V such that ¢(z,t) € V for all t € RY.

Throughout this paper, yw denotes a function as in Lemma A.1 (see Appendix). Without loss
of generality, one can assume, for each negative (or positive) function w € W, that the function yw
is positive (or negative), i.e., in (47) one can put g(-) = 0. Note that below we consider only such
measures ¢ on V that the value of the integral fv xw(z)((dz) does not depend on the function g in
(47).

Suppose Conditions 2.1, 3.1, 3.2, and 4.2 are satisfied and introduce the following linear program

Minimize over

the normal measures n on V x Ag : / Co(z,a)n(dz x da) (20)
VXAD
subject to : w(xg) +/ xw(x)n(de x O) —/ w(z)n(de x A) (21)
\%4 \%4
—i—/ w(l(z,a))n(de x da) =0 YV we W;
VxA
/ Cj(z,a)n(dx x da) < dj, j=1,2,...,J.
VXAD

The space Ap and functions C; were defined in Section 3: see (12).

Remark 4.2 Compared with (10), (11) and (16), the dimensionality of the linear program (20),(21)
1s reduced in the sense that the measures p were on the space V x Rg X A, and the measures 1 are

on the space V- x (AU{0O}). Therefore, e.g., from the computational point of view, the linear program
(20),(21) is easier.

We are ready to formulate the main results.
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Theorem 4.1 Suppose Conditions 2.1, 3.1, 3.2 and 4.2 are satisfied. Then, for every finite measure
pwonV XRg_ x A, concentrated on M x A and satisfying equality (11), its induced aggregated occupation
measure 1 on 'V X Aqn satisfies equation (21) for all functions w € W. All the integrals in (21) are
finite.

The proof of this statement is postponed to Section 6.

Theorem 4.2 Suppose Conditions 2.1, 8.1, 3.2 and 4.2 are satisfied. Then every normal measure n
on V x An, satisfying equation (21), uniquely defines a reasonable Markov strategy ©" (called “induced”
by n) such that, for the aggregated occupation measure 7 defined by (17) (recall (14) and (15)) with p
being replaced by the occupation measure u™ of the strategy = as in (8) with m = 7", the following
inequalities hold:

() <n(T)VTIeB(V xAp).
The proofs of Theorem 4.2 and of the next corollary are postponed to Section 7.

Corollary 4.1 Let Conditions 2.1, 3.1, 3.2, and 4.2 be satisfied. Then linear program (16) is equiv-
alent to linear program (20),(21).

To be more precise, if the finite measure p* on V X ]Rg X A solves linear program (16), then
the measure n* on V x Ag, given by (14), (15) and (17), i.e., the aggregated occupation measure
induced by p*, solves linear program (20),(21). Conversely, if the measure n* on V x Ap solves linear
program (20),(21), then, for the Markov strategy 7* induced by n* as in Theorem 4.2, the corresponding
occupation measure ™ on 'V x RY x A, defined in (8), solves linear program (16).

According to Corollary 4.1 and Section 3 (see Proposition 3.1), the minimal values of the linear
programs (10), (11) and (20),(21) coincide and equal the minimal value of the original problem (5). As
soon as the optimal solution n* to the linear program (20),(21) is obtained, the induced Markov strategy
7*, solves the original optimal impulsive control problem (5): see Proposition 3.1 and remember that
the linear programs (10), (11) and (16) are equivalent. Recall that linear program (16) has an optimal
solution by Proposition 3.1; hence the linear program (20),(21) is also solvable. Note also that, having
in hand the Markov strategy 7*, one can compute the corresponding occupation measure p™ (8),
and after that the stationary strategy as in Proposition 3.1 also solves the optimal impulsive control
problem (5).

For the discussions in the rest of this section, we suppose all the mappings and functions [, C'Jg ,
and CJI do not depend on the component ¢ of the state x = (Z,t). Then the linear program (20),(21)

is actually in terms of (marginal) measures 7(d# x da) on V x Ap defined by

A(Tx x Ta) = n([(Tx x [0,00)) N V] x T'4) = / n(di % dt x Ta).
(Tx x[0,00))NV

The marginals 77 of normal measures 7 (naturally called normal on V x A ) are characterized as follows:
AV x A) < oo and there exist a finite measure L on V and a bounded non-negative measurable function
gonV x Rg such that

A(Tx x 0) = n([(Tx x [0,00)) N V] x O) = /V/O o O T0g(E wdu L) (22)

(see Definition 4.4). The test functions @ on X are measurable bounded, absolutely continuous, either
negative and increasing or positive and decreasing along the flow, and such that w(y) = 0 for all
y € V¢ and limy_,o0 w(¢(Z,t)) = 0 for all Z € V such that ¢(z,t) € V for all t € RY.
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This linear program, in terms of marginal measures 7, is solvable under Conditions 2.1, 3.1, 3.2,
and 4.2. (The last condition is for the model with the extended state space X C X x Rﬂ_.) The minimal
value of this program coincides with the minimal value of the original problem (5). Therefore, when
reformulating the optimal impulsive control problem in terms of aggregated occupation measures, the
extension of the state space, as in Remark 2.1, is not needed.

On the other hand, the construction of the optimal control strategy 7*, induced by the optimal
solution n* to the linear program (20),(21), is essentially based on the analysis in the extended state
space: see the proof of Theorem 4.2. Note that, in the case of the extended state space, the (full)
orbits in X, as in Definition 4.1, form a Borel space because they are characterized by the starting
points Z°. If one manages to describe the space of orbits in X as a Borel space, then one can avoid
such an extension of the basic state space X.

5 Example and Comparison with Other Works

. . . . . . . . 0
Consider the following simple but not trivial optimal impulse control problem in the space RY .

dz = G@)dt+dW(t), z(0—)=2T¢>0;

/ Cg(a?(u))du+/ dW (u) — inf,

0 0 w

where
%) 7—1
W(u) := Z (Z ai) Ty <u<Tj};
j=1 \i=1
0=T)<Th<Tr <..., Tj€l0,00]; Tj_1=T;onlyif Tj_1 =o00; lim T; = oo.

J]—00
The impulse control strategy W, represented by {7}, a; }‘;‘;1, can be arbitrary, satisfying the condition
aj > 6 > 0. Here and below, 6 > 0 is a fixed number. The measurable functions G(-) > § > 0 and
C9(-) > 0 are fixed and smooth enough, such that H := [} C9(X (u))du < co. Here X(-) is the
solution to (23) when W (u) =0, i.e., when T} = oc.

Clearly, one can restrict himself to the strategies (i.e., functions W) having only a finite number
of impulses, that is, T7,75,...,Tn_1 < oo and Ty = oo for some N € N: for other strategies the
objective in (23) equals +oc.

This problem can be easily reformulated in terms of Section 2. The flow qB on X = [Z0, 00) comes
from the differential equation (23) at W(-) = 0; A = [J, H] (no reason to apply the impulses a > H);
B = ]R(jr x A; xg = (Zo,0); Z((i;,t),a) = Z(:E,a) = I + a; as usual, t, the second components of the
state, is the time elapsed since the most recent impulse. We consider the unconstrained case with
J =0, and the j index in the functions like C’;’ (+) and CJI (+) is omitted. The gradual cost rate is CY(-),
and the cost of the impulse a € A equals C/(z,a) = a. Simultaneous impulses of the sizes a,b, ...
can be considered as one impulse of the size a + b+ ..., and consequently, for j > 0, if T; < oo then
Tj+1 > Tj. We assume that, for some K € (Zg,00), C9(z) =0 for £ > K and C9(z) > 0 for < K, so
that V = [Zg, K), and V¢ = [K,00). Now, all the Conditions 2.1, 3.1, 3.2, and 4.2 are satisfied, and
hence the minimal value of the impulse control problem (23) coincides with the minimal value of the
linear program (20),(21).

Let us illustrate the definitions introduced in Sections 2 and 3. To be specific, below, unless stated
otherwise, we put &y > 8, G(&) = Z, so that ¢(&,t) = Ze' is the solution to (23) starting from Z € X,
when W(u) =0, i.e., Ty = oo;

X ={(§,t): §€X=][i,00), te [O,ln%]}:
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a point ¢ cannot appear later than ln tlme units after any one impulse; XA = XU{A}. See Figure
2. Now

Vo= {(§.0): gevz[fo,KLte[o,ln%H;

M = {(y,0): y=(%0) withzeV =[0,K) andee[o,é*(gz):m%)u{oo}}:

there is no reason to apply impulses after the variable 7 reaches the region V¢ = [K,0).

t mapping F~!
mapping F
. F ~L(y)
> orbit zoX
measure / Y _W{(y = %%, t): te[0,0)}
Z )Y
t=InK—-Inx°,
01 3 measure Z‘/he upper boundary of D.
0 X
X0 %% = h(y) K

Figure 2: X is the area below the orbit starting from Zo; the grey area is V. The bold arrow leading
to the point #¥ represents the impulse of the size a applied at the time moment T} = .

The model (23) is deterministic and unconstrained, so that we fix an arbitrary reasonable deter-
ministic control strategy = with p™ (M x A) < co. This means that

mi(dO X da|zi—1) = 0p,(d6)dq,(da); 0; =T; —T;—1 <oo fori=1,2,...,N—1, and Oy = o0
r, = (&= Fiqe” +a;,0) and Z;_ eV fori=1,2,...,N—1;
N = A.
All the variables Tj;, 8; etc are here non-random; N — 1 is the total number of impulses. The value of
ay € A is immaterial because it is never in use (is to be applied at Ty = 00). For this control strategy

m, the occupation measure u™, restricted to V' x Rg x A (equivalently, to M x A), i.e., ignoring the
absorbing state A, is the following combination of Dirac measures:

N
P (P x o) = 8,1 0)(T1)0(0,,00)(T'2) ¥V Ty € B(V), Ty € BRY x A).
=1

For x = (2,0) € X and (6, a) € B (no other values of x appear in the expressions below),

C(z,(0,a)) = C9(ze")du +1{f < +oo}a,
[0,6]

and the objective corresponding to g = p™ in the linear program (10),(11) (i.e., the performance of 7
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in problem (5)) has the form

V(zg,m) = V((Z0,0),7) = /MXAC(JU, (0,a))u™ (dx x df x da)
N-1

= < C9(Z;—1e )du+a¢> + Cg(iN_le“)du:/ Cg(i‘(u))du—l—/ dW (u),
[0,0:] [0,00) 0 0

=1

where Z(u) is as defined in (23). Since
Q(dzly, (0,a)) = 5([(5(17,9)@)70)@55) = 0(gef +a,0) (dz)

for y = (9,0) and 6 # 400, the characteristic equation (11) on B(V) for p = p™ reads

(e X RY < A) = G (de)+ [ B (e (d(5.0) x do x da)
X

N-1
= 5(:}5070) (dx) + Z 5(531',1691'4»0,1»70) (dx)
i=1
and is obviously satisfied because &;_1e% +a; = &;, forall i = 1,2,..., N — 1.

The first part of the aggregated occupation measure on V', induced by u™, looks as follows:

arx) = [ A Gt x o] x o)y du
[0,00) VXA
N
= Z/ 5(fi71e“,u)(dy)ﬂ{‘9izu}du'

(See (14).) The t-component of the state y = (¢,¢) is of no importance, and the marginal 77 (dy x O)
on V = [Zo, K), as at the end of Section 4, has the form

™(dj x O) Z/ ]xl Lev(df)du.
0,0;

Note that this measure is non-atomic. It is normal in the sense of (22): L(dZ) := YN | 0z, ,(d%)
and ¢(Z,u) := I{u < 6;}. Recall that 6; < 8*(#;_;) for i < N and, for i = N, when 6y = oo, the
integration with respect to w is in fact up to é*(:EN_l), because the measure 7™ (dy x O) is defined
on V = [#g,K) and, for ' € B(V), San_seny(I) = 0 if u > 0*(Zn_1) = In 5:15_1‘ For each interval
[71,72) € V = [0, K) on which the function Z(-) is continuous, the value 77 ([j1,72) x O) equals
ln ~2 =ty — t1, the time for the function Z(-) to change from ¢; = Z(t1) to g2 = Z(t2) according to the

ﬂow ¢. To put it different, on the intervals [Z;_1,Z;_1e%)NV,i=1,2,..., N, the measure 77" (dj x O)
is the image of the Lebesgue measure ds with respect to the mapplng U — ¢(xz_1, u) = ;—1€". Hence,
for a bounded absolutely continuous function w(-) on [#;_1, &;_ 1€’ )ﬂV for 41 = T;_1€', 4o = Tj_1€"2,

w(ga—) — w(gh) = /[O o X)) = / xw(@)i(df x 0). (24)

[91,72)

For the first term of the objective in (23), we have:

CY (dg x O)
/[EO’K) (@) (dg Z

[ CI(Zi—1€" du—/ CY(z(u))du,
0,6;)
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where Z(+) is as defined in (23). Recall that C9(z) =0 for > K.
The second part of the aggregated occupation measure on V' x A, induced by ™, has the form

n"(dy x da) = / /0 Og(z,0)(dy){d(w,0) € VIu™(dx x df x da)

- ey - ﬁi—leei
— 25 e (dy)I < Z;—1€” € [Zo, K), 0; € |0,In — da, (da).

o

(See (15).) Clearly, this measure is finite. Like previously, the t-component of the state y = (7,1) is
of no importance, and the marginal 7(dy x da) on V' x A, as at the end of Section 4, has the form

N-1

i (dj x da) = > 85 0 (dij)da,(da). (25)
i=1

Recall that Oy = oo, #i_1e? < K and ;1 > & for i < N.
For the second term of the objective in (23), we have:

N-1 00
a " (dy x da) = aiz/ dW (u
Jo s 7600 = 3 0= [

where the function W(u) = 23 1 (Ej 1 al) HTj1 < uw < Ty} (with Top = 0, T; = T—1 + 65,
i=1,2,...,N) represents the control strategy .
Let us illustrate the definitions introduced in Section 4 (see Figure 2):

h(y) = h(g,t) = % F(@,t) = (%, 1), F-\(y) = FY@1) = (2, 1)

et’

K
D = {(z°¢t): 2° € [0, K), O§t<lnﬁ}.

With some abuse of notations, we omit the double brackets in the expressions like h(y) = h((g,1)).
The mappings F and F~! are one-to-one and continuous. According to Definition 4.4, a measure ¢
on V is normal if and only if there is a finite measure L on V = [Zg, K) such that the conditional
distribution ¢(dt|z°) is (L-almost surely) absolutely continuous with respect to the Lebesgue measure.

According to the last paragraphs in Section 4, the linear program (20),(21) is formulated in terms
of the (normal) marginal measures 77(dZ x da) on V x Ap, ignoring the t component, time elapsed
since the most recent impulse. The unnecessary ‘tilde’ is omitted up to the end of this section, apart
from Z( (the initial state).

Minimize over the normal
measures 7 on [Zg, K) X Ag : / CY(x)n(dx x O) +/ a n(dz x da)
[£0,K) [F0,K) XA
(26)
subject to : w(Zg +f Xw( Yn(dx x O)
—I—/ [w(:r +a) —w(x)n(dz x da) =
[Zo, ) x A

The test functions w on [Zg, 00) are bounded, measurable, absolutely continuous, either negative and
increasing or positive and decreasing, and such that w(z) = 0 on [K,00). The measures n(dz x O)
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are finite on [Zg, K): in the case of a general function G(-) > 0 > 0, one can substitute the bounded

) B /10 /

with yw(z) =1 for z € [Zo, K). The measures n(da: x A) are finite due to the definition of a normal
measure.

For the special case presented above and the measure 1™, the characteristic equation in (26) is just
the version of the Newton-Leibniz formula:

/[ X D) = ()~ e )+ boe(T )~ wle(T)
+.. .+ w(z(Th—)) — w(@o+)I{T1 > 0}
by (24), and
/~ [w(z +a) —w(@)n™(de x da) = [w@(Tya+)) - w(@(Tyn-1-))] + [w(z(Ty-2+))
[Zo,K)xA

—w(@(Ty—2=))] + ... + [w(z(T1+)) — w(z(Ti-))].

Recall that w(K—) = 0 and, if T} = 0, then w(z(Th—)) = w(Zo).

The marginal of the occupation measure y™ on [Zg, K) x R% x A has the ‘higher dimensionality’
than the induced aggregated measure 7™ on [Zo, K) x (A U {O}) (cf. Remark 4.2). One can also
compare the representation of the first part of the objective (23) in terms of p™ and ™. In the case
of ™, the integration with respect to time is hidden in the function C(-) and, in the case of n™, such
an integration appears just in the definition of #™(dy x O). As a result, the objective [;° CY(z(u))du
is represented as f[‘%’K) C9(y)n™(dy x O), in terms of the original cost C9(-).

Deterministic control strategies m (equivalently, deterministic functions W(-)) are sufficient for
solving unconstrained problems like (23). In the constrained case, when J > 0, randomization and
mixture (e.g., application of the control functions W7(-) and Wa(:) with probabilities « € (0,1) and
1 — «) usually help to improve the objective.

It is interesting to compare the linear program (26) with the linear programs which appeared in
[10, 11, 18]. In those articles, the impulse control problem was formulated on the finite time horizon
[0, 77, but the constructions can be formally adjusted for [0,00). In what follows, the measurable and
sufficiently smooth function G(-) > § > 0 is arbitrarily fixed.

Following the ideas of [10], the problem (23) is replaced with the following linear program on the
space of the so called occupation measures Y1 and Y3:

Minimize over the finite

measures Y1 and Y} on [Zg,00) : / C9(x)Y}(dx) —|—/ Ti(dx)
[jov ) T

(27)

subject to w(:Eo)+/

where the test functions w are continuously differentiable on [Zg, 00) and lim,_,. w(z) = 0.

19



Consider the test functions w as in (26), which are continuously differentiable on [Zg,c0). Now
xw(z) = ‘%’G@) and, for the measures

1 | n(dz x O), if de € B([Zo, K));
Ti(dw) = { arbitrary, otherwise,

and Yl(dz):= / H{z < z<z+aln(de x da)| dz,
[:f?o,K)XA

all the expressions in (27), take the form of those in (26) because

/ Ti(dz) = / / {x < z<x+a} dzn(dx x da)
[io,oo) [io,K)XA [5}0,00)

= / a n(dz X da);
[aco K

fotmen - [
[f0,00) 4% [0,K)x A J[F0,00)

= /~ [w(z + a) — w(x)|n(de x da).
[Zo,K)xA

(dx x da)

Recall also that C9(x) = dqﬁl:(f) =0 for z € [K, 00).

Remark 5.1 We see that the measure Y1(dx) coincides with n(dz x O) on V, and Yi(dz) can be
called the “further aggregated version” of n(dx x da): the argument “da” disappears. This second step
of aggregating is reasonable only in this specific example, where I(x,a) = x +a and C!(z,a) = a. For
other functions I(-) and C!(-) it makes no sense. As was shown, having in hand the measures as in
(26), one can construct the corresponding measures Y1 and Y3 as in (27). On the other hand, e.g.,
when dealing with the measures associated with the control strategies m as in the special case presented
above, n™(dx x O) = Yi(dz) and one can reconstruct n™(dz x da) having in hand the corresponding
measure Tl(dz) Indeed, the latter measure coincides with the Lebesgue measure on the intervals
(z(T;—) = z;_1%, 2(T+) = 2(T;—) + a;) and equals zero outside. Knowing these intervals, one an
recalculate the measure n™(dx X da): see (25).

In the works [11, 18], the impulse control problem (23) is formulated in a different way which is
briefly presented below. The generic notations of [11, 18] are changed to avoid the confusion with the
notations in the present paper. Let a reasonable deterministic stationary control strategy, defined by
{T},a;}32, and denoted below as f: Xa — RY x A, be fixed, such that T; = cc if z(Tj—) > K. By
the way, the number of finite moments 77 is finite, and the class of such strategies is sufﬁment in the
unconstrained problem (23) by Theorem 1 in [29]. Introduce the measure

o(dt) == dt + iH{TJ < 0o }dr; (dt)

j=1

on the time scale [0, 00). The model (23) is represented as

_ [ EG0.0 o) —
w() = [ S sdaiotd; 2(0-) =

with the following system prirmtlves:
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p > 1 is some fixed natural number.

e r(dalt) = dp(da) if t is different from all T}, so that F'(z,0) = G(z), and a = 0 corresponds to
the absence of impulses.

o r(da|Tj) = 6,4,(da) for Tj < oo, and at that time moment the following fictitious process is

introduced: a‘( ) ( a_( o)
dyTJ U F yT] u ,aj )

J — J GJ — T_ 1 .

du 1 + |aj|P ’ yTJ’ (O) l’( J )’ u € [Oa ]

The form of the function F' is seen in the next item.

o 2(Tj+) =x(T;—) + [y;” (1) — y%j (0)] = yé‘;ﬁ( ). To be consistent with the model (23), we should
have z(Tj+) = z(T;—) + a;, so that for a € A we put F(y,a) := a(l + |a|?).

e Similarly, for consistency, we put L(z,0) = CY9(z) and L(y,a) := a(1 + |a|P) for a € A.

The occupation measure on [0,00) X [Z,00) X [A U{0}] as in [11, 18], corresponding to the strategy
f (equivalently, to the pair (o, k)), equals

Y/ (dt x dy x da) := ®(dy|a, t)x(da|t)o(dt) = Y] (dt x dy)do(da) + TL(dt x dy x da),

where

21y (dy), ift#T;forall j=1,2,...;
®(dyla,t) ==
fo ye (u) (dy)du = fo tauldy)du, ift =T

z(-) is the trajectory of the system (28) (equivalently, of the system (23)) under the strategy f. The
presentation Y/ = T{ + Tg corresponds to the decomposition of the measure o to the absolutely
continuous and discrete parts. Different control strategies f as above, that is, different pairs (o, k)
define all different measures Y under consideration, which are denoted below as Y2.

Below, the test functions w are as in (26) and continuously differentiable on [Zg, 00). In the linear
program for the problem (28), suggested in [11, 18], all the integrated functions do not depend on
time ¢. Thus, we immediately introduce the marginals TQ(dy x da) f[o Y2(dt x dy x da):

Ty = [ arxdy = [ sy de
[0 OO) [O,oo)
1
T2(dy x da) = /[0 )T%(dt X dy x da) = ZH{T] < oo} {/0 O2(Tj—)+au(dy) du| da;(da).
,O0 T]

Here the measure Y2 = Y2 + Y3 comes from the pair (o, x), which also defines the trajectory (:)
of the system (28); the measure T2 is finite and T3([K + H,00) x A) = 0 because z(Tj—) < K and
a; < H. The linear program as in [11 18] has the form

Minimize over

Y L
the measures Y2 on [Zg,00) x A : / (y,a)
[Z0,00) X A 1+ [al?

T2(dy x da)

F -
subject to : w(Zo) —|—/ dwly) Fly,a) Y%(dy x da) =0
[Fo.00)xA Ay 1+ alp
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(note that lim, o w(y) = 0), or, more explicitly,

Minimize over )
the finite measures Y? and T3 / C9(y) T3 (dy) +/ a Y3(dy x da)
[io,K) [fo,oo)XA
d -
subject to : w(Zg) + / MG(y)T%(dy) (29)
@0.K) Y
d -
+/ wly) , Y3 (dy x da) = 0.
[F0,00)xA Y

We underline that the measure Y? is of no importance on [K, c0) because there C9(y) = dqs—;y) =0; it
is finite on [Zg, K) because f[o 00) Op() ([To, K))dt < 0%(Zo) < oc.

The measures T3 and T3 can be calculated based on the measures 7 in (26), so that all the
expressions in (29) become equal to those in (26). Indeed, we put Y%(dz) := Yi(dr) = n(dr x O) on
V = [Zo, K) and

o 1
YZ(dy x da) := o [/ Hz<y<x+aln(drxda)| dy on [Zg,00).
[Z0,K)

Now / a T3(dy x da) = Yi(dy) and all the expressions in (29) coincide with those in (27) and, as
A

shown above, are equal to those in (26). For the measures ™ as in the special case presented above,
they are in a one-to-one correspondence with the measures T? and T3: see Remark 5.1.

6 Proof of Theorem 4.1

Proof of Theorem 4.1. Note that, for each function w € W, for each fixed x € V, the function
w(é(z,-)) is bounded on RY.
According to Lemma A.1, for each fixed x € V,

w(p(x,0)) = w(x) —|—/ xw(o(zx, s))ds,

[0,6]

where the function yw is given by (47). After we integrate this equation over V' x ]R(_)|r with respect to
the measure

/A]I{qﬁ(m,ﬁ) € Vipr(dd|z,a)pa(da|z)p(de x RS x A),
on V x RY, where the stochastic kernels pr and p4 are as in (13), we obtain the equality
J <8y = [ [ wot o0 € Viaslantan < R x4
= [ wle) [ Ho(w.0) € Vinasle)utds x B x A)

0
+

5 0
+/\//Rg H{o(z,0) € V} /[079] xw(p(x,s))ds p(dl|x)p(de x RY x A),
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where p(df|x) := [, pr(df|z, a)pa(dalr). Note that all the integrals here are finite because the function
w(-) is bounded and the measures p and n(dy x A) are finite. For each x € V|, let us denote

0*(x) == inf{0 € RS : ¢(z,0) € V°}.

As usual, inf() := +oo. Since the flow ¢ is continuous, the function #*(-) is measurable: see [13,
Lemma 27.1] or [16, Prop.1.5, p.154]. Besides, 0*(z) > 0 because the set V' is open and the set V¢ is
closed.

Since the set V¢ is closed and the flow ¢ is continuous, in case 6*(x) < 400, ¢(z, 6*(x)) € V¢NX and
the infimum is attained. Moreover, as mentioned above Definition 3.1, ¢(z, s) € V¢ for all s > 6*(x).
Therefore,

[ wtmtdy < a) = [ w@pE (o x B x A)
1% 1%
- [ wl@(0* @), cclputae x BY x A)
—i—/ / Ho(z,0) e V} xw(d(z, s))ds p(df|z)p(dz x R x A).
vV JRY [0,0]

Recall, the measure n(dy x A) is finite and the function yw(¢p(z, s)) is integrable on [0, 8] with § < co.
After we apply the Tonelli Theorem [1, Thm.11.28] to the last term, we obtain:

/ w(y)n(dy x A) = / w(z)p(de x RY x A) —/ w(@)P(0° (@), o0l pu(d x B x A)
v y ’
Jr/‘//RO+ /[Sm) {(z,0) € Vixw(g(z,s))p(di|z) ds p(dz x RY x A)

= / w(z)pu(dr x RY x A) —/ w(z)p([0* (), o0]|z)pu(de x R x A)
1% 1%
+/ /0 xw(o(x, s))l{o(x,s) € Vip([s, 0% (x))|x) ds p(dx x Rg_ x A).
v JrY
Note that

/V /R xw(d(x, $)H{o(x,s) € VIp([s, 0" (x)|z) ds p(dr x RY x A)

- / / xw(é(z, $))p([5, 0" (1)) ds p(dz x RS x A)
v JRY,

as xw(¢(z,s)) = 0 for ¢(x,s) € V¢ (See (47), where, in our case, V¢ C D and W(y) = 0 for all
y € V°.) Now

/ w(y)n(dy x A)
v

_ / w(z)p(de x RS x A) — / w(@)p([6° (), o0l [ )u(dz x Y x A)
Vv 1%

+ [ oty x o) = [ ] o 9o (@), ocle) ds ude < B x A).
All the integrals here are finite because, no matter whether 6*(z) is finite or not,

tlggo w(p(z,t)) = w(x) —|—/R xw(¢(z,s))ds =0, Ve eV

0
+
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and thus

[ @i @), ol x B x &)+ [ [ xw(@(r. 556" (0). o) ds s < RS x &) =0.

0
|4 V]RJr

This also leads to
[ wmtay < a) = [ w@ntis <8 x A)+ [ xunay <o)

— w(w) + w(l(@(y, 6), ) H{o(y, 6) € V}u(dy x df x da)
VXRY x A

+/wa(y)n(dy x 0)

by (11), and the required formula (21) follows from the definition (15). O

7 Proof of Theorem 4.2 and Corollary 4.1

Below, we assume that Conditions 2.1, 3.1, 3.2 and 4.2 are satisfied. The proofs will be based on a
series of lemmas.

Lemma 7.1 Let m = {m;}32, be a reasonable Markov strategy as in Definition 3.1, defined on V' by
stochastic kernels m;(df x da|z) = p.(df|z)pY(dalz,0). Suppose n is the corresponding aggregated
occupation measure (17) coming from the occupation measure pu™ as in (8). Introduce the (partial)
aggregated occupation measures

n'(Cx xTa) :=n"(Cx x TaNA))+n'(Tx x O){0 € T'4}
on V x An, defined recursively:
"°(Tx xTy) = 0;
" (Tx x0) = 7i(Cx x 0) +/ S () T x )P ([, o0]|z)du v (da), T'x € B(V);

P (Tx xTa) = ni(Tx xTa)+ / / im0y (T )P (T, O)pit (6] ) (dx),

I'x e B(V), T'y € B(A),
where v (dx) P} (X; € dx) is the measure on 'V, i > 0.
Then n* 11 on V x Ag set-wise as i — oco. Every measure n° is normal.

Proof. We will need the (partial) occupation measure on V x RY x A

ZH{Xi—l €dr,0; €di, A; € da}] , n=0,1,2,....
i=1

p"(dx x df x da) == E7

Clearly, u™ T 4™ on V x R(}r X A set-wise as n — oo. Therefore, according to the definition of the
measure 7, for each positive measurable function CY on V,

o= / ) { C9 (6 (w, u)){ bz, u) V}du} LM (da x dO x da)
VxRI xA [0,6]

n C9 (o, 1) b (w, u) € V}du} " (da x dO x da) = /V C9(y)n(dy % O)

VxRY xA { [0,6]
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and, for each positive measurable function C! on V x A,
g / {0 < +o0ol{é(x,6) € VIC! ((x,0), )" (dz x df x da)
VxR xA

4 {0 < +oo}l{é(x,0) € VIC(H(x,0), a)u" (dz x d x da)
VxRY xA

- / C1(y, a)n(dy x da).
VxA
We will prove by induction the following assertions:

/ CI(y)n"(dy x O) and J" = CL(y, a)n™(dy x da).
VxA

If n =0, then x° =0,7° =0, I°=0, and J° = 0.
Suppose the above assertions are valid for some n > 0. Then

ntlo— o qm T, U T, U wy p"t(dalz il )" (dx
A +/V/H_§O/{Mcg<¢<, e (. >eV}d} (dalz, 6)p}y" (d6]r)w" (dx)

n+1 n I n+1 n+1 n
J = J +/\//J1£3/AH{9 < oo}{¢(z,0) € VIC! (¢(z,0), a)pt (da|z, 0)pit (dO)z)v" (dz)

because on V' x RQF x A we have equality
p"t(dx x df x da) = p™(dx x df x da) + p'y (dalz, 0)pitt (d6|x)v" (dx).

Recall that Q({A}|z, f*(x)) = 1. Using the Tonelli Theorem (see [1, Thm.11.28]), we obtain:
/ /]RO { - CY(p(x,u)[{p(z,u) € V}du} Pt (db|z)v™ (da)
= / /RO . ]Cg( (z,u)[{p(x,u) € VIpEH(dO|x)du v™(dx)

= / ” CY(p(z, w){p(z,u) € VPt ([u, oo)|z)du v"(dx)

/Cg {// 8y (dy) Pyt ([, 00) ) du y”(dx)},

and, by induction and the definition of the measure n"*(T'y x O),
= / Coy)n"H(dy x O).
v

Similarly,

/ / / I{6(z,0) € VIO ($(x,0), a)p's (dal, O)piet (bl (dx)
1% Ri A

| [ c'wa { J, L ssen @19l o "+1<d9|x>u”<dm>},
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and, by induction and the definition of the measure n"*!(dx x da) on V x A,

Jn-i-l — Cl(% ) n+1(dy % da)
VxA

Since, for all positive measurable functions C9 on V and C' on V x A,
/C’g "(dy x O) T/Cg n(dy x O) and

C!(y,a)n"(dy x da) 1 C'(y, a)n(dy x da),
VxA VxA

we conclude that n™ 11 on V x Ap set-wise as n — oco. The last assertion is obvious. O

Lemma 7.2 (a) Suppose ( is a finite measure on V, and the measure ((dz°) and the stochastic
kernel ((dt|z°) are as in Definition 4.3. Then, for each bounded (or positive, or negative)
measurable function g on V,

= i°,0),u))¢(duli®)(di’) = #°,0),u))¢(di° x du).
[t = [ [ ool 0wz @) = [ o(o0),u)i x d

(b) Suppose C is a normal measure on'V, and the measure {(di® x dt) is as in Definition 4.3. Then,
for each positive (or negative) measurable function g on V,

/ o ()C(dy) = / 9(B((2°,0), u)(di° x du).
1% D

(c) Suppose ¢ is a normal (or finite) measure on the orbit

XNV ={¢((2,0),t): t€[0,0%(2))}
and
m(I) = (({¢((2,0),t) : t€1})

is the o-finite (or finite) measure on [0,6%(%)). (The set {#((2,0),¢) : t € I} is measurable
because if Z € V, then ¢((Z,0),-) is a homeomorphism between [0,0%(Z)) and :X N'V.) Then,
for each positive or negative measurable function g on ;X NV,

[ swed = [ - glo(z0)0)mido).
XNV [0,0+(2))

Proof. (a) For the case of bounded functions g, it is sufficient to check the required formula for
g(y) =I{y € Y}, where Y € B(V) is an arbitrary set. According to the definition of the mappings F
and F~ 1,

(i%u) € FYUY) < F(@%u) € Y < (¢(i% u),u) = ¢((&°,0),u) € Y-

Hence
/ o)C(dy) = C¥)=EFY)) = / I{(3,u) € FY(Y)}E(d° x du)
v V xRy
— / / I{$((&°,0), u) € Y} (duli®)C(dz°).
v JRY
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Moreover, for u > 6*(2°), ¢((2°,0),u) € V¢ and thus ¢((2°,0),u) cannot belong to Y. The desired
formula

[otwctan= [ [ (@00 € Y)i@uli@) = [ Ho(@,0),w) € V)i x du)
v v J[0,0%(%)) D

is proved.

For the case of positive functions g, one should apply the monotone convergence theorem to the
sequence g A N T g. Negative functions g can be treated similarly.

(b) The required formula is justified after we represent the function g as g(z) = > ;2 g:(x) with
gt((Z,u)) = Hu € [t — 1,t)}g((Z,u)) and use the statement (a) separately for all g;, where one can
legitimately use the (finite) restriction of ¢ to the set {z = (Z,u) e V: t —1 <u < t}.

(¢) Without loss of generality, we assume that ¢(;X N'V)) > 0. This implies Z € V in particular.

If 0*(Z) < oo then the measure ¢ is finite and can be extended to V' by putting ¢(V'\ :&) := 0.
Now

C(dz° x dt) = m(dt)os(di®);
((di%) = ((zXNV)sx(di’);
Cf(dﬂfo) — { m(dt)/C(ZX N V)’

arbitrarily fixed probability measure,

N
2w

if 79
if 70

and the required equality follows from Item (a). The same reasoning applies if §*(Z) = oo and the
measure ( is finite.

Suppose 9*(2) = o0, so that ;X NV = :X, and the measure ( is not finite, but normal. It is
sufficient to check the required formula for g.(y) = I{y € Y3}, where

Y, = {6((3,0),u): wuel, € B(t—1,t)}, t=1,2,....

As mentioned in the statement of this lemma, the mapping [G(u) := ¢((Z,0), u) is a homeomorphism
between RY. and :X (see Lemma 4.1), and all different subsets I; € B([t — 1,¢)) produce all possible
subsets Y; € B({¢((%,0),u) : w € [t —1,t)}). Thus, for an arbitrary set ¥ € B(;X), we have
Y = U2, Y; with

Y=Y N {6((%0),u): uelt—1,0} € B{o((50),u): uelt—1,8)}),

and the proof will be completed by applying the monotone convergence theorem.

Now
| st = iy
sX
/ 9¢(¢((2,0),w))m(du) = / H{o((2,0),u) € Yiym(du) = m(I),
RO R
and m(I;) = ((Y;) by the definition of the measure m. 0

Lemma 7.3 Suppose an orbit
XAV = {6((7,0),0) : ¢ €[0,6%(2))}

is fized and p* is a probability measure on RY. such that p*([0*(%),0)) = 0.
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Then the measures N5, and 1% on zX NV, defined as

W) = [ H6(@0),0) € T (fuocdu = | TH6((@.0),0) € TH1 = p*(0,u))du
+ +
(D) = /R H{¢((#,0), u) € T}p* (du), TeB(:XNV),
+
satisfy equation
o=uw(@m+ [ xw(msdn - [ wldo) (30)
XNV XNV
for all functions w € W. The measure %y is finite, and the measure 0 is normal on that orbit.

Proof. The properties of the measures 7% and 7f formulated in the last sentence of this lemma are
obvious, c.f. the reasoning in the proof of Lemma 4.2(a).

Now let w € W be fixed. We verify the rest of the statement of this lemma by distinguishing the
following two cases. B .

(i) Suppose that u* := inf{u € R} : p*([0,u]) = 1} > 6*(Z). The expression

Fmw(@o)+ [ xw@nsidn) — [ (@)

is well defined because the measure 7f is normal, the integral [ . . xw(z)nf(dz) is positive or
negative, the function w is bounded and the measure 7% is finite. According to Lemma 7.2(c),

I = w(@O)+ [ xw(@((@0.0)1-p (0.0 de - [ wo((@0). ) ()
[0,6%(2)) [0,0%(2))

= - [/ _xw(e((2,0),1)p*([0,1)) dt +/ ~ w(¢((i°,0)7t))p*(dt)] :
[0,0%(2)) [0,0%(2))
The last equality is by Lemma A.1 and Definition 4.5 of the space W:

w((@0)+ lm [ yw(d((#0),0)dt = lim w(d((#0),T))=0.
T—0%(z) J[0,T) T—6%(%)

We apply the Tonelli Theorem [1, Thm.11.28] to the first integral in the square brackets and again
use Lemma A.1:

Jogoy @@ 000 [ = [ a0 00t @)
= [ (0. )y ()
[0,6(2))
Thus I = 0.

ii) Suppose that u* := inf{u € RY : p*([0,u]) = 1} < 60*(Z). Since measures 7% and nf both
+ A Ui
equal zero on the set {¢((Z,0),t) : t > u*}, it is sufficient to show that

Fimw(@0) + [ xw@ns(do) - [ w(h(dn) =0

where

*

XY= {((£,0),1): 0<t<u*}.
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This expression is well defined because the measure 7 is normal, the integral [ X xw(z)ng (dz) is

positive or negative, the function w is bounded and the measure 7’ is finite. The measure 75 is
non-atomic, and the first integral can be calculated over

X7 = {o((7,0),t): 0<t <u'},

so that, by Lemma 7.2(c),
I = w((z,0)+ / xw(e((2,0),1))[1 —p([0,1))]dt
[0,u*)
—/[0 5 w(@((2,0),1))p"(dt) — w(e((F,0),u"))[1 — p*([0,u"))].
In the last term, [1 — p*([0,u*))] = p*({w*}). Since
w((z,0)) + / xw(9((z,0),1))dt — w(e((z,0),u”)) =0
[0,u*)
(see Lemma A.1), after we subtract this equality from I, we obtain

I'= —/ Xw(qb((i»O)at))p*([(),t))dt—/ w(p((%,0),1))p"(dt) + w(p((Z, 0), u*))p* ([0, u”)).
(0,u*)

[07U*)

Finally, apply the Tonelli Theorem (see [1, Thm.11.28]) to the first term and again use Lemma A.1:

/[O,u*)/[o,t>xw<¢((f’o)’t)) pldu) di = /ou* /M ,0),1) dt p(du)

= /[0 *)[ (¢((2,0),u")) — w(e((Z,0),u))]p* (du)
= W(¢((i,0)7U*))p*([07U*))/ w(p((2,0),u)) p*(du).

[0,u*)

Therefore, I = 0.
The proof is completed. O

Lemma 7.4 Suppose v is a finite measure on V such that v(V N (V x {t : t > 0})) =0, 7 is a
finite measure on 'V x A, ng is a normal measure on 'V and 14 is a finite measure on V which satisfy
equation

0= [ wlwld) + [ xw@intn) - [ w@iado)+ [ wl@a)ids xdo) (1)
1% 1% 1% VXA
for all functions w € W. Then there is a stochastic kernel p(dt|x) on RS)F given V' such that, for 6*

given by
0*(z) :=inf{0 € RS : ¢(x,0) € V°}, (32)

p([0*(z),00)|z) = 0 for all x € V and the measures
i = [ [ , Mol ) & D) ()

and 7H(T) = /V/RO K{o(z,u) € T'}p([u, o]|z)du v(dx), T € B(V)
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satisfy equation
0= [ wewda) + [ xwi)iba) - [ wiis(do (3)

for all functions w € W. Moreover, the set functions fin(I') — 75(T) and 74(T) — 74, (T') on B(V) are
again normal and finite measures, correspondingly.

Proof. (i) Firstly, we introduce several functions, measures and sets , describe their properties and
define explicitly the stochastic kernel p.

The necessary properties of the function 8* were established during the proof of Theorem 4.1. Note
that, for each I' € B(V), the function I{¢(z,u) € I'} is measurable since the flow ¢ is continuous.
Below, (T) := v(I" x {0}) for ' € B(V).

In accordance with Definition 4.3, we introduce the finite measure 74 (dz°) and stochastic kernel
714 (dt|z°) coming from 74(dx). Next, introduce the finite measure

K:=0+1n4
on V and the Radon-Nikodym derivatives

. v , . - dna , .
n(i%) := ﬁ(aco), and a(z°) := ﬁ(xo).

Below, we fix one specific version of the derivative n and of the derivative a. On the set
VvV, ={z"eV: ni® > 0},

we have

g - . a(z’) . o
nAF:/axOKda:O :/ —Zp(dx
1) = o)) = [ 25gias)
for all T € B(V,). See Figure 1. Note that #(V \ V,) = 0.
Since the function I{u < t} of (u,t) is measurable, the integral fRi {u < t}1j4(du|z®) is a mea-

surable function of (2°,¢) (see [5, Prop.7.29]), and hence the function

70 4y . ~0 _ - 0,a(@%) o < 0
G(z",t) == na([0,t]|x )n(j*o) = /0 {u < t}na(dulz )n(jo), eV, teR}

Ry

is measurable. For all i’ € V,, the function G(7Y,-) clearly increases and is right-continuous: it is
constant for ¢ > 6*(2°) and, if ¢; | t € [0,0%(2°)) then 774 ([0, #;]|Z°) | 74([0,¢]|Z%).
Let us introduce the function

u*(i%) = inf{t e R) : G(3%¢t)>1}eRY, eV,

When u*(7%) < oo, this infimum is attained because the function G(7°,-) is right-continuous; and
G(3°, u*(3)—) < 1. To show that the function u*(-) is measurable, note that the function

f(@° 1) = 0o x {G(7°%t) < 1} +t x {G(2°,t) > 1}

is measurable and the function t — f(i%¢) is lower semicontinuous for each i° € V,. Now, the
function u*(z%) = infteRQr f(3%,t) is measurable by [22, Thm.2]; see also Corollary 1 and Remark 1 of

[9]. Note also that if u*(£°) > 6*(°), then u*(Z°) = co. Figure 3 can serve as an illustration.
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For 7% € \7,,, we put

~ a(z0

pI1(3°,0)) = a1 N[0,u"(3%) A 9*(i°))\f°)ngjo;
~ a ‘,i.O
+{u*(7°) < 0% (")} {u*(3°) € I} |1 — ﬁA([O,u*(:EO))]a?O)nEiO))

for all I € B(RY),
and ({00} [(3°,0)) = 1 H(RY|(E,0))

For all other points z € V, we put p({oo}|z) = 1 and p(I|z) = 0 for I € B(RY). Clearly,
p([0*(x),00)|z) = 0 for all x € V. The possible shapes of the distribution function ([0, t]|(2°,0))
are shown on Figure 3.

a(x%)

a) % ﬁA([O;t]Ifo)n(fo) ) %
b) %3 r -
1 1 4
| — 1 =
0" 7, T, 01 T,
u*(%9) u(%3) 07 (%)

Figure 3: Graphs of the function 5([0,]|(2°,0)), see also Figure 4. In case a), p([0,t]|(2},0)) =

ﬁA([O,tH:E(l])a(jz) for all t € RY, u*(29) = 6*(2)) = oo and p(RY|(29,0)) < 1. In case b), 0 < u*(39) <
6%(29), i1a({u*(#9)}|75) > 0. In case ¢), 0 < u*(F]) < 6*(3) < oo, fa({u*(#9)}]#3) = 0.

n(Z3)

(ii) Let us prove that equation (33) holds. Since v(V x {t: t > 0}) =0,
a(T) = /‘7772(F|(550,0))ﬁ(d:i0); and 7j5(T) = /‘7"75(1“\(95070))79((1350)
for all T" € B(V'), where

TA(T|(E0,0) = /R I{$((2°,0), u) € T}(dul (2°,0));

0
+

mH(T)(E°%,0) = /]RO {6((2° 0),u) € T}p([u, o0|(2°,0))du.

The introduced measures 1% and 7% are concentrated on zo X' NV for each Y € V. By the way, un
and nf, are measurable kernels because the flow ¢ is continuous and p is a (measurable) stochastic
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kernel. Now

[ wewtan + / w(a)i(de) = | w@)ita(da)
_ /V w((3°,0)) / /waw )0 (da|(3°, 0))0(di)

-/ / [ a0

= w((7° w(z)n® (dz|(Z° — w(z)n (dz|(7° (dz0).
- /V[ (( ,o>>+/iomx ()t (d] (°, 0)) /MW (2)5(d2](2°,0)) | £(dz°)

The re-arrangement is legal because the function w is bounded, the function xw is positive (or neg-
ative), the measure 775 is normal, and the measures © and 7’ (dz|(Z°,0)) are finite (for all 2% € V).
Equation (33) follows from Lemma 7.3.

(iii) Let us show that 74 — 7, is a finite measure. In case #° € V,, and u*(7°) < 0*(i°),

a(7° a(z°
A @DIE,0) = 1= a0 GV S5 < il GOH) 2 o
because
. v =0y11204 2(2°) 0, %(~0
na([0,u™(Z7)]|2 )n(:i‘o) =G(@",u(27) > 1
Therefore, whether u* (%) < 6*(2°) or u*(z°) > 6*(z°),

~ ~0 ~0 (O>
PN, 0) < na(117°)

for all I € B(RY) and for all 3° € V,,. Now, for each measurable subset I' C V,

B = [ [ (@000 € Tl 0)o(ds')

= o L HO(E 0.0 € Dyl G, 05

o) .
< / V /[0 oy HOUE0) ) € g () )

— / / — I{p((2°,0),u) € THpa(duli®)fa(dz®)
v J10.6+(30))
~0 o ~0\ ~ ~0
< /\7/0,5*(5:0)) {o((2”,0),u) € T}ia(dulz”)ia(dz”)
_ /v I{y € T}iia(dy) = ia(T).

The last but one equality is by Lemma 7.2(a). Hence, 774 — 774 is a finite measure.

(iv) Let us show that 7o > 7 set-wise. Recall that the measure 75 is normal. It is convenient to
consider, with some abuse of notations, the images 7q, 7);; and 7 of the measures 70, 775 and 77(- X A)
as in Definition 4.3. Recall that 7o > 775 < 7o > 7. Now, according to Lemma 7.2(a,b), equation
(31) takes the form:

0 = /V w(#,0)7(d2") + [ xwl0((,0),u))ia(di® x du) (34)
L w0 w)a(duliiad) + [ w (o, 0), )iz x du),
Vv J]0,6*(z0)) D
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where
W) = [ (. )i daly) (3)
and the stochastic kernel 77 (daly) comes from the decomposition
i(dy x da) = 7" (daly)7i(dy x A).

According to [7, V.1;Thm.1.5.6], it suffices to show that the value of the measure 7 is greater or
equal to the value of %); on each set of the form

Yo ={@u): & el, 1 <u<Tynf*(@)}, TeB(V), 0<TI <T < oo

See Figure 4 and also Figure 3 for illustration.

t
. _ Enn—O
rl } //\//4/7/0////75\"‘ N
\L\ YY:B j }\ﬁ,'jzo
=

Figure 4: Space D = {(2°,¢) : $(i°t) € V} and “rectangle” Yr 7, p- The points 79,29, 7 belong to
V, C V. The dashed area is the part of Y7 1,1 where 7 might be positive.

Note that, in case I' € V\'V,,, since v((V\V,) x{0}) = 0, 7 6 (Yr, 1, ) = 0 and hence #jo (Y, 7, 7)—
Yy, ) > 0 for all Ty, Ty. Therefore, below in this proof, we assume that rcv,.
To use equality (34) for calculating 7jo (Y7, 1, ), we put

XwThT%f(Qb((joaO)vu)) = —]I{(;onu) € YTLTQj‘}v

and consider the following positive function decreasing along the flow:

wTLTQj(y) = wThTQ,f((gv t)) (36)
Ty A6*(h(y)) — Ty AG*(h(y)), if0<t<Tr;
= I{h(y) €T} x { Ty AG*(h(y)) —t, if Ty <t <Ty AO*(h(y));
0, if t > Ty A O*(h(y)).

See Figure 5. The function h was introduced in Definition 4.2. Clearly, wp, 5, x € W for all 0 < T <
Ty < 0o, T € B(V), and

wyy g, 7((2°,0)) = {z° € T} <T2 AO*(E0) — Ty A é*(:f:“)) :
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Tz’\é*(h(}’)) -T;

t

0 T; Tz/\é*(h()’))

Figure 5: Graph of the function wy, 7, 5((9,t)) = wp 7 f((q;(j’so, t),t)) for a fixed value of h(y) = 7° €
T and 6*(h(y)) > T1.

i Ty A O*(2°0) — Ty A 6*(20),  if u < Ty;
wThszw((:ﬁO, 0),u)) =1{z° € T} x { Tp AO*(2°) —u, if Ty < u < Ty AG*(20);
0, if u > Ty A 0*(3°).

The expression (35) takes the form
WA pp@) = [ wn g, (0 daly)

From equality (34), using the expression 74(dz°) = Zgg%ﬁ(dio), we have for

Do :=Tn{i": 6*i° >1}:

- / / (705 (@) — ] i (duli®) ) 5 a70)
'y J (11, TonG*(39)] n(z9)
4 /D wh L (6((3,0),0)0(dz° x du).

For the last but one integral, note that 7 A({é’i(:ﬁo)}ﬁo) = 0 for f)4-almost all 7° since 74 is concentrated
on V. The corresponding integrals over I \ 'y equal zero and hence are omitted; the last term above,
denoted below as J(I'), is positive. According to Lemma A.2, for fj4-almost all 20 € Ty,

/ ) [u Ty A é*(:z«o)] i (dulz®) = / C [u— T ia(dulz®)
(Tl T NO* (i‘o)] (T1 S ToNO* (EO)}
— | A6 (@) = ] na((T1, T 1 6%(@)][2°)
= [Tg A 0% (7°0) — Tl] ia([T1, Ty A 6 (29))]2°) — / i fa([T1, Ty + 5)|2°)ds
(0,T2AG* (70)—T1]
. [TQ A G*(50) — Tl} ia((Th, Ty A 6% (39)]|2°),
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so that

oYy, ) = /F [TQ A G (30) — Tl] P(di°) — /F [TQ A G (30) — Tl] 7.4(]0, T1]|7°) () D(di®)

+/f [TgAé*(gzO) —Tl} ﬁA({TI}jO)z<§O)ﬁ(dgz0)
—/ / - ia([T1, Th + 8)|7")ds & )ﬁ(dx ) + J(I)
16 J(0,T2N0*(z9)—Th] nlx
- / |72 003" } A(dio)—/f EYXACOENH ﬁA([o,TI)@O)“(jfz)

/ / ([T, )| du “(:O)Q(dx )+ J(D). (37)
Ty J(T1,TanG* (£9)] n(z9)

According to the definitions of the measures 7, and 7,

!

B0 0) = T W) = [ [ HE0 €35, 1) (1= 001, 00) d 205"
= / / I{z° € T} (1 - ([0, w)[(2°,0))) du D(dz°) (38)
v J [T, TeNG*(20))

_ // du 9(di®) // 50, T1)[(2°,0))
Tl,Tg/\O* IO) Tl,TQ/\G* LEO)

+p([T1,u)|(2°,0))) du 0(dz°)
_ / [Tﬂe*(:zo)—zﬂ D(di®) — / ([0, 71)|(3°, 0)) [TQAQ*(@) Tl} D(d7°)
Fg FQ

—// ([T, w)[(3°,0))du p(d3Y).
Ly J (T1,TaN0* (£°)]
Since Y.

11,15, F\fg = ®’

ﬁD (YT17T27f‘\f‘9) - ﬁ/D (YT17T27f\f‘€) - 0

It remains to consider the set T'g. Below, we split it into three measurable subsets:

I = Lon{i®: v @) <1},
Ty = Tyn{i®: u*(@°) > Ty A 6" (E0)},
and T3 = Tyn{i’: Ty <u*(@°) < Th A 6" (2°)).

_ For each ¥ € Ty, 5([0,u)|(2°,0)) = 1 for all u € [Ty, Ty A 6*(2°)). Hence, according to (38) with
=1y, ﬁli‘(YTl,Tz,fl) =0 and

U= (YT1,T271;1) o 77/'3 (YT17T271;1) = 0.

For each #° € 'y (see the point ) on Figure 4),

a(z°
p([0,71)[(2°,0)) = 7j4([0, Tl)]:%o)niiog and p([T1,u)|(2°,0)) = 7a([T1, u)\:%o)n@o)

for all u € (T}, Ty A 0*(2°)]. Therefore, by (37) and (38),

< ~/

"o (YT1,T2,1~“2) s (YTl,Tg,fg) =J([2) > 0.
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For the set T'3 (the typical points in '3 are 29 and 3 on Figure 4), we compute ia(Yp, 1, 7,) and

nh (YTl,Tg,fg) using the representation Y, 7, 5. = Y'UY?, where

Yi={(@%u): 2% els, T1 <u<u* (@)} V2:={(@%u): i e Ty, u* (@) <u<Tyn0% @)}
To compute 7j5(Y!), we introduce the function

“(hy)) =T, ift<Ty;
*(h(y))—t, Ty <t<u*(h(y));
if t > u*(h(y))

w(y) = w((§,t)) = H{hly) € T} x

S 2 g

(cf (36)). Calculations similar to those presented above, lead to the following version of expression
(37):

i) = [ @) =T o(a®) ~ [ 0@ = T a0 1)) 1) o ()

3
. ~ a(iO)A ~0 1
— fa([T1, u)|7°)du —==20(dz°) + I
/. /(Tw*@o)] AT ) & 2 (d)

The last term is similar to J (f‘), its calculation is based on the function similar to w? : one only

Ty, T,T"
has to replace I' with I's and 6*(-) with u*(-). Like previously, J* > 0. Again, similarly to (38), we
have

hyt) = /F [w*(3) — Ty] #(di®) /F [*(3) — Ta] (0, T) | (2°, 0))(d2”)
L[ a0 ()
T3 J(Ty,u* (29)]

and, like in the case of fg, for each T € I's

a(i"o)
and p([T1,u)|(2°,0)) = 7a([T1,u)|7°)

5([0,71)|(z°,0)) = ﬁA([OaTl)lfo)n(jg) n(z0)

for all u € (T1,u*(2°)]. Therefore,
s (V) =i (Yh) = J' > 0.

Finally, similarly to (38),
b (Y?) = / / 1 ([0, w3, 0)))du #(di°) = 0
s Ju*(29),Ton0*(20))

because for each ¥ € I's, p([0,u)|(2°,0)) = 1 for all u > u*(i°). Hence,
o(Y?) —in(Y?) > 0.

To summarize, 7o(Y7, 1, 7,) — ﬁ’D(YThT%f?)) > 0, and thus oYy, 5, ) — ﬁID(YTl,TQ,f“) > 0 for all
FeB(V)and 0 < Ty < Tp < 0.

Therefore, 7o > 1 set-wise on D, and hence 7o > 75 on V. Since the measures 7jg and 7, are
both normal, the difference o — 7 is a normal measure on V' by Lemma 4.2(b).

The proof is completed. O

36



Proof of Theorem 4.2. When z € V¢, we fix m;(df x da) := d+(5)(df x da), where f*(x) = (c0,a) as
usual. Below, for two finite or normal measures ¢! and ¢ on V, the inequality ¢!(dz) < ¢(?(dx) is
understood set-wise. The same concerns measures on V' x A.

Let p';(da|x) be the stochastic kernel on A given V' coming from the decomposition n(dz x da) =
p's(da|z)n(dz x A). For all ¢ > 1, we put

pa(dalz, 0) = ply(dale(z,0))

forz € V, 0 < 6*(x), and pY (da|z, 0) is an arbitrarily fixed stochastic kernel on A for z € V, 6 > 6*(x).
We will prove by induction the following statement.
For each ¢ > 1, there is a stochastic kernel m; on B = R(}r x A given V| having the form

7i(d x dale) = pir(d6|2)py (dalz, 9),

such that, for each n > 1 and the sequence {m;}}" ;, the following assertions are fulfilled.
(i) pr([0*(x),00)|x) = 0forz € V,i=1,2,...,n, and the (partial) aggregated occupation measures
Wk o, defined as in Lemma 7.1, exhibit the following properties:

n"(dz x O)
7"(dz x da) = 7" (dx x A)p/y(da|z)

n(dz x O) and

<
< n(dz x A)py(da|lr) = n(dz x da) on B(V x A).

(ii) The measure v"(dz) := P] (X, € dx) on V is such that, for each function w € W,

0 = /V w(a)"(dx) + /V (@) — 7 (de x 0) — /V w(@) — 7"(dz x A)
" / w(l(z, @)y — 7] (de % da), (39)
VxA

and all the integrals here are finite. Note that v™ is uniquely defined by the finite sequence {m;}? ;:
see (4); moreover, v"(V x {t: t > 0}) = 0.

After that, 7" := {m;}32, will be the desired Markov strategy.

When n = 0, 7°(dy x O) = 0, 7°(dy x da) = 0, and v°(dx) = d,,(dz). Assertions (i) and (ii) are
obviously fulfilled because the normal measure 7 satisfies equation (21).

Suppose assertions (i) and (ii) hold true for i = 0,1,2,...,n > 0. We apply Lemma 7.4 to the
measures v := V", fjg := (n—7")(dz x 0), 4 := (n—7")(dz x A), and 7 := (n—7")(dx X da) satisfying
equation (39). All of them are finite, maybe apart from 7o, which is normal by Lemma 4.2(b) and
Lemma 7.1. As a result, we have the stochastic kernel p(dt|x) on RS)F given V' and the measures

a(dz) < (n—7")(dz x A) and fjp(dz) < (n—7")(dz x O) (40)
on V', which satisfy equation (33):

O—/Vw(m)vn(dx)—i—/vxw(m)ﬁ’m(dx)—/Vw(:c)ﬁ;l(dx), we W. (41)

All the integrals here are finite.
For x € V', we put

P (doe) = pldo]).
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Then by Lemma 7.4, pit([0*(z), 00)|z) = 0 for all € V. All the kernels {m;}?; were built on the
previous steps of the induction. According to the definition of the measure 17”+1

ﬁn+1(F x0) = T x 0) +/ . O(a, u)( )p([u, ool |z)du v" (dx)
v JRY,

= 7" x 0O)+75(T) < n(T x O), I'e B(V); (42)
I x A) = (T x A) + / / b o) (D)(du ) (dr) = i7(T % A) + 4(T) < (T x A)),
IeBV (43)

Inequalities are valid according to the basic properties of the measures 7j; and 7, presented in (40).
Recall that

PO T = W) [ e 08 Cale, O @0l ),
I'x EB(V), T'a EB(A).

Since v*(V x {t: t > 0}) = 0, the last term equals
Fim [ [ 20650, (TP A0, 0)AA0IE0)57 (65), (14)

where 7"(T) := v™({(2°,0), 2° € I'}). According to Lemma 7.4, for all T' € B(D) and for the mapping
F' as in Definition 4.2,

a(F(T) = / / I{e((2°,0),u) € {y = ¢((2",0),t) = (°,¢) € T}} p(dul(z°,0))5"(dz°)
vV JRY
= [ [ 1@ € r)ptaul @, 0)im a) = a0
Lemma 7.2(a) implies that, for each bounded measurable function g on V/,

</ _ -0 2/ 1-0 _ ~0 - =0 M\ (0
[ sttt = [ ot o mpin(a x = [ [ glo(@00, wypta ", 05" ).

(45)
Therefore, for each I'x € B(V),

- / 52(Tx ) (T a2 (dz) = / Pa(T al) T (d2),
Vv I'x
meaning that on B(V x A)
7" (de x da) = 7"(dx x da) + p)s(da|z)iy(dz) = 7" (dx x A)p/y(da|z) + 7y (dz)p/y (dalz)

= "} (dz x A)p)s(da|z)
< i"(dz x A)ply(dalz) + [n — 7"|(dx x A)pls(dalz) = n(dz x A)p)s(dalz).
The second equality is by the inductions supposition, the third equality follows from (43), and the

inequality is according to the basic property (40) of the measure 77/;.
Property (i) for n 4 1 is established, recall also inequality (42).
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For the proof of Item (ii), note that, by (39) at n, (41), (42), and (43), we have equation
= w(z)[n — 7" (da w(w 7" (da
0 = [ xw@ln =i < 0) = [ wly -7 x A)
w(l(xz,a 7" (dz x da w(l(z, a)[7 T = 7™)(dz x da
[l — e x<da)+ [ e a) i =) x da)

valid for all functions w € W, and all the integrals here are finite. According to property (i) for n
and n + 1, the stochastic kernel p/y(da|x) is the same in the decompositions 7" (dzx x da) = 7" (dx x
A)p',(dalx) and 7T (dx x da) = 7T (dx x A)p/y(dalx). Thus, the last integral, according to (43),

equals
| [ it apsacia)ie),

i.e., the function w is integrated with respect to the measure
() = [ [ S Orlatdala)ilde). T B,

and it remains to show that this measure coincides with v”t! on V.
From equation (45), we have for all I" € B(V):

— [ oy (Da(dalo(@,0),u)p (dul (3, 0)5" (0,
v J[0,6+(30)) JA
and, keeping in mind that ™*(V x {t: t > 0}) = 0, we have from (4):
o) = [ 0w OFE (dal @, 0), )5 (d81(°,0))5" (d2°) = m()
v J0,0%(@9) JA

for all T € B(V) because p’;™ = p/,.

The proof of the induction statement for n 4+ 1 is completed.

According to Lemma 7.1, for the constructed Markov strategy m = {m;}32, and for the corre-
sponding aggregated occupation measure 7], we have the convergence 7" 1 7} set-wise as n — oo. Since
7" < n set-wise on V' x Ap, the desired set-wise inequality n < n follows.

All the properties enlisted in Definition 3.1 are obviously satisfied for the strategy . O

Proof of Corollary 4.1. We denote by Val(16) and Val(20) the minimal values of linear programs (16)
and (20),(21), respectively. Recall that linear program (16) has an optimal solution by Proposition
3.1.

Suppose the finite measure u* on V xRY x A (concentrated on M x A) solves linear program (16).
Then the aggregated occupation measure n*, induced by p*, is normal by Lemma 4.2(a) and satisfies
equation (21) according to Theorem 4.1. The constraints-inequalities are also fulfilled by n*. Thus

oo > Val(16) = / Co(z,a)n*(dz x da) > Val(20).
VXAD

In case the last inequality is strict, there exists a feasible solution 7 to linear program (20),(21)
satisfying inequality

/ Co(z,a)n(dz x da) < Val(16).
VXAD
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Consider the induced reasonable Markov strategy "7 as in Theorem 4.2 and the corresponding aggre-
gated occupation measure 7). Since C; > 0 for j = 0,1,...,J, all the conditions in linear program (16)
are satisfied for ™" and

/ Co(z,a)n(dz x da) < / Co(z,a)n(dz x da) < Val(16) < co.
VXAD VXAD

The measure p™ cannot take infinite value as explained above linear program (10), (11). We obtained
a contradiction to the optimality of the measure p*. Hence, Val(16) = Val(20), and the measure n*
solves linear program (20),(21).

Suppose now that the measure n* on V' x Ap solves linear program (20),(21) and consider the
reasonable Markov strategy 7* = 7" as in Theorem 4.2. The corresponding occupation measure
p™ is feasible in linear program (16). More detailed reasoning is similar to that presented above.
Therefore, for the aggregated occupation measure 77 induced by p™ , we have relations

Val(16) < /

Co(z,a)n(dz x da) < / Co(z,a)n*(dz x da) = Val(20).
VxAnp

VxAn

But we have shown that Val(20) = Val(16), so that
/ Co(z,a)n(dx x da) = Val(16)
VXAD

meaning that the measure p™ solves linear program (16). The proof is completed. O
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A Appendix

Lemma A.1 and its proof presented below are similar to Lemma 2.2 in [12], where the authors assumed
that F¥ was a subset of an Euclidean space.
Let F be an arbitrary set and ¢ : E X Rg — F be a flow in E possessing the semigroup property.

Definition A.1 A function w : E — R is said to be absolutely continuous along the flow if for all
x € E the function t — w(¢(z,t)), t € RY is absolutely continuous. It is called increasing (decreasing)
along the flow if so is the function t — w(¢(z,t)), t € R for all x € E.

Lemma A.1 Suppose function w is absolutely continuous along the flow ¢. Then the following as-
sertions are valid.

(a) There exists a function xw : E — R such that, for any x € E, the function xw(¢(x,s)) is
Lebesgue integrable with respect to s on any finite interval [0,t] C Rg and

w(é(, 1)) — w(z) = /[0 RUCEOIR (46)

forallxz € E andt > 0.

(b) If, additionally, E is a measurable space (that is, is equipped with a o-algebra of subsets), w
is measurable, and the functions ¢(-,t) : E — E are measurable for all t > 0, then the function xw
satisfying (a) can be chosen measurable.
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Proof. We provide one common proof for (a) and (b) underlining the measurability properties as soon
as they appear.
Define the functions

e w((, 1)) — w(@)

W(fL’) = hmng)oo 1/7’1, ) pASE =AMy o 1/n

and the set D := {z € E: W(x) = W(z) # £oo}. Let us additionally define the function W : D — R
by W(z) := W(z); that is, W(z) coincides with the limit limy, o0 n [w(¢(z, 2)) — w(z)], if it exists
and is finite.

If w and (-, t) are measurable, then w(¢(z, 1)) is also measurable. Hence the functions W and W
are measurable as the upper and lower limits of the sequence of measurable functions n [w(¢(z,1/n))—
w(z)]. Consequently, the set D is also measurable.

Define the function yw on E by

W(z), if =€ D;

g(x), otherwise, (47)

xw(z) = {
where ¢ is any function. In the measurable case we take g to be measurable and readily get that yw
is also measurable.

Since w is absolutely continuous along the flow then for any x € E there exists a subset of full
measure T, C Ry such that the derivative % w(p(z,t)) exists and is finite for all values ¢t € T,. For
any such value (let it now be denoted by s € T,) we can write down the following (below we denote
2’ = ¢(x,s) and use the semigroup property of the flow)

dW(cﬁ(wat))J

— lim w(¢(x’ 5+ 5)) - w((b(x? S)) = lim w(qb(l‘,, %)) - w(fE/)
dt '

e—0 £ n—00 1/n

The latter value exists and is finite, and therefore coincides with W (z'). This argument also shows
that ¢(z,T,) C D.
Since w is absolutely continuous along the flow, one can write down

B T I o)) ds
wow )~ = [ SIGED s [ W) ds

Now taking into account that [0, ¢]\ 7, has Lebesgue measure zero and xw is an extension of W to E,
we conclude that the latter integral coincides with f[o 1 xw(¢(z,s))ds, and so, formula (46) is proved.
a

Proof of Lemma 4.1. In this proof, let us denote by p and 5 the compatible metrics on X x Rg and X.
If y,, — y, where y,, = (U, tn), y = (§,t) € X, then the sequence {¢,}°°; is bounded: ¢,t, € [0,T] for
some T" < 00. Now p(h(yn), h(y)) < supsecpo) d(t)p(yn,y) — 0. Thus, h is continuous. The continuity

of the mapping h and of the original flow ¢ immediately implies that the flows gE and ¢ in the reverse
time are continuous.

The mapping F' is continuous because the flow gzNS is continuous. It is a bijection from X x RS’F
to X, and the inverse mapping F~!(y) = (h(y),7,) is continuous, as has been proved above. (For
y = (y,t) € X, 1, =t is obviously a continuous function of y.) Thus, F' is a homeomorphism, and X
is a Borel space, being the homeomorphic image of the Borel space X x IR{S)F. See also [5, Prop.7.15].
O
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Proof of Lemma 4.2. (a) The measure 7 is finite on V' x A because the measure p is finite. Recall that
the measure y is concentrated on V x {0} x RY x A. For the measure n(dz x 0) on V, we have

o) = o) <o) = [ { [ 16010 € FOlan x (0} x .50 < A) fdu
_ /R3 {/Vn{(aé,u)er}ﬂ(d:zx{()}x [, o] xA)}du
[t e} [ pr(lu,ooll,0), a)pa(dal @,0))du p(d x {0} x B x A),
v JRY A

for all I" € B(D): see (13) and (14). Thus, n on V' x Ag is normal.

(b) As mentioned in the proof of part (a), n(V x A) < o0

Consider the measures (!(dy) := n'(dy x O), ¢*(dy) := n*(dy x O), and ((dy) := n(dy x O). Since
¢ >0, we have ( = (1 — (2> 0 as well. If

CH(di x du) = ¢* (2%, u)du L'(di®) and (%(dz° x du) = ¢*(&°, u)du L?(dz°),

then we put L := L' + L? and
N dLt o .dL? o dL' o \dL?
o0 = [0 G 2) = @) @) 1@ G ) - @) @) 2 0}

The measurable set

~ . 1 1.2
= {(azo,u): P eV, 0<u<d* (@), ¢tz u)C;LL (%) — g*(2", u)‘;L( ) <0} cD

is null with respect to the measure L(di") x du because, otherwise, we would have for some ¢ < oo,
fF L(d#®) x du > 0 for the set

Dy=Tn{E%u): 3%V, ut},
and yield a desired contradiction:
dL? o \dL? . y §
0> [ '@ 0% @) - @0 % )| D) x du= T - B = E(r) 20
I

with all the terms being finite. Now, for ¢ = ¢! — (2, we have
C(di° x du) = (M (dz° x du) — ¢*(di° x du) = g(3°,u)du L(dz°),
and the proof is completed. O

Lemma A.2 Suppose m is a finite measure on R. Then, for each 7,t € R,

tm((r 7 +1]) :/

0 m([r, T+ s))ds + / (s —7) dm(s)

(7,7 +¢]

and

tm((r 7 + 1) :/

on m([r, T+ s))ds + / (s —7) dm(s).

[r,7+1)
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Proof. For all cadlag (i.e., right-continuous with left limits) real-valued functions U and V on R with
finite variation (on finite intervals),

Ul(ta)V (ta) = U(t1)V(t1) +/

(tl 7t2]

U(s—) dV (s) + / V(s) dU(s) (48)

(t17t2]

for any —oo < t1 < to < co. (See [8, Appendix A4,§2].) Equivalently, in the symmetric form:

U(t2)V (t2) —U(tl)V(tl)Jr/(t "

U(s—)dV(s)+/ V(s—)dU(s)+ > AU, AV,

(tl’tQ] uE(tl,tz}
Introduce cadlag functions of finite variation (on finite intervals):
U(s) :==m([r,s]) and V(s):=s—7, seR

Then, for ¢t > 0, applying the previous formulae to t; = 7 and t5 = 7 + t, we see that

(7 +1]) = / m(([r, s))ds + /(s—T) dm(s)—/m([T,T—i-s))ds—i— /(s—r) dm(s)

(7,7+t] (m,7+t] (0,¢] (7,7+t]
= / m([T, 7 + s))ds + / (s —7) dm(s). (49)
[0,¢] [r,7+1]
For the last equality to be proved, it is sufficient to consider a strictly increasing sequence t; Tt > 0
and pass to the limit in (49). The case t < 0 is trivial. O
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