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THE LEAST SINGULAR VALUE OF A RANDOM SYMMETRIC
MATRIX

MARCELO CAMPOS, MATTHEW JENSSEN, MARCUS MICHELEN, JULIAN SAHASRABUDHE

ABSTRACT. Let A be a n x n symmetric matrix with (4, ;)i<; independent and identically
distributed according to a subgaussian distribution. We show that
P(omin(A) < e/vn) < Ce+e ",

where opin(A4) denotes the least singular value of A and the constants C,c > 0 depend
only on the distribution of the entries of A. This result confirms the folklore conjecture
on the lower tail of the least singular value of such matrices and is best possible up to
the dependence of the constants on the distribution of A; ;. Along the way, we prove that

the probability that A has a repeated eigenvalue is e (") thus confirming a conjecture of

Nguyen, Tao and Vu.

1. INTRODUCTION

Let A be a n x n random symmetric matrix whose entries on and above the diagonal
(A;;)ic; are ii.d. with mean 0 and variance 1. This matrix model, sometimes called the
Wigner matrix ensemble, was introduced in the 1950s in the seminal work of Wigner [44],
who established the famous “semi-circular law” for the eigenvalues of such matrices.

In this paper we study the extreme behavior of the least singular value of A, which we
denote by opin(A). Heuristically, we expect that opin(A) = O(n~1/2) and thus it is natural
to consider

P(0min(A) < en™?), (1)

for all ¢ > 0 (see Section [[2]). In this paper we prove a bound on this quantity which is
optimal up to constants, for all random symmetric matrices with i.i.d. subgaussian entries.
This confirms the folklore conjecture, explicitly stated by Vershynin in [40].

Theorem 1.1. Let ¢ be a subgaussian random variable with mean 0 and variance 1 and
let A be a n x n random symmetric matriz whose entries above the diagonal (A;;)i<; are
independent and distributed according to (. Then for every e > 0,

P 4 (0min(A) < en~2) < Ce + =", 2)

where C,c > 0 depend only on (.

¢

This conjecture is sharp up to the value of the constants C, ¢ > 0 and resolves the “up-to-
constants” analogue of the Spielman—Teng conjecture for random symmetric matrices (see
Section [[2)). Also note that the special case ¢ = 0 tells us that the singularity probability
of any random symmetric A with subgaussian entry distribution is exponentially small,

generalizing our previous work [4] on the {—1, 1} case.
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1.1. Repeated eigenvalues. Before we discuss the history of the least singular value prob-
lem, we highlight one further contribution of this paper: a proof that a random symmetric
matrix has no repeated eigenvalues with probability 1 — e=%(),

In the 1980s Babai conjectured that the adjacency matrix of the binomial random graph
G(n,1/2) has no repeated eigenvalues with probability 1 — o(1) (see [3§]). Tao and Vu [3§]
proved this conjecture in 2014 and, in subsequent work on the topic with Nguyen [25], went
on to conjecture the probability that a random symmetric matrix with i.i.d. subgaussian
entries has no repeated eigenvalues is 1 — e=*"). In this paper we prove this conjecture en

route to proving Theorem [I.1], our main theorem.

Theorem 1.2. Let ( be a subgaussian random variable with mean 0 and variance 1 and
let A be a n x n random symmetric matriv where (A; ;)i<; are independent and distributed

cn

according to (. Then A has no repeated eigenvalues with probability 1 — e~ ", where ¢ > 0 is

a constant depending only on (.

Theorem is easily seen to be sharp whenever A; ; is discrete: consider the event that
three rows of A are identical; this event has probability e=® and results in two 0 eigenvalues.
Also note that the constant in Theorem can be made arbitrary small; consider the entry
distribution ¢ which takes value 0 with probability 1 — p and each of {—p~%/2 p~1/2} with
probability p/2. Here the probability of 0 being a repeated root is > e~(+orn,

We in fact prove a more refined version Theorem which gives an upper bound on the
probability that two eigenvalues of A fall into an interval of length €. This is the main
result of Section [l and an important step in the proof of Theorem [LLI For this, we let
M(A) > ... > A\, (A) denote the eigenvalues of the n x n real symmetric matrix A.

Theorem 1.3. Let ( be a subgaussian random variable with mean 0 and variance 1 and
let A be a n x n random symmetric matriv where (A; ;)i<; are independent and distributed
according to (. Then for each ¢ < cn and all € > 0 we have

max P(|Ar(A) — M(A)] < en™/?) < (Ce)' +2e7,

X

where C,c > 0 are constants, depending only on (.

In the following subsection we describe the history of the least singular value problem.
In Section [[L3] we discuss a technical theme which is developed in this paper and then, in
Section 2 we go on to give a sketch of Theorem [L.1]

1.2. History of the least singular value problem. The behavior of the least singular
value was first studied for random matrices B,, with i.i.d. coefficients, rather than for sym-
metric random matrices. For this model, the history goes back to von Neumann [42] who
suggested that one typically has

Umin(Bn) ~ n_1/27

while studying approximate solutions to linear systems. This was then more rigorously

conjectured by Smale [33] and proved by Szarek [35] and Edelman [9] in the case that
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B, = G, is a random matrix with i.i.d. standard gaussian entries. Edelman proved the
stronger result that

P(0min(Gn) < en™'?) e, (3)

for all € > 0 and gave an asymptotic expansion for this probability when ¢ is fixed and
n — o0o. While this gives a very satisfying understanding of the gaussian case, one encounters
serious difficulties when trying to extend this result to other distributions, as Edelman’s proof
relies crucially on the special tools available only in the gaussian case. In the last 20 or so
years, intense study of the least singular value of i.i.d. random matrices has been undertaken
with the overall goal of proving an appropriate version of (3] for different entry distributions
and models of random matrices.

An important and challenging feature of the more general problem arises in the case of
discrete distributions, where the matrix B, can become singular with non-zero probability.
This singularity event will affect the quantity (Il) for very small ¢ and thus estimating the
probability that oy, (B,) = 0 is a crucial aspect of generalizing (B]). This is reflected in the
famous and influential Spielman-Teng conjecture [34] which stipulates the bound

P(0min(Ba) < en™'/?) < £ 427, (4)

where B,, is a Bernoulli random matrix. Here this added exponential term “comes from” the
singularity probability of B,.

In this direction, a key breakthrough was made by Rudelson [29] who proved that if B,
has i.i.d. subgaussian entries then

P(Umin(Bn> < 5n_1/2) < C’e’:‘n + n_1/2 .

This result was extended in a series of works [31],136,39,[43] ultimately terminating in the
influential work of Rudelson and Vershynin [30] who showed the “up-to-constants” version
of Spielman-Teng:

P(omin(Br) < 5n_1/2) < Ce+e (5)

where B,, is a matrix with i.i.d. entries that follow any subgaussian distribution and C,¢ > 0
depend only on (.

While falling just short of the Spielman-Teng conjecture, the work of Rudelson and Ver-
shynin [30] and its subsequent refinement by Tikhomirov [23] and Livshyts, Tikhomirov
and Vershynin [23] (see also [22,28]) leave us with a very strong understanding of the least
singular value for 7.7.d. matrix models. However, progress on the analogous problem for ran-
dom symmetric matrices, or Wigner random matrices, has come somewhat more slowly and
more recently: in the symmetric case, even proving that A,, is non-singular with probability
1 — o(1) was not resolved until the important 2006 paper of Costello, Tao and Vu [§].

Progress on the symmetric version of Spielman—Teng continued with Nguyen [26] and,
independently, Vershynin [40]. Nguyen proved that for any B > 0 there exists an A > 0 for

3
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P(omin(An) < n_A) <n B.

Vershynin [40] proved that if A, is a matrix with subgaussian entries then, for all € > 0, we
have

P(0min(An) < en7H) < G0 4 267 (6)

for all n > 0, where the constants Cj,c > 0 may depend on the underlying subgaussian
random variable. He went on to conjecture that e should replace £/® as the correct order of
magnitude and that e=" should replace e™

After Vershynin, a series of works [3L[6L17.[1820] made progress on singularity probability
(i.e. the € = 0 case of Vershynin’s conjecture), and we, in [4], ultimately showed that the
singularity probability is exponentially small, when A; ; is uniform in {—1,1}:

P4, (det(An) = 0) < e,

which is sharp up to the value of ¢ > 0.
However, for general ¢ the state of the art is due to Jain, Sah and Sawhney [20], who
improved on Vershynin’s bound (@) by showing

under the subgaussian hypothesis on A,,.

¢ another very different and powerful set of techniques

For large e, for example ¢ > n~
have been developed, which in fact apply more generally to the distribution of other “bulk”
eigenvalues. The works of Tao and Vu [36,37], Erdés, Schlein and Yau [11,12,[14], Erdds,
Ramirez, Schlein, Tao, Vu, Yau [10], and specifically Bourgade, Erdés, Yau and Yin [2] tell

us that
]P)(O-min(An) < 577'_1/2) < e+ O(].),

thus obtaining the correct dependence on e asymptotically. We note however that it appears

these techniques are limited to these large ¢ and different ideas are required for e < n=¢,

and certainly for € as small as e=©(),
Our main theorem, Theorem [[. Tl proves Vershynin’s conjecture and thus proves the optimal

dependence on ¢ for all € > e~ up to constants.

1.3. Approximate negative correlation. Before we sketch the proof of Theorem [LL1 we
highlight a technical theme of this paper: the approximate negative correlation of certain
“linear events”. While this is only one of several new ingredients in this paper, we isolate
these ideas here, as they seem to be particularly amenable to wider application. We refer
the reader to Section [2] for a more complete overview of the new ideas in this paper.

We say that two events A, B in a probability space are negatively correlated if

IWe note that this result is actually proved for all matrices of the form A, + F, where F is any fixed
n X n matrix and the entries of A,, have mean 0, but need not be identically distributed and may have large

variances.
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P(AN B) < P(A)P(B).

Here we state and discuss two approzimate negative correlation results: one of which is from
our paper [4], but is used in a entirely different context, and one of which is new.

We start by describing the latter result, which says that a “small ball” event is approx-
imately negatively correlated with a large deviation event. This complements our result
from [4] which says that two “small ball events”, of different types, are negatively correlated.
In particular, we prove something in the spirit of the following inequality, though in a slightly
more technical form, which will be sufficient for our purposes:

Py (I(X,0)] < £ and (X, u) > t) < Px(|(X, 0)] < &)Px((X,u) > 1), (7)

where u, v are unit vectors and ¢, > 0 and X = (X3,...,X,,) with i.i.d. subgausian random
variables with mean 0 and variance 1.

To state and understand our result, it makes sense to first consider in isolation the two
events present in (7). The easier of the two events is (X, u) > ¢, which is a large deviation
event for which we may apply the essentially sharp and classical inequality (see Chapter 3.4
in [41])

Px((X,u) >t) < e,

where ¢ > 0 is a constant depending only on the distribution of X.

We now turn to understand the more complicated small-ball event |(X, v)| < e appearing
in (7). Here, we have a more subtle interaction between v and the distribution of X, and
thus we first consider the simplest possible case: when X has i.i.d. standard gaussian entries.
Here, one may calculate

Px([(X,v)] <€) < Ce, (8)

for all € > 0, where C' > 0 is an absolute constant. However, as we depart from the case when
X is gaussian, a much richer behavior emerges when the vector v admits some “arithmetic
structure”. For example, if v = n~"2(1,...,1) and the X; are uniform in {—1,1} then

Px(|(X, )] <) =O(n'7),

for any 0 < & < n~'/2. This, of course, stands in contrast to (8) for all ¢ < n~/? and
suggests that we employ an appropriate measure of the arithmetic structure of v.

For this, we use the notion of the “least common denominator” of a vector, introduced
by Rudelson and Vershynin [30]. For parameters o,y € (0,1) define the Least Common
Denominator (LCD) of v € R™ to be

Dy (v) := inf {gb >0 |j¢v]lr < min {y¢|v]2, van} } 9)

where ||v[|r := dist(v, Z™), for all v € R”. What makes this definition useful is the important
“inverse Littlewood-Offord theorem” of Rudelson and Vershynin [30], which tells us (roughly
speaking) that one has (8) whenever D, (v) = Q(¢~!). We may now state our approximate

version of ([7l), which uses D, ~(v)™! as a proxy for P(|{(X,v)| < ¢).
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Theorem 1.4. Forn € N, ,t > 0 and o,y € (0,1), let v € S*™ ! satisfy Dy ~(v) > C/e and
let w € S* L. Let ¢ be a subgaussian random variable and let X € R™ be a random vector
whose coordinates are i.i.d. copies of (. Then

Py (|(X, )| < e and (X,u) > t) < Cee " 4 e~ clontt’),
where C,c > 0 depend only on v and the distribution of C.

In fact, we need a significantly more complicated version of this result (Lemma [5.2]) where
the small-ball event |(X,v)| < € is replaced with a small-ball event of the form

|f(X1>>Xn)| < g,

where f is a quadratic polynomial in variables X, ..., X,,. The proof of this result is carried
out in Section Al and is an important aspect of this paper. Theorem [[L4] on the other hand,
is only stated here to illustrate the general flavor of this result and is not actually used in
this paper. We do provide a proof in Appendix [A] for completeness and to suggest further
inquiry into inequalities of the form ().

We now turn to discuss our second approximate negative dependence result, which deals
with the intersection of two different small ball events. This was originally proved in our
paper [4], but is put to a different use here. This result tells us that the events

(X, v)| <e and (X, w)| <1, (X we) | < 1, (10)
are approximately negatively correlated, where X = (Xi,...,X,,) is a vector with i.i.d.
subgaussian entries and wy, ..., wy are orthonormal. That is, we prove something in the

spirit of

k k
P ({1000 < 2} X )] < 1}) < P60 < <) (U1K )] < 1),
i=1 i=1
though in a more technical form.

To understand our result, again it makes sense to consider the two events in (I0) in
isolation. Since we have already discussed the subtle event |(X,v)| < €, it remains only to
consider the event on the right of (I0). Returning to the gaussian case, we note that if X
has independent standard gaussian entries, then one may compute directly that

Py ((X,w)| < 1,..., (X, wp)| € 1) =P(|X;| < 1,...| X € 1) <e ) (11)

by rotational invariance of the gaussian. Here the generalization to other random variables
is not as subtle, and the well-known Hanson-Wright inequality tells us that (II]) holds more
generally when X has general i.i.d. subgaussian entries.

Our innovation in this line is our second “approximate negative correlation theorem”,
which allows us to control these two events simultaneously. Again we use D, (v)™! as a
proxy for P(|(X,v)| < ¢).

Here, for ease of exposition, we state a less general version for X = (Xi,...,X,) €
{—1,0,1} with i.i.d. c-lazy coordinates, meaning that P(X; = 0) > 1 — ¢. Our theorem is

stated in full generality in Section [ see Theorem [9.2]
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Theorem 1.5. Let v € (0,1), d € N, a € (0,1), 0 < k < ciad and € > exp(—ciad). Let
v €S et wy, ..., wy €S be orthogonal and let W be the matriz with rows w, . . ., wy.
If X € {—1,0,1}" is a 1/4-lazy random vector and D, (v) > 16/¢ then

Py (|<X, W <e and [WX]|s < cgﬁ) < Ceeork,
where C, c1,co > 0 are constants, depending only on ~.

In this paper we will put Theorem to a very different use to that in [4], where we used
it to prove a version of the following statement.

Let v € S~ be a vector on the sphere and let H be a n x d random {—1,0, 1}-matrix
conditioned on the event ||Huv||y < en'/?, for some € > e=". Here d = cn and ¢ > 0 is a

—ckn

sufficiently small constant. Then the probability that the rank of H isn — kis <e

In this paper we use (the generalization of) Theorem to obtain good bounds on quan-
tities of the form

Px(||BX || < en'?),

where B is a fixed matrix with an exceptionally large eigenvalue (possibly as large as e“),
but is otherwise pseudo-random, meaning (among other things) that the rest of the spectrum
does not deviate too much from that of a random matrix. We use Theorem to decouple
the interaction of X with the largest eigenvector of B, from the interaction of X with the
rest of B. We refer the reader to (21I]) in the sketch in Section 2 and to Section [ for more
details.

The proof of Theorem follows closely along the lines of the proof of Theorem [L5]
requiring only technical modifications and adjustments. So as not to distract from the new
ideas of this paper, we have sidelined this proof to the supplementary paper [5].

Finally we note that it may be interesting to investigate to what extent one may sharpen
these approximate negative correlation theorems in the direction of their idealized forms.

2. PROOF SKETCH

Here we sketch the proof of Theorem [[LT. We begin by giving the rough “shape” of the
proof, while making a few simplifying assumptions, (I3) and (I4]). We shall then come
to discuss the substantial new ideas of this paper in Section where we describe the
considerable lengths we must go to, in order to remove our simplifying assumptions. Indeed,
if one were to only tackle these assumptions using standard tools, one cannot hope for a
bound much better than /% in Theorem [Tl (see Section Z.2.2).

2.1. The shape of the proof. Recall that A, is a (n+ 1) x (n + 1) random symmetric
matrix with subgaussian entries. Let X := X;,..., X, ;1 be the columns of A, 1, let

V = Span{Xs,..., X411}

and let A,, be the matrix A, 1 with the first row and column removed. We now use an impor-

tant observation from Rudelson and Vershynin [30] that allows for a geometric perspective
7



on the least singular value problem@
P(0min(Apt1) < en™?) < P(dist(X, V) < e).

Here our first significant challenge presents itself: X and V' are not independent and thus
the event dist(X, V') < ¢ is hard to understand directly. However, one can establish a formula
for dist(X, V') that is a rational function in the vector X with coefficients that depend only
on V. This brings us to the useful inequalityﬁ due to Vershynin [40],

P(omin(Ans1) < en™ ) SsupPy, x (|(A,1X, X) —r| <e||A'X]|2), (12)
reR

where we are ignoring the possibility of A,, being singular for now. We thus arrive at our
main technical focus of this paper, which is bounding the quantity on the right-hand-side of
(@2)).

We now make our two simplifying assumptions that shall allow us to give the overall
shape of our proof without any added complexity. We then layer-on further complexities as
we discuss how to remove these assumptions.

As a first simplifying assumption, let us assume that the collection of X that dominates
the probability at (I2)) satisfies

1A X [l2 =~ 1A |, (13)

where we point out that [|A,'|%s = Ex ||A,'X]||3. This seems to be a fairly innocent
assumption at first, as the Hanson-Wright inequality tells us that || A1 X||; is concentrated
about its mean, for all reasonable A~!. However, as we will see, mere concentration is not
enough for us here.

As a second assumption, let us assume that the relevant A, in the right-hand-side of (2]
satisfies

145 s &= en'/2. (14)
This turns out to be a wvery delicate assumption, as we will soon see, but is not entirely
unreasonable to make for the moment: for example we have ||AY|ys = O5(n'/?) with

probability 1 — §. This, for example, follows from Vershynin’s theorem [40] along with
Corollary [8.5 which is based on the work of [14].
With these assumptions, our task reduces to proving

min Py ([{(A7'X, X) —r| <en'’?) S, (15)

for all € > ™", where we have written A™' = A-! and think of A™! as a fixed (pseudo-

random) matrix.

We observe, for a general fixed matrix A~! there is no hope in proving such an inequality:
indeed if A=' = n~'/2J, where .J is the all-ones matrix, then the left-hand-side of (I5)) is
> cen~/2 for all € > 0, falling vastly short of our desired (I5]).

2Here and throughout we understand A < B to mean that there exists an absolute constant C' > 0 for
which A < CB.
3In this sketch we will be ignoring a few exponentially rare events, and so the inequalities listed here
should be understood as “up to an additive error of e=".”
8



Thus, we need to introduce a collection of fairly strong “quasi-randomness properties” of A
that hold with probably 1 —e~". These will ensure that A~! is sufficiently “non-structured”
to make our goal (IH) possible. The most important and difficult of these quasi-randomness
conditions is to show that all of the eigenvectors v of A satisfy

DqA(v) > €™,

for some appropriate a,y, where D, ,(v) is the least common denominator of v defined at
[@). Roughly this means that none of the eigenvectors of A “correlate” with a re-scaled copy
of the integer lattice tZ", for any e™" <t < 1.

To prove that these quasi-randomness properties hold with probability 1—e™" is a difficult
task and depends fundamentally on the ideas in our previous paper [4]. Since we don’t want
these ideas to distract from the new ideas in this paper we have opted to carry out the details
in a separate, supplementary paper [5].

With these quasi-randomness conditions in tow, we can return to (I5) and apply Esseen’s
inequality to bound the left-hand-side of (3] in terms of the characteristic function ¢(6) of
the random variable (A7' X, X),

1/e
min Py ([(A7X, X) — r| < en'?) < / 10(0)] do.
T —1/e

While this maneuver has been quite successful in work on characteristic functions for (linear)
sums of independent random variables, the characteristic function of such quadratic functions
has proved to be a more elusive object. For example, even the analogue of the Littlewood-
Offord theorem is not fully understood in the quadratic case [7,[24]. Here, we appeal to our
quasi-random conditions to avoid some of the traditional difficulties: we use an application
of Jensen’s inequality to decouple the quadratic form and bound ¢(f) point-wise in terms of
an average over a related collection of characteristic functions of linear sums of independent
random variables

lp(0)]> < Ey|p(A7'Y;0)),

where Y is a random vector with i.i.d. entries and ¢(v; 0) denotes the characteristic function
of the sum ) . v;X;, where X; are i.i.d. distributed according to the original distribution (.
We can then use our pseudo-random conditions on A to bound

[ o(AT'Y50)] < exp (—ct?)

for all but exponentially few Y, allowing us to show

1/e

1/e 1/e
/_ |<p(9)|d9</ [Ey|o(A'Y;6)[]"” </ (exp (—cb?) +e~") df = O(1)

1/e —1/e —1/e

and thus completing the proof, up to our simplifying assumptions.
9



2.2. Removing the simplifying assumptions. While this is a good story to work with,
the challenge starts when we turn to remove our simplifying assumptions ([3), (I4]). We
also note that if one only applies standard methods to remove these assumptions, then one
would get stuck at the “base case” outlined below. We start by discussing how to remove
the simplifying assumption ([I4]), whose resolution governs the overall structure of the paper.

2.2.1. Removing the assumption (I4]). What is most concerning about making the assump-
tion ||A;!|gs ~ n~'/2 is that it is, in a sense, circular: If we assume the modest-looking
hypothesis E||A™!||gs < n'/2, we would be able to deduce

P(0min(An) < £/n'?) = Pomax(A;") 2 n'?/e) SP(| A, |us > n'?/e) S e,

n

by Markov. In other words, showing that || A~!||ug is concentrated about n~'/2 (in the above
sense) actually implies Theorem [Tl However this is not as worrisome as one might first
suspect: if we are trying to prove Theorem [Tl for (n + 1) x (n + 1) matrices using the
above outline, we only need to control the Hilbert-Schmidt norm of the inverse of the minor
A~ This suggests an inductive or (as we use) an iterative “bootstrapping argument” to
successively improve the bound. Thus, in effect, we look to prove

Ea ||A_1||%S]-(O-min(An) P e—cn) ~ na/2,

for successively larger o € (0,1). Note we have to cut out the event of A being singular from
our expectation, as this event has non-zero probability.

2.2.2. Base case. In the first step of our iteration, we prove a “base case” of
P(0umin(An) < g/v/n) S e/t e (16)
without the assumption (I4]) which is equivalent to
Ea, A7 18 1 (0w (An) > e 7) ~ 0!,
To prove this “base case” we upgrade (I2) to

|< . ) > T| -1 n1/2
A, X - < Ce,||A <— ). (7

3
Pl omn(Ani) < — ) Se+su IP’(
(o) € =) S s

In other words, we can intersect with the event
1A s < /2 /e (18)

at a loss of only C'e in probability.

We then push through the proof outlined in Section 2.1] to obtain our initial weak bound
of ([I6]). For this, we first use the Hanson-Wright inequality to give a weak version of (I3),
and then use (I8) as a weak version of our assumption(I4]). We note that this base step (L6
already improves the best known bounds on the least singular value problem for random

symmetric matrices.
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2.2.3. Bootstrapping. To improve on this bound we use a “bootstrapping” lemma which,
after applying it three times, allows us to improve ([I6)) to the near-optimal result

P(0min(An) < &/vn) Sey/logl/e+e . (19)

Proving this bootstrapping lemma essentially reduces to the problem of getting good
estimates on

Py (A X < s). (20)

for s € (g,n"Y?), where A is a matrix with ||[A7||,, = 6~ and § € (g,en"*/?) but is
“otherwise pseudo-random”. Here we require two additional ingredients.

To start unpacking (20), we use that ||A™||,, = 07" to see that if v is a unit eigenvector
corresponding to the largest eigenvalue of A=! then

|A™1X ||, < s implies that [(X,v)| < ds.

While this leads to a decent first bound of O(ds) on the probability (20) (after using the
quasi-randomness properties of A), it is not enough for our purposes and we have to use
that X must also have small inner product with many other eigenvectors of A (assuming s
is sufficiently small). Working along these lines, we show that (20) is bounded above by

IP’X(|(X,U1>| < séand |[(X,v)| < ogjsforalli=2,...,n— 1), (21)

where w; is a unit eigenvector of A corresponding to the singular value o; = 0;(A). Now,
appealing to the quasi-random properties of the eigenvectors of A~!, we may apply our
approximate negative correlation theorem (Theorem [LH]) to see that (2I]) is at most

O(ds) exp(—cNa(—c/s, c/s)) (22)

where ¢ > 0 is a constant and N4(a, b) denotes the number of eigenvalues of the matrix A in
the interval (a, b). The first O(ds) factor comes from the event |(X, v;)| < s6 and the second
factor comes from approximating

Py <|(X, w;)| < ¢ for all i s.t. so; < c) ~ exp(—cNa(—c/s,c/s)) . (23)

This bound is now sufficiently strong for our purposes, provided the spectrum of A adheres
sufficiently closely to the typical spectrum of A.

This now leads us to understand the rest of the spectrum of A, and, in particular, the
next smallest singular values o, 1,0, _2,.... This might seem like a step backwards as
we are now forced to understand the behavior of many singular values and not just the
smallest. However, this “loss” is outweighed by the fact that we need only to understand these
eigenvalues (for the most part) on scales of size Q(n~/2), which is now well understood due
to the important work of Erdés, Schlein and Yau [14]. Although some additional information
is needed about how the eigenvalues cluster on much smaller scales. Here we can use the

work of Nguyen [27] and our own Theorem [[.3] on the crowding of the spectrum.
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These results ultimately allow us to derive sufficiently strong results on quantities of the
form (20)), which in-turn allow us to prove our “bootstrapping lemma”. We then use this
lemma to prove the near-optimal result

P(owmin(An) < &/vn) Sey/logl/e+e . (24)

2.2.4. Removing the assumption ([I3) and the last jump to Theorem [I1. We now turn to
discuss how to remove our simplifying assumption ([I3]), made above, which will allow us to
close the gap between (24]) and Theorem [L11

To achieve this, we need to consider how |[A7'X]|, varies about ||[A7!||zs. Now, the
Hanson-Wright inequality tells us that indeed ||[A™1X |5 is concentrated about ||A™!||ug, on
the scale of < ||A™Y||,,. While this is certainly useful for us, it is far from enough to prove
Theorem [I.Il For this, we need to rule out any “macroscopic” correlation between the events

{[{A™'X, X) —r| < Ke|| A7 |us} and {[|A7 X |2 > K| A7 [[us} (25)

for all K > 0. Our first step towards understanding (25]) is to replace the quadratic large
deviation event ||[A7'X]||, > K||A~!||us with a collection of linear large deviation events:

where w,,,w,_1,...,w; are the eigenvectors of A corresponding to singular values o, <
On—1 < ... < oy respectively and the log(i 4+ 1) factor should be seen as a weight function
that assigns more weight to the smaller singular values.

Interestingly, we run into a similar obstacle as before (although we don’t go into details
here): if the “bulk” spectrum of A~! is behaving erratically this replacement step will be too
lossy for our purposes. Thus we are lead to prove another result showing that the spectrum
of A~ adheres sufficiently to its typical spectrum. This reduces to proving

Z?:l U;Ei—1(10g i)z
! Z?:l U;Ei—l

where the left-hand-side is a statistic which measures the degree of distortion of the smallest

E4

= 0(1),

singular values of A,,. To prove this we again lean on the works of Erdds, Schlein and
Yau [14], Nguyen [27] and our own Theorem [[.3 on the crowding of the spectrum.

Thus we have reduced the task of proving the approximate independence of the events at
([25)) to proving the approximate independence of the collection of events

{HAT'X, X) — r| < Ke||A™Y|us} and {(v;, X) > Klog(i + 1)}.

This is something, it turns out, that we can handle on the Fourier side by using a quadratic
analogue of our negative correlation inequality, Theorem [I.4l The idea here is to prove an
Esseen-type bound of the form
1/6

P((A7X, X) — ] < 6, (X, u) > 5) < 5~ /

‘Ee2m€(A*1X7X>+<X’“> de. (26)
~1/6

12



Which introduces this extra “exponential tilt” to the characteristic function. From here one
can carry out the plan sketched in Section 2.1] with this more complicated version of Esseen,
then integrate over s to upgrade (24)) to Theorem [I1]

2.3. Outline of the rest of the paper. In the next short section we introduce some key
definitions, notation, and preliminaries that we use throughout the paper. In Section [
we establish a collection of crucial quasi-randomness properties that hold for the random
symmetric matrix A, with probability 1 — e~ and that we condition on for most of the
paper. In Section B we detail our Fourier decoupling argument and establish an inequality
of the form (26)). This allows us to prove our new approximate negative correlation result
Lemma [5.2 In Section [0l we prepare the ground for our iterative argument by establish-
ing (), thereby switching our focus to the study of the quadratic form (A;'X,X). In
Section [1 we prove Theorem and Theorem [[.3], which tell us that the eigenvalues of A
cannot ‘crowd’ small intervals. In Section 8 we establish regularity properties for the bulk
of the spectrum of A~!. In Section @ we deploy the approximate negative correlation result
(Theorem [LH) in order to carry out the portion of the proof sketched between ([20) and (23)).
In Section [I0] we establish our base step (Il and bootstrap this to prove the near optimal
bound (24)). In the final section, Section [T, we complete the proof of our main Theorem [TT]

3. KEY DEFINITIONS AND PRELIMINARIES

We first need a few notions out of the way which are related to our paper [4] on the
singularity of random symmetric matrices.

3.1. Subgaussian and matrix definitions. Throughout, ¢ will be a mean-zero, variance
1 random variable. We define the subgaussian moment of ( to be

1
= sup — (E|¢|P) V7.

A mean 0, variance 1 random variable is said to be subgaussian if ||C||y, is finite. We define
I' be the set of subgaussian random variables and, for B > 0, we define I'g C I" to be subset
of ¢ with ]y, < B.

For ¢ € T', define Sym ,({) to be the probability space on n x n symmetric matrices
A for which (A;;);>; are independent and distributed according to (. Similarly, we write
X ~ Col,(¢) if X € R™ is a random vector whose coordinates are i.i.d. copies of (.

We shall think of the spaces {Sym, (¢)}, as coupled in the natural way: the matrix
Apq1 ~ Sym,,,,(¢) can be sampled by first sampling A, ~ Sym ,({), which we think of
as the principle minor (An41)2,n+1)x[2,n+1], and then generating the first row and column of
A, 41 by generating a random column X ~ Col,(¢). In fact it will make sense to work with
a random (n+ 1) x (n+ 1) matrix, which we call A,,;; throughout. This is justified as much
of the work is done with the principle minor A,, of A, 1, due to the bound (I2)) as well as

Lemma [6.1]
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3.2. Compressible vectors. We shall require the now-standard notions of compressible
vectors as defined by Rudelson and Vershynin [30].

For parameters p,d € (0,1), we define the set of compressible vectors Comp (4, p) to be
the set of vectors in S"~! that are distance at most p from a vector supported on at most dn
coordinates. We then define the set of incompressible vectors to be all other unit vectors, i.e.
Incomp (4, p) := S"~' \ Comp (4, p). The following basic fact about incompressible vectors
from [30] will be useful throughout:

Fact 3.1. For eachd,p € (0,1) thereis a constant c, 5 € (0,1) so that for allv € Incomp (6, p)
we have that |vj|\/n € [c, 5, c;j;] for at least c, sn values of j.

Fact B.1] assures us that for each incompressible vector we can find a large subvector that
is “flat.” Using the work of Vershynin [40], we will safely be able to ignore compressible
vectors. In particular, [40, Proposition 4.2] implies the following.

Lemma 3.2. For B > 0 and ( € I'p, let A ~ Sym ,({). Then there exist constants
p,0,c € (0,1), depending only on B, so that

sup IP’(EIx € Comp (9, p),Ht € R: Az = tu) < 2"
UGR"

and
P(Ju € Comp (6,p), Tt € R: Au = tu) < 2e”".

The first statement says, roughly, that A~'u is incompressible for each fixed u; the second
states that all unit eigenvectors are incompressible.

Remark 3.3 (Choice of constants, p,d,c,s). Throughout, we let p,d denote the constants
guaranteed by Lemmal[3.2land ¢, 5 the corresponding constant from FactB.Il These constants
shall appear throughout the paper and shall always be considered as fixed.

We deduce Lemma from [40, Proposition 4.2] with a very simple net argument in
Appendix B

3.3. Notation. We quickly define some notation. For a random variable X, we use the
notation Ex for the expectation with respect to X and we use the notation Py analogously.
For an event &, we write 1¢ or 1{&} for the indicator function of the event £&. We write E¢
to be the expectation defined by E¢[-] = E[- 1¢]. For a vector v € R™ and J C [n], we write
vy for the vector whose ith coordinate is v; if i € J and 0 otherwise.

We shall use the notation X <Y to indicate that there exists a constant C' > 0 for which
X < CY. In aslight departure from convention, we will always allow this constant to depend
on the subgaussian constant B, if present. We shall also let our constants implicit in big-O
notation to depend on B, if this constant is relevant in the context. We hope that we have
been clear as to where the subgaussian constant is relevant, and so this convention is to just

reduce added clutter.
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4. QUASIRANDOMNESS PROPERTIES

In this technical section, we define a list of “quasi-random” properties of A, that hold
with probability 1 — e~ This probability is large enough that we can assume that these
properties hold for all the principle minors of A, ;. Showing that several of these quasi-
random properties hold with probability 1—e~*™ will prove to be a challenging task and our
proof will depend deeply on ideas from our previous paper [4], on the singularity probability
of a random symmetric matrix. So as not to distract from the new ideas in this paper, we
do most of this work in a supplementary paper [5].

4.1. Defining the properties. It will be convenient to assume throughout that every minor
of A, 1 is invertible and so we will perturb the matrix slightly so that we may assume this. If
we add to A, 1 an independent random symmetric matrix whose upper triangular entries are
independent Gaussian random variables with mean 0 and variance n~", then with probability
1 — e~ %M the singular values of A,,; move by at most, say, n~™"/3. Further, after adding this
random gaussian matrix, every minor of the resulting matrix is invertible with probability
1. Thus, we will assume without loss of generality throughout that every minor of A, is
invertible.

In what follows, we let A = A,, ~ Sym ,(¢) and let X ~ Col,(¢) be a random vector,
independent of A. Our first quasi-random property is standard from the concentration of
the operator norm of a random symmetric matrix. We define &; by

&= {[lAllop < 4v/n}. (27)

For the next property we need a definition. Let X, X’ ~ Col,(¢) and define the random
vector in R” as X := X; — X/, where .J C [n] is a p-random subset, i.e. for each j € [n] we
have j € J independently with probability p. The reason behind this definition is slightly
opaque at present, but will be clear in the context of Lemma in Section Bl Until we
get there it is reasonable to think of X as being essentially X in particular, it is a random
vector with i.i.d. subgaussian entries with mean 0 and variance p. We now define & to be
the event in A defined by

& = {Pyg (471%/| A7 %), € Comp (3,p)) <e™"} . (28)

We remind the reader that Comp (6, p) is defined in Section B2l and §,p € (0,1) are con-
stants, fixed throughout the paper, and chosen according to Lemma In the (rare) case
that X = 0, we interpret Pg(A"'X/||A"1X ||, € Comp (4, p)) = 1

Recalling the least common denominator defined at (@), we now define the event & by

E3 ={Dqy~(u) > e®" for every unit eigenvector u of A}. (29)

The next condition tells us that the random vector A~1X is typically unstructured. We
will need a slightly stronger notion of structure than just looking at the LCD, in that we will

need all sufficiently large subvectors to be unstructured. For u € (0, 1), define the subvector
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least common denominator as

Damu(v) = }21[2} Dq (vr/|vrll2) -
[1=(1-2p)n

If we define the random vector v = v(X) := A~'X, then we define & to be the event that
A satisfies

&= {IP’;( (ﬁa,%u (v) < ec4n> < 6_04"} : (30)

As is the case for &, under the event that X = 0, we interpret ]P)X'(f)a,%u(v) < enm) =1.
We now define our main quasirandomness event £ to be the intersection of these events:

5::51052ﬂ53ﬂ54. (31)

The following lemma essentially allows us to assume that £ holds in what follows.

Lemma 4.1. For B > 0, ¢ € I'g, and all sufficiently small a,~,n € (0,1), there exist
constants cq, c3,cq4 € (0,1) appearing in (28]), 29) and B0) so that
P4(E°) < 29, (32)

Remark 4.2 (Choice of constants, «, v, u). We take a,y € (0,1) to be sufficient small so that
Lemma [A.1] holds. For p we will choose it to be sufficiently small so that (1) Lemma [T
holds; (2) we have u € (0,271%) and so that; (3) u > 0 is small enough to guarantee that
every set [ C [n| with |I] > (1 — 2u)n satisfies

lwll2 < ¢ gllhwill2, (33)

for every w € Incomp (9, p). This is possible by Fact Bl These constants «,~, u will appear
throughout the paper and will always be thought of as fixed according to this choice.

4.2. Statement of our master quasi-randomness theorem and the deduction of
Lemma [4.1l We will deduce Lemma [4.1] from a “master quasi-randomness theorem” to-
gether with a handful of now-standard results in the area.

For the purposes of the following sections, we shall informally consider a vector as “struc-
tured” if

Doqu(v) < eo=n

where ¢y € (0,1) is a small constant, to be chosen shortly. Thus it makes sense to define the
set of “structured directions” on the sphere

Y=Y ={v €S Dyyu(v) < e} (34)

O‘?’Y?M

We now introduce our essential quasi-randomness measure of a random matrix. For ( € I,
A ~ Sym ,(¢), and a given vector w € R"™, define

gn(w) = gn(w; o, v, ) :=P4 (v € ¥ and s, t € [—4v/n, 4v/n] : Av=sv+tw)  (35)

and set
Gn = qn(0, 7y, 1) i= sup gu(w). (36)

weSn—1
We now state our “master quasi-randomness theorem”, from which we deduce Lemma .11
)
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Theorem 4.3 (Master quasi-randomness theorem). For B > 0 and ( € T'p, there exist
constants «, v, p, cs, ¢ € (0,1) depending only on B so that

Gn(a, 7y, ) < 27"

The proof of Theorem [£.3 is quite similar to the main theorem of [4], albeit with a few
technical adaptations, and is proved in the supplementary paper [5]. Note that g, (o, v, 1) is
monotone decreasing as «, v and p decrease. As such, Theorem [4.3limplies that its conclusion
holds for all sufficiently small «, v, p as well.

We now prove that our pseudorandom event £ = & N & N E3 N &, holds with probability
1 —e %),

Proof of Lemma[4.1. The event & : From [16] we may deduceH the following concentration
bound

B(|Allop > 3+ )vn) S e, (37)
which holds for all # > 0. Thus, by (B1), the event & at (27) fails with probability < e=%™.
The event E: By Lemma there is a ¢ > 0 so that for each u # 0 we have

P (A7 u/[[ A7 ull; € Comp (6, p)) < e
Applying Markov’s inequality shows
Py (IP);( (A_l)?/HA_l)?HQ € Comp (4, p), X # O) > e_C"/2> e /2,

and so the event in (28) fails with probability at most O (e™*™), under the event X #£0.
By Theorem 3.1.1 in [41] we have that

Pe(X =0) < e ) (38)
Choosing ¢, small enough shows an exponential bound on P(E5).

The event Es: If D, A (u) < e®", for an u an eigenvector Au = Av, we have that

A

Doy (1) < Day(u) < e,
where the first inequality is immediate from the definition. Now note that if £ holds then
A € [—4y/n,4+/n] and so
P(&5) < P(Ju € B, X € [—4y/n, 4v/n] : Au = ) + P(&f) < ¢,(0) + e,
where the first inequality holds if we choose ¢3 < ¢sx. We now apply Theorem to see
2.(0) < ¢, < e ™ yielding the desired result.

The event £4: Note first that by ([B8]), we may assume X # 0. For a fixed instance of X # 0,
we have

P, (Da,,,“ (A—1X/1|Xy|2) < ecw) <PA(IeX: Av=X/|X]s) < g (X/||Xy|2) . (39)

4Technicadly7 the result of [I6] is sharper and for random matrices whose entries are symmetric random
variables. We deduce [B7) for random variables from [16], using a symmetrization trick. This easy deduction
is in Appendix
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which is at most e~ by Theorem {3l Here the first inequality holds when ¢4 < cs.
We now write v = A7 X /|| X||2 and apply Markov’s inequality

~

P(&;) = Pa (PX (Da,w(v) < €c4n> > 6_04") < B gPa(Dyrypu(v) < en) = =)

where the last line follows when ¢, is taken small relative to the implicit constant in the
bound on the right-hand-side of (39).

Since we have shown that each of &, &, &, & holds with probability 1 — e~ the
intersection fails with exponentially small probability. 0

5. DECOUPLING QUADRATIC FORMS

In this section we will prove our Esseen-type inequality that will allow us to deal with a
small ball event and a large deviation event simultaneously.

Lemma 5.1. For B > 0, let ( € I'g and X ~ Col,(¢). Let M be an n X n symmetric
matriz, u € R", t € R and s,0 > 0. Then
1/6
P(|(MX,X) —t| <6,(X,u) >s)<de® / |E 20X X)HXu) g (40)
~1/8
We will then bound the integrand (our so-called “titled” characteristic function) with
a decoupling maneuver, somewhat similar to a “van der Corput trick” in classical Fourier
analysis. This amounts to a clever application of Cauchy-Schwarz inspired by Kwan and
Sauermann’s work on Costello’s conjecture [21I] (a similar technique appears in [1]). We
shall then be able to mix in our quasi-random conditions on our matrix A to ultimately
obtain Lemma 5.2 which gives us a rather tractable bound on the left-hand-side of (E0).
To state this lemma, let us recall that £ (defined at (3I])) is the set of symmetric matrices
satisfying the quasi-randomness conditions in the previous section, Section 4l Also recall
that the constant u € (0,27"°) is defined in Section M so that Lemma £ holds and is treated
as fixed constant throughout this paper.

Lemma 5.2. For B > 0, let ( € I'g, X ~ Col,(¢) and let A be a real symmetric n X n
matriz with A € € and set jy = Opax (A7), Also let s > 0,6 > e " and u € S*™1. Then

1/8
Px ([{A7'X, X) —t| < 0p1, (X u) > 5) S 56—8/ 1(0)Y2df + e
—-1/6

where
10) = Ejx, x, oxp (<<X X)) — el AT (X — X’)JHS) |

X' ~ Col,(() is independent of X, and J C [n] is a p-random set. Here ¢ > 0 is a constant
depending only on B.

While the definition of 7(#) (and therefore the conclusion of the lemma) is a bit mysterious

at this point, we assure the reader that this is a step in right direction.
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All works bounding the singularity probability for random symmetric matrices contain a
related decoupling step [3]/4. 6], 17,20, 26, 40], starting with Costello, Tao and Vu'’s break-
through [8] building off of Costello’s earlier work [7] on anticoncentration of bilinear and
quadratic forms. A subtle difference in the decoupling approach from [21] used here is that
the quadratic form is decoupled after bounding a small ball probability in terms of the
integral of a characteristic function rather than on the probability itself; the effect of this
approach is that we do not lose a power of §, but only lose by a square root “under the
integral” on the integrand 1(6).

5.1. Proofs. We now dive in and prove our Esseen-type inequality. For this we shall appeal
to the classical Esseen inequality [I5]: if Z is a random variable taking values in R with
characteristic function pz(6) := Ez e?™Z  then for all t € R we have

1/6

Py(|Z 1] <5) < 5/ 02(0)] do.
~1/s

We shall also use the following basic fact about subgaussian random vectors (see, for
example, [41l Prop. 2.6.1]): If ( € ' and Y ~ Col,,(¢) then for every vector u € R™ we
have

Ey e < exp(2B2||ull3) . )

Proof of Lemmal[5d. Since 1{z > s} < €%, we may bound
Py((MX,X) =t <6,(X,u) >5) < e *E[1{{{MX,X)—t| <d}e™™] . (42)
Define the random variable Y € R™ by
P(Y € U) = (EeXW)1E[15ew), (43)

for all open U C R™. Note that the expectation Ee!*® is finite by (@I)). We now use this
definition to rewrite the expectation on the right-hand-side of (42),

Ex [L{{(MX,X) —t| <} = (EeXW) Py ((MY,Y) —t| < 6).

Thus, we may apply Esseen’s Lemma to the random variable Y to obtain

1/6 '
Py ((MY,Y) —t| <6) <0 / By 2 0MYY)| qg
—1/6

By the definition of Y we have
Ey P2mIOMYY) _ (EX e(x,u>)—1 EezwiG(MX,X)-‘r(X,u)’

completing the lemma. 0

To control the integral on the right-hand-side of Lemmal[5.1l we will appeal to the following

decoupling lemma, which is adapted from Lemma 3.3 from [21].
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Lemma 5.3 (Decoupling with an exponential tilt). Let ¢ € T', let X, X' ~ Col,(¢) be
independent and let J U I = [n] be a partition of [n]. Let M be a n x n symmetric matric
and let w € R". Then

\Ex 20 (M X, X)+(X,u) }2 (X+X") u) ’Ex AmiO(M(X=X") g XD)+2(Xru) |

Proof. After partitioning the coordinates of X according to J and writing Ex = Ex,Ex,,
we apply Jensen’s inequality to obtain

E— ‘EX 20 (MX, X)+(X u) }2 _ }EXIEXJ 20 (MX, X)+(X,u) ‘2 <Ey, ‘EXJ 20 (MX,X)+(X u) ‘2'

2mi0 (M X, X )+ (X, u) ‘2

We now expand the square ‘E X,€ as

Eyx xr 2 OMXr+X0), (X +-X ) +{(Xr + X)) =2mi0 (M (X +X), (X4 X))+ (X +X) )
JsA g
— Ey, Xf]647ri6(M(XJ—X’J)7XI)+(XJ+X(’],u)+2(X],u)+27rz'(MXJ,X‘])—27ri<MXf],Xf])’

where we used the fact that M is symmetric. Thus, swapping expectations yields

E < Ex, xEx, AmiO(M (X5 =X ), X1)+(X s+ X u)+2(X 1 u)+2mi( MX 5, X ) =2mi (M X}, X))
J J

Ey, A0 (M (X5 =X) X1)+(X g+ X} u)+ 2 X1 u)+2mi(MX 7, X )= 2mi( M X, X )

< Ex, x,
(Xg+X5u) Ey eAmiO(M (X =X") 7, X1)+2(X1,u)

= EXJ,Xj, € I )

as desired. Here we could swap expectations since all expectations are finite, due to the
subgaussian assumption on (. 0

We need a basic bound that will be useful for bounding our tilted characteristic function.
This bound appears in the proof of Theorem 6.3 in Vershynin’s work [40].

Fact 5.4. For B > 0, let ( € I'g, let (' be an independent copy of ( and set & = ¢ — (.
Then for all a € R™ we have

T Eelcostzaga)| < exp (= i, flral})
J

relle
where ¢ > 0 depends only on B.

A simple symmetrization trick along with Cauchy-Schwarz will allow us to prove a similar
bound for the tilted characteristic function.

Lemma 5.5. For B >0, let ( € I'g, X ~ Col,(¢) and let u,v € R™. Then
x| < oxp (e min, ol + ) (44)
re[l,c™

where ¢ € (0,1) depends only on B.
Proof. Let (! be an independent copy of ¢ and note that

B e2micur+tus |* 2 B, o, 2mil—Ct(CHOm — [€(<+<'>uj cos(2m(C — g’)vj)} ,
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Let X = (X,),, Y = (Y;)_, denote vectors with i.i.d. coordinates distributed as & := ¢ — ¢’
and ¢ + (’, respectively. We have

1/2
, - - S N 1/2
‘EX€2M<X’U>+<X’U>‘2 <EeYv Hcos(Qﬁvaj) < <IE)~,62<Y’“>> (H Ee| cos(27r§vj)|> :
J J

(45)
where we have applied the Cauchy-Schwarz inequality along with the bound |cos(z)|?* <
| cos(z)| to obtain the last inequality. By ({1l), the first expectation on the right-hand-side
of (7)) is at most exp(O(||u||3)). Applying Fact [5.4] completes the Lemma. O

5.2. Quasi-random properties for triples (J, X;, X/;). We now prepare for the proof of
Lemma [5.2] by introducing a quasi-randomness notion on triples (J, X;, X’;). Here J C [n]
and X, X’ € R". For this we fix a n X n real symmetric matrix A € £ and define the event
F = F(A) as the intersection of the events Fi, Fa, F3 and F,, which are defined as follows.
Given a triple (J, X, X'}), we write X:=X,- X/

Define events Fi, Fa, F3(A) by

Fr = {|J] € [un/2,2un]} (46)
Fo = {||X[2n 72 € [e,c ']} (47)
F3(A) = {A7'X /| A" X||5 € Incomp (4, p)} . (48)

Finally, we write v = v(X) := A~'X and I := [n]\ J and then define F4(A) by

Fu(A) = {Dw (ﬁ) > ecn} . (49)

We now define F(A) := F; N Fy N F3(A) N Fy(A) and prove the following basic lemma
that will allow us to essentially assume that (40]),([d7), ([ 8),([d9) hold in all that follows. We
recall that the constants 9, p, i, o, v were chosen in Lemma and Lemma [4.1] as a function
of the subgaussian moment B. Thus the only new parameter in F is the constant ¢ in lines

[E7) and (@9).
Lemma 5.6. For B >0, let ( € I'p, let X, X’ ~ Col,,(¢) be independent and let J C [n] be

a p-random subset. Let A be a n x n real symmetric matriz with A € £. We may choose the
constant ¢ € (0,1) appearing in [AT) and [@9) as a function of B and u so that

PJ’XJ7X9(fC) S e ",

Proof. For Fy, we use Hoeffding’s inequality to see P(Ff) < 4™, To bound P(F5), we note
that the entries of X are independent, subgaussian, and have variance 2u, and so X /(1/2p)

has i.i.d. entries with mean zero, variance 1 and subgaussian moment bounded by B/+/2pu.
Thus from Theorem 3.1.1 in [41] we have

P(|X]ls = v/2n4] > t) < exp(—cut®/B").
For F3(A), Fu(A), recall that A € £ means that (28) and (B0) hold, thus exponential

bounds on P(F¥) and P(FY) follow from Markov’s inequality. O
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5.3. Proof of Lemma We now prove Lemma by applying the previous three
lemmas in sequence.

Proof of Lemmal52. Let 0 > e~ " where we will choose ¢; > 0 to be sufficiently small later
in the proof. Apply Lemma 5.1 to write

1 1/ 2mig AT XX 4 x
Px ([(AT'X, X) — t| <0y, (X, u) > s) 556—8/ Ex e w1 de,  (50)
—1/5
where we recall that g1 = opax(A™1). We now look to apply our decoupling lemma,

Lemma 5.3 Let J be a p-random subset of [n], define I := [n]\ J and let X’ be an
independent copy of X. By Lemma we have
2

(A x x) ¥
Iz HXw < EJEXJ,Xf,e

276
Exew

,  (51)

(X+X"), ‘EXI 4me< X XI>+2 X1,u)

where we recall that X = (X — X'),.

We first consider the contribution to the expectation on the right-hand-side of (5I) from
triples (J, X, X)) € F. For this let Y be a random vector such that Y; = X; + X7, if j € J,
and Y; = 2X;, if j € I. Applying the triangle inequality, we have

1z
EJXJ7X’ e((X—I—X’)J,u)_ EXI 647r29< X1)+2(X1,u) EJXJ,X’ e((X—l—X’)J,u)EXI e 2(X7,u) EJXXfe Yu)
By Cauchy-Schwarz, ([I]) and Lemma [5.6, we have
< U U 1/2 C —Q(n
EiX,X’ elYou) <Eixx [€<Y,2 )} PJ’XJ7X9(]¢ )1/2 <e Qn) (52)

We now consider the contribution to the expectation on the right-hand-side of (£I) from
triples (J, X, X;) € F. For this, let w = w(X) := A;X and assume (J, X;, X)) € F. By
Lemma [5.5], we have

[Ex

I

e47ri9<Xf’w>+<Xf’2“>‘ < exp (—c I[ninl} ||27’9w1||12r) ) (53)
re(l,c™

Note that ||w;]|s < || X2 < ¢ /7, by the definition of y; = omax(A™") and line @7) in the
definition of F(A).

Now, from property (49)) in that definition and by the hypothesis 6 > e~“1", we may choose
c1 > 0 small enough so that

Doy (wi/l[will2) = 2¢72n2 /6 > 2¢7 |lwi]|2 /6.
By the definition of the least common denominator, for |#| < 1/ we have

T |2 min el Valll} . (5)

So for |0 < 1/6 we use (54) in (53)) to bound the rlght—hand—side of (BI) as

min _||2r6wy||r = min ||2r0||w;]|2 -
re[l,ec=!

rell,c=1]

E7 ) el [By, 0 Xi2Xim) | ST oKX ) gmemind 0w olil) - (55)
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We now use that (J, X, X)) € F to see that w € Incomp (4, p) and that we chose u to be
sufficiently small, compared to p,d, to guarantee that

[wllz < Cllwellz,

for some C' > 0 (see (33))). Thus the right-hand-side of (55) is

F (X+X") g u) p—<'0[[w]]3 —Q(n)
< EJXJ,X!]e 6 2 _l_ 6 .

Combining this with (55)), (5I)) obtains the desired bound in the case in the case (J, X7, X)) €
F. Combining this with (52]) completes the proof of Lemma [5.2]
U

6. PREPARATION FOR THE “BASE STEP” OF THE ITERATION

As we mentioned at (I2)), Vershynin [40], gave a natural way of bounding the least singular
value of a random symmetric matrix:

P(0min(An+1) < /n?) SsupPa, x ({4, X, X) — 1| <l 4,1 X])
R

re
where we recall that A,, is obtained from A,,; by deleting its first row and column. The
main goal of this section is to prove the following lemma which tells us that we may intersect
with the event o (A,) > €/n'/? in the probability on the right-hand-side at a loss of only
Ce. This will be crucial for the base step in our iteration, since the bound we obtain on
P(Oumin(Any1) < €/n'/?) deteriorates as omin(A,) decreases.

Lemma 6.1. For B >0, ( € I'g, let A,11 ~ Sym,,(¢) and let X ~ Col,,(¢). Then for all

>0,

(A X X) — 7]
[ AL X ]2

€
P UminAn < — ,§€+SU. ]P)(
(i) < 5= ) S s

where C' > 0 depends only on B.

< CE, Umin(An) ) + e_Q(N) )

9
> 2
/\/ﬁ

We deduce this lemma from a geometric form of the lemma. For this, we let X; denote
the jth column of A, 1, let H; be the linear span of X,..., X1, Xj41,..., Xp41, and let
dj(An+1) = dlSt(X], H])

Lemma 6.2. For B >0, ( € I'p, let A,y ~ Sym,,_(¢). Then for all e > 0,
P(omin(Ant1) <e/vn) Se+P (dl(AnH) < Ce and omin(4,) = 5/\/5) + e~
where C' > 0 depends only on B.

6.1. Preparations. We require an elementary, but extremely useful, fact from linear al-
gebra. This fact is actually a key step in the work of Nguyen, Tao and Vu on eigenvalue
repulsion in random matrices (see [25, Section 4]) and we reproduce their short proof here
for completeness. If M is a n x n matrix and j € [n], let M () denote the jth principle minor

of M, i.e. M with the jth row and column removed.
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Fact 6.3. Let M be an n X n real symmetric matriz and let A be an eigenvalue of M with
corresponding unit eigenvector u. Let j € [n] and let X' be an eigenvector of the minor MU)
with corresponding unit eigenvector v. Then

{0, XO) <X = N[/|uy],
where XU is the jth column of M with the jth entry removed.

Proof. Without loss of generality, take j = n and express u = (w, u,,) where w € R*~!. Then
we have (M™ — XIw + X ™y, = 0. Multiplying on the left by v” yields

[ (v, XM = X = N[[(v,w)] < |A=N].
0J

We will apply Fact [6.3]to see that when both ouin(Any1) < en™/? and o (AD) < en™1/2
hold we have |(v, X)| < ¢, assuming that |u;| ~ n~1/2. We then show that this latter event
holds, subject to appropriate pseudo-random conditions, with probably O(e). The only
wrinkle in this line of thinking is that we cannot rule out the possibility that for a given 7 we
have |u;| < n~Y2. We can, however, rule out the possibility that many such |u;| are small,
which will be enough for us. For this, we use a theorem of Rudelson and Vershynin [32]
which we state here in a specialized form.

Theorem 6.4 (Theorem 1.5 of [32]). For B> 0, ( € I'p, let A ~ Sym ,(¢) and let v denote
the unit eigenvector of A corresponding to the least singular value of A. Then there exists
co > 0 such that for all sufficiently small c; > 0 we have

P([{j : [vj] < (e2e1)’n™ 12} = eim) < e,
for n sufficiently large.

To understand the event that |(v, X))| < & (mentioned above), we need the Littlewood-
Offord theorem of Rudelson and Vershynin [30], which we state here in a specialized form.
Recall that D, (v) is the least common denominator of the vector v, as defined at ().

Theorem 6.5. Forn € N, B> 0,v,a € (0,1) ande > 0, letv € S* ! satisfy Do (v) > ce™*
and let X ~ Col,(¢), where ¢ € I'g. Then

P(I(X, 0)] <) S & + e
Here ¢ > 0 depends only on B.
The final ingredient in the proof of Theorem is the observation that the event
{omin(AS) < en ™2} 0 {omin(Ani1) < en™'/?}
(as in Lemma [6.1]) is roughly equivalent to the event
{there exist > cn values of j for which amm(Aﬁfll) <en Y N {omin(Ani1) < en Y2}

Before we make this rigorous we prove this latter event has probability < e 4 =2,
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Lemma 6.6. For B >0, ( € I'p, let Apy1 ~ Sym, (). Then, for e >0, we have
P (oin(Ans1) < en™2 and |{j 2 oin(AT)) < en™2} > en) Set e, (56)
where ¢ > 0 depends only on B.

Proof. Let A, denote the event on left-hand-side of (Bf]). Let v be a unit eigenvector cor-
responding to the least singular value of A, ;. We first show that if A; holds then with
probability 1 — e~ we can find > cn/2 values of j € [n] so that O‘min(A,(H)_l) < en1/?

lv;| 2 n~1/2. With this in mind we let
Sy = {j:0n(AY) ) <en ™2} and Sy = {j : ;] < (cea/2)0n 2}

where ¢ is the constant from Theorem [6.4l We let Ay denote the event that | S| < en/2 and
apply Theorem with ¢; = ¢/2 to see that P(AS) < e~/2. Now set S := S; N ([n] \ S)
and note that if A; N Ay holds then |S| > ¢n/2.

and

Now, for j € [n], let w] = w(AY) 1) denote a unit eigenvector of Agﬁl corresponding to the
least singular value of A '11. Note that if j € S; N ([n] \ S2) then, by Fact 6.3, we have
[(w;, X | < 2¢/(cae/2)8 =: Ce. (57)

Now let Q; be the event that w; satisfies Da,y(wj) > e®" where «, 7, c3 are chosen accord-
ing to Lemma .1l and set @ = N;Q,. By Lemma 4.1 we have P(Q°) < e—$n)
Putting this all together, we define the random variable

=n" Z (J{w;, XD)| < Ce and Q;),

and then observe that
P(A) < P(ANAN Q)+ e L P(R > ¢/2) + e 9,
We now apply Markov and expand the definition of R to bound

P(R>c/2) < ZEAu) Pyo (|{w;, XV)| < Cen @) Se

where the last inequality follows from the fact that X ) is independent of the event Q; and
w; and therefore we may put the property Q; to use by applying Theorem O

To prove Lemma [6.2] we will also use a basic fact which is at the heart of the geometric
approach of Rudelson and Vershynin (see, e.g., [30, Lemma 3.5]).

Fact 6.7. Let M be an n x n matriz and v be a unit vector satisfying ||Mv||a = omin(M).
Then
Omin(M) = |v;| - d;j(M)  for each j € [n].

Proof. Let X; denote the jth column of M and let H; denote the span of the remaining
columns. Then

Omin(M) = || Ml > dist(Mwv, H;) = dist(v; X;, H;) = |v;|d;(M).
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O

6.2. Proofs of Lemma and Lemma With these preliminaries in-hand, we are
now in a position to prove Lemma [6.2

Proof of Lemmal6.2. We look to bound the quantity
]P)(O-min(An—i-l) < En_1/2)~

Let v denote a unit eigenvector corresponding to the least singular value of A,.;. Let A

denote the event that v € Incomp (4, p): at least c,sn coordinates of v have absolute value
at least c,sn~Y/2. By Lemma B2 P(A°) < e % and so

P(Jmin(An+1) < 5n_1/2) < P(Jmin(An+1> < 5n‘1/2 and A) + e—Q(n).
Now let ¢ > 0 denote the constant from Lemma and let B denote the event that at

most cn principal minors of A, | satisfy o—mm(Afﬁl) < en Y2, Also note we may assume
¢ < ¢p5/2. By Lemma [6.6] we have

P(0min(Any1) < en V% and BY) < e 4 e M
and so
P(0min(Ans1) < en™ ) < P(0min(Ans1) < en™/? and AN B) + Ce + e .
Now let
S = {j 1 dj(An1) < /Cp5 and ouin(AY])) > en™V/?},

Observe that if oyin(Ant1) < &/y/n and j € [n] is such that |v;]| > ¢, sn~ 2, then dj(A,11) <
e/c,s, by Fact Thus if omin(Ant1) < €/y/n and A hold, then then there are > ¢, sn

values of j for which d;(A,+1) < €/c,s. If B holds in addition to o,+1(An41) < €/y/n and
A, then at most ¢, n/2 of these values of j have O‘min(Ag_?_l) < en~ /2. In other words,

ANBNA{on1(Ani1) <e/vn} C{|S] = ¢,5m/2}. (58)
Using (58)) along with Markov’s inequality tells us that
2

Cp,sT

P(Omin(Ant1) < e/yv/n and AN B) < P(|S| > ¢,5n/2) < E|S|. (59)

If we write
15 = S 1A (Anin) < £/cps, min(AYL) > en172),
J
then we see that

EIS| =P (di(Ans1) < &/cps, un(ALh) > ¢/Vi0) | (60)
by symmetry. Putting (G8]),([59),(@0) together gives us our desired conclusion. O

Lemma now follows.
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Proof of Lemmal6. 1. If we set a;; to be the first entry of A = A, then, by [40, Prop. 5.1],
we have that

AT'X X)) —a
dy(Any1) = i ) 1271| :
L+ [[A71X][3
Additionally, by [40, Prop. 8.2], we have ||A~1X||; > 1/15 with probability at least 1 —e~*™).
Replacing a;; with r and taking a supremum completes the proof of Lemma O

7. EIGENVALUE CROWDING (AND THE PROOFS OF THEOREM AND THEOREM [L.3])

The main purpose of this section is to prove the following theorem which gives an upper-
bound on the probability that & > 2 eigenvalues of a random matrix fall in an interval of
length e. This will be key in our work on the “bulk” of the spectrum of A=! in Section®l This
result is of independent interest as the € = 0 case of this theorem tells us that the probability
that a random symmetric matrix has simple spectrum (that is, has no repeated eigenvalue)

is 1 — e~ which is sharp and confirms a conjecture of Nguyen, Tao and Vu [25].
Given an n X n real symmetric matrix M, we let A\ (M) > ... > A\, (M) denote its
eigenvalues.

Theorem 7.1. For B >0, ( € I'p, let A,41 ~ Sym,,(¢). Then for each j € N and all
e 2 0 we have

max P(| A (An) = As(An)| < €/Vn) < (Ce) +2e7,
where C,c > 0 are constants depending on B and ¢ additionally depends on j .

We suspect that the bound in Lemma [[3] is actually far from the truth, for ¢ > e="
and j > 1. In fact, one expects quadratic dependence on j in the exponent of . This type
of dependence was recently confirmed by Nguyen [27] for ¢ > e ™. As we shall also need
Nguyen’s result, we discuss it further in Section 8l

For the proof of Lemma [[.3] we remind the reader that if v € R™ N Incomp (p, d) then at
least ¢, sn coordinates of u have absolute value at least ¢, ;n~1/2.

In what follows, for a n x n symmetric matrix A, we use the notation A@-~#) to refer to
the minor of A for which the rows and columns indexed by i1, ..., have been deleted. We
also use the notation Agyr to refer to the |S| x |T'| submatrix of A defined by (A; ;)ies jer-

The following fact contains the key linear algebra required for the proof of Theorem [I.3l

Fact 7.2. For 1 < k+j <mn, let A be a n X n symmetric matriz for which
Aess(4) = Ml A)] < V2,
Let (iy,...,ix) € [n]* be such that iy,...,i are distinct. Then there exist unit vectors
w®, . w® for which
(W, X,) < (en™2) - (1/Jwl V),
where X, € R"™" is the i,th column of A with coordinates indexed by iy, . .., 1, removed. That

i8, Xy 1= Ap\fir,.ivyx{ir} aNd w™) is a unit eigenvector corresponding to )\k(A(il""’“)).
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Proof. For (iy,...,i;) € [n)’, define the matrices My, My, ..., M; by setting M, = Ali-ir)
for r=1,...,7 and then M, := A. Now if

ki (A) = M(A)] < en™'2,
then Cauchy’s interlacing theorem implies
(M) = A (Mry)| < en”'/2,

forall 7 =1,...,4. So let w™ denote a unit eigenvector of M, corresponding to eigenvalue
Ax(M,). Thus, by Fact [6.3] we see that

(w, X, < (en™Y2) - (1/]wl 1)),

for r = 1,...,7, where X, € R"™" is the i,th column of M, _;, with the diagonal entry
removed. In other words, X, € R"™" is the i,th column of A with coordinates indexed by
i1,...,4, removed. This completes the proof of Fact [[.2l O

Proof of Theorem[I.3. Note may assume that ¢ > e~ “"; the general case follows by taking
¢ sufficiently small. Now, define A to be the event that all unit eigenvectors v of all (?)

i)

of the minors A" lie in Incomp (p,d) and satisfy D, ,(v) > e® ”, where «,7,c3 are
chosen according to Lemma [l Note that by Lemma [£.1] and Lemma 52 | we have P(A°) <

nItle=n) < g7 by taking ¢ small enough.
With Fact in mind, we define the event, &, ;. , for each (i1,...,i;) € [n)’, to be the
event that
(w™, X,)| < efc,s forall r e [j],
where X, € R"™" is the i,th column of A with coordinates indexed by i1, ..., 7, removed and

w™ is a unit eigenvector corresponding to Ay (A1),
If A holds then each w(™) has at least ¢, sn coordinates with absolute value at least ¢, sn~
Thus, if additionally we have

1/2

|>‘k+](An> - Ak(An>| < 8’/2,_1/27

Fact tells us that &, . i, occurs for at least (cp6m/2)7 tuples (iy,...,1i;).
Define N to be the number of indices (i1, ...,4;) for which &; _; occurs, and note

.....

P(|Ak45(An) = Mu(An)| < e/v/n) SP(N > (cpn/2)" and A) +O(e™) (61)

< (i)JP(el iNA) +0(e™™) (62)

Cp,5 .....

where, for the second inequality, we applied Markov’s inequality and used the symmetry of
the events &;,

.....
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;NA) < (Ce)l. To use

.....

..........

< max HPXT( Wy, X,)| < 8/Cp,5) < (Cﬁ)ja (64)

where the penultimate inequality follows from the independence of the X, and the last
inequality follows from the fact that D, - (w,) > e®" 2 1/¢ (by choosing ¢ > 0 small enough
relative to c¢3), and the Littlewood-Offord theorem of Rudelson and Vershynin, Lemma [6.5

Putting (62) and (64]) together completes the proof of Theorem [[3 O

Of course, the proof of Theorem follows immediately.
Proof of Theorem[L.2 Simply take e = 0 in Theorem [[3] O

8. PROPERTIES OF THE SPECTRUM

In this section we describe and deduce Lemma [8.l and Lemma [8.2] which are the tools we
will use to control the “bulk ” of the eigenvalues of A~!. Here we understand “bulk” relative
to the spectral measure of A~!: our interest in an eigenvalue A\ of A~! is proportional to
its contribution to |A™!||gs. Thus the most delicate and important aspect of our analysis
amounts to studying the smallest singular values of A.

For this we let 0, < 0,1 < --- < 01 be the singular values of A and let 1 > ... > pu, be
the singular values of A~!. Of course, we have py, = 1/0,_p41 for 1 < k < n.

In short, these two lemmas, when taken together, tell us that

On—ki1 = k/V/n, (65)

for all n > k> 1 in some appropriate sense.

Lemma 8.1. Forp > 1, B > 0 and ( € I'g, let A ~ Sym ,((). There is a constant C,

depending on B,p so that
v\’
E(— ) <C,,
(Mklf C
for all k.

We shall deduce Lemma [B.] from the “local semicircular law” of Erdés, Schlein and Yau
[14], which gives us good control of the bulk of the spectrum at “scales” of size 3> n~/2. The
next result is a type of “reverse” of Lemma [8.1] and will follow from a result of Nguyen [27]
along with our Theorem

Lemma 8.2. Forp > 1, B > 0 and ( € ', let A ~ Sym ,((). There exist constants
Cp, ¢, > 0 depending on B,p so that for all k € [Cy, n] we have

E K“—j’g)p 1 < ecp"}] <C,. (66)
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We point out that the condition £ > C), is a very important assumption in Lemma [8
and the above statement with £ = 1 and p = 1 would imply our main theorem. Thus one
might think of Lemma as a weaker relative of our main Theorem.

We also record a useful corollary of these two lemmas. For this, we define the function
| - ||« for a n X n symmetric matrix M to be

| M])? = }:@7 )?(log(1 + k). (67)

The point of this definition is to give some measure to how the spectrum of A~! is “distorted”

from what it “should be”, according to the heuristic at (65]). Indeed if we have o, i1 =
O(k/y/n) for all k, say, then we have that

A7 = ©(pm)-

Conversely, any deviation from this captures some macroscopic misbehavior on the part of
the spectrum. In particular, the “weight function” k — (log(1 + k))? is designed to bias
the smallest singular values, and thus we are primarily looking at this range for any poor
behavior.

Corollary 8.3. Forp>1, B> 0and( € I'g, let A ~ Sym , (¢). Then there exists constants
Cp,cp > 0 depending on B,p such that

A—l . p
() s <] <
1

In the remainder of this section we describe the results of Erdds, Schlein and Yau [14] and
of Nguyen [27] and show how to use them to deduce Lemma BTl and Lemma B2 respectively.
We then deduce Corollary 8.3l

8.1. The local semi-circular law and Lemma R.1l For a < b we define N4(a,b) to be
the number of eigenvalues of A in the interval (a,b). One of the most fundamental results
in the theory of random symmetric matrices is the semi-circular law which says that

i NA(CL\/_ by/n) i/b(4_x2)i/2dx,

n—00 2

almost surely, where A ~ Sym,, (¢).

We use a powerful “local” version of the semi-circle law developed by Erdds, Schlein and
Yau in a series of important papers [11,[12,[14]. Their results show that the spectrum of
a random symmetric matrix actually adheres surprisingly closely to the semi-circular law.
In this paper, we need control on the number of eigenvalues in intervals of the form [—t,¢],
where 1/n'/? < t < n'/2. The semi-circular law predicts that

t/nt/? 1/2
Nu(—t,t) ~ 71/ (4-#ﬁ@@p:%” (14 o0(1)).

27 —t/nl/2 ™

Theorem 1.11 of [I3] makes this prediction rigorous.
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Theorem 8.4. Let B > 0, ( € I'y, and let A ~ Sym ,(¢). Then for all t € [Cn~'/2 n'/?]
we have

P (‘NA(—t, t)/(nl/Qt) — 27'('_1‘ > 7r) < exp (—cl(th)W‘) (68)
where C, ¢y > 0 are absolute constants.

Lemma [8T] follows quickly from Theorem [8.4 In fact we shall only use the follow corollary.

Corollary 8.5. Let B> 0, ( € I'g, and let A ~ Sym ,(¢). Then for all s > C and k € N
satisfying sk < n we have

P (ﬁ > s) S exp (—c(sk)'?)

puck

where C, ¢ > 0 are absolute constants.

Proof. Let C' be the maximum of the constant C' from Lemma 8.4] and 7. If X T N w > s then
Na(—skn=Y2, skn=Y2?) < k. We now apply Lemma B4 with ¢ = skn=/2 > sn=1/2 > Cn~1/?
to see that this event occurs with probability < emeVsk, 0J

Proof of Lemma[81. Let C be the constant from Corollary 8.5l From bounds on the upper
tail of ||All,, (like (37)), we immediately see that for all £ > n/C we have

e () < (2R 0y = 0,00)

Thus we can restrict our attention to the case when k& < n/C. Define the events

e (ihec) e (). n-(221)

We may bound
v’ Vi’ Vi’
E(— ) <C’+E 1 E 1g, . 69
(Mkk - k) - k) (69)
To deal with the second term in (69]), we use Corollary BHl to see that

p n/k
E (ﬁ) 1g, §/ ps” e VR g = O,(1).

0% c
To deal with the third term in (69]), we note that since n/k > C' we may apply Corollary [8.5]
with s = n/k, to conclude that P(FE5) < e~°V™. Thus, by Cauchy-Schwarz, we have

1/2
n\" o\ _
. (U—Q) Lo, < (E ( 1;/7) ) P(E3)'? < Op(1) - nPe V= Op(1),

where we have used the upper tail estimate at (37) to see Eo2” = O,(n?). O
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8.2. Eigenvalue crowding and Lemma In [27], Nguyen proved the following result
which gives good estimates on the probability that kth smallest singular value is much
smaller than typical, where k£ > 1. In fact he proved a more general result which bounds
the probability that k eigenvalues fall into any interval of length €. Here we need only the
following less general result, which comes from Theorem 1.12 of [27].

IheOI‘eIII 8.6. 1-0’[” B > 0; C S IB; let A ~ Syll n(C) Zhen foxr- all k, c [bl_l,bl’n,] a’]’Ld e O
we have
I (On—k—l-l(A) < En_l/z) < (Cg/k;)kz/4 O(e_"bQ)’

where C, by, by > 0 are absolute constants.

With Nguyen’s result in hand, we quickly take care of the proof of Lemma R.2]

Proof of Lemma[8.2. Let by, by denote the constants by, by from Theorem and note that
we may assume k < byin since for &k > byn we may bound px < pp,n,. We now may assume
that C,, the constant in the statement of Theorem B2 satisfies C, > max{b;*,3p}. Thus
we may restrict our attention to k for which k& > max{b;',3p}. We let ¢, > 0 be a constant
to be determined later. We set R = e™* and integrate to see that

ek \”
I=E|[—] 1 < e
(Z5) 1 < ey

is at most

R ecpmn
/ kPpsP~'P (Un—k+1 < n_l/Q/s) ds + / pkPsP~P (Un—k+1 < n_l/z/s) ds =: Iy + I.
0 R

cpn CpM

Here we could truncate the integral I; at e“™ since 0, 41 = 0, = 1/, > €~
We bound these two ranges by applying different results. To bound I, we use Theorem

with € = 1/s to see
P (0n-r+1 <1712 /5) < (O/ks)™ +O0(e™),
since k > 2,/p. Thus integrating gives Iy = O,(1).
To bound Iy, we use our Theorem with j =k > 3p and € = 1/s to see that
P (0nrr1 <1 ?/s) < sup IP (1N — N <2072 /5) S (C/s)* + exp(—bsn)

for some c3 > 0. Assuming that ¢, > 0 is small enough relative to b3 allows us to bound
I = O,(1). Thus we see I = Iy + I; = O,(1), completing the proof of Lemma [8.2] O

8.3. Deduction of Corollary [8.3L We now conclude this section by deducing Corollary 8.3]
from Lemma R.I] and Lemma

Proof of Corollary[8.3. Let ¢ be the constant from LemmaR2land C' = Cy, be the maximum
of the two constants from Lemmas 81l and B2l Now define the event & = {y; < e} and
express

JATH2 =D~ s (log(1 + k)™

k=1
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Note that we may omit the first C' terms in this sum, as we can (trivially) bound ui <
p3. Further, by Holder’s inequality we may assume without loss of generality that p > 2.
Applying the triangle inequality for the LP/? norm gives

9 9 p/2 2/p p12/p
ESO (Z ,uk(log2(21+k)) ) < Z(log(l —|—]{3))2E&) |:&:| /

p
k>C H k>C Hy

which is

S e (1) (£)) < B o (28" (o

by Cauchy-Schwarz. Thus Lemmas 8.1l and tell us that this is O,(1), completing the
proof of Corollary B3l O

9. CONTROLLING SMALL BALLS AND LARGE DEVIATIONS

The goal of this section is to prove the following lemma, which will be a main ingredient
in our iteration in Section [[0. We shall then use it again in the final step and proof of
Theorem [T, in Section [Tl

Lemma 9.1. For B > 0 and ( € I'p, let A = A, ~ Sym (¢) and let X ~ Col,(C). Let

cn

u € R"! be a random vector with ||ul|ly < 1 and depending only on A. Then, for §,e > e~
and s > 0, we have

[(AT'X, X) — 7|
A=

= () )

where ¢ > 0 depends only on B > 0.

EAsupIPX( <0, (X,u) > s, %<5_1>

6/7

< de”? +e ", (70)

~

Note that with this lemma we have eliminated all “fine-grained” information about the
spectrum of A~! and all that remains is p;, which is the reciprocal of the least singular
value of the matrix A. We also note that we will only need the full power of Lemma [0.1] in
Section [[1} until then, we will apply it with s = 0,u = 0.

We now turn our attention to proving Lemma 0.1l We start with an application of Theo-
rem [[L3] our negative correlation theorem, which we restate here in its full-fledged form.

Theorem 9.2. Forn € N, a,v € (0,1),B > 0 and u € (0,271), there are constants
¢, R > 0 depending only on «,,u, B so that the following holds. Let 0 < k < can and
e = exp(—can), let v € S*1, and let wy,...,wp € St be orthogonal. For { € I'p, let ('
be an independent copy of ¢ and Z,, a Bernoulli variable with parameter p; let X eR" be a

random vector whose coordinates are i.i.d. copies of the random variable (( —(')Z,.
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If Do (v) > 1/e then

k
]P)X <‘<X V)| < Z wj7 ) < Re - e_Ck . (71)
The proof of Theorem is provided in the supplement to this paper [5]. We now prove

Lemma [0.3]

Lemma 9.3. Let A be a n x n real symmetric matriz with A € € and set u; := o;(A™Y),
for alli € [n]. For B >0, ¢ € I'p, let X, X" ~ Col,(C) be independent, let J C [n] be a
p-random subset with p € (0,27%), and set X := (X — X'),. If k € [1,cn] is such that
s € (e™, ug/u1) then

Py (147 K> < spn) S e, (72)
where ¢ > 0 depends only on B.

Proof. For each j € [n] we let v; denote a unit eigenvector of A~! corresponding to u;. Using
the resulting singular value decomposition of A~!, we may express

JATX]5 = (A7 X, ATX) =) i3 (X, )

and thus

|7;
NS N

k
Py (A K < s) <Py <|<v1, wd D

We now use that s < 1 and ug/p; < 1in ([73) to obtain

v], 82> ) (73)

k
Py (||A‘1X||2,u1_1 < s) <Py <|(v1,X>\ <sand Y (v, X)? < 1) . (74)
j=2

We now carefully observe that we are in a position to apply Theorem to the right-hand-
side of (7). The coordinates of X are of the form (¢ — ¢’ )Z,,, where Z,, is a Bernoulli
random variable taking 1 with probability u € (0,271%) and 0 otherwise. Also, the vy, ..., vy
are orthogonal and, importantly, we use that A € £ to learn thatﬁ Dy ~(v1) > 1/s by
property (29), provided we choose the constant ¢ > 0 (in the statement of Lemma 03] to
be sufficiently small, depending on u, B. Thus we may apply Theorem and complete the
proof of the Lemma Q.31 O

With this lemma in hand, we establish the following corollary of Lemma [5.2

"Recall here that the constants o, y > 0 are implicit in the definition of € and are chosen so that Lemma F1]
holds.
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Lemma 9.4. For B> 0 and ( € I'g, let X ~ Col,(¢) and let A be a n x n real symmetric
matriz with A € €. If s >0, 0 € (7", 1) and u € S*™' then

cn 2/3
sup Py ([{(A™'X, X) —r| < 6pp, (X, u) >5) < 5e_sZe_Ck (%) +e ", (75)
r k=2 k

where ¢ > 0 is a constant depending only on B.

Proof. We apply Lemma to the left-hand-side of (75)) to get

1/6
sup P ([(A71X, X) = 7| < 0, (X,u) 2 8) 5 0e7 / 16)2df + 7™, (76)
r -1/5

where
1(0) == Eyx,x, exp ((X + X") s, u) — OPu?|AHX — X"),15),
and ¢ = ¢(B) > 0 is a constant depending only on B and J C [n] is a g-random subset. Set

X=(X-X")yandv=A"X,

and apply Holder’s inequality

! / s 8/9 ! 1/9
1(0) = Eyx, x, [e<(X+X >J,u>e—c92||v||%/u%} < (Eye_c 92||v||§/u%) (E 130y 0, €O )J,u>) .

(77)
Thus we apply () to see that the second term on the right-hand-side of (77) is O(1). Thus,
for each 6 > 0 we have

1(9)9/8 SB Eie—cmzﬂvng/ﬂf < 6—0”01/5 +P5{(HUH2 < M19—9/10).

As a result, we have

1/6 1/6 1
/ 1(6)"/? d951+/ Ps(llvlla < pa6 21" df 51+/ sTOP (]2 < pas)? ds.
~1/5 1 5

To bound this integral, we partition [d, 1] = [, tten/pa] U Upslttn/ 15 prx—1/pa] and apply
Lemma to bound the integrand depending on which interval s lies in. Note this lemma
is applicable since A € £. We obtain

/i 19/9 4/9 k /i 15/9 k 2/3
[ sl < sy < e [ 9 s < e,
pre / b 1/ 11
while
pren 11 19/9 4/9 3/2 Q
[ (ol < ) < g < oo
5
Summing over all k£ and plugging the result into (76) completes the lemma. 0

We may now prove Lemma by using the previous Lemma[9.4] along with the properties

of the spectrum of A established in Section 8
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Proof of Lemmal9. Let £ be our quasi-random event as defined in Section 4 and let

M1 -1
= 2« ]

For fixed A € & and u = u(A) € R™ with [Jul|s < 1, we may apply Lemma with
—1
§ = 5”Au—1”* to see that

—1 cn 2/3
sup Py ([{(A™'X, X) —r| <O Alls, (X, u) > 5) S de® (M) Ze_Ck (&) +e .

reR H1 2 Mk

By Lemma 1] P4(E°) < exp(—€2(n)). Therefore it is enough to show that

6/7
ALY (7 pa \7°

E& (”7> <— <k-ER || L= : 78
4 5} Hk 4 \vn 78)

for each k € [2,cn]. For this, apply Hélder’s inequality to the left-hand-side of (8] to get
_ _ 147 1/14 28/3 6/7
o (HA 1||*) (&)”3 < g (IIA 1H*) (@) / (g)”g |

AN\ m we) 1 n Vn

E%
We now apply Corollary to see the first term is O(1) and Lemma 8] to see that the
second term is O(k). This establishes (78)) and thus Lemma [0.1] O

1/14
&o
EA

10. INTERMEDIATE BOUNDS: BOOTSTRAPPING THE LOWER TAIL

In this short section we will use the tools developed so far to prove an “up-to-logarithms”
version of Theorem [Tl In the next section, Section [[1l we will bootstrap this result (once
again) to prove Theorem [[.T]

Lemma 10.1. For B >0, let ( € ', and let A, ~ Sym (¢). Then for all e >0

To prove Lemma [I00], we first prove the following “base step” (Lemma [[0.3) which we
then improve upon in three steps, ultimately arriving at Lemma [L0.1Il This “base step” is an
easy consequence of Lemma and Lemma and actually already improves upon the best
known bounds on the least-singular value problem for random symmetric matrices. For this
we will need the well-known theorem due to Hanson and Wright [1945] (see also [41], Theorem
6.2.1]).

Theorem 10.2 (Hanson-Wright). For B > 0, let ( € I'p, let X ~ Col,(¢) and let M be a
m x n matriz. Then for any t > 0, we have

ct?
]P)X( M X2 — [[M][ns| > t) < 2exp <_W) )

where ¢ > 0 is absolute constant.

We now prove the base step of our iteration.
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Lemma 10.3 (Base step). For B >0, let ( € I'g and let A,y ~ Sym,,,(¢). Then for all
e>0,
P(Umin(An+1) < 5/\/%) 5 51/4 + e—Q(n) .

Proof. As usual, we let A := A,,. By Lemma [6.1], it will be sufficient to show that for r € R,

(AT'X, X) — 7| £ ] -
P < W(A) > —= ) Selt e,
A,X( TAX], Ce, 0,(A) 7 Selt+e (79)

By the Hanson-Wright inequality (Theorem [[0.2]), there exists C’ > 0 so that
Px (A7 X2 > C"\/log 1/el| A |us) < & (80)
and so the left-hand-side of ([79) is bounded above by

ATIX X)) —r
M 5 o) 2 /4R

where 0 := C"e4/log 1/e. Now, by Lemma [0.1] with the choice of u = 0,s = 0, we have

E—FPA,X <

‘<A_1X7X>_T‘ g 9 _ B
P <6, 0,(A) > — | <5723 Qn) < 1/4 Q(n) 1
A’X( i S & onld) > 5 ) S0 e g 4 780, (81)

where we have used that [[A7Y, > ||A7||us. We also note that Lemma [.1] actually gives
an upper bound on E 4 sup, Px(A), where A is the event on the left-hand-side of (83]). Since
sup, P4 x(A) < Easup, Px(A), the bound (81]), and thus Lemma [[0.3] follows. O

The next lemma is our “bootstrapping step”: given bounds of the form
Plomin(A,) <e/vn) Se¥+e
this lemma will produce better bounds for the same problem with A, in place of A,.

Lemma 10.4. (Bootstrapping step) For B > 0, let ¢ € I'g, let A,11 ~ Sym . ,(¢) and let
€ (0,1)\ {7/10}. If for all e > 0, and all n we have
P(0min(A4,) < e/v/n) S +e 4 (82)
then for all e > 0 and all n we have

IEJ)(O-lmim(An—i-l) < 5/\/5) S 5min{l’6ﬁ/7+l/3} log 1/5 + e_Q(") .

Proof. Let ¢ > 0 denote the implicit constant in the exponent on the right-hand-side of (82)).
Note that if 0 < € < ™", by the assumption of the lemma, then we have

P(0min(An) < £/V/n) S e,

for all n, in which case we are done. So we may assume € > e~

As in the proof of the “base step”’, Lemma [10.3], we look to apply Lemma and
Lemma in sequence. For this we write A = A,, and bound (70]) as in the conclusion
of Lemma

cn

—7/9

7/9 €
H1 H1 ~1 -9/7, —1/2
EA ( ) 1{ <e }S/ Plomin(A) <277 'n dx, 83

vn Vvn (1 (7ain(4) ) (83)



where we used that oin(A) = 1/u1(A). Now use assumption (82)) to see the right-hand-side

of ([B3) is

e=T7/9

<1+ / (277 + e dr < max {1,e"77/} . (84)
1
Now we apply Lemma with 0 = Cey/log1/e, s =0 and u = 0 to see that

ATIX X)) —
‘< ||A 71|| > T| < 5’ ,U/_\/l_ < 5_1) 5 max {€’€6H/7+1/3} 1Og 1/€+ e—Q(n) ’ (85)
o lHs n

where we have used that || A7 ||gs < [|[A7Y..
Now, by Hanson-Wright (Theorem [I0.2]), there exists C’ > 0 such that

Py (A7 X |y > C'|A lusv/log 1/2) < .

Thus we choose C” to be large enough, so that

sup P4 x (

|<A_1‘< ‘<>_T| " € 6 —
P ’ <C",0,(A) > — | < m/THBY L Jlog 1 fn)
sup Pa x ( TAX], g,0n(A) i) S max {, € }Vlogl/e +e
Lemma [6.1] now completes the proof of Lemma [I0.4l O

Lemma [10.1l now follows by iterating Lemma [10.4] three times.
Proof of LemmalI0.1. By Lemma [I0.3 and Lemma [[0.4] we have

P(omin(A) < e/vn) S e /log1/e + ¢4 < 3/21mm o =0

for some small 7 > 0. Applying Lemma [[0.4] twice more gives an exponent of % — gn and

then 1, for n small, thus completing the proof. O
11. PROOF OF THEOREM [IL.1]

We are now ready to prove our main result, Theorem [[.I We use Lemma (as in the
proof of Lemma [[0.]])) and Lemma [31] to see that that it is enough to prove

ATIX X)) — 7|
P¢ (K . < Ce, and 0,(A) > sn_m) <g4e ¥ 86
A XL W : %0
where C'is as in Lemma and the implied constants do not depend on r. Recall that & is
the quasi-random event defined in Section [4]
To prepare ourselves for what follows, we put & := € N {omn(A) = ¢/4/n} and

|<A_1X7X>_T‘ ‘<A_1X7X>_T|

Q(A, X) =
[A=1X ], A=

and Q.(A, X) =

where

JATHZ =D i (log(1 + k))?,
k=
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as defined in Section [§ We now split the left-hand-side of (86) as

P% (Q(A, X) < Ce) < P2 (Q.(A, X) < 2Ce) + P* (Q(A, X) < Ce, % > 2) :
e

We can take care of the first term easily by combining Lemma and Lemma [10.1]

Lemma 11.1. Fore > 0,
PE(Q.(A, X) < 20e) Se+e UM
Proof. Apply Lemma [0.1] with 6 = 2Ce, u =0 and s = 0 to obtain
7/9 6/7
PE(Q.(A, X) < 20%) < <IEA (5%) 1 {% < 5—1}) + e

By Lemma 0] and the calculation at (84]), the expectation on the right is bounded by a
constant. U

We now focus on the latter term on the right-hand-side of (87)). By considering the dyadic
partition 27 < [JAT X ||o/[]A7]. < 277 we have

A_lX logn ' A_lX ' o

P (Q(A,X) < Oe,w > 2) <SS P (Q*(A,X) < 2]%%,% > 2]) e
* = *

(88)

Here we have dealt with j > logn by using Hanson-Wright (Theorem [[0.2) and the fact that
A7 = [|A s to see

Py (A7 X2 > v/allATY.) S e
Z

We now show that the event ||A~1X]|,
of the eigenvectors of A.

t||A"|, implies that X must correlate with one

Lemma 11.2. Fort > 0, we have

1
Py <Q*(A, X) < 2Cte, %71” ) 2ZIP’X < 2Cte, (X, v) > tlog(1 + k)

where {v} is an orthonormal basis of eigenvectors of A.

Proof. Assume that ||[A™1X ||y > t||A7!||. and use the singular value decomposition associated
with {vg } to write

2 pi(log(k +1)* = PIAI < AT X5 = Y pivp, X)%.
k k

Thus
(AT Xl =t A7, }CU{\ (X, )| = tlog(k+1)}.

To finish the proof of Lemma [I1.2, we union bound and treat the case of —X the same as

X (by possibly changing the sign of v;) at the cost of a factor of 2. O
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Proof of Theorem 11l Recall that it suffices to establish (86]). Combining (87) with LemmallT.2]
and Lemma [TT.1] tells us that

logn n
P (Q(A, X) < C2) Se+2) Y PP (Qu(A X) < 27 Ce, (X, vy) = 27 log(1 + k) +e ).

j=1 k=1

(89)

We now apply Lemma for all t > 0, with § = 2Cte, s = tlog(k + 1) and u = vy, to see
that,

P2 (Q.(A, X) < 2Cte, (X, vy) > tlog(1 +k)) Set(k+ 1)~ - 197 472 (90)
where
7/9
I =, (Ml(A)) 1 {Ml(A) < 5—1}.
Vi Vi
Using ([@0) in (89) yields
logn n ‘
PO(Q(A,X) < Ce) Sel¥TY 3 " 2(k+ 1) + e e 197 4 790,
j=1 k=1

since Y07, 002, 27 (k + 1)"% = O(1). Now we write

e=7/9

[=F4 (“%1))7/91 {“i(r;j) < 5—1} </0 P (0min(A) < 279 Tn72) da

and apply Lemma I0.1] to see

—7/9

15 o
/ P (0min(A) < :)3_9/771_1/2) dr < / sTds+1< 1.
0 1

Thus, Lemma completes the proof of Theorem [I.T] O
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APPENDIX A. PROOF OF THEOREM [1.4]

Here we deduce Theorem [I.4], which shows negative correlation between a small ball and
large deviation event. The proof is similar in theme to those in Section [l but is, in fact,
quite a bit simpler due to the fact we are working with a linear form rather than a quadratic
form.

Proof of Theorem [1.4. We first write

P(|(X,v)| < e and (X,u) > 1) j E [1{|{X,v)| < 5}6A<X’“>_M] : (91)



where A > 0 will be optimized later. Now apply Esseen’s inequality in a similar way to
Lemma [5.T] to bound

1/e ‘
E [1{|<X, U>| < 8}6>\<X,u>—>\t] 5 ge—At / ‘Ee27rz€(X,v>+>\<X,u>‘ do . (92)
—1/e
Applying Lemma [5.5] bounds
}E627ri€(X,v)+)\<X,u>} < exp <—c r[?inl} |0rv]|2 + c_l)\z) + e, (93)
rel|l,c™

Combining the lines ([@1]),([02) and ([@3) and choosing C' large enough gives the bound

_ 1/e

P(|(X,v)| < € and (X, u) > t) < ce e 1,\2/
—1/e
< 56—/\t+c71>\27_1 + 6_can_)\t+cfl)\2 .

(e—w%z + e—w") a9

Choosing A = c¢t/2 completes the proof. O

APPENDIX B. PROOF OF LEMMA

We deduce the second part of Lemma from the following special case of a Proposition
of Vershynin [40, Prop. 4.2].

Proposition B.1. For B > 0, let ¢ € I'p, let A, ~ Sym ,(¢) and let K > 1. Then there
exist p,d,c > 0 depending only on K, B so that for every A € R and w € R™ we have

P(  inf (A, + Az — wl|s < ev/n and || A, + M ||op < Ky/n) < 2e7" .

z€Comp (4,p) H

Proof of Lemmal3.2. To get the first conclusion of Lemma we may assume without loss
of generality that u € S"~!. So first let N be a cy/n-net for [—4y/n, 4y/n], with |[N'| < 8/c.
Note that P(||A,|lop > 4v/n) < e 50 if A,z = tu then we may assume t € [—4y/n, 4y/n].
So

P(3 z € Comp (6, p), 3t € [—4v/n,4v/n] : A,z = tu)

< Z P (3 2 € Comp (9, p) : ||Anz — toull2 < cv/n),
toeN
since for each t € [—4y/n,44/n] there’s to € N, such that if A,z = tu then ||A,x — toul2 <
cyv/n. Now to bound each term in the sum take A = 0, K = 4, w = tqu in Proposition [B.1]
and notice we may assume ||A,||,, < 4y/n again. For the second conclusion, it is sufficient
to show
P(3 = € Comp (6, p), 3t € [—4v/n,4v/n] : ||(A, — t1)z]|2 = 0 and || A, — ], < 8V/1)

< e—Q(n) (94)

Y

since we have P(|| A, |lop = 4v/n) < e by [B7), so we may assume that all eigenvalues of
A, lie in [—4y/n,4y/n] and ||A, — t||op < [t] + || Anllop < 84/1, for all ¢t € [—44/n, 44/n].
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For this, we apply Proposition [B.Ilwith K = 8 to obtain p, d, c. Again let N be a ¢y/n-net
for the interval [—4y/n, 4+/n] with |[N| < 8/c. So, if t € [—4y/n,4+/n] satisfies A,z = tz for
some z € S"7! then there is a t; € N with |t — to| < ¢y/n and

1(An = toD)z]l2 < [t — o] [x]l2 < ev/n.
Thus the left hand side of (04) s at most
> P (3 e Comp(d,p): [[(An — tol)a|l2 < ev/n and [|A, — to] ||, < 8v/n) S e,
toGN

where the last line follows from Proposition [B.1l O

AprPENDIX C. PROOF OF EQuATION (37)

We deduce (B7) from the following result of Feldheim and Sodin [16, Cor. V.2.1] for
symmetric random variables. Recall that a random variable { is symmetric if —( has the
same distribution as (.

Theorem C.1. For B > 0, let ¢ € T'p be a symmetric random variable and let A ~ Sym ,(().
For all s > 0, we have

P([Aullop = 2vn(1 + 5)) S exp(—cns®?).

The bound (B7) follows from a basic symmetrization argument, where we deduce the
bound for ||A|l,, based on an application of Theorem [CI] to the random matrix A — A’,
where A, A" are independent copies of A.

Proof of (37). Let ¢ € 'y and A, A’ ~ Sym ,(¢) be independent. We bound
P(|Allop = (3 + s)v/n) < P(||A— Aoy = (3+ 5/2)v/n) + P(A), (95)

where

A= {[|Allop = B+ s)vn, [[A = Al < (3+5/2)vn} .

We take care of the first term on the right-hand-side of (OF) by applying Theorem to
the matrix (A — A’)/\/§ and noting that 2v/2 < 3. Thus

B (| Ay — Al > (3 -+ 5/2)v/) < exp(—ens*’).

Turning our attention to the event A, let A be a matrix satisfying [|A|op, = (3 + s)v/n.
Then there is a vector z := z(A) € S"! with ||All,, = (Az,z). Thus, if we also have
|A— A'll,p < (34 s/2)y/n, then we must have (A'z, ) > sy/n/2. In other words

P(A) < sup P((A'w,x) > sv/n/2) <207,
zesn—1
where the last line holds by a large deviation inequality for sums of subgaussian random

variables: see Theorem 2.6.2 in Section 2.6 of [41]. This completes the proof of (37). O
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SUPPLEMENTARY PAPER TO THE LEAST SINGULAR VALUE OF A
RANDOM SYMMETRIC MATRIX

MARCELO CAMPOS, MATTHEW JENSSEN, MARCUS MICHELEN, JULIAN SAHASRABUDHE

ABSTRACT. This is a supplementary article to our paper “The least singular value of a
random symmetric matrix”. Here, we lay out the details of the “master quasirandomness
theorem”, which we left unproved in that paper. The proof is a technical adaptation of the
authors’ previous work on the singularity of random symmetric matrices.

1. INTRODUCTION

We start with a few definitions from [2] that are most relevant for us here. Throughout ¢
will be a random variable with mean 0 and variance 1. Such a random variable is said to be
subgaussian if the subgaussian moment

1
.= sup — (E[([P)'/?

is finite. For B > 0, we let I'g denote the set of mean 0 variance 1 random variables with
subgaussian moment < B and we let ' = B0l B-

For ¢ € ', let Sym ,(¢) denote the probability space of n X n symmetric matrices with
(A; j)ic; 11.d. distributed according to ¢. Let Col,,({) be the probability space on vectors of
length n with independent coordinates distributed according to (.

For v € S" ! and u,a,v € (0,1), Define the least common denominator (LCD) of the
vector v via

Do ~(v) :=inf{t > 0 : ||tv||r < min{y||tv|s, vVan}}, (1)
where ||w||T := dist(w, Z™). We also define
Damu(v) = }21[% Dey (vr) - (2)
[1Z(1-2p)n

Remark 1.1. We note that in [2] we deal with a slightly different notion of D, where we
define D, ,(v) = min; Dy~ (vr/||vr]l2). This makes no difference for us, as Lemma
below eliminates those v for which ||vs|s is less than a constant. Thus, we work with the
slightly simpler definition (2)) throughout.

We define the set of “structured direction on the sphere”
Y=Y ={v €S Dyyu(v) < e} (3)

The first named author is partially supported by CNPq. The third named author is partially supported

by NSF grant DMS-2137623.
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Now for ( € I'; A ~ Sym ,(¢) and a given vector w € R™, we define the quantity (defined
in Section 4 in [2])

gn(w) = gn(w; o, 7, ) :==P4 (v € ¥ and Is, t € [—4v/n,4v/n] : Av=sv+tw).  (4)
We then define
qn ‘= 1mMax Qn(w) (5)

wesSn—1
The first goal of this supplement is to prove the following theorem.

Theorem 1.2 (Master quasi-randomness theorem). For B > 0 and ( € T'p, there exist
constants a, vy, p, cs, ¢ € (0,1) depending only on B so that

Gn(, 7, ) < 27",

The second main goal of this supplement is to prove the following negative correlation
result—or inverse Littlewood-Offord Theorem—that will be of use in [2]. In fact, we will
prove it along the way to proving Theorem as it is an important step in the proof that
theorem.

Theorem 1.3. For B> 0, let ( € T'g. Ford e N, a,v € (0,1) and v € (0,2719), there are
constants cy, R > 0 depending only on o, v, v, B so that the following holds. Let 0 < k < coad
and t > exp(—coad); let v € S*! and let wy, ..., wp € STt be orthogonal.

Let (' be an independent copy of C, let Z, be a Bernoulli random variable with parameter v
and let 7 € R? be a random vector whose coordinates are i.i.d. copies of the random variable
with distribution (¢ — (') Z,.

If D, (v) > 1/t then

k
P <|(7',v>| <t and Z(wj,7'>2 < cok‘> < Rt - ek,
j=1

The proofs of Theorem [[.2 and Theorem [[.3] follow the same path as [I] where the authors
proved analogous statement for the case where the entries of A are uniform in {—1,1}. We
refer the reader to the following Section [I.] for a discussion of how this paper is structured
relative to [1J.

1.1. A Reader’s Guide. The proof of Theorem is similar to the proof of the main
theorem in [I], with only a few tweaks and additions required to make the adaptation go
through. In several places, we need only to update the constants and will be satisfied in
pointing the interested reader to [I] for more detail. Elsewhere, more significant adaptations
are required, and we will not hesitate to outline these changes in full detail. As such, parts
of this paper will bore restless experts. But we hope it will provide a useful source for those
who are taking up the subject or want to avoid writing out the (sometimes extensive) details
for oneself.

Here we describe the correspondence between sections in this paper and sections in [1] and

point out the key changes that come up.
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In Section 2] we set up many of the basic notions that we will need for the proof of The-
orem The main novelty here is in the definitions of several auxiliary random variables,
related to ¢, that will be used to study ( in the course of the paper.

In Section B we turn to prove Theorem [[.2] while assuming several key results that we
either import from [I] or prove in later sections. This section is the analogue of Section 9
in [I] and the main difference between these sections arises from the different definitions of ¢,
in these two papers (see (B)). Here g, is defined in terms of the least common denominator
D,, ., rather than the threshold 7, (see (I2))). In the course of the proof we also need to
break things up according to 7z, and define nets as we did in [I], but another net argument
is required to exclude vectors with 7 small but D, . large.

In Section Ml we define many of the key Fourier-related notions that we will need to prove
the remaining results, including Theorem [[.3l The main differences between the two papers
in these sections comes from the different definition of the sublevel sets Sy, (see (23)). This
new definition requires us to reprove a few of our basic Lemmas from [1], however the proofs
go through easily.

In Section B2, we state our main inverse Littlewood-Offord Theorem for conditioned
random walks and deduce Theorem [L.3] from it. Lemma [4.3in this section is also one of the
main ingredients that goes into Theorem [3.2] This section corresponds to Section 3 of [1].

Section [ deals with Fourier replacement and is the analogue of Appendix B in [I]. Here
the only difference between the sections is that here we lack an explicit form for the Fourier
transform. However, this difficulty is easily overcome.

In Section [l we prove Lemma 4.3l This corresponds to Sections 4 and 5 of [1], from which
several key geometric facts are imported wholesale, making our task significantly lighter
here. The difference in the definitions from Section (] are salient here, but the majority of
the proof is the same as in [Il, Section 5], up to the constants involved.

The next three sections, Sections[7, 8 and @, correspond to Sections 6,7, and 8 respectively
of [1]. Here the adaptation to this paper requires little more than updating constants. These
three sections amount to converting Lemma into the main net bound Theorem

Finally, in Section [I0 we deduce the Hanson-Wright inequality, Lemma [6.7] from Tala-
grand’s inequality; this corresponds to Appendix E of [1] where the difference again is only
up to constants.

1.2. Asymptotic notation. For notational ease, we allow constants implicit in big-O no-
tation to depend on the subgaussian constant B, if this constant is relevant in the context.

2. PREPARATIONS

2.1. Symmetrizing and truncating the random variable. We will work with sym-
metrized, truncated and lazy versions of the variable (. This is primarily because these al-
tered versions will have better behaved Fourier properties. Here we introduce these random
variables and also note some properties of their characteristic functions. These properties
are not so important until Section [, but we have them here to help motivate some of the

definitions.
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Let ¢’ be an independent copy of ( and define
(=¢—-¢"
We will want to truncate ¢ to a bounded window, as this will be useful for our construction of

a non-degenerate and not-too-large LCD in Section[Bl In this direction, define Iz = (1,16B?)
and p := P(|¢| € Ip). Our first step is to uniformly bound p in terms of B.

Lemma 2.1. p > 5.

Proof. By the Paley-Zygmund inequality
(- 1PEER 1

P(I¢| > 1) = P(I(]* > EIC/2) >

E
where we have used Ef‘l =2E(*+6 < 2°B* +6 and B > 1. By Chebyshev’s inequality we
have

P(IC] > 165%) < 5 -
Combining the bounds completes the proof. O
For a parameter v € (0,1), define &, by

& = 1{|] € I5}Z,

where Z, is an independent Bernoulli variable with mean v. For v € (0,1) and d € N, we
write X ~ =,(d; ) to indicate that X is a random vector in R? whose entries are i.i.d. copies
of the variable ,; similarly, we write X ~ ®&,(d; () to denote a random vector whose entries
are 1.i.d. copies of the random variable Z,.

We compute the characteristic function of &, to be

G, (1) = Ee®™ =1 —v+v(l —p) + I/pEg[cos(Qﬂtg) 11¢] € (1,16B%)].

Define the variable ¢ as C~ conditioned on |C~ | € I, where we note that this conditioning
makes sense since Lemma 2.1 shows p > 0. In other words, for every Borel set S,

P((eS)=p'PCeSN(IzU—Ip)).

Therefore we can write the characteristic function of £, as

e, (t) =1 — vp + vpE; cos(2mt() . (6)
For z € R, define ||z||1 := dist(z, Z), and note the elementary inequalities

1—20[|a]l7 < cos(2ma) < 1 —la%,
for a € R. These imply that

exp (—=320p - Bl|tC112) < e, (1) < exp (—vp- EC]2) (7)

Also note that since ¢z, (t) =1 — v + vE; [cos(27tC)] we have

ez, (t) < 1—v+v(1 —p) + vpEeleos(2mtC) | ¢ € Ip] = g, (1) - (8)
4



2.2. Properties of subgaussian random variables and matrices. We will use a ba-
sic fact about exponential moments of one-dimensional projections of subgaussian random
variables (see, e.g. [9, Prop. 2.6.1])

Fact 2.2. For B > 0, let Y = (Y1,...,Yy) be a random vector with Yi,...,Yy € 'g. Then
for all u € S* we have Ee™* = Op(1).

We will also use a large deviation bound for the operator norm of A (see [2, Appendix C])
Fact 2.3. For B> 0, let ( € " and A ~ Sym ,(¢). Then
P([|Allop > 4v/n) < 2e740

We also define the event K = {||A||,, = 41/n}, and define the measure PX by
PH(E) =P(KNE), (9)
for every event &.

2.3. Compressibility and eliminating non-flat vectors. As in [I], we may limit our
attention to vectors that are “flat” on a constant proportion of their coordinates. This re-
duction is a consequence of the now-classical work of Rudelson and Vershynin on compressible
and incompressible vectors [5].

Following [5], we say that a vector in S*7! is (§, p)-compressible if it has distance at most
p from a vector with support of size at most on. For 6, p € (0,1), let Comp (9, p) denote the
set of all such compressible vectors in S*~!. Proposition 4.2 from Vershynin’s paper [§] takes
care of all compressible vectors.

Lemma 2.4. For B > 0, let ( € I'g, let A, ~ Sym ,(¢) and let K > 1. Then there exist
p,0,c > 0 depending only on K, B so that for every A € R and w € R™ we have

P(  inf H(A + M)z — w2 < ev/n and || 4, + Moy < Ky/n) < 2e7".

zeComp (&
For the remainder of the paper, we let §, p be the constants given in Lemma 2.4l Define
Incomp (4, p) := S\ Comp (6, p)
to be the set of (9, p)-incompressible vectors. The key property of incompressible vectors is
that they are “flat” for a constant proportion of coordinates. This is made quantitative in
the following lemma of Rudelson and Vershynin [5].
Lemma 2.5. Let v € Incomp (6, p). Then
(p/2)n~ Y2 < |ug| < 6~ Y2n~ 112

for at least p*6n/2 values of i € [n].

We now fix a few more constants to be held fixed throughout the paper. Let kg = p/3 and

k1 =624 p/6, where §, p are as in Lemma 2.4l For D C [n] define the set of directions in
S"=! that are “flat on D”:

={veS"": (ko + ko/2)n Y2 < |ui| < (K1 — ko /2)n Y2 for all i € D}
5



and let
I=7,:= |J Z(D)
DCn),|D|=d

Applying Lemmas 2.4l and in tandem will allow us to eliminate vectors outside of Z.

Lemma 2.6. Let 6, p,c > 0 be the constants defined in Lemmal[2. and let d < p*0n/2. Then

max Py (Jv € S""'\ Z and 3s,t € [~4/n, +4y/n] : || Av — sv — tw|)y < ev/n/2) < 2e72)
weS™ ™
(10)

Proof. Lemma 23], along with the definitions of kg, k1 and Z, implies that
S\ Z C Comp (6, p).

Now fix a w € R™ and take a c¢\/n/8mnet N for [—4y/n,4y/n]* of size O(c™?) to see that
|Av — sv — tw||z < ¢4/n/2 implies that there exists (s',¢') € N for which

(A —sTv—tw|s < cv/n.
Thus the left-hand-side of (I0) is

< ) Pa(Fve Comp(5,p): (A= sTho —twlz < ev/n) <N - 2679,
(s’ teN

where the final inequality follows by first intersecting each term in the sum with the event
E = {|][A — §'I|l,, < 16n'/2} (noting that P(£¢) < 2 by Fact E3) and applying
Lemma 2.4] to each term in the sum with A = —s’ and K = 16. O

2.4. Zeroed out matrices. To study our original matrix A, it will useful to work with
random symmetric matrices that have large blocks that are “zeroed out” and entries that
are distributed like CZ, elsewhere (see [I] for more discussion on this). For this, we set
d := cn (where ¢y > 0 is a small constant to be determined later) and write M ~ M,,(v)
for the n x n random matrix

A = | Qi HY ’ (11)
Hy  Ogg1n)x[d+1,m]
where H; is a (n — d) X d random matrix with whose entries are i.i.d. copies of (Z,.
In particular the matrix M will be useful for analyzing events of the form ||Avll, < en!/?,
when v € Z([d)).
We now use the definition of M,,(v) to define another notion of “structure” for vectors
v € S"7L. This is a very different measure of “structure” from that provided by the LCD,

which we saw above. For L > 0 and v € R" define the threshold of v as
Ti(v) = sup{t € [0,1] : P(|Mv]l2 < tv/) > (4L6)"} . (12)

One can think of this 77 (v) as the “scale” at which the structure of v (relative to M) starts

to emerge. So “large threshold” means “more structured”.
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3. PROOF OF THEOREM

Here we recall some key notions from [I], state analogous lemmas, and prove Theorem
assuming these lemmas.

3.1. Efficient nets. Our goal is to obtain an exponential bound on the quantity

Gn = maédP’A (Jv € ¥ and 3s,t € [~4v/n,4v/n] : Av = sv + tw),
we

defined at (Bl), where
Y=Yy, ={vesS lA)amu(v) < e™"}

In the course of the proof we will choose «, v, 1 to be sufficiently small.
We cover ¥ C S"~! with two regions which will be dealt with in very different ways. First
we define
S:={vesS" ' To(v) > exp(—2csn)}.
This will be the trickier region and will depend on the net construction from [I]. We also
need to take care of the region

S ={ves!: ﬁamu(v) < exp(esn), To(v) < exp(—2csn)}

which we take care of using the nets constructed by Rudelson and Vershynin in [5]. We recall
that 77 is defined at (I2)).

We also note that since the event K := {||A|l,p = 4n'/?} fails with probability 2e~"
(Fact 23]) and we only need to deal with incompressible vectors v € Z (by Lemma [2.0)), it is
enough to show

sup P (JveZInS, s,te[—4vn,+4v/n]: Av=sv+tw) < e~ ), (13)

weSn—1

and the same with S’ replacing S. We recall that we define P*(&) := P(K N &) for every
event £.

To deal with the above probability, we will construct nets to approximate vectors in ZN.S
and Z N S’. To define the nets used, we recall a few definitions from [I]. For a random
variable Y € R? and € > 0, we define the Lévy concentration of Y by

L(Y,e) = sup P(]|]Y —wll2 < ¢). (14)

weRd

Now for v € R", € > 0, define
Laop(v,ev/n) := sup PX(||Av — wl|, < ev/n). (15)

weR?

Slightly relaxing the requirements of Z, we define
Z'([d) == {v € R" : kon /* < || < wyn /2 for all i € [d]} .
Define the (trivial) net

A= B,(0,2) N (den™2 - Z") N T'([d]) -
7



3.1.1. Definition of net for v € S. To deal with vectors in S, for € > exp(—2cgn) define
Ye:={veZ(d): To(v) € [e,2¢]}. (16)

If v € 3., for some € > exp(—2cyn) then the proof will be basically the same as in [I]. As
such, we approximate X, by N., where we define

N = {v e A : (Le)" < P(|Mulls < 4ev/n) and La (v, ev/n) < (21°Le)"}

and show that A is appropriately small.
First the following lemma allows us to approximate X, by M.

Lemma 3.1. Let ¢ € (exp(—2csn), ko/8). For each v € X, then there is u € N. such that
U — v]|oo < 4en™1/2,

This lemma is analogous to Lemma 8.2 in [1] and we postpone its proof to Section [@ The
main difficulty faced in [I] is to prove an appropriate bound on |[N¢|. In our case we have an
analogous bound.

Theorem 3.2. For L > 2 and 0 < ¢g < 27°B~*, let n > L5, d € [2n/4,c2n] and & > 0
be so that loge™' < nL=3%%. Then

c \"
< | —
el < (68L2E) ’

where C > 0 is an absolute constant.

The proof of Theorem [3.2 will follow mostly from Lemmald.3] with the rest of the deduction
following exactly the same path as in [I], which we present in Sections [ and 8l

3.1.2. Definition of net for v € S’. We now need to tackle the vectors in S’; that is, those
with
Tr(v) < exp(—2cgn) and f)amu(v) < exp(csn).

Here we construct the nets using only the second condition using a construction of Rudelson
and Vershynin [5]. Then the condition 7.(v) < exp(—2c¢sn) will come in when we union
bound over nets. With this in mind, let

Y= {v eZ([d)nS": f)amu(v) € [(4e)7 1, (25)_1]}.
We will approximate v € ¥ by the net G., where we define
G. = U {— : p€ (Z' ®aZ") N B,(0,e7) \ {0}}. (17)
0 VTP
The following two lemmas tell us that G. is a good ey/an-net for ¥.. Here, this v/« is the

“win” over trivial nets.

Lemma 3.3. Let ¢ > 0 satisfy ¢ < y(an)™Y2/4. Ifv € ¥, then there exists u € G such

that ||u — vl||s < 16ey/an.
8



Proof. Set D = min|>1-2un Day(vr), and let I be a set attaining the minimum. By
definition of D, ., there is p; € Z' N B, (0,e7!) so that

|Dvr = prll, < min{yD|lvrll2, Van} < Van,
and thus p; # 0. We now may greedily choose p;c € v/aZ!* N B,(0,e71) so that
| Dvre — prel|y < Van.
Thus, if we set p = p; @ pre, by the triangle inequality we have

.
Ipll21]
as desired. O

1
v < B(HD’U —pll2+|D —|pll2]) < 4D an < 16ev/an,

We also note that this net is sufficiently small for our purposes (see [3]).

Fact 3.4. For a,pu € (0,1), K > 1 and ¢ < Kn™"? we have
32K \"
Gl < |\ 57— >
Gl (oﬂ“a\/ﬁ)
where G. is as defined at (7).
The following simple corollary tells us that we can modify G. to build a net GL C X, at

the cost of a factor of 2 in the accuracy of the next. That is, it is a 32e\/an-net rather than
a 16e/an net.

Corollary 3.5. For o, € (0,1), K > 1 and ¢ < Kn~'/? there is a 32e\/an-net G for ¥
with GL C XL and
32K \"
AR i
Gl < (s
This follows from a standard argument.

3.2. Proof of Theorem We need the following easy observation to make sure we can
use Corollary

Fact 3.6. Letv € Z, p < d/4n and v < Kog\/d/2n, then lA)amu(v) > (2k1) 1 /n.

Proof. Since v € T there is D C [n] such that |D| = d and xen™? < |v;] < kyn~Y/2 for all
1 € D. Now write ﬁ(v) = min 7> (1-2u)n Day(vr), and let I be a set attaining the minimum.
Since |I| = (1 —2u)n = n —d/2, we have |I N D| > d/2. So put D’ := I N D and note that
for all ¢ < (2r;)"'y/n, we have

mind(tor, Z") > d(top, Z”) = tljvprl2 > tror/d/2n > 5t
Therefore, D, ~(vr) = (2k1)""/n, by definition. O

When union-bounding over the elements of our net, we will also want to use the following

lemma to make sure L(Av,¢) is small whenever T (v) < €.
9



Lemma 3.7. Let v <278, ForveR" and t
L(Av, t\/n)

We prove this lemma in Section [l using a fairly straight-forward argument on the Fourier-
side. We now prove our main theorem, Theorem

Proof of Theorem[L.2. We pick up from (I3) and look to show that
Gns = sup P (FveIns, s te[—4y/n,+4v/n]: Av=sv+tw) < e~ ), (18)

wesSn—1

1.(v) we have

>
< (50Lt)" .

and the same with S’ in place of S. We do this in three steps.

We first pause to describe how we choose the constants. We let ¢y > 0 to be sufficiently
small so that Theorem holds and we let d := c¢Zn. The parameters, u,~y will be chosen
small compared to d/n and kg so that Fact holds. L will be chosen to be large enough
so that L > 1/kg and so that it is larger than some absolute constants that appear in the
proof. We will choose o > 0 to be small compared to 1/L and 1/kq and we will choose cx
small compared to 1/L.

Step 1: Reduction to 3. and X.. Using that Z = (J,Z(D), we union bound over all
choices of D. By symmetry of the coordinates we have

Gns < 2" sup PK (EIU eZ([d)NS, s, t€[—4vn,+4v/n]: Av = sv+ tw) ) (19)

wesn—1
Thus it is enough to show that the supremum at (I9) is at most 4=", and the same with S
replaced by S’.

Now, let W = (27"Z) N [-4+/n, +4+/n] and notice that for all s,t € [—44/n, +4+/n], there
is 't/ € W with |s — §'| < 27" and |t — ¢/| < 27™. So, union-bounding over all (s',t'), the
supremum term in (1)) is at most

< 8" sup PR (FveZ([d) N (SUS) : [[Av — sv —wll, < 27"
weR™, |s|<4v/n
and the same with S replaced with S’

We now need to treat S and S a little differently. Starting with S, we let n := exp(—2cgn)

and note that for v € S we have, by definition, that

1< To(v) <1/L < ko8, (20)

where we will guarantee the last inequality holds by our choice of L later.
Now, recalling the definition of ¥, := 3.([d]) at (0], we may write

Z(d)n s C|J{veT: Talw) e 2n 2} =S,

=0 j=0

where jj is the largest integer such that 2709 < ro/2. Thus, by the union bound, it is enough
to show

Q.= max Ph(FveX.: |[Av—sv—wl, <27 <27, (21)

weR™, |s|<4v/n
10



for all € € [n, ko/4].

We now organize S’ in a similar way, relative to the sets ¥.. For this, notice that for
v e Z([d]) N S" we have

(261)"'V1 < Dgy p(v) < exp(egn) = 712,
by Fact So if we recall the definition
SLi={v € Z([d) N S": Dapulv) € [(42)7H,(20) 7]}
then

Ji
Z(dyns' < | Shy,
j=—1

where j; is the least integer such that 2/*,/ > ;/(2y/n). Union-bounding over j shows

that it is sufficient to show

- PX (e : ||Av — sv — < 27t L 26 292
Q: weﬁfﬁim K (el |Av—sv—wl; < ) < ; (22)

for all € € [\/n, k1//n].
Step 2: A Bound on @.: Take w € R™ and |s| < 44/n; we will bound the probability

uniformly over w and s. Since exp(—2csn) < & < ko/8, for v € ¥, we apply Lemma B3] to
find a u € Nz = N.([d]) so that [|v — ul|s < 4e. So if ||A||ep < 44/n, we see that

< [JAv = sv —wlla + [|[A(v — w2 + [s[|v — ul]2

< || Av — sv — wl|a + 8v/nl[(v — u)]2
<

33ev/n

| Au — su — w|2

and thus
{F e : [Av—sv—w|s < 27" IN{||A|| < 4vn} C {3u € N, : || Au—su—w| < 33ev/n}.
So, by union bounding over our net N, we see that

Q- <P (Fv e M.t |Adv — sv —w| < 33=v/n) < D PR([|Au — s'u — w|> < 33ev/n)
ueN:
< D Lao (u,33evn),
ueN:
where L4 ., is defined at (I3).
Note that for any u we have that L4y (u,33cy/n) < (67)"Laop(u,e4/n) (see, e.g., Fact
6.2 in [1]); as such, for any u € N, we have L4, (u,33ey/n) < (2'7Le)". Using this bound
gives

C
7 n
Q. <oy < (15
11

) (217L5)n < 2—411’



where the penultimate inequality follows from our Theorem and the last inequality holds
for the choice of L large enough relative to the universal constant C' and so that (20) holds.
To see that the application of Theorem is valid, note that

log1/e < log1/n = 2esn < nL 3%/,
where the last inequality holds for cs; small compared to L™!.

Step 3: A Bound on .. To deal with @)., we employ a similar strategy. Fix w € R™ and
|s| < 44/n. Since we chose p, to be sufficiently small so that Fact holds, we have that

€< Hl/\/ﬁ.

Thus we may apply Corollary B.5 with K = k; for each v € ¥ to get u € GL C ¥ such that
|v — ull2 < 32ey/an. Now since

{(Fve ¥ : [[Av—sv—w|, < 27" }IN{||A|| < 4v/n} C {Bu € G. : | Au—su—w]|| < 2%van}

and since 2%+/an > exp(—2cgn) > Tr(u), by Lemma [B.7] we have

32/'{1 "
/ < L(A 29 < 220L 1/4\n < 2—4n
Q. (oﬂa\/ﬁ) 5;1(;;)/5 (Au,2%ev/an) < (2°°Lkia'?) ,

assuming that « is chosen to be sufficiently small relative to Lx;. This completes the proof
of Theorem O

4. FOURIER PREPARATIONS FOR THEOREM [L.3]

4.1. Concentration, level sets, and Esseen-type inequalities. One of the main differ-
ences between this work and [I] is the notion of a “level set” of the Fourier transform, an
adjustment that requires us to make a fair number of small adjustments throughout. Here
we set up this definition along with a few related definitions.

For a random variable Y € R? and ¢ > 0, we recall that Lévy concentration of Y was
defined at (4] by
L(Y,e) = sup P(||Y —wll2 < ¢).
weR?
Our goal is to compare the concentration of certain random vectors to the gaussian measure
of associated (sub-)level sets. Given a 2d x ¢ matrix W, define the W-level set for ¢t > 0 to
be

Sw(t) := {0 € R : E¢ ICWO|F < t}. (23)
Let g = g4 denote the gaussian random variable in dimension d with mean 0 and covariance

matrix (2m) ' xq. Define 7,4 to be the corresponding measure, i.e. 74(S) = P,(g € S) for
every Borel set S C R?. We first upper bound the concentration via an Esseen-like inequality.

Lemma 4.1. Let > 0,v € (0,1/4), let W be a 2d x ¢ matriz and 7 ~ ®,(2d;(). Then
there is an m > 0 so that

LWTr, BVI) < 2exp (26%C — vpm/2) vo(Sw(m)) .
12



Proof. For w € RY, apply Markov’s inequality to obtain

P, (W't —wls < B\/) exp (gﬁzﬁ) E. exp (—
Using the Fourier transform of a Gaussian, we compute

WT _ 2 ) ]
ET exp (_WH 72— 'LU||2) — Eg e—27r2<w,g)ET€27r2gTWTT. (24)

7TIIWTT—wH%)
5 .

Now denote the rows of W as wy, ..., wyy and write

271 27y T (g,w;)
E, 29" HETle mile, H¢T g, w;))

i=1
where ¢,(0) is the characteristic function of 7. Now apply (8) and then (7)) to see the
right-hand-side of ([24)) is

—27i(w,g) ET627rigT wTr

< E, exp(—vpE¢|[(Wg|3).

We rewrite this as

o0

1
[ Batespl-vpBelaWgl) > 0t = v [ B ENCWSE < e
0

= I/p/ Ye(Sw(u))e """ du,
0

where for the first equality we made the change of variable t = e™?*. Choosing m to
maximize ,(Sw (u))e P/ as a function of u yields

I/p/ Ye(Sw (w))e P du < pr(SW(m))e_”pm/z/ e P2y = QWg(SW(m))e_”pmp.
0 0
Putting everything together, we obtain

P, (|WTr — w|, < 28VE) < 2627 e, (Syy (m)) .

O
We also prove a comparable lower bound.

Lemma 4.2. Let § >0, v € (0,1/4), let W be a 2d x ¢ matriz and let T ~ =,(2d;¢). Then
for all t > 0 we have

Ye(Sw(t))e P <P (|Wrlls < BVE) + exp (=5%) .
Proof. Set X = ||[WTr||, and write
Exe ™/ = Ex 1(X < BV0)e ™ 2+ Ex 1(X > BVE)e ™2 < Py(X < BVI) +e ™2,
Bounding exp(—m£3%0/2) < exp(—/3?() implies

—7||WTr||2
IR o

E, exp ( 5 P, (|[WTr|ly < BVE) + e

13



As in the proof of Lemma 1] above, use the Fourier transform of the Gaussian and () to

lower bound o
T|Wir =
E.exp G%) > E, loxp(—320pEe |TW|12)].

Similar to the proof of Lemma 1] write
E,[exp(—32vpEe||[Wg[|7)] = 327/]9/ Ye(Sw (u) e *#Pidu > 321/pw(SW(t))/ e 3Py,
0 t

where we have used that v,(Sw (b)) = v:(Sw(a)) for all b > a. This completes the proof of
Lemma 4.2 O

4.2. Inverse Littlewood-Offord for conditioned random walks. First we need a gen-
eralization of our important Lemma 3.1 from [I]. Given a 2d x ¢ matrix W and a vector
Y € R? we define the Y-augmented matrix Wy as

[ 1)

When possible, we are explicit with the many necessary constants and “pin” several to a
constant cg, which we treat as a parameter to be taken sufficiently small. We also recall the
definition of ‘least common denominator’ D, ., from ()

Do (v) :=1inf {t > 0 : |[tv]|r < min{y|[tv]]2, vVan}}.
The following is our generalization of Lemma 3.1 from [I].

Lemma 4.3. For any 0 < v <275, ¢, <27B ™%, deN, a € (0,1) and v € (0,1), let
k< 2732Bvad and t > exp (=272 B vad). Let Y € R? satisfy ||Y ||z = 27 %oy~ 171, let
W be a 2d x k matriz with |[W|| <2, [|W||us = VE/2, and let T ~ ®,(2d; C).

If Do, (Y) > 2'°B? then

£ (Windl*VEFT) < (R0)"exp (~cah) 0
where R = 2% B2y=1/2¢52

We present the proof of Lemma in Section [0l and deduce our standalone “inverse
Littlewood-Offord theorem” Theorem here:

Proof of Theorem[L3. Let ¢y = 273°B~%42v. First note that
k 2 k
P <|<m>| <tand Y (w;,7)? < cok:> <P <|<m>| <t o, ) <tand D (w;,7)? < cok:>
i=1 =1
where 7,77 ~ ®,(d;() are independent. We now look to bound the probability on the
right-hand-side using Lemma 4.3

Let W be the 2d x k matrix

. wr ... W
=0 o



and Y = /co/2vt™!. Note that if [(v,7)| < ¢, |{(v,7')] < t and Zf:1<wi,7-)2 < cok then
Wi (7, 7")|l2 < Cl/2\/k‘ + 1. Therefore

P <\<U,T>\ <t,[(v,7)| <t and Z(wi,7>2 < cok> <L (WE(T, ), AVE+ 1)
i=1

Now, [[Y ]|z = /eo/2t7! > 270coy ™17, W] =1, [W|lus = Vk and
DoY) >ty * Do (v) > 21°B2.
We may therefore apply Lemma [£3] to bound
L (W;{(T, '), UQW) < (Rt) exp (—cok) .
The result follows. O
5. FOURIER REPLACEMENT

The goal of this section is to prove Lemma [3.7, which relates the “zeroed out and lazy”
matrix M, defined at ([I), to our original matrix A. We will need a few inequalities on the
Fourier side first.

Lemma 5.1. For everyt € R and v < 1/4 we have
|6c(D)] < gz, (1) -

Proof. Note [¢¢(t)]* = E¢ cos(2mtC). Use the elementary inequality cos(a) < 1 — 2u(1 —
cos(a)), for v < 1/4, and that /1 —2 < 1 — 2/2 to bound

|pc(t)] = 1/ E¢ cos( (2ntC) \/1 — 2VEq(1 — cos(2mt¢)) < Geg, (t) .
O

We also need a bound on a Gaussian-type moment for ||[Mwvl|s. On a somewhat technical
point, we notice that 7 (v) > 2", since the definition of 77, (I2) depends on the definition of
M at (), which trivially satisfies

n+1

Py (Mo =0)> Py (M =0) = (1—v){"2),
for all v and v < 1/2.

Fact 5.2. Forv € R", and t > Tr(v), we have
E exp(—n||Mv||%/2t*) < (9Lt)".
Proof. Bound
Bexp(—r | Mol/26) < P(IMull < tvi) + Vi [ e R(Ml < svids. (20)
t

Since t > Tr(v), we have P(||Mv||y < sy/n) < (4Ls)™ for all s > ¢. Thus we may bound

Vi [ e (-5 Bl < e < VY e (<) s



Changing variables u = s/t, we may bound the right-hand side by

o

t~/n(4Lt)" /

1

exp(—uZn)u" du < 1 /R(AL)" / " exp(—u2/2) du < (9L)",

as desired. Note here that we used that t > 27". O

For v,z € R™ and v € (0,1/4) define the characteristic functions of Av and Mwv, respec-
tively, ¥, and X, by

Vy(z) = By e2miAve) — (H bc(vpxy) ) (H b0, + xkvj)>

Jj<k

and

Yo(z) = By e2riiMva) H H Gz, (X0, + T05) .

j=1 k=d+1
Replacement now goes through:
Proof of Lemma[3.7]. By Markov, we have
P(||Av — wl|s < tv/n) < exp(mn/2)E exp (—7r||Av — w[|§/(2t2)) . (28)
Then use Fourier inversion to write
E4 exp (=7l Av — w|[3/(2t%)) = / eIl . gm2mitT Oy (171E) dE (29)

Now apply the triangle inequality, Lemma [5.T] and the non-negativity of x, yields that the
right-hand side of (29)) is

< / e IEE N (171€) dE = By exp(—7|| Mvl|2/2t%) .
R?’L
Now use Fact [5.2 along with the assumption ¢ > 77 (v) to bound
Ey exp(—7 || Mv|3/2t%) < (9Lt)",

as desired. n

6. PROOF OF LEMMA [£.3]

In this section we prove Lemma [£3] which generalizes the Littlewood-Offord theorem for
conditioned random walks from [I] to the case of subgaussian random variables. Fortunately
much of the geometry needed to prove this theorem can be pulled from the proof of the

{—1,0, 1}-case in [I], and so the deduction of the theorem becomes relatively straightforward.
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6.1. Properties of Gaussian space and level sets. For r,s > 0 and k£ € N define the
cylinder I, 5 by

L= {9 e R¥2 . He[k]Hz <7y |0ks1| < s and |G 1o < s}. (30)
For a measurable set S C R**2 and y € R**2 define the set
Fy(S;a,b) == {0 = (01,...,05) €R": (04,...,0k,a,b) €S —y}.

Recall that 74 is the k-dimensional gaussian measure defined by 74(S) = P(g € S), where
g~ N(0, (2m)71I}), and where I}, denotes the k x k identity matrix. The following is a key
geometric lemma from [1]:

Lemma 6.1. Let S C R¥*2 and s > 0 satisfy

8s%eM/® 4 3257 max (y(Fy(S3a,b) = Fy(S:a, DN < ypga(S) . (31)
a’ 7y
Then there is an x € S so that

(Tovzie \Tovzs +2) NS # 0.

This geometric lemma will be of crucial importance for identifying the LCD. Indeed we
will take S to be a representative level set, on the Fourier side, for the probability implicit
on the left-hand-side of Lemma The following basic fact will help explain the use of the
difference appearing in Lemma [G.11

Fact 6.2. For any 2d x ¢ matrix W and m > 0 we have

Proof. For any z,y € Sy/(m) we have E¢||(Wz||3, E¢||[(Wy||2 < m. The triangle inequality
implies

ICW (2 = y)lIF < 2CWellz + 2CWyllz.
Taking Es on both sides completes the fact. ([

6.2. Proof of Lemma The following is our main step towards Lemma

Lemma 6.3. For d € N, v,;a € (0,1) and 0 < v < 275 let k < 27'"B~*vad and t >
exp(—27Y"B~*vad). Forcy € (0,27°B™%), let Y € RY satisfy ||Y|| = 27 %coy~1/t and let W
be a 2d x k matriz with |W]| < 2.

Let T ~ Z,(2d;¢) and 7" ~ Z,(2d;¢) with v = 27w and let § € [cy/2'°,\/co] and (' €
(0,1/2). If

LOVEr BVETT) > (Re exp(46%k) (BIW7 o < V) +exp(—67K) (32)

then Do, (Y) < 21°B2. Here we have set R = 2%v~1/2B2/c2.
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Proof. By Lemma Tl we may find an m for which the level set S = Sy, (m) satisfies
LWET, BVE+ 1) < de™Pm/2H25k, (). (33)

Combining (33 with the assumption (B2) provides a lower bound of

1 2 1/4
Teea(S) = 7 (R (BIWT 2 < BVE) +exp(=5%) . (34)

Now, preparing for an application of Lemma [6.1], define
ro = Vk and s0 := 2% (v/m + 8B*Vk)t . (35)
Recalling the definition of our cylinders from (B0), we state the following Claim:
Claim 6.4. There exists z € S C R¥2 5o that
(Torg16 \ Torgso + ) NS #£ 0. (36)

Proof of Claim[6.4. We will use Lemma with s = sp, and so we check the hypotheses.
We first observe that for any y, a, b, if O}, (9{,4 € F,(S;a,b) then we have

0" := (6, —01,...,0, —0,,0,0) € Sy, (4m)
by Fact This shows that for any y, a, b we have
F,(S;a,b) — F,(S;a,b) C Swy, (4m) N {0 € R*2: 0,1 = 000 = 0} = Sw(dm),  (37)

where the equality holds by definition of Wy and the level set Sy, . Thus we may apply
Lemma [4£.2] to obtain

(S (4m)) < 29 (B([WTH |}y < BVE) + exp(=B2K) ) - (38)

Combining lines (34)), (37) and (B8), we note that in order to apply Lemma [BG.], it is
sufficient to check

1/4
8537 4 3252 (B([WT | < BVE) + exp(—52K))
1 1/4
< e (R (ROl < BVE) +exp(—5%K)) . (39)

We will show that each term on the left-hand-side of (89)) is at most half of the right-hand
side. Bound

52 = 2%2¢52(v/m + 8B2VE)*? < 2%%(m + 64B*k)(t/co)?

< 27%/(cik + (2B)"%m)(Rt)* (40)
since R = 2% B?v~1/2¢;?. By Lemma 21 we have that p >

2
27"B~* and so we may bound

1 /
8s2e % L e FB 1Yk 4 (2B)~*m)(Rt)? < éewmﬁ(m)?e—ﬁzk/‘*.

Similarly, use [#Q), co < 8 and v = 27"v to bound

1
32s2e32Pm L 27 (2 k + (2B) *m) (Rt)? exp(vpm/4) < Z (Rt)2evrm/2+0%k

oo

thus showing (39). Applying Lemma completes the claim. O
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The following basic consequence of Claim will bring us closer to the construction of
our LCD:

Claim 6.5. We have that Sw, (4m) N (Targ16 \ Targ.s0) # 0.

Proof of Claim[6 3. Claim shows that there exists z,y € S = Sy, (m) so that y €
(Fgro,lﬁ\F2r0,50+x). Now define define ¢ := y—x and note that ¢ € Sy, (4m)N(Farp.16 \2rg,50)
due to Fact O

We now complete the proof of Lemma by showing that an element of the non-empty
intersection above provides an LCD:

Claim 6.6. If ¢ € Sy, (4m) N (Targ16 \ Targ.so) then there is a {, € (1,16B2) and i €
{k+1,k+2} so that

160 [lx < min{CoillY [l2, Vad} .
Proof of Claim[6.8. Note that since ¢ € Sy, (4m) we have
Ee| Wy ]2 < 4m.
Thus there is some instance (y € (1,16B%) of ( so that
IGWyolT < dm. (41)

For simplicity, define 1) =: (y¢.
By (), there is a 2z € Z2? so that Wyt € Bog(z,2/m). Expand

Y 0,4
Wy =W + +
Y V) + Ve |:0d:| (G [Y}
and note that

Vit {Y

04
where the last inclusion holds because
IWuglle < W lopllmll2 < 21C0]||dmlle < 32VEB2,

since ¢ € oy 16, [Co] < 16B% and |[W],, < 2.
Since ¢ & I'ay, 5, and (o > 1, we have max{|txi1], |¥r+2|} > so and so we assume, without
loss, that |¢g11] > so. Projecting (42) onto the first d coordinates yields

Y € Ba(zia, 2v/m + 2°B*VE). (43)
Now we show that ||x1Y ||t < Y41 ||Y ||2- Indeed,
215 + 8B2Vk)t
Benll > sl > (LN (00 5 o vy, (a
0

where we used the definition of sy and that ||Y|; > 270y~ /t.
We now need to show

] + Yrto [g);l] € Baa(z,2v/m) — Wby C Baa(z,2¢/m + 2°B*VEk) (42)

2v/m + 2°B*VE < Vad (45)
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Note that since k < 27%%ad/B* we have 28 B>k < Vad/2. We claim that m < 2-*ad. To

show this, apply the lower bound ([34) and v;42(S5) < 1 to see
6—2’Hz/m/B4 > e—upm/2 > 7k+2(5)6—1/pm/2 > (Rt)2e—2ﬁ’2k > t2€—k > 6—2’15Vad/B4

Y

where we have used k¥ < 27'"vad/B* and t > e=2 vad/B' - Therefore m < 27%ad, i.e.

2/m < Vad/2. Combining this with [@3) and (@) we see
[ Y |r < Vad,
as desired. This completes the proof of the Claim O
Let ¢, (o and i € {k + 1,k + 2} be as guaranteed by Claim Then (y¢; < 2'°B?, and
16o6:Y (|7 < min{|[CogiY [[27, Vad},
and so D, ,(Y) < 2'°B? thus completing the proof of Lemma [6.3) O

6.3. Proof of Lemma [4.3l In order to bridge the gap between Lemmas and [4.3] we
need an anticoncentration lemma for ||[Wol|s when o is random and W is fixed. We will use
the following bound, which is a version of the Hanson-Wright inequality [3,/6]:

Lemma 6.7. Let v € (0,1) and B8’ € (0,27"B72\/v). Let W be a 2d x k matriz satisfying
W lus = Vk/2 and |W|| < 2 and 7' ~ Z,(2d;¢). Then

P(|WT7 |y < B'VE) < dexp (=27 B~'vk) .

We derive Lemma from Talagrand’s inequality in Section [I0, (see [6] or [3] for more
context). From here, we are ready to prove Lemma 3]

Proof of Lemma[{.3 Recalling that ¢y < 273*B~*v, and that our given W satisfies ||W||gs >
Vk/2 and |W|| < 2, we apply Lemma 6.7, with 8 = 25,/¢; and the v-lazy random vector
7'~ Z,(2d; ), where v = 277v, to see

P([W7 |y < B'VE) < dexp (=27*'B7'wk) < 4exp(—32cok).
We now consider the right-hand-side of (32)) in Lemma B3t if 8 < /¢y we have

1/4
A8k <P(||WT7'/H2 < BVE) + exp(—ﬁ'%)) < exp (4egk — 8cok) + exp (4egk — 16¢ok)
< 2exp(—cok) .

We now note that the hypotheses in Lemma align with the hypotheses in Lemma
with respect to the selection of 3, a,t, R,Y, W; if we additionally assume D, (Y) > 2!°B%
we may apply the contrapositive of Lemma to obtain

? 2\ /4
£ (Wi SVEFT) < (25 B 22 (BT < 25 VE) + ™)
< (R exp(—coh),

as desired. n
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7. INVERSE LITTLEWOOD-OFFORD FOR CONDITIONED MATRIX-WALKS

In this section we prove an inverse Littlewood-Offord theorem for matrices conditioned on
their robust rank. Everything in this section will be analogous to section 6 of [1].

Theorem 7.1. Forn € N and 0 < ¢y < 27°9B™* et d < c¢&n, and for o,y € (0,1), let
0< k<2 B *ad and N < exp(27*2B~4ad). Let X € R? satisfy || X ||z = co27 1%y~ n'/2N,
and let H be a random (n — d) x 2d matriz with i.i.d. rows sampled from ®,(2d;() with
v=2"%If Dy (r, - X)>29B? then

R 2n—2d
]P)H (O'Qd_k+1(H) < 602_4 n and ||H1X||2, ||H2X||2 < n) < 6—c0nk/3 <N) s (46)

where we have set Hy := Hpy,_qx(q, Ho = Hpp—qxja+1,2d), Tn = 326\0/5 and R := 2433200_3.

7.1. Tensorization and random rounding step. We import the following tensorization
Lemma from [I]

Lemma 7.2. Ford <mn andk > 0, let W be a 2d x (k+2) matriz and let H be a (n—d) x 2d
random matriz with i.i.d. rows. Let T € R*® be a random vector with the same distribution
as the rows of H. If B € (0,1/8) then

n—d

Py (|HW ||us < 82v/(k+ D)(n — d)) < (256%2%(1/{/% BVET 1))

Similarly we use net for the singular vectors of H, constructed in [I]. Let Usqy C R[2d]x[K]
be the set of 2d x k matrices with orthonormal columns.

Lemma 7.3. For k < d and § € (0,1/2), there exists W = Waqy, C REIXE with W) <
(26/8)%% so that for any U € Usqy., any r € N and r x 2d matriz A there exists W € W so
that

(1) |AW = U)llus < 8(k/2d)" || Allus,

(2) |W = Ullus < 6Vk and

(3) [[W = Ullop < 86.

7.2. Proof of Theorem [T.1l. We also use the following standard fact from linear algebra.

Fact 7.4. For 3d < n, let H be a (n — d) x 2d matriz. If o9q_x+1(H) < x then there exist
k orthogonal unit vectors wy, ..., wy € R?? so that ||Hw;||s < z. In particular, there exists
W € Usqy, so that ||HW ||us < =Vk.

We will also need a bound on || H ||gs:

Fact 7.5. Let H be the random (n — d) x (2d) matriz whose rows are i.i.d. samples of
®,(2d; (). Then

P([|Hllus = 2¢/d(n — d)) < 2exp (—27*' B™"nd)

We are now ready to prove Theorem [7.1]
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Proof of Theorem[7.1 Let Y :=
by Fact [7.4]

@5 - X- We may upper bound the left-hand side of ()

P(O’Qd_k+1(H) < 002_4 n and ||H1X||2, ||H2X||2 < n)

P(HUGZ/{gdk ||HUYHHS CO\/n(k—i-l)/S).
Set & := ¢o/16, and let W be as in Lemma [T.3]
For each fixed H, if we have ||H||gs < 24/d(n — d) and there is some U € Usqy so that
|HUy ||las < coy/n(k +1)/8, we may apply Lemma [7.3] to find W € W so that
IHWy |lus < [H(Wy — Uy)lus + [|HUy ||us < 6(k/2d)"?|| Hlus + cor/n(k + 1)/8
which is at most coy/n(k + 1)/4. This shows the bound

PH@Ueugd,k IHUy s < cor/n k+1/8) IP’H<3W6W I H Wy ||us < cov/nl k;+1/4).

Conditioning on the event that || H||us < 2+1/d(n — d), applying Fact[T.5] and union bounding
over W shows that the right-hand-side of the above is at most

Z Py <||HWY||2 < cov/n(k + 1)/4> +2exp (—27'B™*nd) .

Wew
Bound
IW| < (2°/6)** < exp(32dklog cgt) < exp(cok(n — d)/6),

where the last inequality holds since d < ¢gn. Thus
> Pu(|HWyll2 < co/n(k + 1)/4) < exp(cok(n—d)/6) max Py (| HW |2 < co/n(k +1)/4).

Wew
(47)
For each W € W apply Lemma with 8 := /cy/3 (noting that vn —d/3 > \/n/4) to

obtain

n—d
Pr(|HWy |2 < cov/nlk + 1)/4) < (25e2cok/3c(W$T, AT 1)) L8

Preparing to apply Lemma 3] define ¢ := (coN/32)7! > exp(—27%?B~*ad) and
Ry :=278¢yR = 278¢y (283 B%¢,®) = 2% B%¢;? so that we have

1V l2 = col| X2/ (32nY2) > 27 BR2N~~" = 27107 /¢ |
Since W € W, we have ||W|l,, < 2 and [[W|us > Vk/2. We also note the bounds k <

27%B™ad, Doy (3555 X) = Doy (Y) > 2'°B% Thus, we may apply Lemma E3]to see that

2
LW, VETT) < (Rot 2o < (SEN) ook

Substituting this bound into (48] gives

1 R 2n—2d
mas B ([ Wyl < con/n(k +1)/4) < 7 (N) ecokln=d)/3.
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Combining with the previous bounds and noting

1 R 2n—2d
2€Xp (_2—21B—4nd) < 5 (N) 6—Cok(N—d)/3

shows

R 2n—2d
P(O’Qd_k+1(H) < Co\/ﬁ/16 and ||H1X||2, ||H2X||2 < n) < (N) e—cok(n—d)/?) .

This completes the proof of Theorem [7.1l O

8. NETS FOR STRUCTURED VECTORS: SIZE OF THE NET

The goal of this subsection is to prove Theorem [3.21 We follow the same path as Section 7
of [I]. As such, we work with the intersection of M. with a selection of “boxes” which cover
a rescaling of the trivial net A.. We recall the definition of the relevant boxes from [1J.

Definition 8.1. Define a (N, k,d)-box to be a set of the form B = By X ...x B,, C Z" where
|Bi| = N foralli>1; B; = [—kN,—N|U|[N,&N], forie[d]; and |B| < (kN)".

We now interpret these boxes probabilistically and seek to understand the probability that
we have

L n
Pu(IMX]2 <) > ()

where X is chosen uniformly at random from 5. Theorem will follow quickly from the
following “box” version:

Lemma 8.2. For L >2 and 0 < co < 27B~4, let n > L% and let icgn <d < cn. For
N > 2, satisfying N < exp(coL=8"/d), and r > 2, let B be a (N, k,d)-box. If X is chosen
uniformly at random from B then

by (Butiaxe <m > (£)) < (5),

where R := Ccy® and C > 0 is an absolute constant.

8.1. Counting with the LCD and anti-concentration for linear projections of ran-
dom vectors. We first show that if we choose X € B uniformly at random, then it typically
has a large LCD.

Lemma 8.3. Fora € (0,1),K > 1 andxk >2, letn >d > K?/a and let N > 2 be so that
KN <24, Let B= ([-kN,—N]U|N, /{N])d and let X be chosen uniformly at random from
B. Then

Py (Dany(raX) < K) < (2%a)"*, (49)

where we have set r,, := cg2 o n"Y2.
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Proof. Writing ¢ = ¢r,,, note that
Px(Day(rnX) < K) =P(3 ¢ € (0, Kry] « [[¢X v < min{yo[| X[z, Viad}) .

We note that any such ¢ must have |¢| > (2kN)™!, since if we had ¢ < (26N)~! then each
coordinate of X would lie in (—1/2,1/2), implying ||¢X||1 = ¢|| X |2, i-e. [[¢X ||z > 7] X]||2-
The proof of Lemma 7.4 in [I] shows that

Px(3 ¢ € [(26N)"", roK] : |0 X ||z < Vad) < (2%a)Y*

completing the Lemma. ([l

We also import from [1, Lemma 7.5] a result showing anti-concentration for random vectors
AX, where A is a fixed matrix and X is a random vector with independent entries. As
noted in [I], this is essentially a rephrasing of Corollary 1.4 and Remark 2.3 in Rudelson and
Vershynin’s paper [7]:

Lemma 8.4. Let N € N, n,d, k € N be such that n—d > 2d > 2k, H be a 2d x (n—d) matriz
with o9q_x(H) > coy/n/16 and By, ..., By_q C Z with |B;| > N. If X is taken uniformly at
random from B := By X ... X B,,_4, then

Cn ) 2d—k

Py(||HX|, < n) <
C(X ] <) < (o

where C > 0 1s an absolute constant.

8.2. Proof of Theorem Recall that the matrix M is defined as

M:[O[d}X[d] H{ }
Hy  Op—gxn—da,

where H; is a (n — d) x d random matrix with whose entries are i.i.d. copies of (Z,. Let Hy
be an independent copy of H; and define H to be the (n — d) x 2d matrix

H:=[H, H,)].
For a vector X € R", we define the events A; = A;(X) and Ay = A»(X) by
Ay = {H | Hi Xglla <7 and || HoX (g2 < n}
Ay = {H : |H X(gi1,]2 < 2n} .
We now note a simple bound on Py (||M X||2 < n) in terms of A; and As.
Fact 8.5. For X € R", let A} = Ay(X), Ay = Ay(X) be as above. We have
(Par(JIM X2 < n))* < Pa(Ar N Ay).

This fact is a straightforward consequence of Fubini’s theorem, the details of which are
in [1, Fact 7.7]. We shall also need the robust” notion of the rank of the matrix H used
in [1]: for k =0, ..., 2k define &; to be the event

E = {H : 03q_r(H) > cov/n/16 and 094_p41(H) < cov/n/16}

and note that always at least one of the events &, ..., Eyy holds.
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We now define
o =213 ~8n/d (50)
and for a given box B we define the set of typical vectors T'(B) C B by
T =T(B) :={X € B: Dy(coX(q/(32v/n)) > 2'°B*}.

Now set K := 2'°B? and note the following implication of Lemma B3 if X is chosen
uniformly from B and n > L6/% > 21032 /a then we have that

2n
Px(X ¢ T) = Px(Dy(coXq/(32v/n)) < 2'°B?%) < (233L‘8"/d)d/ f< (%) : (51)
Proof of Lemma[82. Let M, Hy, Hy, H, Ay, As, &, o and T := T'(B) be as above. Define
E={XeB:Py(|MX]|2<n)>(L/N)"}
and bound
Px(&) SPx(EN{X eT}) +Px(X &T).
For each X define
fX) =Pu(|MX]2 <n)L(X €T)
and apply (EI) to bound
Px (&) < Px (f(X) > (L/N)") + (2/L)* < (N/L)Ex f(X)* + (2/0)*™,  (52)

where the last inequality follows from Markov’s inequality. Thus, in order to prove Lemma
it is enough to prove Ex f(X)? < 2(R/N)*".
Apply Fact to write
d

Pu(|MX[l2 < n)? <Py(AiNAg) = Py A AN E)Pr (A NE) (53)
k=0
and so
d
FX)? <) Pu(As| AL N EYP (AN EYL(X € T). (54)
k=0

We will now apply Theorem [Tl to upper bound Py (A; N &) for X € T. For this,
note that d < c2n, N < exp(coL=8"4d) < exp(2732B~*an) and set Ry := 2*3B%c;?. Also
note that by the definition of a (N, k,d)-box and the fact that d > icgn, we have that
| X[z = d*2N > ¢271%/nN. Now set o := 2732B~%a and apply Theorem [T.]]to see that

for X € T and 0 < k < &/d, we have

2n—2d
]P)H(.Al N gk) < e—conk/?) <%) .

Additionally by Theorem [7.1l we may bound the tail sum:
Z ]P)H(Al N 5k> < PH({O'Qd_a/d(H) < CO\/E/16} N Al) < e—coa/dn/4'

k=a'd
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Thus, for all X € B, the previous two equations bound

a'd 2n—2d
OO < S Pr(Aa | Ay 0 e (%) fomeetdnfs, (55)

Seeking to bound the right-hand side of (B3)), define g (X) := Py (A | A1 NEL). Write
Ex[gk(X)] = ExEH [AQ ‘ .Al N 814 = Ex[d] EH [EX[dJan]:ﬂ.[Ag] ‘ A1 N gk] .

Let k < o/d. Note that each H € A; N & has o9g_(H) > coy/n/16 and thus we may apply

Lemma [B.4] to bound
d—Fk 2d—k
4C"
B L] = P L Xl < ) < (o ) < (%)
Xia+ Xiat [d+ cgN
2cén. Thus, for each 0 < k < o/d,

cod
for an absolute constant C’ > 0, where we used that d > 1
if we define R := max{8C"c;” 2Ry} then we have

Ex[ge(X)] < (5) . (56)

2N
Applying Ex to (55) using (B6) shows

R\™" L 2N :
“ir —conk/3 —cpa’dn /3
Ex f(X)* < (QN) Z(R) e +e .

4

k=0
Using that N < ool 8 d _ geoad/8 qnq N < e0n/3 hounds
R 2n
Ex f(X)’<2(=—=] .
w7 <2 (1) 57)
Combining (57)) with (52)) completes the proof of Lemma O

8.3. Proof of Theorem The main work of proving Theorem [3.2]is now complete with
the proof of Lemma 8.2l In order to complete it, we need to cover the sphere with a suitable
set of boxes. Recall the definitions from Section 3.1k

Z'([d) == {v € R" : kon /* < || < wyn /2 for all i € [d]},

and
A= B,(0,2) N (den™ 2 Z") N T'([d])
and that the constants kg, k1 satisfy 0 < kg < 1 < k1 and are defined in Section 2.3l
We import the following simple covering lemma from [I, Lemma 7.8]

Lemma 8.6. For all ¢ € [0,1], k > max{xy/ko, 2Ky}, there exists a family F of (N, k, d)-
bozes with |F| < k™ so that
A€ | (en™) B, (58)
BeF

where N = Ko/ (4e).

Combining Lemma with Lemma will imply Theorem [3.2]
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Proof of Theorem[3.2. Apply Lemma 8.6 with x = max{x1/ko, 2565*} and use the fact that
N. C A, to write
N. € | (@en™'2) - B) NN

BeFr
and so

~1/2 ‘ ~1/2
AR Z|45n B) NN < |F| Iélea}}_(|(4€n B)NN.|.
BeF
Rescaling by 1/n/(4¢e) and applying Lemma bounds

2n
(4en=2. B) AL < [{X € B Py (IMX ]2 < ) > (L)'} < (%) B

To see that the application of Lemma B2l is justified, note that 0 < ¢y < 27°B™, ¢Zn/2 <
d < én, k> 2, and log1/e < n/L5% and so

log N = log ro/(4e) < n/L% < coL~5"d |

as required by Lemma B2, since kg < 1, d > L™/%n, ¢y > L~"/% and 8n/d < 16/c2. Using
that |F| < k™ and |B| < (kN)" for each B € F bounds

R 2n R 2n C n
<K' = <K' = "< | ——
e (8) 2 (8) o ()

where we set C := k2R?cS. This completes the proof of Theorem O

9. NETS FOR STRUCTURED VECTORS: APPROXIMATING WITH THE NET

In this section we prove Lemma 3.1 which tells us that A is a net for .. The proof uses
the random rounding technique developed by Livshyts [4] in the same way as in [1].

Proof of Lemmal31. Given v € ¥, we define a random variable r = (rq,...,7,) where the
r; are independent and satisfy Er; = 0 as well as the deterministic properties |r;| < 4en~1/2
and v — r € 4en~'/2Z". We then define the random variable u := v — r. We will show that
with positive probability that u € N..

By definition, ||7]s = |1 — v||ee < 4en™Y/2 for all u. Also, u € Z'([d]) for all u, since
v € Z([d]) and ||u — v||eo < 4e/v/n < Ko/(24/n). Thus, from the definition of N, we need

only show that with positive probability u satisfies

P([|[Mulls < dev/n) > (Le)" and Laop(u,ev/n) < (2°Le)". (59)

We first show that all u satisfy the upper bound at (59). To see this, recall I = {||Al|op <
4y/n} and let w(u) € R™, be such that

Laoplu.ev/m) = PX (| Av — Ar —w(u)|| < ev/)
< P (|| Av — w(u)| < 17e/n)
< Lap(v, 1Tey/n) < L(Av, 17e /).
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Since v € X,, Lemma 3.7 bounds
L(Av,17e/n) < (21°Le)™. (60)
We now show that

E, Py (||Mull2 < 4ev/n) > (1/2)Par(| Mol < 2ev/m) > (1/4)(2cL)",  (61)

where the last inequality holds by the fact v € .. From (€1l), it then follows that there is
some u € A, satisfying (B9).
To prove the first inequality in (59), define the event

E:={M :||Mv|s < 2ey/n and ||M||gs < n/4}
and note that for all u, we have
v(||[Mu|ls < 4ev/n) = Py (||Mv — Mr||y < 4ev/n) = Py (|| M7z < 26/n and €) .
Since by Bernstein inequality P(||M |4 = n?/16) < 2 exp(—cn?) and the fact that

e = exp(—2cgn) = exp(—cn)
we have
P(E) > (2Le)" — 2exp(—en?) > (1/2)(2Le)",
assuming that cy, is chosen appropriately small compared to this absolute constant. Thus
P (| Mullz < 4ev/n) = Pu (| M7z < 2ev/n |E)P(
> (1 =Py (|Mr|2 > 2ev/n \5 ) (1/2)(2Le)" .
Taking expectations gives
EuPur(|Mully < 4ev/n) > (1= EuPay([[Mrlly > 2ev/n |E)) (1/2)(2Le)" . (62)

Exchanging the expectations and rearranging, we see that it is enough to show

Eas [P, (|Mr]ls > 22/m) | €] < 1/2.

We will show that P,.(|Mr||s > 2e/n) < 1/4 for all M € &€, by Markov’s inequality. Note
that
E, |Mrl3=> E(Myr)’ =Y Er}Y M} <166°||M|f}s/n < en
irj i j
where for the second equality we have used that the r; are mutually independent and Er; =
0; for the third inequality, we used ||7||~ < 4¢/+4/n; and for the final inequality we used
| M|lus < n/4. Thus by Markov’s inequality gives

P,([| M7z > 2ev/n) < (2ev/n) R, [ M7]3 < 1/4. (63)

Putting (63) together with (62) proves (61l), completing the proof of (59). O
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10. PROOF OF LEMMA [6.7]

We will derive Lemma from Talagrand’s inequality:
Theorem 10.1 (Talagrand’s Inequality). Let F': R™ — R be a convex 1-Lipschitz function

and 0 = (01, ...,0,) where the o; are i.i.d. random variables such that |o;| < 1. Then for
any t > 0 we have

P(|F(0) —mp| >t) < 4exp (—17/16)
where mp is the median of F (o).

Proof of Lemma[6.7. Note the theorem is trivial if k < 22°B* /v, so assume that k > 22°B? /v.
Set 0 = 27*B~27/, define

F(z) = W[~ x|
and note that F' is convex and 1-Lipschitz. Since |o;| < 27*B7?|7;| < 1 and the o; are i.i.d.,

Theorem [I0.1] tells us that F'(¢) is concentrated about the median mg and so we only need
to estimate mp. For this, write

m=E W} = 3 W2Eo? = Eo?|W ks,

Z?]

and

ma =B |[WToll; — (B [Wol3)* =Y Wi(Eo! - (Eaf)?) SEo?|Wlis,
2%

where for the final inequality we used that Eaf < Eaf, since |o;| < 1. For ¢t > 0, Markov’s
inequality bounds

P(|[WTa|3 <m—t) <t™°E (|Wol2 —m)”

=t"%my <t 2R ol |W|hs.
Setting t = Eo?||W||%s/2 gives
P(|[W'oll; SEo?|[Whs/2) < AEa? W (is) ™ < 1/2

since Eo? = 27 8B™E7? > 278B~ v and |W |34 = k/4 > 2"'v7'B* (by assumption). It
follows that

mp 2 \[Eo?/2|[W[ Wk = 27°|W|| "' B~*Vvk,

since ||[W|us > Vk/2. Now we may apply Talagrand’s Inequality (Theorem [I0.1]) with
t =mp — B'VE|W]~" to obtain

P <HWT0'||2 < ﬁ/\/%> <dexp (—27B k)

as desired. n
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