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Nomenclatures 23 

𝑆𝑆, 𝑆𝑆𝑒𝑒𝑒𝑒   are the scour depth and equilibrium (quasi-equilibrium) scour depth [𝐿𝐿] 24 

𝑤𝑤𝑝𝑝   is the cylinder’s projected width [𝐿𝐿] 25 

𝑈𝑈∞   is the mean velocity of the undisturbed approach flow [𝐿𝐿𝑇𝑇−1] 26 

𝑈𝑈𝑐𝑐   is the mean critical flow velocity for the initiation of motion for the bed 27 
materials [𝐿𝐿𝑇𝑇−1] 28 

𝑈𝑈𝑥𝑥   is the streamwise velocity [𝐿𝐿𝑇𝑇−1] 29 

𝐵𝐵𝐵𝐵   is bluntness factor [-] 30 

𝐵𝐵𝐹𝐹   is Froude number [-] 31 

𝑢𝑢   is the ensemble average velocity [𝐿𝐿𝑇𝑇−1] 32 

𝑡𝑡, 𝑇𝑇    are time [𝑇𝑇] 33 

𝜈𝜈   is molecular kinematic viscosity of the fluid [𝐿𝐿2𝑇𝑇−1] 34 

𝑢𝑢+, 𝑦𝑦+   are non-dimensional velocity and distance from the wall [-] 35 

𝜅𝜅   is the von Karman’s constant [-] 36 

𝐸𝐸     is a constant [-] 37 

∆𝐵𝐵   is a function of dimensionless roughness height [-] 38 

𝑦𝑦   is the orthogonal distance of the centre of the first layer of cells from the wall 39 
[𝐿𝐿] 40 

𝐶𝐶𝜇𝜇   is a constant [-] 41 

𝑘𝑘   is turbulent kinematic energy per unit mass [𝐿𝐿2𝑇𝑇−2] 42 

𝑘𝑘𝑠𝑠   is bed Nikuradse equivalent roughness height [-] 43 

𝑘𝑘𝑠𝑠
+   is the dimensionless (normalized) roughness height 44 

𝐶𝐶𝑠𝑠   is a roughness constant [-] 45 

𝜔𝜔   is turbulence frequency or specific dissipation rate [𝑇𝑇−1] 46 

𝑛𝑛   is the normal vector of the wall or bed [-] 47 

𝜏𝜏𝑏𝑏   is the skin friction shear stress [𝑀𝑀𝐿𝐿−1𝑇𝑇−2] 48 

𝑇𝑇   is the deviatoric stress tensor [𝑀𝑀𝐿𝐿−1𝑇𝑇−2]  49 

𝑐𝑐   is the local sediment volume concentration [𝑀𝑀𝐿𝐿−3] 50 

𝑤𝑤𝑠𝑠   is the particle settling velocity [𝐿𝐿𝑇𝑇−1] 51 

𝐷𝐷∆   is the deposition fluxes [𝑀𝑀𝐿𝐿−2𝑇𝑇−1] 52 

𝐸𝐸∆   is the entrainment fluxes [𝑀𝑀𝐿𝐿−2𝑇𝑇−1] 53 
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𝜎𝜎𝑐𝑐   is the concentration-dependent turbulent Schmidt number 54 

𝑐𝑐𝑒𝑒    is the equilibrium concentration at the reference level for entrainment [-] 55 

𝑐𝑐𝑏𝑏   is the concentration at the reference level for deposition [-] 56 

𝜃𝜃   is Shields parameter [-] 57 

𝜃𝜃𝑐𝑐   is critical Shields parameter [-] 58 

𝜃𝜃𝑐𝑐,0   is the critical Shields parameter for horizontal bed [-] 59 

𝑑𝑑50   is the mean particle diameter [𝐿𝐿] 60 

𝑑𝑑∗   is the dimensionless particle diameter [-] 61 

∆   is the reference level height from the bed [𝐿𝐿] 62 

𝑢𝑢𝑓𝑓   is friction velocity (shear velocity) [𝐿𝐿𝑇𝑇−1] 63 

𝑔𝑔   is acceleration of gravity [𝐿𝐿𝑇𝑇−2] 64 

𝑠𝑠   is the relative density (specific gravity) [-] 65 

𝑐𝑐𝐷𝐷   is the drag coefficient for a particle [-] 66 

𝐷𝐷    is the circular cylinder diameter or squared-shaped cylinder side length [𝐿𝐿] 67 

ℎ   is the mean flow depth [𝐿𝐿] 68 

δ   is the boundary layer thickness [𝐿𝐿] 69 

𝜏𝜏∞   is the wall Shear stress of the undisturbed flow [𝑀𝑀𝐿𝐿−1𝑇𝑇−2] 70 

𝑄𝑄   is Q-criterion concept [𝑇𝑇−2] 71 

 72 
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 81 

Abstract. Scour around non-circular cylinders has seldom been studied before. This paper aims to 82 

numerically investigate the flow behaviour and evolution of local scour around two single square-83 

shaped piers with 90° (square pier) and 45° (diamond pier) orientation angles to the flow under steady-84 

current and live-bed conditions. For this purpose, a coupled approach between a hydrodynamic and a 85 

morphodynamic model is developed and validated against flow and scour experimental data sets. 86 

Hydrodynamic model simulations reveal the formation of strong horseshoe vortices (HSVs) upstream 87 

of the square pier compared to the diamond pier. The scour simulation results show a faster rate of 88 

increase in the scour depth around the square pier, which leads to a deeper equilibrium scour hole. The 89 

model gives values of normalized quasi-equilibrium scour depths of 𝑆𝑆𝑒𝑒𝑒𝑒 𝑤𝑤𝑝𝑝⁄ =1.94 and 1.00 for the 90 

square and diamond piers, respectively, where 𝑆𝑆𝑒𝑒𝑒𝑒 is the quasi-equilibrium scour depth, and 𝑤𝑤𝑝𝑝 is the 91 

pier’s projected width under steady current flow and live-bed conditions. It was discovered that the 92 

impact of other factors, such as bed material gradation, Froude number, Shields Parameter, as well as 93 

flow depth, can be as important as the shape factor in the study of equilibrium scour depth in live-bed 94 

conditions. 95 

 96 

Keywords: Numerical Modelling, Scour, Sediment Transport, Square Pier, Flow Field Simulation 97 

 98 

1 Introduction 99 

The presence of bottom-mounted obstructions, such as bridge piers and offshore wind turbine 100 

foundations in marine or riverine environments, changes the flow patterns in their vicinity and generates 101 

strong turbulent flow structures (Yagci et al., 2017; Kim et al., 2017; Sumer, 2002). These changes 102 

increase the local flow velocity and bed shear stresses near the structures and enhance the local sediment 103 

transport capacity in unprotected sea or riverbed conditions. This leads to the erosion of the seabed or 104 

riverbed around structures, a phenomenon that is termed local scour (Zhang et al., 2017). Local scour 105 
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lessens the insertion depth of the structure’s foundation and weakening its bearing capacity causing 106 

structural failure and financial or life loss (Wang, 2020; Mahmoud, 2020). 107 

The spectrum of factors that influence the development of scour around marine and riverine 108 

foundations brings a high level of uncertainty into the design of a safe and economically viable 109 

hydraulic structure (Akhlaghi et al., 2020; Mir et al., 2019; Mir et al., 2018; Miyab et al., 2017). In the 110 

case of a single cylinder (e.g., monopile, single pier), one of these influencing factors is cross-section 111 

geometry. Under a defined approaching flow and bed material conditions, the cross-section geometry 112 

controls the flow and scour pattern in its vicinity (Mir et al., 2019). 113 

 Over the past few decades, the flow behaviour and local scour around circular cylinders have been 114 

widely studied, both numerically and experimentally. The works of Vaghefi et al. (2018), Schendel et 115 

al. (2018), Qi et al. (2019), Zhang et al. (2017), Pan et al. (2020), Pandey et al. (2020) and Nagel et al. 116 

(2020) can be mentioned as more recent and noticeable studies in this group. Nevertheless, studies on 117 

non-circular cylinders are quite confined in the pertinent literature. Physical modelling of scour 118 

development around square-shaped cylinders can be found in the works of Sumer et al. (1993), Diab et 119 

al. (2010), Yao et al. (2018) and Omara et al. (2020). Ismael et al. (2015) experimentally studied scour 120 

around an egg-shaped pier with different orientation angles to the flow. Al-Shukur et al. (2016) and Mir 121 

et al. (2018) experimentally investigated the impact of several different pier shapes (circular, 122 

rectangular, octagonal, chamfered, hexagonal, elliptical, sharp, Joukowsky, oblong, streamline and 123 

rounded) on the development of local scour. While these studies appreciated the importance of the piers’ 124 

cross-section shape on the evolution of local scour patterns, they proposed different equations for the 125 

prediction of scour development based on the changes in the cross-section shapes. 126 

A few studies on numerical modelling of scour around non-circular cylinders have also been 127 

reported in the literature. In the majority of these studies, the modelling of scour has been achieved by 128 

coupling a hydrodynamic model with a morphodynamic model. This approach is hereafter referred to 129 

as the classical approach. In this approach, the erosion of a sandy bed is obtained by solving a mass-130 

balance equation over the bed owing to sediment transport models results. This approach has been 131 
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successfully employed in simulation of local scour around circular piles in different studies (e.g., Baykal 132 

et al., 2017; Liu and García, 2008; and Stahlmann and Schlurmann, 2012), but its performance on the 133 

prediction of local scour around non-circular piers has been rather controversial. Abbasnia and Ghiassi 134 

(2011) and Ghiassi and Abbasnia (2013) used the classical approach to simulate the local scour around 135 

circular, square and rectangular piers in clear-water conditions. The Unsteady Reynolds Averaged 136 

Navier-Stokes (URANS) equations in combination with the k-𝜀𝜀 turbulence model was applied to solve 137 

the flow field. The morphodynamic part of their model included both bedload and suspended load 138 

models using the approaches proposed by Rijn (1984a) and Rijn (1984b), respectively. They considered 139 

the effect of vorticity in the calculation of the bed shear stress to improve the performance of their 140 

model. However, no validation against the hydrodynamic parameters was provided, their model results 141 

matched well with their empirical data on scour around square pier. In another study, Khosronejad et 142 

al. (2012) studied both experimentally and numerically the scour around circular, square, and diamond 143 

bridge piers in clear-water conditions. In their scour simulation model, the URANS equations closed 144 

with the k-𝜔𝜔 turbulence model was applied to simulate the flow field, and the morphodynamic part 145 

contained a bedload model, as described in Khosronejad et al. (2011). They reported that the accuracy 146 

of their scour model depended on the piers’ cross-section shape. Khosronejad’s model lacked accuracy 147 

in capturing the dynamics of the HSV system and predicting local scour around square and circular 148 

piers. In a more recent study, Omara et al. (2019) used FLOW-3D to numerically estimate the flow 149 

behaviour and scour depth around vertical and inclined bridge piers. They applied the renormalization 150 

group (RNG) k-𝜀𝜀 turbulence model to solve turbulent stresses in URANS equations, while their 151 

sediment transport model included both bedload and suspended load. They pointed out that the 152 

prediction capability of the model was attached to the pier’s shape and inclined direction. 153 

As noted above, only a limited number of studies on scour around non-circular cylinders exist. Most 154 

of these studies investigated scour in clear-water conditions, where the mean velocity of the undisturbed 155 

approaching flow, 𝑈𝑈∞, is less than the mean critical flow velocity for the initiation of motion of bed 156 

materials, 𝑈𝑈𝑐𝑐. On the contrary, there is very limited information available on scouring under live-bed 157 

conditions where 𝑈𝑈∞>𝑈𝑈𝑐𝑐. The mechanism of scour under live-bed conditions is quite different from 158 
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clear-water conditions (Najafzadeh et al., 2014). Hence, for the first time, the present study aims to 159 

numerically investigate the impact of pier cross-section geometry with respect to the flow on the local 160 

scour under live-bed conditions around square-shaped piers to add to the knowledge of scour 161 

mechanism around non-circular piers. 162 

The results of previously developed models on the study of non-circular cylinders, specifically 163 

Khosronejad et al. (2012) and Omara et al. (2019), demonstrated the drawback of the models in the 164 

prediction of scour around piers with different cross-section shapes. Hence, a new and improved model 165 

based on the classical approach was developed in the OpenFOAM® framework. In this model, the k-ω 166 

SST turbulence closure model, which has proven capability in predicting adverse pressure gradients and 167 

separation flow, is employed to solve the Reynolds stress terms in the URANS equations (Menter, 168 

1992). This combination was chosen to ensure a precise prediction of the formation of HSV and lee-169 

wake vortices around the piers. On the other hand, the model includes both bedload and suspended load 170 

sediment transport modes, while proper attention is given to the position of the splitting layer (reference 171 

layer) between these two transport modes. 172 

The model is validated against the experimental data for flow behaviour and bed shear stress 173 

distribution around circular cylinders by Dargahi (1987) and Melville (1975) and scour prediction 174 

around circular and square-shaped piers by Roulund et al. (2005) and Khosronejad et al. (2012). The 175 

results confirm that the capability of the model in reproducing the results was almost independent of 176 

the pier’s cross-section shapes. 177 

The mathematics of the model is briefly described in the next section. In section 3, the results of the 178 

validation of the model are provided. In section 4, the model’s results in prediction of the flow behaviour 179 

on a rigid flat bed and scour development in live-bed conditions around a square-shaped pier with 180 

45° and 90° orientation angle to the flow are presented. Additionally, the robustness and reliability of 181 

the model in simulations are evaluated based on the available data from the literature. Finally, in the 182 

conclusion section, the findings and main contributions of this work are summarised and discussed. 183 

 184 
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2 Coupled hydro-morphodynamic model  185 

2.1 Hydrodynamic model 186 

The developed model in this study is based on the classical approach. The hydrodynamic part of the 187 

model only solves the water phase around the piles. Hence, in all cases, the computational domain is 188 

limited to the water-air interface on top. This is a valid assumption for almost all practical cases while 189 

the ratio of the inertial force to gravitational force, Froude number (𝐵𝐵𝐹𝐹), is small (e.g., 𝐵𝐵𝐹𝐹 < 0.2) in the 190 

flow (Roulund et al., 2005). The hydrodynamic part of the model solves continuity and URANS 191 

equations for a single-phase incompressible flow. This system of equations is closed by using the two-192 

component turbulence model k-ω SST to solve the Reynolds stress terms as it is implemented in 193 

OpenFOAM®. 194 

The flow and turbulent properties need to be quantified at the boundaries of the computational 195 

domain. In all investigated cases in this study, the boundaries are top, bed (rough wall), inlet, outlet, 196 

sides and pier body (smooth wall), as shown in Figure (1). In the near-wall region, the physics of the 197 

flow is expressed by adapting a simple near-wall treatment proposed by Cebeci and Bradshaw (1977), 198 

which is valid for the logarithmic region of the boundary layer. Based on this approach, where the 199 

roughness of the surface is known, the near-wall treatment for the logarithmic region of the boundary 200 

layer is defined by: 201 

𝑢𝑢+ =
1
𝜅𝜅

ln(𝐸𝐸𝑦𝑦+)− ∆𝐵𝐵 (1) 

𝑦𝑦+ = 𝑦𝑦
𝑐𝑐𝜇𝜇
1/4𝑘𝑘1/2

𝜈𝜈
 (2) 

 202 

where 𝑢𝑢+and 𝑦𝑦+are non-dimensional velocity and distance for the log-low region in the equilibrium 203 

turbulent boundary layer, respectively, 𝐸𝐸 is a constant equal to 9.8, 𝜅𝜅 = 0.4 is the von Karman constant, 204 

𝐶𝐶𝜇𝜇 is a constant equal to 0.09, 𝑘𝑘 is turbulence kinetic energy, 𝑦𝑦 is the orthogonal distance of the centre 205 
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of the first layer of cells from the wall and 𝜈𝜈 is the kinematic viscosity of the fluid. ∆𝐵𝐵 in Eq. (1) depends 206 

on the dimensionless (normalized) roughness height 𝑘𝑘𝑠𝑠+: 207 

𝑘𝑘𝑠𝑠+ =
𝑘𝑘𝑠𝑠𝑐𝑐𝜇𝜇

1/4𝑘𝑘1/2

𝜈𝜈
, (3) 

where 𝑘𝑘𝑠𝑠 is bed Nikuradse equivalent sand roughness height. Cebeci and Bradshaw (1977) provide 208 

three different regimes for the calculation of ∆𝐵𝐵 based on 𝑘𝑘𝑠𝑠+ as follows: 209 

∆𝐵𝐵 =

⎩
⎪
⎨

⎪
⎧

  

0,                                                                                                               𝑘𝑘𝑠𝑠+ < 2.25
1
𝜅𝜅

ln �
𝑘𝑘𝑠𝑠+ − 2.25

87.75
+ 𝐶𝐶𝑠𝑠𝑘𝑘𝑠𝑠+� 𝑠𝑠𝑠𝑠𝑛𝑛[0.4258 (𝑙𝑙𝑛𝑛 𝑘𝑘𝑠𝑠+ − 0.811)] ,  2.25 ≤ 𝑘𝑘𝑠𝑠+ ≤ 90 

1
𝜅𝜅

ln[1 + 𝐶𝐶𝑠𝑠𝑘𝑘𝑠𝑠+],                                                                                         𝑘𝑘𝑠𝑠+ > 90

 (4) 

where 𝐶𝐶𝑠𝑠=0.6 is the roughness constant. In this work, all the walls, including the rough sandy bed and 210 

smooth pier body, are treated with Cebeci and Bradshaw’s (1977) near-wall treatment. For both smooth 211 

and rough walls, the turbulence kinematic energy near the wall is treated by the Neumann condition 212 

(zero normal gradient), and turbulent frequency, 𝜔𝜔, is calculated following Ferziger and Peric’s (2008) 213 

model, which is valid for the logarithmic region of the boundary layer: 214 

𝜔𝜔 =
√𝑘𝑘

𝐶𝐶𝜇𝜇0.25𝜅𝜅𝑦𝑦
. (5) 

The velocity is determined with a no-slip condition (𝑢𝑢�⃗ = 0), and pressure is set as zero normal 215 

gradient condition at the walls. The sides are satisfied with symmetry boundary condition for all 216 

quantities. Replacing the flume side walls with a symmetry boundary condition at the sides of the 217 

computational domain is a justifiable assumption, as the effect of the flume width on the approaching 218 

flow was negligible. In all cases, the computational domain width was considered wide enough (~10D 219 

to 20D for different test cases while D is the circular cylinder diameter or square-shaped cylinder side 220 

length) to ensure the impacts from the side boundary condition are minimum. At the top, the water-air 221 

interface is modelled with a plain surface with a slip boundary condition. At the inlet, the velocity 222 

vectors and turbulent quantities are supplied by following the Dirichlet condition. The pressure is 223 
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treated with the Neumann (zero normal gradient) condition. Finally, the outlet is treated with zero values 224 

for the gradient of all quantities except for the pressure, where a Dirichlet condition with a value equal 225 

to zero is imposed. 226 

 227 

Fig. 1 boundaries of the computational domain  228 

2.2 Bed shear stress 229 

Computed bed shear stress from the flow field results serves as the primary input parameter to the 230 

sediment transport models. Hence, a precise calculation of the bed shear stress is essential to achieve 231 

realistic sediment transport results. In this model, the shear stress acting on the bed (𝝉𝝉𝒃𝒃) is gained from:  232 

𝝉𝝉𝒃𝒃 = 𝑻𝑻.𝒏𝒏 (6) 

where 𝒏𝒏 is the unit normal vector of the bed face, and 𝑻𝑻 is the deviatoric stress tensor.  233 

2.3 Morphodynamic model 234 

The sediment transport model used in this work contains both bedload and suspended load. The bedload 235 

model computes the flux of the sediments that roll, slide or jump along the bed in a thin layer very close 236 

to the bed. For sediments transported above the bedload layer, the suspended load model calculates the 237 

sediment flux. These two sediment transport modes are separated by a hypothetical layer called 238 

reference level. An extension of the empirical equation proposed by Engelund and Fredsøe (1976) for 239 

3D cases is applied for the bedload model, while the suspended load is considered by employing an 240 

advection-diffusion equation, as follows: 241 
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𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

+ ∇. [(𝒖𝒖 + 𝒘𝒘𝒔𝒔)𝑐𝑐] = ∇. ��𝜗𝜗 +
𝜗𝜗𝑡𝑡
𝜎𝜎𝑐𝑐
�∇𝑐𝑐� + 𝐸𝐸∆ − 𝐷𝐷∆ (7) 

where 𝑐𝑐 is the volumetric (dimensionless) suspended sediment concentration, 𝑡𝑡 is time, 𝒖𝒖 and 𝒘𝒘𝒔𝒔 are 242 

the fluid velocity and sediment fall velocity vectors, respectively. The fall velocity is calculated using 243 

the method proposed by Soulsby (1997). 𝜗𝜗 + 𝜗𝜗𝑡𝑡 𝜎𝜎𝑐𝑐⁄  is the sediment diffusivity coefficient, where 𝜎𝜎𝑐𝑐 is 244 

the concentration-dependent turbulent Schmidt number, which is chosen as 0.8, similar to Liang and 245 

Cheng (2005). The terms of 𝐸𝐸∆ and 𝐷𝐷∆ in the right hand-side of Eq. (7) determine the quantities of the 246 

total flux from the bed into the suspended load mode (entrainment) and vice versa (deposition), 247 

respectively. An approach used by Warner et al. (2008) and Stahlmann (2013) is followed to consider 248 

the exchange of particles in the advection-diffusion equation. The entrainment rate is obtained from: 249 

𝐸𝐸∆ = 𝑐𝑐𝑒𝑒𝑤𝑤𝑠𝑠 (8) 

where 𝑐𝑐𝑒𝑒 is the equilibrium (reference) concentration of suspended load at the reference level height 250 

from the bed ∆. 𝑐𝑐𝑒𝑒 can be obtained from Rijn (1984b): 251 

𝑐𝑐𝑒𝑒 = 0.015
𝑑𝑑50 �

𝜃𝜃 − 𝜃𝜃𝑐𝑐
𝜃𝜃𝑐𝑐

�
1.5

𝑑𝑑∗0.3∆
 (9) 

where 𝜃𝜃 is the Shields parameter: 252 

𝜃𝜃 =
𝑢𝑢𝑓𝑓2

𝑔𝑔(𝑠𝑠 − 1)𝑑𝑑
 (10) 

where 𝑢𝑢𝑓𝑓 is the friction velocity, 𝑔𝑔 is the acceleration of gravity, 𝑠𝑠 is the relative density of the sand and 253 

𝑑𝑑 is the grain diameter. In Eq. (9), 𝜃𝜃𝑐𝑐 is the critical Shields parameter corresponding to the initiation of 254 

the sand particles motion and 𝑑𝑑∗ is the non-dimensional grain size: 255 

𝑑𝑑∗ = �
𝑔𝑔(𝑠𝑠 − 1)

𝜗𝜗2 �
1/3

𝑑𝑑50 (11) 

where 𝑑𝑑50 is the mean grain diameter. 256 
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Applying Eq. (9), Rijn (1984b) proposed ∆ equal to half of the bed-form height or sand roughness 257 

height, while the minimum ∆ is 0.01 of the water depth. Liang and Cheng (2005) proposed ∆=3.6𝑑𝑑50 258 

as an acceptable value in 2D numerical modelling of scour below a submarine pipeline. In the present 259 

work, the height of the centre of the first layer of cells closest to the bed, which corresponds to the 260 

reference level, is considered equal to 4𝑑𝑑50 in all simulations. With good approximation, this reference 261 

level (the first layer of grids above the bed) is located in the logarithmic region of the boundary layer 262 

(Refer to Driest (1956)), which satisfies the applied near-wall treatment requirements, as well. 263 

 The deposition rate, 𝐷𝐷∆, is obtained from the approach suggested by Liu and García (2008): 264 

𝐷𝐷∆ = 𝑐𝑐𝑏𝑏𝑤𝑤𝑠𝑠 (12) 

where 𝑐𝑐𝑏𝑏 is the sediment concentration at the reference level, which here, is equal to the sediment 265 

concentration at the centre of the first layer of cells closest to the bed.  266 

Finally, the results of the sediment transport model are reflected by solving a mass-balance equation 267 

(Exner, 1925) over a 2D mesh, corresponding to the bed boundary of the 3D computational domain. In 268 

addition, a sand sliding method was also followed to avoid unreal bed slopes. Bordbar et al. (2021) 269 

investigated two different sand sliding techniques, namely, Artificial Transport Rate Method (ATRM) 270 

by Roulund et al. (2005) and Geometry-Based Method (GBM) by Jacobsen (2015). It was realized that 271 

ATRM offers a solution with a considerably lower numerical error in comparison to GBM. Therefore, 272 

in the present study, a similar method to ATRM is used. 273 

 274 

3 Validation 275 

The hydrodynamic part of the model was validated against data from Dargahi (1987) and Melville 276 

(1975), who studied flow behaviour and bed shear stress distribution around circular piles mounted on 277 

sand-covered flat plates, respectively. The investigation was limited to circular pile cases, as 278 

investigation of flow behaviour and bed shear stress distribution around non-circular piles has been 279 

rarely done (e.g., Hjorth, 1975), and the authors could not find any reliable data sets for model 280 

validation. On the other hand, the performance of the hydro-morphodynamic model on the prediction 281 

of scour evolution around piers with different cross-section shapes was evaluated against the 282 
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measurements reported by Roulund et al. (2005) and Khosronejad et al. (2012) for circular and square-283 

shaped cylinders, respectively. The specifications of the experimental tests are provided in Table 1. 284 

Table 1. Relevant Information on Experimental Conditions Modelled in the Present Study 285 

Experiment 
Dargahi 
(1987) 

Melville 
(1975) 

Roulund et al. 
(2005) 

Khosronejad et al. 
(2012)  (square) 

Khosronejad et al. 
(2012) (diamond) 

Bed condition Flat -Rigid Flat-Rigid Mobile Mobile Mobile 

Flume dimensions 
(length/width) (m) 22 / 1.5 19 / 0.456 10 / 4 10 / 1.21 10 / 1.21 

pier width 
perpendicular to the 

flow direction 𝑤𝑤𝑝𝑝 (m) 
0.15 0.051 0.1 0.165 0.2335 

Pier distance from the 
inlet (m) 

- - 6.6 4 4 

Mean particle 
diameter 𝑑𝑑50(mm) 0.36 0.385 0.26 0.85 0.85 

Mean flow 
velocity U (m/s) 0.26 0.25 0.46 0.22 0.21 

Mean flow depth h 
(m) 

0.2 0.15 0.4 0.139 0.157 

Boundary layer 
thickness 𝛿𝛿 (m) - - 0.2 - - 

Froude number 
𝐵𝐵𝐹𝐹=𝑈𝑈/(𝑔𝑔ℎ)0.5 

0.19 0.21 0.23 0.19 0.17 

Bed Nikuradse 
equivalent sand 

roughness 𝑘𝑘𝑠𝑠 (mm) 
0.9  0.96  0.65 2.55 2.55 

Critical Shields 
Parameter for 

horizontal bed 𝜃𝜃𝑐𝑐0 
- - 0.05 0.03 0.03 

 286 

3.1 Flow field and bed shear stress  287 

3.1.1 Flow Field around a circular cylinder 288 

Dargahi (1987) carried out a set of measurements to study flow velocity around a circular cylinder. The 289 

experimental data included the vertical distribution of streamwise velocity, 𝑈𝑈𝑥𝑥, at five different 290 

distances upstream and downstream of the cylinder on the symmetry plane. The numerical setup for the 291 
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test included a computational domain 3 m long, 2 m wide and 0.2 m high, i.e., equal to water depth. 292 

The generated mesh included around 500,000 grids. The height of the centre of the first layer of mesh 293 

closest to the bed was equal to 1.5 mm (~ 4𝑑𝑑50) to ensure that the requirement of the applied near-wall 294 

treatment, given by Cebeci and Bradshaw (1977), is satisfied.  The fully-developed flow was set for the 295 

inlet, while the other boundaries were treated, as described in section 2. 296 

The simulations results were also compared with the modelling results of Salaheldin et al. (2004) 297 

and Omara et al. (2019), who used the same data sets from Dargahi (1987). Salaheldin et al. (2004) 298 

applied the URANS equations in combination with several variants of the 𝑘𝑘-𝜀𝜀 model (e.g., 𝑘𝑘-𝜀𝜀 standard, 299 

𝑘𝑘-𝜀𝜀 RNG, 𝑘𝑘-𝜀𝜀 realizable) and the Reynolds Stress Model (RSM). They found that the RMS model 300 

provided the most satisfactory results. Omara et al. (2019) applied the 𝑘𝑘-𝜀𝜀 RNG model as it was 301 

implemented in FLOW 3D and have made the comparison only for the upstream of the pier.  302 

The results from the present study, reported empirical data by Dargahi (1987), simulation results of 303 

Salaheldin et al. (2004) for the RSM model and Omara et al. (2019) are presented in Figure (2), and the 304 

Root Mean Square Errors (RMSE) for the simulation results against the experimental data are provided 305 

in Table 2. It is observed that the result of the present study shows very good agreement with the 306 

experimental data. The accuracy of the results indicates that the modelling of the water-air interface at 307 

the top of the computational domain with slip boundary condition is an acceptable assumption in low 308 

Froude numbers. On the other hand, the present model predicted a reverse flow at 𝑥𝑥 𝐷𝐷⁄ = -0.73 and the 309 

area very close to the bed due to the formation of an HSV upstream of the pier. This pattern was not 310 

reported in the experimental data, which can be due to the lack of accurate measurements in Dargahi’s 311 

investigation. 312 

Table 2. the results of RMSE for simulations against the measurements data by Dargahi (1987) 313 

𝑥𝑥 𝐷𝐷⁄  -2.5 -0.73 0.57 2.1 8.0 

Present Model 0.0074 0.0049 0.0308 0.0191 0.0074 

Salaheldin et al. (2004) RSM model 0.0060 0.0067 0.0550 0.0132 0.0133 

Omara et al. (2019) 0.0176 0.0051 - - - 

 314 
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 315 

Fig.2 comparison between the modelled streamwise velocity 𝑈𝑈𝑥𝑥 at the plane of symmetry (a) upstream (b) downstream of the 316 

pier. 317 

3.1.2 Bed shear stress distribution around a circular cylinder 318 

Melville (1975) reported the distribution of the normalized local bed shear stress around a circular 319 

cylinder, as reported in Table 1. To evaluate the performance of the present hydrodynamic model, the 320 

experiment was numerically reproduced. The numerical setup for the test included a computational 321 

domain 2 m long, 1 m wide and 0.15 m high, i.e., equal to water depth. The generated mesh included 322 

around 400,000 grids. The height of the centre of the first layer of mesh closest to the bed was equal to 323 

1.5 mm (~ 4𝑑𝑑50). A fully-developed flow condition was set for the inlet, while the other boundaries 324 

were treated as described in section 2. 325 

Figure (3) illustrates Melville’s (1975) measurement results and Mendoza-Cabrales’s (1993) 326 

simulation results for the test case on top and the results of the present model on the bottom. The results 327 

of the present model agree very well with the reported experimental data in terms of prediction of the 328 
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location of the maximum shear stress; however, both numerical models overestimate the magnitude of 329 

the maximum shear stress.  330 

 331 

Fig.3 (top) reported normalized bed shear stress distribution on flat bed by Melville (1975) and simulation results by Mendoza-332 

Cabrales (1993); (bottom) present model simulation result. 333 

3.2 Local scour 334 

3.2.1 Local scour around a circular pier in live-bed 335 

The performance of the developed hydro-morphodynamic model was evaluated against experimental 336 

data from Roulund et al. (2005) for scouring around a circular pile in live-bed conditions. The details 337 

of the experimental conditions can be found in Table 1.  338 

The numerical setup for the test included a computational domain 3 m long, 2 m wide and 0.4 m 339 

high, i.e., equal to water depth. A pile with 0.1 m diameter was considered at 1 m downstream of the 340 

inlet boundary. The boundaries were treated as described in section 2.  The height of the centre of the 341 

first layer of cells nearest to the bed was set equal to 1 mm (~ 4𝑑𝑑50). This value was chosen to assure 342 

that the centre of the first layer of mesh closest to the bed was placed in the log-layer region of the 343 
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boundary layer while also satisfying the requirement of the reference level height from the bed. The 344 

inlet velocity was obtained by fitting a curve to the data provided in Roulund et al. (2005).  345 

As the hydro-morphodynamic model simulations are very time-consuming, a mesh independency 346 

study was carried out for only the first 30 s of the physical time where a coarse mesh with around 347 

400,000 grids and a fine mesh with around 600,000 grids were compared. This short time period 348 

included very rapid changes in the bed morphology, as the scour hole depth after the first 30 s was more 349 

than one-fifth of the equilibrium scour depth reported by Roulund et al. (2005). Therefore, this time 350 

period was assumed long enough to study mesh independency. The topography of scoured bed for both 351 

meshes is provided in Figure (4). The results are quite similar in the area adjacent to the pier. Some 352 

discrepancy can be observed downstream of the pier, which can be justified by understanding the 353 

stochastic nature of the sand sliding mechanism. As a result, the coarse mesh was chosen for the full-354 

time modelling. The simulation was run for 𝑇𝑇=1 hour of physical test and took around three and a half 355 

months on a 2.3 GHz CPU with 8 GB RAM. 356 

 357 

Fig.4 mesh independency study results for simulation of local scour around a circular pier 358 

Figure (5) displays the results of the empirical measurements from Roulund et al. (2005) in 359 

comparison with the simulation results from Roulund et al. (2005), Gothel (2008), Stahlmann (2013) 360 

and the present model in terms of the evolution of the scour hole depth at the upstream and downstream 361 

edge of the circular pile. The dimensionless number S/𝑤𝑤𝑝𝑝 presents the ratio of the scour depth S to the 362 
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pile width 𝑤𝑤𝑝𝑝. The RMSE of the simulations against the measurements is presented in Table 3. It can 363 

be seen that the present model outperforms the other three numerical models at the upstream edge. The 364 

present model follows the trend of the experimental data with the least deviation where experimental 365 

data existed in comparison to all the other simulations (as shown in Table 3). The results for the 366 

downstream edge were only available from Roulund et al. (2005). The present model overestimated the 367 

scour depth at the downstream edge from early-stage and displayed a discrepancy of around 18% from 368 

the empirical data after 1 hour. It is to be noted that the present model predicted the maximum scour 369 

depth occurrence to be at the sides of the pile with  𝑆𝑆/𝑤𝑤𝑝𝑝= 1.25. 370 

Table 3. RMSE of simulations against Roulund et al. (2005) experimental data 371 

Measurement Present Model Roulund et al. (2005) Gothel (2008) Stahlmann (2013) 

Upstream 0.0449 0.1052 0.2177 0.0475 

Downstream 0.1150 0.0880 - - 

 372 
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    373 

Fig. 5 temporal scour hole depth at (a) the upstream and (b) downstream edge of the circular pile 374 

3.2.2 Local scour around a square and diamond pier in clear-water 375 

The intensity of the mean HSV forming upstream of mounted piers is one of the main factors in 376 

developing the local scour, which depends on the mounted pier nose geometry (Khosronejad et al., 377 

2012). Fleming et al. (1993) addressed the pier nose geometry with a character named bluntness factor 378 

(𝐵𝐵𝐵𝐵). Piers with larger 𝐵𝐵𝐵𝐵 face stronger HSVs. To evaluate the robustness of the model on the evolution 379 

of scour hole around piers with different cross-section shapes, the model was verified against 380 

experimental cases of square and diamond piers, reported by Khosronejad et al. (2012) as corresponding 381 

to 𝐵𝐵𝐵𝐵 → ∞ and 0, respectively.  382 
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Two sets of experiments for a square-shaped pier with a side length of 16.51 cm with 90° (square 383 

pier) and 45° (diamond pier) orientation angles to the flow were considered for model assessment. More 384 

details of the tests are shown in Table 1. Both tests were carried out under clear-water conditions. 385 

The numerical simulation for both cases was followed in computational domains 3 m long and 2 m 386 

wide where the piers were located 1 m downstream of the inlet. The height of the domain was set equal 387 

to the water depth in each case. A mesh dependency test was also done for these cases, and 3D meshes 388 

with around 380,000 grids were chosen for full-time modelling. The approaching flow attributes at the 389 

inlet were supplied by a preliminary hydrodynamic simulation, which was conducted for a domain with 390 

the same condition as the original mesh and with 3 m length. The length was considered 3 m to provide 391 

the approaching flow with the same condition as the experiment. The other boundaries were treated as 392 

described in section 2. The critical Shields parameter value for horizontal bed, 𝜃𝜃𝑐𝑐,0 , in this test was 393 

calculated from the equation proposed by Soulsby and Whitehouse (1997): 394 

𝜃𝜃𝑐𝑐0 =
0.3

1 + 1.2𝑑𝑑∗
+ 0.055�1 − 𝑒𝑒−0.02𝑑𝑑∗�. (13) 

Figure (6) demonstrates the time evolution of maximum scour depth for 𝑇𝑇=1 hour of physical 395 

modelling for both diamond and square piers. The simulations are compared against the experimental 396 

measurements using the RMSE in Table 4. In the case of the square pier, the result from the present 397 

model outperforms Khosronejad et al.’s (2012) numerical model, while both simulation results 398 

underestimated the scour progression. Khosronejad et al. (2012) did not provide the value of the critical 399 

Shields parameter for the initiation of sand motion. Therefore, as mentioned above, the value was 400 

estimated using the proposed equation by Soulsby and Whitehouse (1997). This can be why there’s a 401 

difference between the present simulation and experimental results. Nevertheless, the numerical results 402 

for diamond pier are roughly similar. In the equilibrium condition for the present model, the differences 403 

of 6.7% and 13.1% from the experimental measurements are observed for the square and diamond pier 404 

cases, respectively.  405 

 406 
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Table 4. RMSE of simulations against Khosronejad et al. (2012) experimental data  407 

Measurement Present Model Khosronejad et al. (2012) 

Square pier 0.0221 0.0843 

Diamond pier 0.0469 0.0312 

 408 

Figure (7) illustrates a comparison between the topography of the scoured bed from the simulation 409 

and the laboratory measurements from Khosronejad et al. (2012) for the diamond and square piers. The 410 

experimental results are only provided for one side of the symmetry plane 𝑦𝑦=0 in Khosronejad et al. 411 

(2012). The simulation results are almost symmetric with respect to the plane 𝑦𝑦=0. In the square pier 412 

case, as a result of laboratory measurements, Khosronejad et al. (2012) mentioned that the maximum 413 

scour depth happened in the front corners of the pier, while the area with significant depth was observed 414 

around the nose of the pier. The present numerical model also found the maximum scour depth in the 415 

front corners of the pier; however, it failed to accurately predict the depth of the scoured area around 416 

the front side of the pier. In contrast, the maximum deposition height position given by the numerical 417 

model agrees with experimental measurements. For the diamond pier, a good agreement in the position 418 

of the maximum scour depth and deposition height is observed between the numerical simulation results 419 

and experimental data. The obtained results from the simulations indicated that the present model has a 420 

good capability in the prediction of main characteristics of scour around piers with different cross-421 

section shapes. Therefore, the model was applied to investigate scour around square-shaped piers in 422 

live-bed conditions. 423 

 424 
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 425 

Fig. 6 changes in scour depth with time in case of (a) the square and (b) diamond pier 426 

 427 

Fig. 7 Comparison of simulated (top) and measured (bottom) bed topography at equilibrium condition for (a) square pier, (b) 428 

diamond pier (The measurement unit is cm). 429 

 430 
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4 Results and Discussion 431 

4.1 Live-bed simulations model setup 432 

In this section, the developed and validated model is employed to numerically investigate the effect of 433 

pier geometry on flow behaviour and scour in live-bed conditions. For this purpose, a similar setup to 434 

the circular pile of Roulund et al. (2005) in Table 1 was applied for diamond and square piers test cases. 435 

Numerical simulations were done for a square-shaped pier with a side length of 𝐷𝐷=10 cm, which meant 436 

the pier width in the flow direction was 10 and 14.1 cm in the cases of the square and diamond pier, 437 

respectively. Computational meshes with similar dimensions and boundary conditions used for 438 

modelling the circular cylinder test case were considered, and the piers were placed 1 m downstream of 439 

the inlet. Two sets of numerical simulations were run. First, to investigate the flow field around the 440 

piers, the hydrodynamic model was solved on a rough rigid bed condition for each case. Next, the 441 

coupled hydro-morphodynamic model was employed to simulate the local scour development in the 442 

vicinity of the piers in the mobile sandy bed. The same generated meshes were used in both series of 443 

tests. Meshes with around 400,000 grids were chosen.  444 

4.2 Flow field simulations on a rigid bed 445 

To study the flow field in the vicinity of the piers, the hydrodynamic model was solved for both square 446 

and diamond piers mounted on a rigid flat sandy bed. Figure (8) illustrates the formation of HSV and 447 

lee-wake shed vortices upstream and downstream of the piers in URANS simulations using the iso-448 

surfaces technique for the Q-criterion concept (Hunt et al., 1988). The Q-criterion concept demonstrates 449 

a vortex as a “connected fluid region with a positive second invariant of ∇𝑢𝑢” (Kolář, 2007). It is 450 

observed that the separated flows start to form on the front and side corners of the square and diamond 451 

piers, respectively, which are responsible for producing the reverse-vortex flows and quasi-periodic 452 

vortex shedding downstream of the piers. It is also seen that the behaviour of the HSVs upstream of the 453 

piers is almost independent of the quasi-periodic motion of the shed vortices, while the elongated part 454 

of the HSVs downstream of the piers can be affected by the shed vortices. 455 



24 
 

 456 

Fig. 8 turbulence structures around (a) square and (b) diamond piers using the Q-criterion concept  457 

Figure (9) illustrates the traced streamlines over the mean flow fields at symmetry plane y=0 458 

upstream of the piers. Due to the impact of the square pier nose, a strong down-flow is formed upstream 459 

of the pier. The formation of two HSVs is predicted upstream of the square pier, which includes one 460 

main vortex rotating in the clockwise direction and one smaller vortex rotating in the counter-clockwise 461 

direction and very close to the pier body. In the case of the diamond pier, a very weak down-flow is 462 

observed upstream of the pier nose. As a result, the predicted HSV system comprises only one small 463 

vortex upstream of the pier in comparison to that of the square pier.  464 
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 465 

Fig. 9 formation of HSVs upstream of (a) square pier and (b) diamond pier. 466 

4.3 Scour simulations on a mobile bed 467 

The coupled hydro-morphodynamic model was employed to study local scour on a mobile bed. In these 468 

simulations, the bottom boundary of the domains was set as a mobile bed. The models were run for 𝑇𝑇= 469 

1 hr of physical tests, as it was assumed that the quasi-equilibrium condition is obtained for all cases 470 

within the first one hour. Figure (10) displays the topography of the scoured bed at times 𝑡𝑡/𝑇𝑇 = 0.0083, 471 

0.0333, 0.25, 1 from the start of the simulation for both square and diamond piers. In both cases, it is 472 

observed that scouring started from the early stages of the simulation and extended in terms of the 473 

maximum depth and the affected area. In both cases, the maximum scour depth happens on the sides of 474 

the piers. As expected, stronger scouring occurred around the square pier, corresponding to the 475 

remarkably stronger HSVs, while for the diamond pier, scouring is more likely due to the local 476 

acceleration of flow velocity around the pier. Observing the morphology of the bed over time shows 477 

that some asymmetry may arise downstream of the piers. This dissimilarity, which is in accordance 478 

with the nature of scouring, can be explained with the stochastic nature of quasi-periodic lee-wake 479 

vortices along with the nature of sand sliding. 480 

Figure (11) presents the instantaneous flow field at plane y=0 upstream of the piers in the quasi-481 

equilibrium scour depth condition. The instantaneous flow velocity vector field is used to visualize the 482 
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development of the HSV upstream of the piers. It is observed that the presence of the square pier 483 

produces a strong adverse pressure gradient upstream of the pier leading to the formation of HSV, which 484 

spreads over the entire scour hole upstream of the pier. On the other hand, in the case of the diamond 485 

pier, the formed HSV is small and feeble, with a low impact on the progression of scouring.  486 

To better understand the morphology of the deformed bed in quasi-equilibrium conditions, the 487 

corresponding contour of bed displacement around the circular, square and diamond piers is displayed 488 

in Figure (12). It is observed that for the square pier, the area with maximum scour depth is wrapped 489 

around the entire front side of the pier, while in the case of the diamond pier, this area is attached to the 490 

side corners, and in the case of the circular pier, it occurs in a radial angle at around 70° from the head. 491 

It is also noticed that a wider area around the square pier is affected by scouring in comparison with the 492 

two other cases. This is a rational consequence of the formation of a deeper scour hole around the square 493 

pier. 494 

Figure (13) shows the progress of normalized local scour depth 𝑆𝑆/𝑤𝑤𝑝𝑝 around the circular, square 495 

and diamond piers during the first one hour of scouring. It is observed that the rate of increase in scour 496 

depth reduces in time for all cases. For the entire simulation, the rate of increase in scour depth around 497 

the square pier is faster than the diamond and circular pier, which leads to a deeper scour hole after one 498 

hour. On the other hand, the evolution process for all cases is progressed with rather similar speed. The 499 

maximum scour depth after one hour of scouring for circular, square, and diamond piers is 12.5, 19.4 500 

and 14.1 cm or in the dimensionless form 𝑆𝑆/𝑤𝑤𝑝𝑝= 1.25, 1.94 and 1.00, respectively.  501 
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 502 

Fig. 10 bed deformation at 4 different times of the simulation 𝑡𝑡/𝑇𝑇 = 0.0083, 0.0333, 0.25, 1 for the square and diamond 503 

piers 504 
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   505 

Fig. 11 instantaneous flow velocity vector field in symmetry plane (y=0) for (a) the square and (b) diamond piers 506 

 507 

Fig. 12 bed displacement contour around the (a) circular, (b) square and (c) diamond pier in  508 
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   509 

Fig. 13 changes in scour depth in time for circular, square and diamond piers 510 

The simulation outcomes for the square and diamond piers are compared with the measurement 511 

results of Sumer et al. (1993) and Yao et al. (2018) in terms of normalized equilibrium scour depth 512 

𝑆𝑆𝑒𝑒𝑒𝑒/𝑤𝑤𝑝𝑝. Sumer et al. (1993) concluded that the equilibrium scour depth in case of steady-current flow 513 

and live-bed conditions is only dependent on the pier shape and suggested a constant value of 𝑆𝑆𝑒𝑒𝑒𝑒/𝑤𝑤𝑝𝑝= 514 

2 for both square and diamond piers. In a more recent study, Yao et al. (2018) investigated the local 515 

scour around submerged piers in live-bed conditions. From their results, 𝑆𝑆𝑒𝑒𝑒𝑒/𝑤𝑤𝑝𝑝 was estimated around 516 

2 and 1.5 for square and diamond piers, respectively. The calculated 𝑆𝑆𝑒𝑒𝑒𝑒/𝑤𝑤𝑝𝑝 from the present simulation 517 

has a good agreement with the experimental data for the square piers, while the result for the diamond 518 

piers varies from the values reported in these studies. This difference can be justified from different 519 

aspects. Although the accuracy of the numerical model can be a matter of concern, the difference 520 

between the outcomes of the experimental investigations can also reveal that the impact of other factors, 521 

such as bed material gradation, Froude number, Shields parameter as well as flow depth need to be 522 

examined alongside the pier geometry. Therefore, more studies are needed to appreciate more clearly 523 

the precise role of different factors on scouring under live-bed conditions. 524 

5 Conclusions 525 

In this paper, the effect of the pier cross-section geometry on the flow behaviour and local scour in live-526 

bed conditions was numerically investigated for a square-shaped pier with 90° (square pier) and 45° 527 

(diamond pier) orientation angles to the flow. For this purpose, a coupled hydro-morphodynamic model 528 
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was developed in the OpenFOAM framework. The model was validated against flow and scour 529 

experimental data sets from various published studies. The simulation of flow behaviour around square 530 

and diamond piers showed that different flow mechanisms are responsible for the scour development 531 

around piers with respect to the orientation angle. In the case of the square pier, the formation of strong 532 

horseshoe vortices upstream of the piers is dominant, while it is very small and feeble in the case of the 533 

diamond pier. The scour simulation results revealed a faster rate of increase in scour depth around the 534 

square pier than the diamond and circular piers, which led to a deeper equilibrium scour hole. The 535 

simulation results presented a good agreement with the experimental data from the literature in terms 536 

of normalized equilibrium scour depth for the case of the square pier. It was discovered that the impact 537 

of other factors, such as bed material gradation, Froude number, Shields parameter, as well as flow 538 

depth, can be as important as the shape factor in the study of equilibrium scour depth in live-bed 539 

conditions.  540 

 541 
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