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ABSTRACT

The dynamics of a buoyant pulsating bubble near two crossed perpendicular rigid boundaries (a horizontal and a vertical wall) are studied
using the boundary element method combined with the method of mirror images. The Kelvin impulse and the elastic mesh velocity method
are used to calculate the direction and volume of the liquid jet generated during bubble collapse. The numerical results show good agreement
with experiments. An increase in buoyancy causes a local high-pressure zone at the root of the jet to move toward the bottom of the bubble,
causing the jet to rotate upward toward the vertical wall. At a certain position, with the change in buoyancy, the dimensionless bubble vol-
ume at the instant of jet impact reaches a minimum when the jet direction is horizontal, with a peak in the dimensionless jet velocity occur-
ring. A comprehensive parametric study of jet characteristics, including jet direction, velocity, and relative volume (the volume ratio of the
jet to the bubble at the instant of jet impact), is carried out in terms of buoyancy and the standoff distances to the two walls. The Blake crite-
rion can be used to judge whether a bubble jet is pointing obliquely upward or downward, provided that it deviates significantly from the
horizontal direction. Depending on the buoyancy, the jet characteristics at different standoff distances are found to exhibit three distinct pat-
terns of behavior. Finally, we discuss the changes in the jet velocity and relative volume as the buoyancy is varied.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0057594

I. INTRODUCTION

The dynamics of bubbles near walls are relevant to cavitation
erosion,1–4 marine prospecting,5,6 ultrasonic cleaning of mechanical
components,7–9 and watercourse dredging.10 As the bubble length
scale increases, the mass of liquid displaced by bubble pulsations
becomes greater, and thus, the effects of buoyancy effect become sig-
nificant. The study of buoyant bubbles (with obvious scale effects) is a
crucial aspect of bubble dynamics, since the effects of buoyancy play a
vital role in many processes, including resource exploration,11,12 sub-
marine volcanic eruptions,13–15 and underwater explosions.16–22 A
deeper understanding of the mechanisms involved in the behavior of
buoyant bubbles would help in harnessing their advantages for some
applications as well as preventing their adverse effects in others.

One of the most important and interesting features of bubble
dynamics near a rigid wall is the creation of high-speed liquid
jets.1,23–31 These jets point toward the wall in the case of small-scale
bubbles and interact with the flow field close to the wall. In the late
stage of bubble collapse, they may even hit the wall. The energy con-
tained in these jets and their directivity toward the wall are fundamen-
tal causes of cavitation erosion of mechanical components.32,33 Bubble

dynamics near a single rigid wall have been thoroughly studied in
recent decades.1,34–42 Blake et al.37 discussed the combined influence
of buoyancy and a rigid wall on the jet direction, and the resulting
“Blake criterion” is widely used to determine the jet direction in the
case of a bubble above a rigid wall. In most cases of practical interest,
more than one wall is present, and therefore, bubble dynamics near
multiple walls have received much attention in recent years.43–48

However, most of these studies have focused on aspects of bubble
dynamics relevant to cavitation, medicine, and ultrasonic cleaning,
and have ignored the effects of buoyancy. For a bubble subject to
buoyancy, the jet may not necessarily point toward the wall, and it is
important to take this into account, since the characteristics of the jet
depend on its direction. In our previous work,43,49–51 we have shown
that the jet direction near complex boundaries changes significantly
when the effect of buoyancy is taken into account. However, those
studies focused primarily on the analysis of specific cases and the
description of physical phenomena. There has been a lack of system-
atic studies of the jet direction, velocity, and volume near complex
boundaries, owing to the complicated parameters and difficult calcula-
tions required when, for example, computing the inclined jet volume.
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In this study, we concentrate on bubble dynamics near two
mutually perpendicular semi-infinite rigid walls, which represent one
of the most basic types of complex boundaries and correspond to the
physical scenario encountered in ultrasonic descaling, mechanical
draft tubes, and underwater explosions near a shore. Determination of
the physical mechanisms involved in this relatively simple physical
model will provide a basis for the solution of more complex problems
in the future. Because large-scale bubble experiments such as large-
equivalent-charge underwater explosions are expensive and environ-
mentally destructive, we choose to study bubble dynamics through
numerical simulations. We adopt the boundary element method
(BEM) because of its high accuracy and efficiency. The volume of the
inclined jet is calculated by placing a spherical topology externally
using the “elastic mesh velocity” method. The relative jet volume is
defined and studied because it can better represent the range of influ-
ence of the jet impact relative to the bubble pulsations. An underwater
explosion experiment is conducted to validate the numerical algo-
rithm. A parametric study is then conducted on the jet direction,
velocity, and relative volume. In a dimensionless framework, we pre-
sent the spatial distribution of jet characteristics under four typical
buoyancy effects. The variation in jet characteristics with distance is
divided into three distinct categories based on the Blake criterion. For
a bubble at a fixed distance, the peak jet velocity appears when the jet
direction is horizontal.

II. NUMERICAL MODEL
A. Physical model and numerical methods

Figure 1 shows the physical model adopted in this study, with the
two pink planes representing the semi-infinite bottom and the sidewall
and the blue ball representing the initial bubble. The coordinate system
is set up at the bubble centroid, with the z axis pointing in the opposite
direction to gravity and the y axis pointing away from the sidewall.
There are two distance parameters involved: the distance db between

the initial bubble and the bottom, and the distance ds between the ini-
tial bubble and the sidewall. Since the two parameters are asymmetric
under the action of buoyancy, they are considered separately instead
of being treated equally.

The viscosity, rotation, and compressibility of the fluid can all be
ignored,46,52,53 and so we can solve the following boundary integral
equation11,54 to simulate the pulsation and jetting behavior of the
bubble:

jðpÞ/ðpÞ þ
ð ð
s

@Gðp; qÞ
@nðqÞ uðqÞ ds ¼

ð ð
s

Gðp; qÞ @/ðqÞ
@nðqÞ ds; (1)

where / is the velocity potential of the fluid flow, G is the Green func-
tion, s is the area of the boundary surface of the fluid domain, j is the
solid angle, @=@n is the normal derivative at the nodes on the bubble
surface, and p and q are, respectively, the source and integration points
on the bubble surface. By discretizing the bubble surface using triangu-
lar meshes and assuming that / is known at each time step, we can
transform Eq. (1) into a linear equation system55,56 with N unknowns
of @/=@n (where N denotes the number of nodes). By solving this
equation system, we can obtain the normal velocities of the nodes on
the bubble surface.

Because the physical process is unsteady, the bubble surface
velocity potential needs to be updated40,57,58 using the Bernoulli
equation

d/
dt

¼ 1
2
jr/j2 � 1

q
p0

V0

V

� �g

� p1

" #
� gz; (2)

where p1 is the hydrostatic pressure at the initial bubble center, q is
the liquid density, g is the acceleration due to gravity, p0(V0/V)

g is the
internal pressure of the bubble calculated based on the adiabatic law,53

p0 is the initial internal pressure, and g is the specific heat ratio [taken
as 1.25 for a bubble generated by an explosion of trinitrotoluene
(TNT) explosive].

For the rigid walls, the method of mirror images51,59 is adopted
to account for its influence instead of directly discretizing, which has
better efficiency and accuracy. In Eq. (1), the Green function is taken
as 1/jp − qj. Under the assumption of an infinite and impenetrable
rigid wall, an exactly similar image bubble is present symmetrically
on the other side of the wall, and the Green function then becomes
1/jp−qj + 1/jp − q0j, where q0 is the image of q with respect to the
wall. Here, the Green function needs to satisfy the boundary condi-
tions on both walls simultaneously. Three bubbles need to be added to
satisfy the impenetrability of the two perpendicular walls at the same
time. Hence, the Green function becomes

Gðp; qÞ ¼ 1
jp� qj þ

1
jp� q1j

þ 1
jp� q2j

þ 1
jp� q3j

; (3)

where q1 and q are symmetrical about the bottom wall, q2 and q are
symmetrical about the sidewall, and q3 and q are symmetrical about
the line of intersection of the two walls.

In the simulation, we employ the density potential method
(DPM) to ensure the quality of meshes and prevent meshes from being
too dense or sparse in local areas.53 The pulsation and jetting of the
bubble can be accurately captured by solving Eqs. (1)–(3), while the
pressure in the flow field needs to be obtained separately asFIG. 1. Coordinate system and parameter definitions.
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p ¼ p1 þ q � 1
2
jr/j2 � gz � @/

@t

� �
: (4)

The indirect BEM is employed to solve for the velocity of the
flow field, r/. This method is well known in potential flow theory,
and so we will not describe it here in detail. It is worth mentioning,
however, that we use the acceleration potential60 _/ ¼ @/=@t to avoid
direct calculation of the time difference [the fourth term on the right-
hand side of Eq. (4)] when solving for the pressure in the flow field. It
can be seen in Eq. (1) that the acceleration potential _/ ¼ @/=@t also
satisfies the boundary integral equation, and its boundary conditions
on the bubble surface can also be derived from Eq. (4). Therefore, we
can use Eqs. (1)–(3) to solve for the pressure and velocity of the flow
field at any time.

To control the stability of numerical simulations, the time step
needs to be limited by controlling the change of velocity potential and
ensure that the time step does not exceed a specific value

Dt ¼ C0

D/
;

D/
maxðjd/=dtjÞ

� �
; (5)

where C0 is the minimum length of grid lines and D/ is the variation
value of velocity potential between two adjacent time steps.

B. Dimensionless system

Dimensionless physical quantities are adopted to make the result
of the study universal. The distance, density, and pressure can be char-
acterized by the maximum bubble radius Rm, the liquid density q, and
the hydrostatic pressure p1 of the initial bubble. In this way, in the
subsequent numerical calculations, the dimensionless maximum
radius of the bubble is 1.0, which is convenient when presenting the
corresponding physical mechanisms. The dimensionless reference
quantities of velocity, velocity potential, and time are then

ffiffiffiffiffiffiffiffiffiffiffi
p1=q

p
,

Rm

ffiffiffiffiffiffiffiffiffiffiffi
p1=q

p
, and Rm

ffiffiffiffiffiffiffiffiffiffiffi
q=p1

p
, respectively. We employ a widely used

dimensionless coefficient to characterize the effect of buoyancy,
namely, the buoyancy parameter d, which is the reciprocal of the
Froude number35,61 and characterizes the relative magnitude of gravity
and inertial force

d ¼
ffiffiffiffiffiffiffiffiffiffiffi
qgRm

p1

s
: (6)

The greater d means the bigger scale of the bubble, so the pres-
sure gradient around the bubble in the vertical direction is more signif-
icant with increasing d.

In addition, we need to define two dimensionless distance param-
eters, namely, the dimensionless distances between the bubble and the
bottom and sidewall, respectively,

cb ¼
db
Rm

; cs ¼
ds
Rm

: (7)

In the dimensionless system, Eqs. (2) and (4) can be rewritten as

d/0

@t0
¼ 1þ 1

2
jr/0j2 � e

V0
0

V 0

� �g

� d2z0; (8)

P0 ¼ 1� 1
2
jr/0j2 � d2z0 � @/0

@t0
; (9)

where the dimensionless quantities are indicated by a prime, and e is
the strength parameter of the bubble (the dimensionless initial internal
pressure).

C. Calculation of jet direction and jet volume

The direction of the jet from a bubble can be quantified by a
well-known quantity, the Kelvin impulse52,62 I(t), which is given in
dimensionless form by

I tð Þ ¼
ð
s
/0n ds: (10)

The ratio of the component of the Kelvin impulse in the z direc-
tion, Iz, to that in the y direction, Iy, is used to calculate the jet angle a
as follows:

a ¼ arctan
Iz
Iy

� �
: (11)

To facilitate subsequent quantitative studies, the jet angle is taken
to be zero when the jet is directed toward the sidewall, and the sign fol-
lows the right-hand rule with respect to the opposite direction of x axis.

The jet volume is also an essential feature of a bubble jet. In an
axisymmetric configuration, the liquid jet and a horizontal line at its
root of the jet together form a closed surface, and the jet volume (i.e.,
the volume of the liquid domain included in the concave part of the
bubble surface at the instant of jet impact) can be determined by calcu-
lating the area of this closed surface.12 However, in three-dimensional
cases, the complex topology of the inclined jet makes it very difficult to
calculate the jet volume directly. In this situation, we calculate the jet
volume through the following procedure:

1. At the instant of jet impact, a spherical bubble with the same
topology as the original bubble is created, with the centroid of
the original bubble as its center and the distance between the
center and the node farthest from the center as its radius.

2. The nodes on the new bubble update their positions when they
are located outside the jetting bubble; otherwise, they remain
static. The updating velocity of the nodes on the new bubble,
that is, the elastic mesh velocity, is given by

v ¼
1
n

Xn
i¼1

ðri � rÞ; vDt � n � ðr� rcÞ � n;

0; vDt � n > ðr� rcÞ � n;

8><
>: (12)

where n denotes the number of nodes in a circle around the
updating node, ri and r are the location vectors of the surround-
ing nodes and the updating node, rc is the position vector of the
node closest to the updated node on the original bubble, n is the
normal vector of the node closest to the updated node, and Dt is
the updating time step. The time step should be chosen to ensure
that the displacement of the bubble nodes at each time step is
less than the minimum distance between nodes:

jvjDt < 1
2
minjri � rjj; i; j ¼ 1; 2;…;N: (13)

3. When the difference between the bubble volume before and after
each time step is less than a minimum value (the selection of this
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minimum value is relatively arbitrary, as long as it ensures that
the new bubble tightly wraps around the jetting bubble; here, we
select 0.000 01), the updating is stopped. The jet volume Vjet is
then calculated by subtracting the volume of the original bubble
from that of the new bubble.

Figure 2(a) presents the bubble shape with d¼ 0.5 in the free field at
the instant of jet impact, and Fig. 2(b) shows the shape of the new bub-
ble after the above procedure. The profile and size of the new bubble
are in good agreement with those of the jetting bubble, except that the
lower part of the bubble is flat rather than recessed inward. Using the
method of Li et al.,12 we calculate the jet volume for the same case in
the axisymmetric configuration. The error between the two results is
less than 0.3%, indicating that the reliability of the above procedure is
high.

The relative jet volume Vjet/V (where V is the bubble volume at
the instant of jet impact) is actually a more significant physical quan-
tity than the jet volume Vjet. A larger relative jet volume means that
the jet contacts a larger proportion of the bubble surface during bubble
collapse, and hence, the radiated pressure range41,63–65 caused by the
jet impact increases relative to the pulsation load of the bubble. We
focus below on the changes in the relative jet volume for different
buoyancies and distances from the walls.

III. VALIDATION OF NUMERICAL MODEL

To evaluate the feasibility of the numerical model, we carried out
an underwater explosion experiment in a 4� 4� 4 m3 water tank.
Eight experiments are conducted, including explosions in a free field
(Fig. 3) and near another bubble (Fig. 4). Eleven grams of hexogen
(RDX) explosive was used to produce a bubble with a maximum
radius of 36 cm (the buoyancy parameter d¼ 0.19). In the experiment,
it is challenging to ensure complete rigidity of the walls. Therefore, we
arranged two equivalent explosives horizontally, resulting in the for-
mation of an infinite rigid wall at the vertical bisector of the line con-
necting the two charges. A high-speed camera (Phantom V710) was
used to record the evolution of the bubble at a frame rate of 7000
frames/s. In Fig. 4, the numerically simulated and experimentally mea-
sured bubble profiles are compared at several typical instants in the
first cycle. The equivalent rigid wall is 50 cm away from the initial bub-
ble (cs¼ 1.71). In the numerical simulation, we need to select a suitable

initial condition for bubble pulsation to match the experimental bub-
ble scale and period. The initial radius R0 and inner pressure e can be
estimated through the traditional Rayleigh–Plesset equation.66,67 The
choice of e is relatively arbitrary, because it has a weak influence on the
bubble dynamics between values of 20 and 500,68 and therefore, in the
subsequent calculations, it is reasonable that e is taken as 100. The ref-
erence length in the numerical simulation is the maximum radius of
the bubble, which can be obtained from an empirical formula:69

Rm ¼ A
W

H þ 10

� �1=3

; (14)

whereW andH are the weight and depth of explosives, respectively.
For TNT explosives, A is taken as 3.38. Before experimenting, we

fitted the equivalent coefficient of RDX explosives relative to TNT
explosives by carrying out experiments in a free field, as shown in
Fig. 3. The weight of RDX we use is equivalent to about 1.319 times
TNT explosives in terms of Rm. Hence, Rm in the numerical simulation
can be calculated as 36.2 cm. g is set to 1.6 because the pulsation period

FIG. 2. Jetting bubble and new bubble. The bubble is discretized into 2880 triangular elements by 1442 nodes. (a) Bubble profile at the instant of jet impact with d of 0.5
(e¼ 100, g¼ 1.4). (b) New bubble profile after updating the positions of nodes.

FIG. 3. Equivalent coefficient of RDX relative to TNT explosives in terms of the
maximum bubble radius.
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in the simulation agrees with the experimental value under this g
through trials.

The bubble maintains spherical expansion at t< 29.427ms and is
affected by buoyancy and the equivalent rigid wall simultaneously dur-
ing its collapse. A diagonally upward liquid jet forms and tends to
impact the opposite bubble surface at t¼ 58.855ms. The jet direction
is calculated to be 26� according to Eq. (11), which is consistent with
the result based on the measurement of the bubble profile in the exper-
imental image (25�). Note that we define the jet direction by the
Kelvin impulse, characterizing the movement trend of bubbles. The
direction of the calculated jet is consistent with jet velocity rather than
the intuitive direction of the liquid column formed by the jet, as shown
in Fig. 5. Hence, the calculated jet direction is different from the direc-
tion of the liquid column, as shown in Figs. 4 and 5.

IV. ANALYSIS OF RESULTS
A. Physical phenomena

We first investigate the bubble dynamics when the initial bubble
is closer to the bottom wall (cb < cs). Figure 6 shows the bubble profile
and its surrounding pressure and velocity fields for cb¼ 1.5, cs¼ 2,
and different buoyancy parameters d¼ 0, 0.2, 0.4, and 0.6. The bottom
row displays the bubble shape in the top view (for d¼ 0 and 0.2) and
bottom view (for d¼ 0.4 and 0.6) at the instant of jet impact. During
the bubble expansion stage (not shown), the fluid between the bubble
and boundaries is confined, while the fluid far from the boundary is
relatively accessible, and as a result, the velocity field around the bub-
ble is not symmetrical as the bubble expands to its maximum volume
(first row). The fluid between the bubble and the nearer wall is
squeezed more severely during the bubble expansion stage and then
flows to the far wall or the free side. Therefore, at d¼ 0 and 0.2, owing
to the relatively weak buoyancy effect, at the instant at which the

bubble reaches its maximum volume, the fluid close to the sidewall
moves clockwise, while the fluid far away from the sidewall flows
counterclockwise. As the buoyancy effect is enhanced (d¼ 0.4 and
0.6), the difference in the vertical hydrostatic pressure becomes greater,
and the fluid below the bubble tends to flow upward, causing the fluid
close to the sidewall to move counterclockwise, while the fluid far

FIG. 5. Velocity distribution of the bubble surface (t¼ 58.899ms). The velocity vec-
tors of nodes on the bubble surface are plotted in the form of arrows. The color on
the bubble surface shows the distribution of the velocity potential.

FIG. 4. Experimental and corresponding numerical results. The time corresponding to each frame is marked in the upper left corner. The solid black line indicates the length
scale in the lower left corner of the first frame. The color on the bubble surface in the numerical results shows the distribution of the velocity potential: the velocity potential of
the bubble surface can roughly represent the velocity distribution on the bubble surface; the value of the velocity potential represents the normal velocity of the nodes on the
bubble surface; the negative velocity potential means that the bubble expands outward and the positive one means inward contraction; and the gradient of velocity potential
along the bubble wall denotes the tangential velocity.
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away from the sidewall flows clockwise. The asymmetry of the velocity
field leads directly to distortion of the bubble during its contraction
stage. The fluid velocity becomes very low as the two counter-moving
fluid flows converge, resulting in a sharp local pressure increase (sec-
ond row). Driven by this local high-pressure zone, the bubble surface
opposite the nearer wall and far away from the other wall collapses
faster, and hence, a liquid jet is formed and impacts the opposite bub-
ble surface (third row).

As d increases, the local high-pressure zone at the root of the jet
rotates clockwise relative to the bubble, and its area gradually
increases. From the top and bottom views of the bubble shape in the
final row of Fig. 6, it can be seen that both the horizontal and vertical
spans become wider for d¼ 0.4 and 0.6 in a clear manifestation of the
increasingly dominant effect of buoyancy. The bubble volume at the
instant of jet impact is smallest when d¼ 0.2, which is related to
the relative strengths of the effects of the two walls and buoyancy. For

FIG. 6. Bubble profile at typical instants of collapse for cb¼ 1.5, cs¼ 2.0, and four different buoyancy parameters. In the side views in the top three rows, the pressure and
velocity fields are given in the form of cloud diagrams and vector arrows, respectively. The bottom row shows the top (d¼ 0 and 0.2) and bottom (d¼ 0.4 and 0.6) views at
the instant of jet impact, with the colors on the bubble surface representing the distribution of the velocity potential. The initial bubble internal pressure e¼ 100, and the initial
bubble radius R0¼ 0.16.
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d¼ 0.2, the liquid jet is directed almost toward the sidewall, and two
oppositely moving fluid flows converge at the vertical center relative to
the bubble. Compared with other values of d, this convergence occurs
later, resulting in a larger collapse velocity of the bubble surface when
the jet is formed, and the bubble volume at the instant of jet impact is
smaller. These physical characteristics can be attributed to the influ-
ence of the Bjerknes force.35 In the absence of buoyancy, the formation
of the liquid jet results from an uneven pressure field caused by the
boundaries (the so-called secondary Bjerknes force, which is related to
the effects of the sidewall and bottom wall in this study). When the
effect of buoyancy is strong, the pressure gradient of the flow field sur-
rounding the bubble is the leading cause of the formation of the liquid
jet (the so-called primary Bjerknes force).

Figure 7 illustrates the evolution of the bubble equivalent radius,
the Kelvin impulse in the y and z directions, and the jet velocity (the
velocity of the jet tip, i.e., the node on the liquid jet closest to the oppo-
site bubble surface at jet impact). Four cases are considered, and the
parameters of each case are the same as those shown in Fig. 6. For
larger d, the bubble becomes larger in volume at the instant of jet
impact, and the corresponding pulsation frequency decreases. The
Kelvin impulse in the y direction remains negative throughout this
period owing to the sidewall effect, and its rate of changeover time is
larger at the beginning of bubble expansion and toward the end of
bubble collapse. Iy becomes larger during bubble collapse for d¼ 0.6

than for other values of d, because the wide upward jet weakens the
trend of bubble movement toward the sidewall. Iz increases with
increasing d, as does its rate of increase, owing to the more significant
buoyancy effect. The buoyancy effect of the left two cases is weak, and
bubbles are greatly affected by the Bjerknes force of the bottom surface
in the vertical direction, so the jet tends to point diagonally downward.
For the right two cases, bubbles are mainly driven by buoyancy in the
vertical direction, so the jet is directed obliquely upwards toward the
wall. The difference in bubble migration and jet direction is reflected
in the z Kelvin impulse. Because the bubble has a smaller volume dur-
ing its collapse, the speed of collapse is greater. Hence, the jet velocity
at the instant of jet impact is highest for d¼ 0.2. With a significant
buoyancy effect (d¼ 0.4 and 0.6), a larger d corresponds to a lower jet
velocity, because the bubble has a larger volume at the instant of jet
impact.

Figure 8 shows the bubble shapes and the surrounding pressure
and velocity fields for d¼ 0, 0.2, 0.4, and 0.6 when the initial bubble at
inception is closer to the sidewall (cb¼ 2 and cs¼ 1.5). The pressure
and velocity fields have similar features to those in Fig. 6, but the local
high-pressure zones are more inclined to the sidewall during bubble
collapse, because the bubble is affected more strongly by the secondary
Bjerknes force from the sidewall. For d¼ 0.2, the wider liquid jet
points toward the sidewall, reflecting the more substantial secondary
Bjerknes force in the horizontal direction. Figure 9 shows the bubble

FIG. 7. Evolution of the bubble equivalent radius, jet velocity, and Kelvin impulse in the y and z directions for the four cases shown in Fig. 6. (a) Bubble radius. (b) Jet velocity.
(c) Kelvin impulse in the y direction. (d) Kelvin impulse in the z direction.
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radius, the Kelvin impulse in the y and z directions, and the jet velocity
over time for the four cases shown in Fig. 8. The pulsation frequency
and change in Kelvin impulse with d are similar to those shown in
Fig. 7. The velocity of the jet tip is equal to the bubble pulsation
velocity in the first half-cycle and is dominated by the liquid jet in the
second half-cycle. A noteworthy feature is that at d¼ 0.4 and 0.6, the
change in jet velocity with respect to time becomes more gentle in

the final stage of bubble collapse, whereas the jet velocity always
increases during bubble collapse in the case shown in Fig. 7. This can
be explained by the fact that because the bubble is farther from the
bottom, the buoyancy effect in the vertical direction is less offset by the
secondary Bjerknes force from the bottom wall, and the amplitude of
the upward bubble migration increases; consequently, the upward
flowing fluid is more dispersed at the root of the jet.

FIG. 8. Bubble profile at typical instants of collapse for cb¼ 2.0, cs¼ 1.5, and four different buoyancy parameters. In the side views in the top three rows, the pressure and
velocity fields are given in the form of cloud diagrams and vector arrows, respectively. The bottom row shows the top (d¼ 0 and 0.2) and bottom (d¼ 0.4 and 0.6) views at
the instant of jet impact, with the colors on the bubble surface representing the distribution of the velocity potential. The initial bubble internal pressure is e¼ 100, and the initial
bubble radius is R0¼ 0.16.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 33, 073310 (2021); doi: 10.1063/5.0057594 33, 073310-8

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


B. Jet characteristics for typical buoyancy parameters

In this subsection, the jet characteristics for four values of the
buoyancy parameter d¼ 0, 0.2, 0.4, and 0.6 are studied in terms of the
standoff distance parameters. Related results37,49 have shown that as
the dimensionless distance from the walls exceeds 6, the influence of
the walls becomes negligible. Therefore, there is no need to consider
values of cb and cs greater than 6. In addition, when the bubble is close
to walls, the resulting strong effects of the wall are beyond the scope of
this study, and so only values of cb and cs greater than 1 will be consid-
ered, to ensure that the bubble does not touch the walls, at least in the
first period.

1. Blake criterion

A spherical bubble is subjected to two forces when located above
an infinite rigid wall: buoyancy and Bjerknes force from the bottom
wall. The resultant force37 can be expressed as

Fz tð Þ ¼ � qMðtÞ2
16pdb2

þ 4
3
qgpR3ðtÞ; (15)

where M(t) is the intensity of the source when the bubble is regarded

as a point source (MðtÞ ¼ 64p
ffiffiffiffiffiffiffi
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q
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q
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The impulse of the bubble when it shrinks to the minimum vol-
ume can be obtained by integrating Eq. (15) and taking the integration
interval as twice the Rayleigh collapse time T0
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where B is the Beta function.
According to Eq. (16), as cbd � 0:44, the impulse of the bubble

is zero; that is, the bubble tends to stay still. When the product
cbd > 0.44, the effect of buoyancy is dominant, and when cbd < 0.44,
the effect of the bottom wall is dominant.

2. d50

We present the distribution of the jet characteristics near two
perpendicular walls in the absence of buoyancy. The direction, veloc-
ity, volume, and relative volume of the liquid jet for 40 cases with dif-
ferent values of cb and cs are shown in Fig. 10. The liquid jet always
points to the nearer wall and is inclined to the other wall. Therefore,
the jet angle is always negative and increases with cb but decreases
with cs. The jet velocity increases with both cb and cs simultaneously,
since the weaker coupling effect between the bubble and the rigid wall

FIG. 9. Evolution of the bubble equivalent radius, jet velocity, and Kelvin impulse in the y and z directions for the four cases shown in Fig. 8. (a) Bubble radius. (b) Jet velocity.
(c) Kelvin impulse in the y direction. (d) Kelvin impulse in the z direction.
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causes the bubble to have a smaller volume and a greater collapse
velocity at the instant of jet impact, which is consistent with related
numerical and experimental analyses.44,59,71 As cb or cs increases, the
jet volume decreases owing to the smaller bubble volume at the instant
of jet impact, and it eventually converges to a stable value. The relative
jet volume first increases and then decreases with increasing cs, with
the peak occurring at the bisector of the corner at cs¼ cb¼ 2. The two
walls simultaneously restrict bubble pulsation with equal effects at the
bisector, causing a greater extent of fluid far from the walls to flow
inward. Similar features have been discussed in detail previously.43 As
cb increases, there is no longer a peak at the bisector, because the bub-
ble pulsation becomes closer to that in a free field, and the jet volume
and relative volume are both smaller than near the walls owing to the
weak secondary Bjerknes force. Therefore, a peak in the relative jet vol-
ume only occurs in the corner bisector as the initial bubble approaches
the corner, when the standoff distance is around 2.

Although there is no buoyancy effect in these cases, the discussion
of the phenomena for cases with d¼ 0 is still valid, since the same phys-
ical mechanisms related to the Bjerknes force apply provided that the
effect of buoyancy is weaker than that of the bottom wall. Based on the
Blake criterion, if cbd < 0.44 in the entire region under consideration
(i.e., d< 0.073), then the discussion without buoyancy is still applicable.

3. d50.2

Figure 11 displays the jet direction, velocity, volume, and relative
volume for 50 cases with different values of cb and cs, for d¼ 0.2

(equivalent to the bubble produced by the explosion of approximately
25 g TNT72,73). The jet angle is negative when cb¼ 1.5 and positive
when cb¼ 2, 3, 4, and 5, because the effect of buoyancy offsets that of
the bottom wall to varying degrees for different values of cb. For
cb¼ 2, there is a little deviation of the liquid jet from the horizontal
plane (jaj < 20�). This means that the secondary Bjerknes force and
buoyancy effect almost cancel each other out, whereas the bottom wall
has a dominant effect in the vertical direction at cb¼ 1.5, and the effect
of buoyancy dominates at cb¼ 3, 4, and 5. The upward or downward
deflection of the jet direction conforms to the Blake criterion,37 except
for cb¼ 2. As the effect of buoyancy is weaker than that of the bottom
wall, the changes in the jet characteristics are similar to those in the
absence of buoyancy, but with the effect of buoyancy weakening the
influence of the bottom wall on these characteristics. Hence, when
the jet is directed obliquely downward (a < 0�), its volume decreases
more rapidly with cs, and its velocity increases more rapidly with cs
than in the case of an obliquely upward jet. Furthermore, although the
jet velocity is low at cb¼ 1.5 and cs < 3 because the two walls simulta-
neously confine the bubble collapse, it is still greater than at other val-
ues of cb, since the initial bubble is farther from the sidewall. At cs
> 4.5, the influence of the sidewall is significantly weakened, and the
velocity of an obliquely downward jet (dominated by the effect of the
bottom wall) is significantly greater than that of an obliquely upward
jet (dominated by the effect of buoyancy). For obliquely upward jets,
the relative jet volume reaches a maximum when the jet angle is
around 45� (at which angle the combined effect of buoyancy and the
bottom wall is equivalent to the effect of the sidewall), similar to the

FIG. 10. Changes in the jet angle, velocity, volume, and relative volume with respect to cs for d¼ 0 and cb¼ 2, 3, 4, and 5. (a) Jet direction. (b) Jet velocity. (c) Jet volume.
(d) Relative jet volume.
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case of the corner bisector for d¼ 0. When cb¼ 1.5, the liquid jet is
inclined downward by 45� from the sidewall, and so an extremal value
of the relative jet volume does not appear. Therefore, the maximum
value of the relative jet volume occurs at larger values of cs as cb
increases.

A noteworthy feature is that for cb¼ 2, the jet velocity remains
almost constant when cs > 3, which can be explained as follows.
Figure 12 shows front and side views of the jet shape at the instant of
jet impact for cb¼ 2 and cs¼ 4.5, together with the corresponding
pressure and velocity fields at typical instants during bubble collapse.
It can be seen from Fig. 8 that for d¼ 0.2, the bubble is close to the
sidewall, and so the strong secondary Bjerknes force in the horizontal
direction makes the bubble surface far from the sidewall entirely con-
cave to the left. However, as the bubble is relatively distant from the
sidewall, the right lower part of the bubble surface is squeezed to vary-
ing degrees during bubble collapse, resulting in a curvature reversal on
the bubble surface, as can be seen at t¼ 2.282 in Fig. 12 where the bub-
ble surface above the small red box tends to shrink toward the left,
while the fluid below the box flows obliquely upward under the action
of a local high-pressure zone. Eventually, a hill-shaped liquid jet forms
(the jet tip is not smooth as in Figs. 6 and 8). Because the obliquely
upward movement of the liquid jet at the beginning of the bubble col-
lapse is hindered by the inward contraction of the right bubble surface,
the jet velocity does not continue to increase with cs as it does when
cs < 3.5. We simulated 80 cases with different values of cb and cs in
1.5 � cs � 6 and 1.5 � cb � 5. Only in a rectangular area (cs > 3, 1.5
< cb < 2.5) does the hill-shaped jet occur. For 1.5 < cb < 2.5, the

magnitude of the angle jaj < 20�, which may mean that a necessary
condition for this jet pattern is that the effects of buoyancy and the
bottom wall must counteract each other to a large extent. This change
in jet behavior is an important reason why the Blake criterion is not
applicable when the jet deviates slightly from the horizontal plane.

Similarly, the dependence of the jet characteristics on the distance
parameters reflects the variation in the strength of the Bjerknes force.
Therefore, the dependence at d¼ 0.2 can be extended to cases where
the effect of the bottom wall offsets that of buoyancy effect at cb. For
the range of distance parameters considered in this study, d is between
0.073 and 0.44.

4. d50.4 and 0.6

Figure 13 shows the direction, velocity, volume, and relative vol-
ume of the liquid jet for 40 cases with different values of cb and cs, for
d¼ 0.4 (equivalent to the bubble produced by the explosion of approx-
imately 20 kg of TNT). For this value of d, since cbd > 0.44 the effect
of buoyancy on the jet characteristics dominates that of the bottom
wall throughout the region under consideration. For cs > 4, the jet
angle exceeds 85� in all cases, and thus, the jet direction is very close to
the vertical, as in a free field. The jet volume decreases, and the jet
velocity increases with both cb and cs. The relative jet volume is mainly
stable at about 0.6, except when the effect of the sidewall is relatively
strong (cs¼ 1.5). The relative jet volume changes with a smaller ampli-
tude than the cases of d¼ 0 and 0.2, except when the initial bubble is
close to the sidewall,Vjet/V is relatively smaller. A rigid wall decelerates

FIG. 11. Changes in the jet angle, velocity, volume, and relative volume with respect to cs for d¼ 0.2 and cb¼ 1.5, 2, 3, 4, and 5. (a) Jet direction. (b) Jet velocity. (c) Jet vol-
ume. (d) Relative jet volume.
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FIG. 12. Jet shape and evolution of bubble collapse for cb¼ 2 and cs¼ 3.5: (a) jet shape at the instant of jet impact; (b) bubble shape and corresponding pressure and
velocity fields at four typical instants.

FIG. 13. Changes in the jet angle, velocity, volume, and relative volume with respect to cs for d¼ 0.4 and cb¼ 2, 3, 4, and 5. (a) Jet direction. (b) Jet velocity. (c) Jet volume.
(d) Relative jet volume.
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the pulsation of the bubble, resulting in a bigger bubble volume and a
lower jet velocity at the instant of jet impact, as well as the relatively
smaller Vjet/V. Hence, the jet velocity increases with cs. However, it
decreases with cb, since the effect of buoyancy is stronger than that of
the bottom wall, which is similar to the behavior shown in Fig. 11 for
obliquely upward jets. Compared with the case in which buoyancy is
absent, the jet velocity at this value of d is significantly reduced; for
example, when cs > 3, the velocity drops below 40% of that in the
absence of buoyancy.

It should be noted that the jet velocities for cs¼ 2 and 3 are very
similar, as are those for cs¼ 4 and 5. However, the two sets of cases
show clear differences. Therefore, we present a set of typical bubble
shapes at the instant of jet impact for cs¼ 4.5 and cb¼ 2, 3, 4, and 5 in

Fig. 14. The jet tip is wider at cb¼ 4 and 5 than at cb¼ 2 and 3, which
may cause the fluid flow at the jet tip to be relatively gentle.

Figure 15 shows the direction, velocity, volume, and relative vol-
ume of the liquid jet for 40 cases with different values of cb and cs, for
d¼ 0.6 (equivalent to the bubble produced by the explosion of about
200 kg of TNT). In most cases, the liquid jet tends to point almost ver-
tically upward (a> 85� and cbd> 0.44). Owing to the dominant effect
of buoyancy on the bubble behavior, the jet volumes do not vary
much, with a difference of less than 0.14 in all cases. The jet velocities
are all close to 2.5, decreasing slightly with cb but increasing with cs.
The relative jet volumes are stable at about 0.31. These characteristics
indicate that the effect of buoyancy becomes the main factor affecting
the bubble dynamics for this value of d. Therefore, we shall not

FIG. 14. Jet shape at the instant of jet impact for cs¼ 4.5 and cb¼ 2, 3, 4, and 5.

FIG. 15. Changes in the jet angle, velocity, volume, and relative volume with respect to cs for d¼ 0.6 and cb¼ 2, 3, 4, and 5. (a) Jet direction. (b) Jet velocity. (c) Jet volume.
(d) Relative jet volume.
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consider any further cases with a stronger buoyancy effect. For d¼ 0.4
and 0.6, the jet velocity decreases with cb but increases with cs, and the
relative jet volume varies with cb and cs within a small range. This
behavior also occurs in other cases where the effect of buoyancy is
stronger than that of the bottom wall throughout the region under
consideration, that is, cases in which cbd > 0.44. For cb¼ 1.0, this
requires that d > 0.44. The value d¼ 0.4 is not in this range, and
therefore, there is a slight error for the critical cases with cb around 1.0.
Finally, it should be noted again that the Blake criterion is not applica-
ble to cases where the jet direction deviates weakly from the
horizontal.

C. Discussion of the buoyancy effect

This subsection considers eight sets of jet characteristics with
fixed cb and cs for different values of d, as shown in Fig. 16, to examine
the behavior of bubble jets with respect to buoyancy. With increasing
d, the liquid jet rotates clockwise. A greater d produces a smaller differ-
ence in the jet direction over the entire area. The brown dashed line in
Fig. 16(a) represents a liquid jet directed perpendicularly to the side-
wall. With the exception of the region jaj < 20�, the product dcb is
greater than 0.44 above the dashed line and less than 0.44 below the
dashed line, which indicates that the Blake criterion37 is an effective
method for judging the upward or downward deflection of the liquid
jet near two perpendicular walls as the jet direction deviates signifi-
cantly from the horizontal.

The jet velocity first increases and then decreases with increasing
d. For d > 0.3, the variation in jet velocity is significantly reduced,

with vjet eventually stabilizing at a value of around 2.2. As discussed in
Sec. IVA, the jet velocity and bubble volume are related to the jet
direction. As the jet velocity peaks, the jet angle becomes closer to zero
compared with cases with other values of d. The jet volume gradually
increases with d owing to the gradual increase in bubble volume dur-
ing jet impact in general, with the liquid jet directed toward the side-
wall with the smallest Vjet. The jet volume becomes larger as the
bubble moves closer to the walls, because the liquid flow near the walls
is confined during bubble collapse.

Because the relative jet volume represents the degree of inward
depression of the bubble surface, it reflects the departure of the bubble
from a spherical shape. The nonspherical collapse of a bubble is caused
by the effects of buoyancy and the secondary Bjerknes force. When the
effect of buoyancy is not enough to completely counteract that of the
bottom wall, the effect of the secondary Bjerknes force from the walls
on bubble behavior is weakened. Therefore, the relative jet volume
decreases slightly with increasing buoyancy effect when d is between 0
and 0.1. As the effect of buoyancy increases, it gradually overcomes
the secondary Bjerknes force from the bottom wall and begins to dom-
inate the bubble behavior, making the asymmetry of the bubble more
obvious. The maximum value of Vjet/V occurs when d is about 0.35.
When the effect of buoyancy is pronounced (d > 0.4), the relative jet
volume shows a consistent downward trend with increasing d. When
the initial bubble is relatively far from both walls, the secondary
Bjerknes force is relatively weak, and hence, buoyancy has a greater
effect on the nonspherical shape of the bubble. Therefore, when the
initial bubble is closer to the walls, the range of variation of the relative
jet volume is less.

FIG. 16. Changes in the jet angle, velocity, volume, and relative volume with respect to d for different values of cb and cs. (a) Jet direction. (b) Jet velocity. (c) Jet volume. (d)
Relative jet volume.
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V. SUMMARY AND CONCLUSION

In this paper, a three-dimensional boundary integral model
together with the method of mirror images has been used to study
buoyant pulsating bubble dynamics near a bottom wall and a verti-
cal sidewall on the left when the bubble does not contact the walls
directly in the first cycle. Numerical results show excellent agree-
ment with the results of an underwater explosion experiment. The
effect of buoyancy causes the liquid jet to rotate clockwise, which is
accompanied by changes in the jet velocity (the velocity of the jet
tip) and jet volume (the volume of liquid contained in the concave
part of the bubble surface as the jet is about to impact the opposite
bubble surface). The Kelvin impulse and a numerical technique
combined with the elastic mesh velocity method have been
employed to quantify the jet direction and volume. The characteris-
tics of the bubble jet near the two walls are found to depend strongly
on the buoyancy coefficient d and the standoff distances from the
sidewall cs and the bottom wall cb.

When the jet direction deviates significantly from the horizontal
plane, the Blake criterion gives reasonable predictions for obliquely
upward or downward jets. The changes in jet characteristics with cs
and cb exhibit three different patterns for different values of d based
on the Blake criterion:

1. When d < 0.073, the bubble jet always points to the closer wall
and deviates from the other wall. The jet velocity increases and
the volume decreases with increases in cb and in cs. The relative
jet volume first increases and then decreases with increasing cs,
with a peak emerging around cs¼ 2.

2. When d is between 0.073 and 0.44, as cb increases, the liquid jet
first points obliquely downward, then is directed toward the side-
wall, and finally points obliquely upward, which are conse-
quences, respectively, of the dominant effect of the bottom wall,
the cancelation of the vertical Bjerknes forces, and the dominant
effect of buoyancy. For smaller values of cb, the jet velocity is
smaller near the sidewall and increases more rapidly with
increasing cs, except when the jet deviates weakly from the hori-
zontal. A dangerous situation for the bottom surface occurs
when the initial bubble is far from the sidewall and close to the
bottom: the jet is directed to the bottom with the highest
velocity.

3. When d > 0.44, the liquid jet is directed upward and inclined to
the vertical wall, and the dimensionless jet velocity increases
with cs and decreases with cb. The relative jet volume varies with
cs and cb over a small range.

For fixed cb and cs, the dimensionless jet velocity first increases
and then decreases with increasing d, and finally stabilizes at a certain
value. The peak of the jet velocity occurs when the jet points vertically
toward the sidewall, which is dangerous for the sidewall. As d
increases, the relative jet volume first increases and then decreases,
with a local minimum at around d¼ 0.1 and a peak at around
d¼ 0.35.

Note that the range of d given above is by no means accurate,
owing to the limitations of the Blake criterion, but it can provide a
basic reference for the design of underwater structures. In addition,
the relative magnitude of the jet load and pulsation pressure needs to
be investigated profoundly using more advanced numerical methods
in the future.
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