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Abstract 

The scenarios on the future energy systems invariably point to heat pumps as an emerging technology to reach 

efficiency goals alongside energy and CO2 reduction goals and to a progressively increasing use of chillers 

and refrigeration units. In this study, a technology that could enhance the efficiency of systems based on inverse 

cycles is studied. Particularly, the two-phase flow behaviour of a Tesla turbine is numerically investigated. 

The main objectives were to clarify the role of the second phase, the actual operating range, and examine the 

flow mixing. Two computational approaches are developed, including the CFD analysis by commercial 

software and a customised home built mathematical model. The calculations are performed for two-phase 

R404a fluid over a range of rotational speed, plate gap size, and plate roughness. All the critical liquid-vapour 

interactions are discussed and are determined utilising the CFD solution of the Eulerian-Eulerian approach 

with a frame motion technique. The other model is a homogeneous finite-difference solution, and the mass 

transfer is directly determined based on the phase diagram of the fluid neglecting other phase interaction 

parameters. Two approaches are compared to some available experimental results from the literature, revealing 

an excellent agreement. The results show the average power output of 0.8 Watts with a delivered torque of 3.6 

mN-m at a rotational speed of about 2000 RPM. The numerical analysis explains the different effects of the 

two-phase conditions on the turbine efficiency, paving the way to an accurate design of boundary layer 

turboexpanders operating under these conditions.  
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1. Introduction

The increase of the heat pump market is testified by the sharp growth rate, which achieves more the 10% 

growth in the last four years. Therefore, it is expected that by 2024 the European heat pump market will double. 

At present, heat pumps cover only less than 10% of the heat requirements of all buildings; however, to achieve 

a 2050 green neutral scenario, this share is bound to drastically increase [1].  

The most significant part of the heat pump market comprises the air to the air heat pump for the smallest size 

segment (4  12 kW). However, future scenarios point out a higher diffusion of bigger heat pumps to reach 

efficiency and energy consumption / CO2 reduction goals. Indeed, heat pumps to have a significant impact 

must be applied to multifamily residential buildings and commercial buildings. Therefore, a high-potential 

market in the commercial size of heat pumps with capacities in the range of 20-80 kW will open. Here it is 

possible to find customers who are willing to spend some extra for a top-of-the-line product due to customer-

appealing policies towards greener household or commercial equipment that guarantee the lowest energy 

consumption in the years. 

Moreover, cooling is the fastest-growing use of energy in buildings: indeed, the energy demand for space 

cooling has more than tripled since 1990. Cooling drives the peak electricity demand, especially in hot 

countries, so more efficient ACs can reduce the need for new power plants to meet peak power demand [2]. 

A way to improve the efficiency of such systems based on inverse cycles is to utilise a two-phase expander as 

a replacement for the throttling valve. This kind of solution attracted extensive attention for more than one 

decade and even more in the last 4 5 years. Indeed, in heat pumps and refrigeration systems, the use of an 

expander may allow the reduction of the throttling losses by amounts that, theoretically, can reach values even 

slightly above 20% of the compressor power with synthetic refrigerants (HCFC, HFC, HFO) and over 30% 

with CO2. [2]. 

Two prominent expander families can be used within an inverse cycle: the velocity types, as turbines, and the 

volumetric type, as scrolls, screws, vanes, and pistons. Generally, velocity types expanders are not suited for 

two-phase flows, as they suffer from several dynamic issues (such as very big change of volumetric flow); 

therefore, volumetric expanders are preferred [3]. 

However, in the last years, there has been an increasing interest in utilising Tesla turbines in renewable energy 

applications, including the small-scale power extraction units, which motivated several theoretical and 

experimental studies. Furthermore, amongst the other applications, this turbine has started to be also 

investigated for two-phase expansion processes, as testified by the recent publication on this subject [4, 5, 6]. 

The Tesla turbine belongs to bladeless boundary layer turbomachinery, and the working principle is based on 

the viscous forces on shaft-mounted parallel discs, which transfer torque, putting them in motion. Upstream 

the rotor, the flow is accelerated through one or more nozzles and then enters the rotor with a tangential-

dominant direction. The swirling flow passes the gap between discs and moves towards the rotor outlet located 

around the shaft. The history of the Tesla turbine dates back to 1913, when Nikola Tesla revealed and patented 

the first design of this machine. [7] 



Later in the years, several pieces of research were performed on the Tesla turbine, which can be classified into 

three major categories. The first group includes the experimental studies attempting to improve the 

performance of the turbine by enhancing its geometry. Some studies focused on the nozzle improvement, as 

testified to be the component that introduces the highest inefficiency, such as those developed by Guha et al., 

2009 [8] and Neckel and Godinho, 2014 [9]. Also, several studies provided assessments of performance and 

efficiency under various operating conditions. Specifically, in the study of Rice et al., 1965, a wide range of 

feed conditions was applied to the experimental setup to evaluate the performance of the multiple-disc turbine 

[10]. Some other experimental studies focused on investigating the flow behaviour within the discs [11] or the 

proof of concept when working with organic fluids [12]. 

The second group comprises the theoretical studies in which the authors focused on the working principle, 

trying to derive reliable mathematical models. Recent research studies of this type of investigation were 

conducted by Sengupta and Guha, who developed mathematical models by simplified Navier Stokes 

equations. They assumed a steady, incompressible and laminar flow, introducing the viscosity of the fluid and 

a velocity gradient near the walls. [13,14,15] On the other hand, Carey, 2010 [16] developed a model closely 

related to the one developed by Rice [intro 01], using body forces to represent the wall shear effects. These 

models considered air or water as the working fluid, while new models have been developed in recent years 

for the Tesla turbine utilising Organic working fluids [17, 18, 19, 20].  

The third one consists of the computational fluid dynamics simulations and numerical analysis, which mainly 

took place within the last decade. Various fluids, mechanical design, and optimisation were evaluated through 

this approach. Research on a single-phase turbine operating with R404a, R134a, and R245fa as working fluids 

were performed using CFD studies [21]. Afterwards, the partial admission effects on the tesla turbine flow 

field were investigated [21, 22]. Another investigation was performed by Qi et al., who studied the disc 

thickness and disc spacing effect by CFD models [23] and trying to assess the optimal value for the turbine 

performance [24].  

Most of the CFD and analytical studies were subjected to single-phase condition. A two-phase feed for the 

tesla turbine raises several challenges, including the phase interaction, non-homogeneous distribution of the 

second phase within the rotor, and fluid properties of each phase. Even the critical parameters are different 

from the single-phase, including the speed of sound [25]. Recently, some studies pointed out some facts about 

the Tesla turbine operation under two-phase conditions aiming at demonstrating the related modelling 

challenges. Ntatsis et al. studied different disc tip clearance referred to the steam as working fluid. The 

numerical simulation was performed with ANSYS Fluent, and the authors acknowledged that it is possible 

having two-phase.  Nevertheless, they neglected this aspect and carried out the simulation in a single phase as 

a preliminary study [26]. Engelbrecht et al. investigated the phase change itself based on a CFD simulation 

using a homogeneous relaxation mode of ANSYS CFX, in which a high number of computational nodes is 

exploited [27]. A preliminary investigation on the effect of the gap on the turbine output torque was also 

performed by Papagianni et al.[28]. 



The literature review showed that several research studies were realised on the Tesla turbine working with 

single-phase conditions, and only a few preliminary studies are available for the Tesla turbine under two-phase 

conditions. A comprehensive assessment of the Tesla turbine in two-phase condition, including compressibility 

and phase-interaction sub-models, is still missing in the literature. Therefore, the main goals of this study are 

(i) to determine the impact of the second phase on the Tesla turbine performance through 3D-CFD simulations; 

(ii) to perform a parametric analysis of both the geometry and critical operational conditions to determine the 

optimal design for the two-phase state and (iii) to develop an innovative analytical model for two-phase Tesla 

turbines. 

2. Methodology, CFD Model 

2.0. Computational domain and settings 

The computational fluid dynamics analyses were focused on the rotor of the Tesla turbine. The investigation 

aims at optimising the geometric parameters and the operating conditions for the maximisation of energy 

extraction. The geometry of the rotor (a), the trajectory of the streamlines (b), and the expansion in the 

Thermodynamic diagram (c) are displayed in Fig 1. 

 

Fig. 1-(a) Schematic of Tesla turbine rotor, (b) trajectory of streamlines, and (c) expansion transformations 

within the rotor presented in T-s diagram 

The spatial discretisation of the turbine rotor was performed with the commercial pre-processing software 

ANSYS ICEM 19.1, and a fully automated procedure was implemented for the creation of the computational 

domain and mesh.  

Based on the periodically repeating pattern of the flow within the computational domain [22], the latter was 

limited to 1/8 of a single rotor disc passage by imposing circumferential periodicity conditions to reduce the 

computational requirements. In Fig. 2, the entire computational domain and its complete discretisation are 

illustrated. Moreover, two close-ups highlight the reduction of size achieved by applying the circumferential 

periodicity conditions and the element distribution in three dimensions of the disc sections. 

The implemented spatial discretisation method is a finite volume with the cell-centred approach. A multi-block 

fully mapped mesh was created to define the computational domain for the solution of the governing equations. 

A mesh sensitivity analysis of the element number and distribution was performed based on previous 

simulations to attain the optimum configuration compromise between accuracy and computational 

requirements [20]. The selected mesh is comprised of about 1.135 million elements and 1.190 million nodes. 



In particular, 205 nodes were set along the radial direction, 215 nodes in the circumferential direction, and 27

along the axial direction, parallel to the machine rotational axis. As concerns the main quality parameters of 

the mesh, the equiangular skewness is lower than 0.009207 in the entire domain, the orthogonal quality is 

between 0.99 and 1, and the maximum element distortion is below 3.50%. 

The values of the cell dimensions at the wall boundaries were defined, limiting the maximum y+ below the unit 

to achieve the proper boundary layer resolution, according to the requirements of the turbulence model. The 

growth ratio was set to 1.05 for the distribution of the cells along the direction of the rotational axis. This 

thickening of the grid perpendicular to the flow direction is pivotal in computing the variable gradients and 

accurately capturing the velocity profiles. In the radial and circumferential directions, from the inlet to the 

outlet boundaries and between the two periodic boundaries, a bi-geometric mesh law with the growth ratio of 

1.1 was applied. The fine mesh adjacent to the disc walls is shown in Fig. 3, which are critical for near-wall 

calculations. 

The CFD analyses were performed on a set of geometries characterised by fixed values of rotor inner and outer 

diameters equal to 20 mm and 108 mm, respectively, and different values of the gap between discs were 

considered, as listed in Table 1. 

The discretisation of the governing equations was obtained with a cell-centred approach with the PRESTO 

scheme for the pressure, a third-order finite volume scheme MUSCL for the density, momentum, energy, and 

a second-order upwind method for the turbulent kinetic energy, specific dissipation rate, and momentum 

thickness. The coupled scheme was applied to correlate the corrections of velocity and pressure. The gradients 

of the quantities were calculated with the least-squares and cell-based method. A multiple reference frame 

approach with a moving reference frame was utilised to simulate the motion of the rotor, and a constant angular 

velocity was assigned. Finally, the governing equations were implicitly solved with the SIMPLE approach. 

 

 

Fig. 2-Computational domain and mesh of the Tesla turbine rotor 

 

 

 

 



Table 1- Dimension and boundary conditions

Item Description 

B
ou

nd
ar

y 
co

nd
iti

on
s 

Inlet  Pressure inlet with specified radial and tangential components of flow 
direction with auto-adapted saturation temperature 
   &  ,  
If  =85° : 0.08715574274  ; 0.99619469809 

Outlet Pressure outlet with a fixed temperature of backflow 
wall No-slip, with specified equivalent sand-grain roughness value and the 

specified rotational speed (RPM) 
Side Rotational periodicity for the repeating unit with the angle of 45° 

D
im

en
si

on

Rotor Inner diameter  20 (mm) 
Rotor outer diameter  108 (mm) 
Gap between discs  0.4, 0.6, 0.8, 1, 1.25 (mm) 

 

Fig. 3-Mesh close-up showing the node distribution in the three coordinate directions 

2.1. Fluid Property dataset  

In the present case, the phase change is expected within the computational domain having a bidirectional 

causality relationship with the thermodynamic condition. The real gas Peng-Robinson Equation of State (PR 

EoS) is used to model the density changes and considering the compressibility effects. The property data were 

derived using the NIST REFPROP V10.0 database in a wide range of temperature and pressures for the R404a 

to improve the accuracy [29]. The heat capacity ( ), standard state enthalpy ( ), and molecular weight 

( ) are shown in Table 2.  

Table 2- Thermodynamic properties-part 1 (fluid:R404a) 

Properties Gas Liquid 

 (kJ/kg-K) 

T=309.6K 1406 1664 

T=322.4K 1815 1913 

T=338.7K 4586 3647 

 3.675e+07 2.306e+07 

 ( ) 97.6 

Reference temperature (K) 298.15 

 



The parameters with a higher degree of non-linearity were fitted by the EES software [30] in the form of a 

polynomial, shown in Table 3. The polynomial for  (K) is a function of the pressure (Pa), while liquid 

density ( ), gas density ( ), liquid thermal conductivity ( ), gas thermal conductivity ( ), liquid viscosity 

( ), and gas viscosity ( ) are temperature-dependent. Utilising a polynomial correlation for saturation level 

has been effectively applied in multiphase simulations [31, 32]. The bounds of the reference data adopted for 

correlations are wide enough with the approximate margin of 10 K or 5 bar of the possible temperature or 

pressure correlation inputs to cover different local conditions of the presented case studies, which minimises 

the error caused by the extrapolation. These values were imported into the CFD simulation and imposed as 

initial conditions in constants, piece-wise data, or fit for both liquid and gas phases.   

Table 3- Thermodynamic properties-part 2 (fluid:R404a) 

Po
ly

no
m

ia
l 

C
or

re
la

ti
on

 

 

  
(K) 

 
(kg/m3) 

 
(kg/m3) 

 
(w/mK) 

 
(w/mK) 

 
( ) 

 
( ) 

a0 2.378388e02 -3.510990e05 3.487049e05 -1.705570e01 1.540322e01 -3.126793e-02 1.540322e01 

a1 7.256767e-05 4.678551e03 -4.622589e03 2.282029e-01 -2.041962e-01 4.324619e-04 -2.041962e-01 

a2 -2.588743e-11 -2.327149e01 2.297306e01 -1.136901e-03 1.014944e-03 -2.203303e-06 1.014944e-03 

a3 5.722965e-18 5.141554e-02 -5.074150e-02 2.513378e-06 -2.241063e-06 4.942640e-09 -2.241063e-06 

a4 -5.194390e-25 4.261951e-05 4.204778e-05 -2.083683e-09 1.856207e-09 -4.136043e-12 1.856207e-09 

Input range   

 

 

 

2.2. Conservation Equations 

The Eulerian two-fluid framework for considering the present two-phase flow problem is adopted to 

investigate the fluid behaviour. The mathematical models include the Eulerian two-fluid model with several 

sub-models to consider the phase interaction. The steady-state momentum equation for the vapour phase is 

defined as Eq. 1. 

 (1) 

where , , , , ,  and  are mass transfer source term, vapour phase stress-strain tensor, gravity 

acceleration, drag force, lift force, wall lubrication force, and the turbulence dispersion force, respectively. The 

same equations are considered for the liquid phase. 

2.3. Phase-Interactions 

2.3.1 mass transfer 

The liquid-vapour volumetric mass transfer is governed by the vapour transport equation based on either the 

Lee model or the thermal phase-change approach. 



According to Eqs. 2, 3 and 4, the mass transfer equation and the evaporation-condensation rate ( ) in 

the Lee model [33] requires tuning of the coefficients ( ), according to the experimental data, to match 

the desired rates. In these equations, the coefficients act as a surrogate for the computational cell's characteristic 

thermal time scale; therefore, the values depend on both the mesh resolution and fluid properties. 

 

 (2) 

 (3) 

 (4) 

 

The alternative model is the thermal phase-change method, which utilises a two-resistance heat transfer model 

in terms of Eq. 5 and the heat from the interface to each phase is defined as in Eqs. 6 and 7. Therefore, the 

final mass transfer source term by considering the assumption of  is defined according to Eq. 8. 

 

 (5) 

 (6) 

 (7) 

 (8) 

 

The thermal phase-change approach utilised the two-resistant heat transfer model, and there was no need to 

tune the coefficients. In the current study, the Lee model coefficients are estimated according to the thermal 

phase-change model, and the results of both models are presented. More information on the evaporation-

condensation model used in Fluent can be found in the literature and the Fluent theory guide [34]. In addition 

to the phase-change, the positioning of the bubbles is a challenging issue because the profile of the second 

phase is not determined by one force only. It is controlled by a combination of three lateral forces, including 

the lift force, the turbulent dispersion force, and the wall lubrication force, which are separately discussed. 

As a result of the simulation, the Lee model coefficients are approximately adjusted based on the two-resistance 

thermal phase-change model results. The vapour to liquid and liquid to vapour coefficients are around 0.01 for 

the present case study. Therefore, either the adjusted Lee model or the thermal phase-change give the same 

mass transfer rates between phases and can be exploited interchangeably. Both methods apply an average 

volumetric phase change of 10 to 15 kg/m3-s along with the computational model. 

 

2.3.2 Lift force 

The lift force represents the interphase actions on the bubbles caused by the liquid shear velocity field. This 

force is always orthogonal to the flow direction, pointing to the wall or centre of the channel and has a 

substantial impact on the distribution of the vapour phase between the Tesla turbine plates. It pushes the 

bubbles towards the walls, which is a transverse direction to the mean flow direction of the continuous phase. 



The lift force is more significant for larger bubbles and has a negligible effect on small particles. According to 

Eq. 9, the lift force is defined in terms of slip velocity and curl of the continuous phase velocity: 

 (9) 

in which  is the lift coefficient, which is calculated by Tomiyama correlation [35]. 

 

2.3.3 Wall lubrication force 

Contrary to the lift force, which pushes bubbles toward the wall, the wall lubrication force tends to limit this 

behaviour near the walls; thus, the bubbles are concentrated in the near-wall region not immediately adjacent 

to the wall. This force is defined according to Eq. 10, in which the wall lubrication coefficient  is calculated 

by the Hosokawa model (Eq. 11) as a function of Eötvös number ( ) and the phase relative Reynolds number 

[36]. Also, the non-dimensional Eötvös number is defined according to Eq. 12 by using the surface tensions 

coefficient ( ), densities, and the bubble diameter. 

 (10) 

 (11) 

 (12) 

 

2.3.4 Turbulent dispersion force 

The turbulent dispersion force plays the role of turbulent diffusion in dispersed flows, resulting from the 

turbulent fluctuations of liquid velocity and impacting the bubbles by pushing them to flow with the continuous 

phase. This force is calculated by either of the Simonin or Burns models, according to Eq. 13 or 14, respectively 

[37, 38]. 

 (13) 

 (14) 

in which , , ,  and  are constant coefficients, momentum transfer coefficient, liquid bubble 

dispersion scalar, turbulent viscosity of liquid phase, and Schmidt number, respectively. 

 

2.6.5 Drag force 

The drag force is taken from the Morsi-Alexander equation, according to Eqs. 15 and 16, which is applicable 

in a wide range of Re. 

 (15) 

 (16) 

 

The constants a1, a2 a3 in various Re fields are available in the literature. Re is the relative Reynolds number, 

which is a function of the slip velocity of phases and the diameter of the bubbles (Eq. 17). 



(17)

 

2.7. Roughness model 

The roughness value of the aluminium plates used in the prototype of the experimental study of Talluri et al. 

(2018) [20] on a single-phase tesla turbine is experimentally investigated in the present study. First, the surface 

scan was performed by Atomic Force Microscopy (AFM) method using Rasterscope C26, DME. Then, the 

roughness measurement was done by post-processing the results, shown in Fig. 4 and Table 4. The roughness 

height of the 50*50  plate was found about 0.2 . 

 

 

Fig. 4- Imaging analysis of the aluminium plate used for the rotor 

Table 4-Properties of the realistic surface samples 

property value 

Sample size [ ] 50×50 

 [nm] 176 

 [nm] 139 

 [nm] 908 

 0.32 

 3.29 

 

The roughness model for near smooth walls is based on the observation of the viscous sublayers in which the 

walls are virtually shifted by correcting the  value in order to consider the blockage effect of the roughness 

and the vertical transfer of momentum according to Eq. 18: 

 (18) 

in which  is the non-dimensional roughness height as a function of the equivalent sand grain roughness 

height ( ), and the description can be found in the literature.  can be derived using the arithmetical 

mean deviation of roughness height  [39, 40, 41]: 

0 50.0

0.20

0.40

0.60

0.80

1.00

1.20

1.40



 
(19)

This method is suitable for the same case study of the Tesla turbine by Rusin et al. 2019 [42]. The correlation 

developed by Schlichting et al. and Coleman et al. is exploited to encounter the geometric roughness height in 

the transition SST model [43, 44, 45]. This correlation determines the equivalent sand roughness value ( ) 

using the roughness element height ( ). The equivalent sand grain is calculated as 0.76  which is already 

considered in the simulation. This vertical transfer partially alters the diffusion term in the transport equation 

in terms of the molecular and turbulent eddy viscosities. The ratio of equivalent roughness to the gap of the 

discs and the corresponding  displacements in the CFD approach are shown in Fig. 5. 

 

Fig. 5- Relative y+ displacement in various case studies (left) and Relative equivalent roughness (right) 

The figure shows either the increase of the roughness height or how the decrease of the distance between rotor 

plates increases the relative displacement compared to the  with the zero-roughness assumption ( ). The 

rationale behind this is that both high roughness (Ra) and low gap (d) contribute to a high ratio of the equivalent 

roughness ( ) to the gap between discs (d). 

 

2.8. Bubble shape and size 

 

The bubble departure diameter of the dispersed phase plays a fundamental role in the two-phase flow and heat 

transfer process and has a close relationship with the interfacial area. The volume-based mass transfer and the 

heat transfer source terms are functions of the bubble interface area. Moreover, the area is used in other phase 

interaction effects, including the drag calculations. Therefore, a reliable value is required considering the 

bubble diameter responsible for the interfacial area. There are several approaches to assess the bubble diameter. 

It can be assumed either as a constant mean value or in the form of a distribution function. Also, a polydisperse 

model can be utilised, which applies local distribution functions known as the method of classes (CM) or the 

method of moments (MOM) [46, 47]. The Sauter mean diameter (SMD) using the Rosin-Rammler [48] 

distribution function within the range of 20-50  is adopted in the present case study.  

According to the literature, in large bubbles, with the most prominent dimension greater than 1 mm, ellipsoidal 

and spherical-cap shapes should be considered [34, 49], but the spherical shape is recommended in cases with 

relatively small-scale bubbles, including the present one. 



2.9. Solver Settings 

The problem is set in the steady-state pressure-based segregated 3D-solver of ANSYS Fluent V2020 R2 [34], 

which benefits from the Green-Gauss finite volume method. The SIMPLE algorithm is exploited for the 

pressure-velocity coupling and solving the Reynolds-Averaged Navier-Stokes equations. The third-order 

MUSCL scheme was adopted for the spatial discretisation of momentum and energy equations, while the 

second-order Upwind scheme and PRESTO were used for the density and the pressure, respectively. The 

results here presented correspond to a grid-independent solution with about 500,000 computational nodes 

representing the rotor geometry. The sensitivity of the solution to the mesh number is also investigated by 

utilising various mesh configurations. The mesh with 400,000 computational nodes has less than 0.01% of 

relative error for the mass balance than a more refined mesh with 1,300,000 computational nodes; therefore, 

the grid independence check was satisfied. The Shear Stress Transport k-  (SST k- ) turbulence model is 

applied to close the problem of the flow turbulence. According to the literature, y+ values between 0.001 and 

1 are recommended while using the transient SST turbulent model to simulate the transition location. The 

average value of y+ for the selected mesh scheme prior to the displacement by the equivalent roughness model 

is about 0.9. The convergence criteria of 10-6 is maintained for the transport parameters in all case studies. 

Further, the contribution of the viscous heating in the energy equation, which slightly alters the temperature 

and the related properties caused by internal friction [50] are fully determined in the model. The utmost 

importance of viscous heating is also reported by Yan et al. in two-phase rotating applications, which improves 

the CFD result against the experimental data [51]. 

 

3. Methodology, homogeneous model 

The two-dimensional numerical model for assessing the fluid dynamics of the two-phase Tesla turbine was 

developed in the EES environment [30].  It combines the single-phase model of the Tesla turbine, set in 

previous studies [12, 20], and the two-phase homogeneous model [52], where the same velocities of the two 

phases (gas and liquid) are assumed ( ) [53, 54] 

 The following assumptions were considered: 

a) Steady flow regime;  

b) The viscous force is treated as a body force acting on the flow at each (r -  

c) Two-dimensional flow in terms of  while ; 

d) Radial symmetric flow field, uniform at the inlet (r = r0). The flow field is thus the same for any 

therefore the derivative  = 0 for all flow variables; 

e)  negligible compared to wall friction forces 

 

According to the previous assumptions, the fundamental Navier-Stokes equations in cylindrical coordinates 

are reduced to the form of Eqs. 20 to 24: 

Continuity 



  (20)

Momentum, r-direction 

  (21) 

-direction 

  (22) 

Momentum, z-direction 

 

 

(23) 

Knowing the mass flow rate inside each channel, it follows that locally: 

  (24) 

Considering a fluid element between the two discs defines the flow channel, a control volume Qe can be defined 

with base surface Ae and height b. The fluid wetted area is . Therefore, the hydraulic diameter is 

equal to 2 b. Consequently, 

   (25) 

The formulation of the viscous shear stress can be obtained considering the two-phase flow as a homogeneous 

flow.  

Introducing the two-phase homogeneous model ( ) [52, 53], the shear stress can be written as Eq. 

26. 

  (26) 

where  is the two-phase density of the fluid defined as Eq. 27: 

 (27) 

The friction factor is calculated through Churchill correlation as Eq. 28. 

  (28) 

where A & B are defined as: 



(29)

 

and the two-phase Reynolds number ( ) as a function of two-phase viscosity ( ) 

  

 

(30) 

(31) 

  

The force resulting from wall friction is given by the product of the wall shear with the wetted area according 

to Eq. 32, and then the shear rate equation (Eq.26) is substituted to form Eq. 33. 

 (32) 

  (33) 

 

Fig. 6  Local velocity triangle [20] 

The radial and the tangential component of the force are given by:  

    (34) 

w direction. The values of  and can thus 

be calculated as: 

  (35) 

Substituting (30) in (31), a compact expression of the radial and tangential forces components are obtained: 



  

(36) 

Dividing Eq. 33 by the mass of the fluid element between two discs, the body force term in the radial and 

tangential direction can be expressed as: 

  

  

(37) 

(38) 

In order to determine the local pressure and the local derivative , Eq. 37 and Eq. 38 are substituted 

in Eqs. 21 and 22: 

  

  

(39) 

(40) 

The pressure gradients in the radial direction and the tangential velocity gradients are derived with Eqs. 41 and 

42, respectively. 

  (41) 

  (42) 

Finally, the conservation of enthalpy (H) was applied to calculate the local value of static enthalpy: 

 (43) 

The Euler equation defines the work output per unit mass of the expander. The efficiency calculation uses the 

physical properties at the inlet and the outlet of the rotor. The efficiency is defined as Eq. 45 as a function of 

the enthalpies, in which  is the enthalpy at the rotor outlet for isentropic expansion.  (P, s) is 

expressed as a function of entropy and pressure or can be extracted directly from the fluid P-H diagram as 

shown in Fig. 7. 

 (44) 

 (45) 



 

Fig. 7- Phase envelope of R404a with the analysis zone 

4. Results and discussions 

 

Both the CFD simulation and the implemented code are adopted in several case studies to investigate the 

behaviour of the two-phase fluid within the Tesla turbine rotor. Several cases are simulated, and the main ones 

are defined according to Table 5. 

Table 5- CFD case studies, geometry, boundary and operating condition 

Case d 
[mm] 

Ra   
[ m] 

 
[rad/sec] 

Mdot 
[kg/s] 

Vin 
[m/s] 

Vout 
[m/s] 

Pin [Pa] Pout [Pa] Tin 
[K] 

Tout 
[K] 

Hliq_in 
[J/kg] 

Hvap_in 
[J/kg] 

1 0.4 0.1 220 0.0016 26.858 5.8570 2281353 2099370 322.50 318.98 280408.1 429736.6 
2 0.6 0.1 220 0.0022 26.810 6.1237 2282745 2098012 322.43 318.98 280400.4 429722.7 
3 1 0.1 220 0.0032 26.801 6.4062 2274164 2098889 322.53 318.98 280360.6 429707.4 
4 1.25 0.1 220 0.0041 26.835 6.6197 2282274 2098313 322.40 318.98 280382.2 429707.1 
5 1 0.1 140 0.0842 22.814 11.676 2281274 2101000 322.63 318.99 280765.4 430052.6 
6 1 0.1 180 0.0282 23.462 9.1927 2285021 2099832 322.58 318.97 280668.0 429957.8 
7 0.4 1 220 0.0016 25.713 5.7078 2281992 2099338 322.49 318.98 280402.9 429725.9 
8 0.4 10 220 0.0016 25.435 4.4314 2279917 2099565 322.53 318.99 280428.0 429752.2 
9 0.4 50 220 0.0016 25.513 5.5343 2280300 2099314 322.53 318.99 280399.8 429728.3 
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Fig. 8- Contours of the key thermodynamic parameters corresponding to the two-phase flow through the 

rotor: temperature (a), saturation temperature (b), turbulent intensity (c), static pressure (d), vapour fraction 

(e), absolute velocity (f) 

The static temperature, saturation temperature, turbulence intensity, pressure, vapour-phase fraction, and 

velocity contours are driven from the CFD simulation shown in Fig. 8. The temperature practically corresponds 

to the saturation value (which is pressure-dependent) in the whole field. Thus, it demonstrates the two-phase 

(saturation) condition from intake to outlet of the rotor.  

Although the pressure is slightly decreasing (Fig. 8d), the saturation temperature is varied accordingly. The 

turbulent intensity (Fig. 8c) shows the local vorticities and non-homogeneous distribution of the turbulent 

parameter inside the rotor, having the same pattern as the second-phase distribution (e.g., vapour) depicted in 

Fig. 8e, which locally alters the forces between fluid and discs.  The higher viscous heating contributes to a 

higher formation of flow vortices, reported by Alonso et al. 2019 [54] for turbulent flows. The velocity field 

is shown in Fig. 8f, which continuously decreases in a notable order behaviour. 

The temperature, pressure, and overall velocity of the two-phase fluid are calculated at three different rotational 

speeds, which radial profiles are shown in Fig. 9a, 9b, and 9c, respectively. Although the pressure-boundary 

conditions are fixed, the pressure and temperature behaviours are different, with a slightly larger decreasing 

gradient at the entrance. Furthermore, the higher rotational speed brings a higher velocity gradient along the 

rotor. 

(b) (a) (c) 

(e) (d) (f) 



 

Fig. 9-Temperature (a), pressure (b) and absolute velocity (c) profile along the radius for a two-phase case 

study with different values of rotational speed 

The crucial parameter of the turbine is the momentum and the corresponding power and efficiency, which 

identifies the performance of the expander. The momentum is generated by the moving two-phase fluid and 

puts the disc into rotation.  Both approaches derive the parameters. The momentum is derived directly from 

the CFD solution in terms of viscous momentum and pressure momentum, without particular post-calculations. 

In the implemented code, the velocity is calculated, which is also used to calculate the momentum and the 

extracted power accordingly.  

The torque value ( ) is calculated in the CFD post-processing using the overall momentum on both full-circular 

walls. Also, the power ( ), calculated by using the predefined rotational speed (  [rad/sec]) and the  

=   (40) 

The comparison of velocity ratio and mass flow in various RPM conditions is presented in Fig. 10. The mass 

flow rate is the common assumption of both 1D and CFD models. In other words, the CFD-calculated mass 

flow rate is determined as 1D model input, and the velocity profiles are extracted from both models. 

 



 
Fig. 10-Velocity ratio at various values of rotational speed 

The model's sensitivity to the roughness height is reported in Fig. 11, revealing that the prediction of the 

homogeneous model is significantly different from the CFD results, which are more sensitive to the roughness 

heights. Higher roughness leads to larger friction, which contributes to larger viscous force, thus leading to 

higher momentum and power. The average logarithmic slope is found at about 0.036. 

 

  

Fig. 11-Effect of boundary condition on the hydrodynamic of two-phase flow in the rotor 

The 2D contour of the second phase is shown in Fig. 12, which reveals the non-uniform distribution of the 

second phase between the plates. Due to the wall lubrication and the turbulent dispersion forces, the bubbles 



remain apart from the wall. This phase separation gradually increases as the two-phase fluid moves towards

the rotor outlet. 

 

Fig. 12- Second-phase void fraction over the plane perpendicular to the discs (symmetry boundary) 

Moreover, to determine how the rotor changes the vapour quality of the two-phase flow, a comparison of four 

case studies with different feed qualities are determined. The results are depicted in Fig. 13, in which both the 

output quality and the void fraction are slightly higher than the input. 

 

Fig. 13- Vapour quality (x) and void fraction ( ) at the input and output of the rotor section of the Tesla 

turbine 

The sensitivity of the two-phase model to the gap between the disc and the rotational speed is shown in Fig. 

14. The turbine rotor tends to gain more impact in configuration with a wider space between the plates and 

operating at a lower rotational speed. 



 
Fig. 14- sensitivity of the turbine efficiency to the inlet vapour quality (  corresponds to inlet vapour quality 

of 0.098) 
 

The non-homogeneous profile is discussed in both the radial and perpendicular directions. Therefore, it is 

essential to investigate the sensitivity of the key parameters of the two-phase flow to the gap between the 

plates. The comparison of mass flow at four different gap values (0.4, 0.6, 1, 1.25mm) is shown in Fig 15, 

while the inlet and the outlet pressure boundaries are fixed for all. Increasing the gap increases the inlet area, 

as well as the mass flow rate. The increase of the latter increases both the velocity ratio and the exploited 

momentum by the walls. Reasonable compatibility is found between the two models in terms of the velocity 

ratio. The discrepancy stems from different roughness models, non-homogeneous distribution of the second-

phase, viscous heating, and turbulent dispersion along the rotor, all of which are neglected in the homogenous 

models while they are fully considered in the CFD approach. As a result, the homogenous model overestimates 

the rotor momentum at about 20%. The difference is negligible in lower distances between the plates. 

 
Fig. 15- The effect of the plate gap on the performance of the turbine 

 



5. Conclusions

A numerical study is carried out using both a CFD approach and a homogeneous analytical model. The goal 

was comparing the performance of two models, simulate the two-phase operation of the Tesla turbine, and 

assess the sensitivity of the rotor to the space between the disc, roughness, and rotational speed. The 

comprehensive 3D CFD considers the phase interaction, with sub-models dedicated to the heat & mass transfer, 

roughness and turbulence, while the homogeneous model is based on the key phenomena of heat and mass 

transfer and friction. The results show a good agreement between the two models. Although the vapour phase 

along the rotor is non-homogeneous in CFD, the results are comparable, with a relative difference of 5% for 

the velocity and 20% for the momentum. 

Moreover, the role of the roughness is discussed in detail, and it is crucial at lower gaps between the discs. 

Finally, the effect of the secondary phase on the performance of the Tesla turbine is investigated in various 

geometries at different rotor gap. The two-phase simulations revealed the average power output of 0.8 Watts 

with a delivered torque of 3.6 mN-m at a rotational speed of about 2000 RPM.  

  



6. Nomenclature

Roman and Greek symbols 

 = Heat Capacity 

H = Enthalpy 
 = Standard state Enthalpy 

 = Homogeneous 
= Thermal conductivity 

MW = Molecular weight 
MUSCL  Monotonic upstream-centred scheme 

= Pressure 
 = Arithmetical mean deviation of the assessed profile 
 = Kurtosis 
= Root mean squared of the assessed profile 

 = Skewness 
 = Maximum Height of the Profile 
= Temperature 

= Phase velocity 
W = Work 
x = Vapour quality 

 = Basic y+ with zero roughness 
 = Volume fraction (void fraction) 
= Density 

 = Torque 
= Sheat stress 

= Rotational speed 
 

Subscripts and superscripts 

D = Drag 
L = Lift 
 = Liquid phase 

lv = Liquid to vapour 
r = Radial 
 = Isentropic 

sat = Saturation 
TD = Turbulent dispersion 
Tot = Total 
TP = Two-phase 

= Vapour phase 
Vl = Vapour to liquid 
WL = Wall turbulent 

= Angular 
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