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Left 3-Engel elements in groups of exponent 60
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University of Bath,
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Let G be a group and let x ∈ G be a left 3-Engel element of order dividing 60.

Suppose furthermore that 〈x〉G has no elements of order 8, 9 and 25. We show that

x is then contained in the locally nilpotent radical of G. In particular all the left

3-Engel elements of a group of exponent 60 are contained in the locally nilpotent

radical.
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1 Introduction

Let G be a group. An element a ∈ G is a left Engel element in G, if for each x ∈ G there
exists a non-negative integer n(x) such that

[[[x, a], a], . . . , a]
︸ ︷︷ ︸

n(x)

= 1.

If n(x) is bounded above by n then we say that a is a left n-Engel element in G. It
is straightforward to see that any element of the Hirsch-Plotkin radical HP (G) of G is
a left Engel element and the converse is known to be true for some classes of groups,
including solvable groups and finite groups (more generally groups satisfying the maximal
condition on subgroups) [3,6]. The converse is however not true in general and this is the
case even for bounded left Engel elements. In fact whereas one sees readily that a left
2-Engel element is always in the Hirsch-Plotkin radical this is still an open question for
left 3-Engel elements. There is some substantial general progress by A. Abdollahi in [1]
where he proves in particular that for any left 3-Engel p-element a in a group G one has
that ap is in HP (G) (in fact he proves the stronger result that ap is in the Baer radical),
and that the subgroup generated by two left 3-Engel elements is nilpotent of class at most
4. Then in [11] it is shown that the left 3-Engel elements in groups of exponent 5 are in
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HP (G). In this paper we will extend this result to groups of exponent 60. In fact we will
prove something quite stronger. See also [2] for some results about left 4-Engel elements.

It was observed by William Burnside [4] that every element in a group of exponent 3
is a left 2-Engel element and so the fact that every left 2-Engel element lies in the Hirsch-
Plotkin radical can be seen as the underlying reason why groups of exponent 3 are locally
finite. For groups of 2-power exponent there is a close link with left Engel elements. If
G is a group of exponent 2n then it is not difficult to see that any element a in G of
order 2 is a left (n + 1)-Engel element of G (see the introduction of [11] for details).
For sufficiently large n we know that the variety of groups of exponent 2n is not locally
finite [8,9]. As a result one can see [11] that it follows that for sufficently large n we do
not have in general that a left n-Engel element is contained in the Hirsch-Plotkin radi-
cal. Using the fact that groups of exponent 4 are locally finite [10], one can also see that
if all left 4-Engel elements of a group G of exponent 8 are inHP (G) then G is locally finite.

In this paper we continue our study of left 3-Engel elements started in [11]. We first
make the observation that an element a ∈ G is a left 3-Engel element if and only if 〈a, ax〉
is nilpotent of class at most 2 for all x ∈ G [1]. In [11] we introduced the following related
class of groups.

Definition. A sandwich group is a group G generated by a set X of elements such
that 〈x, yg〉 is nilpotent of class at most 2 for all x, y ∈ X and all g ∈ G.

Remark. In [11] it was shown that any sandwich group of rank 3 is nilpotent.

If a ∈ G is a left 3-Engel element then H = 〈a〉G is a sandwich group and it is clear
that the following statements are equivalent:

(1) For every pair (G, a) where a is a left 3-Engel element in the group G we have that a
is in the locally nilpotent radical of G.

(2) Every sandwich group is locally nilpotent.

It is also clear that to prove (2), it suffices to show that every finitely generated sandwich
group is nilpotent.

Left 3-Engel elements of finite order. For left 3-Engel elements of finite order some
further reduction can be made. Suppose G is a group with a left 3-Engel element x of
order m = pn1

1 · · · pnr
r where p1, . . . , pr are distinct primes and n1, . . . , nr are positive in-

tegers. For 1 ≤ j ≤ r, let mj = m/p
nj

j . Then m1, . . . , mr are coprime. Thus in order to
show that x ∈ HP (G), it suffices to show that xm1 , . . . , xmr ∈ HP (G). So the problem of
showing that an element of finite order is in HP (G) reduces to dealing with elements of
prime power order. Further reductions can be made. First we recall a standard notion.
Let G be a group. For any set π consisting of primes, we say that x is a π-element in G
if the order of G only has numbers from π as prime factors.

Lemma 1.1 Let π be a set of primes. Suppose that for all groups G and all primes p ∈ π
we have that all left 3-Engel elements of order p in G are contained in HP (G). It then
follows that for all groups G, all left 3-Engel elements in G that are π-elements are in
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HP (G).

Proof Let G be any group. We have already seen that we only need to consider the
case when x is a left 3-Engel element in G of some prime power exponent pn where p ∈ π
and n is a positive integer. By the result of Alireza [1] mentioned above, we know that
xp ∈ HP (G). As xp is a p-element we then know that N = 〈xp〉G is a locally finite p-
group. By our assumption we know that 〈x〉GN/N is locally nilpotent and thus a locally
finite p-group. Hence 〈x〉G is a locally finite p-group and thus locally nilpotent. We thus
conclude that x ∈ HP (G). ✷

Remark. The problem of showing that all left 3-Engel elements of finite order are
in the Hirsch-Plotkin radical thus reduces to only having to consider elements of prime
order. Thus dealing with left 3-Engel elements of finite order reduces to working with
sandwich groups generated by elements of prime order p. This is because the following
are equivalent for any prime p:

(1p) For every pair (G, a) where a is a left 3-Engel element of order p in G we have
that a ∈ HP (G).

(2p) Every finitely generated sandwich group generated by elements of order p is nilpotent.

In sections 2 and 3. We will work with sandwich groups of rank 3 and 4 generated
by elements of order 2.

Left 3-Engel elements in groups of finite exponent. Determining whether a left
3-Engel element of finite order is in the Hirsch-Plotkin radical seems a very difficult prob-
lem in general. One could thus consider adding further constraints on the group. For
example one could require that for the given left 3-Engel element x in G we have that
〈x〉G is of finite exponent. In fact we will consider a weaker condition. Let pn1

1 , . . . , pnr
r be

non-trivial powers where p1, . . . , pr are distinct primes. Consider the following statement.

E(pn1

1 , . . . , pnr

r ) : For all groups G and all left 3-Engel elements x ∈ G of order

dividing pn1

1 · · · pnr

r , where 〈x〉G has no elements of order pn1+1
1 ,

. . . , pnr+1
r , we have that x ∈ HP (G).

Remark. Notice that if E(pn1

1 , . . . , pnr
r ) holds, then it would follow that a left 3-Engel

element of G is in HP (G) when 〈x〉G has exponent dividing pn1

1 · · · pnr
r . Thus in particu-

lar all left 3-Engel elements in a group G of exponent dividing pn1

1 · · · pnr
r would be in the

Hirsch-Plotkin radical.

We will next prove a reduction result that is similar in nature to Lemma 1.1. For a
given prime p and positive integer n, consider the following statement

Q(p, n) : For all groups G and all left 3-Engel elements x ∈ G, where x is of order p

and 〈x〉G has no element of order pn+1, we have that x is in HP(G).

Proposition 1.2 Let m = pn1

1 · · · pnr
r be an integer where p1, . . . , pr are distinct primes

and n1, . . . , nr are positive integers. Then

Q(p1, n1) ∧ · · · ∧ Q(pr, nr) ⇒ E(pn1

1 , . . . , pnr

r ).
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Proof Let G be any group and x a left 3-Engel element in G of order dividing m. Suppose
that 〈x〉G has no elements of order pn1+1

1 , . . . , pnr+1
r . For 1 ≤ j ≤ r, let mj = m/p

nj

j . Then
m1, . . . , mr are coprime. Thus in order to show that x is in HP(G), it suffices to show
that xm1 , . . . , xmr are in HP(G). It thus suffices to deal with the case when m = pn for a
prime p = pj and the positive integer n = nj . Let x1, . . . , xr be finitely many conjugates
of x. We want to show that H = 〈x1, . . . , xr〉 is nilpotent. By the result of A. Abdollahi
[1] mentioned above, we know that N = 〈xp

1, . . . , x
p
r〉

H is locally nilpotent. As any finitely
generated subgroup of N is contained in a subgroup of N generated by finitely many con-
jugates of xp and as xp is of p-power order, it follows thatN is a p-group. As N is a p-group
and H contains no elements of order pn+1, the same is true for H/N . As Q(p, n) holds
by assumption, we thus have that 〈xi〉

HN/N is locally nilpotent for 1 ≤ i ≤ r and hence
H/N is nilpotent. Thus H/N is a finite p-group that implies that N is finitely generated
and thus also a finite p-group. We conclude that H is a finite p-group and thus nilpo-
tent. We have thus shown that 〈x〉G is locally nilpotent and therefore that x ∈ HP (G). ✷

Remark. In particular, it follows from last proposition that in order to show that left
3-Engel elements in groups of finite exponent are in the Hirsch-Plotkin radical, it suffices
to show that Q(p, n) holds for all primes and positive integers n.

At this stage we don’t even know if for a group G, satisfying the hypothesis in Q(p, n), we
can conclude that 〈x〉G is a p-group. Let us thus consider the following weaker statement.

RG(p, n) : For all left 3-Engel elements x ∈ G, where x is of order p and

〈x〉G has no element of order pn+1, we have that 〈x〉G is a p-group.

Remark Of course RG(p, n) implies that 〈x〉G is of exponent dividing pn. The next
proposition gives us a sufficient condition for RG(p, n).

Proposition 1.3 Let p be a prime and n a positive integer. Let G be a group with the
property that for any left 3-Engel element x ∈ G of order p we have that 〈x〉G has no
element of order pn+1. Now suppose furthermore that for any left 3-Engel element x of
order p and any element g ∈ 〈x〉G of order dividing pn we have

〈x, xg, . . . , xgp
n
−1

〉

is nilpotent. Then RG(p, n) holds.

Proof Let y ∈ 〈x〉G. Then y = x1 · · ·xr for some r conjugates of x. We show by
induction on r that yp

n

= 1. This is obvious when r = 0. Now let r ≥ 1 and suppose
that our claim holds for smaller values of r. By the induction hypothesis we know that
(x1 · · ·xr−1)

pn = 1. Thus for m = pn and g = x1 · · ·xr−1 we have

ym = gmxgm−1

r xgm−2

r · · ·xg
rxr

= xgm−1

r · · ·xg
rxr.

By our assumptions 〈xr, x
g
r , . . . , x

gm−1

r 〉 is nilpotent and thus a finite p-group. By the
assumptions 〈xr, x

g
r , . . . , x

gm−1

r 〉 is then of exponent m. In particular it follows that

(xgm−1

r · · ·xg
rxr)

m = 1

and thus ym
2

= 1. As 〈x〉G has no element of order pm it follows that ym = 1. ✷
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Remark. As any sandwich group of rank 3 is nilpotent [11], it follows from Proposi-
tion 1.3 that RG(2, 1) and RG(3, 1) hold in any group G. Groups of exponent 2 are
abelian and from Burnside [4] we know that groups of exponent 3 are locally finite. It
thus follows that Q(2, 1) and Q(3, 1) hold.

The main result of the paper is the following.

Theorem 1.4 Let G be any group and let x be a left 3-Engel in G of order dividing 60.
Suppose furthermore that 〈x〉G has no elements of order 8, 9 or 25. Then x ∈ HP (G).

Remark. From Proposition 1.2 it suffices to show that Q(2, 2),Q(3, 1) and Q(5, 1) hold.
We have already seen from last remark that Q(3, 1) holds. It thus remains to see that
Q(2, 2) and Q(5, 1) hold.

To prove Q(2, 2) we will need some preliminary work. This will be carried out in Sections
2 and 3. In [11] it was shown that all sandwich groups of rank 3 are nilpotent. The
proof for the case when the group is generated by involutions is substantially simpler and
thus we start by giving a short proof of this in Section 2. In Section 3 we will then deal
with certain sandwich groups of rank 4 generated by involutions that are needed to prove
Q(2, 2). In Sections 4 and 5 we will the prove Q(2, 2) and Q(5, 1) respectively.

Remark. Our way of writing polycyclic presentations in this paper follows [7]. It reflects
a polycyclic series

〈x1〉✂ 〈x1, x2〉✂ · · ·✂ 〈x1, . . . , xm〉 = G.

We also partition the set of generators into subsets X1, . . . , Xr where 〈X1〉 ≤ 〈X1∪X2〉 ≤
· · · 〈X1 ∪ · · · ∪Xr〉 = G is a normal series with abelian factors.

2 Sandwich groups generated by 3 involutions

Let F = 〈x, y, z〉 be a 3-generator sandwich group generated by involutions x, y and z.

Theorem 2.1 F is nilpotent of class at most 5.

Proof We have that a = x and b = xy commute. Thus a, bz commute with az, b and

〈a, b, z〉 = (〈a, bz〉 · 〈az, b〉)⋉ 〈z〉.

Then

[x, y, z, z] = [ab, z, z]

= [(abz)(baz), z]

= (bza)2(azb)2

= [bz , a] · [az, b].

This element clearly commutes with a = x and z. As 〈x, y〉 is nilpotent of class at most
2, we have 1 = [x2, y] = [x, y]2 and thus [x, y, z, z] = [y, x, z, z]. By symmetry we thus see
that [x, y, z, z] = [y, x, z, z] commutes with y and is thus in Z(F ). By symmetry it follows
that

[x, y, z, z] = [y, x, z, z], [y, z, x, x] = [z, y, x, x], [z, x, y, y] = [x, z, y, y] ∈ Z(F ). (1)
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Next notice that
[[x, y], [x, z]] = [ab, aaz] = [ab, az] = [b, az ]

commutes with a = x and we have seen in (1) that modulo Z(F ) we have [b, az ] = [bz, a].
Thus, modulo Z(F ), we know that [[x, y], [x, z]] commutes with x and z. By symmetry we
then see that [[x, y], [x, z]] = [[x, z], [x, y]]−1 also commutes with y modulo Z(F ). Hence
[[x, y], [x, z]] ∈ Z2(F ). By symmetry

[[x, y], [x, z]], [[y, z], [y, x]], [[z, x], [z, y]] ∈ Z2(F ). (2)

Then, modulo Z2(F ), we have

[x, y, z]x = [x, y, z[z, x]]

= [x, y, [z, x]z]

= [x, y, z] · [x, y, [z, x]]z

= [x, y, z].

Thus from (1) and (2) we know that [x, y, z] = [y, x, z] commutes with x, y, z modulo
Z2(F ). By symmetry we thus have

[x, y, z], [y, z, x], [z, x, y] ∈ Z3(F ). (3)

As 〈x, y〉, 〈y, z〉, 〈z, x〉 are nilpotent of class at most 2, it follows from (3) that [x, y], [y, z], [z, x] ∈
Z4(F ) from which it follows that x, y, z ∈ Z5(F ). ✷

Knowing that F is nilpotent, it is now easy to come up with a power-conjugation presen-
tation for the largest such group. Notice first that

[z, x, y, [z, x]] = [z, x, y, z, x][z, x, y, x, z] = [z, x, [y, z], x][x, z, [y, x], z].

Calculating in 〈a, b, x〉 = 〈z, zy, x〉, we see that [z, x, [y, z], x] = [a, x, ab, x] = [ax, b, x] =
[ax, b][a, bx] = [z, y, x, x]. By symmetry we have [x, z, [y, x], z] = [x, y, z, z]. Then, cal-
culating in 〈a, b, y〉 = 〈z, zx, y〉, we see that [z, x, y, [z, x]] = [ab, y, ab] = [ayby, ab] =
[ay, b][by, a] = [z, x, y, y]. We thus have [z, x, y, y] = [z, y, x, x][x, y, z, z] or

[z, x, y, y][x, y, z, z][y, z, x, x] = 1.

One can come up with a full presentation using for example the nilpotent quotient algo-
rithm or by hand. It turns our that we get the group F = 〈x, y, z〉 of order 213 where the
generators and relations are as follows.

Generators

X1 : x1 = [z, x, y, y], x2 = [x, y, z, z], x3 = [y, z, x, x]

X2 : x4 = [z, x, [z, y]], x5 = [x, y, [x, z]], x6 = [y, z, [y, x]],
x7 = [z, x, y], x8 = [z, y, x]

X3 : x9 = [z, x], x10 = [z, y], x11 = [x, y]

X4 : x12 = x, x13 = y, x14 = z.
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Relations

x3 = x2x1,
x2
1 = x2

2 = x2
4 = x2

5 = x2
6 = x2

9 = x2
10 = x2

11 = x2
12 = x2

13 = x2
14 = 1, x2

7 = x1, x
2
8 = x2x1,

xx12

4 = x4x2x1, xx13

4 = x4x1, xx13

5 = x5x1, xx14

5 = x5x2,
xx12

6 = x6x2x1, xx14

6 = x6x2,
xx9

7 = x7x1, xx10

7 = x7x1, xx11

7 = x7x1, xx12

7 = x7x5x1,
xx13

7 = x7x1, xx14

7 = x7x4x1,
xx9

8 = x8x2x1, xx10

8 = x8x2x1, xx11

8 = x8x2x1, xx12

8 = x8x2x1,
xx13

8 = x8x6x2x1, xx14

8 = x8x4x2x1,
xx10

9 = x9x4, xx11

9 = x9x5, xx13

9 = x9x7, xx11

10 = x10x6, xx12

10 = x10x8,
xx14

11 = x11x8x7x6x5x4x2, xx13

12 = x12x11, xx14

12 = x12x9, xx14

13 = x13x10.

3 Sandwich groups generated by 4 involutions

In this section we move on to 4-generator sandwiches. The ultimate aim is to show that
these are nilpotent. We get here some partial results that will be sufficient to prove the
main results of this paper. This is achieved by analysing various quotients of the largest
sandwich group of rank 4 generated by involutions. The following definition will be useful.

Definition. Let G be a sandwich group generated by a finite set X = 〈a1, . . . , ar〉 of
sandwich elements. The commutativity graph of G, V (G), is an (undirected) graph whose
set of vertices is the set of generators X and where a pair of distinct vertices ai and aj
are joined by and edge if and only if ai and aj commute.

Remarks. (1) The commutativity graph of the free r-generator sandwich group has
no edges and the largest r-generator sandwich group, whose commutativity graph is the
complete graph, is the free abelian group of rank r.

(2) Let H and K be the largest r-generator sandwich groups with commutativity graphs
V (H) and V (K) respectively. If V (H) ⊆ V (K) then K is isomorphic to a quotient of H .

We now focus on sandwich groups generated by 4 involutions. It is clear that if we
have a complete commutativity graph we get C4

2 that is of order 16. There is only one
type of a commutativity graph with 5 edges, namely

ba

yx
❅
❅
❅�

�
�

and the largest 4-generator sandwich group 〈x, y, a, b〉 with this commutativity graph, that
is generated by involutions, is 〈x, y〉 × 〈a, b〉 = D8 × C2

2 that is of order 32. Moving next
on to sandwich groups, whose commutativity graph has 4 edges, there are the following
two types of graphs to conisder (either the two removed edges are adjacent or not)
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ba

yx
❅
❅
❅�

�
�

xa

bc
❅
❅
❅�

�
�

The largest sandwich group where x, y, a, b are involutions and with the former commu-
tivity graph is 〈x, y〉 × 〈a, b〉 = D8 × D8 that has order 64. Moving to the latter group
notice that a, bc commute with b, ac and we thus have

〈a, b, c〉 = 〈a, bc〉 ≀ 〈c〉 = D8 ≀ C2

that is the standard wreath product of D8 by C2. Thus the largest sandwich group
generated by involutions a, b, c, x that have the latter graph as a commutivity graph is

〈a, b, c〉 × 〈x〉 = (D8 ≀ C2)× C2

and is of order 256.

Next we consider the case when the commutativity graph has 3 edges. This is much
more difficult and needs some care. Here there are three types of commutativity graphs.
These are

zx

ya

α =
❅
❅
❅ ca

β =

bx

�
�
�

ba
γ =

yx

The largest sandwich group with the first commutativity graph is

Gα = 〈x, y, z〉 × 〈a〉 = R× C

where R is the largest sandwich group generated by involutions x, y, z that we dealt with
in last section. In the next two subsections we deal with the other two types.

3.1 Sandwich groups with commutativity graph β

Let Gβ = 〈x, a, b, c〉 be a sandwich group where x, a, b, c are involutions and whose com-
mutativity graph is

ca

β =

bx

�
�
�

In this subsection we show that this group is nilpotent and obtain a consistent presenta-
tion for the group. We will use the fact that 3-generator sandwich groups are nilpotent.
The following subgroups generated by 3 involutions will play a key role in the following:
H(c) = 〈x, xab, c〉, H(a) = 〈x, xbc, a〉, H(b) = 〈x, xca, b〉, K = 〈xa, xb, xc〉.

Lemma 3.1 We have that

(1) [x, xab] = [xa, xb] commutes with x, a, b.
(2) [x, xbc] = [xb, xc] commutes with x, b, c.
(3) [x, xca] = [xc, xa] commutes with x, c, a.
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Proof We have that

[x, xab] = [x, [x, ab]]

= [x, (axb)(bxa)]

= (bxa)(axb)(axb)(bxa)

= [bx, a][ax, b]

and as 〈bx, a〉, 〈ax, b〉 are nilpotent of class at most 2, it follows that [x, xab] commutes
with a, b. As [x, xab] clearly commutes with x we have that the first part follows and thus
the others by symmetry. ✷

Lemma 3.2 γ5(K) = {1}.

Proof Using the fact that x commutes with xa, xb and xc and that by Theorem 2.1 we
know that H(c) is nilpotent of class at most 5, we have

[xa, xb, xc, xc] = [xa, xb, [x, c], xc]

= [xa, xb, [x, c], [x, c]]
L3.1

= [x, xab, [x, c], [x, c]]

= 1.

By symmetry [xb, xc, xa, xa] = [xc, xa, xb, xb] = 1 and from the work on the 3-generator
sandwich groups we know that implies that γ5(K) = {1}. ✷

Lemma 3.3 γ5(H(a)), γ5(H(b)), γ5(H(c)) ≤ Z(〈x〉Gβ).

Proof From our analysis of the 3-generator groups we know that γ5(H(c)) is generated by
[x, c, xab, xab] and [x, xab, c, c] and that [xab, c, x, x] = [x, c, xab, xab][x, xab, c, c]. As H(c) is
nilpotent of class at most 5, we also know that these commutators all commute with x, xab

and c. By Lemma 3.1 we also know that [x, xab] commutes with a, b and thus [x, xab, c, c]
commutes with x, a, b, c and is thus in Z(Gβ). Hence

γ5(H(c))Z(Gβ) = 〈[x, c, xab, xab]〉Z(Gβ).

In order to finish the proof of the lemma, it thus suffices to show that [x, c, xab, xab]
commutes with x, xa, xb, xc, xab, xac, xbc, xabc. As we know already that it commutes with
x, xab, c it only remains to show that it commutes with xa, xb. Now using the fact again
that H(c) is nilpotent of class at most 5 and that [x, xab, xab] = [xc, xab, xab] = 1 we have

[x, c, xab, xab] = [xxc, xab, xab]

= [[x, xab][x, xab, xc][xc, xab], xab]

= [x, xab, xc, xab].

As ab = ba we thus see from the symmetry that we only need to show that [x, xab, xc, xab]
commutes with xa. This will follow from the following calculations. We use there the fact
from Lemma 3.1 that [x, xab] = [xa, xb] and also that K = 〈xa, xb, xc〉 is nilpotent of class
at most 4. We have

[x, xab, xc, xab]x
a

= [[xa, xb, xc]x
a

, xab]

= [xa, xb, xc[xc, xa], xab]

= [[xa, xb, [xc, xa]][xa, xb, xc], xab].
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Now we kow by Lemma 3.1 that [[xa, xb], [xc, xa]] commutes with a and as K is nilpotent
of class at most 4, it follows that

1 = [xa, xb, [xc, xa], xb]a = [xa, xb, [xc, xa], xab].

From this and the calculations above it thus follows that

[x, xab, xc, xab]x
a

= [[xa, xb, [xc, xa]][xa, xb, xc], xab] = [xa, xb, xc, xab] = [x, xab, xc, xab],

Thus [x, xab, xc, xab] commutes with xa and this finishes the proof. ✷

Lemma 3.4 We have that the following identities hold modulo Z(〈x〉Gβ).

(1) [x, xabc, xa] = [xb, xc, xa].
(2) [x, xabc, xb] = [xc, xa, xb].
(3) [x, xabc, xc] = [xa, xb, xc].

Proof By symmetry, we only need to deal with the last identity. Calculating modulo
Z(〈x〉Gβ) we see that

[x, xabc, xc] = [x, xabc, [x, c]]

= [x, xab[xab, c], [x, c]]
L3.3

= [x, xab, [x, c]]

= [x, xab, xc]
L3.1

= [xa, xb, xc].

This finishes the proof. ✷

Lemma 3.5 γ4(K) ≤ Z(〈x〉Gβ).

Proof Calculations modulo Z(〈x〉Gβ) show that

1
L3.3

= [x, [xab, c], [x, xab]]

= [x, xabxabc, [x, xab]]
L3.3

= [x, xabc, [x, xab]]
L3.1

= [x, xabc, [xa, xb]]

= [x, xabc, (xaxb)2]

= [x, xabc, xaxb]2[x, xabc, xaxb, xaxb].

By Lemma 3.2 and the presentation for the largest sandwich group generated by 3 in-
volutions, we know that K is nilpotent of class at most 4 and that γ3(K)2 = {1}.
We also know that [xc, xa, xb, xb] = [xb, xc, xa, xa] = 1. By Lemma 3.4 we have that
[x, xabc, xaxb]2 ∈ γ3(K)3 = 1 and thus

1 = [x, xabc, xaxb, xaxb]

1
L3.4,L3.2

= [x, xabc, xa, xb][x, xabc, xb, xa][x, xabc, xa, xa][x, xabc, xb, xb]
L3.4

= [xb, xc, xa, xb][xc, xa, xb, xa][xb, xc, xa, xa][xc, xa, xb, xb]

= [[xb, xc], [xa, xb]][[xc, xa], [xb, xa]].
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By symmetry we thus have that modulo Z(〈x〉Gβ) we have

[[xa, xb], [xb, xc]] = [[xb, xc], [xc, xa]] = [[xc, xa], [xa, xb]].

By Lemma 3.2 we know thatK is nilpotent of class at most 4 and thus these three elements
all commute with xa, xb, xc. They of course all commute with x as well. By Lemma 3.1 the
first element [[xa, xb], [xb, xc]] commutes with b. It follows that it commutes with xab, xbc.
As [[xb, xc], [xc, xa]] and [[xc, xa], [xa, xb]] are equal to [[xa, xb], [xb, xc]] modulo Z(〈x〉Gβ), it
follows that they also commute with xab, xbc. By symmetry the three elements all commute
with xca as well. Then as [[xa, xb], [xb, xc]] commutes with xac and b, it commutes with xabc.
The same is then true for [[xb, xc], [xc, xa]] and [[xc, xa], [xa, xb]]. From the presentation
for the 3 generators sandwich group and the fact that K is nilpotent of class at most 4,
we know that γ4(K) = 〈[[xa, xb], [xb, xc]], [[xb, xc], [xc, xa]], [[xc, xa], [xa, xb]]〉 and we have
thus shown that γ4(K) ≤ Z(〈x〉Gβ). ✷

Proposition 3.6 〈x〉Gβ is nilpotent of class at most 4.

Proof It suffices to show that x ∈ Z4(〈x〉
Gβ). As x commutes with xa, xb, xc, it suffices

to show that [x, xabc], [x, xab], [x, xbc], [x, xca] are in Z3(〈x〉
Gβ). By symmetry it suffices to

show that [x, xabc], [x, xab] are in Z3(〈x〉
Gβ). Again by symmetry, it then suffices to show

that
[x, xabc, xc], [x, xabc, xab], [x, xab, xc], [x, xab, xabc], [x, xab, xac]

are in Z2(〈x〉
Gβ). By Lemma 3.4 and Lemma 3.1, we have modulo Z(〈x〉Gβ) that

[x, xabc, xc] = [xa, xb, xc] = [x, xab, xc].

By Lemma 3.3 we know that γ5(H(c)) ≤ Z(〈x〉Gβ) and thus module Z(〈x〉Gβ), we have
(using also the fact that [xab, c] commutes with xab)

[x, xabc, xab] = [x, [xab, c], xab]

= [x, xab, [xab, c]]

= [x, xab, xabc].

By Lemma 3.1 we also have

[x, xab, xabc] = [x, xab, xc]ab

[x, xab, xac] = [x, xab, xc]a.

It thus only remains to show that [x, xab, xc] ∈ Z2(〈x〉
Gβ). Using the fact that γ5(H(c)) ≤

Z(〈x〉Gβ) we see that the commutator of [x, xab, xc] = [x, xab, [x, c]] with x, xab and c is
in Z(〈x〉Gβ). Then using Lemma 3.5 we know that γ4(K) ≤ Z(〈x〉Gβ) and thus (using
Lemma 3.1) we see that the commutator of [x, xab, xc] = [xa, xb, xc] with xa, xb, xc is in
Z(〈x〉Gβ). Thus we have seen that the commutator of [x, xab, xc] with x, xa, xb, xab and
xc, xac, xbc, xabc is in Z(〈x〉Gβ). It follows that [x, xab, xc] is Z2(〈x〉

Gβ) and this finishes the
proof. ✷

Theorem 3.7 Gβ is finite.

Proof As Gβ/〈x〉
Gβ is abelian of order at most 8, we have that 〈x〉Gβ is a finitely gen-

erated nilpotent torison group and thus finite. From G/〈x〉Gβ and 〈x〉Gβ being finite, it
follows that Gβ is finite. ✷
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Having determined that the group Gβ is finite, one can obtain the following power com-
mutator presentation for it. In particular the group has order 228. Let

t(a) = [[xc, xa], [xa, xb]], t(b) = [[xa, xb], [xb, xc]], t(c) = [[xb, xc], [xc, xa]]

and
y(a) = [x, xbc, xa], y(b) = [x, xca, xb], y(c) = [x, xab, xc].

Generators

X1 : b1 = [t(a), b], b2 = t(a), b3 = t(b)
b4 = y(b), b5 = y(b)a, b6 = y(a), b7 = y(a)b, b8 = y(a)c,

X2 : b9 = [x, xab][xc, xabc], b10 = [x, xab], b11 = [x, xbc][xa, xabc],
b12 = [x, xbc], b13 = [x, xac][xb, xabc], b14 = [x, xac], b15 = [x, xabc][xc, xab],
b16 = [x, xabc][xa, xbc], b17 = [x, xabc],

X3 : b18 = x, b19 = xa, b20 = xb, b21 = xc, b22 = xab, b23 = xca,
b24 = xbc, b25 = xabc,

X4 : b26 = a, b27 = b, b28 = c.

Relations

b21 = . . . = b228 = 1.

bb272 = b2b1, bb282 = b2b1, bb263 = b3b1, bb283 = b3b1
bb194 = b4b2, bb214 = b4b3b2, bb224 = b4b2b1, bb234 = b4b3, bb244 = b4b3b2b1,
bb254 = b4b3, bb264 = b5, bb284 = b8b6b4
bb185 = b5b2, bb205 = b5b2b1, bb215 = b5b3b1, bb235 = b5b3b2b1,
bb245 = b5b3b1, bb255 = b5b3b2, bb265 = b4, bb285 = b8b6b5,
bb206 = b6b3, bb216 = b6b3b2, bb226 = b6b3b1, bb236 = b6b3b2b1, bb246 = b6b2,
bb256 = b6b2, bb276 = b7, bb286 = b8,
bb187 = b7b3, bb197 = b7b3b1, bb217 = b7b2b1, bb237 = b7b2b1
bb247 = b7b3b2b1, bb257 = b7b3b2, bb277 = b6, bb287 = b8b7b6,
bb188 = b8b3b2, bb198 = b8b3b2b1, bb208 = b8b2b1, bb228 = b8b2b1,
bb248 = b8b3b1, bb258 = b8b3, bb278 = b8b7b6, bb288 = b6,

bb129 = b9b1, bb149 = b9b1, bb189 = b9b6b4,
bb199 = b9b6b5, bb209 = b9b7b4, bb219 = b9b6b4,
bb229 = b9b7b5, bb239 = b9b6b5, bb249 = b9b7b4,
bb259 = b9b7b5,
bb1110 = b10b1, bb1210 = b10b3, bb1310 = b10b1, bb1410 = b10b2,
bb1610 = b10b1, bb1710 = b10b3b2, bb2110 = b10b6b4,
bb2310 = b10b6b5, bb2410 = b10b7b4, bb2510 = b10b7b5,
bb2810 = b10b9,
bb1411 = b11b1, bb1811 = b11b6, bb1911 = b11b6,
bb2011 = b11b7, bb2111 = b11b8, bb2211 = b11b7, bb2311 = b11b8, bb2411 = b11b8b7b6,
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bb2511 = b11b8b7b6,
bb1312 = b12b1, bb1412 = b12b3b2, bb1512 = b12b1,
bb1712 = b12b2, bb1912 = b12b6, bb2212 = b12b7, bb2312 = b12b8, bb2512 = b12b8b7b6,
bb2612 = b12b11,
bb1813 = b13b4, bb1913 = b13b5, bb2013 = b13b4
bb2113 = b13b8b6b4, bb2213 = b13b5, bb2313 = b13b8b6b5, bb2413 = b13b8b6b4
bb2513 = b13b8b6b5,
bb1514 = b14b1, bb1614 = b14b1, bb1714 = b14b3, bb2014 = b14b4,
bb2214 = b14b5, bb2414 = b14b8b6b4, bb2514 = b14b8b6b5, bb2714 = b14b13,
bb1815 = b15b6b4b3b2, bb1915 = b15b6b5b3b2b1,
bb2015 = b15b7b4b3b2b1, bb2115 = b15b6b4b3b2, bb2215 = b15b7b5b3b2, bb2315 = b15b6b5b3b2b1,
bb2415 = b15b7b4b3b2b1, bb2515 = b15b7b5b3b2,
bb1816 = b16b6b2, bb1916 = b16b6b2, bb2016 = b16b7b2b1,
bb2116 = b16b8b2b1, bb2216 = b16b7b2b1, bb2316 = b16b8b2b1, bb2416 = b16b8b7b6b2,
bb2516 = b16b8b7b6b2,
bb1917 = b17b6b2, bb2017 = b17b4b3, bb2117 = b17b6b4b3b2, bb2217 = b17b7b5b3b2,
bb2317 = b17b8b6b5b3, bb2417 = b17b8b7b6b2, bb2617 = b17b16, bb2717 = b17b16b15,
bb2817 = b17b15,

bb2218 = b18b10, bb2318 = b18b14, bb2418 = b18b12, bb2518 = b18b17, bb2618 = b19,
bb2718 = b20, bb2818 = b21,
bb2019 = b19b10, bb2119 = b19b14, bb2419 = b19b17b16, bb2519 = b19b12b11, bb2619 = b18,
bb2719 = b22, bb2819 = b23,
bb2120 = b20b12, bb2320 = b20b17b16b15, bb2520 = b20b14b13, bb2620 = b22, bb2720 = b18,
bb2820 = b24,
bb2221 = b21b17b15, bb2521 = b21b10b9, bb2621 = b23, bb2721 = b24, bb2821 = b18,
bb2322 = b22b12b11, bb2422 = b22b14b13, bb2622 = b20, bb2722 = b19, bb2822 = b25,
bb2423 = b23b10b9, bb2623 = b21, bb2723 = b25, bb2823 = b19,
bb2624 = b25, bb2724 = b21, bb2824 = b20,
bb2625 = b24, bb2725 = b23, bb2825 = b22.

3.2 Sandwich groups with commutativity graph γ

Let Gγ = 〈a, b, x, y〉 be a sandwich group generated by involutions whose commutativity
graph is

ba

γ =
yx

Proposition 3.8 Gγ is finite.

Proof We have that 〈y, b, ya〉 is abelian and thus H = 〈y, b, ya, x〉 is a homomorphic
image of Gβ. As H ✂Gγ and G/H = 〈aH〉, it follows that Gγ is finite. ✷

Again one can then obtain a power-conjugation presentation of Gγ. This turns out to be
the following one. In particular Gγ has order 220.
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Generators

X1 : e1 = [x, b, [y, a], x, y, [x, b]], e2 = [x, b, [y, a], y, x, [y, a]],
e3 = [x, b, [y, a], x, y, x], e4 = [x, b, [y, a], y, x, y],
e5 = [x, b, [y, a], x, y], e6 = [x, b, [y, a], y, x],
e7 = [x, b, [y, a], x, e8 = [x, b, [y, a], y],
e9 = [x, b, y, x], e10 = [x, [y, a], y]

X2 : e11 = [x, b, [y, a]], e12 = [x, b, y], e13 = [x, [y, a]],
e14 = [x, y]

X3 : e15 = [x, b], e16 = [y, a], e17 = x, e18 = y

X4 : e19 = a, e20 = b.

Relations

e21 = e22 = . . . = e220 = 1.

ee203 = e3e1, ee194 = e4e2, ee155 = e5e1, ee175 = e5e3,
ee166 = e6e2, ee186 = e6e4, ee127 = e7e1, ee147 = e7e3, ee187 = e7e5,
ee138 = e8e2, ee148 = e8e4, ee178 = e8e6
ee119 = e9e1, ee139 = e9e3, ee169 = e9e5e4e2, ee199 = e9e7e6e1,
ee1110 = e10e2, ee1210 = e10e4, ee1510 = e10e6e3e1, ee2010 = e10e8e5e2,
ee1411 = e11e6e5e4e3, ee1711 = e11e7, ee1811 = e11e8,
ee1312 = e12e6e5e4e3, ee1612 = e12e8, ee1712 = e12e9, ee1912 = e12e11e8,
ee1513 = e13e7, ee1813 = e13e10, ee2013 = e13e11e7,
ee1514 = e14e9, ee1614 = e14e10, ee1914 = e14e13e10, ee2014 = e14e12e9,
ee1615 = e15e11, ee1815 = e15e12, ee1716 = e16e13,
ee1817 = e17e14, ee2017 = e17e15, ee1918 = e18e16.

4 Proof of the main result

In this final section we give a proof of Theorem 1.4. As we saw in the introduction, this
reduces to Q(2, 2) and Q(5, 1). For the proof of Q(2, 2) we will need the preliminary work
from Section 2 and 3 whereas the proof of Q(5, 1) will be modeled on the approach in
[11].

4.1 Proof of Q(2, 2)

Let G be a group with a left 3-Engel element x of order 2. Suppose 〈x〉G has no elements
of order 8. The aim is to show that x ∈ HP (G). That is we want to show that E = 〈x〉G

is locally nilpotent. For this we only need to show that x ∈ HP (E). Without loss of
generality we can thus replace G by E and assume that G has no elements of order 8. As
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groups of exponent 4 are locally finite [10], it suffices to show that RG(2, 2) holds.

Let g ∈ G be an element of order 4. Let H = 〈a, c, b, d〉 = 〈x, xg, xg2, xg3〉. By Proposition
1.3 it suffices to show that H is nilpotent and this will be our aim.

Lemma 4.1 If h ∈ G is an involution and y is a conjugate of x, then [y, yh] = 1.

Proof We have 〈y, h〉 = 〈y, yh〉⋊ 〈h〉 where 〈y, yh〉 is nilpotent of class at most 2. Hence
〈y, h〉 is a 2-group. As G has no element of order 8, we have that

1 = (hy)4 = h4(yh
3

yh
2

yhy) = (yyh)2 = [yh, y].

This finishes the proof. ✷

Lemma 4.2 If y, z are two conjugates of x that commute and h is an involution in G,
then

[yh, z] = [y, zh].

Proof By Lemma 4.1 we have that y, zh commute with yh, z and

〈h, y, z〉 = 〈y, z, yh, zh〉⋊ 〈h〉 = (〈y, zh〉 · 〈yh, z〉)⋊ 〈h〉.

As 〈y, zh〉 is nilpotent of class at most 2 it is clear that this group is finite of order at
most 82 · 2 = 128. As there is no element of order 8, we then must have

1 = (h(yz))4 = [(yz)h(yz)]2 = (yhz)2(zhy)2 = [yh, z][zh, y].

Hence the result. ✷

Remark By Lemma 4.1 it follows in particular that [x, xg2 ] = [xg, xg3 ] = 1. Thus if
we pick any three of the generators x, xg, xg2 , xg3 then we know that two of them must
commute.

Lemma 4.3 Let u, v, t be three of the generators of x, xg, xg2 , xg3 where u and v commute.
Then 〈u, v, t〉 is nilpotent of class at most 3.

Proof We have [u, t, v, v] = [v[u,t], v] = 1 by Lemma 4.1 as 1 = [u, t2] = [u, t]2. Similarly
we have that [v, t, u, u] = [u[t,v], u] = 1. From the presentation of the largest 3-generator
sandwich group, generated by involutions, we thus know that 〈u, v, t〉 is nilpotent of class
at most 4. Finally [[t, u], [t, v]] = [tu, tv] = [tu, (tu)uv] = 1 by Lemma 4.1 as (uv)2 = 1.
Again by the presentation for the largest 3-generator sandwich group we see that 〈u, v, t〉
is nilpotent of class at most 3. ✷

Proposition 4.4 Let T = 〈a, b, x, y〉 be a subgroup of G that is a sandwich group of type

ba

γ =
yx

where a, b, x, y are involutions. Then T is nilpotent of class at most 3 and T 4 = {1}.
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Proof We already know from Section 3 that the group T is a finite 2-group and as there
are no elements of order 8 we must have T 4 = {1}. In the following calculations we use
the presentation for the largest group of type γ generated by involutions. With a slight
abuse of notation we will use e1, e2, . . . , e20 for the values of this free group in T under
the natural homomorphism. As (xa)2 = (yb)2 = 1 we can deduce from Lemma 4.1 that

1 = [yx, ya] = [y, x, [y, a]] = [e14, e16] = e10

and
1 = [xy, xb] = [x, y, [x, b]] = [e14, e15] = e9.

It is easy to see that from this it follows that e1 = . . . = e8 = 1. Also

1 = (byxa)4 = [(xa)byxa]2 = (xbyayxa)2 = (xbyaayx)2.

Notice that 1 = [xy, xb]y = [x, xby]. Now we thus get

1 = [(xxby)(aay)]2 = [(aay)xx
by

(aay) = [aay, xxby ] = [a, xxby]a
y

[ay, xxby] = [a, xby][ay, x].

Hence
1 = [ay, xb][a, xy] = [ay, x]b[a, [x, y]] = [e16, e17]

e20 [e19, e14] = e11.

From the presentation one now observes that e1 = . . . = e11 = 1 implies that T is nilpo-
tent of class at most 3. ✷

We now return to the main task of this section. Let H = 〈a, b, c, d〉 = 〈x, xg2 , xg, xg3〉. We
know that [a, b] = [c, d] = 1. We want to show this group is a finite 2-group.

Lemma 4.5 We have that [[a, c], [b, d]], [[a, d], [b, c]] ≤ Z2(H).

Proof We first show that 〈[a, c], [b, d]〉 and 〈[a, d], [b, c]〉 are nilpotent of class at most
2. We first turn to the first one. Calculating in 〈a, x, b, y〉 = 〈a, ac, b, bd〉 we get a group
of type γ. Hence using the presentation for the largest such group and the fact from the
last proposition that this group has class at most 3, we see that

[a, c, [b, d], [a, c]] = [ax, by, ax] = [a, y, x][x, y, a] = [e16, e17][e14, e19] = 1.

By symmetry we also have that [[a, c], [b, d]] commutes with [b, d]. Similarly one sees that
〈[a, d], [b, c]〉 is nilpotent of class at most 2. Notice that 1 = [a, c]2 = [b, d]2 = [a, d]2 =
[b, c]2 and thus [a, c] = [c, a], [b, d] = [d, b], [a, d] = [d, a], [b, c] = [c, b]. From what we have
seen above we also know that

[[a, c], [b, d]] = [[b, d], [a, c]], [[a, d], [b, c]] = [[b, c], [a, d]].

This symmetry implies that in order to show that [[a, c], [b, d]], [[a, d], [b, c]] are in Z2(H),
it suffices that their commutator with a is in Z(H). Calculating again in 〈a, x, b, y〉 =
〈a, ac, b, bd〉, we see that

[a, c, [b, d], a] = [ax, by, a] = [x, y, a] = [ac, bd, a].

As [c, d] = [a, b] = 1, we have by Lemma 4.2 that [ac, bd] = [ad, bc]. Thus

[a, c, [b, d], a] = [ac, bd, a] = [ad, bc, a] = [a, d, [b, c], a]. (4)
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Notice the joint element commutes with a and b as 〈a, ac, b, bd〉 is nilpotent of class at
most 3. Next notice that in 〈a, x, b, y〉 = 〈a, ac, b, bd〉 we have

[a, c, [b, d], a] = [x, y, a] = [e14, e19] = e13 = [e17, e16] = [x, [y, a]] = [ax, [by, a]] = [a, c, [b, d, a]].

Notice also that [b, d, a, a] = [by, a, a] = [y, a, a] = 1 and thus 1 = [b, d, a2] = [b, d, a]2[b, d, a, a] =
[b, d, a]2. By Lemmma 4.1 we thus have that

〈c, ca, c[b,d,a], ca[b,d,a]〉

is abelian. Hence

[a, c, [b, d, a]]c = [a, c, [b, d, a][b, d, a, c]]

= [a, c, [b, d, a, c]] · [a, c, [b, d, a]][b,d,a,c]

= [a, c, [b, d, a]].

Thus [a, c, [b, d], a] = [a, c, [b, d, a]] commutes with c and by symmetry [a, d, [b, c], a] com-
mutes with d. From (4) we thus now know that [a, c, [b, d], a] = [a, d, [b, c], a] commutes
with a, b, c, d and is thus in Z(G). ✷

Proposition 4.6 We have that 〈a, b, c, d〉 is finite.

Proof By Lemma 4.1 we know that 〈c, ca, cb, cab〉 is abelian and thus [c, a, b] commutes
with c. Clearly [c, a, b] commutes with a, b. By symmetry [c, b, a] commutes with a, b, c
and thus 〈a, b, c〉 is nilpotent of class at most 3. From this an the fact that [a, b] = 1, it
follows that [c, a, b] = [c, b, a]. In order to show that [c, a, b] ∈ Z3(〈a, b, c, d〉) it then only
remains to see that [c, a, b, d] = [c, b, a, d] ∈ Z2(〈a, b, c, d〉). It clearly commutes with c as
[c, d] = 1. As [c, a, b]2 = 1 it follows from Lemma 4.1 that it commutes with d. Then

[c, a, b, d, b] = [c, a, b, d]−1[c, a, b, d[d, b]] = [c, a, b, d]−1[c, a, b, [d, b]][c, a, b, d][d,b].

By the last lemma we know that [c, a, b][d,b] = [[c, a][[c, a], [d, b]], b] = [c, a, b] modulo
Z(〈a, b, c, d〉). Thus [c, a, b, d, b] = [c, a, b, d]−1[c, a, b, d][d,b] = [c, a, b, d]−1[c, a, b, d] = 1
modulo Z(〈a, b, c, d〉). By symmetry [c, a, b, d, a] = [c, b, a, d, a] ∈ Z(〈a, b, c, d〉). We have
thus shown that [c, a, b] ∈ Z3(〈a, b, c, d〉). By symmetry this is true for any commutator
of weight 3 in a, b, c, d. Hence 〈a, b, c, d〉 is nilpotent of class at most 6. ✷

4.2 Proof of Q(5, 1)

Let G be a group with a left 3-Engel element x of order 5 and suppose furthermore that
H = 〈x〉G has no element of order 25. The aim is to show that x is in the locally nilpotent
radical of G. The proof of this will be modeled on [11], where this is proved under the
stronger hypothesis that G is of exponent 5. A key ingredient is a certain variant of a
similar result from [12]. Before stating it we recall some terminology from [5]. We say
that a group 〈a, b, c〉 is of type (r, s, t) if 〈a, b〉, 〈a, c〉 and 〈b, c〉 are of class at most r, s
and t respectively.

Proposition 4.7 Let K = 〈a, b, c〉 be a subgroup of H that is of type (1, 2, 3) and where
a, b, c are of order 5. Suppose furthermore that c is a left 3-Engel element of H and that
[b, c, c] = 1. The 〈a, b, c〉 is nilpotent of class at most 4 and of exponent 5.
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Proof From the proof of Proposition 2.2 in [11] (see Step 2), we know that 〈c〉K is nilpo-
tent of class at most 3. As c is of order 5 it follows in particular that 〈c〉K is a 5-group.
Now K/〈c〉K is abelian of order dividing 25. Thus 〈c〉K is a finitely generated nilpotent
5-group and thus a finite 5-group. Hence K is a finite 5-group. As K ≤ H , it has no
elements of order 25 and thus must be of exponent 5. The fact that K is nilpotent of
class at most 4 now follows from Proposition 2.3 in [11]. ✷

In order to show that x is in the locally nilpotent radical of G is suffices to show that 〈x〉G

is locally nilpotent. It thus suffices to prove the following result that is again a variant of
the corresponding result in [11] for groups of exponent 5. That proof was also modelled
on a similar result in [12].

Proposition 4.8 Let k be a positive integer and let a1, . . . , ak be conjugates of x. Then
A = 〈a1, . . . , ak〉 is nilpotent of class at most k and of exponent 5. Furthermore 〈ai〉

A is
abelian for i = 1, . . . , k.

Proof From the proof of Theorem 3.1 in [11], we know that this result holds when A is
of exponent 5. Thus it suffices to show that A is nilpotent as then A is a 5-group and the
assumption that H has no elements of order 25 implies then that A is of exponent 5.

We have that the case k = 2 holds by the asumption that x is a left 3-Engel element
and the case k = 3 follows from the fact that 3-generator sandwich groups are nilpotent.
Now suppose that k ≥ 3. Let u = [a1, a2, . . . , ak−2]. Then the subgroup 〈ak−1, a

u
k−1, ak〉 is

generated by 3-conjugates of x and is thus nilpotent of class at most 3. By this and the
fact that any two conjugates generate a subgroup of class at most 2, it follows that

[a1, a2, . . . , ak−1, ak, ak] = [a−u
k−1ak−1, ak, ak] = 1

and
[ak,3 [a1, a2, . . . , ak−1]] = [ak,3 a

−u
k−1ak−1] = 1.

We thus have the following identities which hold for any conjugates a1, a2, . . . , ak of x and
for any k ≥ 3.

[a1, a2, . . . , ak−1, ak, ak] = 1, (5)

[ak, [a1, a2, · · · , ak−1], [a1, a2, . . . , ak−1], [a1, a2, . . . , ak−1]] = 1.

We now proceed with the induction step. Let k ≥ 4 and suppose that the result is true
for all smaller values of k. We first show that if 1 ≤ r ≤ k, then

[[a1, a2, . . . , ar], [a1, ak, ak−1, . . . , ar+1]] = [a1, a2, . . . , ak, a1]
(−1)k−r

. (6)

This is obvious when r = k. Now consider the case r = k − 1. Let u = [a1, . . . , ak−1]. By
the induction hypothesis and (4) we have that 〈a1, u, ak〉 is of type (1, 2, 3) and satifies
the condition for Proposition 4.7. Hence 〈a1, u, ak〉 is nilpotent of class at most 4. Using
the fact that u commutes with a1 and the first identity in (4) one sees easily that all
commutators of weight (2, 1, 1) and (1, 1, 2) in a1, u, ak are trivial. The only commutators
that one needs to consider are [u, ak, a1, a1] and [u, ak, a1, ak] but as [u, [ak, a1, a1]] =
[u, [a1, ak, ak]] = 1 we get by expanding these that

1 = [u, ak, a1, a1],

1 = [u, ak, a1, ak].
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From this one sees that [[u, [a1, ak]] = [u, ak, a1]
−1 that gives us identity (5) when r = k−1.

This argument also tells us that

[[a1, ak, . . . , a3], [a1, a2]] = [a1, ak, . . . , a2, a1]
−1

and thus
[a1, [a1, ak, . . . , a2]] = [[a1, a2], [a1, ak, . . . , a3]]

−1

that shows that the case r = 1 follows if it holds for r = 2. To establish (5) it is thus
sufficient to show that for 2 ≤ r ≤ k − 2 we have

[[a1, a2, . . . , ar], [a1, ak, . . . , ar+1]] = [[a1, a2, . . . , ar+1], [a1, ak, . . . , ar+2]]
−1.

Let u = [a1, a2, . . . , ar] and v = [a1, ak, . . . , ar+2]. By the induction hypothesis we have
that u and v commute and that 〈u, ar+1〉, 〈v, ar+1〉 are nilpotent of class at most 2. Thus
〈u, v, ar+1〉 is of type (1, 2, 2). From induction hypothesis we also know that u5 = v5 = 1.
By Section 2.1.2. in [11] we know that the group 〈u, v, ar+1〉 is nilpotent and thus of
exponent 5. The presentation given for this group in Section 2.1.2 in [11] shows that the
group is then nilpotent of class at most 3. Thus [u, [v, ar+1]] = [u, ar+1, v]

−1 as required.
This establishes (5).

We want to show that A is nilpotent. We will show that A is nilpotent of class at
most k + 1. The rest will then follow from the fact that A is of exponent 5 and [11].

Consider a commutator c = [b1, b2, . . . , bk+1] where b1, . . . , bk+1 ∈ {a1, . . . , ak}. We want
to show that c ∈ Z(A). By induction c = 1 unless {b1, . . . , bk} = {a1, . . . , ak}. Also by
(4) we have that c = 1 if bk = bk+1. So there is no loss of generality in assuming that
bk+1 = a1, bk = ak and that {b1, . . . , bk−1} = {a1, . . . , ak−1}. Then, using the inductive
hypothesis, we see that [b1, b2, . . . , bk−1] can be expressed as a product u1u2 · · ·ur where
each ui is a commutator of the form [a1, aσ(2), aσ(3), . . . , aσ(k−1)]

ǫi for some permutation σ
of {2, 3, . . . , k − 1} and where ǫi = ±1. So

c = [b1, . . . , bk+1] = [u1 · · ·ur, ak, a1] = [
r∏

i=1

[ui, ak]
ui+1ui+2···ur , a1].

Now the inductive hypothesis implies that u1, u2, . . . , ur commute with a1. So c is the prod-
uct of conjugates of the commutators [u1, ak, a1], . . . , [ur, ak, a1]. Notice also that [ui, ak]
commutes with a1 if and only if [u−1

i , ak] commutes with a1. To show that c ∈ Z(A) it
thus clearly suffices to show that [a1, a2, . . . , ak, a1] ∈ Z(A).

So consider d = [a1, a2, . . . , ak, a1, ai], where 1 ≤ i ≤ k. If i = 1 then d = 1 by (4).
If i = k, let u = [a1, a2, . . . , ak−1]. Then, using the induction hypothesis, u is of order
5, 〈a1, u, ak〉 is of type (1, 2, 3) and satisfies the conditions given in Proposition 4.7. It is
thus nilpotent of class at most 4 (and then exponent 5). Thus

1 = [u, [a1, ak, ak]] = [u, ak, a1, ak]
−2.

This implies that [u, ak, a1, ak] = 1 and thus d = 1 when i = k. Now let 1 < i < k. To
show that d = 1, it suffices by (5) to show that [u, ai, v, ai] = 1 when u = [a1, a2, . . . , ai−1]
and v = [a1, ak, ak−1, . . . , ai+1]. Now by the induction hypothesis 〈u, v, ai〉 is of type
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(1, 2, 3) with u5 = v5 = 1 satisfies the criteria from Proposition 4.7. Thus it is nilpotent
of class at most 4. Hence again

1 = [u, [v, ai, ai]] = [u, ai, v, ai]
−2

that implies that [a1, a2, . . . , ak, a1] commutes with ai. This finishes the proof that A is
nilpotent and thus the inductive step. ✷
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