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ABSTRACT

A subset {g1,...,g94} of a finite group G invariably generates G if the set
{g7%,... ,gZd} generates G for every choice of x; € G. The Chebotarev
invariant C'(G) of G is the expected value of the random variable n that is
minimal subject to the requirement that n randomly chosen elements of
G invariably generate G. The first author recently showed that C(G) <
6\/@ for some absolute constant §. In this paper we show that, when G
is soluble, then $ is at most 5/3. We also show that this is best possible.
Furthermore, we show that, in general, for each ¢ > 0 there exists a
constant c. such that C(G) < (1 + €)/|G] + ce.

1. Introduction

Following [8] and [5], we say that a subset {g1, g2, ..., g4} of a group G invariably
generates G if {g7", g5%,..., ;" } generates G for every d-tuple (x1,x2...,2q) €
G?. The Chebotarev invariant C(G) of G is the expected value of the random
variable n that is minimal subject to the requirement that n randomly chosen

L1
1

elements of GG invariably generate G.

* Partially supported by Universita di Padova (Progetto di Ricerca di Ateneo: “In-
variable generation of groups”).
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In [9], Kowalski and Zywina conjectured that C(G) = O(y/|G]) for every
finite group G. Progress on the conjecture was first made in [8], where it was
shown that C(G) = O(y/|G|log|G|) (here, and throughout this paper,“log”
means log to base 2). The conjecture was confirmed by the first author in [10];
more precisely, [I0, Theorem 1] states that there exists an absolute constant 3
such that C(G) < B+/|G| whenever G is a finite group.

In this paper, we use a different approach to the problem. In doing so, we
show that one can take 8 = 5/3 when G is soluble, and that this is best possible.
Furthermore, we show that for each e > 0, there exists a constant ¢, such that
C(G) < (1 + €)/|G| + c.. From [0, Proposition 4.1], one can see that this is
also (asymptotically) best possible.

Our main result is as follows

THEOREM 1: Let G be a finite group.

(i) For any e > 0, there exists a constant ¢, such that C(G) < (14€)+/|G|+cc;
(ii) If G is a finite soluble group, then C(G) < g |G|, with equality if and
only if G = Cs x Cs.

We also derive an upper bound on C(G), for a finite soluble group G, in
terms of the set of crowns for GG. Before stating this result, we require the
following notation: Let G be a finite soluble group. Given an irreducible G-
module V' which is G-isomorphic to a complemented chief factor of G, let oy (G)
be the number of complemented factors in a chief series of G which are G-
isomorphic to V. Then set 0y (G) = 0 if §y(G) = 1, and 0y (G) = 1 otherwise.
Also, let qv(G) := |Endg(V)], let ny(G) := dimgpq, vy V, and let Hy (G) :=
G/Cg(V) (we will suppress the G in this notation when the group is clear from
the context). Also, let o := 2.118456563 ... be the constant appearing in [11]
Corollary 2]. The afore mentioned upper bound can now be stated as follows.

THEOREM 2: Let G be a finite soluble group, and let A [respectively B] be a
set of representatives for the irreducible G-modules which are G-isomorphic to
a non-central [resp. central] complemented chief factor of G. Then

Sy -0 nv
cG <y min{(5v By +ev)|V], q v V} + >|HV|}+maX5V+J
VeA ny " —1 VeB

where cy = qv /(qy — 1) < 2.
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The layout of the paper is as follows. In Section 2 we recall the notion of a
crown in a finite group. In Section 3 we prove Theorem Pl and deduce a number
of consequences, while Section 4 is reserved for the proof of Theorem [I] Part (i).
Finally, we prove Theorem [I] Part (ii) in Section 5.

2. Crowns in finite groups

In Section 2, we recall the notion and the main properties of crowns in finite
groups. Let L be a monolithic primitive group and let A be its unique minimal
normal subgroup. For each positive integer k, let L* be the k-fold direct product
of L. The crown-based power of L of size k is the subgroup Ly of L¥ defined by

Li={(l1,....lx) € LF | I, =--- = | modA}.

Equivalently, L, = AF Diag L*.

Following [7], we say that two irreducible G-groups V7 and V; are G-equivalent
and we put Vi ~g Vs, if there are isomorphisms ¢ : Vi — Vo and @ : V3 x G —
V5 % G such that the following diagram commutes:

1 V1 V1 x G G 1
s o H
1 Vs Vox G G 1.

Note that two G-isomorphic G-groups are G-equivalent. In the particular
case where V7 and V5 are abelian the converse is true: if V7 and V5 are abelian
and G-equivalent, then V; and V4 are also G-isomorphic. It is proved (see for
example [7l Proposition 1.4]) that two chief factors V3 and Vi of G are G-
equivalent if and only if either they are G-isomorphic between them or there
exists a maximal subgroup M of G such that G/ Coreg(M) has two minimal
normal subgroups N; and N G-isomorphic to V; and V5 respectively. For
example, the minimal normal subgroups of a crown-based power Lj are all
Lj-equivalent.

Let V = X/Y be a chief factor of G. A complement U to V in G is a
subgroup U of G such that UV = Gand UNX =Y. We say that V = X/YV
is a Frattini chief factor if X/Y is contained in the Frattini subgroup of G/Y’;
this is equivalent to saying that V is abelian and there is no complement to
V in G. The number dy (G) of non-Frattini chief factors G-equivalent to V' in
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any chief series of G does not depend on the series. Now, we denote by Ly the
monolithic primitive group associated to V', that is

V % (G/Cg(V)) if V is abelian,
G/Cq(V) otherwise.

If V is a non-Frattini chief factor of G, then Ly is a homomorphic image of G.
More precisely, there exists a normal subgroup N of G such that G/N = Ly
and soc(G/N) ~¢ V. Consider now all the normal subgroups N of G with
the property that G/N = Ly and soc(G/N) ~¢g V: the intersection Rg(V)
of all these subgroups has the property that G/Rg(V) is isomorphic to the
crown-based power (Ly )5, (c). The socle Ig(V)/Ra(V) of G/Ra(V) is called
the V-crown of G and it is a direct product of dy (G) minimal normal subgroups
G-equivalent to V.

LEMMA 3: [I, Lemma 1.3.6] Let G be a finite group with trivial Frattini sub-
group. There exists a chief factor V of G and a non trivial normal subgroup U
of G such that I(V) = Rg(V) x U.

LEMMA 4: [ Proposition 11] Assume that G is a finite group with trivial
Frattini subgroup and let I(V'), Rg(V),U be as in the statement of Lemma[3
If KU = KRg(V) = G, then K = G.

3. Crown-based powers with abelian socle

The aim of this section is to prove Theorem For a finite group G and an
irreducible G-group V, we write Q¢ v for the set of maximal subgroups M of
G such that either soc (G/ Coreg(M)) ~g V or soc (G/ Coreg(M)) ~g V x V.
Also, for M € Qg v, we write M for the union of the G-conjugates of M. We
will also say that the elements g1, g2, ..., g € G satisfy the V-property in
G if g1, g2, .-+, gk € M for some M € Qy. Finally, let P (k) denote the
probability that k randomly chosen elements of G satisfy the V-property in G.

Suppose now that V is abelian, and consider the faithful irreducible linear
group H := G/C¢ (V). We will denote by Der(H, V) the set of the derivations
from H to V (i.e. the maps ¢ : H — V with the property that ((hihs) =
C(h1)"2 +¢(hy) for every hy,hy € H). Ifv € V then the map ¢, : H — V defined
by (y(h) = [h,v] is a derivation, called an inner derivation from H to V. The set
InnDer(H,V) = {(, | v € V} of the inner derivations from H to V is a subgroup
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of Der(V, H) and the factor group H'(H, V) = Der(H,V)/InnDer(H, V) is the
first cohomology group of H with coefficients in V.

PRrROPOSITION 5: Let H be a group acting faithfully and irreducibly on an ele-
mentary abelian p-group V. For a positive integer u, we consider the semidirect
product G = V" x H where the action of H is diagonal on V*; that is, H acts
in the same away on each of the u direct factors. Assume also that u = oy (G).
View V as a vector space over the field F = Endg (V). Let hy,...,h; € H,
and wi,...,wp € V% and write w; = (w1, W;2,...,W;y). Assume that
hiwy, hows, . . ., hpwy satisfy the V-property in G. Then for 1 < j < u, the

vectors
rji= (W1, w25, Whyj)
of V¥ are linearly dependent modulo the subspace W + D, where

W= {(ylay%---ayk) DY € [hz,V] for1 <i< k}, and
D = {(¢(h1),¢(h2), ..., C(hx)) € V¥ : ¢ € Der(H,V)}.

Proof. Let M be a maximal subgroup of G such that M € Qy, and hjwn, ...,
hpwg € M. Since u = 0v(G), M cannot contain V*, and hence MV" = G.
Thus, M/M NV* = H, and hence there exists an integer ¢ > 0 and ele-
ments hpy1Wii1, ..., At € M such that hy, ... hg, hks1, ..., Agye in-
variably generate H. But then, [10, Proposition 6] implies, in particular, that
r1,...,7¢ € VF are linearly dependent modulo W + D, as needed. |

Before proceeding to the proof of Theorem [, we require the following easy
result from probability theory.

PROPOSITION 6: Write B(k,p) for the binomial random variable with k trials
and probability 0 < p < 1. Fix [ > 0. Then

io:P(B(k:,p) =1)<

K=

Proof. Note first that
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where dd,—jlxk denotes the I-th derivative of z*. Let z = 1 — p. By definition,
P(B(k,p) =1) = (})(1 — x)!z*~!. Thus

> Pk =D =(1-a)' Y (7))
k=l

(1 —x)l dl 1
< -
- I datl—x
(1—a) Il 1 1

I Q-2 1—-z2 p

as needed. (Note that the third equality above follows since the series > p- , *
is convergent.) |

We shall also require the following. We remark that since Pf; (k) < > 3704 (ﬁ

and Vg“ <1, 332, P4y (k) converges.

PROPOSITION 7: Let G be a finite group, and let A [respectively B] be a set of
representatives for the irreducible G-groups which are G-equivalent to a non-
central [resp. central] non-Frattini chief factor of G. Then

(1) C(G) < Yovea 2peo Py (k) + maxyep oy + 0, and;
(2) IfFrat(G) =1 and U and V are as in Lemma[3, then C(G) < C(G/U)+

Yo Pé v (R).

Proof. By definition, C(G) = ;- (1 — P1(G, k)), where P(G, k) denotes the
probability that k randomly chosen elements of GG invariably generate G. Let

exe] /G/(k) denote the probability that k randomly chosen elements g1, ..., g
of G satisty (G'g1,...,G'gr) = G. Then it is easy to see that
(3.1) 1— PG, k) 1= Pgajar (k) + Y PGy(k)

VeA

Clearly Pg /¢ (k) is the probability that a random k-tuple of elements from
G/G" generates G/G’. Hence, C(G/G') = > 72 ((1 — Pg . cr(k)) is at most
d(G/G")+o by [11l Corollary 2] (here, for a group X, d(X) denotes the minimal
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number of elements required to generate X). Since d(G/G’) < maxyepdy, it
follows from (I that C(G) < maxyepdv + 0 + Xy 2opeo Péyv(k), and
Part (i) follows.

Assume that Frat(G) = 1, and let U and V be as in Lemma Bl Then

(3.2) 1— PG, k) <1—P(GJU, k) + ZPGW

where the sum in the second term goes over all complemented chief factors
W of G not containing U. Now, if M is a maximal subgroup of G not con-
taining U, then M contains Rg(V'), by Lemma [l Hence, Coreg(M) contains
Ra(V), s0o M € Qg,v. Since C(G) = Y7 (1 — Pi(G, k)), Part (ii) now follows
immediately from (B.2), and this completes the proof. |

The proof of Theorem 2] will follow as a corollary of the proof of the next
proposition. For a finite group G, and an abelian chief factor V' of G, set
HV = Hv(G) = G/C(;(V), m = my = mv(G) = dimEndg(V) Hl(I‘I\/,V)7
and write p = py = py (G) for the probability that a randomly chosen element
h of Hy fixes a non zero vector in V. Also, let dy = 0y (G) be the number
of complemented factors in a chief series of G which are G-isomorphic to V,
and set Oy = 0y (G) = 0 if 6y = 1, and Oy = 1 otherwise. Finally, let ¢y =
qv(G) := |Endg(V)| and ny = ny (G) := dimgyas vy V-

PROPOSITION 8: Let G be a finite group with trivial Frattini subgroup, and
let U, V and R = Rg(V) be as in Lemma If V is nonabelian, then set
v =Y, Pc*;,v(k’)- If'V is abelian, then write ¢ = qv, n = ny and H = Hy,
p = py and m = my. Also, set 6 = dy and define § = 0if§ =1,0 =1
otherwise, and set

Yo<i<s-1 pg <0+ o ifH =1,

apy =

mm{(5 0+m+ il)l ( [29] 7_1) |H|} otherwise.
p’\!'n q

Then
(@) < C(G/U) + ap.

Proof. By Proposition [ Part (ii), we have

(3.3) C(G) < C(GIU) + Y Phy (k).
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Thus, we just need to prove that ZZOZO P&V(kz) < ay. Therefore, we may
assume that V' is abelian. Writing bars to denote reduction modulo R (V),
note that if M is a maximal subgroup of G with M € Q¢ v, then Rg(V) < M
and M € Qg v Hence, P (k) < P&V(k), so we may assume that Rg (V) = 1.
Thus, G = V°x H, where H acts faithfully and irreducibly on V', and diagonally
on V9,

Suppose first that |H| = 1. Then G = V? = (C,)?, for some prime r,
and P (k) is the probability that & randomly chosen elements of G' fail to
generate G. Hence, Y ;2 Pf (k) is the expected number of random elements
to generate (C,.)°, which is well known to be

>
—

7o

o _ i

Il
=]

See, for instance, [I1], top of page 193].

So we may assume that |H| > 1. Let F = Endg V, so that |F| = ¢, dimp V =
n, and |V| = ¢". Fix elements z1, 22 ,..., x; in G, and for i € {1,...,k}, let
x; = w;h; with w; € VO and h; € H. For t € {1,...,6} let

re = (me(wr),. .., m(wy)) € VE
where 7; denotes projection onto the ¢-th direct factor of V9. Moreover let
W= {(u1,us,...,ux) : u; € [hy, V] for 1 <i <k}, and
D= {(¢(),¢(h2),...,¢(hy)) € VF i ¢ € Der(H, V) } .

By Proposition Gl P (k) is at most the probability that r1,...,rs are linearly
dependent modulo W + D. Also, for an f-tuple J := (j1,j2,...,j) of distinct
elements j; of {1,...,k}, set

reg = (m(wy, ), m(ws,), ... m(w;,)) € VI
fort € {1,...,6}, and set
W= {(uj,, ujs-..,uj,) € VI iy € [hy,, V] for 1 <i< f}, and
Dy = {(C(h3),C(hjs), - -, C(hy,)) € VI i ¢ € Der(H,V)} .

Notice that: (%) If J is fixed and rq,...,7s are F-linearly dependent modulo
W + D, then the vectors r1 ,...,75,5 of V7 are F-linearly dependent modulo
Wi+ Dj.
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We will prove first that
1
(3.4) ZPGV (6 - 9+m+cv)p

where cy is as in the statement of Theorem 2. To this end, let A; be the subset
of H¥ consisting of the k-tuples (hy, ..., h) with the property that Cy (h;) # 0
for precisely [ different choices of i € {1,...,k}. If (h1,...,hi) € Ay, then, by
[0, Lemma 7], W + D is a subspace of V¥ = F"¥ of codimension at least [ —m
so the probability that r1,...,rs are F-linearly dependent modulo W + D is at

o an _ an—l—i-m o an _ an—l+7n+6—1
b= an an
1 5—1
(o))

S—1\ 1
min{l7 (q ) qlm} < min{l7 1/ql_m_6'9}.

q—1

most

IN

Hence, we have

ZPGV

M8

k
ZP k,p)=1) mm{l q59+m*l}
I=

B
Il

0

ok
P(B(k,p) <é-0+m)+ Z Z P(B(k, p) = [)g>0+m~!

k=01=6-04+m

E%g

B
Il
o

P(B(k,p) <3-0+m)+Y q"' ZP (k,p) =1406-0+m)

- 1

k=0 =0 k=Il+56-04+m
0-0
< +m + cy
p
where cy = . Note that the last step above follows from Proposition [Gl

Thus, all that remains is to show that

.5) gpé,v<k> < (|50]+ 25 ) e

For this, we define ; to be the subset of H* consisting of the k-tuples (h, ..., hx)
with the property that h; = 1 for precisely [ different choices of i € {1,...,k}.

Suppose that (h1,...,h;) € Q, and set J := (41,72, ...,J1), where j; < ja <
< grand {j1,742,---,5i} = {i |1 <i<k,h;=1}. Then, by (x), the prob-
ability p) that 71, ro, ..., rs are F-linearly dependent modulo W + D is at
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most the probability that the vectors ry j, 72,5, ..., 75,5 € V! are F-linearly

dependent modulo W; + D ;. But W; + Dy = 0, by the definition of .J. Thus

we have

nl __ 1 nl _ ,nl—6—1
o1 () - (5)
1 4-1 1\ 1 1
1<1—>...<1q l)gmin{1,<q 1>—l}§min{1,ﬁ}.
qr qr q-— qr qr

Hence, if o := [£2], and p’ = 1/|H| is the probability that a randomly chosen

element of H is the identity, then we have

ZPC*:,V(/C) Z (B(k,p") < « +ZZP 5)59 nl
k=0 =0 k=0 =
SZ (B(k,p') < « —|—Zq nl—na+3-60 Z Nlta)
k=0 k=l+a
<Y PBU) <@+ 30 Y PB) =14
0 =0 k=l+a

IH?

<

qn
2 <a+q”—1>

Note that the last step above again follows from Proposition[d Since p’ = 1/|H],
(3.5) follows, whence the result. |

We are now ready to prove Theorem

Proof of Theorem[2 By Proposition [l Part (i), we have

C(G) < maxdy + 0 + SOSTPsy(k)
k=0VeA

Thus, it will suffice to prove that

(3.6) épgy(k) < min {(5\/ +ev)ay” (P—VW - ng@_ 1) |Hv|}

ny qy

for each non-central complemented chief factor V' of G.

However, since H'(H, V) = 0 by [12, Lemma 1], and since py < |H,|/|H| <
1/|V] (for any non-zero vector v € V'), this follows immediately from the proof
of Proposition |
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COROLLARY 9: Let G be a finite soluble group, and let A and B be as in
Theorem[2. Then

nv V| .
C(G) gd(G)‘; <1+7V — > +

Proof. For Ve AU B, set vy := [dy/nv], and p|, = 1/|Hy|. Note also that
ny = |Hy| =1 when V € B. Arguing as in the last paragraph of the proof of

Proposition [}, we have

Z Zme{qfn"l”V 1}P(B(k,p}y) =1) + max bv+o

VEA k=0 1=0
< Y S PB ) <)+ 0 S S PBlk ) = 1+ v
VeEAk=0 VEA =0 k=l4+~v
{/neaX(Sv—i—a
<Z’Yv/pv+z nv_l)Jrr‘}lggéero
VeA VeA
qv"V
< 1 H .
- (VIEHEEJ(B,YV) Z ( + qvnv1)| V|+U

VeA
We remark that the third inequality above follows from Proposition[Gl Finally,
[3. Theorem 1.4 and paragraph after the proof of Theorem 2.7] imply that
d(G) = maxyecaun {1 +ay + v‘/*lJ}, where ay = 0if V € B, and ay = 1

ny
otherwise. In particular, d(G) > maxyecaup v, and the result follows. |

4. Proof of Theorem [ Part (i)

Before proceeding to the proof of Part (i) of Theorem[I] we require the following
result, which follows immediately from the arguments used in [I0] Proof of

Proposition 10].

ProposITION 10: [I0, Proof of Proposition 10] Let H be a finite group acting
faithfully and irreducibly on an elementary abelian group V, and denote by p
the probability that a randomly chosen element h of H centralises a non zero
vector of V.. Also, write m := dimgyq,, (v) HY(H,V). Assume that H'(H,V) is
nontrivial and that |H| > |V|. Then there exists an absolute constant C' such
that p|H| > 2(m +1)? if |H| > C.
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Proof of Theorem [l Part (i). Since C(G) = C(G/Frat(G)), we may assume
that Frat(G) = 1. Thus, Proposition B applies: adopting the same notation
as used therein, we have

(4.1) C(G) <C(G/U) + ay.
Using (@), the proof of the theorem reduces to proving that

(4.2) ay < (1+ Bu)VIG|

where By — 0 as |[U| — oo. Indeed, suppose that ([@L2) holds, fix ¢ > 0, and
suppose that Theorem [l holds for groups of order less than |G|. Then since
|U| > 1, there exists a constant ¢, such that C(G/U) < (1 + €)1/|G/U| + c..
Hence, by [@I)) and [@2) we have C(G) < (1+ By + 1+6 \/|?—|—cE It is now

clear that by choosing |U| to be large enough, we have C < (1+e¢ \/ﬁJrcE,
as needed.

Assume first that U is nonabelian. By [10, Proof of Lemma 13], there exist
absolute constants ¢; and ¢y such that

Py (k) < min {1,e17/[GF(1 = e2/ log|GI)" }

Also, there exists a constant cz such that if k > c3(log |G])?, then
c11/|G3(1 — c2/ 1log|G|)* tends to 0 as |G| tends to oo. It follows that

av = Py (k)
k=0

< [es(log|GI)*] + e1v/IGP(1 = ea/ log |G]) (1N Y 7 (1 — ¢/ Tog | G))*

k=0
= [c3(log |G))*] \/|G|3log|G| (1 — ¢2/ log |G e=leg 16D

and (L2) holds.

So we may assume that U is abelian, and hence |G| > |V|°| H|. The inequality
[@2) then follows easily from the definition of ay, except when § = 1 and
|H| > |V|. Indeed, if |H| < |V] and ¢ = 1, then qfil — 1las |U| =¢" — oo if
|H| < |V]| and ¢ > 1, then

5 n (o] + -
(2] 7)1 = 2=

n q’fL
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which clearly gives us what we need, since |U| = |V|° is tending to co. The

other cases are similar.
So assume that § = 1 and |H| > |V|. We distinguish two cases:

(1)

m # 0 and |V| < |H| < (m + 1)?|V|. Denote by p the probability that
a randomly chosen element h of H centralizes a non-zero vector of V: By
Proposition[I{ there exists an absolute constant C' such that p|H| > 2(m+
1)? if |H| > C. Thus,
g \1 |H| |H|
< — =< 2 < <VIH||V

av < (m+ —L7) 2 < (m+ 25 < L < VI
if |[H| > C, from which ([@2) follows.
|H| > |V|(m + 1)2. We remark first that, for any fixed nonzero vector v in
‘ﬁj"‘, where H, denotes the stabiliser of v in H. If H is
not a transitive linear group, then there is an orbit 2 for the action of H
on V\ {0} with |Q] < ¢™/2. Choose v € Q: we have
|H]|
| Ho|

V', we have p >

<

n
g%,

N =

hence

2
< (m+1)q" < /HV].

We remain with the case when H is a transitive linear group. There are

ay <

four infinite families:
(a) H<TL(1,q");
(b) SL(a,r) < H, where r* = ¢";
(c) Sp(2a,r) < H, where a > 2 and 72 = ¢";
(d) Ga(r) < H, where q is even, and ¢" = r°.
Furthermore, H and m are exhibited in [2| Table 7.3]: in each case, we have
m < 1. Furthermore, we have |H| = (¢" — 1)p, where p is the order of a
point stabiliser. Hence, if p > 9, then
oy < T2 <2 <3y < VATV,
So we may assume that p < 8. Suppose first that (a) holds. Then H is

soluble, so m = 0. Also, p = |H,| < 8 implies that n < 8. Hence, as ¢" < ¢®
approaches oo, # approaches 1, and [@2) follows since

q q
ay < q_—1|V| < ﬁ\/|H||V|~
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So we may assume that (a) does not hold. In particular, if (b) or (c) holds
then a > 2. Tt follows (in either of the cases (b), (c) or (d)) that if ¢™ is
large enough, then |H| > 9¢™, and so

2
o < % < 34" < /JHI[V.

This gives us what we need, and completes the proof. |

5. Proof of Theorem [ Part (ii)

In this section, we prove Part (ii) of Theorem [l in a number of steps. The first
is as follows:

LeEMMA 11: Let G be a finite soluble group with trivial Frattini subgroup, and
let U and V' be as in Lemma Assume that V is abelian and non-central in

G, and let H = Hy. Then
arr 5 |Dv|1/2 -1
|G|1/2 < 3 |U1/2

except when |H| < |V| and one of the following cases occur:
(1) §=2,¢" =4 and |[Rg(V)| = 1.
(2) §=2,¢" =3 and |[Rg(V)| < 2.
(3) d=1,4<q¢" <T7and|Rz(V)l =1
(4) 6 =1, ¢" =3 and |[Rg(V)| < 3.

Proof. Note that m = 0 since H is soluble. We distinguish the following cases:
Case 1) |H| < |V| and § # 1. Since, |G| = A|H||V|° for some positive integer \
it suffices to prove

n né/2
- 3((5+ #) (W) |H| - 3 5 qn (qn_1)1/2 )
( : ) 5)\1/2|H|1/2qn6/2 — 5A\L/2 + qv —1 qn6/2 —1 <L
If § > 3 then
3 qn (qn _ 1)1/2 3 qn (qn _ 1)1/2
5AL/2 (5+qn1) ( qn6/271 = 5AL/2 3+qn,1 q3"/271 <l

Suppose § = 2. If ¢" > 5, then

3 q" (¢" — D2 3 q" (¢" - '
< .
5AL/2 <5+qn_1> ( qn6/2,1 — 5AL/2 2+qn_1 q" —1 <1
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Suppose 0 = 2 and ¢ = 4. We have |H| = 3 so if A # 1, then
n n5/2
3( qg_l) (TM) |H| - 92.31/2
SAL/2[H|1/2¢n5/2 = 3.2\1/2
Suppose 0 = 2 and ¢ = 3. We have |H| =2 so if A > 2, then
n n5/2
3(5+ #) (Tl) H| _ 2121
5)\1/2|H|1/2 né/2 = 20.)\1/2
Case 2) |[H| > |V| (and consequently n # 1) and ¢ # 1. It suffices to prove that

30+ %) ()

5| H|1/2q"9/2

< 1.

(5.2)

Suppose ¢" # 4.
né/2 " n
3(0+7%) (Fm) o _3(2+7%) (75)
5[ H|1/2¢n5/2 = 5qn/?
Suppose ¢" = 4. We have H = GL(2,2) = Sym(3), and consequently |H| = 6
and p = 2/3. Hence
oy 5( UM\ _ 6+ 5505 6
G \oia=1) = TR 5
Case 3) |H| < |V| and & = 1. Since, |G| = A|H||V|? for some positive integer A
it suffices to prove
() ()
(53) 5)\1/2 n/2
Ifg">8 or7>¢qg">4and A# 1, or ¢" = 3 and A\ > 3, then
n n/2 n n_1y1/2 n
3 (o) () 1112 _3(75) (S2E) ¢ (=)

5.0\L/2. qn/2 - 5. \1/2 o 5. \1/2 <l

Case 4) |[H| > |V| (and consequently n # 1) and ¢ = 1. It suffices to prove that

3 (o) (7%7)

S[H|

< 1.

< 1.

< 1.

(5.4)

If H is not a transitive linear group, then |H|'/2¢"/?p > 2, so it suffices to have

q qn/2 <E
qg—1 /2 —-1) — 3’




16 ANDREA LUCCHINI AND GARETH TRACEY Isr. J. Math.

which is true if (¢,n) # (2,2). On the other hand, we may exclude the case
(g;n) = (2,2) : indeed the only soluble irreducible subgroup of GL(2,2) with
order > 4 is GL(2,2), which is transitive on the nonzero vectors.

If H is a transitive linear group, then |H| = (¢" — 1)p, with p the order of
the stabilizer in H of a nonzero vector and

n/2 n/2
3(a%) (#=) _ 3 (%) (=)

5|H|1/2qn/2p - 5\/5 ’

q ¢\ _5vp
qg—1 qg/2—-1) — 3~

which is true if ¢ > 3 and if (¢, n,p) ¢ {(2,4,2),(2,3,2), (2,3,3),(2,2,2))}. We
may exclude the case (¢,n,p) = (2,3,2) (there is no transitive linear subgroup
of GL(3,2) of order 14). If (¢, n, p) = (2,4,2), then H = GL(1,16) x Cs, hence
p = 6/30 so |H|'/2¢"/?p > 2 and (E4) is true. If (g,n,p) = (2,3,3) then
H =TL(1,8) and consequently p = 15/21 and

so it suffices to have

n/2
3(#) (—qf/m) B 3-2.18-21 .
5|H[Y2¢"?p  5.(V8—1)-15-v21V/8

If (g,n,p) = (2,2,2) then H = GL(2,2) and consequently p = 2/3 and
3 q_ qn/2
1) \gi) 3228
BIH|Y2q"p  5.2.2.V6

LEMMA 12: If G is one of the exceptional cases in the statement of Lemma [T]]
then C(G) < 24/|G|.

Proof. This follows easily by direct computation. We use MAGMA, and the
code from [, Appendix, page 36] to compute C(G) explicitly whenever G is
a group satisfying the conditions of one of the exceptional cases of Lemma

01 |

The next step is to deal with the case of a central chief factor.

LEMMA 13: If G = CF, then C(G) < 2./|G|, with equality if and only if
G = CQ X CQ.
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Proof. If p#£ 3 or p=2 and § > 3, then

5 02 5../1G
ca= Y H—<s pp PR A ARVAC |

= + )
) i _
o P (p—1)? 3 3
If (p,0) = (2,1) then
o) _ 2 _ 5
= =2
VG V2
if (p,0) = (2,2) then
CG) _5+3 5
Ve o2 3

if (p,d) = (2,3) then

S = % + % + % ~ 1.5826. n

e V8
Proof of Part (ii) of Theorem[Il We prove the claim by induction on the order
of |G|. If Frat(G) # 1, then the conclusion follows immediately since C'(G) =
C(G/ Frat(G)). Otherwise G contains a normal subgroup U as in Lemma @l If
G=U%= Cg, then the conclusion follows from Lemma [I[3] Otherwise, Lemma

[ together with the inductive hypothesis gives

5VIG] | 5(/1U] = D)V[G] §\/@

C(G) <CG/U)+ay < + =

3./]U] 3./|U] 3

as claimed. [ |
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